
Applied Mathematics and Computation 167 (2005) 345–354

www.elsevier.com/locate/amc
A numerical analysis of a model of
growth tumor

Andrés Barrea a,*, Cristina Turner b

a CIEM, Universidad Nacional de Córdoba, Argentina
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Abstract

In this paper we study a free boundary problem modeling the growth of tumors. The

model uses the conventional ideas of nutrient diffusion and consumption by the cells.

We consider the radially symmetric case of this free boundary problem. We apply a

spectral numerical method to the system of equations.
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1. Introduction and preliminaries

A variety of PDE for tumor growth have been developed in the last decades.

Some models are based on reaction–diffusion equations [4,5]. Other models in-
clude hyperbolic equations, we refer to [1–3,6]. In [3] the authors have studied a

particular model with three cells populations: proliferating cells, quiescent cells

and dead cells. This model includes densities P, Q, and D of proliferating,
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quiescent and dead (necrotic) cell respectively, and concentration C of nutri-

ents (generally oxygen). These densities satisfy a system of nonlinear first order

hyperbolic equations in the tumor, with tumor surface as a free boundary. The

cells in different states are assumed to be mixed within the tumor, and to have

the same size. They assumed that the tumor is uniformly packed with cells, so

that

P þ Qþ D ¼ const � N :

Due to proliferation of cells and to removal of necrotic cells, there is a contin-

uous movement of cells within the tumor and that the field velocity~v satisfies

the Darcy�s law. They treat the tumor tissue as a porous medium, that is

~v ¼ rr; r pressure:

In this model they assume that

• KQðCÞ is increasing in C (rate of change from proliferating state to quiescent

state).

• KP ðCÞ is decreasing in C (rate of change from quiescent state to proliferating

state).

• KDðCÞ is decreasing in C (quiescent cells become necrotic at a rate KDðCÞ).
• KAðCÞ is decreasing in C (the death rate by apoptosis).

• KBðCÞ is increasing in C (the proliferation rate).

• KBðCÞ > KAðCÞ.
• KR is a positive constant (the rate of removal of dead cells).

The concentration C satisfies the next diffusion equation

r2C � kC ¼ 0 en XðtÞ ðk > 0Þ;
C ¼ C0 sobre oXðtÞ;

where X is the tumor region at time t.

The densities P, Q and D satisfies the following system:

oP
ot

þ divðPvÞ ¼ ½KBðCÞ � KQðCÞ � KAðCÞ�P þ KP ðCÞQ;

oQ
ot

þ divðQvÞ ¼ KQðCÞP � ½KP ðCÞ þ KDðCÞ�Q;

oD
ot

þ divðDvÞ ¼ KAðCÞP þ KDðCÞQ� KRD:

If we add the last equations then we obtain an equation for the pressure r

Nr2r ¼ KBðCÞP � KRD:
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Now, we set

�c ¼ C=C0; �p ¼ P=N ; q ¼ Q=N ;

we arrive at the following system of equations:

r2�c� k�c ¼ 0 in XðtÞ;
�c ¼ 1 on oXðtÞ;
o�p
ot

þ divð�prrÞ ¼ ½KBð�cÞ � KQð�cÞ � KAð�cÞ��p þ KP ð�cÞ�q in XðtÞ;

o�q
ot

þ divð�qrrÞ ¼ KQð�cÞ�p � ½KP ð�cÞ � KDð�cÞ��q in XðtÞ;

r2r ¼ �KR þ ½KBð�cÞ þ KR��p þ KR�q in XðtÞ;

where

Kið�cÞ ¼ KiðC0�cÞ for i ¼ A;B;D; P ;Q:

The pressure r on the surface of the tumor is equal to the surface tension,

that is

r ¼ cj on oXðtÞ ðc > 0Þ;
where j is the mean curvature. The motion of the free boundary is given by the

continuity equation

~v �~n ¼ V n; or
or
o~n

¼ V n on oXðtÞ;

where ~n is the outward normal and Vn is the velocity of the free boundary of

the free boundary in the outward normal direction. Given initial conditions

Xð0Þ; pðx; 0Þ; qðx; 0Þ;
we would like to determine the family of domains X(t) and the functions p(x, t),

q(x, t), c(x, t) and r(x, t) satisfying the last system.
2. The radial model and its properties

We note that tumors grown in vitro are typically of spherical shape, which

makes the study of radially symmetric solutions quite relevant. The radially
symmetric case of the the general model is given by the following equations

system:

1

r2
o

or
ðr2 o�c

or
Þ ¼ k�c ð0 < r < RðtÞ; t > 0Þ;

o�c
or

ð0; tÞ ¼ 0; �cðRðtÞ; tÞ ¼ 1 ðt > 0Þ;
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o�p
ot

þ �u
o�p
or

¼ ½KBð�cÞ � KQð�cÞ � KAð�cÞ��p þ KP ð�cÞ�q� ½ðKBð�cþ KRÞ�p

þ KR�q� KR��p ð0 6 r 6 RðtÞ; t > 0Þ;

o�q
ot

þ �u
o�q
or

¼ KQð�cÞ�p � ½KP ð�cÞ þ KDð�cÞ��q� ½ðKBð�cÞ þ KRÞ�p

þ KR�q� KR��q ð0 6 r 6 RðtÞ; t > 0Þ;

1

r2
o

or
ðr2�uÞ ¼ ½KBð�cÞ þ KR��p þ KR�q� KR;

�uð0; tÞ ¼ 0 ðt > 0Þ;

dRðtÞ
dt

¼ �uðRðtÞ; tÞ ðt > 0Þ;

with initial data

Rð0Þ; �pðr; 0Þ; �qðr; 0Þ:
To transform the above free boundary problem in a problem with fixed

boundary we first note that, for R(t) given �cðr; tÞ is given by

�cðr; tÞ ¼ RðtÞ sinhð
ffiffiffi
k

p
rÞ

r sinhð
ffiffiffi
k

p
RðtÞÞ

¼ c
r

RðtÞ ;RðtÞ
� �

;

where

op
ot

þ v
op
or

¼ ½KBðcÞ � KQðcÞ � KAðcÞ�p þ KP ðcÞq� ½ðKBðcÞ þ KRÞp

þ KRq� KR�p ð0 6 r 6 1; t > 0Þ;

oq
ot

þ v
oq
or

¼ KQðcÞp � ½KP ðcÞ þ KDðcÞ�q� ½ðKBðcÞ þ KRÞp

þ KRq� KR�q ð0 6 r 6 1; t > 0Þ;

vðr; tÞ ¼ uðr; tÞ � ruð1; tÞ ð0 6 r 6 1; t > 0Þ;

1

r2
o

or
ðr2uÞ ¼ ½KBðcÞ þ KR�p þ KRq� KR ð0 6 r 6 1; t > 0Þ;

uð0; tÞ ¼ 0 ðt > 0Þ;

dRðtÞ
dt

¼ RðtÞuð1; tÞ ðt > 0Þ;
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with initial data

Rð0Þ ¼ R0; pðr; 0Þ ¼ p0ðrÞ; qðr; 0Þ ¼ q0ðrÞ;
where

R0 > 0; p0ðrÞ P 0; q0ðrÞ P 0; p0ðrÞ þ q0ðrÞ 6 1; ð0 6 r 6 1Þ:
In [3] the authors show that the last system has a unique solution for

0 6 r 6 1, 0 6 t > 1, and it has the following properties:

1. p(r, t) P 0, q(r, t) P 0, p(r, t) + q(r, t) 6 1,

2. R0e
�1

3
KRt 6 RðtÞ 6 R0e

1
3
KBð1Þt,

3. limt!1R(t) = 1 if KR = 0,

4. d0 6 R(t) 6 M for all tP 0 if 0 < KR < 1.
3. The numerical method

Spectral methods are based in simple ideas of interpolation [7], we use these

ideas for the numerical method. We give a description of our numerical scheme
for the problem with fixed boundary. Let ri ¼ i

Nþ1
for 0 < i 6 N + 1 be a parti-

tion of the interval [0,1] into subintervals Ii = [ri, ri+1], of length h ¼ 1
Nþ1

. First,

we consider the following matrix:

Dr
ij ¼

1

aj

YNþ1

k¼1

ðri � rkÞ ¼
ai

ajðri � rjÞ
ði 6¼ jÞ

and

Dr
ii ¼

XNþ1

k¼1

ðrj � rkÞ�1
;

where

aj ¼
YNþ1

k¼1

ðri � rjÞ:

We use the following notation

P ¼ ðP jðtÞÞj ¼ ðpðrj; tÞÞj;
Q ¼ ðQjðtÞÞj ¼ ðqðrj; tÞÞj;
U ¼ ðUjðtÞÞj ¼ ðuðrj; tÞÞj;
V jðtÞ ¼ V jðtÞ ¼ UjðtÞ � UNþ1ðtÞ;
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where (Æ)j is a vector with j components. We approximate

DrP � op
or

ðrj; tÞ
� �

j

;

DrQ � oq
or

ðrj; tÞ
� �

j

:

Now, we consider the following approximations

op
ot

ðrj; tÞ þ vðrj; tÞ
op
or

ðrj; tÞ �
dP
dt

þ diagðV jÞDrP
� �

j

;

where [Æ]j denote the j-component of the vector (Æ)j.

oq
ot

ðrj; tÞ þ vðrj; tÞ
oq
or

ðrj; tÞ �
dQ
dt

þ diagðV jÞDrQ
� �

j

;

1

r2
o

or
ðr2uÞðrj; tÞ � diag

1

r2k

� �
Drr2jU

� �
j

:

We remark that Ki(c) = Ki(r,R) for i = A,B,P,Q,D.

We define the following matrices:

M1ðRÞ ¼ diagðKBðrj;RÞ � KQðrj;RÞ � KAðrj;RÞÞ;
M2ðRÞ ¼ diagðKP ðrj;RÞÞ;
M3ðRÞ ¼ diagðKBðrj;RÞ þ KRÞ;
M4ðRÞ ¼ diagðKQðrj;RÞÞ;
M5ðRÞ ¼ diagðKP ðrj;RÞ þ KDðrj;RÞÞ;

and the following vectors:

P 2ðtÞ ¼ ðP 2
j ðtÞÞj;

Q2ðtÞ ¼ ðQ2
j ðtÞÞj;

P :QðtÞ ¼ ðP jðtÞQjðtÞÞj;
r2UðtÞ ¼ ðr2jUjðtÞÞj;
1 ¼ ð1Þj:

We have the following approximations

dP
dt

þ diagðV jÞDrP ¼ M1P þM2Q�M3P 2 � KRPQþ KRP ;

dQ
dt

þ diagðV jÞDrQ ¼ M4P �M5Q�M3PQ� KRQ
2 � KRQ;
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diag
1

r2k

� �
Drr2U ¼ M3P þ KRQ� KR1;

U ¼ diag
1

r2j

 !
ðDrÞ�1

diagðr2kÞðM3P þ KRQ� KR1Þ:

From the last equation, we can obtain the vector U as function of the P, Q and

R. Then we can express diag(Vj) as function of P, Q, and R we obtain the

following system of ordinary differential equations

dP
dt

¼ F1ðR; P ;QÞ;

dQ
dt

¼ F2ðR; P ;QÞ;

dR
dt

¼ F3ðR; P ;QÞ;

with initial conditions

P ð0Þ ¼ ðpðrj; 0ÞÞj ¼ ðp0ðrjÞÞj;
Qð0Þ ¼ ðqðrj; 0ÞÞj ¼ ðq0ðrjÞÞj;
Rð0Þ ¼ R0:

If we define W ¼ ½ P Q R �t then we can use the following notation

dW

dt
¼ FðWÞ;

Wð0Þ ¼ W0:

This system can be resolved by means the standard numerical methods for

the ordinary differential equations.
4. Numerical examples

From [6], in this section we set the following values for the parameters of the

problem:

1. R(0) = 3,

2. k = 0.05,

3. KA(c) = 0,

4. KP(c) = 0.05c,

5. KQ(c) = �0.05(c + 1),
6. KD(c) = �c + 1,

7. KB(c) = c.
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The parameters KR and the functions p0(r) and q0(r) will be different in the

examples. We set 10 points for the discretization of the interval [0, 1]. A Runge–

Kutta method is used by integrate the ordinary differential equations.

Example 1. In this example, we consider several values for parameter KR, we

remark that

lim
t!1

RðtÞ ¼ 1 if KR ¼ 0;

we set p0(r) = 0.3 and q0(r) = 0.6.

From Fig. 1 we can see that the solution is increasing with respect to KR.

Example 2. Now p0(r) = sin(px/2(N � 1)) where N = 10 the number of points

in [0,1] for the discretization.
In Figs. 2 and 3 we show the behavior of the densities for different times.

Example 3. In the last example, the parameters are the same in Example 1,

with KR = 1. We remember that

R0e
�1

3
KRt

6 RðtÞ 6 R0e
1
3
KBð1Þt;

Fig. 4 shows that the analytic bounds are preserved by the numerical

solution.
Fig. 1. R(t) for several values of KR.
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Fig. 2. P(r, t) for different times.
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5. Conclusion

In this paper we have investigated the numerical solution of a model of tumor

growth. An special approach of transforming a PDE system into a ODE system

has been adopted, this approach is based in simple ideas of interpolation. The

analytic properties of the solution are preserved for the numerical method.
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