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Abstract. In this work we propose a discrete model for the growth tumor.
This model is based on the continuous model in [1] which uses the conventional
ideas of nutrient di¤usion and consumption by the cells. We assume that region
is two-dimensional and we discretize by means of a grid N � N where sites
are occupied by the di¤erent types of tumor cells (proliferating, quiescent and
dead) and normal cells. The growth rules are stochastic and depend on the
concentration of nutrient. A discussion of the results and applications of the
model are presented.
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1.Introduction

A variety of models for tumor growth have been developed in the last decades
Some models are based on reaction-di¤usion equations ([5], [6]).
Other models include hyperbolic equations, we refer to ([1], [2], [3], [7]).
In [1] the authors have studied a particular model with three cells populations:
proliferating cells, quiescent cells and dead cells.
This model includes densities P , Q, and D of proliferating, quiescent and dead
(necrotic) cell respectively, and concentration C of nutrients (generally oxigen).
These densities satisfy a system of nonlinear �rst order hyperbolic equations in
the tumor, with tumor surface as a free boundary.
The cells in di¤erent states are assumed to be mixed within the tumor, and to
have the same size. They assumed that the tumor is uniformly packed with
cells, so that:

P +Q+D = const � N:
Due to proliferation of cells and to removal of necrotic cells, there is a continuous
movement of cells within the tumor and that the �eld velocity �!v satis�es the
Darcy�s law. They treat the tumor tissue as a porous medium, that is:



�!v = r� � pressure

In this model they assume that:
� KQ (C) is increasing in C (rate of change from proliferating state to

quiescent state).
� KP (C) is decreasing in C (rate of change from quiescent state to prolif-

erating state).
� KD (C) is decreasing in C (quiescent cells become necrotic at a rate

KD (C)).
� KA (C) is decreasing in C (the death rate by apoptosis).
� KB (C) is increasing in C (the proliferation rate).
� KB (C) > KA (C) :
� KRis a positive constant. (the rate of removal of dead cells).

The concentration C satis�es the next difussion equation:

r2C � �C = 0 in 
 (t) (� > 0)

C = C0 on @
 (t)

where 
 is the tumor region at time t:
The densities P , Q and D sati�es the following system:
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+ div (Qv) = KQ (C)P �

�
KP (C) +KD (C)

�
Q

@D

@t
+ div (Dv) = KA (C)P +KD (C)Q�KRD

If we add the last equations then we obtain an equation for the pressure �:

Nr2� = KB (C)P �KRD

Now, we set

c = C = C0; p = P = N; q = Q = N;

we arrive at the following system of equations:



r2c = 0 in 
 (t)

c = 1 on @
 (t)

@p

@
+ div (pr�) = [KB (c)�KQ (c)�KA (c)] p+KP (c) q in 
 (t)

@q

@
+ div (qr�) = KQ (c) p� [KP (c)�KD (c)] q in 
 (t)

r2� = �KR + [KB (c) +KR] p+KRq in 
 (t)

where

Ki (c) = Ki (C0c) for i = A; B; D; P; Q:

The pressure � on the surface of the tumor is equal to the surface tension, that
is:

� = 
� on @
 (t) (
 > 0) ;

where � is the mean curvature. The motion of the free boundary is given by
the continuity equation

�!v � �!n = Vn; or
@�

@�!n = Vn on @
 (t) ;

where �!n is the outward normal and Vn is the velocity of the free boundary of
the free boundary in the outward normal direction. Given initial conditions


 (0) ; p (x; 0) ; q (x; 0) ;

we would like to determine the family of domains 
(t) and the functions p(x; t),
q(x; t), c(x; t) and �(x; t) satisfying the last system. We note that tumors grown
in vitro are typically of spherical shape, which makes the study of radially sym-
metric solutions quite relevant. The radialy symmetric case of the the general
model is given by the following equations system:
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+KRq �KR] q; (0 � r � R (t) ; t > 0) ;



1

r2
@

@r

�
r2u
�
= [KB (c) +KR] p+KRq �KR;

u (0; t) = 0; (t > 0)

dR (t)

dt
= u (R (t) ; t) (t > 0) ;

with initial data

R (0) ; p (r; 0) ; q (r; 0) :

The last system is a free boundary problem and its numerical solution is harder.
In [9] a numerical solution has been proposed for this system by means of a
spectral method.
In this paper we propose a stochastic version of this system of equations which
is very simple and it respect the qualitative properties of the original model.

2.The Mathematical Model

We consider the square lattice Zd (typically d = 2; 3).At each site in the square
lattice there is a kind of cell.
The kinds are health (0), proliferating (1), quiescent (2) and dead (3) cells.
We denote our stochastic process by �t, where t is the time.
In this work the time will be consider discrete.( i.e. t = 1; 2; 3; :::).
For a site x in Zd; �t(x) = i means that in the site x there is a cell of kind i = 0;
1; 2; 3 in the time t.
Thus, each site has four possible states.
We consider the �t con�guration for the concentration of the nutrient (generally
oxigen).
Other possible nutrient can be considered [8].
For a site x in Zd; �k(x) is the concentration of nutrient in the time k.
Assume that the model is in the con�guration �k then the state at the given site
changes according to the following probabilities depending on the concentration
of the nutrient in the 2d+ 1 nearest neighbors of the site x (we include the site
x).
We use the notation y � x to indicate that the site y is one of the 2d+1 nearest
neighbors of the site x.

We consider the following notation for the change probabilities for �k to �k+1.
� P01 for 0 ,! 1 state 0 go to state 1.
� P12 for 1 ,! 2 state 1 go to state 2.
� P03 for 0 ,! 3 state 0 go to state 3.
� P21 for 2 ,! 1 state 2 go to state 1.
� P23 for 2 ,! 3 state 2 go to state 3.
� P30 for 3 ,! 0 state 3 go to state 0.



We assume that

Pij = Pij (�ij ;O (x))

where

O (x) =
P
y�x

�k (y)

and �ij are a real an positive parameters.

3. Choosing the probabilities and updating the concentration

In this section we choose the probabilities with that the cells change, it depends
on the nutrient around it. This is according to the biological hypothesis. We
choose the probabilities for each site x as following:

� P01 (x) = tanh (�01O (x)) :
� P12 (x) = tanh (�12O (x)) :
� P03 (x) = 1� tanh (�03O (x)) :
� P21 (x) = 1� tanh (�21O (x)) :
� P23 (x) = 1� tanh (�23O (x)) :
� P30 (x) = 1� tanh (�30O (x)) :

At each time, we do the following change:
1. We check the kind do cell at the site x
2. We choose uniformly 0 � s � 1 a random number.
3. According to s and Pij ; we change the kind of cell at site x.

Then, we change �k by �k+1 and updating �k.

4. Updating the concentration

The concentration of nutrient is update according to di¤usion equation:

Ct = �div (A (x; y)rC) :

We note that there is not consumption of nutrients for the cells.

At each time, the di¤usion matrix $A$ is building by means the following coef-
�cients:

� d0: Di¤usion coe¢ cient for the health cells.
� d1: Di¤usion coe¢ cient for the proliferating cells.
� d2: Di¤usion coe¢ cient for the quiescent cells.
� d3: Di¤usion coe¢ cient for the dead cells.

That is, the coe¢ cient Ai;j = dk if the site is occupied by a cell of kind k.
The solution of the partial di¤erential equation is obtained by means of the
classical di¤erence �nite method.
Then we obtain the �k+1(x), the concentration in the time k + 1.



5. Results and Simulations

In these examples we show that the behavior of the simulation is the same
as the solution of the original system, that is a central core of dead cells and
the boundary of cells quiescent and proliferating is observed. The shape of the
tumor is closer to the radial and the tumor growth around the source of nutrient.

Example 1. In the examples, we consider the following values for the parame-
ter:

�01 = 1; �12 = 10; �03 = 1; �21 = 0:01; �23 = 10; �30 = 5

d0 = 0:0025; d1 = 0:001; d2 = 0:003; d3 = 0:004

The concentration of nutrient is considered with a constant source, equal to 1,
in the middle of the tissue.

Fig. 1. Tumor with one source of nutrient

Example 2. In this example we consider the same values for the parameters
but two source of nutrients are considered in this case. The dependence of the
growth tumor of the nutrient source is clear at this simulation.



Fig. 2. Tumor with two source of nutrient

Example 3. First, we consider the resection of half tumor at t = 40. We show
the tumor for t = 20; 40; 60; 80. The tumor grows to recovering the radial
symmetric shape around the nutrient source.



Fig. 3. Resection half tumor

Now, we consider the resection of a lot of tumor at t = 40. Again we show
the tumor for t = 20; 40; 60; 80. The tumor grows to recovering the radial
symmetric shape as the before example.



Fig. 4. Resection a lot of tumor

6. Conclusions

The model presented in this paper is a stochastic and simpli�ed version of a sys-
tem of di¤erential equations with free boundary, which is of easy computational
implementation.
The simulation satis�es the qualitative properties of the continuous model, that
is a core of dead cells, the boundary of the quiescent and proliferating cells and
the shape of tumor.
In the model presented in this paper, we consider a single nutrient and inho-
mogeneties in the di¤usivities. By solely varying the parameters (the di¤usion
coe¢ cient) between reasonable bounds, we have di¤erent morphologies for the
tumor. We observed the behavior of tumor according to the sources of nutrient
and the resection. The impact of other treatments can also be modeled.
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