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ABSTRACT

In this paper, we consider a slab represented by the interval 0 < x < 1, at the
initial temperature u0(x) = M > 0 having a positive constant heat flux q on the
left face and the contact perfect condition, ux(1, t) + γut(1, t) = 0 on the right face
x = 1. We consider the corresponding heat conduction problem and we assume that
the phase-change temperature is 00C. We compare estimations of the time of the
occurrence of the phase-change obtained by means of Laplace Transform and Method
of Lines.

RESUMEN

En este trabajo, nosotros consideramos un material representado por el intervalo
0 < x < 1, a una temperatura inicial u0(x) = M > 0 con un flujo de calor positivo
q en la cara izquierda y la condición de contacto perfecto, ux(1, t) + γut(1, t) = 0 en
la derecha. Nosotros consideramos el correspondiente problema de conduccion del
calor y asumimos que el cambio de fase se produce a 00C. Comparamos estimaciones
de los tiempos obtenidos por medio de la tranformada de Laplace y el método de
ĺıneas.

INTRODUCTION

We consider a one-dimensional slab with its face y = ` in perfect thermal contact with mass Mf

per unit area of a well-stirred fluid (or a perfect conductor) of specific heat cf . We consider the
following heat conduction problem:
Problem P

kvyy = ρcvτ , D = {(y, t) : 0 ≤ y ≤ `, τ > 0}, (1)
v(y, 0) = V0 > 0, 0 ≤ y ≤ `, (2)

kvy(0, τ) = q0 > 0, τ > 0, (3)
kvy(`, τ) + Mfcfvτ (`, τ) = 0, τ > 0, (4)



We consider the following changes of variables:

x =
y

`
,

t =
kτ

ρc`2
.

v(y, τ) = cu(x, t)

We consider the new problem P1:
Problem P1

uxx = ut, D = {(x, t) : 0 ≤ x ≤ 1, t > 0}, (5)
u(x, 0) = M > 0, 0 ≤ x ≤ 1, (6)
ux(0, t) = q > 0, t > 0, (7)
ux(1, t) = γut(1, t), t > 0. (8)

Where:
M = cV0,

q =
c`q0

k
,

γ = −Mfcf

ρc
.

We are interested in obtain estimations of the occurrence of the phase-change for small t (i.e.
t ≈ 0) by means of Laplace Transform (section 1) and Method of Lines(section 2). The Problem
P1 holds the following minimum principle that we use in section 1 and 2 in order to consider
only the behavior of u(x, t) for x = 0.

Lemma 1 The solution of Problem P1 holds:

u(0, t) ≤ u(x, t), 0 ≤ x ≤ 1, t > 0.

Proof We set v = ux, the function v(x, t) satisfies the following heat conduction problem:

vxx = vt, D = {(x, t) : 0 ≤ x ≤ 1, t > 0}, (9)
v(x, 0) = 0, 0 ≤ x ≤ 1, (10)
v(0, t) = q > 0, t > 0, (11)
v(1, t) = γvx(1, t), t > 0. (12)

By using the maximum principle for 0 ≤ x ≤ 1 and t > 0 we have:

min v(x, t) = min{q, 0, v(1, t)},

We suppose that v(1, t) < 0 (we remark that q > 0), it follows that:

min v(x, t) = v(1, t),

by using Hopf lemma we deduce that:

vx(1, t) < 0,

which contradicts the condition (12), therefore ux(x, t) ≥ 0 from which we obtain the thesis.



THE LAPLACE TRANSFORM

In this section we apply the Laplace Transform at problem considered, we obtain the exact
solution of the transformed problem and we use asymptotic behavior to approximate the inverse
of the solution of the transformed problem. We approximate the solution of the original problem
in order to obtain estimations of the time of the occurrence the change-phase in the material.
The Laplace Transform is:

U(s, t) = L(u(x, t)) =
∫ ∞

0
u(x, t)e−stdt,

where s is a positive parameter. We apply the Laplace Transformation to Problem I, that is,
multiply by e−st and integrate with respect to t from 0 to ∞. This gives:
Problem P2

Uxx(s, x)− sU(s, x) = −M, (13)

Ux(s, 0) =
q

s
, (14)

γsU(s, 1)− Ux(s, 1) = γM. (15)

We remark that γ < 0.
The solution of Problem P2 is given by:

U(s, x) = A(s) exp (−√sx) + B(s) exp (
√

sx) +
M

s
, (16)

where

A(s) =
−(γs−√s) exp (

√
s)q

2s(γs
3
2 cosh (

√
s)− s sinh (

√
s)

, (17)

and

B(s) =
(γs +

√
s) exp (−√s)q

2s(γs
3
2 cosh (

√
s)− s sinh (

√
s)

. (18)

After simple calculation we obtain the following expression for U(s, x):

U(s, x) =

[
−γs sinh (

√
s(1− x)) +

√
s cosh (

√
s(1− x))

γs
5
2 cosh (

√
s)− s2 sinh (

√
s)

]
q +

M

s
, (19)

Remark 1 If we consider q = 0, (19) implies that U(s, x) =
M

s
. In this case u(x, t) = M for

0 ≤ x ≤ 1 and t > 0.

Lemma 2 Suppose that the Laplace transform F (s) = L(f(t)) has an asymptotic expansion:

F (s) ≈
∞∑

ν=1

aνs
−λν s → +∞,

where
λ1 ≤ λ2 ≤ λ3 ≤ ...

then

f(t) ≈
∞∑

ν=1

aνt
λν−1

(λν − 1)
t → 0.



For more details, we refer [1].

Theorem 1 For the Problem P1 an estimation of the time of change of phase is given by the
following equality:

tch =
(√

πM

2q

)2

.

Proof We need consider only the behavior of (19) for large s and x = 0, so that

U(s, 0) ≈ M

s
− q

s
3
2

, s → +∞. (20)

Therefore we can obtain the asymptotic behavior for u(0, t) for small t:

u(0, t) ≈ M − 2√
π

qt
1
2 , t → 0, (21)

We consider the flux q as a variable and the fix initial condition M .
We need u(0, t) = 0 in order to have a change phase in the material, that is:

M − 2√
π

qt
1
2 = 0, (22)

then the time of change phase holds the following equality:

tch =
(√

πM

2q

)2

. (23)

Remark 2 The estimation given by theorem 1 is valid for t ≈ 0 which is equivalent to q À M .
We can see that the estimation does not depend on the constant γ.

Remark 3 In the problem P1 when γ → −∞ we obtain the following problem

uxx = ut, D = {(x, t) : 0 ≤ x ≤ 1, t > 0}, (24)
u(x, 0) = M > 0, 0 ≤ x ≤ 1, (25)
ux(0, t) = q > 0, t > 0, (26)
u(1, t) = C, t > 0, (27)

where C is a constant. This problem was studied in [3] and the authors obtain the following
expresion for the time t∗ of change of phase

t∗ ≥ πM2

4q2
,

which is the same that in the theorem two.

In order to obtain an expresion for the time of change of phase which depends on γ, in the next
section we will use the method of lines.



METHOD OF LINES

In this section we apply the method of lines to Problem P1 in which the partial differential
equation is replaced by a sequence of ordinary differential equations at discrete time levels. For
this purpose, we shall define a partition {0 = t0 < t1 < ... < tN = T} of [0, T ], which for ease of
notation is assumed to have equal subintervals ∆t = ti− ti−1 and i = 1, .., N . The simplest, and
most commonly used, method of lines approximation for Problem P1 requires the substitution

ut(x, tn) ≈ u(x, tn)− u(x, tn−1)
∆t

,

which reduces the partial differential equation (1) to a second order differential equation

∆tu
′′
n(x)− un(x) = −un−1(x),

for n = 1, .., N and ∆t =
T

N
, where un = u(x, tn) and u

′′
n =

dun(x)
d2x

. The boundary conditions
are transformed in the following equations:

u
′
n(0) = q (28)

−∆tu
′
n(1) + γun(1) = γun−1(1) (29)

The method of lines approximation for the heat conduction problem P1 is given by:
Problem P3(n)

∆tu
′′
n(x)− un(x) = −un−1(x), n = 1, .., N (30)

u
′
n(0) = q, (31)

−∆tu
′
n(1) + γun(1) = γun−1(1). (32)

The solution of Problem P3(n) has the representation:

un(x) = An,k exp (−1
k
x) + Bn,k exp (

1
k
x) + gn(x), (33)

where

An,k =
q(−k + γ) exp (

1
k
)− 1

k
(γun−1(1) + k2g

′
n−1(1)− gn−1(1))

2(sinh (
1
k
)− γ

k
cosh (

1
k
))

, (34)

Bn,k =
−1

k
(γun−1(1) + k2g

′
n−1(1)− gn−1(1))− q(k + γ) exp (−1

k
)

2(sinh (
1
k
)− γ

k
cosh (

1
k
))

,

k =
√

∆t,

and gn,k(x) is a particular solution of Problem P3(n). We remark that A and B depends on n
and k. The particular solution gn,k(x) is given by:

gn,k(x) =
1
k

∫ x

0
sinh (

1
k
(s− x))un−1ds. (35)

Henceforth, in order to simplify the notation we omit the indices k. We consider one iteration
(i.e. n = 1), in this case the solution of problem P3(1) is given by:



u1(x) = A1,k exp (−1
k
x) + B1,k exp (

1
k
x) +

M

k

∫ x

0
sinh (

1
k
(s− x))ds. (36)

We consider this solution only for x = 0 (Lemma 1), after some algebraic manipulation, we
obtain:

u1(0) = Gγ(k)M + Fγ(k)q, (37)

where

Fγ(k) =
γ sinh (

1
k
)− k cosh (

1
k
)

sinh (
1
k
)− γ

k
cosh (

1
k
)

, (38)

and

Gγ(k) =
sinh (

1
k
)− k cosh (

1
k
) +

1− γ

k

sinh (
1
k
)− γ

k
cosh (

1
k
)

, (39)

We look for k satisfying:
u1(0) = Gγ(k)M + Fγ(k)q = 0,

this equation is equivalent to:

Hγ(k) = −M

q
, (40)

where

Hγ(k) =
γ sinh (

1
k
)− k cosh (

1
k
)

sinh (
1
k
)− k cosh (

1
k
) +

1− γ

k

. (41)

It is easy to verify that Hγ(k) possesses the following propertie

Lemma 3 The function Hγ(k) holds the following properties:

1. lim Hγ(k) = 0 when k → 0+ for all γ > 0.

2. Hγ(k) ≤ 0 for k ≈ 0 for all γ > 0.

Proof

Hγ(k) =
γk sinh (

1
k
)− k2 cosh (

1
k
)

k sinh (
1
k
)− cosh (

1
k
) + 1− γ

=
(−k2 + γk)e1/k − (k2 + γk)e−1/k

(k − 1)e1/k − (k − 1)e−1/k + 2(1− γ)
.



Hence, the behavior of Hγ(k) for k ≈ 0 is given by

Hγ(k) ≈ −k2 + γk

k + 1− γ
k ≈ 0, (42)

From (42), (1) and (2) holds.

We use the expresion (42) which holds for k ≈ 0 in order to solve the equation (40). Firstly, we
remark that the estimations are comparables. From theorem 1 we have:

−M

q
= −

√
4t

π
, (43)

where we note that t = k2. Now we define the following function:

R(k) = − 2k√
π

= −M

q
. (44)

We know from the (40) that:

Hγ(k) = −M

q
, (45)

where

Hγ(k) =
γ sinh (

1
k
)− k cosh (

1
k
)

sinh (
1
k
)− k cosh (

1
k
) +

1− γ

k

. (46)

We may immediately verify the following lemma which implies that the times given by theorem
1 and 2 are comparable

Lemma 4

lim
k→0

Hγ(k)
R(k)

=
γ
√

π

2
.

In order to adjust the estimation given by the theorem 1 we consider the following function:

ε(γ, k) = Hγ(k)−R(k), (47)

from (42), the behavior for k ≈ 0 for this function is given by:

ε(γ, k) =
−k2 + γk

k + 1− γ
+

2k√
π

(48)

= ε(γ, 0) + ε
′
(γ, 0)k +O(k2) (49)

= (
2√
π

+ γ)k +O(k2). (50)

By using the last expresion combined with theorem 1, we obtain a new expresion for the time
of change of phase in Problem P1 where the parameter γ appears.



Theorem 2 For the Problem P1 an estimation of the time of change of phase is given by the
following equality:

tch =
1
2

(
π

4
+

1
γ2

)
M2

q2
.

Remark 4 If we consider the case where the domain is seminfinity (i.e. 0 < x < +∞), then
the exact solution is given by:

u(x, t) = M − 2q
√

t ierfc(
x

2
√

t
) (51)

where

erf(x) =
2√
π

∫ x

0
exp (−t2)dt,

and

erfc(x) = 1− erf(x), ierfc(x) =
exp (−x2)√

π
− xerfc(x).

The time of change of phase (i.e. u(0, t) = 0) is given by:

t = (
√

πM

2q
)2, (52)

In this case, we consider the following problem P2∞ (the Laplace Transform):

Uxx(s, x)− sU(s, x) = −M, (53)

Ux(s, 0) =
q

s
. (54)

Now, the exact solution for problem P2∞ in x = 0 is given by:

U(0, s) = − q

s3/2
+

M

s
.

Therefore, we obtain that:

u(0, t) = − 2q√
π

√
t + M.

The time of phase change is equal to (52).
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PRIMERA PÁGINA

El t́itulo deberá ir centrado, en letras mayúsculas en negritas (boldface), comenzando a 30 mm.
del borde superior de la caja.
Los autores deberán identificarse por su primer nombre completo, inicial del segundo nombre
y apellido(s). En el rengón siguiente indicarán la institución a la cual pertenecen y dirección
completa, incluido el páıs. En caso de varios autores observar cuidadosamente el ejemplo.
A continuación se incluirá el resumen del trabajo en idioma castellano o portugués, y luego un
resumen en inglés, debiendo existir una total correspondencia entre ambas versiones.
Ambas versiones del resumen deberán incluirse en la primera página. La dimensión horizontal
de la caja se reducirá en 10 mm. en ambas márgenes, según muestra este ejemplo. De ser
posible, la introducción del trabajo comenzará en la primera página.

TITULOS, SUBTITULOS Y ESPACIOS ENTRE LÍNEAS

Los t́ıtulos principales se escribirán centrados, en mayúsculas y en negirta (boldface). Los
subt́ıtulos podrán escribirse en minúscula, centrados o no, de acuerdo al mejor criterio del
autor. Se usará siempre espacio simple entre ĺıneas, excepto en los siguientes casos en los que se
usará un espacio mayor:

* t́itulos y subt́itulos,

* comienzo de un nuevo párrafo,

* leyenda de figuras,

* primera y última ĺinea de las ecuaciones,

* margen superior e inferior de las figuras.

OTRAS ESPECIFICACIONES

Figuras
Se realizarán en tinta china o mediante fotomecánica. Sólo se aceptarán fotocopias en el caso
que las mismas estén bien contrastadas y que no posean ni manchas ni puntos de fotocopiado.
El espesor de las ĺıneas debe ser el suficiente para permitir su posterior reducción.
Las figuras se intercalarán en el texto en los lugares más apropiados a criterio del autor y, en
lo posible, próximas al lugar en que se hace referencia a estas. Cada figura irá acompañada de
su respectiva leyenda centrada. Para la confección de las mismas, se debe tener en cuenta que
para la publicación, los originales serán reducidos a un 70%.

Tablas
Se intercalarán en el texto, se realizarán en tinta negra, y en ningún caso podrán excederse del
tamaño de la caja de escritura. A diferencia de las figuras, las tablas serán identificadas con
números romanos y sus leyendas precederán a las mismas.

Ecuaciones
Las ecuaciones deben ser impresas centradas. Se numerarán correlativamente con números
arábigos encerrados entre paréntesis, cerca del márgen derecho de la página. Ejemplo:

π(n) =
n∑

m=2


(

m−1∑

k=1

⌊
(m/k)
dm/ke

⌋)−1
 (55)



Notas al pie de página
Deberán quedar incluidas dentro de la caja definida anteriormente.

Referencias
Deben ser citadas en el texto, numeradas de acuerdo al orden en que aparecen con números
arábigos entre corchetes. Ej.:[1]
Las referencias citadas en el texto deberán agruparse en la sección REFERENCIAS, dando
información completa de los autores, del t́itulo del trabajo, revistas donde fue publicado, volu-
men, páginas, y año de publicación. Cuando se trate de un libro debe indicarse además el autor
(o editor), su nombre completo, editorial, número de edición, lugar y año de edición. Seguir el
ejemplo [2].

REFERENCIAS

[1] Morris, N. F., The Use of Modal Superposition Nonlinear Dynamics, Int. J. Comp. Struc.,
Vol. 7, 1977, págs. 65-72.
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