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Abstract Let H be a finite-dimensional Hopf algebra. We give a description of the tensor
product of bimodule categories over Rep(H). When the bimodule categories are invertible
this description can be given explicitly. We present some consequences of this description
in the case H is a pointed Hopf algebra.
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1 Introduction

The Brauer-Picard groupoid of finite tensor categories, introduced and studied in [7], is the
3-groupoid whose objects are finite tensor categories, a 1-morphism between two tensor cat-
egories Cy, C, are invertible (C;, C;)-bimodule categories, 2-morphisms are equivalences of
such bimodule categories and 3-morphisms are isomorphisms of such equivalences. Given
a tensor category C the Brauer-Picard group of C, denoted by BrPic(C), is the group of
equivalence classes of invertible C-bimodule categories.

The Brauer-Picard group of a tensor category has been used to classify its extensions by
a finite group [7]. Also it has a close relation to certain structures appearing in mathematical
physics, see [10]. In the work [7] the authors compute the Brauer-Picard group of categories
Vectg of finite-dimensional G-graded vector spaces, where G is an Abelian group.
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M. Mombelli

It is natural to pursue the computation of the Brauer-Picard group of the tensor cat-
egory of representations of an arbitrary finite-dimensional Hopf algebra H. To compute
BrPic(Rep(H)) one has to be able to give an explicit description of tensor product of two
Rep(H)-bimodule categories.

It is well-known that any indecomposable exact Rep(H )-bimodule category is equivalent
to x M, the category of finite-dimensional left K -modules, where K is a right H @y H“°P-
simple left H®jy HP-comodule algebra. If S is another such H®y H“°P-comodule algebra
one could ask about the decomposition of M Mrepr) kM in indecomposable Rep(H )-
bimodule categories. For group algebras of finite Abelian groups this decomposition was
explicitly given in [7], but for arbitrary Hopf algebras this problem seems more complicated.
However, if both bimodule categories x M, s M are invertible then s M Ngepm) kM is
indecomposable and, under some additional assumptions, it is equivalent to s, x M. We
present some consequences of this result that will be useful to compute the Brauer-Picard
group for pointed Hopf algebras over an Abelian group.

The contents of the paper are the following. Section 3 is dedicated to recall necessary
definitions and facts on representations of tensor categories. In Sect. 4 we study the tensor
product of bimodule categories over the category Rep(H), where H is a finite-dimensional
Hopf algebra and in Sect. 5 we restrict to the case when H is quasi-triangular, allowing us
to give another proof of [9, Corollary 8.10] concerning about the fusion rules of module
categories over a finite group.

2 Preliminaries and notation

Throughout the paper k will denote an algebraically closed field of characteristic zero. All
vector spaces will be considered over k. For any Abelian category A we shall denote by .4
the opposite Abelian category, that is objects are the same but arrows are reversed. If A is
an algebra we shall denote by 4 M the category of finite-dimensional left A-modules.

If H is a Hopf algebra we shall denote by Sy its antipode. If K, S are left H-comodule
algebras with coaction given by Ag, As we shall denote by # My the category of (K, S)-
bimodules V equipped with a left H-coaction 6 : V — H®V such that é is a morphism of
(K, S)-bimodules, that is

(k-v-8) @k - v-5)0) =k VS ®k) - V) - S0)»

forallse S,ke K,veV.
It H is a Hopf algebra, Hy is the coradical. If (K, 1) is a left H-comodule algebra and
H, is a Hopf subalgebra, Ky = A~ (Hy®yK) is a left Hy-comodule algebra.

2.1 Tensor categories

A tensor category over k is a k-linear Abelian rigid monoidal category. Hereafter all tensor
categories will be assumed to be over a field k. A finite tensor category [6] is a tensor
category such that it has only a finite number of isomorphism classes of simple objects, Hom
spaces are finite-dimensional k-vector spaces, all objects have finite lenght, every simple
object has a projective cover and the unit object is simple. All functors will be assumed to
be k-linear.
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Tensor product of bimodule categories over Hopf algebras

2.2 Quasi-triangular Hopf algebras

Let H be a Hopf algebra. A quasi-triangular structure on H is an invertible element
R € H®y H such that

(A®id)(R) = Ri3Rx3, (1d®A)(R) = Ri3R12, 2.1
R'hy®R?hp) = hoyR'®hyR?, forall h € H. (2.2)

It is well known that (S ®id)(R) = R~! = (id®Sg)(R). For the inverse of R we shall
use the notation R~' = R-'@R 2.

If (H, R) is a quasi-triangular Hopf algebra the category Rep(H) is braided with braiding
given by cxy : X®Y — Y®iX, cxy(x®y) = R?> - yQR' - x for all X, Y € Rep(H), x €
X,y €Y. Theinverse of c is given by c;(,'y(x®y) =R ' y®R2 .xforall X, Y € Rep(H),
xeX, yeY.

3 Representations of tensor categories

Let C be a tensor category. A left representation of C, or a left module category over C
is an Abelian category M equipped with an exact bifunctor ® : C x M — M, that we
will sometimes refer as the action, natural associativity and unit isomorphisms my y  :
XQY)OM - X ® (YRM), £y : 1® M — M such that

my.y,zem Mxey,z,m = (dx @ my z v) mx,yezm (axy,z ®idy), (3.1)

(idx @ ly)mx1,m =rx Qidy. (3.2)

A left module category M is exact [6], if for any projective object P € C the object PQM
is projective in M for all M € M. A right module category over C is an Abelian category M
equipped with an exact bifunctor ® : M x C — M equipped with isomorphisms 77 x.y :
MRXQY) — (MRIX)RY, ry : M®1 — M such that

Mygx.y,z Mmx.yez(du®axy z) = (My x y®idz) My xev.z, (3.3)
(ru®idx)iiy 1 x =idy®lx. (3.4
A (C,C')-bimodule category is an Abelian category M with left C-module cate-
gory and right C’-module category structure together with natural isomorphisms {yx y :
(XIM)®Y :— XQ(M®Y), X €C,Y €C', M € M} satisfying certain axioms. For details
the reader is referred to [9, Prop. 2.12]. A (C,C’)-bimodule category is the same as left
C X C"P-module category. Here X denotes Deligne’s tensor product of Abelian categories
[4]. For a bimodule category M we shall denote by
{myyy: XQY)®M - X® YRM:X,Y €C,M € M} and
{myxy : MB(X®Y) > (MRX)®Y : X,Y €C, M € M}
the left and right associativity isomorphisms respectively.

If M is a right C-module category then M°P denotes the opposite Abelian category with
left C action C x M — M, (M, X) — M®X* and associativity isomorphisms m% , ,, =
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M. Mombelli

m;*l,X*,M forall X,Y € C, M € M. Similarly if M is a left C-module category. If M is a
(C, D)-bimodule category then M is a (D, C)-bimodule category. See [9, Prop. 2.15].

A module functor between left C-module categories M and M’ over a tensor category
C is a pair (T, ¢), where T : M — M’ is a functor and ¢y y : T(X@M) — XQT (M) is a
family of natural isomorphism such that for any X,Y € C, M € M:

(idy ® CY,M)CX,Y§MT(mX,Y,M) =mx y,T(M)CXQY,M, (3.5)

Lroncim =T Epy). (3.6)

We shall denote this functor by (7', ¢) : M — M’. Sometimes we shall denote the family of
isomorphisms ¢’ to emphasize the fact that they are related to the functor T'.

Let M; and M, be left C-module categories. The category whose objects are mod-
ule functors (F, ¢) : M; — M, will be denoted by Func (M, M>). A morphism between
(F,c) and (G, d) € Func (M, M,) is a natural transformation « : F — G such that for any
XeC, MeM;:

dx mxgy = (dx®ay)cx um- 3.7

Two module categories M; and M, over C are equivalent if there exist module functors
F: M; — M; and G : My — M, and natural isomorphisms idyq, — F o G, idpy, —
G o F that satisfy (3.7).

The direct sum of two module categories M, and M, over a tensor category C is the
k-linear category M; x M, with coordinate-wise module structure. A module category is
indecomposable if it is not equivalent to a direct sum of two non trivial module categories.
Any exact module category is equivalent to a direct sum of indecomposable exact module
categories, see [6].

If M, M’ are right C-modules, a module functor from M to M’ is a pair (T, d) where
T: M— M isafunctor and dy; x : T(M®X) — T(M)®X is a family of isomorphisms
such that forany X,Y e C, M € M:

(dy, xRidy)dygx y T (my,x,y) = mrun,x,y du,xev (3.8)
Lroncam =T Ewy). 3.9

If M, M’ are (C, D)-bimodule categories, a bimodule functor is the same as a module func-
tor of CXI'D°P-module categories, that is a functor F' : M — M’ such that (F, ¢) : M — M’
is a functor of left C-module categories, also (F,d) : M — M’ is a functor of right D-
module categories and

(idx®dy.v)ex mz, v F (Vxmy) = Yx.ron.y (Cx u®idy)dxg,m v » (3.10)
forall M e M, X eC,Y €D.
3.1 Tensor product of bimodule categories
LetC,C', £, &£ be tensor categories. If M is a (C, £)-bimodule category and A is an (&, C')-
bimodule category, the tensor product over £ is denoted by M K¢ N. This category is a

(C, C")-bimodule category. For more details on the tensor product of module categories the
reader is referred to [7, 9].
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Tensor product of bimodule categories over Hopf algebras

If M is a (C, £)-bimodule category and N is a (C, £)-bimodule category then the cat-
egory Fung (M, N) has a structure of (£, £')-bimodule category, see [9, Prop.3.18]. Let us
briefly describe both structures. Let us denote

®': & x Fung(M, N) = Fune (M, N), & : £ x Fune(M, N') = Fune (M, N)
the left and right actions. If X € £, Y € £, F € Fune (M, N') and M € M, then
(X® F)(M) = F(M®X), (F® Y)(M)=F(M)®Y.

The module structures are the following. Let X, X' € £, M € M and let c;. uiF(X 'QM) —

X'®F (M) be the module functor structure of F. Then ciﬁ?jf T (XQF)(X'QM) —
X'Q(XQF)(M) is defined as the composition

L'F —
X' M®X
) ——

X'®M®X)

F(yys ) __ —
) 2 B ( X'QF (M®X).

F((X'@M)®X

The associativity mIX x.r (X®X ’)@IF - X&' (X ®F ) is the natural isomorphism

_ Py x.x) =\
F(M®(X®X')) ——— F((M®X)®X'),
for any X, X' € £, M € M. Also the map
A8V (FR'Y)(X®M) — XB(F&'Y)(M)
is defined by the composition

YX,F(M).Y

F(XQM)®Y ﬂ (X®F (M))®Y ——— X®(F(M)®Y).

Proposition 3.1 [9, Thm. 3.20] If M is a (€, C)-bimodule and N is a (C, £')-bimodule then
there is a canonical equivalence of (€, £")-bimodule categories:

MP IXCNZFUnc(M,N). (31])
3.2 The center of a bimodule category
The following definition was given in [8].

Definition 3.2 If M is a C-bimodule category the center of M is the category Z(M)
whose objects are pairs (M, p™) where M € M and {¢p¥ : X®M — MRX : X €C} is a
family of natural isomorphisms such that

m?w,x,Y‘PxM@y = (¢§lf®idy) V)Z}\x[,y (idX@d))[y) m[X,Y,M’ (3.12)

for all X,Y €C, M € M. A morphism between two objects (M, ¢™), (N, ¢") in Zc(M)
is a morphism f : M — N in M such that (f®idx)¢¥ = ¢§<V (dx® f) forall X eC.

Lemma 3.3 [9, Lemma 7.8] If M is a C-bimodule category the center Z:(M) is a Z(C)-
bimodule category .
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Let us briefly explain the left and right actions that we shall denote them by ®; and ®,
respectively. For any X € C, M € M define

(X, cx)® (M, ") = (X&M, $*®M) and

(M, ¢")&, (X, cx) = (MBX, $"¥)

where
=) _ . . -1
)),(®M = )/Xy}wﬁy(ldx®¢y)ml)(.y’M(CYX®1dM)(mly,X,M) s (3.13)
MEX — ity ¢y ([du®cyx) (M y x) (S ®idx)yy b x (3.14)
forall Y €C.

3.3 Module categories over Hopf algebras

Assume that H is a finite-dimensional Hopf algebra and let (A, 1) be a left H-comodule al-
gebra. The category 4 M is a representation of Rep(H ). The action ® : Rep(H) x 4 M —
aMis given by VM = V@M for all V € Rep(H), M € 4 M. The left A-module struc-
ture on V@M is given by the coaction A. When A is right H-simple, that is, it has no
non-trivial right ideal H-costable, then the category 4.M is exact. Reciprocally, if M is an
exact indecomposable module category over Rep(H) then there exists a left H-comodule
algebra A right H-simple with trivial coinvariants such that M >~ 4, M as Rep(H )-modules,
see [1, Theorem 3.3].

Definition 3.4 If (A, p) is a right H-comodule algebra then (AP, p) is a left H-comodule
algebra, where A° denotes the opposite algebra and p : A - H®.A is defined by p(a) =
Su(aq))®ay, where p(a) = a)®aq for all a € A. We shall denote this left H-comodule
algebra by A.

Lemma 3.5 There is an equivalence (4 M)°® >~ 1M as left Rep(H )-modules.

Proof Define (F,c) : (4M)® — M by F(M)=M*forany M e ,M.If feM*, me
M,a e Athen (a- f)(m) = f(a-m).Forany X € Rep(H), M € (4M)°? the maps cx y :
F(X®M) — X®F (M) are the identities. One can easily verify that this functor defines an
equivalence of module categories. ]

Proposition 3.6 [1, Prop. 1.23] If A and A’ are right H-simple left H-comodule algebras,
there is an equivalence of categories

Fungep(s) (aM, 4 M) =5 M 4. (3.15)

We shall explain briefly the proof of this Proposition. Any module functor (F,cF) :

AM — 4 M is exact [6], thus there is exists an object P € 4 M 4 such that F(M) =
P® 4M. The object P has a left H-comodule structure given by

AP — H®yP, Mp)=ch ,(pRIQ1),

forall pe P.
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For any finite-dimensional Hopf algebra H we shall denote by diag(H) the left
H®y HP-comodule algebra with H as the underlying algebra structure and comodule
structure:

A dlag(H) — H®kHc°p®kdiag(H), )\.(/’l) = h(1)®h(3)®h(2),

for all h € H. The category g M is a Rep(H)-bimodule category with obvious structure.
The proof of the following result is easy and omitted.

Lemma 3.7 There is an equivalence of Rep(H)-bimodule categories

HM 2 digg(my M.

4 Tensor product of bimodule categories over Hopf algebras

Let A, B be finite-dimensional Hopf algebras. A (Rep(B), Rep(A))-bimodule category
is the same as a left Rep(A“’® B)-module category, see [4, Prop. 5.5]. Thus any exact
(Rep(B), Rep(A))-bimodule category is equivalent to the category s M of left S-modules,
where S is a finite-dimensional right A°“°® B-simple left A°“°® B-comodule algebra, see
[1, Thm. 3.3]. The main purpose of this section is to understand the tensor product of
(Rep(B), Rep(A))-bimodule categories.
Setmys: AQB — A, mp : AQB — B the algebra maps
TA(x®y) =€(y)x,  mp(x®y) =€(x)y,

forall x e A,y € B.If S is a left A°°°® B-comodule algebra the actions of the tensor cate-
gories Rep(A), Rep(B) are as follows. If M € ¢ M, X € Rep(B), Y € Rep(A) then

XM = X®xM, MY =YQyM,
where the left action of S is:

s - (x®@m) =mwp(s—1)) - x®S() - M, s-(y®m) =ma(s—1)) - y®s() - m,
foralls € S,x € X,y € Y, m € M. We state the following lemma that will be useful later.
Lemma 4.1 Forany h € AQB

7 (ha)®ma(h) =mp(hp)@malhq)). 4.1)

We shall give to the category & M the following Rep(A)-bimodule category structure.
If X,Y € Rep(A), P € £ M then

X®'P=PRs(X®:S), PYY=Y@P.
Here the left S-module structure on X ®y S is given by:

s-(x®t) = 7TA(S(_1)) - XQS)t, 4.2)
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for all 5,7 € S, x € X. The object X QP belongs to the category & M with the following
structure:

r-(pRx®t) -5 =1 - pRXRLs, 81(pBx®s) = p—1yT(S(—1))® P ) BXRS(0)»

forallx € X,r € K,s,t €S, p € P. The object P®'Y belongs to the category & M with
the following structure:

r-(Y®p)-s=ma(r-1) - y®r@) - p - s, 5 (y®p) = p1n®YQp(),

forall r € K,s,t € S,p e P,y €Y. We shall denote the category ﬁ/\/ls with the above
described Rep(A)-bimodule category by M(A, B, K, S) to emphasize the presence of this
extra structure.

Proposition 4.2 The category M(A, B, K, S) is a Rep(A)-bimodule category.

Proof The map §; : X® P — BRyX® P is well defined. Indeed, if x € X, s, €S, pe P
then
81(p - t®x®s) = p—1yTa(t—1)S=1) BP0 * 0)DXRS(0)
= Py (t—1)S1)®P0)®Ta(t©) (-1) - XB0) ©)S©)
= P E0) —1)S1))®P)®Ta(t(-1)) - X®F0) 0)S©)
=4 (p®t . (x®s)).
The third equality follows from (4.1). It can be proven by a straightforward computation

that both objects X®' P, PQ'Y are in the category £ M. Let X, Y € Rep(A), P € My,
define

mlyp: (X@Y)® P — XS (Y& P),

my xy: P® (X®Y) - (PR X)®'Y
by
mly y p(POXQY®S) = pRYRI®X®s,  m'y x ,(xRYBp) = yRx®p,

forallx e X,y €Y, pe P,s €S. One can verify easily that both maps belong to the cat-
egory I@M s and they satisfy axioms (3.1), (3.2) and (3.3), (3.4) respectively. The maps

VX.PY ' XBP)R'Y —» X (PR'Y), y(yQpRx®s) = y® p@x®s are morphisms in the
category & M and they satisfy the requirements of [9, Prop. 2.12], hence M(A, B, K, )
is a Rep(A)-bimodule category. ]

Theorem 4.3 Let K, S be two right A“P®y B-simple left A°°°Qy B-comodule algebras. The
equivalence (3.15) establishes an equivalence

M(A, B, K, §) =~ Fungeys) (s M, k M)

of Rep(A)-bimodule categories.
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Proof Define @ : M(A, B, K, S) — Fungep(s) (s M, g M) by
D(P)(N)=PQ®gsN,

for all P € BMg, N € $M. We shall define on the functor @ structures of left and right

Rep(A)-module functor. The natural isomorphisms cy p : @ (X @[P) - X @ch(P) are de-
fined by

(cx.p)v : (POs(X®KS))®sN — PRs(X®xN),

(cx.p)n(PRXxQs®n) = pRxQs - 1,

forall N e yM, pe P,x € X,s € S, n € N. The natural isomorphisms dp y : ®(PQY) —
@ (P)®Y is defined by

dpy)n : (YQrP)QsN — YQr(P®sN), (dpy) n(y®pRn) = yQp®n,

forall pe P,y eY,n e N.Itis easy to prove that the maps cx, p, dp,y are well-defined and
make the functor @ a left and right Rep(A)-module functor, respectively. a

Using the previous Theorem, equivalence (3.11) and Lemma 3.5 we obtain:

Corollary 4.4 Let K be a right A“PQy B-simple left A“P®y B-comodule algebra and L a
right B°PQy A-simple left B*PQy A-comodule algebra. There is an equivalence of Rep(A)-
bimodule categories:

LM Rgepsy kM >~ M(A, B, K, L).

Recall that L is the opposite algebra of L with left AP®; B-comodule structure / —
(8;1®83)(t(1(,1)))®l(0) where [ = [(_)®(g) is the left B“P®A-comodule structure and
7: BRkA — AQyB is the map 1(bQa) = a®b.

Keep in mind that K, S are finite-dimensional left A°“°®y B-comodule algebras. Using
the map 75 : A®xB — B the algebras K, S are left B-comodule algebras, thus S is a right
B-comodule algebra:

E — E@kB, S = S(o)@SEl (TL’B (S(,]))), (43)
for all s € S. Hence it makes sense to consider the co-tensor product SOgK. It is clear that

SOpK is a subalgebra of S®iK. The following result is [2, Lemma 2.2]. We shall give the
proof for the sake of completeness.

Lemma 4.5 S®yK is a left B-comodule with coaction p : SQx K — BRQS®yK given by
P®k) =1 (s—1))mp(k(~1))®50) Dk (0)>
foralls € S,k € K. Moreover (SQK)©°8 = SO3K.

Proof Let ) s®k € SOpK. Abusing of the notation, from now on we shall omit the sum-
mation symbol. Then

S(())(X)SEI (JTB(S(_l)))®k = S®7T3(k(_1))®k(()).
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Thus we deduce that

75 (50) (<1)®S0) @Sy (T5(s1)))®k = 75(5_1)®5(0) @75 (k1)) Rk 0)-

Then
p(s®k) =15 (s0) -1))S5 " (T8 (5-1)) D50y (0)®k = 1@ ®k.
Now, let s®k € (S®K)°? then
1Qs®k = mp(s—1))wp (k(-1))®50) k(o).

From this equality we deduce that 1®s.,®S5' (775 (s(_1)))®k is equal to

75 (s-1)7p k(1)) ®50) 0S5 (75 (s0) (1)) k(o)
Then 5(0)®Sy "' (T (1)) @k = s@7 (k1)) @k(0), S0 @k € STIpK.

Define the map A : SOz K — A®rA“PRSzK by
Ms®k) = S (ma(s-1)) @A k(1)) @5 (0) @K ()

for all s®k € STzK.

Lemma 4.6 (SOzK, ) isa left AQyAP-comodule algebra.

Proof Let us prove first that A is well-defined. Let s®k e SOzK,

s0®Sg" (5 (s(-1)))®k = s®mp (k1)) ®k ), hence

50 0©®50) @S5 (5 (5(-1))) k(1) ®k o)
= 50)®5(-1)®7 g (k(—1)) ®k(0) (1) ®k0) (-

Therefore

50) 0©®Sa(mals) 1))®Sg (ma(s1) @A k(1) ®k()
= 50)®Sa (4 (1)) @7 (k1)) @7 4 (ko) (1)) Rk o) (0)-

Thus SA (7TA (S(_l)))®7TA (k(()) (_1))®S(0)®7TB (k(_l))®k(0) 0) is equal to

Sa (7TA (50 (—1)))®7TA (k(~1))®s(0) (0)®5§l (7TB (S(—l)))®k(0)-

then

Using (4.1) we get that Sy(a(s(—1))) @74 (k) (-1) RS0y @75 (k1)) ®k() (0) 1S equal to

Sa(ma(s1))@malk—1))®s) (0)®SEI(TEB(S(0) 1)) ®k(0)- Hence A(EDBK)

APRQA®S, K . It follows straightforward that A is an algebra map.

<
O

Lemma 4.5 implies that the category g, xM is a Rep(A)-bimodule category. In
what follows we shall study the relation between this Rep(A)-bimodule category and

M(A,B,K,S).
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Let :50,xM — M(A, B, K, S), G: M(A, B, K, S) — 5, ¢ M be the functors de-
fined by

F(N) = (S®uK)®50,x N, G(P)= PP, (4.4)

forall N € gDBKM, P e M(A, B, K, S). This pair of functors were considered first in [5],
see also [2]. The (K, S)-bimodule structure on F(N) is given as follows:

k- (s@k®n)-s' =ss'Qk'k®@n, foralls,s'e S, k,k' e K,neN.
Define the map 8 : F(N) — By F(N) by
S(s@k®n) = 7 (k1)) (5(~1)) ®s(0) Rk (0) @11,

forall s € S,k € K,n € N. It follows from (S® K )% = S0z K that § is well-defined. Also
F(N)e M(A, B, K, S), details are left to the reader. The action of STz K on G(P) is given
by

(s®k)-p=k-p-s, foralls®ke SOzK.
Proposition 4.7 The functors F, G are left and right Rep(A)-module functors.

Proof First we shall prove that F is a module functor. Let N € 50, x M and X € Rep(A).
Define

cxn  (S®LK)®50, x (XOuN) = ((S®uK) @50,k N) Qs (X ®xS)
by cx v (sQkRxRn) = 1QkRQn@xRs, forallx e X,s € S,ke K,ne N. O

Claim 4.1 The map cx y is well-defined.

Proof of claim First observe that for any x € X, s, ¢ € S we have that
X®SI=S(0) . (SA(ﬂA(S(_l))) 'X®t). (45)

Recall that the action of § on X®;S is given in (4.2). Let s’@k’' € SzK, x € X, s € S,
ke K,ne N.Then

CX’N((S®k) ’ (S/®k,)®x®”) = Cx,N(S’s®kk'®x®n) = 1Qkk'@nQxQs’s
= 1Qkk'@n®s’ (o) - (SA(7TA (S,(—l)))  x®s)
=50 @kK'@n@Sa(7a(s 1)) - x®s

The second equality follows from (4.5). On the other hand the element
cx N(S®Kk®S(ma(s'(—1))) - x®(s' () ®k") - n) is equal to

= 1®k®(s/(0)®k/) . n®SA(JTA(S/(,1))) - XQs
= S/(O)®kk/®n®SA (7TA (S/(,l))) - XQS.

This finishes the proof of the claim. O
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Clearly cx n is a (K, S)-bimodule homomorphism and also a B-comodule homomor-
phism. Equations (3.5) and (3.6) are satisfied. Thus (F, ¢) is a module functor.
If N € 5,4k M and Y € Rep(A) define

dyy : (S®uK)®50,x YOuN) = Y ((S®:K)®50,x N)

by dy y (s@kQ@y®n) = ma(k—1)) - YQsQky®n for all s € S,k e K,ne N,y eY.It fol-
lows from a straightforward computation that the maps dy y are well-defined isomorphisms
in the category M(A, B, K, §) and they satisfy (3.8), (3.9). Hence (F, d) is a module func-
tor.

Now, let us prove that G is a module functor. Let P € M(A, B, K, S), X,Y € Rep(A).
Set ¢y p 1 (PRsX®iS)*? — X®, P«® the map defined by

Sy p(POx®s) = Ss(mals—1)) - X®p - 50).

for all p@x®s € (P®sX®S)®”. Define also dj , :: (Y ®, P)*°? — Y@, P*°? by

dp, y (y®p) = y®p, forall y@p € (YR P)*".

One can easily prove that (G, ¢’) is a module functor of left Rep(A)-module categories and
(G, d") is a module functor of right Rep(A)-module categories. U

5 Tensor product of module categories over a quasi-triangular Hopf algebra

In this section H will denote a finite-dimensional quasi-triangular Hopf algebra. We shall
describe the tensor product of module categories over Rep(H).

5.1 Module categories over a braided tensor category

First, let us recall some general considerations about the tensor product of module cate-
gories over a braided tensor category. Let C be a braided tensor category with braiding
cxy: XQY — Y®X for all X,Y €C. Let M be a right C-module. Then M has a left C-
module structure C x M — M given by Y® M := MQY forall Y € C, M € M and the

——=rev —Tev —Tev

associativity constraints mYy'y ;1 (X®Y)® M — X® ~(Y® M) are given by

ev H
my'y y =muyx(1dy®cx y),

for all X,Y € C, M € M. This category is indeed a left C-module category, see [9,
Lemma 7.2], that we shall denote by M™ . Equipped with these two structures M is a
C-bimodule category. For details see [9, Prop. 7.1].

Remark 5.1 In particular if M is a right C-module and N are left C-module then M is a
bimodule category using the reverse right action, and the tensor product M X N is a left
C-module category.

If M is a C-bimodule category then the center Z- (M) has two left Z(C)-module struc-
tures: the one denoted by ®; explained in Sect. 3.2 given by (3.14) and the reverse action of
the right action ®, presented in (3.13). Both right actions give the same module category.
This result will be useful later.
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Proposition 5.2 There is an equivalence of left Z(C)-module categories between (Z¢(M),

——=rev

®, ) and (Z¢(M), ®)).

—=rev

Proof Define (F,d) : (Z¢(M), ®1) = (Z¢(M), ®, ) the module functor as follows. The
functor F on objects is the identity, that is F(M, pM) = (M, ¢M) for any (M, pY) €
Zo(M). If (X, cx) € Z(C) define

dyu: (X, cx)®(M, ™) —> (M, ¢")®, (X, cx), dux =y .

The maps ¢4 are morphisms in the category Z¢(M). Indeed, we must prove that for all
X, YeC MeM

(p¥ Ridy)py® = ¢ (idy @¢Y). (5.1)
Using (3.12) one can see that the right hand side of (5.1) equals to
, . -1
mM,X,y(1dM®CYX)¢y®X(mly’x,M) s (5.2)

and the left hand side of (5.1) equals to

My y®My ey x®ida) (mly 1)~ (5.3)

Follows from the naturality of ¢ that the expressions (5.2), (5.3) are equal. Let us prove now
that the functor (F, d) is a module functor. Equation (3.5) amounts to

(¢ ®idx) )l(/’@Mle,Y,M =miy y x(exy®idy) Py 5.4
forall X,Y € C, M € M. Equation (5.4) can be checked by a direct computation. ]
5.2 Tensor product of module categories over a quasi-triangular Hopf algebra

Let H be a finite-dimensional quasi-triangular Hopf algebra with R-matrix R. Any left
Rep(H)-module category is a Rep(H)-bimodule category as explained in the beginning
of Sect. 5.1. Given two left H-comodule algebras K, S our aim now is to describe the left
Rep(H)-module category over the tensor product x M Mrep(s) sM using the left module
category Fungep(#)(sM, g M) and Proposition 3.6.

Proposition 5.3 Let K, S be two left H-comodule algebras. The category ¥ My is a left
Rep(H)-module.

Proof Define ® : Rep(H) x 2 Mg — % Mg by
X®P = PRs(X®S),

for all X € Rep(H), P € ¥ M. Here the left action of S on X®yS is given by the coaction
of S. The object PRs(X®xS) € g M with structure given by

3p(p@X®s) = p iy R2s1y®po)®R" - x®s(0),
r-(pRx®s) =1 - pRA®s, (pRx®s) -1 = pRx®sl,
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forall pe P, r € K, 5,1 € S. Follows straightforward that these maps are well defined.
Clearly P®s(X®yS) is a (K, S)-bimodule and §p is a K-module morphism. The associa-
tivity isomorphisms

my.y.p: POs(XQY)®,S — (P®s(Y®1S))®sX xS
are given by

mx.y.p(p@(x®y)®s) = (pOR™" - y®1)®(R? - x®s),

forall pe P,x e X,y eY,s € S. The maps my y p are well defined morphisms in the
category ¥ M. Indeed, let [ € S then

my.y,p(PRl 1) - (x®@Y)®lys) = pOR™I(_1) - YOI®R *I(_) - x®l )5
= PRl R yRIRI- R - x®)s
= p®l_nR™" - y®ln®R™* x®s
=p-I®R' yQIQR? - x®s
=myyp(p-lQxQy®s).

This proofs that my y p is well-defined. The proof that mx y p is a (K, S;)-bimodule mor-
phism is straightforward. Let us prove that my y p is a comodule map. If P = PQg(Y ®kS)
then 85 (myx y p(PR(x®y)®s)) equals to

P rscn®poy®J' 'R y®1®r' R - x®s(0),

forany pe P,xe X,yeVY,seS.Here R=R'®R?>=J'®J? =r'®r2. On the other
hand (idy®myx y p)dp(pR(XxQy)®s) is equal to

= Py R’s1®my v p(PO®R(_, - X®RY, - y®s())

= P RE:1®poy®r ' Rp, - y®I®r >R/, - x®s5()

= PR y®poy @Ry~ YOIQRL r - x®s(0).

The third equality follows from (2.2). Both terms are equal if and only if
J'RT'@r'R?QJ°r* = R_;r '®RLr *QR?,

and this follows by (2.1). The associativity of m follows from the Yang-Baxter equation:
Ri2R13R23 = Ro3Ri3Rqz. O

We shall denote the category ¥ M with the structure of left Rep(H)-module category
explained in Proposition 5.2 by M(R, K, S) to emphasize the fact that the R-matrix is in-
volved in the module category structure.

Theorem 5.4 Let K, S be two right H-simple left H-comodule algebras. The equivalence
(3.15) establishes an equivalence

M(R, K, S) =~ Fungeppy (s M, g M)

of Rep(H )-modules.
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Proof Define (@, ¢) : M(R, K, S) — Fungep (s M, g M) by
@ (P)(N)=PQsN

forall P € ’,f/\/ts, N € g M. The natural transformations cy p : ®(X®P) — XQ® (P) are
defined by

(cx.p)v 1 (P®s(X®KS))®sN = PRs(X®:N),

(cx.p)n(PRXRs®n) = pRXRs - 1,
forall X eC,Pe M(R,K,S),NesM,xe X, pe P,ne N,s €S. The functor (&, ¢) is

a module functor and is an equivalence of module categories. ]
Corollary 5.5 There is an equivalence of left Rep(H)-modules:

(s M) Rrepry kM = M(R, K, S). (5.5)
5.3 Fusion rules for Rep (kG)-modules

Let G be a finite group. Using the equivalence (5.5) we can give another proof of [9, Corol-
lary 8.10] concerning about the tensor product of indecomposable exact module categories
over Rep(kG). The Hopf algebra kG is quasi-triangular with trivial R-matrix 1®1.

For any subgroup F € G and ¥ € Z>(F,k*) the twisted group algebra ky F is a right
kG-simple left kG-comodule algebra. Let F; € G be subgroups and y; € Z2(F;,k*) for

i=1,2.Let S C G be a set of representative classes of the double cosets F,\ G F;. For
any s € S define F; =s~'Fis N F, and ¥, € Z2(F,,k*) the 2-cocycle defined by

Vs (x, y) =Y (sxs ™ sys ) vax, y),
for any x, y € F;.

Proposition 5.6 [9, Corollary 8.10] There is an equivalence

ky, 1M MRrepka) ky, M = @ ky, s M. (5.6)

ses

Proof Let V € Higz FzMW with coaction given by § : V — kG®V. Then V = @geG V,
where V, = {v € V : 6(v) = g®v}. For any s € S define

Vo= @ V.

geF sk
thus V = @,.5 Vi») and each vector space V; is a subobject of V in the category
kG
]sz Fsz‘lfl Fr

The subspace V; carries a structure of ky, F; as follows. For any & € Fy, v € V, define
hov=h- (v«shs‘l).

Define the functor F : Elfz Fz/\/lﬂw/]—F1 —> Dyes kyy kM F(V) =Dy Vs and for any s € S

the vector space V; has the action of ky, F; as explained before. The functor F is indeed a
module functor.
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LetV e Efz FzMW and assume that V = V() for some s € S. It is not difficult to see
that

(X@V) () = X®V = Ve, 7 (X% ky, F1)
for any X € Rep(kG), hence
F(XQV) =& fep, Vir @y, 1y (X Qi ky, F1)
as vector spaces. Define cx.y : F(X®V) - X®xF(V) by
cxy(v®xQ®f) = f-x®v- f,

for any x € X,v eV, f € F;. It follows from a straightforward computation that the
map cy,y is well-defined and (3.5), (3.6) are satisfied. Now, define G : @, ky, Fs M —
ESZ FZMkd/]—Fl as follows. If W €, p, M for some s € S then

GW) = (kF\ @k F>)®xk, r,W.
The right action of ky, F; on the tensor product kF; @k F, is
@®y) - f =y (x5 )y, ) s T Isx®y .

forallx € F,ye F,, f € F;.
Forany x, f € Fy, y, g € F>, w € W define

g (x®@yQw) =Yn(g,y) xRgyQw),

x@y@w) - f =1 (f.x7") (xf ' @y®w),

S(xR@yQw) = ysx Q(xQyQw).

Equipped with these maps the object G(W) is an object in the category ]ﬁi‘f] Fszwz—Fl' |

6 Applications for computing the Brauer-Picard group
6.1 The Brauer-Picard group of a tensor category

Let Cy, C, be finite tensor categories. The following definitions were given in [7].

Definition 6.1

(a) Anexact (Cy, Cy)-bimodule category M is invertible if there are bimodule equivalences
Mop ‘Zl(j] M:Cz, ./\/”zcz MOP:CI.

(b) The Brauer-Picard groupoid BrPic is the 3-groupoid whose objects are finite tensor
categories, 1-morphisms from C; to C, are invertible (C;, C,)-bimodule categories, 2-
morphisms are equivalences of such bimodule categories, and 3-morphisms are iso-
morphisms of such equivalences. Forgetting the 3-morphisms and the 2-morphisms and
identifying 1-morphisms one obtains the groupoid BrPic. The group BrPic(C) of auto-
morphisms of C in BrPic is called the Brauer-Picard group of C.
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6.2 Invertible module categories over a braided tensor category

Let C be a braided tensor category. Any left C-module category is a C-bimodule category
using the reverse action as explained in Sect. 5.1.

Definition 6.2 We shall say that an exact C-module category M is invertible if there is a
bimodule equivalence

MP K M~C.
The group of invertible C-module categories will be denoted by InvMod (C).

Proposition 6.3 Let C be a tensor category. There is an isomorphism of groups BrPic (C) ~
InvMod (Z(C)).

Proof Denote by Z : Bimod (C) — Mod (C) the center functor. As a consequence of [9,
Thm. 7.13, Lemma 7.14] and Proposition 5.2 this functor restricts to an isomorphism of
groups. ]

6.3 Invertible Rep (H)-bimodule categories

In this section we study the tensor product of invertible module categories over the repre-
sentation categories of Hopf algebras using the tools developed in the previous sections.

Let H be a finite-dimensional Hopf algebra. Recall that if M is a Rep(H)-bimodule
category, then there exists a left H®jyH “P-comodule algebra K, right H®j HP-simple
with trivial coinvariants such that M ~ ¢ M as Rep(H )-bimodule categories.

Theorem 6.4 Let K, S be left H®yH“P-comodule algebras right HQy H“P-simple with
trivial coinvariants. Assume also that

(i) S®kK isfree as a left SUy K -module,
(ii) the module category st x M is exact, and
>iii) sM, g M are invertible Rep(H )-bimodule categories.

Then, there is an equivalence of Rep(H )-bimodule categories
sM Hreprry kM = so,x M. (6.1)
Proof By Corollary 4.4 there exists an equivalence of Rep(H )-bimodule categories
sM Brepy kM = M(H, H, K, S).

Since invertible bimodule categories are indecomposable, then the category M(H, H, K, )
is an indecomposable bimodule category. Consider the functor F : sg,xM —
M(H,H,K,S) explained in (4.4). Since S®yK is free as a left SUy K -module then F is
full and faithful. The full subcategory of M(H, H, K, S) consisting of objects F(N) where
N € sg, kM is an exact submodule category and since M(H, H, K, E) is indecomposable,
F must be an equivalence, see [11, p. 91]. O

The left H®y HP-comodule algebra diag(H) can be thought as a coideal subalgebra in

HQ®yHP. The map ¢ : diag(H) — HQy H® given by t(h) = h)®h () is an injective co-
module algebra map. Let Q be the coalgebra quotient (H ® H°P)/(H Qy HP) diag(H)™.
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Corollary 6.5 Let K, S be left H®y H“P-comodule algebras right HQy H“P-simple with
trivial coinvariants such that conditions (i) and (ii) of Theorem 6.4 are fulfilled and
sM Ngepcry kM = Rep(H). Then, there is an isomorphism of H®yHP-comodule alge-
bras

SDHK :Enddmg(H)(H®kH°°pDQV), (62)

for some V € 2 M. Moreover

(SO K)©HeHA™ — Epd2(v). 6.3)

Proof By Theorem 6.4 the module categories s, x M, diag(r)M are equivalent. It follows
from [1, Lemma 1.26] that there exists an object P € #®xH M diag(#) Such that

SDHK ~ Enddiag(H)(P).

The left H®y HP-comodule structure on End giag(s) (P) is given by A : End giag(s) (P) —
H @y H @y End giag(rry (P), A(T) = T(—1)®T () where

(o, 1) To(p) = (. T (po) =S~ (P=1)) T (P0) 0) (6.4)

for any & € (H®,HP)*, T € End ug(sn) (P), p € P.
There is an equivalence of categories #®<*® M g0y =~ 2M. The functors ¥ :
H&pHY® py diag(H) —> oM, P :2M — HeH™ £y diag(ery defined by

U(M)=M/(H®H?)diag(H)",  ®(V)=(H®H®)OyV,

M € HOH™ A ooy, V € M give an equivalence of categories. The left H®j HP-
comodule structure on (H @ H*P)OpV,

S (H®]kHCOP)DQV — H®]kHCOP®]k(H®]kHCOP)DQV
and the right diag(H )-action are given by
S(h®t®v) = h(1>®t(2)®h(1)®l(])®v, (h®t®v) - x = hX(])®tX(2)®U,

for all x € H, h@t®v € (HQH?)0yV. This proves isomorphism (6.2). Isomorphism
(6.3) follows from Enddiag(H)(P)mH = Endsliag(H)(P). O

Corollary 6.6 Assume H is pointed. Let K, S be left H®y H“P-comodule algebras as in
Corollary 6.5. Assume also that

(SO K)o = SoUp, Ko. (6.5)
Then s, M, g, M are invertible Rep(Hy)-bimodule categories.
Proof By Corollary 6.5 there exists an object V € 2 M such that
SOx K =~ Endgige(r) (H®x H*POp V) o Homy (V, HQxH Oy V).

Let us explain the second isomorphism. The space Homy(V, HQH“P,V) is a left
HQ®y HP-comodule via T +— T(_,®T (o) such that for all o« € (H® H“P)*

(., T—1y) To(w) = (o, T (v0) (S~ (1)) T (o) o).
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for all v € V. Recall that we are identifying diag(H) with the coideal subalgebra
t(diag(H)) € HQkHP. There is an isomorphism H®yH? ~ Q®ydiag(H) of right
diag(H)-modules and right Q-comodules [12, Thm. 6.1].
Define ¢ : Endgipgry(H®xHPOpV) — Homy(V, HOH“*Oy V), ¥ : Homyg(V,
H®1kHCOP|:|Q V) — Enddiag(H)(H@)kHC"PDQ V) by
& (1) (v) =T (1®v), ¥ (U)(h®v) = (h®1) - U (v),

for all v e V, h € diag(H). One can readily prove that ¢ and v are one the inverse of each
other and they are comodule morphisms. Thus, there are isomorphisms

(SUx K)o = Homy (V, H®x H**[y V), ~ Homy(Vy, P),

where P = > h®@ve HRH“POyV : h € Hy®yHy}. Since there is an isomorphism P~
diag(Hy)®x Vo then
Homy, (Vo, P) = End giag 1) (P),

which implies that the bimodule categories (st k), M, diag(Hy)/M are equivalent. By hypoth-
esis (6.5) the bimodule categories 5,0, koM. diag(Hy)/M are equivalent. Using Theorem 6.4
we get that both categories g, M, g,M are invertible Rep(Hy)-bimodule categories. ]

Let H be a pointed Hopf algebra such that the coradical is the group algebra of an Abelian
group G. Corollary 6.6 tells us that to find invertible Rep(H )-bimodule categories we have
to look at those comodule algebras K such that Ky =k, F where F C G is a subgroup,
Y € Z2(F,k*) is a 2-cocycle such that the Morita class of the pair (F, ¥) belongs to the
Brauer-Picard group of Rep(kG) that has been computed in [7].

Remark 6.7 In general there is an inclusion (SO K) 2 SoU g, Ko. Equality is not true for
arbitrary comodule algebras, however (6.5) seems to be fulfilled in many examples of co-
module algebras over pointed Hopf algebras such that the bimodule categories are invertible.

6.4 The Brauer-Picard group of Rep(G)

In this section we compare the product of the Brauer-Picard group of the category of repre-
sentations of a finite Abelian group G obtained in [7] and the product (6.1).

Let G be a finite Abelian group. The group O(G & G) consists of group isomorphisms
a: G G—G @® G such that (o2 (g, x),1(g, x))=(x,g) forall ge G, x € G. Here
alg, x) = (ai(g, x), a2(g, x))-

Theorem 6.8 [7, Corollary 1.2] There is an isomorphism of groups
BrPic(Rep(G)) =~ O(G & G).
Leta € O(G ® 6) and define U, € G x G the subgroup

Ly ={(e1(8.%).8) :8€ G, x €G}.

and the 2-cocycle ¥, : L, x L, — k* defined by

WQ((al(g7 X)5 g)7 (al(h’ g)s h)) :<a2(ga X)_l’al(h5 S))(th)

It was proved in [7] that the bimodule categories e 1,/M are invertible.
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Proposition 6.9 There is an equivalence of Rep(kG)-bimodule categories
Ky LaOiclyy LM X kg Lap M-
Proof 1t follows directly from Theorem 6.4. ]

Remark 6.10 The product in BrPic(Rep(G)) for a non-Abelian group G remains as an
open problem. As pointed out by the referee to describe the elements and the product in
BrPic(Rep(G)) one might have to use the description given in [3, Corollary 3.6.3].
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