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Abstract. We develop some techniques for studying exact module cat-
egories over some families of pointed finite-dimensional Hopf algebras.
As an application we classify exact module categories over the tensor
category of representations of the small quantum groups uq(sl2).

1. Introduction

Given a tensor category C, a module category over C is an abelian cat-
egory M together with an exact functor C × M → M satisfying natural
associativity and unity axioms. This rather general notion appears, and is
implicitly present, in many different areas of mathematics and mathematical
physics, such as the theory of weak Hopf algebras [O03a], subfactor theory
[BEK00], extensions of vertex algebras [KO02], affine Hecke algebras [BO01]
and conformal field theory, see for example [FS01], [CS07], [CS08]. In this
case one is interested in the tensor category of representations of a certain
vertex algebra, and irreducible objects of a module category are interpreted
as boundary conditions for the conformal field theory.

The language of module categories was used with profit in diverse papers.
It is present the study of fusion categories, see [ENO05], [ENO08], and in
relation with dynamical twists [M07]. In [N07] module categories were used
to describe some properties of semisimple Hopf algebras.

Etingof and Ostrik proposed [EO04], as an important problem, the cla-
ssification of a certain class of module categories, called exact, and not only
of semisimple module categories. This was done in the framework of the
study of finite tensor categories not necessarily semisimple, motivated by
its relation, among others, with logarithmic conformal field theories. Such
classification is available only for few examples, see [EO04], [O03a], [O03b],
[O08].

This paper arises mainly motivated by the problem of classifying module
categories over the tensor category of representations of the small quantum
groups uq(g), for a simple Lie algebra g and q a primitive root of unity.
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One of the goals of this paper is the classification in the case g = sl2.
This particular problem was proposed by V. Ostrik at the meeting Groupes
quantiques dynamiques et categories de fusion, at CIRM, Marseille 2008.

The paper is organized as follows. In section 2 we give a brief account of
the basic definitions of graded and coradically graded Hopf algebras, twist-
ing in Hopf algebras and Hopf-Galois extensions. In section 3 we recall
some basic facts on exact module categories as introduced by Etingof and
Ostrik [EO04], and we also recall some results on module categories over the
tensor category of representations of a finite-dimensional Hopf algebra. In
particular we recall the main result from [AM07] that any exact indecom-
posable module category over Rep(H), H a finite-dimensional Hopf algebra,
is equivalent to the category of left K-modules, for some right H-simple left
H-comodule K.

Section 4 is devoted to the study of filtered (graded) comodule algebras
over a filtered (graded) Hopf algebra. In section 5 we study the relation
between liftings of graded comodule algebras, that is comodule algebras A
such that grA ' G, where G is a given graded comodule algebra, and formal
deformations of G. This is completely analogous to the study of liftings of
Hopf algebras in [DCY05].

The different liftings of a given comodule algebra are controlled by a
certain double complex which we present in section 6 generalizing previous
results of D. Yau [Y07], [Y08].

In section 7 we show that if A is a certain graded comodule algebra
over a Hopf algebra H constructed by a bosonization as H = B(V )#kG,
where B(V ) is the Nichols algebra of a Yetter-Drinfeld module V over the
group algebra kG over a cyclic group G, then A is determined by a certain
homogeneous coideal subalgebra in B(V ) and a subgroup of G.

Using the techniques developed previously, in section 8 we present the
classification of exact module categories over the Taft Hopf algebras, the
Radford Hopf algebras, the book Hopf algebras and over the Lusztig’s small
quantum groups uq(sl2).

2. Preliminaries and notation

Throughout this work k will denote an algebraically closed field of char-
acteristic zero. All vector spaces, algebras and linear categories will be
considered over k. By k× we shall denote the non-zero elements of k.

If A is an algebra, we shall denote by AM the category of finite-dimensional
left A-modules. If H is a Hopf algebra Rep(H) will denote the tensor cat-
egory of finite-dimensional representations of H and H

HYD will denote the
category of Yetter-Drinfeld modules of H.

Given a Hopf algebra H, a left H-comodule algebra is a collection (A,µ, λ),
where (A,µ) is an algebra, λ : A → H⊗kA is the H-comodule structure
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on A such that λ is an algebra map. We shall sometimes denote this co-
module algebra by (A, λ). We will denote it by (A,µ, λ) only when spe-
cial emphasis on the product is needed. The set of coinvariants of A is
Aco H = {a ∈ A : λ(a) = 1⊗a}.

If A is an H-comodule algebra via λ : A → H⊗kA, we shall say that a
(right) ideal J is H-costable if λ(J) ⊆ H⊗kA. We shall say that A is (right)
H-simple if there is no nontrivial H-costable (right) ideal in A.

Let A be a left H-comodule algebra. We denote by HMA the category of
left H-comodules, right A-modules M such that the right A-module struc-
ture M⊗kA → M is an H-comodule map. If P ∈ HMA we will denote by
EndH

A (P ) the space of A-module and H-comodule endomorphisms.

A left coideal subalgebra of H is a subalgebra K ⊆ H such that ∆(K) ⊆
H⊗kK. It is well-known that if H is finite-dimensional, K is a left coideal
subalgebra of H and Q denotes the coalgebra H/HK+, then the pair of
functors F : HMK → QM, F(M) = M/MK+ and G : QM → HMK ,
G(V ) = H¤QV give an equivalence of categories. See [Ma92], [Sk07].

For a coalgebra C we shall denote by C0 the coradical and by C0 ⊆ C1 ⊆
C1 · · · ⊆ Cn ⊆ . . . the coradical filtration. For more details see [Sw69].

Let us recall that a coalgebra C is said to be N0-graded, or graded for
short, if C =

⊕
i C(i), such that ∆(C(n)) j

⊕n
i=0 C(i)⊗kC(n − i) for all

n ∈ N0 and ε(C(n)) = 0 for all n ≥ 1. A coalgebra is coradically graded if it
is graded and the coradical filtration is given by Cn =

⊕n
i=0 C(i).

A Hopf algebra H is N0-graded, or graded for short, if it is N0-graded as
an algebra and a coalgebra by the same grading.

A filtration on a Hopf algebra H is an algebra filtration H0 ⊆ H1 ⊆
· · · ⊆ Hm = H such that for all n = 0 . . . m

∆(Hn) ⊆
n∑

i=0

H i⊗kHn−i.

If H is a filtered Hopf algebra such that H0 is a Hopf subalgebra then
the graded algebra associated to the filtration grH =

⊕
n≥0 Hn/Hn−1, here

H−1 = 0, is a graded Hopf algebra. The associated graded Hopf algebra to
the coradical filtration will be denoted by grcH. It is a well-known fact that
grcH is a coradically graded Hopf algebra.

Let H be a graded Hopf algebra. A lifting of H is filtered Hopf algebra
structure U on the same underlying vector space H such that grU = H.

Two liftings U and V of H are said to be equivalent if there is a Hopf al-
gebra isomorphism φ : U → V such that grφ = id H . The set of equivalence
classes of liftings of H will be denoted by Lift(H).
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2.1. Twisting comodule algebras. Let us recall that a Hopf 2-cocycle is
a map σ : H⊗kH → k, invertible with respect to convolution, such that

σ(x(1), y(1))σ(x(2)y(2), z) = σ(y(1), z(1))σ(x, y(2)z(2)),(2.1)

σ(x, 1) = ε(x) = σ(1, x),(2.2)

for all x, y, z ∈ H. Using this cocycle there is a new Hopf algebra structure
constructed over the same coalgebra H with the product described by

x.[σ]y = σ(x(1), y(1))σ
−1(x(3), y(3)) x(2)y(2), x, y ∈ H.

We shall denote by Hσ this new Hopf algebra. We shall denote by σH the
space H with new multiplication given by

x · y = σ(x(2), y(2)) x(1)y(1),(2.3)

for all x, y ∈ H. The algebra σH is a left H-comodule algebra with coaction
given by the coproduct of H.

We shall say that σ is cocentral if for all x, y ∈ H

(2.4) σ(x(1), y(1)) x(2)y(2) = σ(x(2), y(2)) x(1)y(1).

It is obvious that σ is cocentral if and only if Hσ = H. A useful way
to check if a certain 2-cocycle σ is cocentral is to prove that the coproduct
σH :→ σH⊗kH makes σH a right H-comodule algebra. This observation
will be used later without further mention.

If σ : H ⊗H → k is a 2-cocycle and K is a left H-comodule algebra, then
we can define a new product in K by

a.σb = σ(a(−1), b(−1)) a(0).b(0),(2.5)

a, b ∈ K. We shall denote by Kσ this new algebra. It is easy to see that
Kσ is a left Hσ-comodule algebra. The following basic result will be useful
later.

Lemma 2.1. Let σ : H ⊗ H → k be a Hopf 2-cocycle and K be a left H-
comodule algebra. There is an equivalence of categories HMK ' HσMKσ .

Proof. If M ∈ HMK we define a right Kσ-module structure by

m ·σ k = σ(m(−1), k(−1)) m(0) · k(0),

for all k ∈ K, m ∈ M . We shall denote by Mσ the object M with this
new action and the same left H-comodule structure. By a straightforward
computation one can prove that Mσ ∈ HσMKσ and that the functor M 7−→
Mσ is an equivalence of categories. ¤

In particular if K ⊆ H is a left coideal subalgebra, Q = H/HK+ and
σ : H ⊗H → k is a cocentral 2-cocycle then the categories HMKσ , QM are
equivalent.
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The following definition will be used later.

Definition 2.2. A Hopf 2-cocycle σ : H ⊗H → k is compatible with a left
coideal subalgebra K ⊆ H if for any x, y ∈ K, σ(x(2), y(2)) x(1)y(1) ∈ K.

In the case when σ is compatible with K we denote σK the left H-
comodule algebra obtained from K using multiplication given as in (2.3).
Any cocentral 2-cocycle is compatible with any left coideal subalgebra and
in this case σK = Kσ.

2.2. Hopf Galois extensions. Let H be a Hopf algebra. A left H-Galois
extension of an algebra R is an algebra A with a left H-comodule algebra
structure, A → H⊗kA, a → a(−1)⊗a(0), such that Aco H = R and the
canonical map can : A⊗RA → H⊗A, can(a⊗b) = a(−1)⊗ a(0)b is a bijection.
For more details on this subject the reader is referred to [SS04].

It is well known that if σ : H⊗kH → k is a 2-cocycle then σH is a H-
Galois extension of the field k. In the finite-dimensional case the converse
also holds, that is, if H is finite-dimensional and A is a finite-dimensional
left H-Galois extension of the field then there is a 2-cocycle σ such that
A ' σH.

3. Exact module categories over finite tensor categories

We recall the definitions of module categories over finite tensor categories.
For more details the reader is referred to [O03a], [EO04].

A module category over a tensor category C is an abelian category M
equipped with an exact bifunctor ⊗ : C×M→M and natural associativity
and unit isomorphisms mX,Y,M : (X⊗Y )⊗M → X⊗(Y ⊗M), `M : 1⊗M →
M such that for any X,Y, Z ∈ C, M ∈M.

(id ⊗mY,Z,M )mX,Y⊗Z,M (aX,Y,Z ⊗ id) = mX,Y,Z⊗M mX⊗Y,Z,M ,(3.1)

(id ⊗ `M )mX,1,Y = rX ⊗ id .(3.2)

A module functor between module categories M and M′ over a tensor
category C is a pair (F , c), where F : M → M′ is a k-linear functor and
cX,M : F(X ⊗M) → X ⊗F(M) is a natural isomorphism such that for any
X, Y ∈ C, M ∈M:

(id X ⊗ cY,M )cX,Y⊗MF(mX,Y,M ) = mX,Y,F(M) cX⊗Y,M ,(3.3)

`F(M) c1,M = F(`M ).(3.4)

Let M1 and M2 be module categories over C. We shall denote by
HomC(M1,M2) the category whose objects are module functors (F , c) from
M1 to M2. A morphism between (F , c) and (G, d) ∈ HomC(M1,M2) is a
natural transformation α : F → G such that for any X ∈ C, M ∈M1:

dX,MαX⊗M = (id X⊗αM )cX,M .(3.5)
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Two module categories M1 and M2 over C are equivalent if there exist
module functors F : M1 → M2 and G : M2 → M1 and natural isomor-
phisms idM1 → F ◦G, idM2 → G ◦ F that satisfy (3.5).

The direct sum of two module categories M1 and M2 over a tensor cat-
egory C is the k-linear category M1 × M2 with coordinate-wise module
structure.

A module category is indecomposable if it is not equivalent to a direct
sum of two non trivial module categories.

In this paper we further assume that all module categories have finitely
many isomorphism classes of simple objects. The following definition of a
very important class of module categories is due to P. Etingof and V. Ostrik.

Definition 3.1. [EO04] A module category M over a finite tensor category
C is exact if for any projective P ∈ C and any M ∈ M, the object P⊗M is
projective in M.

Any semisimple finite module category over a finite tensor category C is
exact. A direct sum of finite module categories is exact if and only if each
summand is exact. Therefore, any exact module category over C is a finite
direct product of exact indecomposable module categories over C, see [EO04,
Prop. 3.9].

3.1. Module categories over Hopf algebras. We recall some results
concerning exact module categories over the category of representations of
Hopf algebras. Let H be a finite-dimensional Hopf algebra.

If λ : A → H⊗kA is a left H-comodule algebra then the category of
finite-dimensional left A-modules AM is a module category over Rep(H)
with action ⊗ : Rep(H) × AM → AM, X⊗M = X⊗kM , for all X ∈
Rep(H),M ∈ AM. The left A-module structure on X⊗kM is given by λ,
that is, if a ∈ A, x ∈ X,m ∈ M then a · (x⊗m) = a(−1) · x⊗ a(0) ·m.

If A is right H-simple then AM is an exact indecomposable module cate-
gory over Rep(H), see [AM07, Prop. 1.20]. The exactness is a consequence
of the beautiful results obtained by Skryabin [Sk07] on comodule algebras.

Remark 3.2. In particular the category AM is an exact indecomposable
module category over Rep(H) when

(1) A = Kσ, K ⊆ H is a coideal subalgebra and σ : H⊗kH → k is a
cocentral Hopf 2-cocycle,

(2) or, more generally, A = σK where K ⊆ H is a left coideal subalgebra
and σ : H⊗kH → k is a 2-cocycle compatible with K.

Theorem 3.3. [AM07, Theorem 3.3] IfM is an exact idecomposable module
category over Rep(H) then M' AM for some right H-simple left comodule
algebra A with Aco H = k. ¤
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Two left H-comodule algebras A and B are Morita equivariant equivalent,
and we shall denote it by A ∼M B, if the module categories AM, BM are
equivalent as module categories over Rep(H).

Proposition 3.4. [AM07, Prop. 1.24] The algebras A and B are Morita
equivariant equivalent if and only if there exists P ∈ HMB such that A '
EndB(P ) as H-comodule algebras. ¤

The left H-comodule structure on EndB(P ) is given by λ : EndB(P ) →
H⊗k EndB(P ), λ(T ) = T (−1)⊗T (0) where

(3.6) 〈α, T (−1)〉T0(p) = 〈α, T (p(0))(−1)S−1(p(−1))〉T (p(0))(0),

for any α ∈ H∗, T ∈ EndB(P ), p ∈ P . It is easy to prove that EndB(P )co H =
EndH

B (P ).

Let K ⊆ H be a left coideal subalgebra and σ : H⊗kH → k be a cocentral
2-cocycle. Let us denote by Q the quotient H/HK+.

Lemma 3.5. Let A be a right H-simple left H-comodule algebra with triv-
ial coinvariants Morita equivariant equivalent to Kσ. Then there exists
an indecomposable object P ∈ QM such that A ' EndKσ((H¤QP )σ) and
dimA = (dimP )2 dimK.

Proof. The existence of the object P such that A ' EndKσ((H¤QP )σ)
follows by Proposition 3.4 and Lemma 2.1. Since the coinvariants are trivial
Aco H = k then EndH

B (H¤QP ) = k and this implies that H¤QP must be
indecomposable thus P is also indecomposable. Since H ' K⊗Q as left
K-modules, right Q-comodules, then H¤QP ' K⊗P , whence dimA =
(dimP )2 dimK. ¤

Let us further assume that Q is a pointed cosemisimple coalgebra. Thus,
if P ∈ QM is an indecomposable object then is 1-dimensional and there
exists a group-like element g ∈ Q and 0 6= v ∈ P such that P = k < v > and
δ(v) = g⊗v is the left Q-comodule structure on P . In this case H¤QP ' gK.

Lemma 3.6. Under the above assumptions if A is a left H-comodule algebra
such that A ∼M Kσ then A ' (gKg−1)σg , for some group-like element
g ∈ G(H) and σg : H⊗kH → k is the Hopf 2-cocycle given by

σg(x, y) = σ(g−1xg, g−1yg),

for any x, y ∈ H.

Proof. From the above considerations A ' EndKσ((gK)σ). Any element
T ∈ EndKσ((gK)σ) is determined by the value T (g). Indeed, any element
gx ∈ gK can be written uniquely gx = g ·σ

(
σ−1(g, x(1)) x(2)

)
. Here, for

any x, y ∈ H we are denoting x ·σ y = σ(x(1), y(1)) x(2)y(2) the product as in
(2.5).
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The maps φ : (gKg−1)σg → EndKσ((Kg)σ), ψ : EndKσ((Kg)σ) →
(gKg−1)σg given by

φ(gy−1g)(g · x) = g · (x · y), ψ(T ) = g−1T (g),

for any x, y ∈ K T ∈ EndKσ((Kg)σ) are well-defined maps one the inverse of
each other. It is straightforward to verify that both maps are H-comodule
morphisms.

¤

Example 3.7. Let G be a finite group, F ⊆ G be a subgroup and H = kG
is the group algebra. The group algebra kF is a left coideal subalgebra of H.
Let also ψ ∈ Z2(G,k×) be a (necessarily cocentral) 2-cocycle. Let us denote
by kψF the twisted group algebra. An indecomposable object P ∈ QM,
Q = kG/(kF )+kG must be one-dimensional, say P =< kg >. If A ∼M kψF
then there exists an element g ∈ G such that A ' kψg

F g, where F g is the
conjugate of F . This result is contained in [O03a, Thm 2].

4. Graded and filtered comodule algebras

Let us assume that H is a finite-dimensional filtered Hopf algebra with
filtration given by H0 ⊆ H1 ⊆ · · · ⊆ Hm = H such that H0 is a Hopf
subalgebra.

Given a left H-comodule algebra (A, λ), we shall say that a filtration
A0 ⊆ A1 ⊆ · · · ⊆ Am is a comodule algebra filtration compatible with the
filtration of H if it is an algebra filtration and for each n = 0, . . . , m

(4.1) λ(An) ⊆
n∑

i=0

H i⊗kAn−i.

Observe that A0 is a left H0-comodule algebra. Whenever no confusion
arises we shall simply say that A is a filtered H-comodule algebra.

Any filtration on the Hopf algebra induces a compatible filtration on a
comodule algebra.

Lemma 4.1. Let H0 ⊆ H1 ⊆ · · · ⊆ Hm = H be a filtration on the Hopf
algebra H and (A, λ) a comodule algebra. Define An = λ−1(Hn⊗A) for all
n = 0 . . . m, then A0 ⊆ · · · ⊆ Am = A is a filtration compatible with the
filtration on H.

Proof. Since λ is an algebra map, for any i, j we have that AiAj ⊆ Ai+j .
Let be 0 ≤ n ≤ m and a ∈ An, then λ(a) ∈ Hn⊗A, hence

(id H⊗λ)λ(a) = (∆⊗id A)λ(a) ∈
n∑

i=0

H i⊗Hn−i⊗A.

Whence λ(a) ∈ ∑n
i=0 H i⊗An−i.

¤



MODULE CATEGORIES OVER POINTED HOPF ALGEBRAS 9

As a consequence any comodule algebra (A, λ) has a distinguished filtra-
tion compatible with the coradical filtration on H, the Loewy series on A;
it is the filtration A0 ⊆ A1 ⊆ · · · ⊆ Am defined by An = λ−1(Hn⊗A) for all
n ∈ N.

Definition 4.2. Let H = ⊕m
i=0H(i) be a graded Hopf algebra. We shall

say that a left H-comodule algebra G, with comodule structure given by
λ : G → H⊗kG, graded as an algebra G = ⊕m

i=0G(i) is a graded comodule
algebra if for each 0 ≤ n ≤ m

λ(G(n)) ⊆
m⊕

i=0

H(i)⊗kG(n− i).

A graded comodule algebra G = ⊕m
i=0G(i) is Loewy-graded if it is a graded

comodule algebra and the Loewy series is given by Gn = ⊕n
i=0G(i).

Let (A, λ) be a filtered left H-comodule algebra, A0 ⊆ A1 ⊆ · · · ⊆ Am

compatible with the filtration H0 ⊆ H1 ⊆ · · · ⊆ Hm = H. We can consider
the graded algebra grA =

⊕
n≥0 An/An−1, where A−1 = 0. The graded

algebra associated to the Loewy series will be denoted by grlA.

There is a well defined map λ : gr A → gr H⊗ grA such that the following
diagram commutes

An λ−−−−→ ⊕n
i=0 H i⊗kAn−i

y
y

An/An−1 −−−−→ (∑n
i=0 H i⊗kAn−i

)
/

∑n−1
j=0 Hj⊗kAn−1−j

y
y'

grA(n) λ−−−−→ ∑n
i=0 gr H(i)⊗k gr A(n− i).

Lemma 4.3. The space (grA, λ) is a graded grH-comodule algebra and
(grlA, λ) is a Loewy-graded grcH-comodule algebra.

Proof. This is a well-known fact. The proof can be found for example in
[AD03], [Sw69]. ¤

The following result will be useful when we relate module categories over
a Hopf algebra H and over grcH.

Proposition 4.4. Let H0 ⊆ H1 ⊆ · · · ⊆ Hm = H be a filtration on the
Hopf algebra H such that H0 is a semisimple Hopf subalgebra. Let A be a
left H-comodule algebra and consider the filtration Ai = λ−1(H i⊗kA) for
any i = 0, . . . , m. The following assertions are equivalent.

(1) A0 is right H0-simple.
(2) A is right H-simple.
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Proof. Let us assume that A0 is right H0-simple. Let J ⊆ A be a right ideal
H-costable. Consider the filtration on J , J0 ⊆ J1 ⊆ . . . Jm = J , given by
J i = λ−1(H i⊗kJ). The space J0 ⊆ A0 is a right ideal H0-costable, thus
J0 = 0 or J0 = A0. In the second case 1 ∈ J and thus J = A. Let us assume
that J0 = 0. Follows from Lemma 4.1 that λ(Jn) ⊆ ∑n

i=0 H i⊗kJn−i. Then
λ(J1) ⊆ H0⊗kJ1 thus J1 = J0. Arguing inductively follows that Jn = Jn−1

for all n, thus J = 0.

Assume A is right H-simple. Since H0 is semisimple, using [Li03, Thm.
3.1], we obtain that the Jacobson radical J(A0) is a H0-costable ideal of A0,
hence J(A0)A is a right ideal H-costable in A. Since the radical is nilpotent
the equality J(A0)A = A is impossible, therefore J(A0)A = 0 and A0 is
semisimple. Thus, the inclusion A0 ⊆ A splits, that is, there is a left A0-
module B ⊆ A such that A = A0 ⊕B. Now, let J ⊆ A0 be a nonzero right
H0-costable ideal. Then JA = J ⊕ JB ⊆ J ⊕B. Since A is right H-simple
we obtain that JA = A which implies that J = A0. ¤

Under the same hypothesis as Proposition 4.4 we have the following result.

Corollary 4.5. The following assertions are equivalent.

(1) A0 is right H0-simple.
(2) grA is right grH-simple.
(3) A is right H-simple.

Proof. (1) is equivalent to (3) is Proposition 4.4. But the same proof works
for grA since (grA)0 = A0. ¤

5. Liftings and formal deformation of comodule algebras

For the rest of this section (H, ∆,m) will denote a graded Hopf algebra
with grading H = ⊕m

i=0H(i).

Let G be a graded H-comodule algebra. If U is a lifting for H, we shall
say that A is a lifting for G along U if A = G as vector spaces and A is a
filtered left U -comodule algebra and grA ' G as left H-comodule algebras.

Two liftings A,B of G along U are said to be equivalent if there is an
isomorphism of filtered U -comodule algebras ψ : A → B such that grψ =
id G. We shall denote by Lift(A,U) the set of equivalence classes of liftings
of A along U .

5.1. Formal bialgebra deformation. Let us recall graded bialgebra de-
formation from [DCY05]. See also [MW07]. For any l ∈ N ∪ {∞} consider
the free k[t]/(tl+1)-module H[t]/(tl+1) as a graded vector space over k by
deg t = 1 and deg h = i if h ∈ H(i). If l = ∞, H[t]/(tl+1) = H[t] and
k[t]/(tl+1) = k[t].
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An l-deformation of H is a collection
(
H[t]/(tl+1),ml,∆l

)
, where

ml : (H⊗kH)[t]/(tl+1) → H[t]/(tl+1), ∆l : H[t]/(tl+1) → (H⊗kH)[t]/(tl+1)

are k[t]/(tl+1)-linear maps homogeneous of degree 0, such that H[t]/(tl+1)
is a bialgebra. This implies that there are maps ∆l

s : H → H⊗kH, ml
s :

H⊗kH → H of degree −s such that for all x, y ∈ H

∆l(x) =
l∑

s=0

∆l
s(x) ts, ml(x⊗y) =

l∑

s=0

ml
s(x⊗y) ts.

It is also required that ∆l
0 = ∆ and ml

0 = m.

Two l-deformations
(
H[t]/(tl+1),ml, ∆l

)
and

(
H[t]/(tl+1), m̃l, ∆̃l

)
are iso-

morphic if there exists a bialgebra isomorphism φ : H[t]/(tl+1) → H[t]/(tl+1)
homogeneous of degree 0. In this case there are maps φs : H → H homoge-
neous of degree −s such that for any h ∈ H, φ(h) =

∑l
s=0 φs(h)ts. Here it

is required that φ0 = id H .
The set of equivalence of l-deformations is denoted by Isol(H). When

l = ∞, this set is simply denoted by Iso(H).

The following result is [DCY05, Thm. 2.2].

Theorem 5.1. There exists a natural bijection between Lift(H) and Iso(H).

5.2. Formal deformation for comodule algebras. Let us fix a l-deformation(
H[t]/(tl+1),ml, ∆l

)
of H that we shall denote by Hl for short. Let also

(G,µ, λ) be a graded left H-comodule algebra.

Definition 5.2. An l-deformation of G is a collection
(
G[t]/(tl+1), µl, λl

)
where µl : (G⊗kG)[t]/(tl+1) → G[t]/(tl+1), λl : G[t]/(tl+1) → (H⊗kG)[t]/(tl+1)
are k[t]/(tl+1)-linear maps homogeneous of degree zero such that G[t]/(tl+1)
is a left Hl-comodule algebra. In particular there are maps λl

s : G → H⊗kG,
µl

s : G⊗kG → G homogeneous of degree −s such that for any a, b ∈ G

λl(a) =
l∑

s=0

λl
s(a) ts, µl(a⊗b) =

l∑

s=0

µl
s(a⊗b) ts.

It is required that λl
0 = λ and µl

0 = µ.

The associativity of the product, the coassociativity and the compatibility
of the coaction of G[t]/(tl+1) with the product imply that for any 0 ≤ n ≤ l

(5.1)
∑

i+j=n

µl
i(µ

l
j⊗id G) =

∑

i+j=n

µl
i(id G⊗µl

j),

(5.2)
∑

i+j=n

(id H⊗λl
i)λ

l
j =

∑

i+j=n

(∆l
i⊗id G)λl

j ,

(5.3)
∑

i+j=n

λl
iµ

l
j =

∑

i+j+k+r=n

(ml
i⊗µl

j) τ23 (λl
k⊗λl

r).
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Two l-deformations
(
G[t]/(tl+1), µl, λl

)
,

(
G̃[t]/(tl+1), µ̃l, λ̃l

)
are equiva-

lent if there exists an homogeneous map of degree zero φ : G[t]/(tl+1) →
G̃[t]/(tl+1) such that φ is a k[t]/(tl+1)-linear isomorphism of Hl-comodule
algebras. In particular there are homogeneous maps φs : G → G̃ of degree
−s such that

φ(a) =
l∑

s=0

φs(a) ts,

for all a ∈ G. We required that φ0 = id G. Denote by Isol(G, Hl) the set
of equivalence classes of l-deformations of G. The proof of the following
Lemma is completely analogous to [DCY05, Lemma 2.1].

Lemma 5.3. For l > l′ there exist a restriction map resl,l′ : Isol(G,Hl) →
Isol′(G,Hl′), and maps rl : Iso∞(G,H∞) → Isol(G,Hl) such that

Iso∞(G,H∞) ' lim←−l∈N Isol(G,Hl)

¤
The result [DCY05, Th. 2.2] can be extended to the comodule algebra

setting in a natural way. Let U be a lifting of H corresponding to the
l-deformation Hl under Theorem 5.1.

Theorem 5.4. There is a natural bijection Iso∞(G,H∞) ' Lift(G,U).

The following technical Lemma will be crucial to find liftings of certain
comodule algebras over pointed Hopf algebras.

Let F be a finite Abelian group, H = ⊕m−1
i=0 H(i) be a finite-dimensional

coradically graded Hopf algebra, U0 ⊆ U1 ⊆ · · · ⊆ Um−1 = U a filtered
Hopf algebra U with U0 = kF = H(0), such that grU = H. Let g ∈ F and
x ∈ U1 − U0 an element such that

∆(x) = x⊗1 + g⊗x, fx = χ(f) xf,(5.4)

for any f ∈ F where χ is a character for F .
Let (G,λ0) be a Loewy-graded H-comodule with grading G = ⊕m−1

i=0 G(i)
such that G(0) ' kF̃ as H-comodules, where F̃ ⊆ F is a subgroup, that is
there exists a base {ef : f ∈ F̃} of G such that the comodule structure are
given by λ(ef ) = f⊗ef , for any f ∈ F̃ .

Let (A, λ) be a left U -comodule algebra and let us consider the filtration
Ai = λ−1(U i⊗kA). Assume that grA = G.

Lemma 5.5. Under the above assumptions, if y ∈ G(1) is an element such
that

λ0(y) = x⊗1 + g⊗y, efy = χ(f) yef ,

for all f ∈ F̃ , then there exists an element y ∈ A1 such that λ(y) = x⊗1 +
g⊗y, efy = χ(f) yef for all f ∈ F̃ and the class of y in A1/A0 = G(1)
equals to y.
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Proof. Since we know that there are homogeneous maps λs : G → H⊗kG
of degree −s, such that the coaction of A is λ =

∑
s=0 λs, then λ(y) =

x⊗1 + g⊗y + λ1(y) where λ1(y) ∈ H(0)⊗G(0). Let us write ω = λ1(y). Set
ω =

∑
h∈F,f∈F̃

αh,f h⊗ef , where αh,f ∈ k. Since (id⊗λ)λ = (∆⊗id )λ then
∑

h∈F,f∈F̃

αh,f h⊗h⊗ef =
∑

h∈F,f∈F̃

αh,f h⊗f⊗ef +
∑

h∈F,f∈F̃

αh,f g⊗h⊗ef ,

whence we deduce that ω =
∑

f∈F̃ ,f 6=g
βf (g− f)⊗ef for some βf ∈ k. If we

define a =
∑

f∈F̃ ,f 6=g
βf ef then ω = g⊗a−λ(a), thus the element y = y +a

satisfies that λ(y) = x⊗1 + g⊗y.
The space P = {y ∈ A : λ(y) = µx⊗1 + g⊗y, µ ∈ k} is stable under the

action of F̃ given by
f · y = efyef−1 .

Thus there exists an element y ∈ P such that for any f ∈ F̃ f · y = χ′(f) y,
for some χ′ : F̃ → k. Since for all f ∈ F̃ fx = χ(f) xf then χ′ = χ and this
ends the proof of the Lemma.

¤

6. Deformation bicomplex for comodule algebras

In [Y08] and [Y07] the author introduced a bicomplex to study algebraic
deformations of H-comodule algebras A over a graded Hopf algebra H. The
cohomology groups of the total complex are related to formal deformations
of A over the same Hopf algebra H. In this section we introduce a certain
bicomplex generalizing the one constructed by D. Yau in a way that coho-
mology groups of the total complex are related to formal deformations of A
over a any lifting U of H.

6.1. Bialgebra cohomology. Let H be a bialgebra. For each s ∈ N and
each 1 ≤ i ≤ s define the maps ms

i , λ
s
l , λ

s
r : Hs+1 → Hs and ∆s

i , δ
s
l , δ

s
r :

Hs → Hs+1 by

ms
i (y

1⊗ . . .⊗ys+1) = y1⊗ . . .⊗yiyi+1⊗ . . .⊗ys+1,

∆s
i (y

1⊗ . . . ys) = y1⊗ . . .⊗yi
(1)⊗yi

2⊗ . . .⊗ys,

λs
l (x⊗y1⊗ . . . ys) = x(1)y

1⊗ . . .⊗x(s)y
s,

λs
r(y

1⊗ . . . ys⊗x) = y1x(1)⊗ . . .⊗ysx(s),

δs
l (y

1⊗ . . . ys) = y1
(1) . . . ys

(1)⊗y1
(2)⊗ . . .⊗ys

(2),

δs
r(y

1⊗ . . . ys) = y1
(1)⊗ . . .⊗ys

(1)⊗y1
(2) . . . ys

(2),

for all x, y1, . . . , ys ∈ H.
Let Cp,q(H) = Homk(H⊗p,H⊗q) and let

∂h
p,q : Cp,q → Cp+1,q, ∂v

p,q : Cp,q → Cp,q+1,
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be the maps defined by ∂h
p,q =

∑p+1
i=0 (−1)i ∂h

p,q[i], and ∂v
p,q =

∑q+1
i=0 (−1)i ∂v

p,q[i],
where for any f ∈ Cp,q(H)

∂v
p,q[i](f) =





(id H⊗f)δp
l if i = 0

∆q
i ◦ f if 1 ≤ i ≤ q

(f⊗id H)δp
r if i = q + 1

and

∂h
p,q[i](f) =





λq
l (id H⊗f) if i = 0

f ◦mp
i if 1 ≤ i ≤ p

λq
r(f⊗id H) if i = p + 1

We will use the truncated complex, that is Cp,q(H) = 0 if pq = 0.

6.2. Deformation bicomplex for comodule algebras. Let (A,µ, λ) be
a left H-comodule. For any n ∈ N and ai ∈ A define the maps

λn
1 : A⊗n → H⊗kA⊗n, λn

2 : A⊗n → H⊗n⊗kA
by

λn
1 (a1⊗ . . .⊗an) = a1

(−1) . . . an
(−1)⊗a1

(0)⊗ . . .⊗an
(0),

λn
2 (a1⊗ . . .⊗an) = a1

(−1)⊗ . . .⊗an
(−1)⊗a1

(0) . . . an
(0),

for all a1 . . . an ∈ A. Define also an A-bimodule structure on H⊗n⊗kA via
the maps

βn
l : A⊗kH⊗n⊗kA → H⊗n⊗kA, βn

r : H⊗n⊗kA⊗kA → H⊗n⊗kA,

by
βn

l (a⊗y1⊗ . . .⊗yn⊗b) = λn
l (a(−1)⊗y1⊗ . . .⊗yn)⊗a(0)b,

βn
r (y1⊗ . . .⊗yn⊗a⊗b) = λn

r (y1⊗ . . .⊗yn⊗b(−1))⊗ab(0),

for all y1, . . . , yn ∈ H, a, b ∈ A. For n = 0 we define β0
l = µ = β0

r . We also
shall need for any n ∈ N and 1 ≤ i ≤ n the maps

µn
i : A⊗n+1 → A⊗n+1, µn

i (a1⊗ . . .⊗an+1) = a1⊗ . . .⊗aiai+1⊗ . . .⊗an+1,

for all a1, . . . , an+1 ∈ A.
Let us recall the bicomplex Cp,q(A) defined by

Cp,q(A) =





0 if p = 0
Der (A) if (p, q) = (1, 0)
Homk(A⊗p,H⊗q⊗kA) otherwise.

Define the horizontal and vertical differentials

∂h
p,q : Cp,q(A) → Cp+1,q(A), ∂v

p,q : Cp,q(A) → Cp,q+1(A),

by

∂h
p,q =

p+1∑

i=0

(−1)i ∂h
p,q[i], ∂v

p,q =
q+1∑

i=0

(−1)i ∂v
p,q[i].
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Where for any f ∈ Cp,q(A)

∂h
p,q[i](f) =





βq
l (idA⊗f) if i = 0

f ◦ µp
i if 1 ≤ i ≤ p

βq
r (f⊗id A) if i = p + 1,

and

∂v
p,q[i](f) =





(id H⊗f)λp
1 if i = 0

(∆q
i⊗id A)f if 1 ≤ i ≤ q

(id H⊗q⊗λ)f if i = q + 1.

We now define a new complex. For each p, q set Cp,q(A,H) = Cp,q(A) ⊕
Cp,q+1(H). Define the horizontal and vertical differentials by

dh
p,q : Cp,q(A,H) → Cp+1,q(A,H), dv

p,q : Cp,q(A,H) → Cp,q+1(A,H)

by the formulas
dh

p,q(φ, f) = (∂h
p,qφ , ∂h

p,q+1f),
and

dv
p,q(φ, f) = (∂v

p,qφ + (−1)q (f⊗id A)λp
2 , ∂v

p,q+1f).
Here we abuse of the notation by using the same symbol for denoting the
differentials coming from the bialgebra cohomology of H and those coming
from the cohomology of the comodule algebra A.

Lemma 6.1. C∗,∗(A, H) = (Cp,q(A, H), dh
p,q, (−1)pdv

p,q) is a bicomplex.

Proof. We have to verify that the following equations hold: dh ◦ dh = 0,
dv ◦ dv = 0 and dh ◦ dv = dv ◦ dh. The first one is obvious. Let us prove the
other two.

It can be easily checked, case by case, that for any 0 ≤ i ≤ q + 2 and any
0 ≤ j ≤ p + 1 the equalities

∂v
p,q+1[i]((f⊗id A)λp

2) = (∂v
p,q[i](f)⊗id A)λp

2,

∂h
p,q+1[j]

(
(f⊗id A)λp

2

)
=

(
∂h

p,q+1[j](f)⊗id
)
λp+1

2

hold. This implies that

(6.1) ∂v
p,q+1((f⊗id A)λp

2) = (∂v
p,q(f)⊗id A)λp

2

and

(6.2) ∂h
p,q+1

(
(f⊗id A)λp

2

)
=

(
∂h

p,q+1(f)⊗id
)
λp+1

2 .

Let p, q ∈ N and (φ, f) ∈ Cp,q(A,H) then

dv
p,q+1d

v
p,q(φ, f) = dv

p,q+1

(
∂v

p,qφ + (−1)q (f⊗id A)λp
2 , ∂v

p,qf
)

=
(
∂v

p,q+1∂
v
p,qφ + (−1)q∂v

p,q+1((f⊗id A)λp
2)+

(−1)q+1(∂v
p,qf⊗id A)λp

2, ∂
v
p,q+1∂

v
p,qf

)
.
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Follows from (6.1) that this last expression is zero. By a straightforward
computation one proves that dv

p+1,qd
h
p,q = dh

p,q+1d
v
p,q using (6.2).

¤

The total complex (Tot ∗(C∗,∗(A, H)), d) of the bicomplex C∗,∗(A,H) is
defined by

Tot n(C∗,∗(A,H)) =
⊕

p+q=n

Cp,q(A)⊕
⊕

p+q=n

Cp,q+1(H),

and the differentials dn : Tot n(C∗,∗(A,H)) → Tot n+1(C∗,∗(A, H)) are de-
fined by

dn|Cn−i,i(A,H) = dh
n−i,i + (−1)p dv

n−i,i,

for each 0 ≤ i ≤ n. Borrowing the notation of D. Yau [Y08], we will denote
the cohomology groups of this complex by H∗

ca(A,H).

Let (φ, f) ∈ C2,0(A,H) = C2,0(A) ⊕ C2,1(H) , (ψ, g) ∈ C1,1(A,H) =
C1,1(A)⊕ C1,2(H). The element (φ, f) + (ψ, g) ∈ Z2

ca(A,H) if and only if

∂h
2,0φ = 0, ∂v

1,1ψ − (g⊗id A)λ = 0(6.3)

∂h
2,1f = 0 = ∂v

1,2g, ∂v
2,1f + ∂h

1,2g = 0,(6.4)

∂v
2,0φ + (f⊗id A)λ2

2 + ∂h
1,1ψ = 0.(6.5)

The next result follows from a simple computation.

Proposition 6.2. Let H be a graded Hopf algebra, (G,µ, λ) a graded left
H-comodule algebra. Let

(
H[t]/(tl+1), ml,∆l

)
be an l-deformation of H and(

G[t]/(tl+1), µl, λl
)

an l-deformation of G compatible with the deformation
of H. Then (µl

1 + ml
1) + (λl

1, ∆
l
1) ∈ Z2

ca(G,H). ¤

7. Comodule algebras over pointed Hopf algebras

Let H be a Hopf algebra and R be a braided Hopf algebra in H
HYD.

Definition 7.1. A braided left comodule algebra over R is an algebra B ∈
H
HYD together with a linear map δB : B → R⊗kB, δB(x) = x[−1]⊗x[0], such
that δB is a morphism in the category H

HYD, (B, δB) is a left R-comodule,
and such that for all x, y ∈ B

(7.1) δB(xy) = x[−1](x[0]
(−1) · y[−1])⊗x[0]

(0)y
[0].

7.1. Comodule algebras over bosonizations. We shall give a simple
recipe to produce comodule algebras over a Hopf algebra constructed from
a bosonization.
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Let H0 be a Hopf algebra and R ∈ H0
H0
YD be a braided Hopf algebra.

Let us recall that the bosonization, or Radford biproduct, H = R#H0, is
the Hopf algebra over the vector space R⊗kH0 with product and coproduct
given by

(r#g)(s#f) = rg(1) · s#g(2)f,

∆(r#g) = r(1)#(r(2))(−1)g(1)⊗(r(2))(0)#g(2),

for all r, s ∈ R, f, g ∈ H.

Let B be a braided comodule algebra over R and F be a left H0-comodule
algebra. We shall give to the tensor product B⊗kF a natural structure
of R#H0-comodule algebra. Let us define the product and left R#H0-
comodule structure by:

δ(x⊗f) = x[−1]# x[0]
(−1)f (−1)⊗x[0]

(0)⊗f (0),

(x⊗f)(y⊗g) = x(f (−1) · y)⊗f (0)g,

for all x, y ∈ B, f, g ∈ F . We shall denote by B#F the space B⊗kF together
this new product and the coaction δ.

Proposition 7.2. The following assertions hold:
(1) B#F is a left R#H0-comodule algebra.
(2) If F co H0 = k and Bco R = k then we have that (B#F )co R#H0 = k.

Proof. (1) follows by a straightforward computation.
Let

∑
xi⊗fi ∈ (B#F )co R#H0 . Then

δ(
∑

xi⊗fi) =
∑

x
[−1]
i # x

[0]
i (−1)fi(−1)⊗x

[0]
i (0)⊗fi(0) =

∑
1⊗1⊗xi⊗fi.

Applying the counit on the second tensorand we obtain that
∑

x
[−1]
i ⊗x

[0]
i ⊗fi =

∑
1⊗xi⊗fi,

whence xi ∈ Bco R = k, which implies that fi ∈ F co H0 = k. This proves
(2). ¤

7.2. Loewy-graded comodule algebras over pointed Hopf algebras.
For the rest of this section G will denote a finite group, V ∈ kG

kGYD will
denote a Yetter-Drinfeld module over G and B(V ) the associated Nichols
algebra, see [AS02] and references therein. The Nichols algebra is a N0-
graded braided Hopf algebra with grading B(V ) = ⊕m

i=0B
i(V ). Let us

denote by δ : V → k[G]⊗kV the coaction.

We denote the bosonization H = B(V )#k[G]. The Hopf algebra H is a
coradically graded Hopf algebra, with grading given by H(n) = Bn(V )⊗kk[G]
for any n = 0 . . . m. We will denote by θ : H → B(V ) and p : H → k[G] the
canonical projections. For any h ∈ H we have that h = θ(h(1))p(h(2)). The
space B(V ) are the coinvariants of H under the coaction (id⊗p)∆, that is
B(V ) = {h ∈ h : (id⊗p)∆(h) = h⊗1}.
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Let (A, λ) be a Loewy-graded left H-comodule algebra with gradation
given by A =

⊕m
i=0 A(i). Let π : A → A(0) be the canonical projection.

Let us define

BA = {a ∈ A : (id⊗π)λ(a) ∈ H⊗1}.
This space should be thought as a kind of diagram [AS02], for the comodule
algebra A. Indeed, if (A, λ) = (H, ∆) then BA = B(V ) is the diagram
corresponding to H.

For each n ∈ N define BA(n) = BA
⋂

A(n).

Proposition 7.3. The following statements holds.
(1) BA(0) = k1, BA =

⊕
n=0 BA(n).

(2) BA ⊆ A is a left H-subcomodule subalgebra, in particular λ(BA(n)) ⊆
⊕n

i=0 H(n− i)⊗kBA(i).
(3) There exists an injective H-comodule algebra homomorphism ι :

BA → B(V ) such that ι(BA(n)) ⊆ Bn(V ) for any n = 0 . . . m.
(4) If BA(1) = 0 then BA = k1.
(5) The space ι(BA(1)) ⊆ V is a kG-subcomodule.
(6) The multiplication map µ : BA⊗kA0 → A is injective.

Proof. (1). The first assertion is clear. Let a ∈ BA, then a =
∑

i=0 ai, where
ai ∈ A(i). Since (id⊗π)λ(a) ∈ H⊗k1 and the spaces H(i) are disjoint we
conclude that (id⊗π)λ(ai) ∈ H(i)⊗k1 for each i, hence ai ∈ BA(i).

(2). It is clear that BA is a subalgebra since λ and π are algebra maps.
Let a ∈ BA, then a(−1)⊗π(a(0)) = h⊗1, for some h ∈ H. Then

(7.2) ∆(h)⊗1 = a(−2)⊗a(−1)⊗π(a(0)) = a(−1)⊗a(0)(−1)⊗π(a(0)(0)).

Therefore a(−1)⊗a(0) ∈ H⊗BA.

(3). For a ∈ BA define the map ι : BA → H by ι(a) = h ∈ H, where h is
the unique element in H such that a(−1)⊗π(a(0)) = h⊗1. Using (7.2) it is
easy to see that ι is an H-comodule map.

Let us prove that ι is injective. Let a ∈ BA such that ι(a) = 0, thus
a(−1)⊗π(a(0)) = 0. Let us write a =

∑
n an where an ∈ A(n). In this case

λ(a) =
∑

n λ(an) =
∑

n

∑n
i=0 bn

i , where bn
i ∈ H(i)⊗kA(n−i), for i = 0 . . . n.

Since a(−1)⊗π(a(0)) =
∑

n bn
n = 0 this means that for each n, bn

n = 0, thus
λ(an) ∈ Hn−1⊗kA, whence an ∈ An−1, which is impossible unless an = 0
since for all n: A(n)

⋂
An−1 = 0. Thus ι is injective.

Observe that λπ = (p⊗π)λ, thus if a ∈ BA then there exists an element
h ∈ H such that a(−1)⊗π(a(0)) = h⊗1. Hence

(id⊗p)∆)(h)⊗1 = a(−2)⊗p(a(−1))⊗π(a(0)) = a(−1)⊗(p⊗π)λ(a(0))

= a(−1)⊗λπ(a(0)) = h⊗1⊗1.

Thus (id⊗p)∆(h) = h⊗1, that is h ∈ B(V ). Since H(n) = Bn(V )#kG and
ι is an H-comodule map then ι(BA(n)) ⊆ Bn(V ). This ends the proof of
(3).
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(4). Let us assume that BA(1) = 0. We can (and will) assume that
BA ⊆ B(V ). Let a ∈ BA(2) then ∆(a) ∈ H0⊗kBA(2)⊕H(2)⊗kBA(0), thus
a ∈ H1, hence a = 0. Using the same argument we can prove inductively
that BA(n) = 0 for all n ≥ 2.

(5). Let us consider W = BA(1) as a kG-comodule via (p⊗id A)λ. Then
W = ⊕g∈GWg, where Wg = {w ∈ BA(1) : p(a(−1))⊗a0 = g⊗a}. If a ∈ Wg

then λ(a) = g⊗a + va⊗1, for some va ∈ V . Note that ι(a) = va. In this
case, δ(va) = g⊗va, thus ι(W ) is a subcomodule of V .

Now, let us prove (6). Consider the map φ : A → B(V )⊗kA0 given by
φ(a) = θ(a(−1))⊗π(a(0)) and let µ : BA⊗kA0 → A be the multiplication
map. Then φ ◦ µ = ι⊗id A0 , indeed if x ∈ BA, a ∈ A0 then

φ(xa) = θ(x(−1)a(−1))⊗π(x(−1)a(0)) = θ(x(−1)a(−1))⊗π(x(−1))a(0)

= θ(ι(x)a(−1))⊗a(0) = ι(x)⊗a.

Since ι is injective this implies that µ is injective.
¤

Remark 7.4. The space ι(BA) is a left homogeneous coideal subalgebra of
B(V ). The algebra BA need not be generated by BA(1). However, in some
special cases, for example when B(V ) is a quantum linear space, BA is
always generated in degree one.

Let us further assume that (A, λ) is right H-simple. Follows by Proposi-
tion 4.4 that A(0) is right k[G]-simple and therefore there exists a subgroup
F ⊆ G and a 2-cocycle ψ ∈ Z2(F,k×) such that A(0) ' kψ[F ] as k[G]-
comodule algebras. That is, there is a basis {ef}f∈F of A(0) such that

efef ′ = ψ(f, f ′) eff ′ , λ(ef ) = f⊗ef ,

for all f, f ′ ∈ F .
In the case when ψ is trivial there is an action of F on BA given as follows.

If x ∈ BA and f ∈ F then

f · x := efxef−1 ∈ BA.

With this action and the trivial coaction δ : BA → k[F ]⊗kBA, given by
δ(x) = 1⊗x, BA is a Yetter-Drinfeld module over k[F ]. Thus, we can
consider the smash product BA#A(0) as in Proposition 7.2.

The following proposition tells us that the comodule algebra A can be
recovered from BA and A0.

Proposition 7.5. Assume that the group G is a cyclic group, then A '
BA#A(0) as H-comodule algebras.

Proof. Since G is cyclic then ψ must be trivial and A0 is isomorphic to the
group algebra kF , where F ⊆ G is a subgroup. Thus, we can consider the
product BA#A(0).
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By Proposition 7.3 (6) the multiplication map µ : BA#A0 → A is in-
jective and clearly is an H-comodule algebra map. Let us prove that µ is
surjective.

Let Q denote the quotient coalgebra H/(kF )+H and γ : H → Q the
canonical projection. Since A ∈ H

kFM, then A ' H¤QA, where A =
A/(kF )+A and the left Q-comodule structure on A is given by (γ⊗id A)λ.
The left H-comodule structure on H¤QA is given by the coproduct of H.

There is an isomorphism α : kF⊗Q
'−−→ H of left kF -modules, right

Q-comodules. Thus there is a linear isomorphism A ' kF⊗A.
It is easy to see that (H¤QA)0 = kF⊗1. Let us denote by π : H¤QA →

(H¤QA)0 the projection. The image of the injective map β : A → H¤QA
given by β(a) = α(1⊗a(−1))⊗a(0) composed with the isomorphism A '
H¤QA is inside BA. Indeed, for any a ∈ A the element

α(1⊗a(−1))(1)⊗ π(α(1⊗a(−1))(2)⊗a(0)) ∈ H⊗1.

This implies that dimA ≤ dimBA. Whence, dimA ≤ BA | F |, thus µ is
surjective and therefore a bijection. ¤
Remark 7.6. Assume we are under the hypothesis of Proposition 7.5. It is
immediate to verify that under the identification of A(0) ' kF ↪→ kG, the
space ι(BA) ⊆ B(V ) is stable under the action of F .

As a remarkable consequence of the above proposition we have the fol-
lowing result. Let U be a Hopf algebra such that grcU = B(V )#kG for a
cyclic group G.

Lemma 7.7. If A is a U -simple left U -comodule algebra with trivial coin-
variants, then dimA divides dimU . ¤

This result is related with a conjecture made by Y. Zhu for semisimple
Hopf algebras and it is related to Kaplansky’s sixth conjecture. See [Z,
Conjecture 4.1].

8. Some classification results

Let H be a pointed Hopf algebra with coradical the group algebra of a
cyclic group Cn, such that grcH = B(V )#k[Cn], where V ∈ kCn

kCn
YD is a

Yetter-Drinfeld module and B(V ) the associated Nichols algebra.

We propose the following strategy to classify module categories over the
category Rep(H). First we determine all Loewy-graded right B(V )#k[G]-
simple left B(V )#k[G]-comodule algebras A, with trivial coinvariants. By
Proposition 7.5 this comodule algebras are determined by the subalgebra
BA and A0, where BA = ⊕iBA(i) is a homogeneous left coideal subalgebra
of B(V ) stable under the action of A0. Since A0 is a kCn-simple left kCn-
comodule algebra, then A0 = kCd for some divisor d of n. In our examples
BA is generated as an algebra by BA(1), so really BA depends on a subspace



MODULE CATEGORIES OVER POINTED HOPF ALGEBRAS 21

W ⊆ V stable under the action of Cd. To end we shall find all possible liftings
of this comodule algebras.

In this section we present the classification of exact module categories over
some Hopf algebras, where the dimension of V is 1 or 2. More precisely we
will show the classification for the Taft Hopf algebras Tq, over the Radford
Hopf algebras rq, over the book Hopf algebras and over the small quantum
groups uq(sl2).

Let us recall the definition of these Hopf algebras and some other Hopf
algebras that will be used later. Some notations are taken from [AS98]. Let
n ∈ N and q be a n-th primitive root of unity.

• The Taft Hopf algebra Tq = k〈g, x| gx = q xg, gn = 1, xn = 0〉, with
coproduct determined by ∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x.

• The algebra T̂ (q) = k〈g, x| gx = q xg, gn2
= 1, xn = 0〉. The

coproduct is determined by ∆(x) = x⊗ 1 + g ⊗ x, ∆(g) = g ⊗ g.

• The Radford Hopf algebra is r(q) = k〈g, x| gx = q xg, gn2
= 1, xn =

1 − gn〉. The coproduct is determined by ∆(g) = g ⊗ g, ∆(x) =
g ⊗ x + x⊗ 1.

• The book Hopf algebras H(1, q) = k〈g, x, y| gn = 1, gx = q xg, gy =
q−1 yg, xy = q yx, xn = 0 = yn〉. With coproduct determined by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g−1 ⊗ x, ∆(y) = y ⊗ 1 + g−1 ⊗ y.

• The Frobenius-Lusztig kernel uq(sl2) = k〈g, x, y| gx = q2 xg, gy =
q−2 yg, gn = 1, xn = 0 = yn, xy − yx = g − g−1〉. The coproduct
is determined by ∆(g) = g ⊗ g, ∆(x) = x ⊗ g + 1 ⊗ x, ∆(y) =
y ⊗ 1 + g−1 ⊗ y.

8.1. Module categories over Rep(Tq). In this section we recover, using
different techniques, the results obtained in [EO04, Thm 4.10].

Let d be a divisor of n. Set n = dm. For any ξ ∈ k define the algebra
A(d, ξ) generated by elements h, w subject to relations

hd = 1, hw = qm wh, yn = ξ 1.

The algebra A(d, ξ) is a left Tq-comodule algebra with coaction determined
by

λ(h) = gm⊗h, λ(w) = x⊗1 + g⊗w.

Let us denote by K(d) the left coideal subalgebra of Tq generated by gm

and x.

Lemma 8.1. For any ξ ∈ k there is an isomorphism A(d, ξ) ' K(d)σξ

for some cocentral 2-cocycle σξ. In particular the algebras A(d, ξ) are right
Tq-simple left Tq-comodule algebras such that A(d, ξ)co Tq = k.
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Proof. The algebraA(n, ξ) is a left Tq-Galois extension andA(d, ξ) ⊂ A(n, ξ)
is a subalgebra and a left Tq-submodule. Thus there exists a 2-cocycle such
that A(n, ξ) ' σξ

Tq. This cocycle is cocentral since A(n, ξ) is also a right
Tq-comodule algebra with structure map ρ : A(n, ξ) → A(n, ξ)⊗kTq given
by

ρ(h) = h⊗g, ρ(w) = w⊗1 + h⊗x.

The other statements are straightforward. ¤
Lemma 8.2. (i) Categories A(d,ξ)M are semisimple for any divisor d

of n and any ξ ∈ k×.
(ii) For any ξ ∈ k× the rank of A(d,ξ)M is n

d .
(iii) The algebras A(d, ξ), A(d′, ξ′) are Morita equivariant equivalent if

and only if d = d′, ξ = ξ′.

Proof. (i) and (ii) are Straightforward. Let us assume that A(d, ξ) ∼M

A(d, ξ′). From (ii) we get that d = d′. Let us denote by Q the quotient
coalgebra Q = Tq/K(d)+Tq ' kCm. Using Lemma 3.6 and Lemma 8.1 there
exists a group-like element f ∈ G(Tq) such that A(d, ξ′) ' (fK(d)f−1)σξ

.
Thus A(d, ξ′) ' A(d, ξ), whence ξ = ξ′. ¤
Proposition 8.3. If M is an exact indecomposable module category over
Rep(Tq) then M ' kCd

M or M ' A(d,ξ)M for some divisor d of n and
ξ ∈ k.
Proof. Let G be a Loewy-graded left Tq-comodule algebra. Let d be a divisor
of n such that G0 = kCd. Let us assume that G 6= G0. Using Proposition
7.5 G ' BG#kCd. Since G 6= G0 then BG(1) 6= 0. The only possibility is
that G = A(d, 0).

Let (A, λ) be a Tq-simple left Tq-comodule algebra such that A is a lifting
of A(d, 0) along Tq for some divisor d of n. So in this case A0 = kCd is
the group algebra of the cyclic group of d elements generated by h where
λ(hi) = gmi⊗hi, for any i = 0 . . . d− 1, where dm = n.

By Lemma 5.5 there is an element y ∈ A1−A0 such that λ(y) = x⊗1+g⊗y
and and hy = qm yh. Since A is a lifting for A(d, 0), the set {hiyj : i =
0 . . . d− 1, j = 0 . . . n− 1} is a basis for A. Here A0 = k{hi : i = 0 . . . d− 1}.

Since λ(yn) = xn⊗1 + gn⊗yn = 1⊗yn then yn ∈ A0 and there exists an
ξ ∈ k such that yn = ξ1 and we have a projection A(d, ξ) ³ A which is an
isomorphism because both algebras have the same dimension. ¤
8.2. Module categories over Rep(rq). Let Cn2 be the cyclic group of n2

elements generated by g. Let V ∈ kCn2

kCn2
YD be the one-dimensional module

generated by w with action and coaction determined by

g · w = q w, δ(w) = g⊗w.

The following result is straightforward.

Lemma 8.4. grcr(q) = T̂ (q) and T̂ (q) ' B(V )#kCn2. ¤
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We shall classify exact module categories over the Radford Hopf algebras
in a similar way as for the Taft Hopf algebras. No new difficulty arise since
the dimension of the the vector space V is 1.

Let us define families of left r(q)-module algebras, right r(q)-simple. Let
d be a divisor of n2 and set n2 = dm. Let also ξ ∈ k×.

(a) The group algebra kCd = k〈h : hd = 1〉, with coaction determined
by λ(h) = gm⊗h.

(b) Algebras A(d) = k〈h,w : hd = 1, wn = 1, hw = qm wh〉 and coac-
tion determined by λ(h) = gm⊗h, λ(w) = x⊗ 1 + g ⊗ w.

(c) If there is an integer a such that na = d, then B(a, ξ) = k〈h,w :
hd = 1, wn = 1 + ξ ha, hw = qm wh〉 and coaction determined by
λ(h) = gm⊗h, λ(w) = x⊗ 1 + g ⊗ w.

For any d divisor of n2 and any ξ ∈ k the algebras A(d) and B(a, ξ) are
left r(q)-module algebras, right r(q)-simple with trivial coinvariants. The
algebras listed above are non-isomorphic as comodule algebras.

Lemma 8.5. The algebras A(d) and B(a, ξ) are twistings of left coideal
subalgebras of r(q) by a compatible Hopf 2-cocycle, pair-wise non Morita
equivariant equivalent.

Proof. Algebras A(n) and B(n, ξ) are r(q)-Galois extensions of the field and
A(d) ⊆ A(n), B(a, ξ) ⊆ B(n, ξ) are r(q)-subcomodules subalgebras. Let us
prove now that these algebras are non Morita equivariant equivalent. For
this we will need the following result:

Claim 8.1. Let H be a pointed Hopf algebra. Let J ⊆ H be a left coideal
subalgebra and σ : H⊗kH → k a compatible 2-cocycle, such that the graded
algebra grl

(
σJ

)
is isomorphic to a left coideal subalgebra K of grcH and

the coalgebra quotient Q = grcH/(grcH)K+ is pointed cosemisimple. Then
if P ∈ HMσJ is an indecomposable object there exists a group-like element
g ∈ H0 such that P ' g · σJ .

Idea of the proof. Consider the filtration Pi = δ−1(Hi⊗kP ). The associated
graded vector space grP is an object in the category grcHMK ' QM.
Since P is indecomposable, the so is grP . Therefore there exists a group-
like element g ∈ H such that grP = gK. ¤

Let A be a left r(q)-comodule algebra. Let us assume, for instance, that
A ∼M B(a, ξ) for some a such that na = d. Then there exists an object
P ∈ r(q)MB(a,ξ) such that A ' EndB(a,ξ)(P ). Since in our case we are under
the hypothesis of Claim 8.1, P = g ·B(a, ξ), and arguing as in Lemma 3.6 we
obtain that A ' B(a, ξ), thus if A is an algebra in the list it must be equal
to B(a, ξ). The same argument can be used to prove that if A ∼M A(d)
then A ' A(d). ¤
Proposition 8.6. If M is an exact indecomposable module category over
Rep(r(q)) then M' kCmM, M' A(d)M or M' B(a,ξ)M.
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Proof. Let (G, λ0) be a Loewy-graded T̂ (q)-comodule algebra. We assume
that G 6= G0 and G0 = k〈h : hd = 1〉 for some d divisor of n2. Since
T̂ (q) ' B(V )#kCn2 , V is one-dimensional and BG ⊆ B(V ) is generated by
BG(1), thus G is generated by h and an element w subject to relations

hd = 1, hw = qm wh, wn = 0,

Where dm = n2. The coaction is determined by

λ0(h) = gm⊗h, λ0(w) = x⊗1 + g⊗w.

Let (A, λ) be a lifting of G along r(q). In particular A0 = G0. Using
again Lemma 5.5 it is easy to see that A is generated by elements h and w
with λ(h) = gm⊗h, λ(w) = x⊗1 + g⊗w and hw = qm wh.

Since λ(wn) = (1− gn)⊗1 + gn⊗wn, whence wn ∈ A0. Thus, there exists
ξi ∈ k, i = 0 . . . d− 1, such that wn =

∑d−1
i=0 ξi h

i. Therefore

d−1∑

i=0

ξi g
n⊗hi + (1− gn)⊗1 =

d−1∑

i=0

ξi g
mi⊗hi.

This implies that ξ0 = 1. If m does not divides n then ξi = 0 for all
i = 1 . . . d− 1, if there is an integer a such that ma = n then ξi = 0 for all
i 6= a and ξa is arbitrary. In the first case A ' A(d) and in the second case
A ' B(a, ξa). ¤

8.3. Module categories over Rep(H(1, q)). We shall assume that n > 2.
Let V = k{x, y} denote the 2-dimensional Yetter-Drinfeld module over kCn,
where Cn is the cyclic group generated by g, with action · : kCn⊗kV → V
and coaction δ : V → kCn⊗kV determined by

g · x = q x, g · y = q−1 y, δ(x) = g−1⊗x, δ(y) = g−1⊗y.

It is not difficult to prove that H(1, q) = B(V )#kCn. So H(1, q) is a coradi-
cally graded Hopf algebra with gradation given byH(1, q)(i) = Bi(V )⊗kkCn.

Lemma 8.7. Let K = ⊕n−1
i=0 K(i) ⊆ B(V ) be an homogeneous left coideal

subalgebra of H(1, q), that is K is graded as an algebra, K(j) ⊆ Bj(V ) and
∆(K(j)) ⊆ ⊕j

i=0H(1, q)(i)⊗kK(j − i) for all j = 0 . . . n − 1. Then K is
generated as an algebra by K(1).

Proof. If dimK(1) = 2 then K = B(V ) and the claim is obviously true. Let
us assume that dimK(1) = 1, and let w = ax + by be a nonzero element of
K(1). We will prove that for any m = 1 . . . n−1, K(m) is the 1-dimensional
vector space generated by wm.

Let θ ∈ K(m), then since K(m) ⊆ Bm(V ), θ =
∑m

i=0 αi yixm−i for some
αi ∈ k.
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Let us denote by χn
i the quantum Gaussian coefficients (or q-binomial

coefficients), that is

χn
i =

(qn−i+1 − 1) . . . (qn − 1)
(q − 1) . . . (qi − 1)

It is well-known that

∆(xk) =
k∑

j=0

χk
j g−jxk−j⊗xj , ∆(yk) =

k∑

j=0

χk
j yk−jg−j⊗yj .

This implies that

∆(θ) =
m∑

i=0

∑

j,l

αiχ
k−i
j χi

l

(
yi−lg−j−lxk−i−j⊗ylxj

)
.(8.1)

Since ∆(θ) ∈ ⊕m
i=0 H(1, q)(m − i)⊗K(i), there exists an element v ∈

H(1, q)(m− 1) such that the summand of ∆(θ) that belongs to H(1, q)(m−
1)⊗K(1) equals v⊗w. Using equation (8.1) we obtain that

a v =
m−1∑

i=0

αiχ
m−i
1 χi

0 yig−1xm−i−1,

b v =
m∑

i=1

αiχ
m−i
0 χi

1 yi−1g−1xm−i.

When a = 0, or b = 0, the above equations immediately imply that θ is
a scalar multiple of ym, or xm respectively. Let us assume that ab 6= 0. In
this case we have that

b

a

m−1∑

i=0

αi χm−i
1 χi

0 yig−1xm−i−1 =
m∑

i=1

αi χm−i
0 χi

1 yi−1g−1xm−i.

Comparing coefficients we obtain that for any i = 1 . . . m− 1

b

a
αiχ

m−i
1 = αi+1χ

i+1
1 .

From this equation we obtain that αi = γχm
i am−ibi, for some γ ∈ k, thus

θ = γ (ax + by)m. ¤

I. Heckenberger pointed out to me that the above result is a very special
property that holds for quantum linear spaces, clearly not valid for arbitrary
Nichols algebras.

Let us define collections of left H(1, q)-comodule algebras right H(1, q)-
simple. The algebras in the list are pair-wise non isomorphic as comodule
algebras. Let d ∈ N be a divisor of n and dm = n.

(a) The group algebra kCd = k〈h : hd = 1〉, with coaction determined
by λ(h) = gm⊗h.
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(b) For any ξ ∈ k, the algebras A0(d, ξ) = k〈h,w : hd = 1, wn =
ξ1, hw = qm wh〉 and coaction determined by λ(h) = gm⊗h, λ(w) =
x⊗1 + g−1⊗w.

(c) For any ξ ∈ k, the algebras A1(d, ξ) = k〈h,w : hd = 1, wn =
ξ1, hw = qm wh〉 and coaction determined by λ(h) = gm⊗h, λ(w) =
y⊗1 + g−1⊗w.

(d) For any ξ, µ ∈ k, µ 6= 0, the algebras A(ξ, µ) = k〈w : wn = ξ1〉 with
coaction determined by λ(w) = (µx + y)⊗1 + g−1⊗w.

(e) If n is even, then for any ξ, µ ∈ k, µ 6= 0, the algebras A′(ξ, µ) =
k〈h,w : h2 = 1, wn = ξ1, hw = q

n
2 wh〉 with coaction determined by

λ(h) = g
n
2⊗h, λ(w) = (µx + y)⊗1 + g−1⊗w.

(f) For any ξ, µ ∈ k, the algebras D(d, ξ, µ) = k〈h,w, z : hd = 1, wn =
ξ1, zn = µ1, hz = qm zh, hw = q−m wh, zw − q wz = 0〉. The
coaction is determined by λ(h) = gm⊗h, λ(z) = x⊗1 + g−1⊗z,
λ(w) = y⊗1 + g−1⊗w.

(g) For any ξ, µ, η ∈ k, the algebras D1(ξ, µ, η) = k〈h,w, z : hn =
1, wn = ξ1, zn = µ1, hz = q zh, hw = q−1 wh, zw − q wz =
η hn−2〉. The coaction is determined by λ(h) = g⊗h, λ(z) = x⊗1 +
g−1⊗z, λ(w) = y⊗1 + g−1⊗w.

(h) Assume that n = 2k, 1 < k ∈ N. For any ξ, µ ∈ k, the alge-
bras D2(ξ, µ, η) = k〈h,w, z : hk = 1, wn = ξ1, zn = µ1, hz =
q2 zh, hw = q−2 wh, zw − q wz = η hk−1〉. The coaction is deter-
mined by λ(h) = g2⊗h, λ(z) = x⊗1+g−1⊗z, λ(w) = y⊗1+g−1⊗w.

Lemma 8.8. The algebras listed above are of the form σK, where K ⊆
H(1, q) is a left coideal subalgebra and σ is a compatible Hopf 2-cocycle.
Moreover the algebras listed above are pair-wise non Morita equivariant
equivalent.

Proof. The proof is completely analogous to the proof of Lemma 8.5. ¤

Proposition 8.9. Let M be an exact indecomposable module category over
Rep(H(1, q)), then M ' KM, where K is one of the H-comodule algebras
listed above.

Proof. Let (G,λ0) be a Loewy-graded H(1, q)-comodule algebra such that
G0 = kCd for some divisor d of n and G 6= G0. Follows from Proposition
7.5 that G ' K#G0 where K ⊆ B(V ) is an homogeneous left coideal
subalgebra. Since K(1) 6= 0, follows from Lemma 8.7 that the only four
possibilities for K are the following. K(1) = k < x >, K(1) = k < y >,
K(1) = k < µx + y > for some 0 6= µ ∈ k, or K = B(V ). Notice that
if K(1) = k < µx + y >, since K is invariant under the action of G0 and
g · x = q x, g · y = q−1 y the only possibilities are that G0 = k1, thus d = 1,
or that G0 ' kC2.

Let (A, λ) be a lifting of G along H(1, q). In the first three cases it is easy
to prove that A ' A0(d, ξ), A ' A1(d, ξ) or A ' A(ξ, µ) for some ξ, µ ∈ k.
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Let us assume that (A, λ) is a lifting of B(V )#kCd along H(1, q). Using
the same arguments as in the proof of Proposition 8.3 one can prove that A
is generated by elements h,w, z subject to relations hd = 1, wn = ξ1, zn =
µ1, hz = qm zh, hw = q−m wh for some ξ, µ ∈ k, and the coaction is
determined by λ(h) = gm⊗h, λ(z) = x⊗1 + g−1⊗z, λ(w) = y⊗1 + g−1⊗w.
Since λ(zw − qwz) = g−2⊗(zw − qwz), then zw − qwz ∈ A0. Thus there
exists ηi ∈ k such that zw − qwz =

∑d
i=0 ηi h

i. Therefore
d∑

i=0

ηi g
mi⊗hi =

d∑

i=0

ηi g
−2⊗hi.

We conclude that there are two possibilities: if there is no i = 0 . . . d − 1
such that g−2 = gmi, in which case all ηi = 0 and zw − qwz = 0, thus
A ' D(d, ξ, µ). The other case is when there exists one i = 0 . . . d− 1 such
that g−2 = gmi thus ηj = 0 for all j except when j = i. Also n | mi + 2.
Since i < d, mi + 2 < n + 2 then n = mi + 2, but since m is a divisor of n,
this implies that m divides 2, hence m = 1 or m = 2. In the first case d = n
and A ' D1(ξ, µ, η) and in the second case A ' D2(ξ, µ, η). ¤
8.4. Module categories over Rep(uq(sl2)). For convenience we shall work
over a twist equivalent Hopf algebra rather than with uq(sl2) itself.

Let 2 < n ∈ N and q ∈ k be an n-th primitive root of 1. Let Hq be the
algebra generated by elements g, x, y subject to relations

gx = q2 xg, gy = q−2 yg, gn = 1, xn = 0, yn = 0, xy − q2 yx = 1− g−2.

The algebraHq is a Hopf algebra with coproduct determined by ∆(g) = g⊗g,
∆(x) = x⊗ 1 + g−1 ⊗ x, ∆(y) = y ⊗ 1 + g−1 ⊗ y.

It is easy to verify that Hq ' uq(sl2) as Hopf algebras, where the isomor-
phism is given by multiplying by the group-like element g and that gr cHq '
B(V )#kCn as Hopf algebras, where V = k{x, y} is the 2-dimensional
Yetter-Drinfeld module over kCn with structure maps δ : V → kCn⊗kV ,
· : kCn⊗kV → V given by

δ(x) = g−1⊗x, δ(y) = g−1⊗y, g · x = q2 x, g · y = q−2 y.

It is well-known that the category of representations of H = B(V )#kCn

is tensor equivalent to Rep(Hq), see for example [Ma08]. Therefore we shall
describe module categories over Rep(H). Let us define a family of left H-
comodule algebras right H-simple. Let d ∈ N be a divisor of n and dm = n.

(a) The group algebra kCd = k〈h : hd = 1〉, with coaction determined
by λ(h) = gm⊗h.

(b) For any ξ ∈ k, the algebras A0(d, ξ) = k〈h,w : hd = 1, wn =
ξ1, hw = qm wh〉 and coaction determined by λ(h) = gm⊗h, λ(w) =
x⊗1 + g−1⊗w.

(c) For any ξ ∈ k, the algebras A1(d, ξ) = k〈h,w : hd = 1, wn =
ξ1, hw = qm wh〉 and coaction determined by λ(h) = gm⊗h, λ(w) =
y⊗1 + g−1⊗w.
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(d) For any ξ, µ ∈ k, µ 6= 0, the algebras A(ξ, µ) = k〈w : wn = ξ1〉 with
coaction determined by λ(w) = (µx + y)⊗1 + g−1⊗w.

(e) If n is even, for any ξ, µ ∈ k, µ 6= 0, the algebras A′(ξ, µ) = k〈h,w :
h2 = 1, wn = ξ1, hw = q

n
2 wh〉 with coaction determined by λ(h) =

g
n
2⊗h, λ(w) = (µx + y)⊗1 + g−1⊗w.

(f) If n = 4m, for any ξ, µ ∈ k, µ 6= 0, the algebras A′′(ξ, µ) = k〈h,w :
h4 = 1, wn = ξ1, hw = qm wh〉 with coaction determined by λ(h) =
gm⊗h, λ(w) = (µx + y)⊗1 + g−1⊗w.

(g) For any ξ, µ ∈ k, the algebras B(d, ξ, µ) = k〈h, w, z : hd = 1, wn =
ξ1, zn = µ1, hw = qm wh, hz = qm zh, zw − q2 wz = 1〉,
with coaction determined by λ(h) = gm⊗h, λ(w) = y⊗1 + g−1⊗w,
λ(z) = x⊗1 + g−1⊗z.

(h) If there exists a ∈ N such that ma + 2 = n, then for any ξ, µ, η ∈ k,
with η 6= 0, set the algebras C(d, ξ, µ, η, a) = k〈h,w, z : hd = 1, wn =
ξ1, zn = µ1, hw = qm wh, hz = qm zh, zw − q2 wz = 1 + η ha〉,
with coaction determined by λ(h) = gm⊗h, λ(w) = y⊗1 + g−1⊗w,
λ(z) = x⊗1 + g−1⊗z.

Lemma 8.10. The algebras listed above are of the form σK, where K ⊆ H
is a left coideal subalgebra and σ is a compatible 2-cocycle. Moreover the
algebras listed above are pair-wise non Morita equivariant equivalent.

Proof. The proof is completely analogous to the proof of Lemma 8.5. ¤

Proposition 8.11. If M is an indecomposable exact module category over
Rep(uq(sl2)) then M is equivalent to one of the following categories: kCd

M,
A0(d,ξ)M, A1(d,ξ)M, A(ξ,µ)M, A′(ξ,µ)M, A′′(ξ,µ)M, B(d,ξ,µ)M, C(d,ξ,µ,η,a)M.

Proof. Let (G,λ0) be a Loewy-graded B(V )#kCn-comodule algebra. We
assume that G 6= G0 and G0 = k〈h : hd = 1〉 for some d divisor of n. The
space BG ⊆ B(V ) is an homogeneous left coideal subalgebra generated as
an algebra by BG(1). This can be proven using the same arguments as in
the proof of Lemma 8.7.

Assume that dimBG(1) = 2, then evidently BG = B(V ). Let (A, λ) be
a lifting of (G,λ0) along H. Arguing as in Proposition 8.9 we obtain that A
is generated by elements h,w, z subject to relations

hd = 1, wn = ξ1, zn = ξ1, hw = qm wh, hz = qm zh.

Where the coaction is determined by λ(h) = gm⊗h, λ(z) = x⊗1 + g−1⊗z,
λ(w) = y⊗1 + g−1⊗w. Since

(8.2) λ(zw − q2 wz) = (1− g−2)⊗1 + g−2⊗(zw − q2 wz),

then there exists αi ∈ k, i = 0 . . . d − 1 such that zw − q2 wz =
∑

i αi hi.
Using equation (8.2) we obtain that

∑

i

αi gmi⊗hi = (1− g−2)⊗1 +
∑

i

αi g−2⊗hi.
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This implies that α0 = 1. If there is no 1 ≤ i ≤ d− 1 such that mi = n− 2
then αi = 0 for all i = 1 . . . d− 1 and in this case A ' B(d, ξ, µ). If there is
a natural number a such that ma = n− 2 then αi = 0 for all i 6= a and αa

is arbitrary. In this case A ' C(d, ξ, µ, αa, a).

If dimBG(1) = 1, we have three possibilities: BG(1) = k < x >, BG(1) =
k < y > or BG(1) = k < µ x + y > for some µ ∈ k×. In the first two
cases A ' A0(d, ξ) or A ' A1(d, ξ) respectively. In the third case, since
g · x = q2 x and g · y = q−2 y, the only possibilities are that G0 = k1,
G0 = kC2 or G0 = kC4 and then A ' A(ξ, µ), A ' A′(ξ, µ) or A ' A′′(ξ, µ)
for appropriate ξ, µ ∈ k.

¤

9. Some further comments

1. Notice that if H is one of the Hopf algebras in the following list:
(i) a group algebra kG of a finite group G,
(ii) a Taft Hopf algebra Tq,
(iii) a Radford Hopf algebra r(q),
(iv) the Frobenius-Lusztig kernel uq(sl2),

then exact module categories over Rep(H) are of the form σKM, where
K ⊆ H is a left coideal subalgebra and σ is a compatible Hopf 2-cocycle.
It would be interesting to know if this statement is true for any finite-
dimensional pointed Hopf algebra with abelian coradical.

2. Using the same strategy as for the book Hopf algebras and for the
Radford Hopf algebras it is likely that a classification for a bosonization
of quantum linear spaces can be worked out easily. Also the results by
Etingof and Ostrik on the classification of exact module categories over
finite supergroups ∧V #kG, see [EO04, section 4.2], can be obatined using
our techniques, at least when G is a cyclic group.

3. In principle the techniques developed here would help to classify exact
module categories over Rep(uq(sln)), since in the paper [KLS08] the authors
classified all homogeneous coideal subalgebras of uq(sln).
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