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Abstract. For a finite tensor category C and a Hopf monad T : C →
C satisfying certain conditions we describe exact indecomposable left
CT -module categories in terms of left C-module categories and some
extra data. We also give a 2-categorical interpretation of the process of
equivariantization of module categories.

Introduction

As is the case in the study of any algebraic structure, a fundamental rôle
in the study of tensor categories is played by its ”representations”. The
natural notion of representation of a tensor category C is that of a module
category over C. A (left) module category over a tensor category C is a
k-linear Abelian category M equipped with a C-action, that is, an exact
bifunctor ⊗ : C ×M → M endowed with functorial associativity and unit
constraints which satisfy appropriate coherence conditions. This notion is
recalled in Section 2, it can be regarded as a ”categorification” of the notion
of module over an algebra. Many papers have been devoted to the study of
different aspects of module categories over a monoidal or tensor category in
the last years.

In the context of finite tensor categories it is convenient to restrict the
attention to the class of exact module categories: this class of module cat-
egories was introduced in [14], see also [11, Section 2.6]. By definition, a
module categoryM is exact if it is finite and for any projective object P of
C and for any object M of M, the object P⊗M is projective.

Examples of finite tensor categories over k are given by the categories
of finite dimensional (co)modules over a finite dimensional Hopf algebra H
over k. Module categories over such tensor categories have been investigated
intensively for several different classes of Hopf algebras.

A natural generalization of a Hopf algebra is given by a Hopf monad, as
introduced in [9], [6]. Let C be a tensor category over k. A Hopf monad
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2 MOMBELLI AND NATALE

on C is a monad T on C which is a comonoidal functor in a compatible
way and such that certain associated fusion operators are invertible. If T
is a k-linear right exact Hopf monad on a (finite) tensor category C, then
the Eilenberg-Moore category CT of T -modules in C is also a (finite) tensor
category over k and the forgetful functor F : CT → C is a tensor functor.
This functor is in addition dominant if T is a faithful endofunctor of C.

The main goal of this paper is to give a description of exact indecompos-
able module categories over the tensor category CT of T -modules in a (finite)
tensor category C, where T is a k-linear right exact faithful Hopf monad on
C.

In order to do this we introduce the notion of a T -equivariant C-module
category : this consists of the data (M, U, c), where M is a C-module cat-
egory, U is a monad on M, and (U, c) : M → M(T ) is a lax C-module
functor, such that the multiplication and unit morphisms of U are mor-
phisms of C-module functors. See Definition 4.2. Here M(T ) is a natural
lax C-module category arising from M and the lax comonoidal functor T .

We show in Theorem 4.9 that ifM is a T -equivariant C-module category
then the category MU is a CT -module category. We also establish some
functorial properties of this assignment and, in particular, give conditions
in order that MU be a simple module category in terms of M and U .

Our main result states that if T is a right exact faithful Hopf monad on C
andM is an exact indecomposable CT -module category, then there exists a
T -equivariant indecomposable exact C-module category N with simple and
exact equivariant structure U : N → N such that M ' NU as CT -module
categories. See Theorem 4.12 and Corollary 4.13. This result can be thought
of as an extension of some of the results obtained in the context of module
categories over representations of finite dimensional Hopf algebras in [2] (see
Example 4.6).

One of the tools in the proof of the main result is an investigation of the
relation between module categories over the category C o T = EndCT (C) of
CT -module endofunctors of C and T -equivariant C-module categories. We
show in Theorem 4.12 that every C o T -module category N has a natural
structure of a T -equivariant module category; in fact, the Hopf monad T can
be regarded as an algebra in C o T , and the relevant data U : N → N (T )
for the T -equivariance of N is provided by the action of T on N .

Recall that, for a given tensor category C, C-module categories, (lax)
C-module functors and C-module natural transformations constitute a 2-
category, that we denote CMod (respectively, CMod lax). We show that the

assignment M 7→M(T ) extends to a 2-monad T on CMod lax, and there is
a 2-equivalence of 2-categories

CEqMod ' (CMod lax)T,
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where CEqMod is the 2-category of T -equivariant lax C-module categories.
This is proved in Proposition 6.8, and gives a 2-categorical interpretation of
the process of equivariantization of module categories.

As an application we give a description of module categories over Hopf
algebroids, as defined for instance in [4], [5], [15]. We show in Theorem
5.8 that under the assumption that the basis of the Hopf algebroid H is
simple (which guarantees that H- mod is indeed a tensor category), then
every exact indecomposable module category over H- mod is equivalent to
K- mod for some H-simple left H-comodule algebra K.

We then consider the special situation where the Hopf monad T is normal,
according to the definition given in [7]: recall that this means that T restricts
to a Hopf monad on the trivial subcategory of C. Such Hopf monad gives rise
to an exact sequence of tensor categories comod-H −→ CT −→ C, where H
is the induced Hopf algebra of T , which is finite dimensional. In this context
we study the category C o T and show that it is (reversed) equivalent as a
k-linear category to the Deligne tensor product H- mod� C.

The paper is organized as follows. In Sections 1 and 2 we recall the
definitions and main basic features of tensor categories and their module
categories and Hopf monads on tensor categories and the associated cate-
gories of modules, respectively. In particular, given a Hopf monad T on a
tensor category C, we discuss in this section the Morita dual of the category
CT with respect to its canonical module category C. In Section 4 we study
module categories over the category CT . Theorem 4.12 and Corollary 4.13
are proved in this section; the notions of T -equivariant module category and
simple T -equivariant module category are also introduced here. Section 5
presents an application of the results in the previous section to the category
of representations of a finite-dimensional Hopf algebroid. In Section 6 we
give a 2-categorical interpretation of equivariantization of module categories.
Finally in Section 7 we discuss the case where the Hopf monad T is normal
and give some examples.

Acknowledgement. The authors thank I. Lopez Franco for answering
some questions on 2-categories. Remark 6.7 is due to him. The work of S.
Natale was done partly during a research stay in the University of Hamburg;
she thanks the Humboldt Foundation, C. Schweigert and the Mathematics
Department of U. Hamburg for the kind hospitality.

1. Preliminaries and Notation

We shall work over an algebraically closed field k of characteristic 0. All
vector spaces and algebras will be over k. If A is an algebra then A- mod
and mod-A will denote the category of finite-dimensional left and right A-
modules, respectively. The category of finite d imensional A-bimodules will
be indicated by A- mod-A. Similarly, if C is a coalgebra, then comod-C will
denote the category of finite-dimensional left C-comodules.
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We refer the reader to [19] for the basic notions regarding categories and
functors assumed throughout. Recall a category C is called locally small if
for any objects X,Y of C, the class of morphisms HomC(X,Y ) is a set; C
is called small if it is locally small and its class of objects is a set. The
category C is called essentially small (respetively, essentially locally small)
if it is equivalent to a small (respetively, locally small) category. Unless
otherwise stated all categories considered in this paper will be assumed to
be essentially small.

1.1. Tensor categories. A tensor category over k is a k-linear Abelian
rigid monoidal category C such that the tensor product functor ⊗ : C×C → C
is k-linear in each variable, and the following conditions hold:

• Hom spaces are finite dimensional,
• all objects of C have finite length,
• the unit object 1 is simple.

A finite tensor category [14] is a tensor category that has a finite number
of isomorphism classes of simple objects and every simple object has a pro-
jective cover. Hereafter all tensor categories will be considered over k and
all functors between them will be assumed to be k-linear.

Observe that if C is a tensor category over k, then it follows by rigidity
that the tensor product functor ⊗ : C × C → C is bi-exact.

If C is a tensor category, we shall denote by Crev the tensor category whose
underlying Abelian category is C, endowed with the opposite tensor product:

X⊗revY = Y⊗X, X, Y ∈ C.

and associativity constraint arev
X,Y,Z = a−1

Z,Y,X , X,Y, Z ∈ C, where a is the
associativity constraint of C. Throughout this paper all tensor categories
will be assumed to be strict, unless explicitly mentioned.

1.2. Tensor functors. A tensor functor from a tensor category C to a
tensor category D is a k-linear exact strong monoidal functor F : C → D. A
tensor functor preserves duals and is automatically faithful.

A tensor functor F : C → D is called dominant if it satisfies any of the
following equivalent conditions ([7, Lemma 3.1]):

(i) Any object Y of D is a subobject of F (X) for some object X of C;
(ii) Any object Y of D is a quotient of F (X) for some object X of C;
(iii) The Pro-adjoint of F is faithful;
(iv) The Ind-adjoint of F is faithful.

On the other hand, F is called surjective if any object of D is a subquotient
of F (X) for some X of C [14, Definition 2.4]. In particular, every dominant
tensor functor is surjective.

Let F : C → D be a dominant tensor functor between tensor categories
C,D. Suppose that F admits a right adjoint R : D → C. Note that R is
automatically faithful since F is dominant. By [7, Proposition 6.1], A =



MODULE CATEGORIES OVER EQUIVARIANTIZED TENSOR CATEGORIES 5

R(1) is equipped with the structure of a central commutative algebra (A, σ)
in Z(C).

Assume in addition that the right adjoint R : D → C of F is exact. In
this case, F is called a perfect tensor functor. Then the category CA of right
A-modules in C is a tensor category with the monoidal structure induced
by ⊗A and the half-braiding σ, and the functor F is equivalent over CA to
the free module functor FA : C → CA, X 7→ X ⊗ A. That is, there is an
equivalence of tensor categories K : D → CA such that KF = FA.

Suppose C and D are finite tensor categories and let F : C → D be a dom-
inant tensor functor. Then F admits (left and right) adjoints. Furthermore,
if D is a fusion category then the right adjoint of F is exact and therefore
F is a perfect tensor functor. See [8, Subsection 2.2].

2. Module categories

A (left) module category over a tensor category C is a locally finite k-linear
Abelian category M equipped with a bifunctor ⊗ : C ×M → M, that we
will sometimes refer as the action, which is k-bilinear and bi-exact, endowed
with natural associativity and unit isomorphisms mX,Y,M : (X ⊗ Y )⊗M →
X⊗(Y⊗M), `M : 1⊗M → M . These isomorphisms are subject to the
following conditions:

(2.1) mX,Y,Z⊗M mX⊗Y,Z,M = (idX ⊗mY,Z,M ) mX,Y⊗Z,M ,

(2.2) (idX ⊗ lM )mX,1,M = idX⊗M .

See [11, Subsection 2.3]. Sometimes we shall also say thatM is a C-module.

We shall say that M is a lax C-module when possibly the associativity
and unit maps mX,Y,M and `M are not necessarily isomorphisms.

A module functor between module categories M and M′ over a tensor
category C is a pair (F, c), where

• F :M→M′ is a left exact functor;
• c is a natural isomorphism: cX,M : F (X⊗M) → X⊗F (M), X ∈ C,
M ∈M, such that for any X,Y ∈ C, M ∈M:

(idX⊗cY,M )cX,Y⊗MF (mX,Y,M ) = mX,Y,F (M) cX⊗Y,M(2.3)

`F (M) c1,M = F (`M ).(2.4)

If the maps cX,M satisfying (2.3) and (2.4) are not necessarily isomorphisms,
the pair (F, c) will be called a lax module functor.

There is a composition of module functors: ifM′′ is another module cate-
gory and (G, d) :M′ →M′′ is another module functor then the composition

(2.5) (G ◦ F, e) :M→M′′, eX,M = dX,F (M) ◦G(cX,M ),

is also a module functor.
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Let M1 and M2 be C-modules. We denote by HomC(M1,M2) the cate-
gory whose objects are module functors (F, c) fromM1 toM2. A morphism
between (F, c) and (G, d) ∈ HomC(M1,M2) is a natural transformation
α : F → G such that for any X ∈ C, M ∈M1:

dX,MαX⊗M = (idX⊗αM )cX,M .(2.6)

We shall also say that α : F → G is a C-module transformation.

Two module categories M1 and M2 over C are equivalent if there exist
module functors F : M1 → M2 and G : M2 → M1 and natural isomor-
phisms idM1 → F ◦G, idM2 → G ◦ F that satisfy (2.6).

The direct sum of two module categories M1 and M2 over a tensor cat-
egory C is the k-linear category M1 × M2 with coordinate-wise module
structure. A module category is indecomposable if it is not equivalent to a
direct sum of two non trivial module categories.

Let C be a finite tensor category. Recall from [14] that a module category
M is exact if M is finite and for any projective object P ∈ C the object
P⊗M is projective in M, for all M ∈M.

Example 2.1. Let F : C → D be a dominant tensor functor between
finite tensor categories C,D. Then the functor ⊗ : C × D → D, given by
X⊗Y = F (X)⊗Y , for all X ∈ C, Y ∈ D, endows D with a structure of an
indecomposable C-module category. Since F is dominant (thus surjective),
then D is in fact an exact module category over C; see [14, Example 3.3 (i)].

A submodule category of a C-moduleM is a Serre subcategory N (that is,
N is a full subcategory such that for every short exact sequence 0→ X ′ →
X → X ′′ → 0 in M, the object X belongs to N if and only if X ′ and X ′′

belong to N ), such that the inclusion functor N →M is a module functor.
A module category is simple if it has no non-trivial submodule categories. It
is known that for exact module categories the notions of indecomposability
and simplicity are equivalent.

Remark 2.2. If C is a finite tensor category and M is an indecomposable
exact C-module, the dual category C∗M = EndC(M) is again a finite tensor
category [14]. It is shown in [14, Theorem 3.31] that there is a bijective corre-
spondence between equivalence classes of exact indecomposable left module
categories over C and over C∗M. The correspondence assigns to a left C-
module category N the left C∗M-module category HomC(N ,M). This fact
implies that there is a bijective correspondence between equivalence classes
of exact indecomposable left C-module categories and equivalence classes of
exact indecomposable right C∗M-module categories, which assigns to every
left C-module category N the right C∗M-module category HomC(M,N ).

Let (F, ξ, φ) : C → C̃ be a comonoidal functor and let (M,⊗,m) be a

module category over C̃. We shall denote byM(F ) the lax module category
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over C with underlying Abelian category M and action, associativity and
unit morphisms defined, respectively, by

X⊗FM = F (X)⊗M,

mF
X,Y,M = mF (X),F (Y ),M (ξX,Y⊗ idM ), lFM = lM (φ⊗idM ),

for all X,Y ∈ C, M ∈M.

3. Hopf monads and tensor categories

3.1. Hopf Monads. Let C be a category. A monad on C is an algebra in the
strict monoidal category End(C), that is, a triple (T, µ, η) where T : C → C
is a functor, µ : T 2 → T and η : Id → T are natural transformations such
that

µXT (µX) = µXµT (X), µXηT (X) = id T (X) = µXT (ηX).(3.1)

Let (T, µ, η) be a monad on a category C. An action of T on an object X
of C is a morphism r : T (X)→ X in C such that:

(3.2) rT (r) = rµX and rηX = idX .

The pair (X, r) is called a T -module. Given two T -modules (X, r) and
(Y, s) in C, a morphism of T -modules from (X, r) to (Y, s) is a morphism
f ∈ HomC(X,Y ) such that f ◦ r = s ◦ T (f). The category of T -modules
will be denoted by CT . We shall denote by F = FT : CT → C the forgetful
functor defined by F(X, r) = X.

Let (T1, µ1, η1), (T2, µ2, η2) be monads on C. A morphism of monads
α : (T1, µ1, η1) → (T2, µ2, η2) (below indicated by α : T1 → T2) is a natural
transformation α : T1 → T2 such that

αXµ1X = µ2XαT2(X)T (αX), αXη1X = η2X , for all X ∈ C.

In view of [9, Lemma 1.7], a morphism of monads α : T1 → T2 induces a
functor α∗ : CT2 → CT1 over C, in the form α∗(X, r) = (X, r ◦αX), such that
FT1α∗ = FT2 . Furthermore, every such functor is of the form α∗ for some
morphism of monads α : T1 → T2.

A bimonad on a monoidal category C is a monad (T, µ, η) on C such
that the functor T is equipped with a comonoidal structure and the natural
transformations µ and η are comonoidal transformations. This means that
there is a natural transformation ξX,Y : T (X⊗Y ) → T (X)⊗T (Y ) and a
morphism φ : T (1)→ 1 in C such that the following conditions hold:

(3.3) (id T (X)⊗ξY,Z)ξX,Y⊗Z = (ξX,Y⊗id T (Z))ξX⊗Y,Z ,

(3.4) (id T (X)⊗φ)ξX,1 = id T (X) = (φ⊗id T (X))ξ1,X ,

(3.5) ξX,Y µX⊗Y = (µX⊗µY )ξT (X),T (Y )T (ξX,Y ),

(3.6) φµ1 = φT (φ), ξX,Y ηX⊗Y = ηX⊗ηY , φη1 = id 1.
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Remark 3.1. It is not required that T is a strong comonoidal functor, mean-
ing that ξX,Y might not be isomorphisms.

If T is a bimonad on the monoidal category C, then CT is a monoidal
category with tensor product

(X, r)⊗(Y, s) = (X⊗Y, (r⊗s)ξX,Y ),

for all (X, r), (Y, s) ∈ CT . The unit object of CT is (1, φ). For more details
see [17], [9].

Note that in this case the forgetful functor F : CT → C is a strict strong
monoidal functor. The functor F has a left adjoint L : C → CT , such
that L(X) = (T (X), µX), for every object X of C. The unit and counit
of the adjunction (L,F) are given, respectively, by ηX : X → T (X) and
ε(M,r) = r : (T (M), µM )→ (M, r), for all X ∈ C, (M, r) ∈ CT .

The left adjoint L is a comonoidal functor with comonoidal structure
given by

(3.7) L2(X,Y ) = ξX,Y : (T (X ⊗ Y ), µX⊗Y )→ (T (X), µX)⊗ (T (Y ), µY ),

for all X,Y ∈ C, and L0 = φ : (T (1), µ1) → (1, φ). Moreover, the pair
(L : C → CT ,F : CT → C) is a comonoidal adjunction in the sense of [6,
Subsection 2.5]; see [6, Example 2.4].

If (T, ξ, φ) is bimonad on the monoidal category C, then (T , ξ, φ) is a
bimonad on Crev, where T = T as monads, φ = φ, and ξX,Y = ξY,X for all
X,Y ∈ C.

Lemma 3.2. The identity functor induces a strict equivalence of monoidal

categories (Crev)T ' (CT )rev.

Proof. The proof is straightforward. �

Let C be a monoidal category. A bimonad T on C is a Hopf monad if the
fusion operators H l and Hr defined, for all X,Y ∈ C, by

H l
X,Y := (id T (X) ⊗ µY ) ξX,T (Y ) : T (X ⊗ T (Y ))→ T (X)⊗ T (Y ),(3.8)

Hr
X,Y := (µX ⊗ id T (Y )) ξT (X),Y : T (T (X)⊗ Y )→ T (X)⊗ T (Y ),(3.9)

are isomorphisms [6, Subsection 2.7]. If C is a rigid monoidal category and
T is a Hopf monad on C then the category CT is rigid [6, Subsection 3.4].

Remark 3.3. Suppose that T is a Hopf monad on C. It follows from [6,
Theorem 2.15] that (L,F) is indeed a Hopf adjunction, that is, the left and
right Hopf operators Hl and Hr defined, for every Y ∈ C, (M, r) ∈ CT , by

Hl = (id L(Y ) ⊗ r) ξY,M : L(Y ⊗M)→ L(Y )⊗ L(M),(3.10)

Hr = (r ⊗ id L(Y )) ξM,Y : L(M ⊗ Y )→ L(M)⊗ L(Y ),(3.11)

are isomorphisms.
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Remark 3.4. Suppose that C is a k-linear Abelian category and T is a k-
linear right exact monad on C. Then the category CT is k-linear Abelian
and the forgetful functor F : CT → C is k-linear exact. In this case, if C is a
tensor category over k, then CT is a tensor category over k and the forgetful
functor F : CT → C is a tensor functor [7, Proposition 2.3].

Lemma 3.5. Suppose that C is a finite tensor category. Then so is CT .

Proof. The assumption that the tensor category C is finite is equivalent to
the assumption that it has a projective generator P , that is, an object P
of C such that the functor HomC(P,−) is faithful exact. Let L : C → CT
be the left adjoint of the forgetful functor F : CT → C. By adjointness, we
obtain a natural isomorphism HomCT (L(P ),−) ' HomC(P,−) ◦ F . Since
F is faithful and exact, then HomCT (L(P ),−) is faithful exact, that is,
L(P ) is a projective generator of CT . Thus CT is a finite tensor category as
claimed. �

Example 3.6. Let G be a finite group and let ρ : G → Aut⊗(C) be an
action of G on C by tensor autoequivalences. In other words, for any g ∈ G
we have a tensor functor (ρg, ζg) : C → C, and for any g, h ∈ G, there

are natural isomorphisms of tensor functors γg,h : ρg ◦ ρh → ρgh and ρ0 :

id C → ρe. Associated to such an action there is a tensor category CG, called
the equivariantization of C under the action ρ, endowed with a canonical
dominant tensor functor CG → C.

It was shown in [7, Theorem 5.21] that the action ρ induces a Hopf monad
T ρ on C in such a way that CT ρ ' CG as tensor categories over C. The
Hopf monad T ρ is defined in the form T ρ(X) =

⊕
g∈G ρ

g(X), with mul-

tiplication µ : (T ρ)2 =
⊕

g,h ρ
gρh → T ρ =

⊕
t∈G ρ

t and unit η : id C →
T ρ =

⊕
g∈G ρ

g, defined componentwise by the morphisms γg,h : ρgρh → ρgh,
and by ρ0 : id C → ρe, respectively. The comonoidal structure morphisms
ξX,Y :

⊕
g∈G ρ

g(X ⊗ Y )→
⊕

s,t∈G ρ
s(X)⊗ ρt(Y ), and φ :

⊕
g∈G ρ

g(1)→ 1,
are defined componentwise by the strong comonoidal structure of the tensor
functors ρg.

The Hopf monad T ρ is moreover normal in the sense that T ρ(1) is a
trivial object of C; see Section 7.

3.2. The category C o T . Let C be a finite tensor category over k and let
T be a k-linear right exact Hopf monad on C . The category C is a CT -
module through the tensor functor F : CT → C. This means that the action
⊗ : CT × C → C is given by (X, s)⊗Y = X⊗Y , for all (X, s) ∈ CT , Y ∈ C.

Suppose that T is a faithful Hopf monad, or equivalently, that F is a dom-
inant tensor functor [7, Proposition 4.1]. Then C is an exact indecomposable
CT -module; see Example 2.1.

We shall use the notation C o T to indicate the category EndCT (C) of
CT -module endofunctors of C.
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Observe that since CT is a finite tensor category (Lemma 3.5) and C is an
exact CT -module, then every k-linear module endofunctor of C is exact [14,
Proposition 3.11]. Moreover, it follows from [14, Proposition 3.23] that the
category C o T is again a finite tensor category over k.

By [14, Lemma 3.25], C is an exact indecomposable C o T -module with
respect to the action ⊗ : (C o T )× C → C given by

F⊗X = F (X),

for all F ∈ C o T,X ∈ C.
The third part of the next lemma is a particular case of [14, Theorem

3.27]. We shall include the proof for the reader’s convenience.

Lemma 3.7. Let C be a finite tensor category and let T be a right exact
faithful Hopf monad on C. Then the following hold:

1. The functor R : Crev → C o T , R(X) = RX , where for any X ∈ C,
RX : C → C is given by RX(Y ) = Y⊗X, is a full embedding of
tensor categories.

2. Let, for all (X, s) ∈ CT , Y ∈ C,

bX,Y : T (X⊗Y )
ξX,Y−−−−→ T (X)⊗T (Y )

s⊗id−−−−−→ X⊗T (Y ).

Then (T, b) is an algebra in C o T , with multiplication µ : T 2 → T
and unit η : id C → T .

3. There is an equivalence of tensor categories CT ' EndCoT (C).

Proof. 1. It is not difficult to see that for any X ∈ C the functor RX : C → C
is a CT -module functor and RX⊗Y = RY ◦RX .

2. It follows from Remark 3.3 that the composition

bX,Y : T (X⊗Y )
ξX,Y−−−−→ T (X)⊗T (Y )

s⊗id−−−−−→ X⊗T (Y )

is an isomorphism for any (X, s) ∈ CT , Y ∈ C.
To show that (T, b) is a module functor we have to prove that equations

(2.3), (2.4) are fulfilled. Let (X, s), (Y, r) ∈ CT and Z ∈ C. In this case the
left hand side of (2.3) equals

(idX⊗bY,Z)bX,Y⊗Z = (idX⊗(r⊗id T (Z))ξY,Z)(s⊗id T (Y⊗Z))ξX,Y⊗Z

= (s⊗r⊗id T (Z))(idX⊗ξY,Z)ξX,Y⊗Z

= (s⊗r⊗id T (Z))(ξX,Y⊗id T (Z))ξX⊗Y,Z

= bX⊗Y,Z .

The third equality follows from (3.3). This proves equation (2.3). Equation
(2.4) follows similarly, using (3.4). Hence (T, b) ∈ C o T .

In the same fashion, now using the relations (3.2), (3.6) and the naturality
of ξ, it is shown that µ : (T, b) ⊗ (T, b) → (T, b) and η : (id C , id ) → (T, b)
satisfy condition (2.6), that is, they are morphisms of CT -module functors.
This implies that (T, b) is an algebra in C o T as claimed.
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3. Define Φ : CT → EndCoT (C) by Φ(X, s)(Y ) = X⊗Y for all (X, s) ∈
CT , Y ∈ C. The functor Φ(X, s) is indeed a CoT -module functor as follows.
If (F, dF ) ∈ C o T , Y ∈ C define

c
(X,s)
F,Y : Φ(X, s)(F⊗Y )→ F⊗Φ(X, s)(Y ), c

(X,s)
F,Y =

(
dFX,Y

)−1
.

Equation (2.3) amounts to

F (c
(X,s)
G,Y )c

(X,s)
F,G(Y ) = c

(X,s)
F◦G,Y .

This last equation is equivalent to equation (2.5). Define Ψ : EndCoT (C)→
CT by Ψ(F, cF ) = (F (1), sF ), where

sF = F (φ) ◦
(
cFT,1

)−1
.

It is straightforward to see that that Φ and Ψ are tensor functors and thus
they give the desired equivalence of tensor categories. �

Example 3.8. Let C be a finite tensor category and let T be a right exact
faithful Hopf monad on C. Suppose that the forgetful functor F : CT → C
is perfect, that is, it has an exact right adjoint. Let (A, σ) ∈ Z(CT ) be the
induced central algebra of T .

As explained in Subsection 1.2, the category (CT )A of right A-modules
in CT is a tensor category and there is an equivalence of tensor categories
K : (CT )A → C such that KFA = F , where FA : CT → (CT )A is the free
module functor.

Let A(CT )A be the category of A-bimodules in CT ; A(CT )A is a tensor
category with tensor product ⊗A and unit object A. Observe that the
functor K induces an equivalence of CT -module categories (CT )A ' C. We
thus obtain an equivalence of tensor categories CoT ' (A(CT )A)rev; see [14,
Proof of Lemma 3.25].

Under this equivalence, the full embedding in Lemma 3.7 (1) corresponds
to the full embedding (CT )A → A(CT )A induced by the half-braiding σ.

4. Module categories over CT

Along this section C will be a monoidal category. For any Hopf monad T
on C we shall give a construction of module categories over CT from module
categories over C. The monad structure is denoted by (T, µ, η) and the
comonoidal structure by (T, ξ, φ).

4.1. T -equivariant module categories. Let T be a Hopf monad over the
monoidal category C and let M be a C-module.

The functor T , being comonoidal, induces a structure of lax C-module
category on M, denoted M(T ). The action on M(T ) is given in the form

X⊗TM = T (X)⊗M , and the associativity and unit morphisms are defined
by

mT
X,Y,M = mT (X),T (Y ),M (ξX,Y⊗ idM ), lTM = lM (φ⊗idM ),

for all X,Y ∈ C, M ∈M. See Subsection 3.1.
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Lemma 4.1. Let (U, c) :M→M(T ) be a lax C-module functor. Then the
pair (U2, d) :M→M(T ) is a lax C-module functor, where

(4.1) dX,M = (µX⊗id U2(M))cT (X),U(M)U(cX,M ),

for all X ∈ C, M ∈M.

Proof. For every M ∈M we have

lTU2(M)d1,M = lU2(M)(φ⊗ id U(M))d1,M

= lU2(M)(φµ1⊗id U2(M))cT (1),U(M)U(c1,M )

= lU2(M)(φT (φ)⊗id U2(M))cT (1),U(M)U(c1,M )

= lU2(M)(φ⊗id U2(M))c1,U(M)U(φ⊗id U(M))U(c1,M )

= U(lU(M))U((φ⊗id U(M))c1,M )

= U2(lM ),

the second equality by (3.6), the third equality by the naturality of c, and
the fifth because c is a lax module functor. Hence d satisfies (2.4). Now the
left hand side of equation (2.3) equals

(µX⊗(µY⊗id U2(M)))(id T 2(X)⊗cT (Y ),U(M)U(cY,M ))

× cT (X),U(T (Y )⊗M))U(cX,Y⊗M )U2(cmX,Y,M ).

On the other hand, the right hand side of (2.3) equals

mT (X),T (Y ),U2(M)(ξX,Y µX⊗Y⊗id U2(M))cT (X⊗Y ),U(M)U(cX⊗Y,M )

= mT (X),T (Y ),U2(M)((µX⊗µY )ξT (X),T (Y )T (ξX,Y )⊗id U2(M))

× cT (X⊗Y ),U(M)U(cX⊗Y,M )

= mT (X),T (Y ),U2(M)((µX⊗µY )ξT (X),T (Y )⊗id U2(M))

× cT (X)⊗T (Y ),MU(ξX,Y⊗idM )U(cX⊗Y,M )

= (µX⊗(µY⊗id U2(M)))mT 2(X),T 2(Y ),U2(M)(ξT (X),T (Y )⊗id U2(M))

× cT (X)⊗T (Y ),MU(ξX,Y⊗idM )U(cX⊗Y,M )

= (µX⊗(µY⊗id U2(M)))(id T 2(X)⊗cT (Y ),U(M))cT (X),T (Y )⊗U(M)

× U(mT (X),T (Y ),U(M)(ξX,Y⊗idM )cX⊗Y,M )

= (µX⊗(µY⊗id U2(M)))(id T 2(X)⊗cT (Y ),U(M))cT (X),T (Y )⊗U(M)

× U((idX⊗cY,M )cX,Y⊗M )U2(cmX,Y,M )

The second equality follows from (3.5), the third equality follows from the
naturality of c, the fourth by the naturality ofm, the fifth and sixth equalities
follow because (U, c) is a lax module functor. �

Definition 4.2. A T -equivariant C-module category is a triple (M, U, c),
where:

• M is a C-module category,
• (U, c) :M→M(T ) is a lax C-module functor,



MODULE CATEGORIES OVER EQUIVARIANTIZED TENSOR CATEGORIES 13

• (U, ν, u) is a monad on M and both natural transformations ν :
U2 → U and u : IdM → U are morphisms of C-module functors.

Remark 4.3. The module functor structures of IdM : M → M(T ) and
U2 : M →M(T ), implicit in the third condition of the definition, are the
ones given by η⊗id and Lemma 4.1, respectively.

Let (M, U, c) be a T -equivariant C-module. Since U is a monad onM, we
may consider the category MU of U -modules in M. The objects (M, s) ∈
MU will be called U -equivariant objects.

Example 4.4. The monoidal category C is a module category over itself
and (T, ξ) : C → C(T ) is a lax C-module functor. It follows from (3.5) that
µ : (T 2, d)→ (T, ξ) is a natural transformation of module functors, hence C
is a T -equivariant C-module category.

Example 4.5. (Module categories over equivariantizations.) Let G be a
finite group and ρ : G → Aut⊗(C) be an action of G on C. As explained in
Example 3.6, the endofunctor T ρ = ⊕σ∈G ρσ has a structure of Hopf monad
over C such that the equivariantization CG is tensor equivalent to CT ρ .

Let F ⊆ G be a subgroup. Recall that an F -equivariant C-module [13]
is a module category M over C endowed with a family of module functors
(Uσ, c

σ) :M→M(ρσ) for any σ ∈ F and a family of natural isomorphisms
µσ,τ : (Uσ ◦ Uτ , b)→ (Uστ , c

στ ) σ, τ ∈ F such that

(4.2) (µσ,τν)M ◦ Uσ(µτ,ν)M = (µστ,ν)M ◦ (µσ,τ )Uν(M),

(4.3) cστX,M ◦ (µσ,τ )X⊗M = ((γσ,τ )X⊗(µσ,τ )M ) ◦ cσρτ (X),Uτ (M) ◦ Uσ(cτX,M ),

for all σ, τ, ν ∈ F , X ∈ C, M ∈ M. The functor U : M → M(T ρ),
U = ⊕σ∈FUσ makes the category M T ρ-equivariant. The category of U -
equivariant objects in M coincides with the category of F -equivariant ob-
jects in M in the sense of [13].

Example 4.6. (Module categories over H-mod.) Consider the tensor cat-
egory C = vect k of finite dimensional k-vector spaces. Let H be a finite
dimensional Hopf algebra over k. Then H ⊗ − : C → C is a k-linear right
exact Hopf monad on C and there is an equivalence of tensor categories
CH⊗− ' H-mod, where H-mod denotes the category of finite dimensional
representations of H. Moreover, this assignment defines an equivalence be-
tween finite dimensional Hopf algebras over k and k-linear Hopf monads on
C [7, Lemma 2.5].

Let M = C = vect k denote the canonical C-module category (which is,
up to equivalence, the only indecomposable C-module category). Let also
T = H⊗− the Hopf monad associated to the finite dimensional Hopf algebra
H. Then T -equivariant C-module category structures on M correspond to
finite dimensional left H-comodule algebras, as the next lemma shows.
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Lemma 4.7. Let C, T and M as in Example 4.6. Then there is an equiv-
alence between the categories of T -equivariant C-module category structures
on M and finite dimensional left H-comodule algebras.

Proof. Every finite dimensional k-algebra A induces canonically a k-linear
monad U = A⊗k− on vect k. Conversely, every such monad U is isomorphic
to the one induced by a finite dimensional k-algebra A: indeed, as in the
proof of [7, Lemma 2.5], we get that U ' U(1)⊗− as k-linear functors, and
since U is a monad then A = U(1) is an algebra [9, Example 1.2].

Under this correspondence, the conditions on U = A⊗− in Definition 4.2
correspond to the condition that A is a left H-comodule algebra. Indeed,
a structure c of lax C-module functor on U is uniquely determined by a
map c : A → A ⊗ H making A into a right H-comodule, in view of (2.3)
and (2.4). The requirement that the multiplication and unit of U = A ⊗
− are morphisms of module functors amounts to the condition that the
multiplication and unit of A are comodule maps. Thus A is a right H-
comodule algebra, as claimed. �

Definition 4.8. Let (M, U, c), (M, Ũ , c̃) be two T -equivariant structures
on the module category M.

• A morphism of T -equivariant structures α : (M, U, c) → (M, Ũ , c̃)

is a monad morphism α : U → Ũ such that α is also a morphism of
lax module functors.
• A morphism of T -equivariant structures α : (M, U, c) → (M, Ũ , c̃)

is surjective if αM is an epimorphism for any M ∈M.
• We say that a T -equivariant structure (M, U, c) is simple if any

surjective morphism of T -equivariant structures α : U → Ũ is an
isomorphism.

Theorem 4.9. LetM be a T -equivariant C-module with lax module functor
(U, c) :M→M(T ). Then the following hold.

1. The category MU has a structure of CT -module category.

2. If α : (M, U, c) → (M, Ũ , c̃) is a morphism of T -equivariant struc-

tures, the functor α∗ : MŨ →MU , α∗(M, s) = (M, s ◦ αM ) for all

(M, s) ∈MŨ , is a CT -module functor.
3. If MU is a simple CT -module category then (M, U, c) is simple.

Proof. 1. Let us define the action ⊗ : CT ×MU → MU as follows. Let
(X, r) be an object in CT and (M, s) be a U -equivariant object in M,
then (X, r)⊗(M, s) = (X⊗M, (r⊗s)cX,M ). Let us prove that the object
(X⊗M, (r⊗s)cX,M ) is U -equivariant. For this, we need to show that the
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map t = (r⊗s)cX,M satisfies t ◦ U(t) = t ◦ νX⊗M . Indeed:

t ◦ U(t) = (r⊗s)cX,MU(r⊗s)U(cX,M )

= (rT (r)⊗sU(s))cT (X),U(M)U(cX,M )

= (rµX⊗sνM )cT (X),U(M)U(cX,M )

= (r⊗sνM )dX,M = (r⊗s)cX,MνX⊗M = t ◦ νX⊗M .

The first equality follows from the naturality of c, the second follows because
(X, r) is a T -module and (M, s) is U -equivariant. The third equality follows
from the definition of d, see equation (4.1), the last equality follows since ν is
a module functor. The associativity and unit isomorphisms are the obvious
ones.

2. Since α : U → Ũ is a morphism of monads, it follows from [9, Lemma

1.7] that α induces a functor α∗ :MŨ →MU such that FUα∗ = F
Ũ

.

Let us show that α∗ is a CT -module functor. Let be (X, r) ∈ CT , (M, s) ∈
MU . Then

α∗((X, r)⊗(M, s)) = (X⊗M, (r⊗s)cX,MαX⊗M ),

and

(X, r)⊗α∗(M, s) = (X⊗M, (r⊗sαM )c̃X,M ).

Since α : U → Ũ is a morphism of lax module functors, it follows from
equation (2.6) that α∗((X, r)⊗(M, s)) = (X, r)⊗α∗(M, s).

3. Assume (M, Ũ , c̃) is another T -equivariant structure and α : U → Ũ
is a surjective morphism of T -equivariant structures. Notice that α∗(f) = f

for all morphism f in MŨ . Hence α∗ is a faithful functor.

The functor α∗ is also full. Indeed, let be (M, s), (N, r) ∈ MŨ and f :
(M, sαM ) → (N, rαN ) be a morphism in MU . Then fsαM = rαNU(f),

which implies, by the naturality of α, that fsαM = rŨ(f)αM . Since αM is

surjective, then fs = rŨ(f) and f is a morphism in MŨ .

Since MU is a simple CT -module category then the functor α∗ is an
equivalence of module categories. Hence there exists a module functor F :

MU → MŨ such that F ◦ α∗ ' Id and α∗ ◦ F ' Id. In particular, there
exists a natural isomorphism γ : α∗ ◦F → Id. Since γ(M,s) is a morphism in

the category MU , for all (M, s) ∈MU , the diagram

(4.4) U(F(M))

sFαF(M)

��

U(γ) // U(M)

s

��
F(M)

γ // M
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is commutative. Here F(M, s) = (F(M), sF ). Let us define a new functor

F̂ :MU →MŨ as follows. For any (M, s) ∈MU

F̂(M, s) = (M,γM ◦ sF ◦ Ũ(γ−1
M )).

For any morphism f : (M, s)→ (N, r) in MU , F̂(f) = f .

The object F̂(M, s) is inMŨ . Indeed, denote t = γM ◦ sF ◦ Ũ(γ−1
M ), then

tŨ(t) = γMs
F Ũ(γ−1

M )Ũ(γMs
F Ũ(γ−1

M )) = γMs
F Ũ(sF )Ũ2(γ−1

M )

= γMs
F ν̃F(M)Ũ

2(γ−1
M ) = γMs

F Ũ(γ−1
M )ν̃M = tν̃M .

The third equality follows since (F(M), sF ) ∈ MŨ and the fourth equality
follows from the naturality of ν̃. Now, using [9, Lemma 1.6], it follows that

there exists a monad morphism β : U → Ũ such that F̂ = β∗. Whence, for

any (M, s) ∈MU we have γMs
F = sβM Ũ(γM ). Hence

γMs
FαF(M) = sβM Ũ(γM )αF(M)

= sβMαMU(γM ).

Using commutativity of diagram (4.4), we obtain that sβMαM = s. Since
this argument can be applied to (U(M), νM ) for any M ∈ M, we get that
νMβU(M)αU(M) = νM . Thus

idM = νMU(uM ) = νMβU(M)αU(M)U(uM ) = βMαM .

An analogous argument shows that αMβM = idM , and therefore α is an
isomorphism. Thus we conclude that the equivariant structure (M, U, c) is
simple. �

Proposition 4.10. Let M,M̃ be C-module categories and assume that

(M, U, c), (M̃, Ũ , c̃) are T -equivariant structures. Suppose that (G, d) :

M → M̃ is a C-module functor. Let T̂ (G) : M(T ) → M̃(T ) be the C-

module functor defined, for each M ∈ M(T ), by T̂ (G)(M) = G(M), with
module structure

dT (X),M : G(T (X)⊗M)→ T (X)⊗G(M).

Then the following assertions hold.

1. Suppose there exists a C-module natural transformation θ : Ũ ◦G→
T̂ (G) ◦ U such that

(4.5) θM ν̃G(M) = G(νM )θU(M)Ũ(θM ), θM ũG(M) = G(uM ),

for all M ∈ M, where the functor Ĝ : MU → M̃Ũ is defined by

Ĝ(M, s) = (G(M), G(s)θM ), for all (M, s) ∈MU .

Then the functor Ĝ is a CT -module functor.

2. Assume that (H,h) :M→ M̃ is another C-module functor equipped

with a C-module natural transformation χ : Ũ ◦ H → T̂ (H) ◦ U
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satisfying (4.5) (replacing G by H) and let α : (G, d)→ (H,h) be a
C-module natural transformation such that

(4.6) αU(M)θM = χM Ũ(αM ),

for all M ∈ M. Then, the natural transformation α̂ : Ĝ → Ĥ,
α̂(M,s) = αM , (M, s) ∈MU , is a CT -module natural transformation.

Proof. 1. That the functor Ĝ is well-defined, that is, Ĝ(M, s) ∈ M̃Ũ for
any (M, s) ∈ MU , is a consequence of (4.5). The module structure of the

functor Ĝ is d, the same module structure of the functor G. This map is a

morphism in the category M̃Ũ since θ is a C-module natural transformation.

2. For any (M, s) ∈MU the map αM is a morphism in the category M̃Ũ

since it satisfies (4.6). �

4.2. Module categories over C o T . Let (T, µ, η) be a Hopf monad over
C. Then T is a Hopf monad over Crev. Let N be a left Crev o T -module. It
follows from Lemma 3.7 (1) that N is a left C-module. The left action is
given by

� : C × N → N , X �N = RX⊗N,
for all X ∈ C, N ∈ N , and the associativity

mX,Y,N : (X⊗Y )�N → X � (Y �N),mX,Y,N = mRX ,RY ,N ,

for all X,Y ∈ C, N ∈ N . If f : X → Y is a morphism in C and g : N →M
is a morphism in N then f �g = αf⊗g, where αf : RX → RY is the natural
transformation (αf )Z : X⊗Z → Y⊗Z, (αf )Z = f⊗id Z , for all Z ∈ C.

Assume that T is right exact and faithful. By Lemma 3.7 (2), (T , b) ∈
Crev o T . Let U : N → N be the functor defined by U(N) = T⊗N , for all
N ∈ N , and let ν : U2 → U and u : IdN → U be the natural transformations

νN = (µ⊗idN )m−1
T,T,N , uN = η⊗idN ,

for all N ∈ N .

Lemma 4.11. (U, ν, u) is a monad on N .

Proof. Since N is a left Crev o T -module, then there is a monoidal functor
L : Crev o T → End(N ), defined in the form L(X) = X⊗N , N ∈ N , where
the monoidal structure cX,Y : L(X ⊗rev Y ) → L(X) ⊗ L(Y ) is the natural
transformation given by

(cX,Y )N = m−1
X,Y,N ,

for all X,Y ∈ Crev o T , N ∈ N . In particular, L takes algebras in Crev o T
to algebras in End(N ), that is, to monads on N . This implies the lemma,
in view of Lemma 3.7 (2). �

Theorem 4.12. Let T be a right exact faithful Hopf monad on C. Then the
following hold:

1. With the above module structure, N is a T -equivariant left C-module.
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2. There is an equivalence of CT -module categories

NU ' HomCrevoT (Crev,N ).

Proof. 1. We shall prove that the functor U : N → N gives a T -equivariant
structure on N .

Let us first show that U : N → N (T ) is a lax module functor. For any
X ∈ C, let ξX : T ◦RX → RT (X) ◦T be the natural transformation given by

(ξX)Y = ξX,Y , Y ∈ C. For any X ∈ C, N ∈ N , define cX,N : U(X �N) →
T (X)� U(N) by

(4.7) cX,N = mRT (X),T,N (ξX⊗idN )m−1
T,RX ,N

.

Let us prove that for all X,Y ∈ C, N ∈ N ,
(4.8)
(idX � cY,N )cX,Y�NU(mRX ,RY ,N ) = mRX ,RY ,T (N)(ξX,Y � id T (N))cX⊗Y,N .

The right hand side of (4.8) equals

(4.9)

= mRT (X),RT (Y ),T⊗N (ξX,Y �id T⊗N )mRT (X⊗Y ),T,N (ξX⊗Y⊗idN )m−1
T,RX⊗Y ,N

= mRT (X),RT (Y ),T⊗NmRT (X)⊗T (Y ),T,N (ξX,Y�idN )(ξX⊗Y⊗idN )m−1
T,RX⊗Y ,N

.

The left hand side of (4.8) equals

= (idX �mRT (Y ),T,N (ξY⊗idN )m−1
T,RY ,N

)mRT (X),T,Y�N (ξX⊗id Y�N )

×m−1
T,RX ,Y�N (id T⊗mRX ,RY ,N )

= (idX �mRT (Y ),T,N (ξY⊗idN )m−1
T,RY ,N

)mRT (X),T,Y�N (ξX⊗id Y�N )

×m−1
T,RX ,Y�NmT,RX ,RY ⊗NmT◦RX ,RY ,Nm

−1
T,RX⊗Y ,N

= (idX �mRT (Y ),T,N (ξY⊗idN )m−1
T,RY ,N

)mRT (X),T,Y�N (ξX⊗id Y�N )

×mT◦RX ,RY ,Nm
−1
T,RX⊗Y ,N

= (idX �mRT (Y ),T,N (ξY⊗idN )m−1
T,RY ,N

)mRT (X),T,Y�NmRT (X)◦T,RY ,N

× ((ξX⊗id Y )⊗idN )m−1
T,RX⊗Y ,N

= (idX �mRT (Y ),T,N (ξY⊗idN ))mRT (X),TRY ,N
((ξX⊗id Y )⊗idN )

×m−1
T,RX⊗Y ,N

= (idX �mRT (Y ),T,N )mRT (X),RT (Y )T,N
((idX⊗ξY )(ξX⊗id Y )⊗idN )

×m−1
T,RX⊗Y ,N

= mRT (X),RT (Y ),T⊗NmRT (X)⊗T (Y ),T,N ((idX⊗ξY )(ξX⊗id Y )⊗idN )

×m−1
T,RX⊗Y ,N

.

The second and seventh equalities by (2.1). It follows from (3.3) that this
last expression equals (4.9). This proves that U : N → N (T ) is a lax
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module functor. Let us prove now that (N , U, c) is a T -equivariant C-module
category. We shall show that ν : U2 → U is a C-module transformation. We
must prove that

(4.10) cX,NνX�N = (idX � νN )dX,N ,

for all X ∈ C, N ∈ N . Here dX,N = (µ⊗id U2(N))cT (X),T⊗NU(cX,N ) and

cX,N is defined in (4.7). We have

(4.11) cX,NνX�N = mRT (X),T,N (ξX⊗idN )m−1
T,RX ,N

(µ⊗idX�N )m−1
T,T,X�N

= mRT (X),T,N (ξX⊗idN )(µ ◦RX⊗idN )m−1
T 2,RX ,N

m−1
T,T,X�N

= mRT (X),T,N (ξX(µ ◦RX)⊗idN )m−1
T,T◦RX ,N (id T⊗m−1

T,RX ,N
).

The second equality follows from the naturality of m and the third equality
follows from the associativity of m (2.1). The right hand side of (4.10)
equals

= (idX � (µ⊗idN )m−1
T,T,N )(µX � id U2(N))mRT2(X),T,T⊗N

(ξT (X)⊗id T⊗N )

×m−1
T,RT (X),T⊗N

(id T⊗mRT (X),T,N )(id T⊗(ξX⊗idN )m−1
T,RX ,N

)

= (µX � (µ⊗idN ))(idRT2(X)
⊗m−1

T,T,N )mRT2(X),T,T⊗N
(ξT (X)⊗id T⊗N )

×m−1
T,RT (X),T⊗N

(id T⊗mRT (X),T,N )(id T⊗(ξX⊗idN )m−1
T,RX ,N

)

= (µX � (µ⊗idN ))mRT2(X),T
2,Nm

−1
RT2(X)◦T,T,N

(ξT (X)⊗id T⊗N )

×mT◦RT (X),T,Nm
−1
T,RT (X)◦T,N (id T⊗(ξX⊗idN )m−1

T,RX ,N
)

= (µX � (µ⊗idN ))mRT2(X),T
2,Nm

−1
RT2(X)◦T,T,N

(ξT (X)⊗id T⊗N )

×mT◦RT (X),T,N ((id T⊗ξX)⊗idN )m−1
T,T◦RX ,N (id T⊗m−1

T,RX ,N
)

= (µX � (µ⊗idN ))mRT2(X),T
2,N ((ξT (X)⊗id T )⊗idN )((id T⊗ξX)⊗idN )

×m−1
T,T◦RX ,N (id T⊗m−1

T,RX ,N
)

= mRT (X),T,N ((αµX⊗id T )RT 2(X)(µ)⊗idN )((ξT (X)⊗id T )⊗idN )

× ((id T⊗ξX)⊗idN )m−1
T,T◦RX ,N (id T⊗m−1

T,RX ,N
)

= mRT (X),T,N ((αµX⊗id T )RT 2(X)(µ)(ξT (X) ◦ T )T (ξX)⊗idN )

×m−1
T,T◦RX ,N (id T⊗m−1

T,RX ,N
)

= mRT (X),T,N ((αµX⊗id T )(id T 2(X)⊗µ)(ξT (X) ◦ T )T (ξX)⊗idN )

×m−1
T,T◦RX ,N (id T⊗m−1

T,RX ,N
).

The second equality follows from the naturality of m, the third equality
from (2.1), the fourth, fifth and sixth equalities again by the naturality of
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m. It remains to show that (αµX⊗id T )(id T 2(X)⊗µ)(ξT (X) ◦ T )T (ξX) =

ξX(µ ◦RX), but this is (3.5).

2. The category HomCrevoT (Crev,N ) is a right EndCrevoT (Crev)-module
category via composition of functors. It follows from Lemma 3.7 and Lemma

3.2 that EndCrevoT (Crev) ' (Crev)T ' (CT )rev. Thus HomCrevoT (Crev,N ) is

a left CT -module category using these identifications. Define the CT -module
functors

Φ : NU → HomCrevoT (Crev,N ), Ψ : HomCrevoT (Crev,N )→ NU

as follows. If (N, s) ∈ NU then Φ(N, s)(X) = RX⊗N for all X ∈ C. The
functor Φ(N, s) is a module functor with structure given by

c
(N,s)
F,Y : Φ(N, s)(F⊗Y )→ F⊗Φ(N, s)(Y ), c

(N,s)
F,Y = (cF−,Y⊗idN )m−1

F,RY ,N
,

for all (F, cF ) ∈ Crev o T , Y ∈ C. If (G, dG) ∈ HomCrevoT (Crev,N ) define

Ψ(G, dG) = (G(1), sG), where sG : U(G(1)) → G(1) is defined by sG =
G(φ) ◦ (dGT,1)−1. Both functors Φ,Ψ are well-defined CT -module functors
and they give an equivalence of module categories. �

Corollary 4.13. Let T be a right exact faithful Hopf monad on C and let
M be an exact indecomposable CT -module category. Then there exists a
T -equivariant indecomposable exact C-module category N with simple and
exact equivariant structure given by U : N → N such that M ' NU as
CT -module categories.

Proof. Let M be an exact indecomposable left CT -module category. Thus,
M is an exact indecomposable right (CT )rev-module category. Then, the
category N = Hom(CT )rev(Crev,M) is an exact indecomposable left CrevoT -

module category, see [14, Theorem 3.31]. It follows from Theorem 4.12
that N = Hom(CT )rev(Crev,M) is a T -equivariant C-module category with

equivariant structure U : N → N , U(N) = T⊗N , and there are CT -module
equivalences

NU ' HomCrevoT (Crev,N ) 'M.

Since the functor ⊗ is biexact the functor U is exact. �

5. Module categories over Hopf algebroids

5.1. Hopf algebroids. Let us briefly introduce the notion of Hopf alge-
broid. The reader is refered to [4], [5], [15]. Let L, R be algebras over
k.

Definition 5.1. A left bialgebroid with base L is a collection (H, s, t,∆, ε)
where s : L→ H, t : Lop → H are algebra maps such that s(l)t(l) = t(l)s(l)
making H an (L,L)-bimodule:

l · x · l′ = s(l)t(l′)x,
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for all l, l′ ∈ L, x ∈ H. The remaining data ∆ : H → H⊗LH and ε :
H → L are k-linear maps which make the triple (H,∆, ε) into a comonoid
in L- mod-L. Moreover, the following identities are required to hold:

(5.1) ∆(x)(t(l)⊗1) = ∆(x)(1⊗s(l)),

(5.2) ∆(1) = 1⊗1,

(5.3) ∆(xy) = ∆(x)∆(y),

(5.4) ε(1) = 1, ε(xs(ε(y))) = ε(xy) = ε(xt(ε(y))),

for all x, y ∈ H, l ∈ L. Right bialgebroids are defined in a similar way. See
for example [5, Definition 2.2].

Definition 5.2. A Hopf algebroid is a collection (HR, HL,S) where HL =
(H, sL, tL,∆L, εL) is a left bialgebroid over L and HR = (H, sR, tR,∆R, εR)
is a right bialgebroid over R, S : H → H is a linear map, called the antipode,
such that

sL ◦ εL ◦ tR = tR, tL ◦ εL ◦ sR = sR,(5.5)

sR ◦ εR ◦ tL = tL, tR ◦ εR ◦ sL = sL,(5.6)

(5.7) (∆L⊗idH)∆R = (idH⊗∆R)∆L, (∆R⊗idH)∆L = (idH⊗∆L)∆R

S : H → H is both an L and R bimodule map:(5.8)

S(tL(l)htL(l′)) = sL(l′)S(h)sL(l), S(tR(r)htR(r′)) = sR(r′)S(h)sR(r),

(5.9) mH ◦ (S⊗idH) ◦∆L = sR ◦ εR,

(5.10) mH ◦ (idH⊗S) ◦∆R = sL ◦ εL.

Below, we shall sometimes use the abreviated notation H to indicate the
Hopf algebroid (HR, HL,S).

Remark 5.3. If (HR, HL,S) is a Hopf algebroid then R ' Lop.

If (HR, HL,S) is a Hopf algebroid then any left H-module is an L-
bimodule with the left and right L-actions given by restriction along the
maps s and t, respectively [23, Theorem 5.1]. The category H- mod of
finite-dimensional left H-modules is a finite tensor category with monoidal
product ⊗L and unit L.
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5.2. Hopf monads and Hopf algebroids. Let (HR, HL,S) be a finite-
dimensional Hopf algebroid. Associated to this Hopf algebroid, there is a
Hopf monad TH on the category L- mod-L of finite dimensional L-bimodules
[6, Section 7]. Let Le = L⊗kL

op. The category L- mod-L ' Le- mod is a
monoidal category with tensor product ⊗L. The functor TH : Le- mod →
Le- mod, TH(V ) = H⊗LeV , for all V ∈ Le- mod is a Hopf monad with
structure maps given by

µV : H⊗LeH⊗LeV → H⊗LeV, µV (x⊗y⊗v) = xy⊗v,

ηV : V → H⊗LeV, ηV (v) = 1⊗v,

ξV,W : H⊗Le(V⊗LW )→ (H⊗LeV )⊗L(H⊗LeW ),

ξV,W (x⊗v⊗w) = x(1)⊗v⊗x(2)⊗w,

φ : H⊗LeL→ L, φ(x⊗l) = ε(xs(l)),

for all V,W ∈ Le- mod, v ∈ V,w ∈ W , x, y ∈ H, l ∈ L. It follows that TH
is a Hopf monad. Furthermore, there is an equivalence of tensor categories
(L- mod-L)TH ' H- mod. See [26, Corollary 5.16]. Any finite tensor cate-
gory is monoidally equivalent to the category of representations of a Hopf
algebroid [6, Theorem 7.6].

5.3. Comodule algebras over Hopf algebroids. Let (HR, HL,S) be a
Hopf algebroid. A left H-comodule algebra is a triple (K, sK , λ), where
sK : L→ K is an algebra map that makes K in to a (L,L)-bimodule

l · k · l′ = sK(l)ksK(l′),

for all k ∈ K, l, l′ ∈ L. A left L-linear map λ : K → H⊗LK, such that

(5.11) (ε⊗idK)λ = idK , (idH⊗λ)λ = (∆⊗idK)λ,

(5.12) λ(K) ⊆ H ×L K = {x ∈ H⊗LK : ∀ l ∈ L, x(t(l)⊗1) = x(1⊗sK(l))}

(5.13) λ(1) = 1⊗1, λ(x)λ(y) = λ(xy), for all x, y ∈ K.

Equation (5.13) makes sense in view of axiom (5.12). We shall use
Sweedler’s notation: λ(k) = k(−1)⊗k(0), for all k ∈ K.

Definition 5.4. We say that a left H-comodule algebra (K, sK , λ) is H-
simple if it has no non-trivial H-costable ideals.

Example 5.5. (1) (H, s,∆) is a left H-comodule algebra.
(2) (L, sL, λL) is a left H-comodule algebra, where sL = id L and λL :

L→ H⊗LL is trivial, that is λL(l) = s(l)⊗1, for any l ∈ L.
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5.4. Module categories over Hopf algebroids. Let (K, sK , λ) be a left
H-comodule algebra. If M is a left K-module then M is a left L-module
via sK . For any X ∈ H- mod the tensor product X⊗LM is a left K-module
with action given by

k · (x⊗m) = k(−1) · x⊗k(0) ·m,(5.14)

for all k ∈ K,x ∈ X,m ∈ M . As a consequence of (5.12) this action is
well-defined.

Proposition 5.6. Suppose L is semisimple. Then the category K- mod is
an H- mod-module as follows. The action is given by

⊗ : H- mod×K- mod→ K- mod, X⊗M = X⊗LM,

for all X ∈ H- mod, M ∈ K- mod. The associativity of the module cat-
egory is the canonical associativity of the tensor product ⊗L. For any
M ∈ K- mod, the unit isomorphisms lM : L⊗LM → M are given by the
action of L on M .

Proof. The proof is straightforward. Note that the assumption that L is
semisimple guarantees the exactness of the module category K- mod. �

Observe that the exactness assumption on the module category is only
needed in Theorem 5.8 below, and the assumption in that theorem is that
L is simple (hence semisimple).

For any left H-comodule algebra (K, sK , λ) we shall introduce a TH -
equivariant structure on the module category L- mod. Define UK : L- mod→
L- mod, UK(V ) = K⊗LV , for all V ∈ L- mod. For any X ∈ H- mod, V ∈
L- mod define

cX,V : K⊗LX⊗LV → (H⊗LeX)⊗LK⊗LV,

cX,V (k⊗x⊗v) = k(−1)⊗x⊗k(0)⊗v.
Let ν : U2

K → UK , u : Id→ UK , be defined as follows. For any V ∈ L- mod

νV : K⊗LK⊗LV → K⊗LV, νV (k⊗k′⊗v) = kk′⊗v,

uV : V → K⊗LV, uV (v) = 1⊗v.
It readily follows that all maps described above are well-defined.

Proposition 5.7. The following assertions hold:

1. The triple (L- mod, UK , c) is a TH-equivariant structure.
2. There is an equivalence K- mod ' (L- mod)UK of H- mod-module

categories.
3. (L- mod, UK , c) is simple if and only if K is H-simple.

Proof. 1. The proof that νV : UK ◦ UK → UK is a module natural transfor-
mation is straightforward. One has to observe that the module structure on
the functor UK ◦ UK , given in Lemma 4.1, is

dX,V : K⊗LK⊗L(X⊗LV )→ (H⊗LeX)⊗L(K⊗LK⊗LV ),
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dX,V (h⊗g⊗x⊗v) = h(−1)g(−1)⊗x⊗h(0)⊗g(0)⊗v,
for all h, g ∈ K,x ∈ X, v ∈ V . The proof of part 2 is straightforward.

3. Assume there exists a non-trivial H-costable ideal I ⊆ K. The canon-
ical projection K → K/I induces a natural morphism UK/I → UK that it is
not an isomorphism. Hence (L- mod, UK , c) is not simple. If K is H-simple
then, by the argument in the proof of [2, Proposition 1.18], the module cat-
egory (L- mod)UK is simple. The result follows from part 2 and Theorem
4.9 (3). �

Theorem 5.8. Assume that the algebra L is simple. Any exact indecom-
posable module category over H- mod is equivalent to K- mod for some H-
simple left H-comodule algebra (K, sK , λ).

Proof. It follows from Corollary 4.13 that any exact indecomposable mod-
ule category over H- mod ' (L- mod-L)TH is of the form NU for some exact
indecomposable L- mod-L-module category N and a simple TH -equivariant
structure (N , U, c). Since L is simple as an algebra, the only exact indecom-
posable L- mod-L-module category is L- mod, hence N ' L- mod. Since
U : L- mod → L- mod is an exact functor, there exists an L-bimodule K
such that U(V ) = K⊗LV for all V ∈ L- mod. Let us prove that K is a left
H-comodule algebra.

Define sK : L → K, sK(l) = l · k for all l ∈ L, k ∈ K. For any X ∈
L- mod-L, V ∈ L- mod the module structure on U is given by the map

cX,V : K⊗L(X⊗LV )→ (H⊗LeX)⊗LK⊗LV.
Define λ : K → H⊗LK by λ(k) = cL,L(k⊗1⊗1) for all k ∈ K. Equations
(5.11) follows from (2.3) and (2.4). Since U is a monad, there exists a module
transformation µ : U2 → U . The algebra structure on K is given by µL :
K⊗LK → K. Equations (5.13) follows since µ is a module transformation.
It follows from Proposition 5.7 that there is a module equivalence NU '
K- mod . �

6. A 2-categorical interpretation

Let us briefly recall the notion of 2-monad in a 2-category. The reader is
refered to [16], [25]. A 2-category consists of

• a class of objects or 0-cells Obj(B);
• for a pair of 0-cells A,B a category B(A,B). Objects in B(A,B) are

1-cells and morphisms are called 2-cells;
• for any 0-cell A there is a 1-cell IA ∈ B(A,A);
• for any 0-cells A,B,C a functor

◦A,B,C : B(B,C)× B(A,B)→ B(A,C),

such that it is associative and unitary. Sometimes we shall omit the
superscript and denote the functor ◦A,B,C simply as ◦.

If B,B′ are 2-categories, a 2-functor F : B → B′ consists of the following
data:
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• an assignment F : Obj(B)→ Obj(B′);
• for any 0-cells A,B a functor FA,B : B(A,B)→ B′(F (A), F (B)) such

that for any 0-cells A,B,C and 1-cells X ∈ B(B,C), Y ∈ B(A,B)

FA,C(X ◦ Y ) = FB,C(X) ◦ FA,B(Y ), FA,A(IA) = I ′F (A).

If X ∈ B(A,B) is a 1-cell or a 2-cell we shall sometimes denote FA,B(X)
simply by F (X) avoiding subscripts.

If B,B′ are 2-categories and F,G : B → B′ are 2-functors, a 2-natural
transformation θ : F → G consists of the following data:

• for any 0-cell A ∈ Obj(B) a 1-cell θA ∈ B′(F (A), G(A));
• for any 0-cells A,B ∈ Obj(B) and any 1-cell X ∈ B(A,B) a natural

transformation

θX : θB ◦ FA,B(X)→ GA,B(X) ◦ θA,
such that for any 0-cell A and any 1-cells X,Y

θX◦Y = (id ◦ θY )(θX ◦ id ), θIA = id θA .

Definition 6.1. 1. Let B be a 2-category. A 2-monad over B is a strict
monad, in the sense of [3, Definition 5.4.1], inside the 2-category of 2-
categories. Explicitly, a 2-monad is a collection (T, µ, η) where T : B → B
is a 2-functor, µ : T2 → T and η : Id → T are 2-natural transformations
satisfying

µA ◦ µT(A) = µA ◦ TT2(A),T(A)(µA), µA ◦ TA,T(A)(ηA) = IT(A) = µA ◦ ηT(A),

µXµT(X) = µXT(µX), µXηT(X) = id T(X) = µXT(ηX),

for any 0-cells A,B, and any 1-cell X ∈ B(A,B).

Example 6.2. Let C be a strict monoidal category. Associated to C there
is a 2-category C with a single object 0. Namely, C(0, 0) = C and the
composition is the monoidal product in C. A bimonad T : C → C, with
strict comonoidal structure, gives rise to a 2-monad T : C → C; T (0) = 0
and T 0,0 = T .

If C is a tensor category, we shall denote by CMod , respectively CMod lax,
the 2-categories whose 0-cells are left C-module categories, 1-cells are C-
module functors (respectively, lax C-module functors) and 2-cells are C-
module natural transformations.

Let T be a Hopf monad on C. Define the 2-functor T : CMod lax →
CMod lax as follows. For any M ∈ CMod lax, set T(M) = M(T ), see Sub-

section 4.1. For any pair M,N ∈ CMod lax, set

TM,N : Homlax
C(M,N )→ Homlax

C(M(T ),N (T ))

to be the functor defined by

TM,N (G, d) = (G, dT (−),−).

Lemma 6.3. The 2-functor T : CMod lax → CMod lax has a structure of
2-monad.
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Proof. We shall define 2-natural transformations µ : T2 → T, η : Id → T
such that (T, µ, η) is a 2-monad. Note that, abusing of the notation, we are
denoting with the same symbols the 2-monad structure on T and the monad
structure on T .

For anyM∈ CMod lax define ηM ∈ Homlax
C(M,M(T )) the lax C-module

functor as ηM = (IdM, η⊗id ). Here the module structure of the identity
functor is given by

ηX⊗idM : X⊗M → T (X)⊗M,

for any X ∈ C,M ∈ M. It follows from (3.6) that (IdM, η⊗id ) is indeed a
module functor. To give a structure of 2-natural transformation on η, for
any (G, d) ∈ Homlax

C(M,N ), we must define natural transformations

η(G,d) : ηM ◦ (G, d)→ TM,N (G, d) ◦ ηN .

Since both functors are equal, we let η(G,d) to be the identity natural trans-

formation. Now, let us define the 2-natural transformation µ : T2 → T.
For any M ∈ CMod lax, let µM = (IdM, µ⊗id ). It follows from (3.5)

that this functor is indeed a module functor. For any M,N ∈ CMod lax,
(G, d) ∈ Homlax

C(M,N ), we must define natural transformations

µ(G,d) : µM ◦ T2
M,N (G, d)→ TM,N (G, d) ◦ µN .

Since both functors are equal, we define µ(G,d) the identity natural transfor-
mation. Conditions of Definition 6.1 are readily verified. �

In the next subsection we shall give an interpretation of the process of
equivariantization of module categories in the form of a 2-category equiv-
alence between the 2-category CMod lax with an appropriate equivarianti-
zation of the 2-category of T -equivariant lax C-module categories, that we
define next.

Definition 6.4. Let C be a tensor category and T : C → C be a Hopf
monad. The 2-category CEqMod of T -equivariant lax C-module categories is
defined as follows: 0-cells are T -equivariant C-module categories (M, U, c).

If (M, U, c), (M̃, Ũ , c̃) are T -equivariant C-module categories, 1-cells are

pairs (G, θ) : (M, U, c) → (M̃, Ũ , c̃), where G : M → M̃ is a C-module

functor and θ : Ũ ◦ G → T̂ (G) ◦ U is a natural transformation satisfying
condition (4.5), that is,

θM ν̃G(M) = G(νM )θU(M)Ũ(θM ), θM ũG(M) = G(uM ),

for all M ∈ M. If (H,χ) is another 1-cell, a 2-cell α : (G, θ) ⇒ (H,χ) is a
C-module natural transformation α : G→ H satisfying condition (4.6), that
is,

αU(M)θM = χM Ũ(αM ),

for all M ∈M.
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6.1. Equivariantization of 2-categories. Let B be a 2-category and let
(F, µ, η) : B → B be a 2-monad on B. We start by giving a description of
the 2-category BF of F -equivariant objects in B.

The horizontal composition of 1 or 2-cells in the 2-category B will be
denoted by ◦, omitting the superscripts, and the vertical composition of
2-cells will be indicated by juxtaposition of morphisms.

Definition 6.5. An equivariant object (or equivariant 0-cell) is a collection
(A,U, ν, u) where

• A is a 0-cell in B;
• U : A→ F (A) is a 1-cell in B;
• ν : µA ◦ F (U) ◦ U ⇒ U , u : ηA ⇒ U are 2-cells, such that

(6.1) ν(id µA◦F (U) ◦ ν)(id µA ◦ µU ◦ id F (U)◦U ) = ν(id µA ◦ F (ν) ◦ id U ),

(6.2) ν(id µA ◦ F (u) ◦ id U ) = id U = ν(id µA◦F (U) ◦ u)(id µA ◦ ηU ).

Let (A,U, ν, u), (Ã, Ũ , ν̃, ũ) be F -equivariant objects. An equivariant 1-

cell (θ, θ0) : (A,U, ν, u)→ (Ã, Ũ , ν̃, ũ) consists of

• a 1-cell θ : A→ Ã;

• a 2-cell θ0 : Ũ ◦ θ ⇒ F (θ) ◦ U ,

satisfying the following conditions:

θ0(ũ ◦ id θ) = (id F (θ) ◦ u)ηθ,

(id F (θ) ◦ ν)(µθ ◦ id F (U)◦U )(id µ
Ã
◦F (θ0) ◦ id U )(id

µ
Ã
◦F (Ũ)

◦ θ0) = θ0(ν̃ ◦ id θ).

Let (A,U, ν, u) and (Ã, Ũ , ν̃, ũ) be F -equivariant objects and let (θ, θ0),

(χ, χ0) : (A,U, ν, u) → (Ã, Ũ , ν̃, ũ) be equivariant 1-cells. An equivariant
2-cell (θ, θ0)⇒ (χ, χ0) is a 2-cell α : θ ⇒ χ such that

(6.3) χ0(id
Ũ
◦ α) = (F (α) ◦ id U )θ0.

The proof of the following proposition is left to the reader.

Proposition 6.6. Equivariant 0-cells, equivariant 1-cells and equivariant
2-cells form a 2-category with respect to composition of 1-cells (θ, θ0) :

(A,U, ν, u) → (Ã, Ũ , ν̃, ũ) and (χ, χ0) : (A′, U ′, ν ′, u′) → (A,U, ν, u) defined
by

(6.4) (θ, θ0) ◦ (χ, χ0) = (θ ◦ χ, (id ◦ χ0)(θ0 ◦ id )),

and vertical and horizontal compositions of equivariant 2-cells given as the
corresponding compositions in the 2-category B. �

This 2-category will be called the 2-category of F -equivariant objects in
B and will be denoted by BF .

Remark 6.7. An F -equivariant object in B could be explained alternatively
as a monad, in the sense of [3, Definition 5.4.1], inside the Kleisli 2-category
associated with F , and the 2-category BF as the 2-category of monads inside
the Kleisli 2-category.
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The following result is a straightforward application of the definitions.

Proposition 6.8. Let C be a tensor category and T : C → C be a Hopf
monad. Let T : CMod lax → CMod lax be the 2-monad associated to T des-
cribed in Lemma 6.3. There exists a 2-equivalence of 2-categories

CEqMod ' (CMod lax)T.

7. Module categories and exact sequences

Let C, D be tensor categories over k. Recall that a normal tensor functor
F : C → D is a tensor functor such that for any object X of C, there exists a
subobject X0 ⊂ X such that F (X0) is the largest trivial subobject of F (X).

If the functor F has a right adjoint R, then F is normal if and only if
R(1) is a trivial object of C [7, Proposition 3.5].

Let C′, C, C′′ be tensor categories over k. A sequence of tensor functors

(7.1) C′
f // C F // C′′

is called and exact sequence of tensor categories if the following hold:

• The tensor functor F is dominant and normal;
• The tensor functor f is a full embedding;
• The essential image of f is KerF .

See [7]. Here, KerF is the full tensor subcategory F−1(〈1〉) ⊆ C of objects
X of C such that F (X) is a trivial object of C′′.

Suppose (7.1) is an exact sequence of tensor categories. Since the functor
F is normal, then it induces a fiber functor ωF : C′ → vect k in the form
ωF (X) = HomC′′(1, Ff(X)).

The induced Hopf algebra H of the exact sequence (7.1) is defined as the

coend of the fiber functor ωF : C′ → vect k, that is, H =
∫ X∈C′

ωF (X)∨ ⊗
ωF (X). In particular, we have an equivalence of tensor categories C′ '
comod-H. See [7, Subsection 3.3].

Recall that a k-linear right exact Hopf monad T on a tensor category
C′′ is called normal if T (1) is a trivial object of C′′. By [7, Theorem 5.8]
exact sequences (7.1) with finite dimensional induced Hopf algebra H are
classified by normal faithful right exact k-linear Hopf monads T : C′′ → C′′,
such that the Hopf monad of the restriction of T to the trivial subcategory
of C′′ is isomorphic to H.

7.1. The Hopf monad of a Hopf algebra extension. Consider an exact
sequence of finite dimensional Hopf algebras

(7.2) k−→K i−→H π−→H−→k.
In view of [7, Proposition 3.9] (7.2) induces an exact sequence of finite tensor
categories

(7.3) mod-H
π∗−→mod-H

i∗−→mod-K.
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In this subsection we shall give an explicit description of the normal Hopf
monad T on mod-K corresponding to the exact sequence (7.3) in terms of
the cohomological data classifying the Hopf algebra extension (7.2).

As a consequence of the Nichols-Zoeller freeness theorem, the exact se-
quence (7.2) is cleft. Therefore there exist maps

. : H ⊗K → K, σ : H ⊗H → K,(7.4)

ρ : H → H ⊗K, τ : H → K ⊗K,(7.5)

obeying the compatibility conditions in [1, Theorem 2.20], such that H is
isomorphic as a Hopf algebra to the bicrossed product Kτ#σH. Recall that
the structure of Kτ#σH is determined by the data (., σ, ρ, τ) as follows:

a#x . b#y = a(x(1).b)σ(x(2), y(1))#x(3), y(2),

∆(a#x) = ∆(a)τ(x(1)) (1#(x(2))(0) ⊗ (x(2))(1)#x(3)),

1Kτ#σH
= 1#1, ε(a#x) = ε(a)ε(x),

for all a, b ∈ K, x, y ∈ H, where we use Sweedler’s notation ρ(x) = x(0) ⊗
x(1) ∈ H ⊗K, for every x ∈ H.

In what follows we shall use the identifications H = Kτ#σH, K '
K#1 ⊆ H and π = ε ⊗ id : H → H. In this way, the normal tensor
functor F = i∗ : mod-H → mod-K corresponds to the restriction functor
ResHK .

It is well known that the induction functor L = IndH
K : mod-K → mod-H

is left adjoint of F , where for every rightK-moduleW , IndH
K(W ) = W⊗KH.

It is clear from the formula defining the multiplication of Kτ#σH that
H ' K ⊗H as left K-modules, where K acts by left multiplication in the
first tensorand on K ⊗H. Hence we obtain natural isomorphisms

rW : L(W ) 'W ⊗H, rW (w ⊗ a#x) = (w ↼ a)⊗ x,

for every finite-dimensional right K-module W , w ∈ W , a ∈ K, x ∈ H,
where ↼: W ⊗K →W denotes the K-module structure on W .

Proposition 7.1. The normal Hopf monad T : mod-K → mod-K asso-
ciated to the exact sequence (7.3) is given by T (W ) = W ⊗ H, where the
K-action is defined as

(w ⊗ x) ↼ a = w(x(1).a)⊗ x(2),

for all w ∈ W , x ∈ H, a ∈ K. For all W,U ∈ mod-K, the multiplication
µW : W ⊗ H ⊗ H → W ⊗ H, counit ηW : W → W ⊗ H, and comonoidal
structure ξW,U : W ⊗ U ⊗H → W ⊗H ⊗ U ⊗H, φ : k ⊗H → k, of T are
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determined, respectively, as follows:

µW (w ⊗ x⊗ y) = w ↼ σ(x(1), y(1))⊗ x(2)y(2),

ηW (w) = w ⊗ 1,

ξW,U (w ⊗ u⊗ x) = (w ⊗ u) ↼ τ(x(1))(1⊗ (x(2))(1)) ⊗ (x(2))(0) ⊗ x(3),

φ = id ⊗ εH : k⊗H → k,

for all w ∈W , u ∈ U , x, y ∈ H.

Proof. Since F : mod-H → mod-K is a strict strong monoidal functor,
then the monad T = FL of the adjunction (L,F ) is a bimonad with the
prescribed structure; see [9, Theorem 2.6]. Furthermore, T is a Hopf monad,
by [6, Proposition 3.5]. Note that, thus defined, T is normal, faithful and
right exact and the induced Hopf algebra of T in the sense of [7, Section 5]
coincides with L(k)∗ = (H)∗. This proves the proposition. �

Remark 7.2. Consider the case where the exact sequence (7.2) is cocentral
or, equivalently, H is isomorphic to the group algebra kG of a finite group G
and the weak coaction ρ is trivial. It is known that the cohomological data
., σ, τ give rise to an action of G on the category mod-K by tensor autoe-
quivalences and the equivariantization (mod-K)G is equivalent to mod-H as
tensor categories [18, Subsection 3.3]. In this case, the normal Hopf monad T
associated to the Hopf algebra extension by Proposition 7.1 coincides with
the Hopf monad of the corresponding group action given by [7, Theorem
5.21].

7.2. The category CoT when T is normal. An exact sequence of tensor
categories

(7.6) C′−→C F−→C′′

is called perfect if F is a perfect tensor functor, that is, F admits an exact
right adjoint R : C′′ → C.

Suppose that C′ is a finite tensor category. As shown in [7, Theorem 5.8],
(7.6) corresponds to a normal faithful k-linear right exact Hopf monad T on
C′′. More precisely, since C′ is finite, then the functor F has a left adjoint L
and T = FL is the Hopf monad of this adjunction. The normal Hopf monad

T gives rise to an exact sequence comod-H−→(C′′)T F−→C′′, where H is the
induced Hopf algebra of T , and this exact sequence is equivalent to (7.6).

Let us assume that the exact sequence (7.6) is perfect or, equivalently,
that T is an exact endofunctor of C′′.

Let (A, σ) ∈ Z(C) be the induced central algebra of F . Since A = R(1),
then the normality of F is equivalent to the assumption that A belongs to
KerF .

We shall use the identifications C′′ = CA and F = FA : C → CA is the free
A-module functor. Since FA is a tensor functor, then FA(A) = A⊗A is an
algebra in CA with multiplication m⊗ idA.
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An object of F (A)(CA) is a right A-module Y in C endowed with a mor-
phism FA(A)⊗A Y → Y in CA. Note that for all object Y of CA we have a
canonical isomorphism FA(A)⊗AY ' A⊗Y in CA, where the right A-module
structure on A⊗Y is given by the right action of A on Y . Hence a morphism
FA(A) ⊗A Y → Y is uniquely determined by a morphism A ⊗ Y → Y of
right A-modules in C.

We obtain in this way an equivalence of categories F (A)C′′ ' ACA. Since
F is normal, F (A) is a trivial object of C′′, and this restricts in addition to
an equivalence F (A)〈1〉 ' A(KerF )A.

Let A and B be finite abelian categories over k. Recall that their Deligne’s
tensor product A � B, introduced in [10, Section 5], is a finite abelian cat-
egory, denoted by A � B, endowed with a bifunctor � : A × B → A � B,
�(X,Y ) = X � Y , which is right exact in both variables.

The tensor product A�B is uniquely determined, up to a unique equiva-
lence, by the following universal property: for any bifunctor Θ : A×B → E
such that Θ is right exact in both variables, there exists a unique right exact
functor θ : A� B → E such that θ ◦� = Θ.

The bifunctor � : A×B → A� B is exact in both variables and satisfies

HomA�B(X � Y,X ′ � Y ′) ' HomA(X,X ′)⊗HomB(Y, Y ′).

Furthermore, any bilinear bifunctor Θ : A×B → E , such that Θ is exact in
each variable defines an exact functor θ : A� B → E .

Suppose that A ' A- mod and B ' B- mod as k-linear categories, where
A and B are finite dimensional algebras over k. Then there is an equivalence
of k-linear categories A� B ' (A⊗B)- mod. See [10, Proposition 5.3].

Proposition 7.3. Let C be a finite tensor category and let T be a normal
faithful k-linear exact Hopf monad on C with induced Hopf algebra H. Then
there is an equivalence of k-linear categories (C o T )rev ' H- mod� C.

Proof. The functor F : CT → C gives rise to an exact sequence of finite

tensor categories C′ → CT F→ C such that C′ ' comod-H. Since T is exact by
assumption, then F is a perfect tensor functor and there is an equivalence
of tensor categories C o T 'A (CT )A, where (A, σ) is the induced central
algebra of T .

From the previous discussion, we have that A(CT )A ' F(A)C. Since F(A)
is a trivial object of C, then it follows from [10, Proposition 5.11] that the
tensor product ⊗ : 〈1〉×C → C induces an equivalence of k-linear categories

F(A)〈1〉� C → F(A)C.
To finish the proof we observe that there is an equivalence of tensor cat-

egories AC′A ' H- mod. Indeed, the normality of F implies that F induces
a fiber functor F : C′ → 〈1〉, whose coend is isomorphic to H and whose in-
duced central algebra is isomorphic to A. Hence vect k ' C′A. By [21, Theo-
rem 5] we get equivalences of tensor categories AC′A ' EndC′(M) ' H- mod.
This finishes the proof of the proposition. �
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Example 7.4. (Hopf algebra exact sequences.) Consider an exact sequence
of Hopf algebras k → K → H → H → k and assume that K is finite
dimensional. Then H is free as a left (or right) module over K and in
particular the sequence is cleft [24, Theorem 2.1 (2)]. By [7, Proposition
3.9] we have an exact sequence of tensor categories

(7.7) comod-K → comod-H → comod-H.

Moreover, since comod-K is a finite tensor category, then the exact sequence
(7.7) is determined by a normal faithful Hopf monad T on comod-H.

Observe that K has a natural algebra structure in the category comod-H
and, by cleftness, there is an equivalence of comod-H-module categories
comod-H ' (comod-H)K . Hence we obtain an equivalence of tensor cate-
gories (comod-H) o T ' K(comod-H)K . The last category is equivalent to
the category of comodules over the coquasibialgebra (K∗ ./ H,ϕ), where ϕ
is an associated Kac 3-cocycle [22, Section 6]. Thus we get an equivalence
of tensor categories (comod-H) o T ' comod-(K∗ ./ H,ϕ).

Example 7.5. (Equivariantization exact sequences.) LetG be a finite group
and let ρ : G → Aut⊗(C) be an action by tensor autoequivalences of G on

the finite tensor category C. Let also CG denote the corresponding equivari-
antization.

The G-action gives rise to a normal Hopf monad T = T ρ on C in such
a way that CT ρ ' CG as tensor categories over C (see Example 3.6). As
discussed in [7, Subsection 5.3], we obtain in this way a (central) exact
sequence of tensor categories

RepG→ CG → C.

Suppose that C is a fusion category. The category C o T ρ and its module
categories were studied by Nikshych in [20]. It follows from [20, Proposition
3.2] that C o T ρ is equivalent to the crossed product tensor category C oG
constructed by Tambara in [27].

Remark 7.6. Recall that a fusion category is called pointed if all its simple
objects are invertible. On the other side, a fusion category C is called group-
theoretical if it is Morita equivalent to a pointed fusion category, that is, if
there exists an exact (hence semisimple) indecomposable C-module category
M such that EndC(M) is a pointed fusion category. See [12, Subsection
8.8].

The fact that CG is Morita equivalent to the crossed product CoG implies
immediately that if C is a pointed fusion category, then any equivariantiza-
tion CG is group-theoretical, because in this case C o G is itself a pointed
fusion category.

We observe, however, that this feature does not extend to more general
(even normal) Hopf monads. Take for instance H = Hp to be the non
group-theoretical semisimple Hopf algebra of dimension 4p2 in [20, Section
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5], where p is an odd prime number. It follows from [20, Proposition 5.2]
that there is an exact sequence of Hopf algebras

k→ kZ2 → H → H → k,
where H is a certain semisimple Hopf algebra introduced by Masuoka. Hence
we get an exact sequence of fusion categories

H- mod→ H- mod→ kZ2- mod .

Therefore the non group-theoretical fusion category H- mod is equivalent to
the fusion category (kZ2- mod)T , where T is the normal Hopf monad on the
pointed fusion category kZ2- mod given by Proposition 7.1.

Nevertheless we have the following:

Proposition 7.7. Let C be a pointed fusion category and T be a normal
faithful k-linear Hopf monad on C. Suppose that the induced Hopf algebra
of T is commutative. Then CT is a group-theoretical fusion category.

Proof. Since CT is an extension of C by H- mod, then CT is an integral fusion
category of Frobenius-Perron dimension equal to dimH |G|, where G is the
group of invertible objects of C. See [7, Propositions 4.9 and 4.10]. By [12,
Corollary 8.14 and Theorem 8.35], C o T is also an integral fusion category
of Frobenius-Perron dimension dimH |G|.

Let H be the induced Hopf algebra of T . By Proposition 7.3, we have
an equivalence of k-linear categories (C o T )rev ' H- mod� C. Since H is
commutative, then the category H- mod is also pointed. Let g1, . . . , gn be
the pairwise non-isomorphic invertible objects of H- mod, where n = dimH,
and let h1, ,̇h|G| be the pairwise non-isomorphic invertible objects of C. Then
the simple objects of H- mod� C are, up to isomorphism, gi�hj , 1 ≤ i ≤ n,
1 ≤ j ≤ |G|.

In particular the category H- mod� C has n|G| simple objects. Then so
does the category CoT . Since CoT is integral, then for every simple object
X ∈ C o T , we must have FPdimX = 1, that is, X is an invertible object.
Hence the category C o T is pointed and therefore CT is group-theoretical,
as claimed. �

Proposition 7.7 allows us to recover the fact that any semisimple Hopf
algebra H such that H fits into an exact sequence k→ kΓ → H → kF → k,
where Γ and F are finite groups, is group-theoretical. In fact, we have in this
case H- mod ' (kΓ- mod)T , where T is the associated normal Hopf monad.
From Proposition 7.1 we have that the induced Hopf algebra of T is the
commutative Hopf algebra kF .
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Universidad Nacional de Córdoba
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