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Abstract

In non-invasive thermal diagnostics, accurate correlations between the thermal
image on skin surface and interior human pathophysiology are often desired, which
require general solutions for the bioheat equation. In this paper, a difference scheme
for the Pennes equation with a space-dependent thermal physiological parameters
and convective boundary condition on the top surface, was used to approximate
the solution. Details computations indicated that the thermal states of biologi-
cal bodies, reflecting physiology conditions, could be correlated to the temperature
mapping recorded at the skin surface. The effect of the convective heat transfer
coefficient, the temperature of the sourranding air, the metabolic rate, the blood
perfusion rate in the tumor, the tumor size and number on the sensitivity of the
thermography are investigated. Moreover the inverse problems consisting in the
simultaneous estimation of unknow geometrical parameters (location size) of the
tumor are solved. On the stage of numerical solution the pattern search algorithm
coupled with the difference scheme has been applied.
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1 Introduction.

Breast cancer, which is common among women, is an international concern. There are
about 200.000 cases a year, and it is estimated that there are more than 1 million women
with undetected breast cancer. Among various techniques to detect breast cancer, infrared
(IR) imaging has been widely used since the late 1950s. In general, the temperature of the
human body on the surface of the skin depends on the metabolic activity, the blood flow,
and the surrounding temperature. Any abnormality in the tissue, such as the presence of
a tumor, alters the normal temperature on the skin surface due to the increase metabolic
activity and blood circulation. Therefore, abnormal skin temperature profiles are an
indication of deceases such as mastitis, benign tumors, fibrocystic breast disease and
cancer. Lawson [7] was the first to propose the use of thermography detection of breast
cancer, when he observed that the local temperatures of the skin over a tumor were
significantly higher (about 2 − 3 degrees) than the normal skin temperatures. Lawson
and Chughtai [8] established that the region temperature difference over an embedded
tumor was due to convection effects associated with increased blood perfusion, and the
increased metabolism around the tumor.

Thermography is a non-contact technique for early detection of breast cancer without
the hazard of carcinogenic radiation. The infrared camera takes thermal images (pictures)
that can detect subtle changes in breast physiology up to 10 years before a cancerous
tumor can be detected by other sources such as mamography or skilled palpation. This
is the most reliable form of early detecction though not often used by medical flield, it is
becoming more readily available.

Thermography has 9% for both false positive and false negative readings. Thermog-
raphy is painless and offers a view of the entire chest and underarm area. The infrared
images show subtle temperature changes in the tissue.

Moreover this technique can be used on augmented breast and mastectomy since is no
pressure applied and it is non-invasive way to evaluate lymphatic system.

Further aspect of IR imaging techniques of breast cancer and detection methods from
infrared images are describes in detail in a recent book by Diakides and Bronzino, [9].

Recently, Mital and Scott [4] developed a method to determined parameters of an
embedded heat source representing a tumor using IR.

The idea of this work is to use thermography- temperature profile in order to predict
the location and size of the embedded tumor. These data can be found solving the inverse
bioheat transfer problem.

In section 2 we will show the mathematical model proposed to simulate the heat
transfer in a human body in a bidimensional domain. In Section 3 we use a difference
scheme method of order two to discretize the continuous model for the Pennes equation
with the mixed boundary conditions. In section 4 we show the simulations for the discrete
system. In section 5 we present the inverse problem in order to obtain the tumor’s
parameters using an algorithm for optimization. Finally, in section 6 we give the results
of the simulations with the parameters obtained and the corresponding percent relatives
errors.
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2 Mathematical model

A number of bioheat transfer equations for living tissues have been proposed since land-
mark paper by Pennes [1] appeared in 1948 in wich the perfusion heat source was intro-
duced.

Pennes measured the tissue temperature profile in a human resting forearm and com-
pared this with the governing differential equation presented by him. This equation
describes a quantitative relation in a human tissue, and included the effect of blood flow
in the tissue temperature on continuous basis. The equation includes the heat transfer by
conduction through the tissue, the volumetric metabolic heat generation of the tissue and
the volumetric blood perfusion rate whose strength was considered to be proportional to
the arterial-venous temperature difference. The temperature of artery is approximated
to the core temperature of the body and the the vein approximated to the local tissue
temperature.

Pennes found that the temperature profile obtained by theoretical prediction by vary-
ing the blood perfusion term matched with the experimental data.

The Pennes bioheat transfer equation is based on the assumption that all heat transfer
between the tissue and the blood occurs in the capillaries.

The Pennes bioheat transfer equation is widely used to solve the temperature distri-
bution for thermal therapy [10],[11], [12], [13] and [14].

In this paper we use to model the steady-state Pennes equation,

λe∇2Te(x) + ke[Tb −Te(x)] + Qme = 0 x ∈ <2

where e = 1, 2 identifies the sub-domains of healthy tissue and tumor respectively, λe is
the thermal conductivity, ke = Gbecb is the perfusion coefficient (Gbe is the blood perfusion
rate, cb is the volumetric specific heat blood), Tb is the constant blood temperature and
Qme is the constant metabolic heat source.
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For the heat transfer at skin surface (top boundary) a convection condition was im-
posed:

−λ1
∂T1(x, L)

∂n
= α[T1(x, L)− Ta]

where α is a heat transfer coefficient and Ta is the ambient temperature. It is possible
to consider another condition for the skin surface, that is the Stefan-Boltzman equation
for the heat radiation, i.e.

−λ1
∂T1(x, L)

∂n
= α[T 4

1 (x, L)− T 4
a ],

moreover we can consider the evaporation on the skin surface, in that case we have to
consider an evolution in time for the heat equation, since the humidity coefficient depends
on time.

The other boundary conditions where prescribed as follows:

−λ1
∂T1(x)

∂n
= 0 at x = 0

−λ1
∂T1(x)

∂n
= 0 at x = M

T = Tb at y = 0,

so a constant core temperature Tb was assumed at the bottom boundary.

3 Numerical method-Direct Problem

The embedded boundary method is a strategy for solving a partial differential equation
such as the Poisson equation, uxx + uyy = f(x, y), in a domain Ω which is bounded by a
smooth but irregular curve ∂Ω [15], [16], [17] and [18]

The boundary problem exposed in the previous section is elliptic with mixed boundary
conditions and discontinuous coefficients. In order to solve this problem more accurately
we consider the coefficients as differentiable functions following the ideas in [19]. We
assume that ∂Ω1 (the boundary of tumor) is defined as the zero-isoline (level set) of a
C∞ function Φ(x, y). It is convenient to rescale Φ(x, y) such that the level surface Φ = 1
is a curve ∂Λ which is contained in Ω and is exterior a Ω1. The interior of boundary ∂Λ
is called Λ.

Now, we multiply the coefficients with appropriate C∞ functions. The basic idea for
extending λe, ke and Qme to C∞ functions is to multiply each by a ”window” function
ρe(x, y).

The function defined in all domain Ω is :

ρ1k1 + ρ2k2.

The ρe(x, y) functions have the following properties:
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1. ρe(x, y) ≡ 1 (x, y) ∈ Ω− Λ(or Λ)

2. ρe(x, y) ≡ 0 (x, y) ∈ Λ(or Ω− Λ)

3. ρe is C∞ everywhere.

Next, we consider the following equation:

λ(x)∇2T (x) + k(x)[Tb − T (x)] +Qm(x) = 0, x ∈ <2

where λ(x), k(x) and Qm(x) are C∞ in all the domain Ω.
Using the following transformation:

T (x, y) = Θ(x, y) + Tb − (Tb − Ta)
yα

λ+ αL

we rewrite the previous equation and the boundary conditions as

λ∇2Θ− k(x, y)Θ + Q̃(x, y) = 0

−λ∂Θ

∂x
= 0 at x = 0 and x = M

−λ∂Θ

∂y
= αΘ at y = L (top boundary)

Θ = 0 at y = 0

where Q̃ = Q + k(Tb − Ta) yα
λ+αL

, L is the height of the domain in the y direction and
M the width of the domain in x direction.

To solve this system we proposed a finite difference method. We considered an equi-
spaced grid on the x and y directions and we approximated the Laplacian by a second
order scheme → x-direction i = 1, ..., Nx ↑ y-direction j = 1, ..., Ny,

(
∂2Θ

∂x2
+
∂2Θ

∂y2
) | i, j =

Θi,j+1 − 2Θi,j + Θi,j−1

h2
+

Θi+1,j − 2Θi,j + Θi−1,j

h2

then the equation can be rewrite as

λi,j(
Θi+1,j − 2Θi,j + Θi,j−1

h2
+

Θi,j+1 − 2Θi,j + Θi,j−1

h2
)− ki,jΘi,j + Q̃i,j = 0.

and doing some elementary operations we conclude that

Θi,j =
λi,j

4λi,j + h2ki,j
(Θj+1,i + Θj−1,i + Θj,i+1 + Θj,i−1) +

h2

4λi,j + h2ki,j
Q̃i,j (3.1)

As the partial derivatives in the Laplacian equation were approximated by a second
order finite difference scheme, the partial derivatives of the boundaries were also approx-
imated by a second order.

We accomplished this by taking fictitious grid points outside the domain and then we
replaced these fictitious points in the main equation. Here we describe each boundary
condition,

5



The left lateral flux:

∂Θ

∂x
|1,j=

Θ2,j −Θ0,j

2h
= 0 ⇒ Θ0,j = Θ2,j

then replacing this into equation (1) we obtain:

Θ1,j =
λ1,j

4λ1,j + h2k1,j
(Θ1,j+1 + Θ1,j−1 + 2Θ2,j) +

h2

4λ1,j + h2k1,j
Q1,j j = 2, ..., Ny − 1. (3.2)

The right lateral–flux:

∂Θ

∂x
| Nx, j =

ΘNx+1,j −ΘNx−1,j

2h
= 0 ⇒ ΘNx+1,j = ΘNx−1,j

then replacing in equation (1), we obtain:

ΘNx,j =
λNx,j

4λNx,j + h2kNx,j
(ΘNx,j+1+ΘNx,j−1+2ΘNx−1,j)+

h2

4λNx,j + h2kNx,j
QNx,j j = 2, ..., Ny − 1

(3.3)
The bottom boundary condition is:

Θi,1 = 0 i = 2, ..., Nx − 1 (3.4)

The top convective boundary condition is:

Θi,Ny+1 −Θi,Ny−1

2h
=
−α
λi,Ny

Θi,Ny (3.5)

therefore

Θi,Ny+1 =
−2hα

λi,Ny

Θi,Ny + Θi,Ny−1 (3.6)

replacing this expression into equation (1) we get

Θi,Ny =
λi,Ny

4λi,Ny + h2ki,Ny + 2hα
(2θi,Ny−1+Θi+1,Ny+Θi−1,Ny)+

h2

4λi,Ny + h2ki,Ny + 2hα
Qi,Ny , i = 2, ..., Nx − 1

(3.7)

We define the sequence Θn+1
i,j = F (Θn

i,j),, where F stands for the right hand sides
corresponding to the equations (3.1), (3.2), (3.3),(3.4) and (3.6). Given an initial value
Θ0
i,j, we compute the values of Θn+1

i,j throught the whole domain until |Θn+1
i,j −Θn

i,j| < ε,,
for a convenient ε.

4 Simulations

Here we present some of the simulations. The first picture shows the surface temperature
of a piece of skin with an embeded tumor. The second graphic is the temperature of the
skin as a function of x.

6



We could consider the following biologic parameters for the simulations above
λ1 = 0.5[W/mK], λ2 = 0.75[W/mK], k1 = 1998.1[W/m3K], k2 = 7992.4[W/m3K], Qm1 =

720[W/m3], Qm2 = 7200[W/m3], Tb = 37C, Ta = 25C
Here we can observe that the top surface’s temperature decreases owing to the con-

vective boundary condition on the top surface. The presence of the tumor, a temperature
source, produces a temperature increase inside the domain which arrives to the top of
domain.

The computational time is really fast, (order of seconds). The algorithm speed is not
trivial since we will be using this method (FDM) for the inverse problem, where we have
to compute several times (around 5000 times) this procedure.

5 Inverse Problem

The estimation methodology involves the use of the finite difference (FDM) method and
the use of an optimization algorithm (pattern search). The FDM method is used to map
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the relationship of tumor location and tumor size to the temperature profile over the
idealized bioheat transfer model (direct problem).

Optimization algorithm is used to estimate the tumor parameters (depth, width and
size) by minimizing a fitness function involving the temperature profiles obtained from
simulated or clinical data to those obtained by FD. The fitness function relates the data
from the observed thermographic temperature profile to the temperature profile for a
given set of estimated parameters. It is defined as:

E = ‖Tobs − Tnum(x, y, R)‖2
where Tobs is the observed temperature and Tnum is the estimated skin temperature

by FDM using the parameters (x, y, R).

Original Data Numerical Data Relative Error
x y R x y R x y R

0.040 0.020 0.003 0.040 0.019 0.0031 0 5 3.333
0.020 0.015 0.004 0.019 0.017 0.0035 5 13.333 12.500
0.033 0.012 0.0028 0.033 0.011 0.0030 0 8.333 6.111
0.022 0.019 0.0027 0.0221 0.0185 0.0028 0.454 2.631 3.703

Here we can observe that this methodology to obtain the tumors parameters is a very
good approximation, but it has the problem that a smaller size tumor near to the top
domain will give us a similar profile temperature, than a bigger near the bottom domain.

This situation can be improve using more information about the measurements of the
temperature. That means, we can propose a new methodology that will take into account
the temperature at the top domain with two different exterior temperature,

E = ‖Tobs1 − Tnum1(x, y, R)‖2 + ‖Tobs2 − Tnum2(x, y, R)‖2.
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6 Conclusions

A methodology using difference scheme method for the Pennes equation and the pattern
search algorithm was used to estimate the breast tumor parameters based on surface
temperature profile that may be obtained by infrared thermography. The methodology
is demonstrated with a simple model in order to illustrate the details of the procedures
involved. For the cases studied, results from simulations shows that it is possible to
determine the depth, width and diameter from the surface temperature data with good
accuracy for the simplified 2D model.

However, the estimation methodology is general and can be applied even to realistic
breast geometry. This may increase the computation time but the methodology can be
easily extended. We show here a picture of a domain to be considered, obtained from the
work of Mital, [4].

One of the problems that we have is that for the algoritm it is difficult to distinguish
the temperature profile of a bigger radious or a bigger vertical coordinate of the center of
the tumor. The different skin temperature profiles are very similar. In order to solve this
problem we proposed to use two thermography profile, the first at the ambient temperature
and the second one using a cooling procedure.
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