QUIVERS IN REPRESENTATION THEORY (18.735, SPRING 2009)
LECTURE 1

TRAVIS SCHEDLER

0. MOTIVATION

Quivers are directed graphs. The term is the term used in representation theory, which goes
along with the following notion: a representation of a quiver is an assignment of vector spaces to
vertices and linear maps between the vector spaces to the arrows.

Quivers appear in many areas of mathematics:

(1) Algebraic geometry (Hilbert schemes, moduli spaces (represent these as varieties of quiver
representations); derived categories D?(Coh X), where X is a projective variety or a scheme
of finite type (give an equivalence with the derived category of dg representations of certain
quivers with relations))

(2) Representation theory (quiver algebras, groups, local systems/vector bundles with flat con-
nection on curves)

(3) Lie theory (Kac-Moody Lie algebras are related to the combinatorics of representations of
the associated quiver; quantum enveloping algebras of Kac-Moody algebras can be con-
structed from the category of quiver representations)

(4) Noncommutative geometry (computable examples, Calabi-Yau 3-algebras in terms of quiv-
ers with potentials)

(5) Physics (Calabi-Yau 3-folds X and their branes: one can represent D(X) as a derived cat-
egory of certain quiver representations; or in the affine case X = Spec A, one can sometimes
present A using a quiver and a potential)

1. INTRODUCTION

Wikipedia (http://en.wikipedia.org/wiki/Quiver_(mathematics)) has the following to say
about quivers:

A quiver is a directed graph, in which multiple edges and loops are allowed. The edges are called
arrows, hence the name “quiver.” For example, see Figure 1.

e

FIGURE 1. A quiver

Definition 1.1. For any quiver @), let QQg denote its set of vertices, and (1 its set of arrows. Let
t,h: Q1 — Qo be the maps assigning to each arrow, a, its head h(a) (the vertex a points to), and
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tail t(a) (the other endpoint of a). We will use the notation a : t(a) — h(a) to indicate the head
and tail of a.

The term “quivers” is frequently used in representation theory, with the following definition in
mind. Fix a field k; all vector spaces will be assumed to be over k.

Definition 1.2. A representation (V;, pa)icQo,ac@, Of a quiver @ is an assignment of a vector space
Vi to each vertex ¢ and a linear transformation pg, : Vi(q) — Vi (q) of vector spaces to each arrow.

Representations of a quiver () form an abelian category R in the following obvious way: objects
are representations, and morphisms @ : (V;, p,) — (W;, 7,) are collections of linear maps ® = (P; :
Vi = Wi)icq,, such that Ph(a)Pa = TaPy(a) for all arrows a € (1. There are some standard examples
of representations of Q:

Ezample 1.3. The trivial representation is the zero representation, i.e., (V;, p,) such that V; = 0 for
all 4.

Ezample 1.4. For any single vertex ig € (o, the simple representation S;, is given by S;, = (Vi, pa),
with V; = 0 except when i = iy, where V;, =k, and p, =0 for all a € Q1.

Ezample 1.5. For any two representations, we may form their direct sum: (Vj, p,) & (Wi, 74) =
(‘/; ©® Wiapa S Ta)-

The category R is the same as Mod(Fg), the category of left modules over the following ring
Py, called the path algebra: Pg is the vector space generated by paths in the quiver @), with reverse
concatenation as the multiplication: here, if p: j — k and ¢ : i — j are paths, then pg: ¢ — k is
the concatenation; see Figure 2.
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FIGURE 2. Product of paths p and ¢

This gives another explanation why Rg = Mod(Fg) is an abelian category. It now makes sense
to consider indecomposable representations of ): these are indecomposable objects of Rg, i.e.,
indecomposable Pg—modules. Equivalently, these are representations V' not representable as a
direct sum V = (V5 @ V3), where Vi, V5 are nontrivial representations.

Definition 1.6. The dimension vector of a representation V = (V;, p,), dim V € Zgg, is given by
dim (V) = (dim V})icq,-

A third definition of R is the category of contravariant functors Co — Vect, where Cq is the
category freely generated by the arrows Q.

A central problem of the representation theory of quivers is to classify all indecomposable rep-
resentations for a given quiver. The following is the first main theorem in this direction (and the
first goal of the course): Let Indec(Rg) C Rq be the subclass of indecomposable representations.

Theorem 1.7 (Gabriel’s Theorem). Let @ be a connected quiver.

(i) There are finitely many isomorphism classes of indecomposable representations if and only
if Q is a Dynkin quiver (i.e., if we forget the orientation of arrows of @, the resulting
undirected graph is a Dynkin diagram of type A, D, or E).
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(ii) In this case, the indecomposable representations are in bijection with the positive roots A
of the associated root system. Specifically, fixing a choice of simple roots {a;}icg, C A4,
the map dim yrelds a bijection

(1.8) Indec(Rq)/ ~ = Ay, Vi Y dim (V)i - .
1€Qo

(Recall that the root system of a Dynkin diagram is the set of weights of the associated Lie
algebra gg under the action of its maximal abelian subalgebra hg. We will also give an explicit
combinatorial definition of A later.)

This gives the first sign that Dynkin diagrams are fundamental in the study of quivers. As a
reminder, the Dynkin diagrams of type A, D, and E are depicted in Figure 3.

O S O
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F1GURE 3. Dynkin diagrams: the subscript equals the number of vertices

In particular, for @ Dynkin, the set of isomorphism classes of indecomposables, Indec(Rq)/ ~
does not depend, up to isomorphism, on the choice of orientations of the arrows of Q. It is a deep
fact that the same holds for any graph. Indeed, there is a vast generalization of Gabriel’s theorem
to arbitrary quivers, called Kac’s theorem, explaining that, for instance, the dimension vectors of
indecomposables are positive roots of the associated Kac-Moody Lie algebra. We will get to this
in a moment.

2. THE McKAY CORRESPONDENCE

In fact, Dynkin diagrams pop up all over the place in mathematics (quiver representations, Lie
theory, platonic solids, etc.) The McKay correspondence is the name given to this broad-ranging
dictionary and the study of direct connections between the different ways in which Dynkin diagrams
appear. Here, a Dynkin diagram is considered as an unoriented graph.

Definition 2.1. Given a subgroup G < SLy(C), the McKay diagram of G is given as follows:
the vertices are labeled by irreducible representations of GG, and given two irreducible represen-
tations p;, pj, the number of edges between p; and p; is dim(Hom(p;, C% ® p;)). The truncated
McKay diagram is given in the same way, but removing the vertex corresponding to the trivial
representation.

Theorem 2.2 (The McKay correspondence). The following are all classified by Dynkin diagrams:

(1) Underlying unoriented graphs of quivers with finitely many indecomposable representations;
(2) Diagrams appearing as follows, for some finite subgroup G < SLa(C):
(2a) The truncated McKay diagram of G;
(2b) The intersection matriz of the components of the exceptional fiber m=1(0) of the minimal
resolution X = C? /G of the associated simple rational surface singularity;
3



(3) Dynkin diagrams of simply-laced finite-dimensional Lie algebras, i.e., diagrams whose as-
sociated simply-laced root system is finite, i.e., whose associated Kac-Moody Lie algebra is
finite-dimensional;

(4) Diagrams whose adjacency matriz A has the property that 2-1d — A is positive-definite (i.e.,
vt Av > 0 for all nonzero column vectors v, where v' is the transpose of v).

The matrix 2 - Id — A is called the Cartan matriz, and coincides with, in (2b), the intersection
pairing on second homology classes, and in (3), with the Cartan form (inner product) on positive
roots, in the basis of simple roots.

There are many proofs of the above theorem. One main goal is to not merely prove the theorem,
but find as many explicit bijections between the different items above as possible. We explain now
some of the known ones.

The equivalence (1) < (3) is a consequence of Gabriel’s theorem (Theorem 1.7).

For the remaining parts, it will turn out to be more convenient to prove an affine version of the
above correspondence, which uses nontruncated McKay diagrams, affine Lie algebras, and positive-
semidefinite Cartan matrices (A is positive-semidefinite if v! Av > 0 for all column vectors v), which
are not positive-definite. As we will see in the exercises, the advantage is that, not only are the
graphs with semidefinite Cartan matrices easier to classify, but also one may show that any proper
subdiagram has a positive-definite Cartan matrix and any strictly larger diagram has an indefinite
Cartan matrix, and this classifies all graphs.

The map (2a) = (4) follows by showing that the nontruncated McKay diagram must always
correspond to a positive-semidefinite Cartan matrix. Namely, the matrix of the operator p —
(C%2®p), acting on representations of G written in terms of the basis of irreducible representations,
has eigenvalue 2 with eigenvector corresponding to the regular representation, C[G]. (This can
also be stated using the language of tensor categories). By the Perron-Frobenius theorem, all
other eigenvalues have absolute value less than 2. One can then see explicitly (using the previous
paragraph) that this map is bijective.

The equivalence (3) < (4) is explained in any course on Lie algebras. For (3), simply-laced means
that, for two distinct simple roots a # 3, we have (o, 3) € {—1,0,1}. The implication (3) = (4)
follows because the finiteness condition implies that the inner product is positive-definite. For the
opposite implication, we can use extended Dynkin diagrams, which are obtained by adding a new
vertex labeled by the negative root —§', where ¢ € A, is the maximal root; equivalently, we replace
the truncated McKay diagram of (2a) with the nontruncated one. Namely, if " is a Dynkin diagram
and T the corresponding extended Dynkin diagram, one may show that, for a special positive root
6 € (Ag)+ (which corresponds to ¢' plus the elementary vector of the extending vertex), every
coefficient of « in the basis of simple roots is less than or equal to the corresponding coefficient of
0. See the exercises for details.

The arrow (3) = (2b) may be given via Slodowy slices, which are transverse slices to so-called
sub-principal orbits (=orbits of codimension 2) in the nilpotent cone of the given Lie algebra. This
gives C2/G; its resolution may be obtained from the Springer resolution of the nilpotent cone. We
may discuss this in more detail later in the course.

2.1. Hilbert schemes, quiver varieties, and (2b) (Sketch, may be omitted). The equiva-
lences (2b) < (2a), (4) may be realized using quiver varieties. This goes roughly as follows: C?/T" =
the set of I'-orbits in C2. The problem is that the zero orbit is degenerate. To fix this, consider

2.3 C2/T = {T-orbits in C?} C unordered |T|-tuples in C2} =S m!'lC2.
(2.3) y

Now, SymmC2 is itself singular. A resolution may be obtained using Hilbert schemes, as follows.
Consider unordered |I'|-tuples to be divisors in C2, i.e., formal sums > .ec2 A2z, where A\, € Z>o and
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almost all A, are zero. Then, replace each weighted point A,z by a subscheme of C? concentrated
at z, of length A,. That is, A,z is replaced by an ideal I C C[z,y| such that C[z,y]/I is an algebra
with unique maximal ideal m,, and has dimension A,. The result is that Symm(C2 is replaced by
Hilb,, (C?) = {ideals I C C[z,y] of codimension n}, and the proper transform of C2/T" under the
resolution Hilb,, (C?) —» SymIC? yields the minimal resolution. This proper transform consists
exactly of those I such that C[z,y]/I = CI', the regular representation, as representations of I".

Thus, the resolution of C2/T" is a moduli space of I'-equivariant modules over C[z,y] which are
isomorphic to the regular representation of I'. To proceed, one restates this in terms of modules
over the so-called preprojective algebra of the McKay diagram of I'. This means that we consider the
McKay quiver, obtained from the McKay graph by replacing each unoriented edge with two arrows
going in each direction, and look at representations satisfying certain relations corresponding to
the commutativity condition zy = yx.

Then, we see that both C2/T" and its resolution as above are obtained as varieties of modules
over the McKay quiver satisfying these relations. Namely, C?/T" is the variety of modules, up to
isomorphism, of dimension vector § = the minimal positive vector in the kernel of the Cartan form
(explained below as the symmetric Ringel form). The resolution is obtained by defining a stability
condition on modules, and restricting to stable modules of this dimension vector before modding
by isomorphism. This latter variety is called the Nakajima quiver variety, and it generalizes to give
a description not only of the Hilbert schemes Hilb, (C?) and its completion Hilb,,(CP?), but of the
moduli spaces of torsion-free sheaves E on CP? of rank r with co(E) = n.

Looking at the resulting quiver representations yields the desired description of 7=!(0), and
hence the equivalence (2a) < (2b), and hence (2b) < (4).

3. KAc’S THEOREM

Now, we give a precise statement of Kac’s theorem, alluded to earlier. Let Q) be a quiver without
loops, i.e., without arrows a such that h(a) = t(a). Let k be an algebraically closed field. As you
may know, there is a Kac-Moody Lie algebra gg associated to the underlying undirected graph of
Q@ (we will recall the definition later in the course, and will not need it at the moment). There is an
associated root system, A C Z90, consisting of those weights under the adjoint action of the Cartan
subalgebra hg C gg occuring in the decomposition of gg. The positive roots are A; := AN Zgg,
and A = A, LU —A,. The positive roots A may be further divided into the real and imaginary

roots, explicitly described as follows.

Definition 3.1. The Ringel form on R%0 is given by

(3.2) By =D Bvi— > B
1€Qo aii—j

The symmetrized Ringel form is (8,7) = (6,7) + (v, 3)-

Note that the symmetrized Ringel form is nothing but the Cartan form on root space, i.e.,
(B,7v) = B'C~, where C is the Cartan matrix of the underlying undirected graph of Q. We will
mainly apply the Ringel form to the dimension vectors, Zgg, where the result is obviously an
integer.

For i € Qo, let &; be the elementary vector corresponding to i.

Definition 3.3. The fundamental region F' C Zgg consists of those dimension vectors a € Zgg
such that

(1) (e,a) <0,

(2) « has connected support, and

(3) (a,ei) <0 for all i € Q.



We will need to consider the simple reflections of dimension vectors:

Definition 3.4. If i € g, we consider the simple reflection s; : R’ — R! given by
(3.5) si(B) =B — (B,€i)ei.

(Note that the group generated by all simple reflections is called the Coxeter group of the graph,
and it is important all over mathematics.)

Definition 3.6. A real root is an element of Zgg which is obtainable from some vector ¢; by a
sequence of simple reflections.

Definition 3.7. An imaginary root is an element of Zgg obtainable from an element of the fun-

damental region by a sequence of simple reflections.

Theorem 3.8 (Kac’s Theorem). Let Q be a quiver without loops. We work over an algebraically
closed field k.

(i) There is an indecomposable representation of dimension vector « if and only if a is a root.
(ii) If a is a real root, there is a unique indecomposable representation up to isomorphism;
otherwise, there are infinitely many.

Remark 3.9. The requirement that () be loopless is actually not needed, if we change our definitions:
we only use simple reflections at vertices which do not have loops, and the real roots are the
images of elementary vectors at only these vertices under the action of these simple reflections,
while the imaginary roots are the images of elements of the fundamental domain under only these
simple reflections. In particular, the elementary vector of any vertex which has a loop becomes an
imaginary root (which it should be, since there is k-worth of indecomposable representations with
that dimension vector).

The proof involves showing that 3 ~~ s;3 is accompanied by a bijection on the level of indecom-
posable representations. To show this, we define reflection functors, acting as follows:

(3.10) Q — SiQ
Vv — SiV
dim V =0 — dim s;V = s;0.



QUIVERS IN REPRESENTATION THEORY (18.735, SPRING 2009)
LECTURES 2,3 AND 4

TRAVIS SCHEDLER, TYPED BY IVAN ANGIONO

1. SOME EXAMPLES

(i) A2 o——=o. We have three indecomposables:
ok—=>=0 0 —s k k"5 k
vector dim (1,0) (0,1) (1,1)

(i) A3: o——o0——=o0. Wehave 6 indecomposables: those with dimensions (1,0, 0), (0, 1,0), (0,0, 1)
are the S;’s; the indecomposables with dimensions (0, 1,1) and (1, 1, 0) are analogous yo the previous

case, and the indecomposable with dimension (1,1,1) is ok —— ok ——= ok .

a
(iii) Kronecker quiver: 0 P> o . If k is infinite, there are infinitely many indecomposables
V = (V4, V2) of dimension (n,n), for each n € N.
To construct indecomposables, we fix p, an isomorphism and look at p, € Hom(V7, V2). We also
fix bases in V; such that p, is represented in such bases by the identity matrix. For each A € k, we
consider V), where pp is given by the matrix

Al

(1.1)
1

A

Vy is indecomposable because py, is an indecomposable matrix, and for X\ # X, V), % Vy.

(iv) Ay : . In this case, the n-dimensional representations up to isomorphism are in corre-
spondence with the conjugate classes of n X n matrices. So the indecomposables up to isomorphism
include (1.1), and they are infinitely many if k is infinite.

1
(v) Dy : o .Fora= 1 2 1 andeach V € Indec, Q, pq,, is injective,

- |
al

O—>0~=<—-0

a2

o

i=1,2,3,4, and Indec, Q is in correspondence with the 4-uples of 1-dimensional subspaces of k?
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such that at least three of them are distinct. Geometrically,
Conf(4,P') C indecomposables,
(21,22, 23, 24) ~ (21, 25, 24, 2) < they are related by P € PG Lo,
Conf(4,P)/PGLy 2 P! = {[2,0,1,00]}.

2. DIGRESSION ON REPRESENTATION VARIETIES
Let A be an associative algebra over a field k, and n > 1. Consider

Rep,,(A) = {affine variety of representations of A of dimension n}
= Homyg, (A, Maty, (k)),
B(Rep,(A)) = Homg, (A, Mat,(k)), Bk — algebra (commutative).

This functor of points Aff Sch — Sets is representable by Rep,,(A). For example,

A Rep, A
k(x1,...,xm) Mat,, (k)®™
klz, 271 GLy (k)
K[z, y] {(z,y) : [v,y] = 0} € Mat, (k)*?

k{z,y)/(zy —yz —1) {ch k+ ntr(p(z)p(y) — p(y)p(z) — 1) # 0}.
We want a description of Rep,, A for any finitely generated k-algebra A; we write:
I — F=k(z1,...0m) » A=F/I.
In this case, Rep,,(A) C Rep,,(F) is the zero locus of evE (1),
ev? : A — k[Rep, A] ® Mat,, (k),
a— (p— pla)).
One can check the following universal property:
(2.1) A — k[Rep,, 4] ® Mat,, (k)
lEI!d)@id
B ® Mat, (k).

So the zero locus of evZ' (I) represents our functor of points; i.e. we can write k[Rep, A] as

k[(z1)ij, - (xm)ij]me{Lm,n} /f: GVE(I)-

Our goal now is to show that dim(Indec / ~) > 0 for @ non Dynkin. Let us define more precisely
what this means:

Proposition 2.2. Let X be an affine variety of finite type, and G a reductive algebraic group acting
on X. We have a bijection

closed G-orbits on X of closed points —— closed points of k[ X¢].
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Proof. (follow Ginzburg) Note that O" C O implies Ipr 2 Io.
Let X =SpecB. If O = G -z, x closed in X, then I, C B is maximal. We have

IoNnB¢ =1,NnB%=1¢ — B%/I¢ =B%/I,NnB% — (B/I,)°.

B/1I, is a finite extension of k, so BG/Ig is a finite extension of k; i.e. a field. Therefore Ig is a
maximal ideal of B®. That is, we have a well defined map

closed G-orbits on X = Spec(B) ——= Max Spec(B%).

Now we prove that it is a bijection. To prove it is surjective, consider 9t a maximal ideal of B®,
and B -9t C B. We have (B-9) =9 C B, so B-9M C B. Therefore 3x € Spec B closed such
that I, O B - 9N, so If D 9. As 91 is maximal, I = If.

To prove the injectivity, we need to show that if O # O’ are closed, then I 8 # IG,. Equivalently,
we have to show that Ig + 1§, = (1) = BY, since Ig,[g, are maximal. Since G is reductive
(this is the only place we use this), we get that (Ip + In/)% = ((1))¢ = (1), as desired (we used
also that @ and O’ are distinct, and hence disjoint, and then used Nullstellensatz, to obtain that
Io + 1o = (1)). O

Proposition 2.3. dim(Spec B//G) > dim(Spec B) — dimG.

act

Proof. More generally, for any Y C Spec B, G- Y= image of G x X — B, so
dim(G - Y) < dimG + dimY.

Quiver situation: Given Q = (Qo, Q1) and o € N¥° dimension vector, consider

Rep,Q/GLa,  GLo = ] GLa,.
1€Qo
Note that k* acts trivially, so we have Rep,Q/GL, = Rep,Q/PGL,.

Proposition 2.4. dim(Rep,Q) = > .., jcq, %y

Proof. Each p, € Hom(V;, V;) and we have to pick all the p,’s, so Rep,Q = @q:i—jeq, Hom(V;, V;).
O

Proposition 2.5. dimGLy =)0, o? dimPGLa = ) e, a? —1.

[ 7

Note 2.6. Any V € Rep, @ can be decomposed V = V] & ... & V,,, with V; indecomposable, unique
up to reordering the isoclasses of the V;’s.

If dim(Rep,@Q/PGL,) > 0, then dim(Indecy Q/ ~) > 0 for some o/ < «, because there are
finitely many o’ < «.

Theorem 2.7. If Q has finitely many indecomposables up to isomorphism (k infinite), then Q is
Dynkin.

Proof. By the previous considerations, it is enough to show that dim(Rep,Q/PGL,) > 0 for some
« when @ is Dynkin. Using Propositions 2.3, 2.4 and 2.5,

1
dim(Rep,@)/PGLy) > dim(Rep,Q) — dimPGL,) = Z Qo — Z ?+1=1- 5(0[, Q).
ait—jEQ1 1€Qo
Therefore if (-, -) is not positive definite, there exists o such that (o, @) < 0 and then dim(Rep,Q)/PGLy) >
0.
We have two ways to proceed at this point:



(1) If Q is an extended Dynkin diagram, there exists § € N@° such that (§,«) = 0 for all ; in
particular, (J,6) = 0. Note that if ¢; denotes the canonical i-th vector and 0%;d;¢;, 0; € N,
then (d,¢;) = 0 iff each §; = %Ej adjacent to 95

By the results proved at homework, any non-Dynkin diagram contains an extended
Dynkin one and we use such 4, which satisfies (4,9) < 0.

(2) If (-, -) is not positive definite, then there exists a € Q@0 such that (a, @) < 0: we can choose

a € Z9 simply multiplying by a common multiple of the denominators of the entries.
We write @ = ay — a_, where oy, a_ € N0 have disjoint support. As

() = (g, a4) + (a—,a) = 2(ag,a-) <0

and (a4,a_) <0, we conclude that (a4, aq) <0or (a—,a_) <O0.

Definition 2.8. Such an ¢ in an extended Dynkin diagram is called an eztending vertex.

Theorem 2.9 (Gabriel). Let k be any field,and Q a quiver.

(1) Q satisfies dim(Indecy, Q@/PGLy) =0 for all o if and only if Q is Dynkin.
(2) If Q is Dynkin,

point « € AL,
%) otherwise.

Indec, Q/PGL, = {
To prove this we shall use simple reflections: s;(a) = o — (@, €;)e;.
Definition 2.10. The set of real roots is defined by
A= {ac€ 79— : i g1, g e{l,...,n}a= iyt Sji} -
We have A™ = A”° LI (=A”¢), where A* = A™ N N@ and A = A™ when Q is Dynkin.

It remains to prove (2). The idea is to use the action of the s;’s over A, in particular s; acts over

A\ e}

We want to categorify dim « ~» Rep,@, and to define functors F; in the way
V € Rep, @ — F;V € Rep, Q@

in order to apply to any indecomposable enough times to get .S; for some j € Qo.
It turns out that this does not work as stated. However, it works if we change @ slightly before
to apply Fj.

Definition 2.11. e A vertex i is a sink if all the arrows incident to i go in.
e A vertex 7 is a source if all the arrows incident to i go out.

(@] O

0O —>gl<—0 O<—— gt ——>0
O (o)
7 a sink 1 a source

Definition 2.12. If i is a sink, we define F;"(Q) as the same quiver @ except that all the arrows

meeting i are reversed (in this way, i is a source for F;"(Q)).
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For each V = (V;, p,) € Rep,Q, we define F;tV = (V/, p!) € Rep, F;"Q by

v — V; j#1, S b not incident,
I ker (Baumipa ®Vi— Vi) j=i; T\ mow bii— g

where ¢ : V! — @44-;V; and 7 : ©4.-;V; — V; are the canonical morphisms.

Definition 2.13. If i is a source, we define F; (Q) as the same quiver () except that all the arrows

meeting i are reversed (in this way, i is a sink for F; (Q)).
For each V = (Vj, p,) € Rep,Q, we define F; V = (V/, p)) € Rep, F; Q by
V; J # 1, ) b not incident,
coker ([ [, Pa: Vi — @®V)) j=1; Po = mou bii—j.

where ¢j : Vj — @i V; and 7 : B4 V) — V; are the canonical morphisms.

vi=

Remark 2.14. F;"S; = F; S; = 0.

Proposition 2.15. (1) Suppose that i is a sink of Q. The following are equivalent:

(a) V has no S; as sumands;

(b) FF'V=V;

(€) Daii—ipPa : Bai—i Vi — Vi is surjective.

(2) Suppose that i is a source of Q. The following are equivalent:

(a) V has no S; as sumands;

(b) FTETV 2V;

(€) [laisi Pa: Vi = @i Vi is injective.

Proof. To be filled in. O
Corollary 2.16. Let i be a sink of Q. the previous gives a bijection

Ft
isoclasses of representations of Q — isoclasses of representations of F{FQ
without S; as summand without S; as summand ’

which restricts to indecomposables.

Proof. (Gabriel’s Theorem, (ii)) We prove it in several steps.

(i) To begin with, we need to prove that each @ Dynkin has a sink and a source. It follows
because the underlying undirected graph is acyclic: if we suppose that ) has no source, we can go
backwards infinitely, so we get a cycle because @ is finite, which is a contradiction; similar argument
to prove we have a sink, going forwards this time.

(ii) If V does not have S; as summand, then dim FZ-J“V = s;dim V. It follows because

dimker (Bq.i pa) = Z dimV; — dimV;, (s;); = —a; + Z ap,

a:l—1 a:l—1

and the other components do not change.

Therefore, if we could show that there exists a sequence of vertices i1, ..., i, such that s;, ---s;,a =
ej for some j and does not pass through any negative vector, any V' € Indecypnq(Q) will map to
F;:n e F;IV € Indec; (F;; e FZ-TQ), provided we always have the need sink. It remains to show
that this sequence always exists.

(iii) Since there always exists a sink, there exists an ordering ji, . . ., j, of Qg such that ijn ‘e FJ.TQ

is well defined, for all m =1,... n.
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If we pick a sink each time, we can avoid repeating a vertex until we have used all them. In this
way,

R FQ=Q
because we have flipped all arrows twice. About the dimension vectors,
+ +
V—F - FV
a—cla), c:=S8j5, 5.
Remark 2.17. c is called the Cozeter element. It is independent of the ordering ji, ..., jn.

Now if V' is indecomposable, to show that V reflects to S;, it is enough to show that o = dim V'
reflects to €; by applying enough reflections.

Proposition 2.18. There exists m > 0 such that ¢o ¢ N?0 for any a € N0,

Proof. The Weyl group W is finite, because it is a subgroup of the group of permutations of A.
Then c¢ has finite order k£ > 1.

Suppose ¢ = s;, ---5;, 3 = 3 for some 3. The s; are all different and each s; changes only the
Jj-th component. As each changes a different component, s;3 = 3 for all j, so 8 = 0.

Therefore, ¢ does not have 1 as an eigenvalue, so 1 +c+ ...+ ¢*1 = 0. For each o € N%0,

a+ca—|—...+ck_la:0,
so at least one of the summands is not in N@o, O

This result implies that F/"V = 0if V' € Rep,Q; i.e. along the way we have had S; as summand.

(iv) In this way, for all V' indecomposable we have a sequence F;:n - F;IV = 0. We take the
longest sequence of reflections F'* not killing V., W = th e F:V Then, W = S, and

’l:k+1 )
V=B S
This implies that if Indec, Q # (), then o € A, is obtained from any of the ¢;’s by a sequence of
reflections.

Now Wy acts transitively on A, so

FF Fr

{point} = {Indec,, / ~} — = {Indec,, ; / ~} —>
and by the transitively, {Indec, @/ ~} = {point} for all « € A . O

Note 2.19. There was a technical detail: we have used the Coxeter element C.

In general, for Q non Dynkin, c still exists but does not have finite order, so we cannot use this
proof. Nonetheless, the bijection between {Indec, @/ ~} is still valid, and there exists a unique
indecomposable of dimension o € A’ up to isomorphism.

Theorem 2.20 (Kac). Let Q be a quiver without loops. Then:
(1) dim(Indecq @/PGLy) > 0 <> a € A",
(2) Indec, Q/PGL,) is a point <= o € A°.

The main idea is to define reflection functors as before, in order to conclude

o
—_—
+
Indec, @ Indecs; F;"Q
F
1 a sink i a source,

for any quiver @), where i is a sink and « # ¢;.



Since we are changing of quiver, we cannot a priori do this arbitrarily. We want to have F" =
F;: e FZT, where i1, ...,4, are an ordering of ) such that this is defined. Showed that for all «,
Mo ¢ Zgg fro some m > 0, it is possible to go from V indecomposable to a simple .S; of @ by

applying some reflection functors, which only depends on dim V,
S VEE - FS, VYV E Indec, Q.

Note 2.21. In fact we need k algebraically closed: in this case, Indec,, Q/ ~= Indec, @'/ ~, of @’
is obtained from (@ reversing an arrow. This will be used to prove Kac’s Theorem.

Lemma 2.22. (1) If « € A”¢, then Indec, Q/ ~ is a point.
(2) If Indecy, Q # 0, then v € A .

Proof. (1) Any o € A’¢ is of the form o = s;,, - - - 5;,¢;. Now,

Fr szn . Ft
{Indec, / ~} —= {Indecs, o/ ~}

{Indecs, ...s; o/ ~},

and s;, -+ 8;,,« = €5, {Indec; / ~} = 5.

(2) Let « be such that Indec, @ # 0. If (a,¢) > 0, a # €, we can apply s; and then
sia = a — («,€)e < 0, and Indec, / ~— Indecs,o / ~ is bijective. Eventually,

e we have a bijection Indec, / ~— Indecg / ~ for some 3 such that (3,¢;) <0 for all i and 3
is obtained from « by a sequence of simple reflections, in which case (§ is in the fundamental
region, and then a € Af{”,

or

e we get B = ¢; after applying some reflections, whit a bijection as above, in which case
ac A’

O

Rather than to prove that Indec,, / ~ does not change under arrow reversal, we prefer to gener-
alize reflection functors not to require the vertex is a sink or a source.

The idea is to use the double quiver Q defined by: Qo = Qo and Q1 = Q1 U Q?, where Q} is the
opposite quiver.

Q:O<7O*>O — Q:o‘_\\,oﬁ/ﬂ_o

We shall prove that Rep,Q = T*Rep,Q, which is symplectic under the action of GL,. By
studying preprojective algebras we will give a proof of Kac’s Theorem.

Ezample 2.23. For Q =Dy, o—>0<—o0

az

O
This quiver has 12 indecomposable modules up to isomorphism. Except for the external S;’s, the
other are parameterized by subspaces Vi, Vo, V3 of the vector space V' corresponding to the central
vertex. As it was proved in the exercises, it depends on the 9 parameters:

dimV, dimV;, dim(V; N'V;), dim(Vy N Vo N Va), dim(V; + Va + V3).

3. SOME RESULTS ABOUT REPRESENTATIONS OF )

Note that, for all @ € N9 Rep,Q = Rep,kQ. We consider Rep,Q as a variety.

First fact: For any V representation of finite dimension of Q, V =2 Vi @ ... ® V,, for some V;
indecomposable.
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Theorem 3.1 (Krull-Schmidt). Let C be an abelian category, C C FVec. Then, a decomposition
i indecomposables summands is unique up to isomorphism.

Note 3.2. This is not true more generally; e.g. if 1, &5 are two non trivial indecomposables vector
bundles over X (if X = Spec A, they correspond to A-modules), it can happen

§DHLE20"=0d---30.
We will denote Onr, M € Rep, @, the PG Ly-orbit; i.e the isomorphism class of M. We can ask
when we have Oy; O Oy for M, N € Rep, Q.

Lemma 3.3. Let A be a k-algebra, M, N € Rep, A. If N = N1 & N2 and we have a short exact
sequence 0 — N1 — M — No — 0, then Oy 2 Op.

Proof. We write M = N1 & N’ as vector spaces. A acts in M by ( 8 : ) ( ]Xfl, ) Then,

o tld 0 . ay ag -1 a; tag
¢t—<0 Id>7a_<0 a3>:>¢t'a'¢t _<0 CL3>

_ 0 .
.-¢t'a'¢t1—>t—>0<%l a3 > :>%£l’(l)¢tMgN1@N2

Therefore N € @O,;, and Oy 2 On.
O

The converse is not true in general. However,

Theorem 3.4 (Bongartz, others). Let Q Dynkin, A =kQ. Then, Oy 2 On if and only if N can
be obtained by iterating the above.

We consider a composition series 0 = My — My — My — ... — M, = M. the semisimple
module
ssM = @?lei/Mi—l
is unique up to isomorphism by Jordan-Hlder Theorem. By Lemma, Oy O Oges, so any closed
orbit contains the orbit of a semisimple module.

Theorem 3.5. For each M, Oy contains a unique orbit corresponding to a semisimple module;
i.e. Ogspr.

Proof. Suppose there exists N semisimple such that Oy D On

We shall use the characteristic polynomial. Given a k-algebra A and M and A-module of finite
dimension, s : A — k[z] is the composition A — End,M —<"" k[z]. The polynomial function
X s is constant in Oy, so it is constant also in Opf

Claim 3.6. Let N, N' semisimple polynomials such that xy = xn/. Then N = N’.

If we prove this, we end the proof of the theorem, because xss v = X = XN, 80 ss M = N.
So we prove the claim. In order to do that, replace A by A := A/ann(N & N'), so A —
End;(N @ N'). By Weddenburg’s Theorem,

A/radA = &L, Mat,,(D;), D; finite dimensional division algebra over k.
Then there exist exactly ¢ simple modules S71,...,S;. Now we can detect the S; isotypical part of
any semisimple A/radA-module M by
xar(0,...,0, 1d ,0,...,0) = (z — D%, d; = dimS;.
i—th
So N = N'. O



For () DYNKIN, we deduce that Rep, () contains a unique closed PG L,-orbit, (’)@_EQ g%i- There-
k2 O Z

fore, there exists a unique closed point in Rep,Q/PGL, (in fact, this is true for @ a tree).
What about the other orbits?

Claim 3.7. There exists a unique open orbit.

Basically, when @ is Dynkin there are finitely many orbits (finitely many indecomposables). Since
Rep,@ is an affine space (so irreducible), one of these orbits is dense, so open. More generally,
for all () there are not finitely many orbits in general but only finitely many ways to decompose
a=aob 4+ . +alm,

Lemma-Definition 3.8 (Generic decomposition). For all Q) and all o, there exists a decomposition
a=aW + .. +al™ such that generically M € Rep,Q has the form
M=M®...&M,, dm M; =a"?.

For ) EXTENDED DYNKIN, remember that {a € Ay @ oy < 6;,Vi,ao # 0} = A, where A, is the
set of positive roots of the associated Dynkin diagram. Therefore, Rep,@Q contains a unique closed
PG L,-orbit as above for each o € A



QUIVERS IN REPRESENTATION THEORY (18.735, SPRING 2009)
LECTURES 5, 6, 7 AND 8

TRAVIS SCHEDLER, TYPED BY IVAN ANGIONO

Recall that:
(1) If @ is Dynkin, there exists only one closed orbit in Rep, @ for each a: (’)@,EQ g%
7 0~

Furthermore, this is still true for all () without directed cycles. In such case there exists

a sink, and inductively any V € Rep,@ is an iterated extension of simples of the form .S;.

(2) For all @ there exists a generic decomposition o = a® 4+ ..+ a(™ such that the generic
orbit Oy satisfies

ngl@...@vm,
for some V; such that
dim V; = «;.

In particular, if @) is Dynkin, there exists just one open orbit in Rep, (@ for each o.

1. FINDING GENERIC DECOMPOSITIONS (LECTURE 5)

Claim 1.1. Let Q be Dynkin. If o € A, then the generic decomposition is simply o = «; i.e.,
Oy corresponds to V' indecomposable.

Note 1.2. One way to prove this is to show explicitly that any other decomposition is obtained by
degenerating this; i.e., we can form extensions of summands to get indecomposables.

Simple argument: Counting dimensions

Oy is open if and only if dim Oy = dim Rep,, = Za:i—>j ajaj. Also,
dim Oy = dim GL, — dim Isotropy(V)
Isotropy(V) = Aut(V)=: G < GL, such that Adg preserves V, Vg€ G.

Note that dim AutV = dim EndV, so
dim Oy = Z a? — dim EndV

1€Qo
-.dim Rep, — Oy = Z Qi — (Z of — dim EndV)
a:i—j 1€Q0

1
= dim EndV — i(a, Q).

Therefore, Oy is open iff dim EndV = 1(a, ). But we know that 3(a, ) = 1 for each a € A
So, Oy is open iff EndV = k.

Definition 1.3. If EndV =k, then V is called a brick.

Note 1.4. In general, if k = k, then any simple is automatically a brick. All the simples S; are
bricks, and hence every simple is a brick for every quiver without directed cycles. In general, we
have simple = brick = indecomposable, but arrows don’t go in the other direction.

1



For Dynkin quivers, when o € A, we see that the open orbit must be of the form Oy, where V'
is a brick. This implies that V is indecomposable, but there is a unique such V' up to isomorphism.

We conclude that in the case that @ is Dynkin, V' is a brick if and only if V' is indecomposable,
and in this case, Oy is open in Repy;, v (Q).

When « ¢ AL, the generic decomposition is more complicated.

Note, though, that we do know the following about the generic decomposition:!

Claim 1.5. (Refined generic decomposition) Generically in Rep,Q, the orbits Ov,g...av,, have the
property that Ext!(V;, V) = 0 fori # j, and the dimension vectors (@M, .. o™y of Vi,... Vi,
are unique up to permutation. Moreover, generically, dim End(Vy & - -- & V,,,) is minimal, so there
exists a brick of dimension o if and only if m = 1 and generic orbits V = Vi1 are bricks.

Proof. We proved the last part last time: the reason why the ¥ are unique up to permutation is
that there are finitely many choices of ), ..., (™ such that a(Y+- - -+a(™) = «, and since Rep, @
is irreducible (it is an affine space), only one choice up to permutation can form a dense subvariety.
Then, the first statement follows from the lemma of last time saying that if 0 — Vi — Vo — V3 — 0
is a nonsplit short exact sequence, then Oy, 2 Oy, av;-

We claim that in fact Oy, # Oy, avs, that is:

Lemma 1.6. If 0 — V] — Vo — V3 — 0 is a nonsplit short exact sequence, then Vo 22 Vi & Vs.

Proof. We use the long exact sequence from the functor Hom(—, V;). This yields Hom(V;,V;) —
Ext!(V3, V1) — Ext!(V5, V1) — Ext!(V1, Vi), where the image of the identity under the first map is
(more or less by definition) the nontrivial element corresponding to the nonsplit extension. If V5 =
Vi @ V3, then we get Hom(Vy, Vi) — Ext!(V3,V1) — Ext!(V3, V1) @ Ext!(V3,V1) — Ext!(V1,17),
and exactness and dimension count would require that the second map is injective, which can’t
hold by the above. ([l

Thus, if 0 — V; — XZ; — V; — 0 is a nontrivial extension, then O v., would be
ij

Vi@ Vi Vi @ Vi @
an orbit whose closure contains Oy, g...¢v;,, and hence would also be in any dense open subvariety
of Rep,@ containing Oy, g...¢v,,. This contradicts the assertion that the a®, ... al™ are unique
up to permutation.

The fact that dim End(Vi @ --- @ V};,) is minimal generically is a consequence of the fact that
this number is always upper semicontinuous (since, for each ¢, the variety of W € Rep, @ such that
dim End(W) > ¢ is cut out by polynomials, i.e., it is closed in the Zariski topology). From this

immediately follows the claim about bricks. U

Definition 1.7. a € Zgg is called a Schur root if there exists a brick of dimension «, or equivalently,
the generic orbit in Rep, @ is a brick.

For Dynkin quivers, the Schur roots are exactly the positive roots, and for extended Dynkin
quivers, the Schur roots are the positive real roots together with §.

Ezample 1.8.
Q= o2 ol o3 02, Ay directed.

The generic decomposition in the case of A4 as directed above is as follows:

ok ok ok ok &) ok o0 o0 o0 D o0 o0 ok ok

@oo o0 ok o0

IThe claim below and the following paragraph were not in the original lecture.
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Proposition 1.9. For Q) of type A, the generic decomposition is determined inductively as follows:
a=al ... +a™ where each a9 is a mazimal root such that o < (a— (oM + ... +ali=D)).

The procedure for determining the generic decomposition above is called the greedy algorithm
since we iteratively pick as large a positive root as we can in our decomposition.
To prove the proposition, we need to explain:

(1) Why open orbits correspond to decompositions o = ot 4 ... 4 (™) such that there does
not exist 3 such that, for some 7,7, a® +al) > g e Ay (1 e, ad +al) —ge Z o), and
(2) For the A, case, the greedy algorithm has this property.
Ezxample 1.10.
(1.11) Q= ol<=—02——=l, Az directed.
In this case, note that

oK——=ck——=ck c, gk——sk——>0p o0 —sk——sck , 0 ——s k—— 0
Then by a previous lemma, Okkogokk O Oxkkaoko, and Okkogokk 1S open.

We can use reflection functors:

( V € Rep,, ) — ( V' € Repy, () )

no S; as summand, i = sink — no S; as summand, i = source

Since all indecomposables are obtained by reflecting a simple one, then EndV = k for each V
indecomposable. Also, if we take an open orbit without 5;’s as summands, it is reflected to an open
orbit.

To proceed, it is useful to study Ext*(V, W), for each pair of representations V, W.
Proposition 1.12. Let Q) be a quiver without directed cycles, and V € Rep,Q. Then,

1
(1.13) dim EndV — dim Ext'(V,V) = 5 (@),

We will use this also in the case where there are directed cycles: a proof appears in Homework
2 and also is given in Proposition 2.5.

Remark 1.14. In order to use this result, an orbit is open iff dim EndV = %(a, ) iff dim Ext!(V,V) =
0.

When @ is Dynkin and V is indecomposable, dim Ext!(V,V) = 0, because 2« ¢ A for each
(A< A+.

Therefore, Vi @ ... ® V, forms an open orbit iff Ext!(Vj, Vj) =0 for all 4, j.
Proof. To begin with, we define the Euler form:

(1.15) (V,W) := dim Hom(V, W)+ (~1)'dim Ext'(V,W).
i>1

Note 1.16. In general, (,) : Rep x Rep — Z descends to a Z pairing (,) : Ko x K9 — Z, where Ky
denotes the Grothendieck group.

This is because for each short exact sequence 0 — V; — V — V5 — 0, we can take the associated
long exact sequence:

0 — Hom(Va, W) — Hom(V, W) — Hom(V;, W) — Ext!(Va, W) —
If eventually all Ext’ vanish at some i, we get

(VW) = {(Vi,W) 4 (Vo, W).
3



Also, we have the following result
Lemma 1.17. If Q has no directed cycles, then Koy = Z<.
L.e., any representation is an extension of the S;’s. Therefore,
(V,V) = (ssV, ssV).

For the S;’s we have

k[0] i =j,
(1.18) Ext*(S;, S;) = ¢ k[1] i — j arrow,
0 otherwise.

Note that if @ : # — j is an arrow, we have the short exact sequence:

) k k .
S; — of — 05 —»Sj‘

So if dim V = «, dim W = 3, we have
(VW) = (ssV,ssW) = > aiffi— > aiflj,

1€Qo a:i—j
g (a7ﬁ) = <V’ W) + <W7 V>7
1
AV = 5(&, a).
We conclude the proof with provided that Ext?(V, W) = 0 for all I > 2, which we shall prove in the
next proposition. O

Proposition 1.19. gldimRg = 1; i.e., Ext!(V,W) for alll > 2 and V,W € Rg.
Note that gl dim A < Hoch dim A for all associative algebra A. To prove this, given M € A—Mod,
we consider an A-bimodule resolution
0—P,——>P—>P—A—0,
and apply — ®4 M:
0= PoAM— -+ —>P g M — Py@a M — M — 0.

This is a projective resolution of M, so projdim M < m. Taking max between all M, we have
gldim A < Hochdim A.
Therefore, Proposition 1.19 follows from the following fact:

Proposition 1.20. Hochschild dimension of kQ is 1; i.e., kQ has a length-1 projective kQ-
bimodule resolution:

0— P, — Py —kQ — 0.

Proof. We consider S := (Qp) C k@, the span of length-0 paths: it is a semisimple k-algebra,
S = k% . We have:

0 — kQ®s(Q1)®skQ —kQ®skQ —pu kQ-—0
fRa®yg —fa®g— f®ag.
This is a left k@-split resolution:
k@ — kQ ®s kQ,
a—a® 1.

4



In order to prove that this is the projective resolution we are looking for, note that k@ =
DicQ,kQ?, where ¢ denotes the idempotent of S, and similarly kQi ®s jkQ are projective kQ-
bimodules for all i, j € Qy. Therefore,

kQ @5 kQ = ®ic,kQi ®s jkQ

is projective, and similarly,

kQ ®s (Q1) ®s kQ = Ba:i jkQi ®5 (a) ®s jkQ

is projective, so we conclude the proof.

O
Now we are able to give a proof of our greedy algorithm for A,:
Proof. (Prop. 1.9) If we have non trivial extensions among V; @ ... ® V,:
0=Vi=V =@V —0,
in that case
e S R (e

means that there exists a summand on right hand side. A

Therefore if we denote by V;; the previous indecomposable module, dim V;; = Zi:z ay, all
nontrivial extensions are sums of Vi — Vir; = Viy;, ¢/ <4 < j, and dim V = dim V; 4 dim V5 for
each short exact sequence 0 - Vi, — V — V5 — 0.

But it is not possible to form any such extension as above among summands if we follow the greedy
algorithm, since if we end up with indecomposables V;, V;, for ¢ < j, such that dim V;+dim V; € A,
the greedy algorithm would have demanded that V; be replaced by an indecomposable of dimension
vector at least dim V; + dim V; (or else we would have already run into a problem with Vj; for
i <1i). O

2. EXTENDED DYNKIN CASE (LECTURES 5-6)

By Kac’s Theorem, Rep,@Q has a unique indecomposable for each o € A’¢; that is, for each
o < 8, where § € N®0 is minimal with the property: (4, a) = 0 for all a.
The case a = ¢ is much more interesting. In order to study this case, we need some other results.

Lemma 2.1 (Fitting). Let A be a k-algebra, k any field. A finite dimensional A-module M is
indecomposable iff for all ¢ € EndM, ¢ is nilpotent or an isomorphism.

Proof. (=) Assume M indecomposable. If ¢ € EndM is not nilpotent, 3 > 0 such that im ¢! =
im ! £ 0. Then ker ¢! = ker "1 and M = ker ¢! @ im ¢!. As M is indecomposable, ker o = 0
and ¢ is an isomorphism.

(<) Suppose M decomposable: M = M; @ My; then the projection M — M; < M is neither
nilpotent nor an isomorphism. O

Lemma 2.2 (Ringel). Let A be a k-algebra (k algebraically closed), such that Ext?>(V,W) =0 for
all finite-dimensional V,W. Let M be a finite-dimensional indecomposable module. Then, either
M is a brick or there exists Mo C M brick such that Ext!(My, M) # 0.

In particular, the Ext? condition holds for a path algebra, so this applies to the case where
M € Rep,(Q) for any quiver () and any dimension vector « € Zgg.
5



Proof. Assume M indecomposable not a brick. By induction, it is sufficient to find an indecom-
posable My C M such that Extjlél(Mo, My) # 0; then either M) is a brick or we iterate for Mj.

Therefore 3p € EndM, ¢ ¢ k. If we consider M’ the maximal semisimple quotient of M,
EndM’ is a division algebra over k, but as k = k we have EndM’ = k. By Fitting Lemma, ¢ is
nilpotent. We can assume that rke is minimal. We shall find an indecomposable K C M such that
Exth (K, K) # 0.

We have 0 # ker ¢ C M; write ker ¢ = @;K;, K; indecomposables. By the assumption rkep # 0
minimal, ¢? = 0, so we have im ¢ — ker ¢ = @, K.

Using again the the assumption rkep # 0 minimal, there exists ig such that

t:imp — ker ¢ — Ky,

is injective, so non zero.
Use the sequence associated to ¢ to obtain by push out:

0— ker ¢ — M — imyp — 0 ~» nonsplit M indecomposable,
lproj ‘l’ ™ lidimgp
0— K, — M — imp — 0 .. nonsplit (see below)

Note that the second sequence must be nonsplit; otherwise, there is a retraction h : M" — K,
which splits the second sequence, and hence hor splits K, as a summand of M, which is impossible
since M is indecomposable. We get that Ext!(im ¢, K;,) # 0.

From the short exact sequence

0—imp — K;) — K;,/imp — 0,
we consider the long exact sequence obtained from Hom(—, Kj,), where we have:
Ext! (K, K;y) — Ext!(im g, K;)) — Ext*(K;,/im ¢, K;,) = 0.
Then, Ext!(K;,, K;,) # 0. O

Now we can prove:
Proposition 2.3. The generic orbit in RepsQ is a brick of codimension 1.

Proof. First of all the generic orbit is indecomposable because there are only finitely many other
orbits, dim PGLs = dim Reps — 1, not open.

Therefore it is enough to prove that every indecomposable is a brick for dimension 9.

Suppose then that V' € Reps indecomposable is not a brick. By, Ringel’s Lemma, there exists
W C V brick such that Ext!(W, W) # 0.

In that case dim W < §, so dim W € A’¢. But, then 0 > dimEnd(W) — dim(Ext*(W, W))
3 (dim W, dim W) = 1, a contradiction.

oo

Looking at Rep,@, we conclude that for 4,
Reps 2 {bricks of codim 1 orbits} |_|{dec0mposable orbits}.
We want to know now what happens with the multiples of §: 19, | € N.

Proposition 2.4. The generic decomposition is £6 = + ---+ . Generic orbits are associated to

6



Proof. Using the dimension formula below (proved for the case where @ has no directed cycles, but
it is true in general by the homework or by Proposition 2.5 below), we have that the codimension
of Oy, .9y, is dim End(Vi @ - - - @ V}). Generically, we claim that Hom(V;, V}) = 0 for ¢ # j. This
implies that dim End(V; @ --- @ V}) = ¢ generically, so the generic orbit above has codimension ¢.
Since there is an ¢-dimensional family of such, the above orbits form a dense subvariety of Repys(@),
and hence the generic orbit is indeed of the above form.

To prove the claim that, generically, Hom(V;, V;) = 0 for i # j, note first that there are finitely
many positive roots « such that @ < §. For each such positive root, let W, be an indecomposable
with dim W, = « (which is unique up to isomorphism by Kac’s theorem). Then, generically, either
Hom(V, W,,) = 0 or Hom(V, W,) # 0 for bricks V' € Reps(Q)? The same is true for Hom(W,, V).
Now, if Hom(V;, V) # 0 generically, then it would follow that, for some «, then Hom(V;, W,) and
Hom(W,, Vj;) are both nonzero for generic bricks V;, V; € RepsQ.

It remains to prove the following claim: there does not exist a such that Hom(W,,V) and
Hom(V, W,,) are both nonzero for generic bricks V' € Rep;Q. Otherwise, there would exist a brick
V € Reps@ such that Hom(V, V') # k, contradicting that it is a brick. O

We also have seen that for o € A’ there exists a unique indecomposable in Rep,, @, and concluded
that it is a brick using:

dim EndM — dim Ext}(M, M) = %(a, a)=1, (%) proved it when @ has no cycles,
Ext!(M, M) = 0 since 200 ¢ A true in general by the HW.

In fact we can prove a more general geometric statement: (*) says that
dim Ext!(M, M) = codim(Oyy).
Proposition 2.5. There exists a canonical isomorphism
normal space to Oy in Rep,Q at M—— Ext! (M, M).
Proof. The problem is how to define an extension
0—>M1—>]\~4—>M2—>0,

where we consider M = My & Ms, M; = M as vector spaces.
We look for an action p: A — End(M; & Mz), restricting to p : A — End(M;) an descending to
p:A— End(M/M;), M/M; = M, so it has the form

pl@) o)) (M
o (0 0 ) (0,
We want p to be an homomorphism: p(ab) = p(a)p(b), so p' : A — Hom(Ma, M;) satisfies:
p'(ab) = p'(a)p(b) + p(a)p' (b).

That is, p’ is a p-derivation A — Hom(Mz, My).

Rewrite M = M @ eM, where €2 = 0. Consider A := Ale]/(€?):

p as above & p=p+ep : A— End(M) is an homomorphism.

This produces a map

infinitesimal changes of
A — mod structures of M —  Ext'(M, M).

(TrvRep,Q)

(2.6)

2in the latter case, in fact Hom(V, W,) # 0 for all representations V', by upper semicontinuity of the dimension of
Hom(—, Wy).
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For sanity, we can see this has the right dimension: bimodule derivations p’ as above are equivalent
to linear maps Q1 — Homy (M7, M>) such that, for each a : ¢ — j, a — Hom((M>2);, (M1);)).
The question now is when we get the trivial extension. This means that there exists a change of
basis id + €V of M + eM such that
p=(id+e¥)p(id + e¥) ' = (id + e¥)p(id — €¥), p,5: A — Endyp 2 (M).
Therefore, the kernel of the map 2.6 is the set of infinitesimal changes of basis of M, ThOp;. O

Remark 2.7. In general we have
(2.8)
Ext!(M,N) = HH' (A, Homy (M, N)) = Der(A, Homy (M, N)),/ InnerDer(A, Homy (M, N))
(in general, an inner derivation A — P, P an A-bimodule, is a + [a,p], for some p € P). Note
that Homy (M, N) is an A-bimodule.
The first part follows from the general homological result:
(2.9) ExtYy (M, N) = HH*(A,Homy (M, N)), i > 0.

Note that, for ¢ = 0, this says that Homa (M, N) = HomA_Bimoed(A, Homy (M, N)). This isomor-
phism is actually the canonical adjunction Hom g g00 (A, Homy (M, N)) = Hom 4 (A ® 400 M, N) =
Hom 4 (M, N), and by naturality of the adjunction, we get (2.9) by passing to the derived version
(replacing modules by projective resolutions).

3. PREPROJECTIVE ALGEBRAS (LECTURE 6)

Definition 3.1. A Poisson algebra B is a commutative algebra equipped with a Lie bracket {-,-}
satisfying

(3.2) {ab,c} = a{b,c} + b{a,c} (Leibniz identity).
An affine Poisson variety is X = Spec B.
Note 3.3. {-,-} = 0 is a Poisson structure, not interesting.

Definition 3.4. An infinitesimal action of a Lie algebra g on X = Spec Bisamap *: g® B — B
satisfying

(3.5) g*(ab) = (g*a)b+a(gxb), abeBgeg.
If B is Poisson, we also require
(3.6) g*{a,b} ={g=a,b} +{a,g=b}, a,be B,g € g.

Definition 3.7. A moment map p for an action of g on X is a map p : X — g such that the
pullback p* : k[g*] — B = k[X] satisfies:
(a) {u*(g),b-} =g*b, Vbe B,gc g (note that g C k[g*]). L.e. g acts identically on B with
ady. .y or p*.
(b) p is a Poisson morphism. Equivalently, p*|4 is a Lie morphism.

If the action of g comes from an action of G on X, then we require in addition

(b’) p is G-equivariant.
Note that, using (a), (b) is equivalent to u being g-equivariant, since p*(g) is the action of g for
g € g. Thus, assuming (a), then (b’) implies (b), and conversely in the case that G is connected.

Note that the Poisson bracket on g* comes from k[g*] = Sym g, extending [,] by Leibniz rule.
Or m € D(A*Tg") is 7| (g1 A g2) = f ([91, 92])-

The fact that u is Poisson means that the g-action on g* pulls back to {¢*(g), —}, a g-action on
X;ie p:X — g*is g-equivariant.
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Also, if G is connected, then (b’) implies (b).

In general, u is not unique. So we need (b) to ensure the uniqueness of .

In particular, if p satisfies (a) and f € g*, then pu + f also satisfies (a); in fact, (u + f)(g9) =
w(g) + f(g), with f(g) € k, and {1,b} = 0 for all b € k[X].

More generally, let Z(k[X]) = {b € k[X]: {b,c} = 0,Vc € k[X]}. If ¢ € Homk(g, Z(k[X])), then
w+ ¢ still satisfies (a), because

{n(g) +¢(9), =} = {ulg), -}, Vg € o
In case that f € g*, (b) says that f is a character; i.e. flig4 = 0.

Definition 3.8. A symplectic structure is a non degenerate Poisson structure such that
Vr € X,Vf € k[X] such that df|, # 0 gets {f, g}|« # 0 for some g € k[X].

Le., we have a Poisson bivector 7 € I'(A2TX) such that {f,g} = 7(df ® dg), which exists by
Leibniz identity and skew symmetry, and defines an isomorphism i,(—) : T*X — TX.
In this case, the inverse w : TX — T*X is a non degenerate 2-form w € T'(A?T*X).

Remember that the Schouten bracket [-,-] : ATX & ATX — A'TX is given by

[€,n] = Lie bracket, ¢&,ne€ N(TX),

€& f1=¢(f), §el(TX),fekX]
(&1 A &2m) =& A [G2,m] + (=1) & [€2]€2 A [, 7],
€€l =0.

We have the following result:
Proposition 3.9. Jacobi identity holds <= dw = 0 <= [r, 7] = 0.
This gives an equivalence

Poisson structures on X — 7 bivector such that [7, 7] =0,

Symplectic structures on X — w nondegerate such that dw = 0.
Ezample 3.10. This is the main example. T*X (total space) is a symplectic variety for all X. The
symplectic form w = dn, n € T(T*(T* X)) given by

ivnle,p = (priV,P) €k pr:T*X — X,
V e I(T(T" X)), pr.V € T, X, P € T' X, pry s T(T*X) — TX.

w is non degenerate because in, local coordinates x; near x € X and p; in the vertical direction of
T* X, we have

n= Zpidwi —= w=dn= dei A dx;.

We have m = w™!. If X = Spec A this gets a Poisson bracket {-,-} on B = Sym 4 Der A, which
is uniquely defined extending

(3.11) {a,b} =0, a,be A,
(3.12) {&,a} =0, E€DerA=1(TX),
(313) {5777} = [67 n]Lim 67 ne Der A7

by using Leibniz identity and skew symmetry.



The easiest way to prove this is using local coordinates: p; is identified with 9/0x;, and we have
0
iz} = dij = 5 —(2)),

2

{zsz;} = 0 x;’s generate A C B,
{pi,pi} = 0.
Remark 3.14. This bracket makes sense when X is singular.

Note that the moment map p is bilinear, but is not unique and does not always exist; e.g, if
{,} =0 and g acts non trivially.

Note 3.15. Assume that X is symplectic, g is semisimple (that is, g = [g,g]) and there exists a
moment map p. Then p is unique.

Proof. Let u/ another moment map. As X is symplectic, Z(k[X]) = k, since {f, —}|, = 0 implies
df|, =0 for all x € X, so f € k. In this way, as (u — 1')(g9) € Z(k[X]) for all g € g, we have that
wu— 1 is a character. But as g is semisimple, this character is 0. U

When g acts on X, so we have as before a symplectic action of g on 7T* X, note that our formula
is g-equivariant: p*(g) = act(g) € I'(T'X) C k[T* X]. Therefore, 1 is Poisson.

Claim 3.16. Let X be an affine algebraic variety over k, and g acting over X: T* X has a bracket
as above. Then there exists a moment map p ((z,p)) = (g — (acty(g),p)).

Proof. Note that the action of g on X extends to an action of g to 7% X; on B acts by Lie derivative
Lyct(g)- Then,

{1 (9), &} = {act(g), &} = Lact(g)(§) = g * &
Therefore p as above is a moment map. ([l
Definition 3.17. Let X be an affine algebraic variety and G an algebraic group acting on X. G

is called a Hamiltonian if the action of g := Lie(G) has a moment map p. In such case, p is also
called a moment map for the action of G on X.

Example 3.18. Let G be a group action on X freely. Note that an action of G on X gives place to
an action of G on T*X. We can consider X/G, and (T*X)/G. The latter is a bundle over X/G of
rank dim X, whose sections over u € X/G are G-equivariant sections of 7*X on G - u C X.

This variety is not symplectic in general. Indeed, any symplectic variety has even dimension,
and by the above, dim(7T*X)/G = 2dimX — dimG.

Definition 3.19. e Let B a Poisson algebra. An ideal I C B is Poisson if {I,B} C I. In
such case, B/I has a natural structure of Poisson algebra.
e Let g be a Lie algebra, g ® B — B a Poisson action, and y : Y = Spec B — g. We define

J:={n"(g) : g € g}
Note that J is not always a Poisson ideal. Remember that B®:={b€ B:g*b=0, Vg € g}.
Claim 3.20. {J,B%} C J.
Proof. {u*(g),b} =g+xb=0, Vgeg, BS. O
Definition 3.21. A Hamiltonian reduction of Y by g is B%/J%.
If we have G acting on X, we can use B¢ /J¢ =: Hamiltonian reduction of Y by G
Notation 3.22. Y//,G := Spec B¢/ JC.

Proposition 3.23. If Y is symplectic and G is Hamiltonian and acts freely on'Y, then Y//n,G is
symplectic.
10



Proof. Let m = w™! be the Poisson bivector: 7 is non degenerate. If {f, B¢}|, = 0, then i,df is
tangent to the G-action at x.
If (izdf —act(g))|. = 0 for some g, then i, (df — du*(g))|. = 0. By the non degeneracy of 7.
Then in B¢/JE, {f, —}» = 0 = df|, = 0. O

Our main example to be considered is Y = T* X, where X = Rep,Q. B
Remember that for ) quiver, its double quiver @) is defined by Qo = Qo and Q1 = Q1 U Q7,
where ()] is the opposite quiver.

Proposition 3.24. We have a canonical isomorphism: Y = Rep,Q.

Proof. This is just a several edges version of the following case:
QQ=0——>o0 _— Q =o0 3 o

In this case we have

Rep,@ = Hom(k* k*?)=:T,

Rep,@ = Hom(k*!,k*?) @ Hom(k*? k') =:U @ U*.
For any vector space U, T,,U = U for all wu € U, and T;;U 2 U* for allu € U. So T*U = U* x U
canonically.

Now explicitly, k[Rep, Q] = k[M, : a € Q1] is a polynomial algebra in dimRep,Q = Za:i_m.te

variables, where M, denotes the matrix-valued function in o;a; variables (coordinates functions):
p — pq € Hom(k* k*?).Therefore,

a ( a)lp I=1,...,a5,p=1,...,a5 a <3 (Ma)lp) I=1,....05, p=1,....01;

Q; Q4

)]

and we have
k[Repa@] = k[Ma>Ma* ac Ql] = Sym k[Rep, Q] Der (k[RepaQ]) = k[T*RepaQ]a
where the isomorphism is canonical. [l

Consider GL, acting on Rep, (. It induces an action of GL, on Rep,Q = T*Rep,Q: with this
action, GL, is Hamiltonian, and gets p : Rep, @ — gl},.
Claim 3.25. 1 ((pa; par)) = X aeqlPas par] € Bicq End(V;) = gl, = gly,.
Proof. Note that

{(Ma lp> (Mb)l’p’} = _6a*,b6l,l’6p,p’ + 5a,b* 5l,l’5p,p’~
By definition, u ((%7pa7,0a*)) = (g = ((aCt(g)’Pmpa*))7 where we have
aCt(g)|pa = a’dg|Pa = [97 p(l] € TPaRepaQ

(because Ad(Id + €9)(pa) = pa + €[g, pa))-

As g— 32, Tr ([9, palpar) = 224 Tx (9lpa; par]), we have

M ((%7pmpa*)) = Z[pmpa*] € g[a'

a

Under eval,, : kQ — k[Rep,Q] ® gl,,,
ar— My, a* v Mgy,

we have J = gl},(evala (>, [pas par]))-
11



Corollary 3.26. (u*(g)|g € gl,) = (ZQGQI[MQ,MG*D C k[Rep, Q).

Upshot: p=1(0) = k[Rep,Q]/J = Rep,llg, where Ilg = kQ/(3,[pa; par]). Note that Rep,Ilq
corresponds to the representations of () such that [M,, M,+] = 0.

Definition 3.27. (1) Ig is called the preprojective algebra of Q.
(2) For each X € kQq, we also define:

Hé) = kQ/(Z[pavpa* = Al).

a

In the same way, RepaHg = p~H(AId) = :U’_l(Zing Aildgnd(ked) )-
Note that T*Rep,Q//nGLa = Rep,Ilg//GLy. We will next see that the same is true for Hg,
if we allow Hamiltonian reduction along orbits.

4. HAMILTONIAN REDUCTION ALONG ORBITS

Given a Hamiltonian action of G on Y, it makes sense to consider not just 4 ~1(0)//G, but more
generally, if O C g* is a closed coadjoint orbit (i.e., an orbit of the AdG action on g*), we may
consider u~1(0)//G. (Recall that we require p to be G-equivariant, so that p~'(O) is indeed
G-stable.)

Definition 4.1. R(X,G,0) = u~1(0)//G.

This can be advantageous, for instance, when G does not act freely on p~'(0), but does act
freely on some other p~1(©). In particular, if Y is symplectic, then in this case we will obtain a
symplectic manifold by taking the quotient, of dimension dimY + dimQO — 2dim G. The reason
we obtain a symplectic manifold is that, for any y € p='(2) C p~1(0), the conormal space to y
in 1~1(0O) is identified with the vanishing of iy w, where w is the symplectic form, and g, is the
annihilator of z € g* under the coadjoint action, i.e., the conormal space to O at z. This is exactly
the annihilator of the tangent space 7,0, and hence w descends to a nondegenerate two-form at
Gy € p~(0)//G. By freeness of the action and because the dimension of igw is dim G — dim O,
we get that dim R(X, GO) = dimu~1(0) — 2dim G.

If O is a coadjoint orbit which is not closed, we can similarly define R(X,G,0) = u~1(0)//G.

Let us now consider the case Y = T*X where X is a smooth affine variety. For any smooth
subvariety Z C X, let Ny C T*X denote the conormal bundle to Z, i.e., the subbundle of T*X |,
whose fiber at z € 7 is (1,2)*.

Claim 4.2. 1 1(0) = | Jo,cx Nay-

Proof. Note that p~1(0) is the vanishing locus of the functions act(g) € T'(TX) C k[T*X], and
hence is the subbundle over X of T* X, whose fibers at x € X are the annihilator of the g-action.
The claim follows. 0

Now if we let O C g* be any closed orbit, then y~!(0O) is the union of the vanishing loci of
act(g) — f(g), for all f € O. In particular, for a nonzero orbit, we will not get any point in the zero
section of T* X, and the picture looks more complicated. However, the tangent space to u~!(O) at
(z,p) can be described: in the X-direction, this is the g-action, and in the vertical (7} X') direction,
this is the conormal space to act(g.), where z = u(x,p) = (9 — (act(g)z,p)) € g*. In particular,
the intersection 7 X N u~1(O) is the G -orbit of the affine space p + (g.)*, where G, < G is the
isotropy at x € X of the G-action on X.
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5. Hé? AND HAMILTONIAN REDUCTION

For any A € k9 and any dimension vector a € Zgg, consider A - Id := >, o Aildke: € gl,,.
This is evidently invariant under GL,, i.e., it is an orbit (consisting of a single point). We may
consider the inverse image = !(\-Id). As in the case A = 0, we get

(5.1) p (A 1d) = Rep, 113y, R(T*Rep,Q, GLq, {\-1d}) = Rep,I1})//GLa.

6. REPRESENTATIONS OF Hég

Theorem 6.1. Let k be algebraically closed. A representation V' of kQ) extends to a representation
of Hé‘? iff for all summand W <V (i.e. exists W' submodule of V such that V.= W & W'),
A-dim W =0.

Note that this is equivalent to the following: a indecomposable module V' of k@ extends to a
representation of Hg‘ iff A-dim V = 0. Before to prove this result, we give a simple consequence.
Corollary 6.2. Let k be algebraically closed. Every representation V' of kQ extends to a represen-
tation of 1lg.

Proof. (Theorem): Necessity. This is easy. Let (p,) € Rep, @ which extends to (pg, pax) € Repal_%i
Zate [Pas par] = AId, and

0= Z tr([pa, pax]) = tr Z [Pas Pax] | = tr(Ald) = X - a.

ac@Q ac@Q

Sufficiency. It is enough to take V' indecomposable and proves it can be extended. We want to
look up pa- such that 3, [pa, par] = Ald. It would be enough to find an exact sequence

Rep,Q* — gl k 0
(par) — Zate [Pas Pa]
A — trA

We want ¥ surjective onto to the set of A such that A -dim W = 0, but this is not true in general.
We have to change k for a ”bigger” term. We can take:

(6.3) ol
!
x v £ *
Rep, @ gl, Endgg(V) 0
A~ (B~ tr(AB)) — restr. to B € Endkg(V)

Note this will be sufficient provided that Ald + 0 under §. This follows from Fitting Lemma (here
we use that k = k): EndV =k & Nilp, so
_ Id — tr(AId) = 0, _
§(Md) = < N € Nilp — tr(AN) = 0 ) =0
13



So we have to prove (6.3). Remember the projective resolution:
0 — kQ®xkg, (Q1) ®kq, kQ — kQ ®kg, kQ — kQ —0.
We apply — ®kg V in order to obtain a resolution of V:
0 — kQQ®kg, (Q1) ®kg, V —kQ @k, V. — V —0.
Now, we apply Hoka(—, V'), and consider the long exact sequence:
0 — Endko(V)  — Endkg(kQ ®xkq, V. V) — Endko(kQ ®kq, (Q1) ®kq, V- V)

— Ext'(V, V) — Ext'(kQ ®kg, V. V) -+ .
Now, we change that a bit. First,

Endyg (k@ ®kqg, V., V) = Endkg, (V) = gl,.
Also, Ext!(kQ ®kQ, V, V) = 0, because the first module is projective, and

Endikq(kQ ®kq, (Q1) ®kq, V. V) = Endig(kQ1 ®xq, V. V) —— Rep, Q.
where the last isomorphism is given by a ® V +— 6, € Hom(V;,V;), a : i — j. Then,
0 — EndV — gl, — Rep,Q — Ext!(V,V) — 0.
We can dualize:

0 — BExt!(V,V)* — Rep,Q* —> gl}, —= End(V)* — 0,

where we use that (Rep,Q)* = Rep,@* canonically, ® is the restriction (because is the dual map

of the morphism induced by the multiplication) and
O :gl, — Rep,Q N ¥ = 0*: Rep, Q" — gl, = gl},
A3 [pas Al (Par) = D [Pas par]-

So we obtain the desired exact sequence.

Remark 6.4. Note that if (pg+), (pl+) are two liftings, then (pg+) — (pl+) € Ext'(V, V)* in a natural
way. Extl(V, V)* corresponds to the conormal space to Oy at V, and the whole cotangent fiber

are all the (pg+)’s.
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QUIVERS IN REPRESENTATION THEORY (18.735, SPRING 2009)
LECTURES 9 TO 14

TRAVIS SCHEDLER, TYPED BY IVAN ANGIONO

1. PROOF OF KAC’S THEOREM - PART I

Construction of reflection functors for Hég:
We fix i € Qg. Assume that A; # 0 and 17 is loop free. Anyway, we allow ) to have loops. So we
have to redefine notions of root systems:

A" = {a:3j,01,...,9 € Qo loop free /o = s, - - 84, €5},
A™ = {a:Tiy,....i; € Qg loop free,d € F /a = Si, -+ 810},
A = ATLAM™
Proposition 1.1. o AT = ATC LI (=A%),
o A= AU (=AM,
e A=A, LIA_.

We use the following notation: given i,j € (Q)o, j < ¢ means that there exists an arrow j — i,
or an arrow j < ¢ (i.e. ¢ and j are connected by an edge if we consider the underlying graph
corresponding to Q).

Q looks like - - - ©; T o;Z_ ok --- near i. Consider
(1.2) 0:Vi— ®jeqoj—iVi 0= > pat D Par
a€Q1/ai—j a€Q1/azj—i
(1.3) ¢ Bjeoj—iV; — Vi, b= > pa— D Par
a€Q1/aj—1i a€Q1/ai—j

If we denote by incy : Vi — V, prj, : V — Vj the canonical morphisms for each k € @, then

(1.4) ¢pof=pr;o Z [Pa, Par] | ©inc; = NjId; = A; pr; oing; .
a€@Qq

In this way, if A\; # 0, V; is realized as a summand of @©;cq,:j—iV; using )\;19. Let V/ := ker ¢ be
the complementary summand and denote the projection and inclusions by incy;, pry;, incyy, pry;.

We replace V; with V/: note that dimV; = >, dimV; — dimV}, as desired. For all j adjacent
to 4, let the arrow V] — V; be pprjoincyy, and let the arrow V; — V/ be proinc;, where pry; is
similarly the projection onto coker 6.

We want to know what happens with Zate [Pa, par]. We have, for all j adjacent to i,

(1.5) Z [pas pax]lv; = prjo(f o @) oinc; = Z —Aiprjo(incy; o pry) o inc; .
a€Q1:a:i—] a:i<j

This will change to

(1.6) Z [Pas Parllv, = — 1 Z pr; o(incyy o pryy) o inc; .

a€Qr:aii—] ]
1



Since incy; o pry, +incys oprys = Id@mjvj, if we set u := —\, then we will obtain that we add
Ai - Id; to the sum of commutators:
(1.7) S 1o dellvy = D [pasparllvy + D Addy.
a€Qq a€Q1 a€Q1:a:1]
Also, it is clear that at the vertex i itself, setting p = —\ will yield
(1.8) D [0 Pl = —Aild.
ace@n
The total result is

/ /* — A/Id )\ _ i . .
agl [pa7 pa ] ’ J { )‘] + Za:i—m‘,azj—n‘ )\1 ¥ 75 1.

Definition 1.9. We define 7; : R%0 — R0 the transformation r;(\) = ) as before.
Note 1.10. If we do this process twice at i, we get back to the same module. Also, r; verifies
a-ri(A) = si(a) - A
Therefore, we have the following result:

Proposition 1.11. Let i be loop free such that \; # 0. There exists an equivalence
I — 11,
V — EF;V = reflection at i.
Theorem 1.12 (Kac, part I). Let k be an algebraically closed field of characteristic 0.
(1) If Indecy, Q # 0, then o € A

(2) If a € AT¢, then there exists a unique indecomposable V', dim V = o, up to isomorphism.

In this way, it remains to show that dim(Indec, Q/ ~) > 0 if a € AT™.

The procedure to prove the first part is the following: given M € Indec, @), pick A such that
Aa=0,and A\-y#Oforally<a,ve Ay, v¢ Qa.

Extend M to a representation of Hé?. we will see that there are no submodules which are
k@Q-modules of dimension v, A -~ # 0.

If « is indivisible (i.e the ged of the «;’s is 1), then M is a simple Hg—module.

Claim 1.13. Either o =¢;, or a € F', or there exists i such that \; # 0, («,€;) > 0.

Proof. Assume that o # ¢; and o ¢ F. In such case, («,¢€;) > 0 for some i € Q9. Therefore i must
be loop free; otherwise, if ¢ := #loops at ¢ > 1, and

(o, €6i) =2(1 — t)ay; — sZaiaj <0.
Suppose now A\; =0, so ¢ 0§ = 0. Since M is simple, ker §# = 0 = coker ¢, so
d dimV; >V, = (o) <0

1—]

which is a contradiction. Then A; # 0. O

For the last case considered in the claim, we can apply the reflection functor, so a ~ s;a < «
and using the invariance of the bilinear form with respect the action of the Weyl group,

(sia,ei) = (a,siei) = —(oa,ei) < 0.

Iterating, we eventually get:



e =¢,s0a€ A, or
e (a/,¢;) <0 for all 7. Since M is simple, o’ has connected support, so o’ € F and o € A .
Proof. (Kac, part I) (i) Write a = I3, where § € N%° is indivisible and I > 1. Choose A as above.
Extend M € Indec, @ to a Hg—module. If M is simple, use previous claim and we are done.
Otherwise, there exists a submodule N C M simple, dim N = m/f3, for some 0 < m < [ (by choice
of A, any indecomposable k@Q-submodule N which is a Héz—submodule verifies dim N € Qo).
Apply reflections to mf3, A as we have described: since N is simple, this gets eventually 8 ~ (' €
F,or 3~ (3 =¢; for somei. If ' = ¢;, then N is simple (i loop free), so m = 1, M indecomposable
(I=1) and B € Ay. Otherwise, ' € F, so mf8’ € A" and also we conclude o € A .

(i) Let o € AT¢. Write o = s4,, - - - 54, €5, with j loop free, n minimal. We want to construct
s e ... N 5 P
Q Q ’
€f > Sy € — e — Q.

If we do this, we get that any indecomposable k@Q)-module extends to one in the image of S; under
these transformations.

Remark 1.14. Real roots are always indivisible (it can be proved by induction on the minimal
number of s;’s when we write the real root as a combination of them applied to a simple root).
Therefore indecomposables of this dimension always extends to a simple l_Iév)—module7 for some
generic .

0, 7=1
L, j#1i °

£0.

Pick v = vq such that v; = {

Claim 1.15. (1, ---r;; (v))

Th41
Proof. Note that
(i 1 ()i = i1, (V) - iy = v (80 Si (i) -

In this is 0, s;, --- 85, (€5,,,) € A" must be %e;; then e, = s;, --- 54, €5, which contradicts the
minimality of m. O

In this way, we can apply F;, , Fj, ---Fi,(Sj). We get that there exists a unique simple in

E+1t 0k 11
Hg of dimension «, where A\ = r;, ---r; v. The result follows because we have noted that any

indecomposable of k@) extends to a simple one of Hé‘?. O

The main tool using here was reflection functors. This gives equivalences of abelian categories:
Hé‘g — mod%Hg’ — mod

For non commutative geometry, the notion of Morita equivalence of rings replaces isomorphism of
commutative rings. In fact:

Proposition 1.16. Let A, B be commutative rings such that A ~prorita B. Then, A = B.

Proof. First, show that Z(A) = End(Id4—mod)- O



2. PROOF oF KAC’S THEOREM - PART II

We have to show that dim(Indec, Q/ ~) > 0 if o € AY™.

We know that if a € F, then (a,¢;) <0 for all i.

If g(a) = 0, then o € N9 is in the kernel of the Cartan form on suppa, so « is a multiple of &,
where § corresponds to the extended Dynkin diagram on suppa.

To prove this, note that if A is the symmetric adjacency matrix, the largest eigenvalue is achieved
(by Frobenius-Perron Theorem) to a unique eigenvector o € N®0, up to scaling. If it is in ker(2Id —
A), the largest eigenvalue of A is 2, it corresponds to an Extended Dynkin diagram. Such eigenvector
has no zero coordinates, so the previous case corresponds to o a multiple of §, when we restrict the
graph to suppca, which is an extended Dynkin one.

For the case a = § on the extended Dynkin diagram corresponding to suppa, we showed that
there exists a one-dimensional space of non isomorphic bricks.

We will show it for the case g(«) < 0, based on the following Lemmas:

Lemma 2.1 (Kac). If o« € F is such that g(a) < 0, then Rep,Q has a generic orbit which
corresponds to a brick.

Lemma 2.2 (Kac). dim(Indec, Q//GLy) is independent of the orientation of Q.

Lemma 2.1 had a nice proof, we will outline it. Lemma 2.2 had a complicated proof involving
counting over F,. We will give Crawley-Boevey’s proof for « indivisible or satisfying ¢(a) < 0.

Using Lemma 2.2, we can apply reflection functors and change of orientations to reduce a € AT
to a € F. By Lemma 2.1,

dim (Indecy @//GL,) >dim(generic union of bricks)//G L,
= dimRep,Q — (dimGLy — 1) =1 — ¢(ar) > 1.

I don’t understand this inequality, I think I forgot some of your explanations. Today there are
some 'holes’ in my notes because I was slow to take notes, I'm sorry

So we conclude the proof of part II of Kac’s Theorem, except that it only leaves case o = 6 for
[ > 1, and § as before.

2.1. Proof of Lemma 2.1.
Lemma 2.3. Let a = o) + ...+ a™ be the generic decomposition of . Then,
a(@) > g(aV) + ... + g(a™).

Proof. Consider the generic representation V' = ‘V(l) @®...» V™ where the V(’s are indecompos-
able, dim V) = o;. We saw that Ext!(V(® V) = 0 generically (otherwise, there exists an orbit
whose closure contains this, so it would also have to be generic). Using this we have

¢(o) = dimEnd(V) — dimExt}(V, V)
> (dimEnd(v@) — dim Ext!(V®, V(”)) +3 " dim Hom(V®, V1)
i

> Zq(ai)-
O

We will explain first why a generic representation is indecomposable. Then we will explain that
this implies that a generic representation is always a brick.
In order to prove that a generic decomposition is indecomposable, it is enough to prove:
4



Lemma 2.4. Ifae F, a = a4 +a, o) e NQ \ 0, then supp a corresponds to an extended
Dynkin diagram, and each o is a multiple of 5.

Proof. In fact, given o)) € N@o \ 0, restrict to supp a.

Define a new bilinear form determined by (€;,€;) := civj(€;, €5). If we consider f(5) =), %ei,
then

fe)=1= (1.1, (8,7) = (f(5). F():
Claim 2.5. Let 3, be such that 1 = B+~ and q(1) > q(3) + q(~). Then, 1,3,~ are proportional
and q(1) = 0.

Note that if we prove the claim, proof of Lemma is completed. Also, the condition about ¢ is

equivalent to (3,v) > 0. Now,

—_—~— —_~—

0<(By) = Y Brleies)

ij
(2.6) = > (Biei,viej) + % > (8= B) (v — 7)(eir ).
7 [N

As (1,€;) <0, the first summand of (2.6) is < 0. Also, ; = 1 — v, so v; — v = i — (; and also
the second summand is < 0. In this way, both summands in (2.6) are 0, and (,) = 0. Therefore
B; = Bj when 1, j are adjacent vertices, so there exist b,c > 0 such that 3 = b1,y =cl,b+c=1.
To finish,

q(1) =q(B) +q(7) = (P* +*)g(1) = beq(1)=0 = ¢(1)=0.
0

Definition 2.7. Let V € Rep,@. We say that V' is stably indecomposable if there exists a neigh-
borhood U of V in Rep,@ such that U4 C Indec, Q.

Theorem 2.8. To be a brick is equivalent to be stably indecomposable; i.e. if o = a® 4+ 4 a
1s the generic decomposition, with generic V = VO @ . e V™, then each V@ is a brick.

I don’t understand the second conclusion of that Theorem
Note 2.9. We saw that Ext!(V(® V()) = 0. The new data is End(V®) = k.

Proof. If V' is a brick, it must be stably indecomposable since dimEnd(W) : Rep, — Z is up-
per semicontinuous. Dimension can only jump, not decrease, and the generic part has minimal
dimension.

On the other direction, let V' be indecomposable, not a brick: there exists gy € Aut(V), go ¢ k*.
Set

S :={g € GL, : dimRep? = dimRep? = dimRep?°} .

Also, for U an open neighborhood of V', let FE := Uy ¢yEndW.

We want to show that U contains a decomposable. By Fitting’s Lemma, it is enough to show
that E contains a non zero semisimple element.

Claim 2.10. (i) ENS C S is open, dense.
(ii) Semisimple elements are dense in S.

Proof. (i) Consider L = {(V,g) : g(V) CV} C Rep, x S the vector bundle of rank dimRep?® over
S. Now, SN E is the image by the canonical 7 : Rep, x S — S of an open inside L containing
(V,g0), and 7 is open. That open set inside L is L U (S x U).

5



(ii) Typically COMPLETAR!!!
Generically speaking we have:

Definition 2.11. Let G C GL(W) be a reductive group. A sheet Sgq, d > 1, is a component of the
set {g € G : dimW¥9 = d}.

Lemma 2.12. Semisimple elements are dense in Sy
Note that S is a union of sheets so the claim follows. O

With this claim we complete the proof of Lemma 2.1. Il

2.2. Proof of Lemma 2.2. In what follows, we will denote g1, Y :=Y//GL,.

Remember that we shall prove cases « indivisible or ¢(a) < 0, and we leave case ¢(a) = 0, «
divisible.

First we prove it for « indivisible.

Lemma 2.13 (Crawley-Boewey). Consider

RepaHgC—> Repa@ = T*Rep,Q

P

RepaQ.
Let Y Cimw be GL,, stable. Then,
(2.14) dimgr, Y = dim(7~'Y) — dimRep,, Q.
Proof. When \ = 0, note that:
Y = |_| conormal bundle to O in T*Rep,Q

OCY GLy—orbit
dim(7~'Y) = dimgr, Y + dimRep, Q.
For a general \, 771(0) satisfies:
e it is either empty (when the representations do not lift to Ha\?—representations), or
e dim(7710) = dimO + dim(fibers) = dimO + dim Ext!(V, V) (two representations of Hé‘g in
the same fiber of 7 differ by representations of HOQ in this fiber).
O
We can complete the proof for a indivisible, under the hypothesis that k is algebraically closed
of characteristic 0. In such case, there exists A such that A-a =0, and A- 3 # 0 for any 38 < a,
B e Ay. Now V € Rep, @ extends to Repaﬂg if and only if V' is indecomposable.
If we consider Y = Indec,, @, equation (2.14) says that
dimgr, Indec, Q = dim(RepaHé‘?) — dimRep, @,
and the right hand side is independent of the orientation of Q.
Now let o € Ay arbitrary. Pick A such that Ao =0, and A\- 3 # 0 for any 5 < o, § € A1\ Qa.
Now V' € Rep, @ extends to Repaﬂg if and only if all summands of V' have as dimension an element

of Qa.
Call E,Q the set of elements V' € Rep,@Q such that dimV € Qa:

dimer, Fo@ = dim(Rep,I13)) — dimRep,,Q,

so it is independent of the orientation of Q.



Now suppose that ¢(a) < 0, a € AT. Therefore o = s;,, - - - s;; ¢/ for some o’ € Fand 1 <i; < n.
Using the independence of orientations, the reflections functors and Lemma 2.1,
dimgr, FoQ = GLQ,EQ/Q' = dimGLa,Bricka/Q’ = dimRep,, Q" — (dimGL, — 1)
= 1—q(d)=1-q(a)>1
(note also that Brick, Q' is dense in Rep/ @', so also in E,Q’).

To conclude, it suffices to show that Indec, @ C E,Q is dense (or Indec, Q//GLy C E,Q//GLq
is dense). Note that we have a surjective map

UﬁeQa,0<ﬁ<a Eg x Eq—p — E, \ Indec, .
So it suffices to show that
(2.15) dimgr, Es +dimgr, Eq—p < dimgyr,, Fo.

This would imply that dimgy, Indec, Q@ = dimgr, Fo@Q = 1 — g(a) > 1, which is independent of
the orientation.
To to this, consider v € N®0, m,n > 1 such that

a—pFB=ny, [=my = a=(m+n)y
(for example, choose ~ indivisible). Therefore (2.15) simply says that

(1 —m?q(7)) + (L = n’q(7)) < (1 = (m+n)*q(v))

2

ie. 1 < —2mnq(v), which is true by hypothesis of a (¢(7) = (m + n) “¢(«) is an integer).

Note 2.16. For o € Ay we have
e g(a) = 1: there exists only one indecomposable of dimension « up to isomorphism;
e ¢(a) = 0 « indivisible: 1-dimensional space of indecomposables of dimension «;
e g(a) =1: (1 — g()-dimensional space of indecomposables of dimension «.

Remark 2.17. A defined as before coincides with the roots corresponding to the Kac-Moody Lie
algebra.

Remark 2.18. In the cases we proved, the generic orbit was indecomposable (a brick.

In case @ = [ with [ > 1, the generic decomposition is &« = § + ...+ 9, so Indec;s @) is peripheral
in Rep;s@. Showing dim(gz Indec, Q) =1 (or > 1) is quite different geometrically.

For @ an extended Dynkin diagram and o = [d, one can find the indecomposables explicitly.

Ezample 2.19. Consider A,, and the indecomposables of dimension § = (1,...,1). Generically all
the arrows are isomorphisms. Consider the cycle

oK ok
4 L

y
oK ok

o o)

obtained by taking each arrow or its inverse. This gives an element A € k* in some arrow, and by
a change of basis in each vertex, any representation is of the form A in some arrow, and the identity
7



on the others. Conversely, if A\ # lambda’, the corresponding representations are not isomorphic.
This gets k* < Indecs Q/GLs.

Now we can define for each A € k* and each [ > 1 an indecomposable V(l), where dim V/\(l) =19,
by ”Jordan block” extension of the case in dimension 1. For this, consider bases (e; ;)j—1,..; of V;,
for each i € Qg: each arrow will be an isomorphism. We can consider:

Id
A l
Ok Ok
y N
! !
ok ok
A
! !
Ok Ok
Ok ~— Ok
Id
Al
A . . .
for M) = , the corresponding indecomposable Jordan matrix associated to A.
S
A

Ezercise 2.20. Consider Dy, and the typical indecomposable module of dimension 8

,0) ((0,1))
/

((1,)\)> (1,1))

for A # 0,1. Try to cook up an indecomposable extension of dimension o = [, for all [ > 1. These
should be non isomorphic for distinct \’s.

3. MORE ON MORITA EQUIVALENCE

As we said above, Morita equivalence is the non commutative replacement for isomorphism of
rings in the commutative case.

Proposition 3.1. Let A be an associative algebra. Then, End(Idg_ps0q) = Z(A).

From this result it is immediate that if B, C' are commutative, B ~ps,itq C, then B = C.
8



Proof. We show first that End(Ids—ps0q) 2 Z(A). For each z € Z(A) define ¥y € Enda(M) for
each A-module M by vp;(m) = z - m. For each ¢ : M — N morphism of A-modules,

(3.2) M —dbu—— M
| i
N Yyn—> N¥

commutes, $0 (Yar)veA—mod € End(Ida—prod)-

On the other hand, given (¥ar)veA—nod € End(Ida—proq), take M = A: End4(A) = AP, s0 ¢4
is the right multiplication by some z € A. Also, for each N € A— Mod, we consider for each n € N
¢©n : A — N defined by 1+ n. Considering (3.2) for M = A and this morphism:

YN (n) = YN opn(l) = ppotha(l) =a-n.

Therefore the family (¢¥ar)area—mod is given as above, by left multiplication by z. From the fact
that ¥4 commutes with each ¢,, a € A, it follows z € Z(A).
So we have End(Id4—pz0q) € Z(A), and we end the proof. O

3.1. Examples.
(1) RepHg ~ Morita Hg/\ using the F; (reflection functor), when i is loop free, \; # 0.
(2) For each A associative k-algebra, Matyx ~prorita A:

kK"@aqV <~———V

W H—— (1,0, ...,0) ®nsat, a4 W.
(3) Brower Groups: For each field k it is defined as

k-algebras such that

Br(k) := { A xo K = Maty(K), some n }/Momta equivalence.

The group structure is ®y; all the A xy k are representable by division algebras over k.
If k =R, Br(R) = {[R], [H]} = Z/2:

HeH? — HoegH~HegH? = Endg(H) 2 Maty(R).

If k is a local archimedian field F,((¢)) or a finite extension of Q,: Br(k) = Q/Z.
In general, if k%P denotes the maximal separable extension of k,

Br(k) = H*(Gal(k* /k), (k*P)*).
(4) Let G be a finite group:
C[G] = @pirrepMatdimp(C) = Morita (C# irreps of G-

We can prove the last equivalence. One construction is the following. Let e; be a full collec-
tion of inequivalent primitive idempotents; i.e. C[Gle; = p; for all i: one e; for each irreducible
representation.

Get C[Gle;C[G] = C[Gle; @¢jg) C[G] = Endc(p;) as a factor of C[G] (in general, given V, W
representations of G,

W &cie) V = (W ® V)¢ = Homg(C,W ® V) = Homg(V*, W) ).

We have the following general result:



Proposition 3.3. Let A be an associative algebra and e € A an idempotent such that AeA = A.
Then,

A %Morita eAe
Vi eAR4V
Ae Qepe W ~VW

Proof. (sketch) Verify that
A Repe ARV = AcAQquV =AR4V =1V,
eARp A Repe W = eAeRepe W =W,

so the two functors are (quasi) inverse to each other. O
In our case, consider e =) . e;, which satisfies C[G]eC[G] = C[G]. Also,
eC[Gle = eC|G] ® C[G]e
. As 1= f; primitive idempotents, dimp; of them for each ¢, we have
®eC[G]f; ® f;C[Gle = ®e;C[Gle; = CHirmersof &,
In this way, the equivalence is obtained

C[G] — mod —— C#irrepsof G
V————eC[G] @i V.

Note 3.4. We can also use e for algebras over C[G].

Do you want to add some division here? e.g. section, subsection...

Suppose G is a finite group acting over a vector space V: V//G is singular. There is a notion of
stack quotient [V/G] (also for algebraic groups), which is smooth.

By our philosophy, the geometry of X is captured by coherent (quasicoherent) sheaves on X
(modules over B when X = Spec B).

Rather than consider Coh(V//G)-modules over C[V]9, it is much better to consider G-equivariant
C[V]-modules: such modules M with an action of G verifying g - (v-m) = (g *v)(g-m).

We can define A := C[V]#G. As a vector space, A = C[V] ® C[G], and the multiplication is
defined by

g-v=(g9*v)g.

(we use here the identifications C[V] — C[V] ® 1, C[G] — 1 ® C[G]).

Then the G-equivariant C[V]-modules correspond with modules over A.

Definition 3.5. The set of G-equivariant modules over C[V] is Coh([V/G|stack), the set of A
modules, which is smooth as an stack.
(Coh([X/G]stack) = set of equivariant coherent sheaves on X)

There is a formalism of algebraic stacks: gluing together X/G (X a sheaf, G an algebraic group),
sheaves, smoothness, etc.

For our purposes, G finite, the fact that A is smooth says: A has a finite A-bimodule resolution
(to get it, take a Koszul resolution of C[V] and tensor by C[G]). The length of the resolution is
equal to the dimension of V', which says that A is smooth of such dimension.

We have that:

e points of V//G correspond to the SpecMax(C[V]%): G-orbits of V, singular at 0;
10



e (certain) G-equivariant modules over C[V] correspond to points of Spec A (simple A-modules);
we have 7 : G-equivariant modules over C[V] — V//G, and 7~ ! includes the simple G-
modules M with trivial action of V.

I don’t understand this part

4. McKAY CORRESPONDANCE

Consider V = C?, G a subgroup of SLyC, and ” Spec A” — C?/G, A = Clx,y]#G. We also have
e € C[G], eC[G]e = C#irrePs and C[G]eC[G] = C[G]. Therefore AeA = A, and by the previous
considerations, A ~/orita €Ae, which is an algebra over C#ir7eps,

Proposition 4.1. ede = HOQ, where Q is an extended Dynkin diagram such that its double Q
satisfies:

(1) idts vertices are labeled by the irreducible representations,
(2) given i,j € Qo, the number of arrows i — j is equal to

dim Homg(p;, V ® pj) = # copies of p; in V ® pj.

4.1. Classification of finite subgroups of SL;C. We have that SU,C is a maximal component
of SLsC, and any other component is conjugate to this. Therefore, if GG is a finite subgroup of

SLsC, then G is contained in a maximal component and is in consequence conjugate to a finite
subgroup of SU>C:

SUQC:{(Z _ab>:a,b€(C,]a+]b]:1}%SSQ(CQ%R4.

We define 7 : SU(2) = S — SO3R as follows. Set S% = B3/0B3, where B3> C R3 is the unit

—

ball. Given € B3, map it to the rotation in SO3R orbit about OX at angle 27||z||. this gets
B3/0B3 —» SO3R, in such way that I don’t understand my notes here and can’t deduce them, I'm
SOTTY.

Classification: All the finite groups of SOsC C SLsC are of the form 7T_1(G), where G is a
finite subgroup of SO3R, except the odd cycles { ( (]?) ¢9a ) } b =e2™/™m m oodd.
a=0,1,...,m—1

Finite subgroups of SO3R are:

e cyclic groups,

e dihedral groups,

e rotational groups of symmetries of Platonic solids (three of these: tetrahedral, cube-octahedral,
icosahedral-dodecahedral).

This gets that the finite subgroups of SL2C are
e cyclic groups (Z/m),

o m ' (Dapn) = Do,
e Ay, S4, As Another part where I can’t understand my notes.

a .
Ezample 4.2. For the cyclic group Z/m = { ( % ¢9a ) } , 0= e2mi/m the irreducible
a=0,1,....m—1

representations are p; of dimension 1, i € Z/m, which satisfy:

V=C=p @p_, V& pi = pi—1 D pit1-
11



The corresponding Mc Kay diagram is the double of jﬁlv

/

Opm 1

\

Pk+1

_—TTTT T

\ Op2
.
k A/’///////
Example 4.3. Consider the binary dihedral group
N. 4 0 0 -1 _ 2mi/m
D2n_<<0 ¢—1>>(1 0 >>? p=ce .

-1
Consider first one-dimensional representations. Note that ( g 8091 ) is conjugate of ( 900 g )

2
so under a character it acts by £1, and determines the image of ( _01 _01 ) As < (1) _01 ) =

( _01 _01 ), we have two choices for the scalar under < (1] _01 ) acts. This gets four one-
dimensional representations between the irreducible representations of Dgn

We also know that in Ds, there are m + 3 conjugacy classes, and the order of Dy, is 4m =
Zm+3(d1mpl) . This gets that all the other irreducible representations are 2-dimensional:

(e 0 0 0 —1 0 (-1~ _
VZ.<0 cpl)H(O gﬁ_i>’<1 0 =y 0 , i=1,..,m.

We get V =V, = V| and V] ® V; contains the trivial representatlon V5 and another 1-dimensional

representation. Also, V®V; 2 V,_1 @ V11, unless ¢ = m. In consequence, the Mc Kay diagram for
this group is the double of Dy, 4a:
of2 .
opO / \ op3

Note that ¢; = (dimp;), where § is the indivisible root in the kernel of the Cartan form.

Remark 4.4. Except for Z/m, m odd, these diagrams are all bipartite: that is, there exists S C Qo
such that each arrow has one extreme in S and the other in S¢ (no arrows with both extremes in
_01 > (1G] isevenifandonlyif< _01 _01 > eG

S, or both in S¢). Look at the image of _01

0 1 )) is must be 1, and tensoring by V switches

since G does not contain any conjugate of (
this.

We deduce that
12



Proposition 4.5. Let G be a finite subgroup of SL2C. The following statements are equivalent:
e |G| is even;
o G =71"YG") for some subgroup G' of SO3R;
1 0 1 0
° <O 1 ) € G (note that ( 0 —1 > € kerm,
e the Mc Kay graph of G is bipartite.

Note 4.6. We will see right now that § := (dimp;) is the indivisible in the kernel of the Cartan
form. If the graph is bipartite, then Qo = S L (Qo \ S). This means for the Mc Kay graph that
Irreps(G) = S U S¢,
e peS=V®p=)> p; for some p; € S¢,
e pcS°=V®p=> p; for some p; € S.
As ¢ is in the kernel of the Cartan form, 2§; = >
so |G| = Y 62 is also even.

jadjacenti 9j» SO We want to conclude }d; even,

-1 0

Ezxample 4.7. Consider G = &. The irreducible representations with ( 0 -1

) — 1 correspond

to the irreducible representations of Ay:
e three 1-dimensional representations (123) — e2F7/3 (12)(34) — 1;
4
e the 3-dimensional representation W = ker< € :(f
Sy D Ay
We also have three 2-dimensional representations: V = V* = C% and V@ V contains the trivial
representation and W. Therefore the Mc Kay diagram is the double quiver of Fjg:

), the standard representation of

Remark 4.8. We know that S~4 and A; have to map to E-type diagrams, since they have irreducible
representations of dimension > 2, and only E,, have some 8; > 2. It follows that

e the Mc Kay diagram of & is F,

e the Mc Kay diagram of Sz is Fr,

e the Mc Kay diagram of A; is F,
for example looking at |G| =Y, 62.

Proposition 4.9. Let G be a finite subgroup of SLoC. The Mc Kay graph of G is the double of
an extended Dynkin diagram, and § = (dimp;) (6; = 1 for some i, namely p; the trivial).

Proof. Consider CG the regular representation of G, CG ® p; = CG®Y™7: for all 4 (if ej is a basis
of p;, then CG ® p; = ®CG(1 ® ¢5)).
Now, CG®V = CG & CG. Write CG = @p?dlmpi, and denote A the adjacency matrix of Mc
Kay quiver. As V. ®@p; =3, ,Vj,
V @ (@pPlimeiy o gp®2dimei - A(dimp;) = 2(dimpy).

[ 7
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Remark 4.10. We have a G-isomorphism vol : V* — V (using G < SLyG), so
#(i —j) = dimHom(p;,V ® p;) = dim Hom(V ® p;, p;)
= dimHom(p;, p; ® V*) = dim Hom(p;, p; @ V)
— dimHom(p:, V ® pj) = #(j — ).
This says that A is symmetric.
Remark 4.11. If G is finite and V is faithful, the Mc Kay diagram is strongly connected.

We get A a symmetric matrix, which entries are integers > 0 and § is an eigenvector of eigenvalue
2. We know that for some orthogonal matrix O, OAO~! is diagonal, whit its eigenvalues in the
diagonal (we can assume that 2 is the first). From Perron-Frobenius Theorem (which we will prove
after this), we can conclude that all the eigenvalues A of A verify |\| < 2 if A # 2, and that A = 2
has multiplicity one (thus ¢ is the unique eigenvector of eigenvalue 2 up to scaling).

Note that 2Id — A is a Cartan matrix. By definition, the extended Dynkin diagrams are those
with Cartan positive-semidefinite matrix, not positive definite. O

Theorem 4.12 (Perron-Frobenius). Let A be an I x I matriz with non-negative entries, strongly
connected (i.e. the graph obtained by i — j-arrow added in whenever a;; # 0 is strongly connected).
Then there exists a unique eigenvector v up to scaling such that v € ]R{|r and that the corresponding
eigenvalue \ is positive, of multiplicity one, and X\ > |N'| for any other eigenvalue \'.

Proof. A acts on RL,\ 0/Ry continuously (it cannot kill anything because the entries are non-
negative and the matrix is strongly connected). By Brouwer’s Fixed Point Theorem, there exists
v E RI20 such that Av = Av for some A > 0: by strong connectivity we conclude that v € Rfr.

We can change of basis by a diagonal matrix with positive entries in order to have v = 1 =
(1,...,1). Define ||w|| = max |w;|, w € R,

Claim 4.13. ||A|| = X (operator norm), achieved exactly at multiple of v

Note that this claim ends the proof of the Theorem. Note that if [jw| = 1 and w has all its
entries non-negative, ||Aw|| < ||A1|| (it is derived from the strong connectivity). Also, for a general

w, [[Aw|| < ||Aw'||, where w’ is defined by w] = |w;|. Therefore ||w| = 1 implies ||Aw|| < |[|A1]| in
general. Moreover, the inequality is strict if w # +1.

Now if p is an eigenvalue of A with eigenvector w, ||[A"w|| = |u|™||w||, so [u| < A. Also, if |u| = A,
then ||A"w|| = \"||w]|, so w is a multiple of 1. O

From the previous result we Conclude that {G < SLyC finite} — extended Dynkin diagram.
We have also C[G] ~prorita (C#zrreps’

#irreps
M~ eClGl®@ M, e= Z ei, C[Gle; = p;.
i=1
Claim 4.14. e(Clz,y|#G)e = HOQ, where Q) is any orientation of the extended Dynkin diagram
such that Q is the corresponding Mc Kay diagram of G.

We have C[G] ~ CQq, defining the functor
F: C|G] — bimod

~

CQo — bimod

M +——— €C[G] ®cjq) M ®c|g) C[Gle.
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Note that:
F(M Qe N = eC[G] ®cia) M &cja) N ®clq) C[Gle
= eC[G] ®cia) M @cjq) C[G]eC|qG] ®cla) NV Q¢[g] C[Gle
= (eC[G] ®ciq) M ®¢jg) C[Gle) ®eciare €CIGl(@cigN @cjg) C[Gle),
which says that the functor is monoidal.
Also, F(C[G]) = CQo, F(V) = CQ; and
F(pi ® V ® p; = Hom(p;, V ® p;) = iCQ.
So we conclude that
ClGI#TV =T (ClGl @ V) — T(CQO(CQl = CQ = path algebra of Q,

#irreps

wy = sympl. form of V* — Z Aild; — Z[ei, €] — A
i=1 i
L TVHG (y) = A) — 1T,

To explain the previous Morita equivalence in Claim 4.14, we need some other considerations.
We want to know if given k-algebras A, B such that A =jp/orite B, this implies A% =y o0ita BP.
This is true and follows from the next Theorem. Remember that a projective generator P for a
k-algebra A is a projective A-module such that for any other A module M there exists some index
I and a surjective morphism P®! — M.

Theorem 4.15 (Morita). The following are equivalent:
(1) A—mod ~ B — mod;
(2) for a projective generator P € B — mod, EndgP = A°;
(3) P®a—: A—mod — B —mod is an equivalence.
Proof. (Sketch)(1) = (2). If ¢ : A— mod — B — mod gives such equivalence, consider P := ¢(A).

(2) = (3). In this case, P ®4 — and Homp (P, —) are (quasi) inverse functors. We can show that
M = Hompg(P, P®4 M) for any M € A—mod in several steps: first for M = A, then for M = A®!
for any index I, and finally for all M using the exactness of this functor and the (trivial) existence
of A®T — M for some I. Similarly we prove that N = P ®4 Hompg(P, M) for any N € A — mod.

(3) = (1). This is immediate. O
Corollary 4.16. If A Zrorita B, then B Zproriva AP
Proof. Use (2) of previous Theorem and the fact that g P4 gives place to gor Pgor. O

Corollary 4.17. A Zprorita B if and only if there exists modules pPa,a Qp such that QRp P = A
and P®4 Q = B.

Corollary 4.18. If A =Zprorita B, then there exists a monoidal equivalence F' : A — bimod —
B — bimod

Proof. Note that A — bimod = A” — mod, where AP := A @y A°P. If A Zprorita B, then by the
existence of P, @ as in (2) of the Theorem,

B @k B* = (P ® Q) ®agyar (@O P), ARk A% =(Q® P) ®pg,pr (P®Q).
For the monoidal property, observe that
F(M@saN) = PR M@sN®AQ=PRM®4 A4 N ®4Q
= PRpM®s(QpP)®4sN®4Q

= (PepM®4Q)®p (PRaN®aAQ)=F(M)=pF(N).
15



O

In our situation, B = eAe, where €2 = ¢ and AeA = A. Consider P4 :=eA, 4Qp := Ae. Then
F(M)=eA®4 M ®@4 Ae ="eMe” = eMe®cpeeNe=e(M @p N)e.

Back to case C[G], we have e = " | e;, where ¢; are the idempotents, C[GJe; are de different
irreducible representations of G, and

ClGleClG] = ClG] (C[G] = ZEndC(Pi)’ €i € Endc(l%)) :

)

As C[G] ~norita CQo, where Q is the McKay quiver of G < SLyC, we have
F : C[G] — bimod —— CQq — bimaod.

What we want is to view C[x, y]#G = C[C?]#G as an algebra in C[G]-bimod, its image under
F will be H%: eC[C?|#Ge = H%, so we will obtain the desired Morita equivalence.

Note that (C?)* C C[C?]. Also, as bimodule, (C?)*#C[G] has the following G-actions:
glv@h)=gxv®gh, (v®h)g=v® hg.

Any C[G]-bimodule is a direct sum of irreducible bimodules, and C[G] — bimod = G x G? — mod.
In consequence, the irreducible bimodules are p; X pj, so we compute their image under F'.

Claim 4.19. F(p; X p}) is the 1-dimensional vector space M = (m) with CQqo-bimodule structure
im=m=mi; t.e., M = ot —oJ .

Proof. Note that p; X p7 = C[Gle; @ ¢;C[G] (use here that ¢;C[G] is a G = G-module isomorphic
to p}), because

C, i1=y;

eiClGle; 0, i

e.C16] Beic) Clcles = {

eClGle; = (e;),  eC[Gle = (¢).
Then, F(p; X p}) = (e; ® ej), and m = e; ® e; gives the desired property. O

Claim 4.20. (C2)*#C[G] ——= CQ.

Proof. Note that
F((C*)* ®C[G) = &((C*)* ® pi) K p;
= @p; ® Homg(pj, (C*)* @ p;) = @p; @ CHI—I),

(I don’t understand this at all) the last equality by definition of Q. Then it follows from our result
above. O

Therefore Tg(q) (C?)* ® C[G] s Trg,CQ1 = CQ, and we have

i) (C?)*#G r cQ
P1 ®2
CCH#G - M.

It remains to show that F'(ker ¢1) = ker pa.
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QUIVERS IN REPRESENTATION THEORY (18.735, SPRING 2009)
LECTURES 15 TO PRESENT

TRAVIS SCHEDLER, TYPED BY IVAN ANGIONO

1. McKAY CORRESPONDANCE

Consider V = C?, G a subgroup of SLyC, and ” Spec A” — C?/G, A = C[xz,y]#G. We also have
e € C[G], eC[G]e = C#""Ps and C[G]eC|G] = C[G]. Therefore AeA = A, and by the previous
considerations, A ~orita €Ae, which is an algebra over C#¥meps,

Proposition 1.1. ede = H%, where Q is an extended Dynkin diagram such that its double Q
satisfies:

(1) its vertices are labeled by the irreducible representations,
(2) given i,j € Qo, the number of arrows i — j is equal to

dim Homg(p;, V ® p;) = # copies of p; in V & p;.

1.1. Classification of finite subgroups of SL,C. We have that SU>C is a maximal component
of SLyC, and any other component is conjugate to this. Therefore, if G is a finite subgroup of
SLoC, then G is contained in a maximal component and is in consequence conjugate to a finite
subgroup of SU,C:

SU,C = @ b ca,be C,la|+ b =1} = 8% CC?=R
b a

We define 7 : SU(2) = 83 — SO3R as follows. Set S = B3/0B3, where B3 C R3 is the unit

ball. Given x € B3, map it to the rotation in SO3R about the axis OX at angle 2w||z||. This gets
B3/0B3 — SO3R, which is two-to-one: for each point in the image, there are exactly two points,
on the same axis, that map to it, one on each side of the origin. More precisely,  and (|z| — 1) -z
map to the same point, and these are exactly the fibers of points of SO3R as z varies.

Classification: All the finite groups of SO,C C SLsC are of the form W_I(G), where G is a
a .
finite subgroup of SO3R, except the odd cycles { ( % ¢9a > } L =e2™/™m m odd.
a=0,1,...,m—1
Finite subgroups of SO3R are:
e cyclic groups,
e dihedral groups,
e rotational groups of symmetries of Platonic solids (three of these: tetrahedral, cube-octahedral,
icosahedral-dodecahedral), otherwise known as Ay, Sy, and As, respectively.

This gets that the finite subgroups of SLoC are
e cyclic groups (Z/m),

—1 _ ™
s T (~D2rg) = Do,
o Ay, Sy, As: these are the preimages of the rotational symmetry groups Ay, Sy, As above
under the two-to-one cover SU;C — SO3R.

1



a .
Ezample 1.2. For the cyclic group Z/m = { < % ¢(_)a > } , ¢ = €2™/™ the irreducible
a=0,1,...,m—1

representations are p; of dimension 1, i € Z/m, which satisfy:
V=C=p @p_, V& pi = pi-1 9 pit1-
The corresponding McKay diagram is the double of T

Ezxample 1.3. Consider the binary dihedral group

> _ P 0 0 -1 _ _2mi/m
(5 2 (2 ) ememe

—1
Consider first one-dimensional representations. Note that ( g 8091 ) is conjugate of ( 900 g )

2
so under a character it acts by £1, and determines the image of ( _01 _01 ) As < (1) _01 ) =

( _01 _01 ), we have two choices for the scalar under < (1] _01 > acts. This gets four one-

dimensional representations between the irreducible representations of Dgn
We also know that in Ds, there are m + 3 conjugacy classes, and the order of Dy, is 4m =
Zm+3(d1mpl) . This gets that all the other irreducible representations are 2-dimensional:

(e 0 0 0 -1 0 (-1~ -
%.<0 @_1)|—>(0 sO_Z->7<1 O>r—><1 0 , i1=1,...,m.

We get V =V; = V" and V1 ® V] contains the trivial representation, V5 and another 1-dimensional
representation. Also, V @ V; 2 V,_1 @ Viy1, unless i« = m. In consequence, the McKay diagram for

this group is the double of D, 2:

N
2N

Note that ¢; = (dimp;), where § is the indivisible root in the kernel of the Cartan form.

Remark 1.4. Except for Z/m, m odd, these diagrams are all bipartite: that is, there exists S C Qo
such that each arrow has one extreme in S and the other in S¢ (no arrows with both extremes in
2



-1 0
0 -1

0
0 -1

S, or both in S¢). Look at the image of < > (] G | is even if and only if < _01 _01 > ed

since G does not contain any conjugate of < )) is must be £1, and tensoring by V switches

this.
We deduce that

Proposition 1.5. Let G be a finite subgroup of SLoC. The following statements are equivalent:

e |G| is even;

o G =7 YG") for some subgroup G' of SO3R;

o < (1) _01 ) € G (note that < (1] _01 ) € kerm;

o the McKay graph of G s bipartite.
Note 1.6. We will see right now that ¢ := (dimp;) is the indivisible in the kernel of the Cartan
form. If the graph is bipartite, then Qp = S U (Qo \ S). This means for the McKay graph that
Irreps(G) = S U S¢,

e peS=V®p=> p; for some p; € S,

e peS°=V®p=)> p;for some p; € S.
As 0 is in the kernel of the Cartan form, 26; = )
so |G| = Y 62 is also even.

jadjacenti 0j» SO We want to conclude }d; even,

-1 0

Example 1.7. Consider G = &. The irreducible representations with < 0 -1

> — 1 correspond

to the irreducible representations of Ay:
e three 1-dimensional representations (123) — e2+7/3  (12)(34) — 1;
e the 3-dimensional representation W = ker ci-c
€1 — 1
Sy D Ay
We also have three 2-dimensional representations: V = V* = C%, and V ® V contains the trivial
representation and W. Therefore the McKay diagram is the double quiver of Ev(;:

, the standard representation of

o

an
\ J
o
()
o o W e

Remark 1.8. We know that S~4 and A; have to map to E-type diagrams, since they have irreducible
representations of dimension > 2, and only E,, have some 8; > 2. It follows that

e the McKay diagram of Az is Fg,

e the McKay diagram of S, is Ex,

e the McKay diagram of &; is Fg,
for example looking at |G| =Y, 62.

Proposition 1.9. Let G be a finite subgroup of SLoC. The McKay graph of G is the double of an
extended Dynkin diagram, and § = (dimp;) (0; = 1 for some i, namely p; the trivial).
3



Proof. Consider CG the regular representation of G, CG ® p; & CGPMmri for all i (if e; is a basis
of p;, then CG ® p; = ®CG(1 ® ¢;)).
Now, CG®V = CG @ CG. Write CG = @p?dlmpi, and denote A the adjacency matrix of McKay
quiver. As V ® p; = ij- Vi,
V @ (@pf ey = @pP2dimen . A(dimp;) = 2(dimp;).

7

Remark 1.10. We have a G-isomorphism vol : V* — V (using G < SLyG), so

#(i — j) = dimHom(p;,V ® p;) = dimHom(V ® p;, p;)
dim Hom(p;, p; ® V*) = dim Hom(p;, p; @ V)
= dimHom(p;, V ® p;) = #(j — i).

This says that A is symmetric.

Remark 1.11. If G is finite and V is faithful, the McKay diagram of G and V is strongly connected.
One way to prove this is as follows: It suffices to show that, if W is any representation, then
(W @ VENYE £ ( for some N > 1. In other words, > geG tr(glw)tr(gly)N # 0 for some N > 1.
For large N, it suffices to restrict our attention to g such that tr(g|y) has maximum absolute
value, i.e., the set S C G of elements such that g|y = A\jIdy, for some scalars A\g. By faithfulness,

all the A\, are distinct. Now, the vectors Ty := (1, Ay, )\3, ce )\L]S|_1) are linearly independent for
all g € S (by, for example, the Vandermonde determinant). So, there must exist a nonnegative
integer n < [S| —1 such that > s tr(glw)tr(glv)" # 0. Now, for sufficiently large m, we find that

S gec trlglw)tr(gly) " I & 3 g tr(glw ) tr(gly) "t IG = (dim V)™ICN Y g tr(glw )tr(gly) # 0.
This completes the proof.

We get that A a symmetric matrix, which entries are integers > 0 and ¢§ is an eigenvector
of eigenvalue 2 with positive entries. We know that for some orthogonal matrix O, OAO~! is
diagonal, with its eigenvalues in the diagonal (we can assume that 2 is the first). Since ¢; > 0 for
all 4, from the Perron-Frobenius Theorem (which we will prove after this), we can conclude that
all the eigenvalues A of A verify || < 2 if A # 2, and that A = 2 has multiplicity one (thus ¢ is the
unique eigenvector of eigenvalue 2 up to scaling). Also, note that all the eigenvalues must be real
since A is symmetric. Hence, A < 2 for all eigenvalues other than 2.

Note that 2Id — A is a Cartan matrix. By the above, there exists an orthogonal matrix O such
that O(2Id — A)O! is diagonal with one diagonal entry zero and the other ones positive, where
O! = O~ ! is the transpose of O, and O is orthogonal. So 2Id — A is positive-semidefinite but not
positive-definite. More or less by definition, this means that A is the adjacency diagram of an
extended Dynkin diagram. (Il

Theorem 1.12 (Perron-Frobenius). Let A be an I x I matriz with non-negative entries, strongly
connected (i.e. the graph obtained by i — j-arrow added in whenever a;; # 0 is strongly connected).
Then there exists a unique eigenvector v up to scaling such that v € ]R{F and that the corresponding
eigenvalue \ is positive, of multiplicity one, and X\ > |N'| for any other eigenvalue \'.

Proof. A acts on R, \ 0/Ry continuously (it cannot kill anything because the entries are non-

negative and the matrix is strongly connected). By Brouwer’s Fixed Point Theorem, there exists
v E RI>0 such that Av = Av for some A > 0: by strong connectivity we conclude that v € Ri.

We can change of basis by a diagonal matrix with positive entries in order to have v = 1 =
(1,...,1). Define ||w|| = max |w;|, w € RY.

Claim 1.13. ||A|| = X (operator norm), achieved exactly at multiple of v
4



Note that this claim ends the proof of the Theorem. Note that if ||w| = 1 and w has all its
entries non-negative, ||Aw|| < ||A1|| (it is derived from the strong connectivity). Also, for a general
w, [[Aw|| < ||Aw'||, where w’ is defined by w] = |w;|. Therefore |w| = 1 implies ||Aw|| < |[|A1]| in
general. Moreover, the inequality is strict if w # £1.

Now if p is an eigenvalue of A with eigenvector w, ||[A"w|| = |u|||w||, so [u| < A. Also, if |u| = A,
then ||A"w|| = A\"||w]|, so w is a multiple of 1. O

From the previous result we conclude that {G < SLsC finite} — extended Dynkin diagram.
We have also C[G] ~psorita Cirreps

Firreps
M — eC[G]®@ M, e= Z ei, C[Gle; = p;.

=1

Claim 1.14. ¢(Clz, y|#G)e = H%, where @ is any orientation of the extended Dynkin diagram
such that Q is the corresponding McKay diagram of G.

We have C[G] ~ CQy, defining the functor
F: C|G] — bimod

~

CQo — bimod

M ——— eC[G] ®@cjg) M ®c|q) C[Gle.
Note that:
F(M Qe N = eC[G] ®cia) M &cja) N ®clq) C[Gle
= eC[G] ®cjg) M ®¢|q) C[GleC[G] ®cjg) N ®cjg C[Gle
= (eC[G] ®ciq) M @¢jg) C[Gle) ®eciare €CIGl(@cigN @cjg) C[Gle),
which says that the functor is monoidal.
Also, F(C[G]) = CQq, F(V) =CQ; and
F(p; @ V ® p; = Hom(p;, V ® p;) = iCQ;.
So we conclude that
CIGI#TV = Tgi(CIGl © V) — Tg,CQ1 = CQ = path algebra of Q,
#irreps

wx = sympl. form of V*— > N\ldi = [es, ef] — A

i=1 i

S TVH#G/([x,y) — A) — 11,

To explain the previous Morita equivalence in Claim 7?7, we need some other considerations. We
want to know if given k-algebras A, B such that A = oritq B, this implies A 2 00 BP. This is
true and follows from the next Theorem. Remember that a projective generator P for a k-algebra
A is a projective A-module such that for any other A module M there exists some index I and a
surjective morphism P®! — M.

Theorem 1.15 (Morita). The following are equivalent:
(1) A—mod ~ B — mod;
(2) for a projective generator P € B — mod, EndgP = A°;
(3) P®a—: A—mod — B —mod is an equivalence.
5



Proof. (Sketch)(1) = (2). If ¢ : A —mod — B — mod gives such equivalence, consider P := ¢(A).

(2) = (3). In this case, P ®4 — and Homp (P, —) are (quasi) inverse functors. We can show that
M = Hompg(P, P®4 M) for any M € A—mod in several steps: first for M = A, then for M = A®!
for any index I, and finally for all M using the exactness of this functor and the (trivial) existence
of A®T — M for some I. Similarly we prove that N & P ®4 Hompg(P, M) for any N € A — mod.

(3) = (1). This is immediate. O
Corollary 1.16. If A Zrorita B, then BP? Zproriva AP
Proof. Use (2) of previous Theorem and the fact that pP4 gives place to 4op Ppop. O

Corollary 1.17. A S prorita B if and only if there exists modules pPa, o Qp such that QRp P = A
and P®4 Q = B.

Corollary 1.18. If A Zprorita B, then there exists a monoidal equivalence F' : A — bimod —
B — bimod

Proof. Note that A — bimod = A” — mod, where AP := A ®y AP. If A Zprorita B, then by the
existence of P, @ as in (2) of the Theorem,
B @k B? = (P ® Q) ®agar (Q®P), A®kA? = (Q® P)®pg,pr (P®Q).
For the monoidal property, observe that
FIM®aN) = PRpMeAN®AQ=PRpM®s A4 N®4Q
= PopM®a(QepP)2aN®aAQ
= (PepM®4Q)®p(PRaAN®4Q)=F(M)op F(N).
O

In our situation, B = eAe, where €2 = ¢ and AeA = A. Consider P4 :=eA, 4Qp := Ae. Then
FM)=eA®4 M ®4 Ae ="eMe” — eMe®.a.eNe=e(M ®p N)e.

Back to case C[G], we have e = " | €;, where ¢; are the idempotents, C[Gle; are de different
irreducible representations of G, and

ClGleClG] = ClG] (C[G] = ZEndc(pi), €i € Endc(f%)) :

As C[G] ~porita CQo, where Q is the McKay quiver of G < SLyC, we have
F : C[G] — bimod —— CQq — bimod.

What we want is to view C[x,y]#G = C[C?|#G as an algebra in C[G]-bimod, its image under
F will be HOQ: eC[C?|#Ge = HOQ, so we will obtain the desired Morita equivalence.

Note that (C2?)* C C[C?]. Also, as bimodule, (C?)*#C[G] has the following G-actions:
glv®h)=gxv®gh, (v®h)g=v®hg.

Any C[G]-bimodule is a direct sum of irreducible bimodules, and C[G] — bimod = G x G’ — mod.
In consequence, the irreducible bimodules are p; X p;, so we compute their image under F'.

Claim 1.19. F(p; X p}) is the 1-dimensional vector space M = (m) with CQo-bimodule structure

im=m=mi; i.e., M = ot —=J .



Proof. Note that p; X p7 = C[Gle; ® ¢;C[G] (use here that ¢;C[G] is a G’ = G-module isomorphic
to p}), because

C, i=y;

0, @i#7J;

iClGle; = eClG] Beiq) Cldles = {
eClGle; = (&),  eC[Gle= (e).
Then, F(p; X ,0;") = (e; ® ¢j), and m = e; ® e; gives the desired property. O

Claim 1.20. (C2)*#C[G] —= CQ.

Proof. Note that
(C*)* ® C[G] = &i((C*)* ® p;) K p}
= @1(pi ¥ p}) @ Homg (pj, (C?)* @ pi) = &(p;i ¥ p) @ CHI—I),
the last equality by definition of Q. Then it follows from our result above. O

Therefore Tt (C?)* ® C[G] s Tro,CQ1 = CQ, and we have

Teiq)(C?) #G a CcQ
1 ©2
CICH#G - .

It remains to show that F'(ker ¢1) = ker pa.
First of all, ker 1 = (@), where @ = [z,y] is also a symplectic form on C? ® C[G]. If w =
Yy ®x —r ®y is the symplectic structure on C2, we have

@ ((v,9), (w,h)) =w,w)dyp-1,  g,heG.

As element of Té[c:} (C?) ® C[G] just get [y, ].

To compute F([y,z]) = e[y, z]e, we compute ewe as symplectic structure on F(CH* e Clq)) =
CQT = CQ1. B B

Between two distinct vertices i, j, (@) is the perfect pairing iQ1j ® jQ1i — C because F'(®) is
symplectic on iQ)17. -

So in some bases of iQ1j (a;,a;), for all 7,7, get

F(w) = Zal@)a;k —a; ®ay.

This follows from the statement that any symplectic structure on V' is ) a; ® af — aj ® a; for some
basis of V*; i.e. w(a),ay) =w((a})Y, (a;)¥) =0 and w(a), (a])¥) = 1.

Therefore if we define Q = {a;}, we get F(&) =>_ 0, la,a”].

Remark 1.21. For i # j, we can simply let a; a basis of arrows i — j.

A-deformed version:
We have C[G]| = >, Endc(p;), and for Id; € Endc(p;), F(Id;) = € is the elementary vector at
i€ Qo IfXeCQo, A-1d =), \Id;, so

@-A-1d) > Y [a,a%] - A
ac@n
oD} = Cla, y|#G/[z,y] — A - 1d ~ Hg.
7



For A =1, 1-1d = Id, so D} = D(C?*)#G. Here, D(C?) is the ring of differential operators on
polynomial functions of C?, i.e.,

9 0 0
(122 D(C) = Claz, ) /([5=ra] - 1),
which is also known as the Weyl algebra of the symplectic vector space C? (equipped with the
standard symplectic form, i.e., the determinant).

The objects H)‘,Dé‘;,Bé‘g = egD}ey = eOHé‘Qeo (in particular, BY = C[z,y]¢ = C[C?/G]) were
studied in W. Crawley-Boevey and M. P. Holland, Noncommutative deformations of Kleinian sin-
gularities, Duke Math. J. 92 (1998), no. 3, 605635. This gives a way to resolve the singularity
C?/G, and produces its deformation.

Think of C[z, y|#G (D2-mod=G-equivariant C[z, y]-modules) as a non commutative resolution
of singularities of C?/G (B% = C[z,y]-modules).

Crude way to view it: points of DY as simple modules How is 7w defined? Consider M a

simple BY — mods, ( points of C?/G).

D2-module: M = &pcc2 g—orvitMo, with Mo supported on O as Clz, y]-module. In particular, if
M is simple, then M = Mg for some orbit O.

If p € C? is not zero, then 7~ *(p) is a single simple module: C[G - p] (as C[G - p| = ®4ecClg - p]
as Clz, y]-module and G permutes the factors, it is simple).

For each M € 7=1(0), o,y act by 0 on M, so M = p for some irreducible representation of G.
Therefore 7~!(G) has more than one point if G # 1.

We have the philosophy that for A associative algebra, Rep,, A are commutative aproximations
of 7 Spec” A.

If we think which « € Zgg has the property that Rep, D% = Rep,Ilg contains 7(p) for p # 0,
the answer is 6 = dim ;g C[G].

Consider therefore 7 : Rep(;H%//GL(; — C?/G: it is 1-1 away from 0 € C?/G.

The point is: Repgﬂg//GL(; is smooth if M- # 0 for « < §d and A -6 = 0.

Remark 1.23. Define:

h = {A:X-0=0},
e = {A:XA-0=0,\-a# 0Va < d}.
Then we have the following:
B) NC defs of C?/G B = <C[préné2 |GLs B}, smooth rescfution of C2/G
I3y ~ D TI, ~ DYy T, ~ DYy
CQO closed )h open )[]7’55'

B} is a semi universal deformation of C[C2/G].
Note 1.24. H(:\) # 0 for @ extended Dynkin diagram and any A, but

Ad#0 A
Aa#0 a<5}Rep5HQ_®'
8



Remember that a resolution for singularities of a singular variety X is a smooth variety X with a
morphism 7 : tildeX — X, which is an isomorphism over X 00t In this sense, Rep(;Hé, //PGLg

is not a resolution of C?/G, but it is a smooth deformation of C2/G.

Note 1.25. For G < SLyC finite, C2/G is singular, with a Kleinian singularity.

For A € CQy, Hé? ~Mor Dé;, which is smooth non commutative: that is, with finite Hochschild
dimension (it coincides with usual smoothness for communtative algebras).

Each Hé\g is a resolution of singularities of Bg‘; = eoDé‘;eo = eoﬂgeo, where CGey is the trivial

representation (corresponding to the extending vertex of Q). Remember that D% = C[z,y]#G,
and B = C[C/G]. We have:

{” Spec” Hé‘g}

iﬂ

{Spec BA} ——CQo 2 h 2 h'eg

CQo

So we have non-commutative deformations and non-commutative resolutions.
Proposition 1.26. (i) Aeb: Bé = C[Rep(sﬂg]GLfs.
(i) Aepr: Bé ~Mor Hg(: DE\;); this says that Spec B ~ 7 Spec ”Hég.
(iii) Repéﬂg//PGL(; and Spec By are smooth (Hochschild dimension is preserved by ~).

Remark 1.27. In (i), for A = 0 we have C?/G, the G-orbits in C? as G-representations, C[Gz] &
C[G]. We have (C[Rep(gl_lgg]GL‘s =~ C[C?/G) = BL.

Proof. (Sketch) (i) We have B = eol_%eg for ep the extending vertex, and a surjective map
CQ — Hg. We want to prove that nggﬂg = Hé‘g.

Note that HE\Q /(eo) = Hg,, where Q" := @ \ eg, which is a Dynkin quiver. Therefore Hg/ is
finite dimensional (HOQ, is the direct sum of all the Q' irreducible representations, and we have
H%, — HZ\Q,). So 11, = 0 if and only if it has no simple modules. But A - a # 0 for all a € A4 (Q")
so no @Q’-representations extend to Hg,—representations. Then I}, = 0, and ngoﬂg = HZ\Q'

(iii)
Claim 1.28. Repgﬂg s smooth for A € h7Y.

That is, dpu has constant rank on Repéﬂg = 1~ 1(\) € RepsCQ = T*Rep;CQ.
The proof is similar to the one for Hilb" C?, which is coming up.

Claim 1.29. PGL; acts freely.

Le., the isotropy of GLs of M € Rep(;Hég is C*, or dimEndgM = 1.

If there exists a non zero endomorphism of M which is not invertible, it has empty image in
Repaﬂg\g for o < 0, by the previous remark about extensions of @’-modules. Therefore, EndgM is
a division algebra over C, so EndgM = C. (I

Remark 1.30. For A € h\ "9, Bg is smooth, Hé? is not smooth and Bg L IIN: e.g. Hé? has a simple

module V,, for a- A =0, a < and Bg only has a simple for a = €., (the trivial, of dimension 1).
If Hg ~ B}, then a.- A =0, a < § only for o = €¢,, 50 (§ — €¢,) - A = 0, which is a contradiction.
More generally, Hé} ~ BE\; if and only if a- A # 0 for all « € A (Q).

9



Remark 1.31. There exists a commutative resolution of C?/G, in fact for the whole family:

{X’\} —> {Spec Bg\;}

i l

h =——=1b

7 is an isomorphism over h™9, X* is not affine for A € h¢9. We can’t have
v A » »TTA
X Spec "I,
g —_——

(comm. resolution) (non comm. resolution)

BUT D(CohX*) ~ DY(IT* — mod) (McKay correspondance)

(Coh(X?) 2 HZ\Q — mod,

Philosophy: Any two 'minimal’ resolutions of a singular variety are derived-equivalent. Pre-
cisely, minimal corresponds to crepant: i.e. if X — X = C2/G for G < SL,(C) finite, Ky~ 0Oy,
that is, X is Calabi-Yau. This is proved for n = 3 by Bridgeland, King and Reid in their celebrated
JAMS paper (2001), and for G < Sp,(C), n even, by Kaladin (and it might not be true for general
G < SL,(C)).

2. HILBERT SCHEMES

Our goal now is to construct 7 : X9 — C2 /G using Hilbert schemes. This also gets a resolution
of S™(X) for X a smooth surface (we use it in case X = C2?, n =| G | to define C?/G).
Given X a variety, we have S™X := { unordered n-tuples of points in X }.

Proposition 2.1. Given X a smooth curve, S™X is smooth.

Proof. As this a local property, set X = C:

~

S"C C,

(A1, ..., Ap) —— coefficients of (z — A1) -+ (z — \p),

set of roots <—— monic polynomials in x.

Algebraically, this says that the ring of symmetric polynomials is itself a polynomial ring in ele-
mentary symmetric polynomials. O

Remark 2.2. If dimX = 2, S” X is not smooth:
S2C? = {x,y} = {x +y(€ C?),x — y(€ C?/Zy)} = C? x C?/Zy,
and C2?/Zy = {22,y xy} is singular.

We need a better notion than the unordered n-tuples of points.
One solution is to consider subschemes of length n: given X = Spec A, consider Y C X, C[Y] =
A/ Iy, satisfying dimC[Y] = n; i.e. codim Iy = n. We have a natural map:

Hilb" X := {length n-subschemes} Y ngy = dimC[Y oy,
S"Y Z(EGX N,y X
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ngy is the multiplicity of « in Y. Note that if X = C", A = C[xy,...,2,]. Any finite dimensional
A-module is M = ®Mjz, where Mz = Myy, is the part of M supported by z. Therefore

ClY] = &C[Y ],
Claim 2.3. 7 is surjective.

Proof. For this, is enough to cook up a subscheme of length n concentrated at Z, for any & and n.
But as N — 0o, dimA/MY — oo (4 = C[X]), so we can take a quotient module of dimension n
(the composition series has all the subquotients equal to C[z] = C. O

Claim 2.4. 7 is an isomorphism over (S"X)™9 = {(z1,...,x,) : all distinct}.

Proof. Let Y be a subscheme of length n, with support on Z1,...,Z,. Then C[Y] = &C[Y]gn,, all
1-dimensional isomorphic to C[#;]. Therefore, 77 1(x1, ..., z,,) is a single point when the z;’s are all
distinct. 0

A brief explanation about Hilb"™ X for X = Spec A. Consider 71 : Hilb™ X x X — Hilb™ X and
mo : Hilb™ X x X — X the canonical projections.

Hilb™ X is a fine moduli space: there exists a universal family Z C Hilb™ X x X such that if
m([Y]) =Y, Y C X alength-n subscheme and O is the structural sheaf of Z, (m1).Oz =: V the
universal sheaf on Hilb" X, then V|y = I'(Oy).

Ezample 2.5. (i) Hilb" C = C™.

(i) For Hilb?C?, the problem is over A = {(x,z)}. For (z9,y0) € C* we want I C C[z,y] such
that C[x,y]/I is 2-dimensional. Therefore x — x¢,y — yo are nilpotent and up to coordinate choice

(swapping z by y), we have z < o and y < < o A > (z,y cannot act both by a

0 0 %o
scalar), so if 7 : Hilb? C2 — S2C? = C? x C?/(Z/2), then 7~ (z, z) = P;: we blow up.

Our next goal is to prove that Hilb™ X is smooth for X smooth of dimension 2. As it is a local
question, we can consider X = C2.

Theorem 2.6 (following Nakajima’s monograph). (1) Hilb™ C? is isomorphic to the set of rep-

resentations of
Co
J

@)

n
of dimension | such that

(i) [z,y]=0, ,
(ii) there exist no proper submodules containing _'(C .
(2) Hilb™ C? is smooth.

Proof. Generally, if I is an ideal of A of codimension n, A/I is a cyclic module of length n. This
gets

{(M,V)|M € Rep, A,V € M cyclic vector}/GL,, — {n-codimensional ideals}

(M, V)1 Ann(V),

so Hilb" X = {(M, V) € Rep,,C[X] x C"|V eyclic}/GL,.
11




(1) It follows from the above observation, note that [z, y] = 0 gives a structure of C[z, y]-module.

(2) We prove this in two steps.
Claim 2.7. H := {(M,V) € Rep,,Clz,y] x C*|V cyclic} is smooth.

For this, it suffices to show that all the tangent spaces T, H have the same dimension for all
x € H C Rep,,@ x C", where ) = C o . H is the zero fiber of

¢ : (Rep,Q x C™) — gl,,
(A, B,v) — |A, B].
(Repn,@ x C™) is the subset of (Rep,@ x C") where holds the condition that the last component

is a cyclic vector. . )
We have to show that d¢ has constant rank on H, because T, H = ker(d¢|,). Now,

coker(dqﬁ](ABm) = {f € g[n|tr (f([A,Tl] + [TQ,B])) = 0, VTl,TQ S g[n}
= {€edl,/[A4,¢ =[B,¢] =0} =EndyM,
where we use that the derivative of A, B — [A, B]is Q : gl,, xgl,, — gl,,, Q(T1,T>) = [A, T1]+[1», B],
and (coker ¢)* = Ann (Q).
To end this, we show that for any (M,v) € H, EndgM -~ Cn

{———>¢&(v).
In general, if v is cyclic, £ is determined by £(v), so that map is injective. On the other hand,
for all w € C™, there exists a polynomial P(A, B) such that P(A, B) - v = w, where [A, B] =0, so
P(A, B) € EndgM.

Claim 2.8. GL, acts freely on H.

If g € GL,, preserves (M,v) then g € Aut M and satisfy g(v) = v. But as v is a cyclic vector,
g =id. Il

If we take the quotient in the complex setting, Hilb™ C is smooth.

Note 2.9. H is not closed and Hilb™ C? # E/ /GL, = Spec C[E]GL", because in H some orbits
have the same closure.

There is an algebraic construction of H: the GIT quotient.

In general, let X be affine and G an affine algebraic group acting on X. Let x : G — C* be a
appropriate character. x € X is stable if G - (z,2) is closed in X x C, where G acts on X x C by
g (z,2):=(9-2,x(g9)z). We denote by X* the set of stable point (stable locus).

Ezercise 2.10. For G = GL,, X = C" and y = det™!, this is the same as v is cyclic.
The GIT quotient X®/G can be defined as Proj(} (C[X]G’Xl), where
CIX]9Y = {f € C[X] 19 f = X'(9) .9 € G}.
Theorem 2.11 (Mumford). X*/G(complex) = Proj(d C[X]G’Xl).

For our case, G = C*, and C2/C* = P; # C[z,y]® = C.
Consider y : C* — C* the inversion map:
C?/C* = Proj, Clz,y] = Proj(Y_ C[X]®"X).

>0
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Now we have l
CIX]™ N = {fs f = x(N)f = 27f} = {f| deg f = d}.

Call N = |G|. We use the previous construction to define C2/G C Hilb" C2. Note that G acts
on SNC? by g(x1,....,xN) = (g1, ..., goN). If g(z1,...,2N) = (21, ..., xN), then g(x1,...,2N) = Gr1.
If any x; # 0, then Gz; is a single object, otherwise is (0, ...,0). Therefore (SNC?)¢ = C?/G. In
that case, define C2/G = 7-1(C2/G): C2/G C (Hilb" C2)C is a connected component (not the
whole thing). We have:

C2/GS Hilb™ C?
- ﬂ
C?/G —= (SNC?)F— gN2,

P

Proposition 2.12. C2/G is smooth.

Proof. As C2/@ is irreducible (it is the closure of 7~1(C?/G'\ 0) = C2/G \ 0), it is enough to show:

Lemma 2.13. Let X be smooth, and G a finite group acting on X. Then each component of X
s smooth.

Proof. As G is finite, it is enough to prove that if g € Aut(X) has finite order, then each component
of XY is smooth.

For this, X9 C X is the fixed locus of g, so it is enough to prove that dim ker(dg—1d) (= dim7, X9
for z € X9) is constant on each connected component of X9.

Note that dg must have finite order as an endomorphism of T, X for z € X9, so its eigenvalues
are roots of unity. These eigenvalues and the multiplicity remain constant on each connected
component. [l

]
Corollary 2.14. g : C2/G — C?/G is a resolution of singularities.

Proof. m is an isomorphism restricted to W&I(CZ /g\ 0) — C2/g\ 0 because pi is an isomorphism
over the locus of IV distinct points. Il

Remark 2.15. If X is a symplectic variety of dimension 2n and w is the symplectic form, w”" i
volume form so Ox & Kx.
Now SNV C? — {n distinct points} is holomorphic algebraic symplectic, using the symplectic struc-

ture on C2. This extends to Hilb" C2 and G acts symplectically, so each connected component of

(HilbY C?)¢ is symplectic. Therefore C2/G is symplectic and (’)@5 = K@E; le. mg : C?/G —

S a

C?/G is a crepant resolution (in fact minimal).

Let X be an affine variety over C and G a reductive group acting on X: X//G = SpecC[X]C.
Consider the quotient map X — X//G. If G acts freely, X//G is smooth; moreover, X — X//G
is a principal G-bundle. This is an special case of:

Luna’s slice Theorem: (Roughly:) If x € X has isotropy group H < G and H is reductive,
there exists an slice S to the G-action, H - § = S, satisfying some nice conditions.

Ezample 2.16. For C?\ {0} and G = C*, we want to obtain P;. But C2//C* = {x}, not P;.
However we can localize C2 \ {0}, e.g. to consider C?\ {z = 0} and C2\ {y = 0}, which have
nice quotient, that glue to obtain Py. C?\ {0} —» PP is a good geometric quotient (i.e. covered by
open sets with this property).
13



Mumford’s GIT approach generalizes this example. Recall that
X ={z € X|G(z,z) C X x Cis closed, Vz € C}

is the stable locus (X affine). Now X* is covered by affine open sets with a good geometric quotient:
there exists affine open sets U; C X* such that U; - U;//G = Spec C[Ui}c. Therefore all the orbits
in U; are sent to distinct points; i.e. all the orbits of U; are closed.

In case that G acts freely on X°, X* — X°//G (defined by gluing the U;’s or as Proj, C[X]) is
a principal G-bundle, and X*//G is smooth.

Example 2.17. For Hilb" C? = ﬁ/GLn, fQ== C o @, we have

(¢]

H

{M € Rep(,, 1)@ : [z,y] = 0,im(i) cyclic at the top Vertex}

—1
{M = Rep(n,l)Q : [x,y] = O}X’ X :=det: GL, — C".

Therefore we conclude from the fact that GL,, acts freely on H that Hilb™ C? is smooth.

Ezample 2.18. Returning to C2, the orbits are not closed (except 0). We look at C2 x C, with the
action of C* given by A - ((z,y),2) = ((Az, \y), A\"12). Now the orbits C*((x,y),2) are closed for
2z # 0, (z,y) # 0. We can consider locally the quotient & x C — U x C//C*. This will be geometric,
moreover locally the line bundle defined by x, U x C//C* = U //C* x C.

3. McKAY CORRESPONDENCE

Recall that C2/G = 7—1(C/G \ {0}) C Hilb™ C? and we have the crepant resolution of singular-
ities: 7: C2/G — C?/G.

We will prove that 7—1(0) is a union of copies of P1, one for each vertex of the extended Dynkin
diagram, where the intersection matrix between them coincides with the adjacency matrix of the
diagram.

Ezample 3.1. Consider G = Z/m. We have the extended Dynkin diagram

Recall that for all G < SLyC finite,
C*/G = {G — orbits in C*} = RepggC[C*|#G// Auta(C[G])
= Rep;I1)//GLs,
62\/?? = {pairs (M,v) € Repg(q (C[C*|#G) x C[G] | v is cyclic and G-invariant }// Autg(C[G]),
and the last term can be restated in terms of the McKay quiver as follows. Define a new quiver @,

obtained by adding to @ a new vertex denoted by oo, and an simple arrow j from him pointing at
14



the extending vertex. Then, we have

(32) C2/G=(Reps, (@] Y .a’]=0] )//GLs
a€Q1

={M €Rep; Q| > [a,a*] =0, im(j)is cyclic for M}//GLj.
acQ1

The last condition says that there are no proper submodules containing 0@ C (that copy of C over
the oo-vertex) as subspace.

Remark 3.3. This is associated to x = Hz’er det;l, where det; : GLs;, — C.

Equivalently, we can take C2/G = (Rep(SHOQ)S //GLg, where (Rep(;HOQ)S is the space of represen-
tations for which the elementary vector at the extending vertex is cyclic.

Now 771(0) C C2/G is the set of subschemes Y of C2 supported at 0, satisfying C[Y] = C[G].
That Y is supported at 0 means that some power of (x,y) acts by zero, i.e. x,y are nilpotent.

Under Morita equivalence, RepsClz, y|#G = Rep(;H%, and this carries 771(0) as above to the
representations for which there exists N >> 0 such that all the paths of length N act by 0.

For our example G = Z,,, this means that any circuit in Q acts by 0 (§; = 1 for all 7). In such a
case, for each pair a,a*, one of them is zero.

By the stability condition, at most one pair if opposite edges a,a* are both 0. Otherwise, this
disconnects some part of @ from extending vertex 0. Therefore, the general picture is

where a can be zero or non-zero.
G Lgs acts by rescaling bases at each vertex. Now

e for a # 0, consider \; the unique composition of non-zero arrows and inverses;

e for a =0, set \; = oc.

,.

j

form to P \ {0}. Moreover, this is an isomorphism of algebraic varieties.
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However, the subvariety 7T*1(0)9 is not closed. There is one point on the boundary, which is

obtained by the limit ¢ — 0 of the following representations, call them M;(t):

1
0o— > _1
0~ ~-0O
/ \
/ }\
om—l 02
4 14
¥ .
olt2 ol—1
\ /
\ " /

s S
-
0

The limit is simply given by setting ¢ = 0 above. Now, let 771(0); := 7~1(0)}, which as a set is

just 771(0); = 7r*1(0);- U {M;(0)}. The map M;(t) — t extends to an isomorphism 71(0); = PL.

Now, for each A € P, let \; € #71(0); € 7~1(0) denote the corresponding point. We see from

the above that 0; = coj_1 and oo; = 0;41; moreover, there are no other intersections. This proves
the McKay correspondence theorem in this case.

Generalization: For any G < SL,C, the main difference is that §; > 1 for some i. Above for
a # 0, the distinguishing feature of j € Qo is the fact that the simple S; is a submodule of V; i.e.
there exists v € V; such that v is in the kernel of all the outgoing arrows from j.

We define 771(0); := {V € Rep; : V C S; as subrepresentation of Q}.

Theorem 3.4 (Crawley-Boewey, 99). 71(0); 2 P!, and 7=1(0);n7=1(0), = { ({)*}’ Zo’t‘;wicz;c:m;

This proves the McKay correspondence Theorem.

Geometric version: There exist locally free sheaves R;, i € Qo \ {0}, a basis for K(C?/G),
such that the intersection matrix is the Cartan matrix corresponding to the Dynkin quiver.

If R is the universal sheaf of rank |G| on Hilb/¢! C2 D (CZ/\/E, then
R = ®;p; ® R;, R; a sheaf of rank dimp;.

3.1. Derived categories and derived equivalences. We will give a somewhat informal treat-
ment of derived categories and equivalences. We recommend Weibel’s book, or Caldararu’s notes,
arXiv:math/0501094, for more details.

Given an abelian category A (e.g. Coh(P')), one can define Ch(A) as the category of cochain
complexes in A. Similarly, Ch®(A),Ch*(A), and Ch™(A) are the subcategories of cochain com-
plexes which are bounded (finitely many nonzero terms), bounded below (i.e., C* € Ch*(A) means
that there exists N such that C* = 0 for i < N), and bounded above; note that Ch®(A) =
Ch*™(A) N Ch™(A).

What we want is, given 0 — M — N — X — 0, to identify (M — N) ~ X. This allows to say:

e when A=A —mod, A/(x) ~ (A —7 A);
e when A = Coh(P?!), Ojp:1) = (O(=1) —=%)0), and similarly Opy,,) =~ (O(-1) — Q=) ),
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To get O(1), (’)(—1)& O @ O — O(1) . Therefore all the elements of Coh(P!) can be

rewritten as complexes using only O, O(—1) (at least, all terms can be produced from O, O(—1) by
iterated kernels and cokernels).

Definition 3.5. K(A) := homotopy category of A: the objects are objects of Ch(A), and the
morphisms are cochain maps modulo nullhomotopic ones.

Recall that a nullhomotopic map is a cochain map f : C° — D" such that f = dh + hd for some
linear map h: C° — D1

Definition 3.6. D(A) := derived category of A: this is the category obtained from K(A) by
formally inverting quasi-isomorphisms. Thus, the objects are the same, and the morphisms are
obtained by compositions of formal inverses of quasi-isomorphisms of complexes and actual cochain
maps, modulo nullhomotopic maps.

The categories IC(A), D(A) are no longer abelian categories (we no longer have a notion of
short exact sequence), but is rather triangulated categories. Roughly, a triangulated category C
replaces exact sequences by ezxact or distinguished triangles: these are sequences of maps of the
form X — Y — Z — X[—1], where the shift [~1] is an autoequivalence of the category. In the
case 0 - X — Y — Z — 0 was short exact in A, there will always be an exact triangle of the form
X—-Y—-Z7—- X[-1].

This is all the information we need to obtain a long exact sequence on homology: applying
any suitable functor H* to the sequence, we obtain a sequence of cohomology groups H(X) —
HY(Y) — H°(Z) — HY(X) — ---. For instance, the functor could be H°(X) = Hom(T, X) for
some test object T, so then H*(X) = Hom(T, X[—i]). In the case of the derived category, this
would be nothing but Ext!(T, X).

While triangulated categories do not have kernels or cokernels, they instead have the axiom that
any map f : X — Y completes to a distinguished triangle X — Y — Z — X[—1]. We may
think of Z as Y/X. In the case of the derived category D(A), we actually will have Z = cone(f),
the mapping cone of f, which in the case X,Y € A has homology equal to the usual quotient
coker(f) =Y/ f(X).

Precisely, we define triangulated categories as below:

Definition 3.7. A triangulated category C is a C-linear category (or k-linear, or additive) equipped
with an autoequivalence [1] : X — X[1], X € C, as well as a collection of distinguished triangles,

(3.8) xLyvLzhx,
satisfying the following axioms:
(1) Given any map f: X — Y, there exists a distinguished triangle including f:

(3.9) xLy Lz xi.

We typically will have a particular Z, g, h in mind, and will call Z the cone of f, denoted

by cone(f).
Moreover, when X =Y and f = Idx, then one may take Z = 0. (For us, we will always

set cone(Idx) :=0.)
T2 (The rotation axiom): Given a distinguished triangle X Lys ZlX[—l], then the fol-
lowing triangle is also distinguished:
(3.10) y %z x-1 /By,

and conversely.
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T3 (The fill-in axiom):! Given maps a,b forming a commutative diagram whose rows form
distinguished triangles, there exists a third map ¢ which makes the following diagram com-

mute:
(3.11) X Y A X[—1]
\
la lb e J{a[—l]
Y
X/ Yy’ A X'[-1]

T4 (Verdier’s octahedral axiom): See http://www.math.uchicago.edu/~may/MISC/Triangulate.
pdf. Roughly, if we interpret cone(f : X — Y) as Y/X, then this axiom says that Z/Y =
(Z/X)/(Y/X). More precisely, if X - Y - Y/X X -7 - Z/X,andY — Z — Z/Y are
part of three distinguished triangles, then there exist maps Y/X — Z/X — Z/Y forming
a distinguished triangle together with the composition Z/Y — Y[-1] — Y/X[—1], making
the whole obtained diagram commute.

In the case of the derived category D(.A) and its bounded variants, the shift is the shift of degrees
in complexes, and the distinguished triangles are those which are isomorphic to a triangle of the
form

(3.12) XLy = cone(f) — X[-1],

where, as we recall, isomorphic in the derived category means connected by a sequence of quasi-
isomorphisms of chain complexes and formal inverses of such.

Ezample 3.13. For P!, and p € P! we have the short exact sequence in Coh(P!):
0—-0(-1) -0 —0,—0.
In D(P 1) it turns to
= 0(-1) = 0—-0,—0(-1)[-1] —....
We can take global sections:
H°(O(-1)) — H°(O) — HY(0,) — H'(O(-1)) — ... .
Or more generally, take Hom(F, —) (we recover the above line for F = O):
Hom(F,O(-1)) — Hom(F,O) — Hom(F, Op) — Hom(F,O(-1))[-1] — ... .
In general, for every triangulated category C and every Z € C,

Proposition 3.14. Applying Hom(Z, —) turns a distinguished triangle into a long exact sequence.

In the case C = DY(A), the derived category of an abelian category A, then more is true: if
there are enough injectives, we may define R Hom(Z, —) : D*(A) — D’(Vect) by RHom(Z,Y) =
Hom(Z,C.) for C. an injective resolution of Y (or, if there are enough projectives, we can define
RHom(—, Z) similarly). Then, we have that R Hom(Z, —) turns a distinguished triangle in D’(A)
into a distinguished triangle in D°(Vect), and then applying the homology functor, one obtains the
long exact sequence above. For more on this, see §3.9 below.

In general, what is the meaning of Hom(X,Y) in D = D’(A)? In the case that X,Y € A, this is
just homomorphisms in A up to homotopy. Let us more generally consider the case that X,Y are
shifts of objects in A, but not necessarily in A itself:

Claim 3.15. For X,Y € A C D*(A), Hom(X,Y[-n]) = Ext"(X,Y).
INote: this is implied by the other three axioms: see http://www.math.uchicago.edu/~may/MISC/Triangulate.

pdf.
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Proof. (sketch) Write elements of Ext™(X,Y’) as an exact sequence
Y-M,—- M, 11— - —— M — X,
so (Y — M, — M, 14— --—— M)=X. We have

0 0 e 0 X
Yy M, e Mo M,
Y 0 e 0 0
and the composition of these is our element of Hom (X, Y [—n]). O

Basic fact: If A has enough projectives, then D~ (A) ~ K~ (proj in A): in particular, every
chain complex is quasi-isomorphic to a complex of projectives, and if we work with complexes
of projectives C.,C’, every quasi-isomorphism f : C. = C’ actually has a quasi-inverse g, so that
fg—1de and gf — Ide, are both nullhomotopic.

Similarly, if A has enough injectives, D (A) = KT (inj in A).

In the case of D~ (P!) := D~ (Coh(P!)), or in general of D~ (X) := D~ (Coh(X)), there are not
enough projectives, and so one typically uses instead complexes of locally free sheaves (in particular
locally flat; i.e. if P is locally free, we have that M — P ® M is exact). We will explain this more
below.

Given a right exact functor F': A — B, then there exists a triangulated functor LF : D™ (A) —
D~ (B), obtained by applying F directly to complexes of projectives. More generally, one may apply
F to complexes of F-acyclic objects: an F-acyclic object X is one such that H*(LF(X)) = F(X),
concentrated in degree zero. An example of the latter is, for A = A —mod where A is commutative,
and M € A arbitrary, the case F'(—) = — ®4 M, where the F-acyclic objects X include all flat
A-modules: i.e., objects X such that, if Y. is an exact complex of A-modules, then X ®4 Y. is
also an exact complex. If A is noncommutative, we can say the same words about the category of
A-bimodules.

Another example is A = Coh(X), M € A arbitrary, F(—) = — ®4 M. In this case, there are
not enough projectives, but one can give an alternative, universal definition of the derived functor
LF, and all locally free sheaves are F-acyclic. We can therefore compute LF by LF(X) = F(C.)
where C. is a bounded-above complex of locally free sheaves quasi-isomorphic to X.

More precisely, we have the following:

Theorem 3.16. Let F' : A — B be a right-exact functor. Given any X € D~ (A), and any complex
of projectives M. quasi-isomorphic to X, then LF(X) := F(M.) € D~ (B) does not depend on the
choice of M., up to quasi-isomorphism. If there are enough projectives, this yields a triangulated
functor LF called the left derived functor of F'. Similarly, this is true for F left-exact, replacing
D~ (A) with DT (A) and projectives with injectives. If there are enough injectives, this yields a
well-defined triangulated functor RF', the right derived functor of F'.

Definition 3.17. If F': A — B is a left-exact functor, then X € A is called F-acyclic if LF(X)
is quasi-isomorphic to F(X) € B. Similarly, if F' is right-exact, X is called F-acyclic if RF(X) is
quasi-isomorphic to F(X).

Proposition 3.18. Let F' be left-exact. If X € D~ (A) and M. is a complex of F-acyclic objects
quasi-isomorphic to X, then LF(X) ~ F(M.). Similarly, if F is right-ezact, X € DT (A), and M.
is a complex of F-acyclic objects quasi-isomorphic to X, then RF(X) ~ F(M.).
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More generally, we have the

Proposition 3.19. Suppose that F' : A — B is a functor of abelian categories. If S C A is any
collection of objects such that, for any exact cochain complex C. with C; € S for all i, F(C.) is
also exact, then F preserves quasi-isomorphisms of chain complexes of objects in S: C. ~ C' for
C;,Cl € S implies that F(C.) ~ F(C").

If S is an additive subcategory of A, we obtain well-defined functors £(S) — K(B) and D(S) —
D(B), and in nice cases, D(S) is equivalent to D(A) and therefore one obtains a triangulated
functor. This is certainly true whenever F' is left-exact, A has enough projectives, and S includes
the projectives (e.g., A = A — mod for A commutative, F(—) = — ®4 M, and S consists of flat
A-modules). However, one can also obtain a well-defined functor in other cases, for example, when
A = Coh(X) and S is the collection of locally free sheaves.

In general, however, even if the above procedure yields a well-defined triangulated functor F ,
and the derived functor LF also exists, the two functors need not be the same: see the following
example.

Ezxample 3.20. Reflection functors: Let @ be a quiver and 7 a sink vertex; denote by Q' the quiver
obtained by reversing the arrows at i: we have the reflection functor Ff : Rep@Q — RepQ'.

\/ N

Fr: ker(aV; — V;)

Reflection functors were bad when we consider S; € RepQ, F+(S ) =0.

To fix this, we replace the term ker(€P;_,; V; — Vi) above by the complez (€D,
which is quasi-isomorphic to the above kernel when €9 ;
case when we got an equivalence before).

This yields a triangulated equivalence: M — F;rM if M does not have S; as summand, and
S; — S;[1]; the inverse is the corrected F;~ (S; — S;[—1]).

Call ﬁ;‘ the new functor: it is not the right or left derived functor of Fi+, only guaranteed to
exist if F;" is right or left exact.

i Vi — Vi) itself,

j—i V5 — Vi is surjective (whlch was the nice

Claim 3.21. Ff is right eract.

Proof. We know that FZ-JF, F;~ are inverse one of other on modules without S; as summand. But
M — S; is always split because ¢ is a sink. The only indecomposable M such that M — S; can be
non zero is M = 5;. U

Check that:

e projectives are acyclic,
e modules without .S; as summand are acyclic,

but not the union of these. The first family defines LF,", which satisfies LF." (S;) = 0; the second

defines F f.
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Recall before a fact about the Morita equivalence: given an A, B-bimodule P and a B, A-
bimodule @ such that P p Q = A, Q ®4 P = B, the equivalence is given by:

A — mod —= B — mod,
MM ®4 P,
N ®p Q<——N.

For the derived setting, we want P, (@ to be elements of D?(X x Y) (’X,Y-bimodules’):

QP

®Q

As a particular case of the above, recall before that, given an algebra A, A= 3", Pi@”, where P;
are the indecomposables A-modules, r; > 1, and Ae; = P; for e; idempotent. Then A ~ End4(®F;).
Replacing P;’s by generators of D°(X):

DY(X) ~ D*(REndps(x)(®:F;))” — mod.

In general, Endps x)(®;F;)% is a DG-algebra: that is, an associative commutative /algebra B
provided of a derivation d (i.e. d(wy) = d(x)y + zd(y) for all z,y € B) such that d*> = 0.

Ezample 3.22. DP(P') is generated by O, O(—1), so
DY(CohPY) ~ REnd (O @ O(1))°° — mod.

If we had Ext' (O @ O(—1),0 @ O(—1)) # 0 for some i # 0, this would be a DG algebra. This is
not the case here, because

Ext!(0,0) = Ext/(O(-1),0) =0, Vi#0.
We get D°(Coh(P!)) ~ D*(End(O @ O(—1)) — mod; note that
Hom(O(—1),0) = (xg,z1), End(O(-1)) =End(O) =C,

so this algebra corresponds to the path algebra of Kronecker quiver o 3 o.

Lectures 2022 follow:

3.2. More words on reflection functors. Some final comments on reflection functors: Let ) be
a quiver with ¢ € Qg a sink, and @Q’ the associated quiver with a source at i, obtained by reversing
all arrows at 7. Recall again that F;F, F; induce equivalences

FF

(3

/—\

(3.23)  {Reps of @ without S; as a summand} {Reps of @' without S; as a summand},

\_//

F-

but that F(S;) = 0.

Notation 3.24. For any quiver @, let Rep(Q) denote the category of representations of Q.
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Last time, we explained a natural replacement F;" : D*(Rep(Q)) = D°(Rep(Q')) and similarly

}/7;: which replaces placing ker(€D;_; V; — Vi) at ¢ with placing the map (P;_; V; — Vi) itself. It

follows that };;;(Sl) = S;[£1] and hence that FZ-jE are in fact quasi-inverse triangulated equivalences.
Observe that, under the natural map to K-theory, D*(Rep(Q)) — K(Rep(Q)) = Z20, sending

a complex M. to the alternating sum Y, (—1)"[M;], it follows that the reflection functors FF act
on K-theory by the simple reflections (since [S;] — (—1)T1[S;] = —[S;]. One summarizes this by
saying that “the functors FijE categorify the simple reflection s;.”

Note that this is not true for the derived functors of Fl-i, although, as mentioned last time, they
do exist: F;" is right exact and F; is left exact (this is true because, in Rep(Q), S; is projective,
and since it is one-dimensional, any nonzero map X — S; must split: we have X = X’ @ S; and
the map factors as the projection X = (X' & S;) — S;; similarly for Rep(Q’) using that there S;
is injective). Since Rep(Q) has enough projectives, the derived functor LF;" exists and is given
by applying Ff to complexes of projectives. However, since S; is projective, this means that

LF*(S;) = F;*(S;) = 0, which is not the case for F;". This is similarly true for F, .

Instead of being the derived functor, the functor FZ-+ can be viewed as given from Ff by Propo-
sition 3.19, using the collection S C D*(Rep(Q)) of modules without S; as a summand, which does

not include the projective module S;; similarly for F; .

3.3. Integral transforms / Fourier-Mukai functors. Let X,Y be (not necessarily affine)
smooth complex algebraic varieties. There is a general philosophy that all (covariant) functors
DY(X) — DP(Y) “which arise in nature” are given by the following construction: Consider the
diagram

(3.25) XxY
Ty
TX
X Y.

Then, for any F € D°(X x Y), consider the functor ®% - given by
(3.26) %y (9) = R(my ) (% (G) @ F).

Here, we used that 7% already is exact, and hence its derived functor is just given by applying the
functor itself to any complex of objects (i.e., all objects are 7% -acyclic). We note also that, in the
case X and Y are not smooth and projective, the above functor may not be well-defined (at least
on the level of D?(Coh(X)) — D®(Coh(Y))), but let us ignore this issue.

These are called integral transforms with kernel F, or sometimes, Fourier-Mukai functors, where
the second name originates from the following main example, which is the most famous functor as
above.

Mukai considered the case when X =Y = an elliptic curve, and F is the Poincaré sheaf, which
we will define in a moment. In this case, the above functor is an analogue of the Fourier transform,
and was first considered by Mukai. Hence, it is called the Fourier-Mukai transform. The Poincaré
sheaf is constructed as follows. We view Y as the (connected component of the trivial bundle of
the) moduli space line bundles on X, which is noncanonically isomorphic to X itself: picking a
basepoint z¢ € X, then the line bundle associated with € X is the bundle O(z — x() associated
to the divisor « — xg. Then, F is essentially given by the condition that (where Y = X but Y still
denotes the second copy of the product X x Y above).

(3.27) F viy)Ex T O(y — o), '7:|7r)—(1(x)gy = O(z — zo).
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The reason this is analogous to the Fourier transform is because the Fourier transform similarly
takes functions on X to functions on X v via the dual pairing x : X x XV — C*. A main example
is X =R" = XV, and x(z,y) = ™% Then, we have

(3.28) F(f)(y) = /X @)@, vz = “(ry)u (75 f(2,9) © x(2.9))’

f(x), ® is just multiplication, and the pushforward (my ). is integration along
X.

where 7% f(z,y) :
the fibers 7y (y)

I

3.4. Pushforwards, the identity functor, and the diagonal. Given any map of algebraic
varieties f : X — Y, we have a functor D(X) — D(Y); if it is a smooth map, it exists on the level

of D°. By the above philosophy, this should be given by an integral transform, <I>§f_)y.

Question: What is Fy?

The answer is quite simple: Fy = Op,, where I'y C X x Y is the graph of the map f: X — Y.
This is not difficult to verify explicitly.

In particular, the identity functor D*(X) — DY(X) is given by an integral transform ®% .
What is the sheaf F € D?(X x X)? It is nothing but the structure sheaf of the diagonal Oa: this
is because the diagonal A C X x X is the graph of the identity map.

Remark 3.29. All of the covariant triangulated functors we have considered or will consider can
be obtained using integral transforms. In particular, all the derived functors of pullbacks, tensor

products, and Homs from a fixed test object, can be constructed as follows. For f : X — Y,
we have Lf* = @{,LX, and for F € D¥(X), we have — @ F = @_)A(fX. Next, the cohomology
functor RT' : DY(X) — DP(Vect) is given by @%i (+y- For RHom, we may use the fact that
Hom(F,G) = I'(Hom(F,G)) and the general fact that R(fog) = Rf o Ry, so it suffices to describe
RHom(F,—) : D*(X) — D*(X). For this we may use F% := RHom(F,O) and

(3.30) RHom(F,—) = FRV ol -

3.5. Resolutions of the diagonal. As a result, if we can understand the diagonal better, we gain
a better understanding of the identity map. This has nontrivial consequences: given a resolution
of the diagonal by nice sheaves F; —» Oa, by applying the identity functor to an arbitrary G, we
will obtain a resolution R, (F; ®% G) of G.

We have seen this before in the affine case X = Spec A. Here, we may take global sections of
everything, and the above is saying that, given a resolution of I'(Oa) = A as a ['(Oxxx) = A® A-
module, i.e., a bimodule resolution

(3.31) P — A,
we obtain a resolution of any A-module M, namely
(3.32) P.®s M — M.

The reason for this is that 7% (M) = M X A, and P. @45, , 7% (M) = P. @4, , (MR A) = P.®@s M
for P. a complex of projective A-bimodules. Then, since X is affine, (7x). is exact, and is the
forgetful functor A —bimod — A —mod. Thus, (7x)«(P.®4 M) = P.®4 M is indeed the resolution
we considered before.

This also has a noncommutative geometric generalization, that we already discussed: everything
goes through for A = an arbitrary associative algebra. In particular, if P — A is a projective
A-bimodule resolution of A, then P. ® 4 M — M is a left A-module resolution of M, for every

M € A —mod.
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3.6. Koszul complexes. One of the most important tools for constructing resolutions, including
resolutions of the structure sheaf of the diagonal (for certain smooth X, and more generally of Oy
for certain locally complete intersections Y C X)), is the Koszul compler. This goes as follows:

Suppose that fi,..., f, are functions on X whose zero loci cut out the subvariety Y (i.e., the ideal
of Y is (globally) generated by fi,..., fn). Then, we have the map
(3.33) f:0x = 0%, 10 (f1,....fa) €T(OF).

Dualizing this, we obtain the exact sequence

(3.34) )V Loy oy,

The first arrow is not, in general, injective (unless n = 1 and f; is a nonzerodivisor), so it is not a
short exact sequence. However, we can complete the sequence to a complex as follows:

(3.35) A*(OF™) — Oy,

where the complex A'(OS’?") is the n-th exterior power (O?@")v — Ox, ie, (1 A= ANgj) —

I (=1)"fY(gi)(gr A ---Gi-- A gj). The fibers of the above sequence at least have the right
dimension generically: on X \ Y, the fibers of the above sequence are A*C", and moreover it is
easy to see that the sequence is exact on X \ Y since the complex is the n-th exterior power of the
sequence C" — C.

Proposition 3.36. If fi,..., f, intersect transversely, or more generally, if fi+1 is a nonzerodivisor
in C[X]/(f1,...,fi) for all 1 <i<n—1, then (3.35) is exact, and hence a locally free resolution

of Oy.
Definition 3.37. In this case, Y is called a complete intersection in X.

The problem with the above is that, in general, varieties Y C X are not cut out by global
functions. For example, for X = P", all global functions are constant. The solution is to replace
O%" by a more general locally free sheaf that has more sections, e.g., O(1) for X = P".

Proposition 3.38. If F is a locally free sheaf, s : O — F a global section, and Y C X is the
subscheme with ideal sheaf locally given by the vanishing of s, then, if s is locally given on local
trivializations of F by regular sequences, the complex

(3.39) A (FY) — Oy
1s exact, and hence a locally free resolution of Oy .

If the Koszul complex above is exact, in particular we deduce that Y is a locally complete
intersection, i.e., X is covered by open affine neighborhoods U in which U N'Y is a complete
intersection.

3.7. Beilinson’s equivalence D°(P") ~ D’(Rep(Q™|R™)).

Notation 3.40. For any quiver ) and any relations R, let Rep(Q|R) denote the category of repre-
sentations of @) subject to the relations R.

Let Q™ be the quiver with vertices 0,1,...,n and with n + 1 arrows from i to i + 1 for all
0 <i<n-—1,labeled zq, z1, ..., zn. Let R™ be the collection of relations of the form TiTj = XTjx;,
for all 4,7 € {0,1,...,n} and beginning at any fixed vertex (so, both z;x; and z;x; are length-two
paths from k to k + 2 for some k € {0,1,...,n — 2}).

Our next goal is to prove the

Theorem 3.41. DY(P") is triangulated-equivalent to D*(Rep(Q™|R™)).
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The main ingredient is Beilinson’s resolution of the diagonal A C X x X in the case X = P".
This allows us to describe explicitly the identity functor Id = @gfﬂpn and hence to prove that
Db(P") is generated by O, O(—1),...,0(—n), and then for general reasons we will deduce that
DV(P") ~ REnd(O @ O(-1) @ --- @ O(—n)) ~End(O ® O(=1) @ --- @ O(—n)) = CQM.

3.8. Beilinson’s resolution of the diagonal A C P" x P". Recall that the bundle O(1) on P"
has an n + 1-dimensional space of global sections, generated by xg, z1,...,z,. More generally, local
sections of O(n) are degree-n rational functions in the ;.

Next, recall that local sections of the cotangent bundle 7V are sums of elements gdf for f,g
sections of O. Then, there is the Euler exact sequence of vector bundles:

(3.42) 0 —= 7V —— 08+ (1) 0 0,
d; d;
df — (4L, L)

(f07 ... 7fn) P Zfol
Dualizing and tensoring by O(—1), we obtain an exact sequence
(3.43) 0— 0Y(=1) — (0V)2+) _, T(~1) -0,

and taking the long exact sequence on cohomology, we obtain that T'((OY)®(+1D) = (T (-1)).
Denote the image of = by 3%1- e(7T(-1)).

If we consider I'(7(—1)) = Hom(O(1),7T), then a calculation shows that 021- has the following
form:

0

(3.44) T

0
cxy e ———,  if i #£ g,
which completely determines the element (indeed, we need only a single j # i and everything else
is determined by O-linearity).

Now, consider the bundle O(1) ¥ 7 (—1) on P" x P", which has a basis of global sections a:iaiyj,
for 0 < 7,5 < n, where z; is the i-th homogeneous coordinate on the first factor and y; is the j-th
homogeneous coordinate on the second factor.

Consider the section

n
0
(3.45) si=Y miz— e T(P' x PLO(1)RT(-1)).
7
Theorem 3.46 (Beilinson). The vanishing of s is exactly the diagonal A C P x P", yielding an
exact Koszul complex

(3.47) AL O R(T(-1)Y) = ORO — Oa.

Proof. Checking that the vanishing of s is exactly on the diagonal is an easy local computation
using (3.44) and is omitted (see Caldararu’s notes, pp. 11-12). Being a bit more careful, one
may see that the vanishing locus is locally given by a complete intersection, which proves that the
Koszul complex is exact. O

Corollary 3.48. The locally free sheaves O, O(—1),...,O(—n) generate the derived category D°(P"),
up to taking cones and shifts.
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Proof. From the resolution (3.47), which we will call K. = A" (O(1)¥ K (7(—1))V), of the diagonal,
we obtain a locally free resolution of any coherent sheaf F on P" as explained above. That is, we
have

(3.49) F=1d(F) =~ 092 L.(F) ~ 0K _L.(F) = A (O1)Y) @c A (T(T(-1))Y ® F)).

We can also see directly that the last term is quasi-isomorphic to F over an open affine U C P” by
viewing (3.47) over U as a bimodule resolution of O(U) ® O(U), and applying @¢)F(U) as we
have done before in the noncommutative context.

We obtain the result that, for every actual sheaf F (as opposed to a complex of sheaves), we
have a resolution of F by sums of copies of O,O(—-1),...,0(—n).

To state this in the language of the corollary, note that, given any resolution

(3.50) 0=Pp—=Pna)y— —Py—>F

of F by coherent sheaves P;, we may iteratively construct F in the derived category from the
sheaves P; by taking cones and shifts. To do this (we will ignore shifting since this just allows
us to put sheaves in any degree of a complex we like), first we can construct the cokernel, call it
Q_(n-1), of P = P_(,_1) by taking the cone of that map; then we can construct the cokernel of
Q_(n-1) = P_(n—2) by taking the cone of that map, etc., until we get F after taking n cones.
Finally, every object of D°(P") is evidently obtained from actual sheaves by cones and shifts, so
since every actual sheaf is obtained from O, O(—1),...,O(—n) by cones and shifts, this yields the
statement. ]

3.9. Equivalences D’(A) ~ REnd(T} @ --- ® T},). We have stated several times the following
theorem, which we will now explain.

Definition 3.51. For any abelian category A with either enough injectives or enough projectives (or
both), let R Hom(—, —) : D*(A)xD?(A) — D’(Vect) denote the bifunctor given by R Hom (X, —) :=
RFx, where Fx(—) := Hom(X, —) (if there are enough injectives), or RHom(—,Y) = RGy, where
Gy(—) := Hom(—,Y) (if there are enough projectives).

Note that, if there are enough projectives and injectives, it is a standard fact that the two
definitions of R Hom(—, —) above coincide (up to isomorphism).

We have Homps(4)(X,Y) = HY(RHom(X,Y)) for all X,Y € D’(A). What this says is
that the triangulated category DY(A) has additional structure: rather than merely knowing the
vector spaces Homps (4 (X,Y), or more generally the sequence of vector spaces Ext!(X,Y) :=
Hompy(4)(X,Y[~1]),i € Z, in fact we have compleres RHom(X,Y) of which these vector spaces
are the cohomology groups.

At first, this may not seem like additional structure, since any complex of vector spaces is
quasi-isomorphic to its homology groups? (more generally, this is true for complexes of modules
over any semisimple ring). However, when we consider also composition, this becomes nontrivial:
for example, REnd(X) := RHom(X, X) is now a dg-algebra: this means, an associative algebra
which is also a complex (i.e., a differential-graded vector space, or dg-vector space), such that
d(ab) = (da)b + a(db). Now, for A. a dg-algebra, while there is a quasi-isomorphism of complexes
H'(A.) = A., where the first complex is equipped with the trivial differential, this is not in general
an associative algebra morphism (equipping H (A.) with the induced associative algebra structure).

With this in mind, D?(A) is more than merely a triangulated category: it also has addi-
tional homomorphism complezes RHom(X,Y) for all X,Y, equipped with natural isomorphisms
H{(RHom(X,Y)) = Hom(X,Y[—i]) for all i € Z, which respect composition. Somewhat impre-
cisely this is sometimes called a triangulated category enriched over complexes, or by Kontsevich

2This property is called formality: so any complex of vector spaces is formal.
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(arXiv:0801.4760) as a “C-linear space” (provided a couple other technical conditions are satis-
fied).
We need this extra structure to obtain the following equivalence:

Theorem 3.52. Suppose that D = DY(A) is generated by objects T; € D,i € I, by taking cones
and shifts. Then, we have quasi-inverse triangulated equivalences

(3.53) Db(A) DY(REnd(€P;; T;)° — mod),
Y RHome(A)(@iTi,Y),
Z O fpna(@ D, Th) ) (B:T) ' Z,

provided that the functors are well-defined (i.e., up to finiteness and boundedness issues).

Above, the category Db(REnd(GBZE 1 T3)°P —mod) must be properly interpreted: roughly, it means
that one considers complexes which are dg-modules over the dg-algebra REnd(ED;.; T7)°P, modulo
nullhomotopic maps and inverting quasi-isomorphisms. We will only actually use this in the case

that REnd(6D,c; T;) = End(@D,c; T;), i.e. all the groups Ext’(T},T};) vanish for i # 0.

Remark 3.54. We may interpret the above equivalence as the integral transform ®7 associated to
T := @, T;, which is naturally an object of both D’(A) and D’(REnd(T)°P — mod). In general,
the above theorem shows that any “C-linear space D,” by which we mean an enriched triangulated
category as above, is equivalent to D?(A—mod) for some dg algebra A; then, all (covariant) functors
DY(A —mod) — D(B — mod) which “arise in nature” should be given by &7 (—) = F ®% —, where
F is a dg (B, A)-bimodule.

Proof. We show that the functors are quasi-inverse. First, we claim that the following natural map
is a quasi-isomorphism:

(3.55) RHompy (4 @E,Y D hEnd(@ @T

To prove this, note first that it is tautologlcally true for Y = @Z T;; also, the left-hand-side com-
mutes with direct sums and is a triangulated functor (sends distinguished triangles to distinguished
triangles), and hence we deduce that the map must be a quasi-isomorphism for all the 7; individu-
ally and for the triangulated subcategory generated by the T;, which is everything by assumption.

The other direction is similar: we can similarly show that the following natural map is a quasi-
isomorphism:

(3.56) Z — RHomps(4 @ T, Z Ofpa@, ., T EBT

O

The reason why we needed R Hom above was to ensure that the functors involved were trian-
gulated functors. If all we had was Hom, then we would still be able to apply Hom once to a
distinguished triangle and obtain a long exact sequence of vector spaces, but we would be unable
to further apply another functor, ®1L%En ADT) which is particularly needed in (3.55).

Remark 3.57. Having R Hom above allowed us to make use of the general principle that the com-

position of two (or more) derived functors is still triangulated, and is in fact the derived functor

of the composition: Rf o Rg = R(f o g). This is not possible with only homology groups: it isn’t
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true, for instance, that @iﬂ-:m R'f o Rg is the same as R™(f o g). (There is, however, a map
from the first to the left, and in fact a spectral sequence @ R f o Rg = R(f o g), coming from
the quasi-isomorphism of the double complex Rf o Rg(X) with the complex R(f o ¢)(X) for all X.
This is useful in computations.)

3.10. The equivalence D°(P") ~ D’(Rep(Q™|R™)), revisited. Now we are ready to prove
Theorem 3.41.

Proof of Theorem 3.41. By Theorem 3.46, we have that D?(P") is generated as a triangulated
category by O, O(—1),...,0(—n). By Theorem 3.52, we deduce that D*(P") ~ REnd(O&0O(-1)®
-+ @ O(—n)), provided the resulting functors are well-defined. By the claim below, REnd(O &
O(-1)®---®O(—n)) ~End(O®O(-1)®---®O(—n)) = CQR™ /(R™). Once we know this, then
it is easy to see that the functors F — RHom(O @ ---® O(—n),F) and M — M Qcqm /(rm) O @
.- @® O(—n) are well-defined functors between DP(P") and D*(CQ™ /(R™) — mod). This proves

the theorem. O
Claim 3.58. (i) Ext'(O(j), (’)( )) = 0 for i # 0 and for j,k € {0,—1,...,—n}. Hence,
REndA( O O(-1)@®---®O(—n)) ~End(O® O(-1) @ --- & O(—n)).

(ii) Hom(O(i), O(j)) = 0 Zfl > j;

(iii) We have that End(O(i)) = C and Hom(O(i), O(i + 1)) = (xo,z1,...,2y) = ['(O(1)) =
(Cn-i-l;

(iv) The algebra End(O @ O(=1) ® --- ® O(—n)) identifies with the quotient of CQ™ by the
relations R™.

Sketch of proof. (i) For this vanishing result we refer to Hartshorne.
(ii) This is the same as the statement that I'(O(m)) = 0 for m < 0, which is clear.
(iii) These statements are clear.
(iv) For this, note that Hom(O(i), O(i4+m)) = I'(O(m)) = polynomials of degree m in x, . .., p.
O

4. THE MCKAY CORRESPONDENCE Db((/j%) ~ D((Clx, y]#G) — mod)

For a reference on this topic, see Kapranov and Vasserot’s paper, arXiv:math/9812016, Kleinian
stngularities, derived categories, and Hall algebms./_\/

The simplest way to obtain an equivalence D°(C2/G) ~ D°((Clx, y]#G) — mod) is to view the
latter category as the category D%(C?) of G-equivariant sheaves on C2, i.e., as objects of D’(C?)
equipped with an additional action by G by automorphisms in D°(C?). Since G is finite, complexes
of C[z, y]-modules with a G-equivariant action are the same as complexes of G-equivariant C[z, y|-
modules, i.e., complexes of Clz, y]#G-modules, so this is the same.

The advantage of this formulation is that we can seek an integral transform @%E o with

Fe D%(CQ /G x C?), with here G acting on the second factor, which yields the desired equivalence.
Recall the universal sheaf on Hilbl®/(C2) x C2, whose fiber over [Y] x C? is the sheaf C[Y], for
all subschemes Y C C2 of length |G|. This restricts to a G-equivariant sheaf on Hilb/®l(C2) x C2

and hence on C2/G x C2. Call this last sheaf U.

Theorem 4.1 (Kapranov-Vasserot). The integral transform CIJ%;/_E - yields a triangulated equiv-

alence ’Db((/f;/é) = DL(C?). Its inverse is given by

u —
(42) By - e A
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viewing here D% (C?) = DP((Clz, y|#G) — mod).

Proof. The main tool here is a Koszul-style resolution of . Let V = C? be the tautological two-
dimensional representation of G < SLa(C). There is a natural G-equivariant map V* — I'(U)
sending the coordinate functions x,y to their images in C[Y] for all Y C C? with C[Y] = C[G].

Let R = (W@E)*U be the sheaf on C2/G whose fiber at [Y] is C[Y], for Y C C? such that

C[Y] = C[G]. There is still a map V* — I'(R) as above.
On 7%;/67%, we may consider the coordinate functions acting on both components, so let x;, y;

denote their actions on the i-th components, for i € {1,2} (the first component is C?/G and the
second is C?). We have an obvious surjection R —» U with kernel generated by x1 — z2,y1 — yo.
This completes to a Koszul-style complex

which is exact by a local computation.

For ease of notation, let us denote the two functors simply by ® and V. Also, for simplicity, we
will use the notation, for (B, A)-bimodules M, M ®4 (—) : A — mod — B — mod, and extend this
notation to F ®p, (—) : Coh(X) — Coh(Y'), when F € Coh(X x Y), and to the derived versions.
Technically, the latter is given by R(my ).«(F Qo L1y (—)).

We then have

4.4 Vod(—)=RH U,(U®L__ —)) = REnd¢, uyeh __ (-).

(14)  Wob(=) = RHomepy ol U 05 =) = REndepyyo@) b ()
REndC[Ly]#G(L{)
C2/GxC2/G

So, ¥ o & ~ Id is equivalent to the statement that ® ~ Id, i.e., that

(45) REndC[m,y}#G(u) = RHOmc[%y]#G(ﬂ'TU, W;L[) ~ OA,

for A C (C2/G)?, where 71,75 : (C2/G x C? x C2/G) — (C2/G x C2) are the two projections. The
first equality is a notational matter: it says that our End (as well as Hom and the derived versions)
will be the external “boxed” versions here, like the difference between @ and X (and in keeping
with our simplified notation above).

Using (4.3), we have

(4.6) REndcy, yjuc(U) = REndcy, pc(U) = Homey, yuc(AVF) @c w%%R,U )-
Since 7r(*62-\/672 is free over Clz,y], we can rewrite the above as

(4.7) Homg((AV") @c R, R), do(v®@n) = vp(n) — ¢(v-n),

where the U becomes R when we forget the C|x, y]-structure. The differential uses the forgotten
V*-action. We make use of the convention that A'V* C T'V* is the subspace of skew-symmetric
tensors above.

We have to show that (4.7) is quasi-isomorphic to Oa. This is proved in Nakajima’s monograph,
Lemma 4.10. We reproduce the part that says that the cohomology is supported on A. The kernel

of the first nonzero arrow above is just Homg, 06U, U), ie., at each point ([Y],[Z]) € (C?/G)?,
we are considering the homomorphisms of Clxz, y|#G ~ Ilg-representations C[Y] — C[Z]. By the
stability condition, this is completely determined by the linear map C = C[Y]¢ — C[Z]¢ = C.
In particular, the kernel must be either an isomorphism or zero. Thus, off the diagonal, the first
kernel is zero. Dually, the last cokernel is zero off the diagonal, so the first and last cohomology

groups are zero. Since the alternating sum of the ranks of the locally free sheaves above are zero,
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the alternating sum of the cohomology dimensions must also be zero, so the middle cohomology
must also be zero off the diagonal.

The rest of the proof is based on some fancier algebraic geometry which relies on references (e.g.
the Buchsbaum-FEisenbud criterion), so we refer to Nakajima, Lemma 4.10.

In the other direction, again using the notation that ®é§7§ means derived-tensoring sheaves and

applying R(’]T@\/—é>*,

(4.8) doW(M)=U ®(L9&7G RHomg yucU, M) =U ©5__ U™crd) @, 1ue M),

c2/G

So we have to show that (using that C? is affine so we can just take global sections in these
components),

(4.9) RI(U ®p__ U™eleal) = (Clz, y]#G),
cz/G
as complexes of C[z, y]#G-bimodules. Using (4.3), the LHS translates to
(4.10)
(AV)@cRI US 72 -RY) = (NV)OCRI(n (RRRY)) = (AV)@cClr, y)@REnd , e (R).

viewed as a Clz, y]#G-bimodule by acting on the left on the copy of C[xz,y], and acting on the right
on the output copy of R.
A local calculation which we omit (although will discuss more in the next section) shows that R

restricts on each P! component of 771(0) C CQ/\/E to copies of O(—1) and O, and hence all higher

Extéﬂ/G(R, R) vanish there; they also vanish away from the zero fiber since there we have the

same result as self-Exts of a locally free (and in fact free) sheaf on C?/G, which is affine. Finally,
End@E(R) = COlx,y]#G itself, given on fibers [Y],Y C C? by specifying the image of the cyclic
vector 1 € C[Y]. Thus, we get that

Summing up, it remains to show that the following is quasi-isomorphic to Clz,y|#G as a

Clz, y]#G-bimodule:
(4.11) Cle, 3] ® A'V & Cla, yl#G,

which is easily checked to be the result of applying the (exact) smash product functor Z — Z#G
to the Koszul resolution Clz,y] ® A'V @ C[z,y] — C[z,y] of C[z,y] (in general, the smash product
functor Z +— Z#G is an exact functor from G-modules to G-bimodules; here, the Koszul resolution
of C[z,y] has a natural action of SLy(C) and hence of G).

O

4.1. Generalization from C? to arbitrary surfaces. Given any smooth surface X equipped
with a faithful action by automorphisms of a finite group G, we may again consider the smooth
variety Hilbl®l(X) and the subvariety (Hilb/“/(X))¢ whose connected components are smooth.
Once again, if X8 := the locus of x € X such that the stabilizer G, = {1} is trivial, then we have
that X™°8/@ is smooth, and that (Hilbl¢l(X7eg))C¢ =~ xres/q.

4.2. Generators of D’(C2/G) and the zero fiber. Using the equivalence, we immediately find

generators of DP(C2/G). Up to direct summands as well as shifts and cones, the object A is always
a single generator of DY(A — mod) for any algebra A. For A = Clz,y]#G, we see that C[z,y]#G
is a generator of D?((C[xz, y]#G) — mod). Tts image under the inverse equivalence ¥ above is

(412) RHom(C[:v,y]#G(ua (C{l’,y]#G),
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and evaluating at the fiber over Y C C? with C[Y] = C[G] as a G-module, we have to compute

(4.13) RHomcy, y4c(ClY], Clz, y]#G) = Homeyy y46(Clz, y] @ AV* @ C[Y], Clz, y|#G)
= Homg(A'V* @ C[Y],Clz, y|#G) Z AV @ Clz, y|#G =2 AV* & Clz, y|#G,

since C[Y] = C[G] as a representation, and A’V = A'V* using the volume form. The induced
differential is such that the above complex resolves exactly C[Y] again: it is essentially saying that
C[Y] is derived-selfdual as an object of C|x, y]|—mod, or that the Koszul complex is quasi-isomorphic
to its dual.

That is, we just get out R: so the equivalence says in particular that R is a generator.

In terms of (where here the G-irrep p; is viewed as a C[z, y|#G-module with z, y acting by zero)

(4.14) Clz, y|#G ~ 1lg,
(4.15) pi < Si,
(4.16) (Clz,yl#G)ei) < B,

we can find the image under ¥ of the projective modules P; = Ilgi and the simple modules S;.
We see that R = @, R; ®c pi, and R; ~ U(F;), while for S; we claim that: if ¢ is not the
extending vertex, we get O(—1);, the sheaf O(—1) supported on the P!-component of the zero fiber
corresponding to ; if 7 is the extending vertex, we get the structure sheaf of the zero fiber.

This should be computable by writing W(S;)[y] again as

(4.17) AV* @ ps,

with the differential acting by applying the action of V*, i.e., the maps V* ® p; = @j_n- pi — Pi
are the arrows 7 — ¢. We claim that, if Y is not supported at zero, this complex has first and last
cohomology vanishing. This is because, in these cases, the arrows going into ¢ are surjective, and
similarly the arrows coming out are also injective. As a result, all the cohomology must vanish
since the Euler characteristic is zero. So ¥(S;) is supported on the zero fiber (as it should be).
Moreover, the first cohomology group will be identically zero, since it follows that on open sets the
first nontrivial arrow has no kernel (as our original complex, before passing to the fiber over Y, is
a complex of locally free sheaves, obtained by replacing ¢ with a resolution by locally free sheaves
and applying Homc(, yjuq(—, Clz,y|#G). Similarly, the second cohomology group must be zero,
and so U(S;) is quasi-isomorphic to a single quasi-coherent sheaf....
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QUIVERS IN REPRESENTATION THEORY (18.735, SPRING 2009)
LECTURES 23 TO 26

TRAVIS SCHEDLER, TYPED BY IVAN ANGIONO

1. DELIGNE-SIMPSON PROBLEM

The basic object of study are topological vector bundles on a Riemann surface with flat connec-
tion.

A flat connection (connection with zero curvature) is a way of differentiating sections so that we
know what a locally constant section is. Flat means that the monodromy of a contractible loop is
trivial; i.e. get a local constant structure in all directions simultaneously.

We get p € Hom(m1(X), GLy,), where V is a bundle of rank n. Pick a base point p € X, a framing
of V|, is the fiber at p, the monodromy of loops based at p € GL,. Up to change of framing, we
get [p] € Hom(m (X),GLy,)/conj.

1.1. Deligne-Simpson Problem: which monodromies are realizable by a vector bundle and con-
nections. In particular, analyze the case X = S2\ {z1,...,zp}. Le. which conjugacy classes
C1,...,Cn € GL,, have representatives Xy, ..., X, such that X --- X, = Id:

m1(SE\ {21, oy 2p}) = Fla, o) /(21 -2y — 1).

Ezample 1.1. For p = 1 we have the trivial monodromy.

For p = 2, simply C; = CQ_I.

For p = 3, z1x9ox3 = Id. One possibility is z1, xoxs scalar, with product the identity, but there
are other more complicated ones.

The problem comes so more complicated for p = 4,5, ...: all of these correspond to non-Dynkin
diagrams.

Additive version of this problem: For which Cy, ...,C, there exist representatives X7, ..., X,
such that X7 + ... + X}, = 0.

1.2. Main idea: construction of quivers and its pre-projective algebras. For S\ {1, ..., zpt,
we will associate star-shaped quivers with p branches, in such a way that monodromies correspond
to representations of deformed preprojective algebras of these quivers.

For Cy,...,C, conjugacy classes in GL,,, consider their minimal polynomials: for A; € C;,

(A; — &nid)(A — &pid) - (A = &wy), &€ C 1 <i<Ek 1<) <w.
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Here we count roots with multiplicity. We consider the star-shaped quiver:

(1.2)

Q= oLl ol.2
02,1 02:2

o0 03,1 03:2

okl ok.2

For this quiver, we can take its double Q.
I’'m sorry, my notes about the construction of the quiver weren’t clear... Here you put something
about the deformed preprojective algebra, and about Jordan blocks.
In we require that outward arrows are surjective and inward arrows are injective, we get Jordan

blocks of maximal size.

Ol,wlfl

O2,w2—1

03,w371

ok wr—1

I think all the next part of first lecture is explained in the second... but anyway please take a

look if something is missed. I mixed both classes a bit

The Deligne-Simpson problem also ask for irreducible bundles with flat connections: that is,
without subbundles of flat sections.

Theorem 1.3. Let Cq,...,C, be conjugacy classes in GLy,.

(i) Denote by (Repzﬂé ) the set of Repgﬂé\ such that the outward arrows are surjective and

mward arrows are injective. There exists an isomorphism

{(X1,.s Xp) €CLx - X Gt X1+ - + X = 0}/GLy — (Rep3113) /GL.

(ii) There exists a surjective map:

Rep—115 /GL— — {(X1, .., Xg) € C1 x -+ x Cp : X1 + -+ + X, = 0}/GLy.

(iii) The first isomorphism restricts to an isomorphism

{(X1,..., Xg) Irrep : X1+ -+ X, =0}/GL,, — Irrepjﬂé‘ /GL~.

Note 1.4. Map in (ii) restricts to an inverse of (i) . For (iii) , a simple representation of HC’S has

all inward arrows injective, and all outward arrows surjective.

Corollary 1.5.

(1) There exists a solution X1+- -+ X = 0 with X; € C;, Vi iff (Rep;Hé‘ ) # 0.

(2) There erists a solution X1 + --- X}, = 0 with X; € C;,Vi iff Repgﬂé # 0.
(3) There exists an irreducible solution X1+ --- X = 0 with X; € C;, Vi iff there exists a simple

_
HC/} -representation of dimension d .

Then we apply combinatorial description of Hé\ .
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Proof. (Theorem) It follows from the construction. Consider for X; € C; the minimal polynomial
(iL' — fi,l) cee (.%' — fui, l; > 1. Let

dij =1k ((Xi — &1 (Xi — &ipy) s
so the d;; decrease with j. Define d = (n,d; j)i=1,. kj=1,.1- Note that d;;, = 0. Now define
Nij =& —&j+1, 1 <J <l Ay, =0.
Then call X = (=2 1<i<k Gy Aig)-
Claim 1.6. We get an injection
{(X1, s Xp) €C1 5 v X Cpt Xy 4+ + Xp = 0}/GLy — (Rep=T13 ) /G L.

We construct from the left hand side the representation given in each branch ¢ by

Xi—&11d X;—&i,21d Xi—&,31d Xi—&i,;1d
OO ozvl ~— 0112 <~ 0173 - > ozalifl ~ o"vli .

inc inc inc inc

Consider Vj; the image of (X; — &) - (X; — &,j). We have that inward arrows are injective, and
outward arrows are surjective.

We have to check that we get a representation of Hé. This also is how we define the A; ;. At

the node (vertex 0),
ZXi — &1 = Xold = —me — ZXi = 0.

(Xi = &j+1) — (Xi — &ig) = &iyj — i1 = Aij-

This gets an injection for (i) (even on level of isomorphism classes as is written), so it remains
—

At the other vertices,

to check that it is surjective; i.e. given an element p € (Repjﬂé )/, it comes from (X7, ..., X%) €
C1 x -+ x C, satisfying X7 + -+ X, = 0. We construct an explicit inverse.

Given p € (Repgﬂé\ ), let’s say by simplicity N =0. In this case, for the i-branch

a;1 a; 2 ai,l;

0—>0—"50 = >0—50,

we get in HOQ: (afiai1) =al - a;f‘j a;j -+ - a;, . This means that we can identify C" 2 V; 1 2D Vi, 2
--+. Then we set X; — &; 1 from the first arrow and we get all the other arrows: X; —&; ;.

—
If we allow A\ # 0, the previous argument is just affected by adding scalars, and the same proof
is correct. This says that making the above identifications, we get arrows in such way to define

(Rep—T15 )’ (X1, X3) €CL X - X ot X1+ -+ X, = 0},

(V.p) {ai1a1,0 + X115, af 1ak1 + Xk1 }

which is an inverse of map in (i) .

For (ii) , use the inverse of map in (i) that we constructed, except for V & Repgﬂé \
(Repjﬂé‘ ). For this case not covered, first pass to subquotient representation generated by Vj

(i.e. the C™ at the node) modulo kernels of inward arrows. This only decreases E), therefore it

gives (X1, ..., Xp) with either a lower degree minimal polynomial (reducing the number of copies of

some linear factors) or a lower rank of (X; —&;1)--- (X; — & ;), or both. In this way, we replace C;

by other conjugacy classes in C; [l
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1.3. Multiplicative version. In this case, we have the same thing but we replace Hé‘ with

AQ —(CQ/H + aax)( 1—|—a>l<a):71d,
ac@Qq

where CQ is the algebra CQ localized by inverting 1 + a * a, 1 + aax.
A non trivial fact is that it does not matter what order we take the product.

Now, Rep—>AC§ - Rep—>Q = T*Rep—>Q is given by ”quasi-Hamiltonian” reduction using the
multiplicative moment map [[(1 + papa*)(l + pa pa) !
We get the same theorem holds for the AQ version. Moreover, the representation theory of AQ

is analogous to the one of HQ: namely, replace the condition /\ - a = 0 for indecomposables in

Rep,@ to lift to Repaﬂé‘, by T = [It)" = 1. Again we get that simple modules of Ag must
have dimension in A,.

1.4. Examples. The trivial example corresponds to C; = {{;Id}. For this:
OO OO
/ o0 / o0
/ /
n ——= o0 BN n —— 0
o Ao o-.
o0
By the Theorem, there exists a solution iff Repnﬂg # 0 iff Y & = 0. this exactly says that
Ci+--+C,=0.

Note 1.7. The type of @ determines the structure of the solution of Deligne-Simpson problem.

Ezxample 1.8. For A, type we have two conjugacy classes Cy, Ca:

O —>0 >0 —> 0
. 1}
A, 0
O —>20 >0 —> 0

By the Theorem, there exists solution iff C; = —Cs. Let’s try with part (iii) : we know that there
— — —
exists a simple representation of Hé of dimension d iff d € A,. This implies that n = 1, which
says that all irreducible representations of Deligne-Simpson problem for £ = 2 have n = 1.
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Ezxample 1.9. For D, type, we have three conjugacy classes C1,Cs,C3: two branches are just of
length 1,

O —> 0> 0 ——> O
so C1,Cs are each either semisimple with two different eigenvalues, or have just one eigenvalue and
Jordan blocks of dimension < 2. On the other hand, C3 can be anything.

Using (i) we get: a description of solutions in C; x C3 x C3 allows Jordan blocks to shrink (get
more Jordan blocks).

Now if we want to have a simple representation of Hé‘g of dimension E), necessarily n < 2. We
consider now irreducible solutions for

ol

E} . 01 - 02 _— 01
son =2 and Cy, C2, C3 can now be anything (a priori).

Note 1.10. The indecomposable representation with dimension as above has subquotients of the
form

o0 ol
a; = ol =—ol —=o! ag =0 =—— ol ——= 0
ol o0
043201(701*)01 ag=00<—ol —= 0

—

We can guarantee that there exists a simple representation if we choose A such that for these «
— - —

(up to permutation) we have A -« # 0, and A - d = 0; i.e. no representations of () with these

vectors as dimensions lift to Hé .

— — —

Proof. First, there exists an indecomposable of dimension d since A - d = 0, so we can lift the
— —

one for ) to Hé‘ . If it weren’t simple, then there exists a decomposition d = a® +- .-+ (™ such

that for all i: a(? - X\ = 0. O

This will require one of the four listed above, up to permutation. In fact, there exists a simple
iff these conditions are satisfied.

To prove the reciprocal statement, we know that indecomposable representations of dimension
'd has these four as subquotlents but there exists a umque isoclass of each indecomposable, so if
any of these four lifted to H’\ then o- A = 0. From this (d —a)- N = 0, so the corresponding

representations are as above, and would give a subquotient/quotient of the lifted representation.
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To find explicit solutions, note that

083,173,

i T

N = of21—fe2 =—— o i1 ——> of11¢12,

From A - d =0 we have 0 = 3. &; = tr(X; + X + X3).
—
From X - a3 = 0 and permutations of this we have ). &1 # &1 — &2 for i = 1,2,3. And from

—
A -y # 0 we obtain ), &1 # 0.

These equations imply that at least one class is semisimple: otherwise, ;1 = &2 for all i so
> ;&1 =0, which is a contradiction.

When just one class is semisimple: C; = [( 8 } )] =(y, C3 = K g _05 ﬂ (£ #£0). Le. any
non semisimple classes C1,C2 and any non-scalar semisimple class C3 have a irreducible solution of
Deligne-Simpson problem.

Note 1.11. The solution is unique up to conjugation since @ is Dynkin.

Consider now the semisimple case: C; = [( 581 50 >], 1=1,2,3.
0,2

Claim 1.12. For generic C1,Ca,Cs, there exists a unique solution up to conjugation such that

D &i=0, &+, + 8 {12, ds} any permutation of {1,2,3}.
i7j

- — — —
The equality Zw &ij = 0 follows as above from d - A =0, and also from a3- A, a4- A # 0 and
their permutations, we obtain:

D Ga A0, D &in # ot — i, Vio.

From these and Z” & = 0, we obtain & j, + &2, + &35, for all the permutations {j1, j2, js} of
{1,2,3}.

Proposition 1.13. If C; are semisimple classes, for generic choice of eigenvalues (allow multiplic-
ity), then there exists an irreducible representation of the Deligne-Simpson problem (multiplicative

or additive) if and only ifj is a positive root (determined by multiplicity).

— — — — —
Proof. If d is indivisible, this means that A is general for this d: for all @ < d, X\ -« # 0 unless
« is a multiple of d.

More precisely, replace generic by the following condition: /3 m subsets with multiplicity
Y; C eigenvalues(C;) (where m < n) such that >, > ¢y & = 0 (I[;[I¢ey; § = 1) for the addi-
tive (multiplicative) problem.

This is not difficult to prove using the following result:

Theorem 1.14 (Crawley-Boewey ’01). There exists a simple representation of Hg of dimension
d if and only if d satisfy:
() d €Ay
— —
(i) A -d =0;
— . . —
(iii) whenever d = o) + ...+ a®) where oD € AL, a® - X =0 for all i, then

p(?) > p(a(l)) + - —i—p(a(k)).
6



Here, p(fB) :==1— %(5,5), and when (3 is indivisible or (3, 3) # 0,
p(B) = dim(Indecy Q/GLg)
]

vy — . . —
Note 1.15. Repgﬂé £ 0iff d =a®+...+a® for some a® € Ay, . X =0 for all i (possibly
just one root vector).

Condition (iii) says that dim(Indec— Q/GL—) > >, dim(Indec,u) Q/GL, ), whenever a repre-

sentation @;V; lifts to Hé‘ , Vi € Indec, ) Q. (It seems not to be correct or I don’t understand this
statement.

- —
Note 1.16. Every representation of Hé‘ of dimension d restricts as a () representation to such ®;V;.

— —
So condition (iii) is equivalent to the following: the generic Hé‘ -representation of dimension d
restricts to an indecomposable @) representation.

Note 1.17. There exists a simple HC’S -representation iff the generic Hé\ -representation is simple.
Another two corollaries of previous Theorem are the following;:
Corollary 1.18. Classification of rigid solutions... Another bad statement in my notes, I'm sorry.

Note 1.19. When d belongs to the fundamental region (i.e. (7, €;) < 0 for all i € Qp), the generic
representation is indecomposable, and a brick:

1 —- — . . 1
0< 5( d, d)=dimHom(V,V) — dimExt (V,V), VV € Rep—@Q,
so Ext!(V, V) = 0 Why? I can’t figure out this

-
Regarding rigid solutions, in particular any irreducible solution is rigid in the case supp(d ) is
Dynkin.

N
g)orollary 1.20. For the nilpotent case A = 0, if there exists an irreducible representation, then
d e AL,

In fact,
-
Proposition 1.21. If there exists a solution, then d belongs to the fundamental region.

— — — — —
Proof. If (d,¢€;) > 0 for some i, then 0 = X\ -¢;, so we get d = ce; + (d —ce;). Let ¢ = (d, ).
— — — — —
Therefore (ce;) - A = (d —ce;)- A =0,s0d = ce; or p(d) < p(d — ce;) + p(ce;): note that
— — — — —
(d,e) > 0implies q(d ) > q(d —ce;) +q(ce;). If d =ce; thenec=1,s0 d =¢; is areal root. O

In fact, being in the fundamental region is almost the same as to exist a nilpotent solution.
Theorem 1.22 (Crawley-Boewey). Let d ¢ AL. Then d satisfies
(1.23) Vo e A, o . N =0 such that d =a® + - +a® :p(z) > p(aW) + - 4 p(a®),

if and only zfﬁ> 1s in the fundamental region and is not one of the following:

(1) d =md form > 2 and supp(z) an extended Dynkin diagram, or
(2) the same as in 1. except we attach a vertex with dimension 1 to the extending vertex.
7



An example of 2. for Eﬁ and m = 2 is:

02 o4 o6 o 02 ol.

Remark 1.24. More generally for any T, satisfying 1.23 is almost the same as
d e Fund = {al(a,€) <0 if A; = 0}

— — —
Theorem 1.25. Let Q be an arbitrary quiver. If d - X =0, d € A4, then there exists a simple
Hé‘ -representation, and in fact the generic representation is simple.

Remark 1.26. This is also proved for the multiplicative case. The converse is true in the additive
case, and is difficult to prove; it seems not to be proved in the multiplicative case.

PropOSItlon 1.27. Let d be an element of the fundamental region such that N-d =0. If

—
q(d) #0 or d s indivisible, then there exists a simple HQ -representation of dimension d (and
the generic representation is simple).

— -
Proof. If not, there exists @ < d such that the generic representation in Repzﬂé which has a
subrepresentation of dimension .
Moreover, the generic representation also has an a-dimensional quotient using duality:

N o~ A ~ By
I = (HQ )P Rep7H5‘ Repg(l‘[é )P

Dualization sends V O W into V. — W.

— e

This implies that generic representations of @), which lift to Hé‘ of dimension d, have o and
-
d — a-dimensional subrepresentations.

Claim 1.28. The generic V € RepE»Q lifts to Hé .

This follows from the fact d is in the fundamental region, and q(j) # 0 or d indivisible.
—
Therefore the generic representation of dimension d is indecomposable.

— —
Then, generically representations of dimension d have a and d — a-dimensional subrepresenta-
tions. By a result of Scheefield, the generic decomposition is decomposable, which is a contradiction.

So generic Hé‘ -representation is simple. O
Now we use reflection functors to deduce the existence of simple representations in general.

Proposition 1.29. Let d € Ay be such that d - T = 0. There exists a sequence of reflections:

Repgﬂé‘ — Repsilgﬂgl —> Rep aHTQ?T Ve — Rep—nﬂé\

Si2 Sil d

such that d' = €; for some j or d' belongs to the fundamental region.
8



Proof. Recall tlriau)t we only have a problem with applying the i-reflection functor if A; = 0. The
strategy is: if (d,¢;) > 0, then apply s;.

We have to show that if (7, ;) > 0 and \; = 0, then d = ce; for some ¢ > 1.

Call ¢ = (7, €;) > 0, so as above q(?) > q(E> — c€;) + q(ce;). Note that i is loop-free, otherwise
(7, €;) < 0. In consequence, g(ce;) =1 —c® <0, so q(j) > q(g> — c€;). Therefore,

— — —
p(d) <p(d —ce) =p(d —ce) + cp(e),
and the decomposition d = (7 — c€;) + € + - + ¢ violates 1.23if \; =0 O

— —
As a consequence, there exists a simple representation if g(d ) # 0 or d is indivisible. In other
case, More problems here with my notes!

Multiplicative case: For simple part (showing that there exists an irreducible solution of
multiplicative Deligne-Simpson problem), this follows from the existence of solutions in C; not

=
necessarily irreducible, using similar arguments for AQt .

For latter part, i.e. when RepE»Aé # (), one uses geometry:

RepzAé «— parabolic bundles «+— bundles with flat connection on P'\ {z1,...,z,}.

A parabolic bundle is a holomorphic bundle on P! together with flags
whole fiber = Ei’g Q Ei,l 2 s 2 Ei,li =0

at fiber over z;.

It is equipped with connections with logarithmic singularities at x;. Apply Weil: there exists a
holomorphic connection bundle on a closed surface R if and only if all the indecomposable summands
have degree 0.

2. LAST LECTURE!!! CHOOSE A TITLE, AND MAYBE CHANGE SUBSECTIONS TITLES...

2.1. About a result of Derksen-Weyman. We look at some results in Derksen-Weyman’s paper
”Combinatorics of quiver representations”. It deals with semi-invariants: Resz/ / SLQ, where
SLz = Ilicq, PLa;-

Remember that a Young tableau A = (A1,...,A\n), A1 > -+ > A\, = 0 is a collection of boxes,
arranged in n rows with A; boxes on each one: they are related with irreducible representations of
GLy,. The Littlewood-Richardson coefficients C ., are the multiplicity of V,, in V), for any v, A\, i1
Young tableau.

Given @) a quiver and o : GL7 — C* a character, define

— SLE> SL—
SI(Q, d)o :=C[Rep3Qls * ={f € CRep7Q|”"d : g f =0(g)f, Vg € GL7}.
Theorem 2.1 (DW). Let Q be the 3-branch star-shaped quiver:




Consider o = HieQO det?", where det; : GLg, — C* is the determinant at vertex i, and o; € Z are

)
given by a;, b;, c; as follows:

O(Il Oa2 .« Oan—l s
Ob1 ObQ o e Obn—l OCn
OCl OC2 “ .. OCnil
A= ((11 +---+ Ap—1,02 + -+ Ap—1, ...,(lnfl,O),
p= (b4 +byp1,bo+ - +by1,....,0,-1,0),
V=1_(—Cpny—Cp — Cp—1y.eey—Cp — Cp—] — =+ » — C1).
Then, C¥,, = dimSI(Q, d ),

2.2. About the semester, and Hall algebras. This semester we did:
N
(i) Kac’s Theorem: There exists an indecomposable representation of @ of dimension d if
— —
and only if d € A,. This is unique up to isomorphism if and only if d € A”¢.
—
In general, dim(Indec-Q/GL—) =1—¢(d): it is proved in characteristic 0, and Kac proved it
for characteristic p and algebraically closed fields.
-
We consider now representations over Fy, we count it and call F(q,Q, d ).

Conjecture 2.2 (Kac). For fized Q, 7, it is a polynomial in q.

It was proved for cases d indivisible using preprojective algebras and Hall algebras by Crawley-
Boewey and van der Bergh.
A was defined using reflections (Weyl group). There is also a Lie-theoretic definition:

Definition 2.3. Let @ be a quiver, and consider its Cartan matrix C' = (¢;;):

— { 2, i =j;
Y —#(i— ) —#(G—i), i#]
A realization of this C' is a Q-vector space h together with elements {a;} C b*, {e)} C b such that
aj(a)) = ¢;j and dim(h) = 2|Qo| — rkC'.
h,{ai},{a)} are unique up to isomorphism.
Let g be the Lie algebra generated by e;, f;, b as a Lie algebra, with relations:
[ba h] = 07 [ha ei] = a’i(h)eia
[ei, fi] = 64}, [h, fi] = —ai(h) fi,
for h € h. Let I be the unique maximal ideal such that I Nh = 0. The Kac-Moody Lie algebra
associated with C' is

g:=g/I.
A is the set of roots of the associated Kac-Moody Lie algebra of Q.

Note that g is finite dimensional if and only if ) is Dynkin, in which case it is the usual simple
algebra associated to Q.

We also talked about special cases of Kac’s Theorem:

e Gabriel’s Theorem: There exist finitely many isoclasses of indecomposables iff () is Dynkin.
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e Extended Dynkin case: rigid indecomposables. Indecomposables of dimension § are bricks,
and for all m > 1 we have a one-dimensional family of indecomposables of dimension md,
obtained by extensions of indecomposables of dimension §.

(i) Mc Kay Correspondence:

zero fiber of C2/G—C2/G
-
-

McKay quiver

Dynkin diagrams finite subgroups of SLyC

A

root system

Simply laced f.d. simple Lie algebras.

To go from simple Lie algebras to finite dimensional subgroups of SLyC, we can use Slodowy
slices. Consider

Nil := {x € g : adz nilpotent} C g,

which is singular. Let G be the associated Lie group, with Borel subgroup B. By a result of
Springer, there exists a resolution T*(G/B) — Nil.

In G = GL, case, fix B C G, any element g € G/B gives a unique choice of Borel gBg~, and
this corresponds to a flag C* =V, D V,,_; 2 --- D V4 D 0. Given z € Nil, if regular, 2'V,, = V,,_;
has dimension n — ¢. A choice of linear maps

1

T

Vn anl a e z ‘/1 0

gives a cotangent vector.
Now let z € Nil have AdG(x) with codimension 2 in Nil (called subprincipal) form an slice: a
singular complex surface. Then we get

C2)T C2/T
T*(G/B) Nil

which is our resolution from before. This gives a map from simple Lie algebras to finite subgroups
of SL,C.
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Now we want to complete our correspondences with:

Dynkin diagrams finite subgroups of SL2C

Y Hall algebras . . .
Rep of finite type Q Simply laced f.d. simple Lie algebras.

Definition 2.4. Given C an abelian category, the Hall algebra of C is the algebra He generated
over C by isomorphism classes of objects X € C, with product:

[X]o[Y]=) N{y[Z],
7]

Ny, =#{Z2' CZ:72'=2Y,7Z/7' = X}.

N )%Y can be defined as the number of isoclasses of short exact sequences 0 - X — Z —Y — 0,
where the equivalence relation is given by the existence of

0 X VA Y 0
0 X VA Y 0.

Claim 2.5. This forms an associative algebra. We should correct the product by

[X]-[V] = (X, Y)m[X] o [Y], (X, V)n = [[(dimBExt'(X,y))=D".

Note that for RepQ, (X,Y),, = pdimHom(X,Y)—dim Eth(X’Y), where v? = q.
We define a coproduct for this algebra (really, a topological one), A : He — He®He,

A([z) = Y NFVIXBIY,
X]Y]

where N é( Y is defined as the number of isoclasses of short exact sequences 0 — X — Z — Y — 0,
where the equivalence relation is given by the existence of morphisms with identities in X,Y in
this case.

Theorem 2.6 (Green). H¢ is a topological Hopf algebra, which is self dual using ([X],[Y]) =
O1x),[v]-

Theorem 2.7. In case C = Rep(Q|Fy), we get a monomorphism of Hopf algebras: U,(g)+ —
He = He @ k. Such morphism is an isomorphism if and only if Q is Dynkin.

Ezxample 2.8. For () : o1 —— 02, indecomposables are Si, Sp and S 2, of dimension (1,0), (0,1)
and (1,1).
Ngisl =#(S1 = 51®5) = #(]IDIIFq) =1+¢q, so [S1]-[S1] = v(g+1)[S1 @ S1] (the same for Ss).
Also,
[S1] - [S2] = v~ [Sia] + v [S1 & Sa],  [Sa] - [S1] = [S1 & Sal.
This algebra has a PBW basis: [S1]?[S2]°[S12]°.
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