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Abstract. This is a survey on Nichols algebras of diagonal type with
�nite dimension, or more generally with arithmetic root system. The
knowledge of these algebras is the cornerstone of the classi�cation pro-
gram of pointed Hopf algebras with �nite dimension, or �nite Gelfand-
Kirillov dimension; and their structure should be indispensable for the
understanding of the representation theory, the computation of the var-
ious cohomologies, and many other aspects of �nite dimensional pointed
Hopf algebras. These Nichols algebras were classi�ed in [H3] as a notable
application of the notions of Weyl groupoid and generalized root system
[H1, HeY]. In the �rst part of this monograph, we give an overview
of the theory of Nichols algebras of diagonal type. This includes a dis-
cussion of the notion of generalized root system and its appearance in
the contexts of Nichols algebras of diagonal type and (modular) Lie su-
peralgebras. In the second and third part, we describe for each Nichols
algebra in the list of [H3] the following basic information: the generalized
root system; its label in terms of Lie theory; the de�ning relations found
in [Ang2, Ang3]; the PBW-basis; the dimension or the Gelfand-Kirillov
dimension; the associated Lie algebra as in [AAR2]. Indeed the second
part deals with Nichols algebras related to Lie algebras and superalge-
bras in arbitrary characteristic, while the third contains the information
on Nichols algebras related to Lie algebras and superalgebras only in
small characteristic, and the few examples yet unidenti�ed in terms of
Lie theory.

Alles Gescheidte ist schon gedacht worden, man muÿ nur versuchen
es noch einmal zu denken.
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Introduction

What is a Nichols algebra?

1. Let k be a �eld, V a vector space and c ∈ GL(V ⊗V ). The braid equation
on c is

(c⊗ id)(id⊗c)(c⊗ id) = (id⊗c)(c⊗ id)(id⊗c).(0.1)

If c satis�es (0.1), then the pair (V, c) is a braided vector space. The braid
equation, or the closely related quantum Yang-Baxter equation, is the key
to many developments in the last 50 years in several areas in mathematics
and theoretical physics. Ultimately these applications come from the repre-
sentations %n of the braid groups Bn on Tn(V ) induced by (0.1), for n ≥ 2.
Indeed, let In := {1, 2, . . . , n}, where n is a natural number. Recall that Bn
is presented by generators (σj)j∈In−1 with relations

σjσk = σkσj , |j − k| ≥ 2, σjσkσj = σkσjσk, |j − k| = 1.(0.2)

Thus %n applies σj 7→ idV ⊗(j−1) ⊗c⊗ idV ⊗(n−j−1) .

2. Assume that char k 6= 2. Let c be a symmetry, i.e. a solution of (0.1)
such that c2 = id. Then %n factorizes through the representation %̃n of the
symmetric group Sn given by sj := (j j + 1) 7→ idV ⊗(j−1) ⊗c ⊗ idV ⊗(n−j−1) .
The symmetric algebra of (V, c) is the quadratic algebra

Sc(V ) = T (V )/〈ker(c+ id)〉 = ⊕n∈N0S
n
c (V ).

For instance, if c = τ is the usual transposition, then Sc(V ) = S(V ), the
classical symmetric algebra; while if V = V0⊕V1 is a super vector space and c
is the super transposition, then Sc(V ) ' S(V0)⊗Λ(V1), the super symmetric
algebra.

The adequate setting for such symmetries is that of symmetric tensor
categories, advocated by Mac Lane in 1963. In this context, the symmetric
algebra satis�es the same universal property as in the classical de�nition.
In particular, symmetric algebras are Hopf algebras in symmetric tensor
categories. Assume that char k = 0. Then, as vector spaces,

Snc (V ) ' Tn(V )Sn = Im
∫
n ' T

n(V )/ ker
∫
n,(0.3)

where
∫
n =

∑
s∈Sn %̃n(s) : Tn(V )→ Tn(V ).

3. The adequate setting for braided vector spaces is that of braided tensor
categories [JS]; there is a natural notion of Hopf algebra in such categories.

Let H be a Hopf algebra (with bijective antipode). Then H gives rise
to a braided tensor category H

HYD [Dr], and consequently is a source of
examples of braided vector spaces. Namely, an object M ∈ H

HYD, called a
Yetter-Drinfeld module over H, is simultaneously a left H-module and a left
H-comodule satisfying the compatibility condition

δ(h · v) = h(1)v(−1)S(h(3))⊗ h(2) · v(0), h ∈ H, v ∈ V.(0.4)
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This is a braided tensor category with the usual tensor product of modules
and comodules, and braiding

cM,N (x⊗ y) = x(−1) · y ⊗ x(0), M,N ∈ H
HYD, x ∈M, y ∈ N.(0.5)

For M ∈ H
HYD, c = cM,M ∈ GL(M ⊗M) satis�es the braid equation (0.1).

If M ∈ H
HYD, then the tensor algebra T (M) is a Hopf algebra in H

HYD,
whose coproduct is determined by ∆(x) = x ⊗ 1 + 1 ⊗ x for x ∈ M . Also
the tensor coalgebra T c(M) is a Hopf algebra in H

HYD, with braided shu�e
product. See [Ro3, Proposition 9].

4. Let (V, c) be a braided vector space but c not necessarily a symmetry. The
Nichols algebra B(V ) = ⊕n∈N0Bn(V ) of (V, c) is a graded connected algebra
with a number of remarkable properties that has at least super�cially a
resemblance with a symmetric algebra1. For, let Mn : Sn → Bn be the
(set-theoretical) Matsumoto section, that preserves the length and satis�es
Mn(sj) = σj . Let Ωn =

∑
σ∈Sn %n(Mn(σ)) and J n(V ) = ker Ωn. De�ne

J (V ) = ⊕n≥2J n(V ), B(V ) = T (V )/J (V ).(0.6)

Despite the similarity of (0.3) and (0.6), Nichols algebras have profound
divergences with symmetric algebras�and various analogies.

(a) The subspace J (V ) is actually a two-sided ideal of T (V ), so that B(V )
is a connected graded algebra generated in degree 1. However J (V )
is seldom quadratic, and it might well be not �nitely generated. The
determination of J (V ) is one of the central problems of the subject.

(b) Although (0.6) is a compact de�nition, it hides the rich structure of
Nichols algebras. Indeed, B(V ) is a Hopf algebra in H

HYD for suitable
H. Even more, it is a coradically graded coalgebra, a notion dual to
generation in degree one.

(c) If V is a �nite-dimensional vector space, then S(V ∗) is identi�ed with
the algebra of di�erential operators on S(V ) (with constant coe�cients).
An analogous description is available for Nichols algebras, being useful
to �nd relations of B(V ).

(d) Nichols algebras appeared in various fronts. In [N], they were de�ned for
the �rst time as a tool to construct new examples of Hopf algebras. They
are instrumental for the attempt in [Wo] to de�ne a non-commutative
di�erential calculus on Hopf algebras. Also, the positive part U+

q (g) of
the quantized enveloping algebra of a Kac-Moody algebra g at a generic
parameter q turns out to be a Nichols algebra [L3, Ro2, S1].

By various reasons, we are also led to consider:

• Pre-Nichols algebras of the braided vector space (V, c) [Mk, Ang5];
these are graded connected Hopf algebras in H

HYD, say B = ⊕n∈N0Bn,
with B1 ' V , that are generated in degree 1 (but not necessarily

1It is customary to omit c in the notation of the Nichols algebra.
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coradically graded). Thus we have epimorphisms of Hopf algebras in
H
HYD

T (V ) // // B // // B(V ).

• Post-Nichols algebras of the braided vector space (V, c) [AAR1]; these
are graded connected Hopf algebras in H

HYD, say E = ⊕n∈N0En, with
E1 ' V , that are coradically graded (but not not necessarily gener-
ated in degree 1). Thus we have monomorphisms of Hopf algebras
in H

HYD

B(V ) �
� // E �

� // T c(V ).

Thus, the only pre-Nichols algebra that is also post-Nichols is B(V ) itself.

Classes of Nichols algebras.

5. Nichols algebras are basic invariants of Hopf algebras that are not gener-
ated by its coradical [AS1, AC]; see the discussion in �1.7. One is naturally
led to the following questions:

Classify all V ∈ H
HYD such that the (Gelfand-Kirillov) dimension of B(V )

is �nite. For such V , determine the generators of the ideal J (V ) and all
post-Nichols algebras B(V ) ↪→ E with �nite (Gelfand-Kirillov) dimension.

Now B(V ) is a Hopf algebra in H
HYD but the underlying algebra depends

only on the braiding c, and reciprocally the same braided vector space can
be realized in H

HYD in many ways and for many H's. That is, we may deal
with the above problems for suitable classes of braided vector spaces.

Also, assume that (V, c) satis�es, for some θ ∈ N>1,

V = V1 ⊕ · · · ⊕ Vθ, c(Vi ⊗ Vj) = Vj ⊗ Vi, i, j ∈ Iθ.(0.7)

So, we may suppose that the B(Vi)'s are known and try to infer the shape
of B(V ) from them and the cross-braidings c|Vi⊗Vj ; this viewpoint leads to a

rich combinatorial analysis [H1, HeY, AHS, HS1, HeV, AAH1].

6. The simplest yet most fundamental examples are those (V, c) satisfying
(0.7) with dimVi = 1, i ∈ I = Iθ. Pick xi ∈ Vi−0; then (xi)i∈I is a a basis of
V , and c(xi ⊗ xj) = qij xj ⊗ xi, i, j ∈ I, where qij ∈ k×. We say that (V, c)
is a braided vector space of diagonal type if

qii 6= 1, for all i ∈ I.
Notice that this condition, assumed by technical reasons, is not always re-
quired in the literature. See [AAH1, Lemma 2.8].

This class appears naturally when H = kΓ, where Γ is an abelian group,
but also lays behind any attempt to argue inductively. Other classes of
braided vector spaces were considered in the literature:

(a) Triangular type, see [AAH1, U].
(b) Rack type, arising from non-abelian groups, see references in [A].
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(c) Semisimple (but not simple) Yetter-Drinfeld modules, [AAH1, HS2,
HS1, HeV] and references therein.

(d) Yetter-Drinfeld modules over Hopf algebras that are not group algebras,
see for example [AGM, GGi, HX, AGi, AA3].

Nichols algebras of diagonal type.

7. Assume now that k is algebraically closed and of characteristic 0. The
classi�cation of the braided vector spaces (V, c) of diagonal type with �nite-
dimensional B(V ) was obtained in [H3]. (When char k > 0, the classi�cation
is known under the hypothesis dimV ≤ 3 [HeW, W]). The core of the
approach is the notion of generalized root system; actually, the paper [H3]
contains the list of all (V, c) of diagonal type with connected Dynkin diagram
and �nite generalized root system (these are called arithmetic). The list can
be roughly split in several classes:

� Standard type [AA1], that includes Cartan type [AS2]; related to the Lie
algebras in the Killing-Cartan classi�cation.

� Super type [AAY], related to the �nite-dimensional contragredient Lie
superalgebras in characteristic 0, classi�ed in [K1].

� Modular type [AA2], related to the �nite-dimensional contragredient Lie
(super)algebras in positive characteristic, classi�ed in [KaW, BGL].

� A short list of examples not (yet) related to Lie theory, baptised UFO 's.

The goal of this work is to give exhaustive information on the structure
of these Nichols algebras.

8. This monograph has three Parts. Part I is an exposition of the basics
of Nichols algebras of diagonal type. Section 1 is a potpourri of various
topics needed for further discussions. The bulk of this Part is Section 2
where the main notions that we display later are explained: PBW-basis,
generalized root systems, and so on. In Parts II and III we give the list of all
�nite-dimensional Nichols algebra of diagonal type (with connected Dynkin
diagram) classi�ed in [H3] and for each of them, its fundamental information.
For more details see Section 3, page 35.

Part I. General facts

1. Preliminaries

1.1. Notation. In this paper, N = {1, 2, 3, . . . } and N0 = N ∪ {0}. If
k < θ ∈ N0, then we denote Ik,θ = {n ∈ N0 : k ≤ n ≤ θ}. Thus Iθ = I1,θ.

The base �eld k is algebraically closed of characteristic zero (unless explic-
itly stated); we set k× = k−0. All algebras will be considered over k. If R is
an algebra and J ⊂ R, we will denote by 〈J〉 the 2-sided ideal generated by
J and by k〈J〉 the subalgebra generated by J , or k[J ] if R is commutative.
Also Alg(R,k) denotes the set of algebra maps from R to k.
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For each integer N > 1, GN denotes the group of N -th roots of unity in
k, and G′N is the corresponding subset of primitive roots (of order N). Also
G∞ =

⋃
N∈NGN , G′∞ = G∞ − {1}. We will denote by Γ an abelian group

and by Γ̂ the group of characters of Γ.
We shall use the notation for q-factorial numbers: for q ∈ k×, n ∈ N,

(0)q! = 1,(n)q = 1 + q + . . .+ qn−1,(n)q! = (1)q(2)q · · · (n)q.

1.2. Kac-Moody algebras. Recall from [K2] that A = (aij) ∈ Zθ×θ is a
generalized Cartan matrix (GCM) if for all i, j ∈ I

aii = 2, aij ≤ 0, i 6= j, aij = 0 ⇐⇒ aji = 0.(1.1)

It is equivalent to give Cartan matrix or to give a Dynkin diagram, cf. [K2].
Also, A is indecomposable if its Dynkin diagram is connected, see [K2];
and is symmetrizable if there exists a diagonal matrix D such that DA is
symmetric. Indecomposable and symmetrizable GCM's fall into one of three
classes:

(a) Finite; those whose corresponding Kac-Moody algebra has �nite dimen-
sion, i.e. those in Killing-Cartan classi�cation.

(b) A�ne; those whose corresponding Kac-Moody algebra has in�nite di-
mension but is of polynomial growth.

(c) Inde�nite; the rest.

Let A be a GCM. We denote by g(A) the corresponding Kac-Moody al-
gebra, see [K2] and �2.8 below. Also ∆A

+ denotes the set of positive roots, so

that ∆A = ∆A
+ ∪−∆A

+ is the set of all roots. Further, ∆A,re
+ , ∆A,im

+ , are the
sets of positive real, respectively imaginary, roots.

1.3. Hopf algebras. We use standard notation for coalgebras and Hopf
algebras: the coproduct is denoted by ∆, the counit by ε and the an-
tipode by S. For the �rst we use the Heyneman-Sweedler notation ∆(x) =∑
x(1)⊗x(2); the summation sign will be often omitted. All Hopf algebras are

supposed to have bijective antipode; the composition inverse of S is denoted
by S. Let H be a Hopf algebra. We denote by G(H) the set of group-like
elements of H. The tensor category of �nite-dimensional representations of
H is denoted RepH. If the group of group-likes G(H) = Γ is abelian, g ∈ Γ

and χ ∈ Γ̂, then Pχ(1,g)(H) denotes the isotypical component of type χ of the

space of (1, g)-primitive elements.
For more information on Hopf algebras see [Mo, R].

1.4. Yetter-Drinfeld modules. The de�nition of these was given in �3 of
the Introduction.

As in every monoidal category, there are algebras and coalgebras in H
HYD:

• (A,µ) is an algebra in H
HYD means that A is an object in H

HYD that bears
an associative unital multiplication µ such that µ : A ⊗ A → A and the
unit u : k→ A are morphisms in H

HYD.
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• (C,∆) is a coalgebra in H
HYD means that C is an object in H

HYD that bears
a coassociative counital comultiplication ∆ such that ∆ : C → C ⊗C and
the counit ε : C → k are morphisms in H

HYD.

The category of algebras in H
HYD is again monoidal; if (A,µA), (B,µB)

are algebras in H
HYD, then A⊗B := (A⊗B,µA⊗B) also is, where

µA⊗B = (µA ⊗ µB)(idA⊗cB,A ⊗ idB).(1.2)

Analogously, if (C,∆C), (D,∆D) are coalgebras in H
HYD, then C⊗D :=

(C ⊗D,∆C⊗D) also is, where

∆C⊗D = (idC ⊗cC,D ⊗ idD)(∆C ⊗∆D).(1.3)

We are mainly interested in the case H = kΓ, where Γ is an abelian group;
a Yetter-Drinfeld module over kΓ is a Γ-graded vector space M =

⊕
t∈ΓMt

provided with a linear action of Γ such that

t ·Mh = Mh, t, h ∈ Γ.(1.4)

Here (1.4) is just (0.4) in this setting. Morphisms in kΓ
kΓYD are linear maps

preserving the action and the grading. Let M ∈ kΓ
kΓYD. Then we set

Mχ
t = {v ∈Mt : h · v = χ(h)v,∀h ∈ Γ}, t ∈ Γ, χ ∈ Γ̂.

The braiding cM,N : M ⊗N → N ⊗M , cf. (0.1), is given by

cM,N (x⊗ y) = t · y ⊗ x, x ∈Mt, t ∈ Γ, y ∈ N.(1.5)

1.5. Braided Hopf algebras. Since it is a braided monoidal category,
there are also Hopf algebras in H

HYD. Let us describe them explicitly when

H = kΓ, Γ an abelian group, for illustration. A Hopf algebra in kΓ
kΓYD is a

collection (R,µ,∆), where

• R ∈ kΓ
kΓYD;

• (R,µ) is an algebra in kΓ
kΓYD and (R,∆) is a coalgebra in kΓ

kΓYD;
• ∆ : R→ R⊗R and ε : R→ k are algebra maps;
• R has an antipode SR, i. e. a convolution inverse of the identity of R.

Let R be a Hopf algebra in kΓ
kΓYD. Then R#kΓ = R⊗ kΓ with the smash

product algebra and smash coproduct coalgebra structures is a Hopf algebra,
called the bosonization of R by kΓ, see [Ma, Theorem 6.2.2].

The adjoint representation adc : R→ EndR is the linear map given by

adc x(y) = µ(µ⊗ S)(id⊗c)(∆⊗ id)(x⊗ y), x, y ∈ R.(1.6)

It can be shown that adc x(y) = adx(y), x, y ∈ R, where ad is the adjoint
representation of R#kΓ.
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1.6. Nichols algebras. We are now ready to discuss the central notion
of this monograph. At the beginning we place ourselves in the context of
a general Hopf algebra H with bijective antipode, although for the later
discussion from Section 2 on, H = kΓ, Γ an abelian group, is general enough.

Let V ∈ H
HYD. Clearly the tensor algebra T (V ) and the tensor coalgebra

T c(V ) are objects in H
HYD. Then:

◦ There is an algebra map ∆ : T (V )→ T (V )⊗T (V ) determined by

∆(v) = v ⊗ 1 + 1⊗ v, v ∈ V ;

with this, T (V ) is a graded Hopf algebra in H
HYD.

◦ There is a coalgebra map µ : T c(V )⊗T c(V )→ T c(V ) determined by

µ(v ⊗ 1) = v = µ(1⊗ v), v ∈ V ;

with this, T c(V ) is a graded Hopf algebra in H
HYD [Ro3, Proposition 9].

◦ There is a morphism Ω : T (V )→ T c(V ) of graded Hopf algebras in H
HYD

such that Ω|V = idV . We denote Ωn = Ω|Tn(V ), so that Ω =
∑

n Ωn.

De�nition 1.1. The Nichols algebra B(V ) is the quotient of the tensor
algebra T (V ) by the ideal J (V ) := ker Ω, which is (isomorphic to) the
image of the map Ω. Thus, J (V ) = ⊕n≥2J n(V ), where J n(V ) = ker Ωn.

Nichols algebras play a fundamental role in the classi�cation of pointed
Hopf algebras, see [AS3] and �1.7 below. As algebras or coalgebras, their
structure depends only on the braided vector space (V, c) and not on the
realization in H

HYD, cf. Proposition 1.2 (a). We now state various alternative
descriptions of B(V ), or more precisely of the ideal J (V ) = ⊕n≥2J n(V ). To
start with we introduce the left and right skew derivations. See e.g. [AHS]

for more details. Let f ∈ V ∗. Let ∂Lf = ∂̃f ∈ EndT (V ) be given by

∂̃f (1) = 0, ∂̃f (v) = f(v), ∀v ∈ V,(1.7)

∂̃f (xy) = ∂̃f (x)y +
∑
i

xi∂̃fi(y), where c−1(f ⊗ x) =
∑
i

xi ⊗ fi.(1.8)

Analogously, let ∂Rf = ∂f ∈ EndT (V ) be given by (1.7) and

∂f (xy) = x∂f (y) +
∑
j

∂fj (x)yj , where c−1(y ⊗ f) =
∑
j

fj ⊗ yj .(1.9)

Let us �x a basis (xi)i∈I of V and let (fi)i∈I be its dual basis; set ∂i = ∂fi ,

∂̃i = ∂̃fi , i ∈ I. There is a particular instance where (1.9) has a simpler
expression: assume that there exists a family (gi)i∈I in G(H) such that
δ(xi) = gi ⊗ xi, for every i ∈ I. Then (1.9) for all f is equivalent to

∂i(xy) = x∂i(y) + ∂i(x) gi · y, x, y ∈ T (V ), i ∈ I.(1.10)

Recall the Matsumoto section Mn : Sn → Bn, cf. �4 of the Introduction.
Here are the promised alternative descriptions.
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Proposition 1.2. (a) Ωn =
∑

σ∈Sn %n(Mn(σ)).

(b) J (V ) is maximal in the class of graded Hopf ideals J = ⊕n≥2J
n in

T (V ) that are sub-objects in H
HYD.

(c) J (V ) is maximal in the class of graded Hopf ideals J = ⊕n≥2J
n in T (V )

that are categorical braided subspaces of T (V ) in the sense of [T2].

(d) J (V ) is the radical of the natural Hopf pairing T (V ∗) ⊗ T (V ) → k
induced by the evaluation V ∗ × V → k.

(e) If B = ⊕n≥0Bn is a graded Hopf algebra in H
HYD with B0 = k, P(B) =

B1 ' V , B = k〈B1〉, then B ' B(V ).

(f) Let x ∈ Tn(V ), n ≥ 2. If ∂f (x) = 0 for all f in a basis of V ∗, then
x ∈ J n(V ).

(g) Let x ∈ Tn(V ), n ≥ 2. If ∂̃f (x) = 0 for all f in a basis of V ∗, then
x ∈ J n(V ).

The proofs of various parts of this Proposition can be found e.g. in [AGr,
AHS, AS3, L3, Ro2, Ro3, S1]. The characterizations (a), (b) and (c) are
useful theoretically; in practice, (a) is applicable only for small n, mostly
n = 2. In turn, (d), (f) or (g) are suitable for explicit computations; notice
that an iterated application of (f) provides another description of J (V ). In
fact the skew derivations ∂f descend to B(V ) and⋂

f∈V ∗
ker ∂f = k in B(V ).

1.7. Nichols algebras as invariants of Hopf algebras. The applications
of Nichols algebras to classi�cation problems of Hopf algebras go through
the characterization (e). As in every classi�cation problem, one starts by
considering various invariants, seeking eventually to list all objects in terms
of them. To explain this, let us consider a Hopf algebra A (with bijective
antipode). If D,E are subspaces of A, then

D ∧ E := {x ∈ A : ∆(x) ∈ D ⊗A+A⊗ E}.
The �rst invariants of the Hopf algebra A are:

◦ The coradical A0, which is the sum of all simple subcoalgebras.
◦ The coradical �ltration (An)n∈N0 , where An+1 = An ∧A0.
◦ The subalgebra generated by the coradical, denoted A[0] and called the
Hopf coradical.
◦ The standard �ltration (A[n])n∈N0 , where A[n+1] = A[n] ∧A[0].

◦ The associated graded Hopf algebra grA = ⊕n≥0 grnA, gr0A = A[0],

grn+1A = A[n+1]/A[n].

The �rst two are just invariants of the underlying coalgebra, while the last
three mix algebra and coalgebra information.

Clearly, A0 is a subalgebra i� A0 = A[0]; in this case the method out-
lined below was introduced in [AS1, AS3], see also [AS4], the extension
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being proposed in [AC]. For simplicity we address the problem of classi-
fying �nite-dimensional Hopf algebras, but this could be adjusted to �nite
Gelfand-Kirillov dimension. The method rests on the consideration of several
questions. First, one needs to deal with the possibility A = A[0]. Formally,
this means:

Question 1.11. Classify all �nite-dimensional Hopf algebras generated as
algebras by their coradicals.

This seems to be out of reach presently; see the discussion in [AC]. Notice
that there are plenty of �nite-dimensional Hopf algebras generated by the
coradical; pick one of them, say L. Recall that L

LYD is the category of its
Yetter-Drinfeld modules. Let A be a �nite-dimensional Hopf algebra and
suppose that A[0] ' L. Then grA splits as the bosonization of L by the
subalgebra of coinvariants R, i.e.

grA ' R#L,

see e.g. [AS3, Ma] for details. Actually this gives two more invariants of A:

◦ R = ⊕n≥0Rn, a graded connected Hopf algebra in L
LYD. It is called the

diagram of A.
◦ V = R1, an object of LLYD called the in�nitesimal braiding of A.

It is then natural to ask:

Question 1.12. Classify all graded connected Hopf algebras R in L
LYD such

that dimR <∞.

The subalgebra k〈V〉 of R projects onto the Nichols algebra B(V), i.e.
it is a pre-Nichols algebra of V; this is how Nichols algebras enter into the
picture. Thus the classi�cation of all �nite-dimensional Nichols algebras in
L
LYD is not only part of Question 1.12 but also a crucial ingredient of its
solution. Even more, in some cases all possible R's are Nichols algebras. We
introduce a convenient terminology to describe them.

De�nition 1.3. An object V ∈ L
LYD is fundamentally �nite if

(1) dimB(V ) <∞;
(2) if R is a pre-Nichols algebra of V and dimR <∞, then R ' B(V );
(3) if R is a post-Nichols algebra of V and dimR <∞, then R ' B(V ).

Notice that there is some redundancy in this De�nition: for example, if V
is of diagonal type such that (1) holds, then (2) and (3) are equivalent.

Thus, if the in�nitesimal braiding V of A is fundamentally �nite, then
R ' B(V). In consequence, if every V ∈ L

LYD with dimB(V ) < ∞ is
fundamentally �nite, then any R as in Question 1.12 is a Nichols algebra.

Assume that L is a cosemisimple Hopf algebra, i.e. the context where
A0 = A[0] [AS3]. Then the subalgebra k〈V〉 of the diagram R is isomorphic

to the Nichols algebra B(V). The question of whether every V ∈ L
LYD with

dimB(V ) <∞ is fundamentally �nite, when L = kG is the group algebra of
a �nite group, is tantamount to
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Conjecture 1.4. [AS2] Every �nite-dimensional pointed Hopf algebra is
generated by group-like and skew-primitive elements.

For instance, the Conjecture is true for abelian groups [Ang3]; this trans-
lates to the fact all braided vector spaces V of diagonal type and dimB(V ) <
∞, are fundamentally �nite.

Finally, here is the last Question to be addressed within the method [AC].

Question 1.13. Given L and R as in Questions 1.11 and 1.12, classify all
their liftings, i.e. all Hopf algebras H such that grH ∼= R#L.

To solve this Question, we need to know not only the classi�cation of
all �nite-dimensional Nichols algebras in L

LYD, but also a minimal set of
relations of each of them.

2. Nichols algebras of diagonal type

In this Section we present the main features of Nichols algebras of diag-
onal type. The central examples are the (positive parts of the) quantized
enveloping algebras that where intensively studied in the literature, see for
instance [L1, L2, L3, Ro1, Ro3, Y]. We motivate each of the notions by
comparison with the quantum case.

2.1. Braidings of diagonal type. In this Subsection and the next, we set
up the notation to be used in the rest of the monograph.

Let θ ∈ N and I = Iθ. Let q = (qij)i,j∈I ∈ (k×)I×I such that

qii 6= 1, for all i ∈ I.(2.1)

Let q̃ij := qijqji. The generalized Dynkin diagram of the matrix q is a graph
with θ vertices, the vertex i labeled with qii, and an arrow between the
vertices i and j only if q̃ij 6= 1, labeled with this scalar q̃ij . For instance,

given ζ ∈ G′12 and κ a square root of ζ, the matrices

(
ζ4 1
ζ11 −1

)
,

(
ζ4 κ11

κ11 −1

)
have the diagram:

◦ζ4
ζ11

◦−1 .(2.2)

Let V be a vector space with a basis (xi)i∈I; de�ne c
q = c : V ⊗V → V ⊗V

by c(xi⊗xj) = qij xj⊗xi, i, j ∈ I. Then c is a solution of the braid equation
(0.1). The pair (V, c) is called a braided vector space of diagonal type.

Two braided vector spaces of diagonal type with the same generalized
Dynkin diagram are called twist equivalent ; then the corresponding Nichols
algebras are isomorphic as graded vector spaces [AS3, Proposition 3.9]. If
they correspond to matrices q = (qij)i,j∈I and p = (pij)i,j∈I, then twist
equivalence means that

qijqji = pijpji qii = pii for all i 6= j ∈ I.

For example, q and qt are twist equivalent.
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Now let Γ be an abelian group, (gi)i∈I a family in Γ and (χi)i∈I a family in

Γ̂. Let V be a vector space with a basis (xi)i∈I; then V ∈ kΓ
kΓYD by imposing

xi ∈ V χi
gi , i ∈ I. The corresponding braided vector space (V, c) with c given

by (1.5) is of diagonal type; indeed

c(xi ⊗ xj) = χj(gi)xj ⊗ xi, i, j ∈ I.

2.2. Braided commutators. Let (V, c) be a braided vector space of diag-
onal type attached to a matrix q as in �2.1. As in [AAR1], we switch to the
notation Bq = B(V ), Jq = J (V ) and so on.

Let (αi)i∈I be the canonical basis of ZI. It is clear that T (V ) admits a
unique ZI-graduation such that deg xi = αi (in what follows, deg is the ZI-
degree). Since c is of diagonal type, Jq is a ZI-homogeneous ideal and Bq is
ZI-graded [AS3, Proposition 2.10], [L3, Proposition 1.2.3].

Next, the matrix q de�nes a Z-bilinear form q : ZI × ZI → k× by
q(αj , αk) = qjk for all j, k ∈ I. Set qαβ = q(α, β), α, β ∈ ZI; also, qiβ = qαiβ .

Let R be an algebra in kΓ
kΓYD. The braided commutator is the linear map

[ , ]c : R⊗R→ R given by

[x, y]c = µ ◦ (id−c) (x⊗ y) , x, y ∈ R.(2.3)

In the setting of braidings of diagonal type, braided commutators are also
called q-commutators. Assume that R = T (V ) or any quotient thereof by
a ZI-homogeneous ideal in kΓ

kΓYD, so that R = ⊕α∈ZIRα. Let u, v ∈ R be

ZI-homogeneous with deg u = α, deg v = β. Then

(2.4) c(u⊗ v) = qαβ v ⊗ u.
Thus, if y ∈ Rα, then

[xi, y]c = xiy − qiα yxi, i ∈ I.(2.5)

Notice that adc x(y) = [x, y]c, in case x ∈ V and y in R. The braided
commutator is a braided derivation in each variable and satis�es a braided
Jacobi identity, i.e.

[u, vw]c = [u, v]cw + qαβ v [u,w]c ,(2.6)

[uv,w]c = qβγ [u,w]c v + u [v, w]c ,(2.7)

[[u, v]c , w]c = [u, [v, w]c]c − qαβ v [u,w]c + qβγ [u,w]c v,(2.8)

for u, v, w homogeneous of degrees α, β, γ ∈ Nθ, respectively.
For brevity, we set

xij = adc xi(xj), i 6= j ∈ I;(2.9)

more generally, the iterated braided commutators are

xi1i2···ik := (adc xi1) · · · (adc xik−1
) (xik), i1, i2, · · · , ik ∈ I.(2.10)

In particular, we will use repeatedly the following further abbreviation:

x(k l) := xk (k+1) (k+2)...l, k < l.(2.11)
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Beware of confusing (2.11) with (2.9). Also, we de�ne recursively x(m+1)αi+mαj ,
m ∈ N, by

x2αi+αj = (adc xi)
2xj = xiij ,

x(m+2)αi+(m+1)αj = [x(m+1)αi+mαj , (adc xi)xj ]c.
(2.12)

These commutators are instrumental to reorder products. For example, we
can prove recursively on m that, for all m,n ∈ N,

xm1 (adc x1)nx2 =
m∑
j=0

(
m

j

)
q11

q
n(m−j)
11 qm−j12 (adc x1)n+jx2x

m−j
1 .(2.13)

2.3. PBW-basis and Lyndon words. An unavoidable �rst step in the
study of quantum groups Uq(g) is the description of the PBW-basis (alluding
to the Poincaré-Birkho�-Witt theorem), obtained for type A in [Bur, Ro1, Y]
and for general g in [L1, L2]. Here g is simple �nite-dimensional, for other
Kac-Moody algebras see Remark 2.18. Indeed, it is enough to de�ne the
PBW-basis for the positive part U+

q (g), where it is an ordered basis of mono-
mials in some elements, called root vectors. These root vectors are de�ned
using the braid automorphisms de�ned by Lusztig; actually they can be ex-
pressed as iterated braided-commutators (2.10), and there as many as ∆A

+,
where A is the Cartan matrix of g. However they are not uniquely de�ned
(even not up to a scalar); it is necessary to �x a reduced decomposition of
the longest element of the Weyl group to have the precise order in which the
iterated commutators produce the root vectors. For general Nichols algebras
of diagonal type, there is a procedure that replaces the sketched method,
which consists in the use of Lyndon words, as pioneered in [Kh1], see also
the detailed monograph [Kh2] (this approach also appeared later in [Ro4]).
In this Subsection we give a quick overview of this procedure, fundamental
for the description of the Nichols algebras of diagonal type.

We shall adopt the following de�nition of PBW-basis. Let A be an algebra.
We consider

◦ a subset ∅ 6= P ⊂ A;
◦ a subset ∅ 6= S ⊂ A provided with a total order < (the PBW-generators);
◦ a function h : S 7→ N ∪ {∞} (the height).

Let B = B(P, S,<, h) be the set

B =
{
p se11 . . . sett : t ∈ N0, si ∈ S, p ∈ P, s1 > · · · > st, 0 < ei < h(si)

}
.

If B is a k-basis of A, then we say that it is a PBW-basis. Our goal is to
describe PBW-bases of some graded Hopf algebras R in kΓ

kΓYD (with P =
{1}), following [Kh1]; by bosonization, one gets PBW-bases of the graded
Hopf algebras R#kΓ (with P = Γ this time).

Remark 2.1. In the de�nition of PBW-basis, one would expect that

h(s) = min{t ∈ N : st = 0}, s ∈ S;(2.14)



16 ANDRUSKIEWITSCH; ANGIONO

however this requirement is not �exible enough. For instance, consider the
algebra B = k〈x1, x2|xN1 − xM2 , x1x2 − qx2x1〉, where N,M ≥ 2 and q ∈ k×.
Then B has a PBW-basis with P = {1}, S = {x1, x2}, x1 < x2, h(x1) = N
and h(x2) =∞. Kharchenko's theory of hyperletters based on Lyndon words

does not apply with the stronger (2.14). Indeed let q =

(
wN q
q−1 wM

)
where

wN ∈ G′N , wM ∈ G′M ; then B is a quotient of T (V ) by a Hopf ideal, that
is homogeneous if M = N , so that Theorem 2.6 provides the PBW-basis
described, but without (2.14).

2.3.1. Let X be a set with θ elements and �x a numeration x1, . . . , xθ of X.
Let X be the corresponding vocabulary, i.e. the set of words with letters in
X, endowed with the lexicographic order induced by the numeration. Let
` : X→ N0 be the length.

De�nition 2.2. An element u ∈ X − {1} is a Lyndon word if u is smaller
than any of its proper ends; i. e., if u = vw, v, w ∈ X − {1}, then u < w.
The set of all Lyndon words is denoted by L.

Here are some basic properties of the Lyndon words.

(a) Let u ∈ X−X. Then u is Lyndon if and only if for each decomposition
u = u1u2, where u1, u2 ∈ X− {1}, one has u1u2 = u < u2u1.

(b) Every Lyndon word starts by its lowest letter.

(c) (Lyndon). Every word u ∈ X admits a unique decomposition as a non-
increasing product of Lyndon words (the Lyndon decomposition):

(2.15) u = l1l2 . . . lr, li ∈ L, lr ≤ · · · ≤ l1;

the words li ∈ L appearing in (2.15) are the Lyndon letters of u.

(d) The lexicographic order of X turns out to coincide with the lexicographic
order in the Lyndon letters�i.e. with respect to (2.15).

(e) (Shirshov). Let u ∈ X − X. Then u ∈ L if and only if there exist
u1, u2 ∈ L such that u1 < u2 and u = u1u2.

De�nition 2.3. The Shirshov decomposition of u ∈ L − X is the decom-
position u = u1u2, with u1, u2 ∈ L, such that u2 is the lowest proper end
among the ends of such decompositions of u.

Let us identify X with the basis of V de�ning the braiding and conse-
quently X with a basis of T (V ). Using the braided commutator (2.3) and
the Shirshov decomposition, we de�ne [ ]c : L→ EndT (V ), by

[u]c :=


u, if u = 1 or u ∈ X;

[[v]c , [w]c]c, if u ∈ L, `(u) > 1 and u = vw is the Shirshov

decomposition of u.

The element [u]c is called the hyperletter of u ∈ L. This leads to de�ne a
hyperword as a word in hyperletters. We need a more precise notion.
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De�nition 2.4. A monotone hyperword is a hyperword [u1]k1c . . . [um]kmc ,
where u1 > · · · > um are Lyndon words.

Remark 2.5. [Kh2, Lemma 2.3] Let u ∈ L, n = `(u). Then [u]c is a linear
combination

[u]c = u+
∑

u<z∈X: deg z=deg u

pzz,

where pz ∈ Z [qij : i, j ∈ I].

The order of the Lyndon words induces an order on the hyperletters.
Consequently we consider the lexicographic order in the hyperwords. Given
two monotone hyperwords W,V , it can be shown that

W = [w1]c . . . [wm]c > V = [v1]c . . . [vt]c , w1 ≥ · · · ≥ wm, v1 ≥ · · · ≥ vt,
if and only if w = w1 . . . wm > v = v1 . . . vt.

2.3.2. Let I be a homogeneous proper 2-sided ideal of T (V ) such that I∩V =
0, R = T (V )/I, π : T (V )→ R the canonical projection. Set

GI :=
{
u ∈ X : u /∈

∑
u<z∈X

kz + I
}
.

Let u, v, w ∈ X such that u = vw. If u ∈ GI , then v, w ∈ GI . Hence every
u ∈ GI factorizes uniquely as a non-increasing product of Lyndon words in
GI . Then the set π(GI) is a basis of R [Kh1, Ro4].

Assume next that I is a homogeneous Hopf ideal and set P = {1}, SI :=
GI ∩ L and hI : SI → N≥2 ∪ {∞} given by

hI(u) := min
{
t ∈ N : ut ∈

∑
u<z∈X

kz + I
}
.

Let BI := B (P, π([SI ]c), <, hI), see the beginning of this Subsection. The
next fundamental result is due to Kharchenko.

Theorem 2.6. [Kh1] If I is a homogeneous Hopf ideal, then BI is a PBW-
basis of T (V )/I.

That is, we get a PBW-basis whose PBW-generators are the images of
the hyperletters corresponding to Lyndon words that are in GI .

The �niteness of the height in the PBW-basis of Theorem 2.6 is controlled
by the matrix q:

Remark 2.7. [Kh2, Theorem 2.3] Let v ∈ SI such that hI(v) <∞, deg v = α.
Then qαα ∈ G∞ and hI(v) = ord qαα.

By Remark 2.7, it seems convenient to consider PBW-basis B(P, S,<, h)
of Bq with the following constraints:

De�nition 2.8. A PBW-basis is good if P = {1}, the elements of S are
ZI-homogeneous and h(v) = ord qαα for v ∈ S, deg v = α.
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Example 2.9. If dimBq <∞, then the PBW-basis BJq of Bq as in Theorem
2.6 is good. Indeed, hJq(v) < ∞ for all v ∈ SJq . However, there are many
examples of v ∈ SJq , deg v = α with qαα ∈ G∞, with hJq(v) =∞.

For instance, take θ = 2. Set for simplicity yn = (adc x1)nx2, n ∈ N.
Assume that there exists k ∈ N such that α = kα1+α2 is a root; particularly,

yk 6= 0. Notice that ∂2(yk) = bk x
k
1, where bk =

∏k−1
j=0(1 − qk11q̃12), hence

(k)!
q11bk 6= 0. We claim that

(yk)
2 = 0 in Bq ⇐⇒ yk+1 = 0, qαα = −1.

Indeed, (yk)
2 = 0 i� ∂1(y2

k)
?
= 0 = ∂2(y2

k); but ? holds always. Then

∂2(y2
k) = bk(ykx

k
1 + qk21q22 x

k
1yk)

(2.13)
= bk

(1 + qαα) ykx
k
1 +

k∑
j=1

(
k

j

)
q11

q
k(k−j)
11 qk−j12 qk21q22 yk+jx

k−j
1


and this is 0 i� qαα = −1 and yk+1 = 0 (the last implies yk+j = 0 for all
j ∈ N). Thus, if qαα = −1 but yk+1 6= 0, then yk has in�nite height by

Remark 2.7. Concretely, the matrix q with Dynkin diagram ◦q
q−2

◦−q ,
where q 6= −1, gives the desired example by k = 1.

Let us illustrate the strength of Theorem 2.6 in the following example.

Example 2.10. Let q ∈ G′N , N > 1, q12 ∈ k× and q =

(
q q12

q−1q−1
12 q

)
, so

that θ = 2. Then a PBW-basis of Bq is

B =
{
xe22 x

e12
12 x

e1
1 : 0 ≤ ej < N, j = 2, 12, 1

}
.

Here we use the notation (2.10).

Let us outline the proof of this statement.

◦ The quantum Serre relations x112 = 0, x221 = 0 hold in Bq. This can
be checked using derivations, see Proposition 1.2 (f). Alternatively, apply
[AS2, Appendix].

◦ The power relations xN1 = 0, xN2 = 0, xN12 = 0 hold in Bq. The �rst two
follow directly from the quantum bilinear formula, and the third from the
quantum Serre relations using derivations. By Remark 2.7, we conclude
that hJq(x2) = hJq(x12) = hJq(x2) = N .

◦ The set B generates the algebra Bq, or more generally any R where the
quantum Serre and the power relations hold. This follows because the
subspace spanned by B is a left ideal.

◦ The element x1x2 ∈ SJq = GJq ∩ L. Now x12 = [x1x2]c; hence B, being
a subset of BJq , is linearly independent by Theorem 2.6. Alternatively,
one can check the linear independence of B by successive applications of
derivations. Together with the previous claim, this implies the statement.
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Remark 2.11. The results of the theory sketched in this Subsection depend
heavily on the numeration of the starting set X, that is on a �xed total order
of X. Changing the numeration gives rise to di�erent Lyndon words and so
on. The outputs are equivalent but not equal.

2.4. The roots of a Nichols algebra. Let (V, c) be a braided vector space
of diagonal type attached to a matrix q as in �2.1. Now that we have the
PBW-basis Bq of Bq given by Theorem 2.6, whose PBW-generators (i.e.
the elements of SJq) are ZI-homogeneous, we reverse the reasoning outlined
at the beginning of the previous Subsection and de�ne following [H1] the
positive roots of Bq as the degrees of the PBW-generators, and the roots as
plus or minus the positive ones; i.e.

∆q
+ = (deg u)u∈SJq , ∆q = ∆q

+ ∪ −∆
q
+.(2.16)

In principle, there might be several u ∈ SJq with the same deg. It is

natural to de�ne the multiplicity of β ∈ ZI as

multβ = multq β = |{u ∈ SJq : deg u = β}|.

De�nition 2.12. [H3] The matrix q (or the braided vector space (V, c), or
the Nichols algebra Bq) is arithmetic if |∆q

+| <∞.

For instance, if dimBq <∞, then (V, c) is arithmetic. If Bq is arithmetic,
then all roots are real, i.e. conjugated to simple roots by the Weyl groupoid;
see the discussion in 2.7.3 below. Using this, one can prove:

Remark 2.13. Assume that Bq is arithmetic.

◦ The heights of the generators in SJq satisfy (2.14).

◦ ∆q
+ does not depend on the PBW-basis: if B = B(P, S,<, h) is any PBW-

basis with P = {1} satisfying (2.14), then ∆q
+ = (deg u)u∈S . See [AA1].

We next explain the recursive procedure to describe the hyperletters.

Remark 2.14. Assume that q is arithmetic. Then every root has multiplicity
one [CH1], so we can label the Lyndon words with ∆q

+; let lβ be the Lyndon

word of degree β ∈ ∆q
+. The Lyndon words lβ 's are computed recursively

[Ang2, Corollary 3.17]: lαi = xi, and for β 6= αi,

(2.17) lβ = max{lδ1 lδ2 : δ1, δ2 ∈ ∆q
+, δ1 + δ2 = β, lδ1 < lδ2}.

Let xβ be the hyperletter corresponding to the Lyndon word lβ , β ∈ ∆q
+.

Then

xαi = xi, i ∈ I,
xβ = [xδ1 , xδ2 ]c, if lβ = lδ1 lδ2 is the Shirshov decomposition.

(2.18)

This gives explicit formulas for the PBW-generators of the PBW-basis Bq

given by Theorem 2.6.
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Braidings of Cartan type. To explain the importance of the roots as de�ned
in (2.16), we discuss the class of braidings of Cartan type, closely related
with quantum groups.

De�nition 2.15. [AS2] The matrix q (or V , or Bq) is of Cartan type if there
exists a GCM A = (aij) such that

qijqji = q
aij
ii , ∀i, j ∈ I.(2.19)

Assume that this is the case. We �x a choice of A by

−Ni < aij ≤ 0, ∀j 6= i ∈ I when Ni := ord qii ∈ (1,∞).(2.20)

This was the �rst class of Nichols algebras to be studied in depth.

Theorem 2.16. [H1], see also [AS2]. Let q be of Cartan type with GCM A
indecomposable and normalized by (2.20). Then the following are equivalent:

(1) The Nichols algebra Bq is arithmetic.
(2) The GCM A is of �nite type.

Consequently, the following are equivalent:

(1) The Nichols algebra Bq has �nite dimension.
(2) (a) The GCM A is of �nite type.

(b) Ni ∈ (1,∞) for all i ∈ I.

Remark 2.17. If q is of Cartan type as in Theorem 2.16, (2a) holds but
Ni =∞ (for one or equivalently for any i), then GK-dimBq = |∆A

+|.

Remark 2.18. Let q be as in Theorem 2.16. Then ∆q
+ ⊇ ∆

A,re
+ .

(a) [H1, AS2] If A is of �nite type, then ∆q
+ = ∆A

+.

(b) Assume that A is of a�ne type. If Ni = ∞ for some (or all) i, then

∆q
+

?
= ∆A

+ [Be, Da]. When Ni < ∞ for all i, the last equality does not
hold.

(c) In any case, ∆q
+ ⊆ ∆A

+ and thus the function

n 7−→ ℘n := |{β ∈ ∆q
+ : |β| = n}|, n ∈ N,

has polynomial growth. Here |β| =
∑

i ni, if β =
∑

i niαi.

(d) If A is of inde�nite type, then we do not know if (℘n)n∈N has polynomial
growth.

We discuss an example for the last claim in (b). Let ζ ∈ G′N , N > 2, and

q with Dynkin diagram ◦ζ
ζ−2

◦ζ ; this is of a�ne Cartan type A
(1)
1 , see

(3.3). The height of the (imaginary) root α = α1+α2 is in�nite since qαα = 1.
Now the only possible root vector of degree 2α is y = [x1, [x12, x2]c]c. Since

(q̃12 − 1)(q11 + 1)(q22 + 1)(q11q̃12 − 1)(q̃12q22 − 1) 6= 0,

we conclude from [AAH2] that y is a root vector if and only if q11(q̃12)2q22 6=
−1, i� N 6= 4. So if ζ2 = −1, then 2α /∈ ∆q

+.
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Before explaining how to describe the positive roots for an arbitrary q we
need the Drinfeld double of the bosonization of Bq.

2.5. The double of a Nichols algebra. The natural construction of the
Drinfeld double of the bosonization of a Nichols algebra by an appropriate
Hopf algebra was considered by many authors. For a smooth exposition, we
start by a general construction as in [ARS]. Let q = (qij)i,j∈I be a matrix of
elements in k× such that qii 6= 1 for all i ∈ I. Let G be an abelian group. A
reduced YD-datum is a collection Dred = (Li,Ki, ϑi)i∈I where Ki, Li ∈ G,
ϑi ∈ Ĝ, i ∈ I, such that

qij = ϑj(Ki) = ϑi(Lj) for all i, j ∈ I,(2.21)

KiLi 6= 1 for all i ∈ I.(2.22)

Let us �x a reduced YD-datum as above and de�ne

V = ⊕i∈Ikxi ∈ kG
kGYD, with basis xi ∈ V ϑi

Ki
, i ∈ I,

W = ⊕i∈Ikyi ∈ kG
kGYD, with basis yi ∈W

ϑ−1
i

Li
, i ∈ I.

Let U(Dred) be the quotient of T (V ⊕W )#kG by the ideal generated by
the relations of the Nichols algebras J (V ) and J (W ), together with

xiyj − ϑ−1
j (Ki)yjxi − δij(KiLi − 1), i, j ∈ I.

Thus U(Dred) is a Hopf algebra quotient of T (V ⊕W )#kG, with coproduct
determined by ∆(g) = g ⊗ g, g ∈ G,

∆(xi) = xi ⊗ 1 +Ki ⊗ xi, ∆(yi) = yi ⊗ 1 + Li ⊗ yi, i ∈ I.
Our exclusive interest is in the examples of the following shape.

Example 2.19. Let Γ be an abelian group. A realization of q over Γ is a pair

(g, χ) of families g = (gi)i∈I in Γ, χ = (χi)i∈I in Γ̂, such that qij = χi(gj)
for all i, j ∈ I. Any realization gives rise to a reduced datum Dred over

G = Γ× Γ̃, where Γ̃ = 〈χi : i ∈ I〉 ↪→ Γ̂, by

Ki = gi, Li = χi, ϑi = (χi, gi), i ∈ I.

To stress the analogy with quantum groups, we set as in [ARS, H4, HeY],

Ei = xi, Fi = yiχ
−1
i in U(Dred) for i = 1, 2.(2.23)

Let U(Dred)∓be the subalgebra of U(Dred) generated by the Fi's, respec-
tively the Ei's.

Example 2.20. We shall consider the following particular instance of Ex-
ample 2.19, where (αi)i∈I is the canonical basis of ZI:

Γ = ZI, gi = αi, χi : ZI → k×, χj(αi) = qij , i ∈ I.

In this context, we set Uq := U(Dred).

In the following statement, quasi-triangular has to be understood in a
formal sense, as the R-matrix would belong to an appropriate completion.
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Theorem 2.21. Let Dred be a reduced datum as in Example 2.19. Then
U(Dred) is a quasi-triangular Hopf algebra.

Proof. (Sketch). We argue as in [ARS, Theorem 3.7]. Let H = B(V )#kΓ

and U = B(W )#kΓ̃. There is a non-degenerate skew-Hopf bilinear form
( | ) : H ⊗ U → k given by

(xi|yj) = δij , (vi|ϑ) = 0, (g|yj) = 0, (g|ϑ) = ϑ(g), g ∈ Γ, ϑ ∈ Γ̂, i, j ∈ I.
Then U(Dred) ' (U⊗H)σ, where σ : (U⊗H)⊗(U⊗H)→ k is the 2-cocycle
given by σ(f ⊗ h, f ′ ⊗ h′) = ε(f)(h|f ′)ε(h′) for f, f ′ ∈ H∗ and h, h′ ∈ H.
Therefore U(Dred) is the Drinfeld double of H. �

2.6. The Weyl groupoid of a Nichols algebra. The proofs of the claims
on braidings of Cartan type, see �2.4, rely on the action of the braid group
described by Lusztig [L1, L2], as generalized in [H1]. It turns out that this
action has a subtle extension to the context of Nichols algebras of diagonal,
but not necessarily Cartan, type. As we shall see, the adequate language to
express this extension is that of groupoids acting on bundles of sets.

Recall that (V, c) and q are as in �2.1.

De�nition 2.22. The matrix q (or V , or Bq) is admissible if for all i 6= j in I,
the set {n ∈ N0 : (n+ 1)qii(1− qniiqijqji) = 0} is non-empty. If this happens,
then we consider the matrix Cq = (cqij) ∈ ZI×I given by cqii = 2 and

cqij := −min {n ∈ N0 : (n+ 1)qii(1− qniiqijqji) = 0} , i 6= j.(2.24)

It is easy to see that Cq is a GCM. If q is of Cartan type with GCM A, then
Cq = A. Thus the matrix Cq suggests an approximation to Cartan type.

The GCM Cq induces re�ections sqi ∈ GL(Zθ), namely

sqi (αj) = αj − cqijαi, i, j ∈ I.
If q is of Cartan type, then these re�ections generate the Weyl group W and
lift to an action of the braid group (corresponding to W ) on Uq(g) [L1, L2].
In general this is not quite true, but a weaker claim holds. Namely, for i ∈ I,
let ρi(q) be de�ned by

ρi(q)jk = q(sqi (αj), s
q
i (αk)), j, k ∈ I.(2.25)

The new braiding matrix ρi(q) might be di�erent from q, but nevertheless:

Theorem 2.23. [H1] The re�ection sqi lifts to an isomorphism of algebras
Ti : Uq → Uρi(q).

Recall Uq from Example 2.20. See [HS2] for a generalization and categor-
ical explanation of this result.

Assume now that GK-dimBq < ∞, for instance that dimBq < ∞. Then
q is admissible by [Ro3]; since GK-dimBρi(q) <∞ by Theorem 2.23, ρi(q) is
also admissible. It can be shown without complications that

cqij = c
ρi(q)
ij for all i, j ∈ I.(2.26)
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The fact that ρi(q) might be di�erent from q is dealt with by considering

Xq = {ρik . . . ρi2ρi1(q), k ∈ N0, i1, . . . , ik ∈ I}.(2.27)

Thus all p ∈ Xq are admissible. The set Xq comes equipped with maps
ρi : Xq → Xq given by (2.25) for each p ∈ Xq. It is easy to see that ρ2

i = id.
Thus each p ∈ Xq gives rise to a Nichols algebra with �nite GK-dimension

(or �nite dimension, according to the assumption). The generalized root
system of the Nichols algebra Bq is the collection of sets

(∆p)p∈Xq .(2.28)

We also have re�ections spi for i ∈ I and p ∈ Xq; they satisfy

spi (∆
p) = ∆ρi(p).(2.29)

Altogether, the re�ections spi , i ∈ I and p ∈ Xq, generate the so called

Weyl groupoid W, as a subgroupoid of Xq × GL(Zθ) × Xq. By (2.26) and
(2.29), the Weyl groupoid W acts on (Cp)p∈Xq and on the generalized root
system (∆p)p∈Xq , that we think of as bundles of matrices and sets over Xq,
respectively. These actions are crucial for the study of Nichols algebras of
diagonal type.

2.7. The axiomatics. The ideas outlined in �2.6 �t into an axiomatic
framework designed in [HeY] for this purpose. We overview now this ap-
proach following the conventions in [AA2]. We denote by SX the group of
symmetries of a set X .

2.7.1. Basic data. All the combinatorial structures in this context are sorts
of bundles over a basis with prescribed changes, that we formally call a basic
datum. This is a pair (X , ρ), where I 6= ∅ is a �nite set, X 6= ∅ is a set and
ρ : I → SX satis�es ρ2

i = id for all i ∈ I. We assume safely that I = Iθ, for
some θ ∈ N. We say that the datum has base X and size I (or θ).

We associate to a basic datum (X , ρ) the quiver

Qρ = {σxi := (x, i, ρi(x)) : i ∈ I, x ∈ X}

over X (i.e. with set of points X ), source s(σxi ) = ρi(x) and target t(σxi ) =
x, x ∈ X . The diagram of (X , ρ) is the graph with points X and one
arrow between x and y decorated with the labels i for each pair (x, i, ρi(x)),
(ρi(x), i, x) such that x 6= ρi(x) = y. Thus we omit the loops, that can be
deduced from the diagram and θ. Here is an example with θ = 4:
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(2.30)

We say that (X , ρ) is connected when Qρ is connected. Also, we write
x ∼ y if x, y are in the same connected component of Qρ.

2.7.2. Coxeter groupoids. we assume that the reader has some familiarity
with the theory of groupoids. For example, if X is a set and G is a group,
then X ×G×X is a groupoid with the multiplication de�ned by

(x, g, y)(y, h, z) = (x, gh, z), x, y, z ∈ X , g, h ∈ G,
while (x, g, y)(y′, h, z) is not de�ned if y 6= y′. Recall that

♦ A Coxeter matrix of size I is a symmetric matrix m = (mij)i,j∈I with
entries in Z≥0 ∪ {+∞} such that mii = 1 and mij ≥ 2, for all i 6= j ∈ I.

♦ The forgetful functor from the category of groupoids over X to that of
quivers over X admits a left adjoint; i.e. every quiver Q over X determines
a free groupoid F (Q) over X , whose construction is pretty much the same
as the construction of the free group.

♦ Consequently we may speak of the groupoid G presented by a quiver Q
with relations N (which has to be a set of loops), namely G = F (Q)/N ,
where N is the normal subgroup bundle of F (Q) generated by N .

We �x a basic datum (X , ρ) of size I. We denote in the free groupoid
F (Qρ), or any quotient thereof,

σxi1σi2 · · ·σit = σxi1σ
ρi1 (x)

i2
· · ·σ

ρit−1
···ρi1 (x)

it
(2.31)

i. e., the implicit superscripts are the only possible allowing compositions.

De�nition 2.24. A Coxeter datum for (X , ρ) is a bundle of Coxeter matrices
M = (mx)x∈X , m

x = (mx
ij)i,j∈I, such that

s((σxi σj)
mxij ) = x, i, j ∈ I, x ∈ X ,(2.32)

mx
ij = m

ρi(x)
ij for all x ∈ X , i, j ∈ I.(2.33)

Alternatively, we say that (X , ρ,M) is a Coxeter datum. The Coxeter
groupoid W =W(X , ρ,M) is the groupoid generated by Qρ with relations

(σxi σj)
mxij = idx, i, j ∈ I, x ∈ X .(2.34)

The requirement (2.32) just says that (2.34) makes sense.
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Example 2.25. A Coxeter grupoid over a basic datum of size one is just a
Coxeter group.

It is equivalent to give a groupoid over a basis X or an equivalence relation
on X together with one group for each equivalence class. Coxeter groupoids
are more intricate than equivalence relations with one Coxeter group for each
class. We now describe all Coxeter groupoids over a basis of 2 elements.

Example 2.26. [AA2] Let (X , ρ) be the basic datum of size θ with X =
{x, y} and ` loops at each point, that we label as follows:

•
x

`+1, ..., θ •
y
.

Let mx = (mij)i,j∈I and my = (nij)i,j∈I be Coxeter matrices such that

mih, nih ∈ 2Z, i ∈ I`, h ∈ I`+1,θ, what is tantamount to (2.32),

mkj = nkj , k ∈ I`+1,θ, j ∈ I, what is tantamount to (2.33).

By symmetry, mjk = njk, for k ∈ I`+1,θ, j ∈ I. Set

cih =
mih

2
=
nih
2
, i ∈ I`, h ∈ I`+1,θ.

The associated Coxeter groupoid is isomorphic to X ×H × X , where H is
the group presented by generators

si, ti, i ∈ I`, uh, h ∈ I`+1,θ, h < θ;

with de�ning relations

(sisj)
mij = e = (titj)

nij , i, j ∈ I`;
(sitih)cih = e, i ∈ I`, h ∈ I`+1,θ;

umhkhk = e, h, k ∈ I`+1,θ, h < k.

Here we denote

uhk = uhuh+1 . . . uk−1 = u−1
kh , tih = uhθtiu

−1
hθ , i ∈ I`, h < k ∈ I`+1,θ.

In particular, we see that the isotropy groups of a Coxeter groupoid are not
necessarily Coxeter groups.

In a Coxeter groupoid, we may speak of the length and a reduced expres-
sion of any element, as for Coxeter groups.

2.7.3. Generalized root systems. We are now ready for the main de�nition
of this Subsection (that is not the same as the one considered in [Se1]). Let
R = (X , ρ) be a connected basic datum of size I = Iθ. Recall that {αi}i∈I
denotes the canonical basis of ZI.

De�nition 2.27. [HeY] A generalized root system for (X , ρ) (abbreviated
GRS) is a pair (C, ∆), where
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• C = (Cx)x∈X is a bundle of generalized Cartan matrices Cx = (cxij)i,j∈I,

cf. (1.1), satisfying

cxij = c
ρi(x)
ij for all x ∈ X , i, j ∈ I.(2.35)

As usual, these GCM give rise to re�ections sxi ∈ GL(ZI) by

sxi (αj) = αj − cxijαi, j ∈ I, i ∈ I, x ∈ X .(2.36)

By (2.35), sxi is the inverse of s
ρi(x)
i .

• ∆ = (∆x)x∈X is a bundle of subsets ∆x ⊂ ZI (we call this a bundle of root
sets) such that

∆x = ∆x
+ ∪∆x

−, ∆x
± := ±(∆x ∩ NI

0) ⊂ ±NI
0;(2.37)

∆x ∩ Zαi = {±αi};(2.38)

sxi (∆x) = ∆ρi(x), cf. (2.36);(2.39)

(ρiρj)
mxij (x) = (x), mx

ij := |∆x ∩ (N0αi + N0αj)|,(2.40)

for all x ∈ X , i 6= j ∈ I.
We call ∆x

+, respectively ∆
x
−, the set of positive, respectively negative, roots.

De�nition 2.28. Let R = (C, ∆) be a generalized root system.

◦ The Weyl groupoid W is the subgroupoid of X ×GL(Zθ) × X generated
by all ςxi = (x, sxi , ρi(x)), i ∈ I, x ∈ X .
◦ If x ∈ X , then we set mx = (mx

ij)i,j∈I, where m
x
ij is de�ned as in (2.40).

By the axioms above, M = (mx)x∈X is a Coxeter datum for (X , ρ).

◦ Let x, y ∈ X . If w ∈ W(x, y), then w(∆x) = ∆y, by (2.39). Thus the sets
of real and imaginary roots at x are

(∆re)x =
⋃
y∈X
{w(αi) : i ∈ I, w ∈ W(y, x)}, (∆im)x = ∆x − (∆re)x.

In analogy with Cartan matrices of �nite type, �nite GRS are character-
ized by all roots being real. Let R = (C, ∆) be a generalized root system.
We say that R is �nite if |W| <∞.

Theorem 2.29. (a) [CH1, 2.11] R is �nite ⇐⇒ |∆x| <∞,∀x ∈ X ⇐⇒
∃x ∈ X : |∆x| <∞ ⇐⇒ |(∆re)x| <∞,∀x ∈ X .

(b) [HeY, Corollary 5] Assume that R is �nite. Pick x ∈ X . Then there is a
unique ωx0 ∈ W ending at x of maximal length `; all reduced expressions
of ωx0 have length `. If y ∈ X , then ωy0 has length `.

(c) [CH1, Prop. 2.12] Assume that R is �nite. Pick x ∈ X and �x a reduced
expression ωx0 = σxi1 · · ·σi` . Then

∆x
+ = {βj : j ∈ I`},

where βj := sxi1 · · · sij−1(αij ) ∈ ∆x, j ∈ I`. Hence, all roots are real.
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(d) [HeY] There is an epimorphism of groupoidsW(X , ρ,M)→W(X , ρ, C).
If R is �nite, then this is an isomorphism.

(e) [HeV, Theorem 4.2] If R is �nite, then there is x ∈ X such that Cx is
of �nite type.

An outcome of the Theorem is that a �nite GRS is determined by the bun-
dle C of generalized Cartan matrices. It would be coherent to call arithmetic
root system to a �nite GRS.

As expected, Nichols algebras of diagonal type with �nite dimension or
GK-dimension give rise to generalized root systems.

Example 2.30. Let (V, c) and q be as in �2.1. Assume that GK-dimBq <∞.
Let (Xq, ρ) be as in (2.27), let C = (Cp)p∈Xq be the bundle of generalized
Cartan matrices de�ned by (2.24), and let ∆ = (∆p)p∈Xq be as in (2.28).
Then R = (C, ∆) is a generalized root system for (Xq, ρ).

We summarize the relation between generalized root systems and Nichols
algebras:

Remark 2.31. (a) The classi�cation of the arithmetic Nichols algebras of
diagonal type (characteristic 0) was achieved in [H3], as said.

(b) Later, the classi�cation of the �nite generalized root systems was ob-
tained in [CH2]. There are �nite GRS that do not arise from arithmetic
Nichols algebras; at least one of them arises from a �nite dimensional
Nichols algebras of diagonal type in positive characteristic.

(c) Let R be a �nite GRS arising from a Nichols algebra Bq of diagonal
type. We say that Bq is an incarnation of R; incarnations are by no
means unique, see Remark 3.1.

(d) More generally, let B be the Nichols algebra of a semisimple Yetter-
Drinfeld module. If dimB <∞, then it gives rise to a �nite GRS [HS1].
No explicit examples are known, except diagonal type and the following:
The classi�cation of the �nite dimensional Nichols algebras over �nite
groups, semisimple but neither simple nor of diagonal type (arbitrary
characteristic) was achieved in [HeV]. It turns out that all GRS appear-
ing here arise also in diagonal type; explicitly they are standard with
|X | = 1 of types Aθ, Bθ, θ ≥ 2, Cθ, θ ≥ 3, Dθ, θ ≥ 4, Eθ, θ ∈ I6,8, F4,
G2; the root systems of types Br(2), Br(3), and Brj(2, 3).

(e) When GK-dimBq < ∞, it is conjectured that the associated GRS
is �nite [AAH1]. There is some evidence: the conjecture is true for
dimV = 2 or for a�ne Cartan type. We observe that apparently the
imaginary roots of a GRS are not determined by the real ones, contrarily
to what happens with generalized Cartan matrices. See �3.5 for the list
of Nichols algebras with arithmetic root systems and positive GK-dim.

The following Proposition will be used when discussing incarnations.
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Proposition 2.7.1. Let (X , ρ) be a basic datum and let R = (C, ∆) and
R′ = R(C, ∆′) be two generalized root systems for (X , ρ) with the same
bundle C. Then the bundles ∆re = ((∆re)x)x∈X and ∆′re = ((∆′re)x)x∈X are
equal. In particular R is �nite if and only if R′ is �nite; if this happens,
then R = R′.

Proof. Both R and R′ have the same Weyl groupoid because this is de�ned
by C, implying the �rst claim. Now the second claim follows from the �rst
and Theorem 2.29. �

2.8. The Weyl groupoid of a (modular) Lie (super)algebra. The gen-
eralized root systems appear in other settings. Important for this monograph
is that of contragredient Lie superalgebras. All results in this Subsection are
from [AA2], unless explicitly quoted otherwise.

Let θ ∈ N, I = Iθ. We �x

◦ a �eld F of characteristic `,
◦ A = (aij) ∈ FI×I

◦ p = (pi) ∈ GI
2, when ` 6= 2,

◦ a vector space h of dimension 2θ − rankA, with a basis (hi)i∈I2θ−rankA
;

◦ a linearly independent family (ξi)i∈I in h∗ such that

ξj(hi) = aij , i, j ∈ I.

We call p the parity vector ; the additive version is |i| = 1−pi
2 ∈ Z/2.

From these data, we de�ne a Lie superalgebra (a Lie algebra whenever
p = 1 := (1, . . . , 1)) in the usual way. First we de�ne the Lie superalgebra
g̃ := g̃(A,p) by generators ei, fi, i ∈ I, and h, subject to the relations:

[h, h′] = 0, [h, ei] = ξi(h)ei, [h, fi] = −ξi(h)fi, [ei, fj ] = δijhi,(2.41)

for all i, j ∈ I, h, h′ ∈ h, with parity given by

|ei| = |fi| = |i|, i ∈ I, |h| = 0, h ∈ h.

This Lie superalgebra has a triangular decomposition g̃ = ñ+ ⊕ h⊕ ñ− that
arises from the Z-grading g̃ = ⊕

k∈Z
g̃k determined by ei ∈ g̃1, fi ∈ g̃−1, h = g̃0.

The contragredient Lie superalgebra associated to A, p is

g(A,p) := g̃(A,p)/r

where r = r+⊕r− is the maximal Z-homogeneous ideal intersecting h trivially.
We set g := g(A,p), and identify ei, fi, hi, h with their images in g. Clearly
g inherits the grading of g̃ and g = n+ ⊕ h⊕ n−, where n± = ñ±/r±. As in
[K2, BGL], we assume from now on that A satis�es

aij = 0 if and only if aji = 0, for all j 6= i.(2.42)

By [BGL, Section 4.3] or [CE, Remark 4.2], g is ZI-graded by

deg ei = −deg fi = αi, deg h = 0, i ∈ I, h ∈ h.
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The roots, respectively the positive, or negative, roots, are the elements of

∇(A,p) = {α ∈ ZI − 0 : gα 6= 0}, ∇ ± = ∇(A,p) ∩ (±Nθ0).

For instance, the simple roots are αi ∈ ∇(A,p), i ∈ I. Then

∇(A,p) = ∇(A,p)
+ ∪∇(A,p)

− , ∇(A,p)
− = −∇(A,p)

+ .

We say that (A,p) is admissible if

ad fi is locally nilpotent in g = g(A,p)(2.43)

for all i ∈ I, cf. [Se2]. For instance, (A,p) is admissible when g(A,p) is
�nite-dimensional, or ` > 0 [AA2].

If (A,p) is admissible, then we de�ne C(A,p) =
(
c

(A,p)
ij

)
i,j∈I ∈ ZI×I by

c
(A,p)
ii = 2, c

(A,p)
ij := −min{m ∈ N0 : (ad fi)

m+1fj = 0}, i 6= j ∈ I.

Let s
(A,p)
i ∈ GL(ZI) be the involution given by

s
(A,p)
i (αj) := αj − c(A,p)

ij αi, j ∈ I.(2.44)

Let i ∈ I; set ρip = (pj)j∈I, pj = pjp
c
(A,p)
ij

i . In [AA2], we introduce a
matrix ρiA and the pair ρi(A,p) := (ρiA, ρip).

Theorem 2.32. Let A ∈ FI×I satisfying (2.42) and p ∈ (G2)I. Assume that
(A,p) is admissible. Then there are Lie superalgebra isomorphisms

T
(A,p)
i : g(ρiA, ρip)→ g(A,p), i ∈ I,(2.45)

such that

T
(A,p)
i (g(ρiA, ρip)β) = g(A,p)

s
(A,p)
i (β)

, β ∈ ±Nθ0.(2.46)

We consider the equivalence relation ∼ in FI×I ×GI
2 generated by

• (A,p) ≡ (B, q) i� the rows of B are obtained from those of A mul-
tiplying by non-zero scalars,
• (A,p) ≈ (B, q) i� A is satis�es (2.42) and there exists i ∈ I ful�lling
(2.43) such that ρi(A,p) ≡ (B, q).

We denote by X (A,p) the equivalence class of (A,p) with respect to ∼.

De�nition 2.33. A pair (A,p) is regular if and only if every (B, q) ∈ X (A,p)

is admissible and satis�es (2.42). Evidently, all (B, q) ∈ X (A,p) are regular

too. Therefore there are re�ections Ti for all (B, q) ∈ X (A,p) and i ∈ I.

If ` > 0, then `(A,p) regular' says that all (B, q) ∈ X (A,p) satisfy (2.42).

Let (A,p) be a regular pair. We set

∆
(A,p)
+ = ∇(A,p)

+ − {k α : α ∈ ∇(A,p)
+ , k ∈ N, k ≥ 2},(2.47)

C(A,p) =
(
I,X (A,p), (ρi)i∈I, (C

(B,q))(B,q)∈X (A,p)

)
(2.48)
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Theorem 2.34. (C(A,p), (∆(B,q))(B,q)∈X (A,p)) is a generalized root system.

This is the point we wanted to reach:

Proposition 2.8.1. Let (A,p) as above, i.e. A ∈ FI×I and p ∈ GI
2. If A

satis�es (2.42) and dim g(A,p) is �nite, then (A,p) is regular, thus it has a
generalized root system.

Now the classi�cation of the �nite-dimensional contragredient Lie super-
algebras is known and consists of the following:

� If ` = 0 and p = 1, then this is the Killing-Cartan classi�cation of simple
Lie algebras of types A, . . . , G.

� If ` = 0 and p 6= 1, then this belongs the classi�cation of simple Lie
superalgebras [K1].

� If ` > 0 and p = 1, then the analogous of Lie algebras in characteristic 0,
the Brown algebras br(2; a), br(2), br(3) [BGL, Br, Sk] for ` = 3, and the
Kac-Weisfeiler algebras wk(3; a), wk(4; a) [BGL, KaW] for ` = 2.

� If ` > 0 and p 6= 1, then the analogous of Lie algebras in characteristic 0,
the Brown superalgebra brj(2; 3), the Elduque superalgebra el(5; 3), the Lie
superalgebras g(1, 6), g(2, 3), g(3, 3), g(4, 3), g(3, 6), g(2, 6), g(8, 3), g(4, 6),
g(6, 6), g(8, 6) [BGL, CE, E1, E2] for ` = 3, and the Brown superalgebra
brj(2; 5), the Elduque superalgebra el(5; 5) [BGL] for ` = 5.

2.9. Classi�cation. Recall that (V, c) is a �nite-dimensional braided vector
space of diagonal type with braiding matrix q as in �2.1. In the celebrated
article [H3], the classi�cation of the Nichols algebras of diagonal type with
arithmetic root system was presented in the form of several tables.

Roughly, the method of the proof consists in deciding when the Weyl
groupoid is �nite, iterating the construction (2.25). The procedure goes
recursively on θ; it could be shortened using the reduction given by Theorem
2.29 (e), see also [HeW].

We propose an alternative organization of the classi�cation. Assume that
q is arithmetic, e.g. that dimBq <∞, and let R be its GRS.

� If the bundles of matrices and of root sets are constant, then we say that
(V, c) is of standard type; braided vector spaces of Cartan type �t here.

� If R is isomorphic to the GRS of a Lie superalgebra in Kac's list above,
then we say that (V, c) is of super type [AAY].

� If R is isomorphic to the GRS of a contragredient Lie superalgebra in
characteristic ` > 0, as above, then we say that (V, c) is of modular type.

Most of the q with the assumption above fall into one of these three classes,
showing the deep relation between Nichols algebras and Lie theory. From
the list of [H3], there are still 12 examples whose GRS could not be identi�ed
in Lie theory; we call them UFO 's. Actually, they come from 11 di�erent
GRS, as one of them incarnates in two distinct Nichols algebras.



FINITE DIMENSIONAL NICHOLS ALGEBRAS OF DIAGONAL TYPE 31

2.10. The relations of a Nichols algebra and convex orders.

2.10.1. Convex orders. We start by the concept of convex order in an arith-
metic root system. Let ∆ be the root system of a �nite-dimensional simple
Lie algebra, W its Weyl group and ω0 ∈ W the longest element. Then a
total order < on ∆+ is convex if

α, β ∈ ∆+, α < β and α+ β ∈ ∆+ =⇒ α < α+ β < β.(2.49)

A priori, it is not evident why convex orders do exist, but this result gives
them all:

Theorem 2.35. [P] There is a bijective correspondence between the set of
convex orders in ∆+ and the set of reduced decompositions of ω0.

Let now R = (C, ∆) be an arithmetic root system over a basic datum
(X , ρ). Fix x ∈ X . Following [Ang2], we say that total order < on ∆x

+ is
convex if (2.49) holds for all α, β ∈ ∆x

+. Recall ω
x
0 , Theorem 2.29 (b).

Theorem 2.36. [Ang2] There is a bijective correspondence between the set
of convex orders in ∆x

+ and the set of reduced decompositions of ωx0 .

The correspondence is easy to describe: given a reduced decomposition
ωx0 = σxi1 · · ·σi` , the convex total order in ∆

x
+ is induced from the numeration

given in Theorem 2.29 (c).

2.10.2. De�ning relations. We keep the notation (V, c), q, etc. from �2.1 and
we assume that q is arithmetic. The total order in the set of simple roots
given by the numeration by I induces a total order in ∆q

+ (the restriction of
the lexicographic order) as explained in �2.3. This total order turns out to
be convex (but there are more convex orders than these when θ > 2). Let
(βk)k∈I` be the numeration of ∆q

+ induced by this order. For every k ∈ I`,
let xβk be the corresponding root vector as in Remark 2.14.

Let i < j ∈ I`, ni+1, . . . , nj−1 ∈ N0. Because the total order is convex, we

conclude that there exist c
(i,j)
ni+1,...,nj−1 ∈ k such that

(2.50)
[
xβi , xβj

]
c

=
∑

ni+1,...,nj−1∈N0

c(i,j)
ni+1,...,nj−1

x
nj−1

βj−1
. . . x

ni+1

βi+1
.

The scalars c
(i,j)
ni+1,...,nj−1 can be computed explicitly [Ang2, Lemma 4.5]. No-

tice that if
∑
nkβk 6= βi + βj , then c

(i,j)
ni+1,...,nj−1 = 0, since Bq is NI

0-graded.

Let β ∈ ∆q
+; we set Nβ = ord qββ . If Nβ is �nite, then

(2.51) x
Nβ
β = 0.

Theorem 2.37. [Ang2, 4.9] The relations (2.50), i < j ∈ I`, and (2.51),
β ∈ ∆q

+ with Nβ �nite, generate the ideal Jq de�ning the Nichols algebra Bq.

The proof of this Theorem does not appeal to the classi�cation in [H3], but
to the theory of �nite GRS [H1, HeY] and the study of coideal subalgebras
in [HS1]. Starting from Theorem 2.37, the de�ning relations of Bq for the
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various q in the list in [H3] was given explicitly in [Ang3, Theorem 3.1].
The approach in loc. cit. does not follow the list but the possible local
subdiagrams, i.e. of rank 2,3,4, up to insuring the existence of the Lusztig
isomorphisms Ti, analogous to those in Theorem 2.23. The �nal argument
uses that the bundle of Cartan matrices determines the GRS.

2.11. The Lie algebra of a �nite-dimensional Nichols algebra. A
�nite-dimensional Nichols algebra Bq of diagonal type gives rise to some

remarkable objects: its distinguished pre-Nichols algebra B̃q [Ang3, Ang5],
its Lusztig algebra Lq [AAR1] and its associated Lie algebra g [AAR2]. If q

is of Cartan type (with entries of odd order), then B̃q is isomorphic to the
positive part of the quantum group de�ned by De Concini and Procesi [DP],
while Lq is the positive part of the algebra of divided powers introduced

by Lusztig [L2, L3]. We expect that these algebras B̃q and Lq would give
rise to interesting representation theories. We discuss succinctly these three
notions.

2.11.1. The distinguished pre-Nichols algebra. We start with the concept of

Cartan roots [Ang5] and then discuss the de�nition of B̃q.
First, i ∈ I is a Cartan vertex of q if qijqji = q

cqij
ii , for all j ∈ I. Then the

set of Cartan roots of q is

Oq = {sqi1si2 . . . sik(αi) ∈ ∆q : i ∈ I is a Cartan vertex of ρik . . . ρi2ρi1(q)}.

Thus Oq = Oq
+ ∪ O

q
−, where O

q
± = Oq ∩∆q

±.

The distinguished pre-Nichols algebra is de�ned in terms of the presenta-
tion of Jq evoked above. To explain this, we need the notation:

Ñα =

{
Nα = ord qαα if α /∈ Oq

+,

∞ if α ∈ Oq
+,

α ∈ ∆q
+.

Let Iq ⊂ Jq be the ideal of T (V ) generated by all the relations in [Ang3,
Theorem 3.1], but

• excluding the power root vectors xNαα , α ∈ Oq
+,

• adding the quantum Serre relations (adc xi)
1−cqijxj for those i 6= j

such that q
cqij
ii = qijqji = qii.

De�nition 2.38. [Ang3] The distinguished pre-Nichols algebra B̃q is the
quotient T (V )/Iq.

This pre-Nichols algebra is useful for the computation of the liftings; it
should also be present in the classi�cation of pointed Hopf algebras with

�nite GK-dim. See [Ang5] for the basic properties of B̃q.
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2.11.2. The Lusztig algebra and the associated Lie algebra. For an easy ex-
position, we suppose that q is symmetric, and by technical reasons, that

q
Nβ
αβ = 1, ∀α, β ∈ Oq.(2.52)

De�nition 2.39. The Lusztig algebra Lq of (V, c) is the graded dual of the

distinguished pre-Nichols algebra B̃q of (V ∗, q); thus, Bq ⊆ Lq.

To describe the associated Lie algebra, we begin by considering the sub-

algebra Zq of B̃q generated by x
Nβ
β , β ∈ Oq

+. Then Zq is a commutative

normal Hopf subalgebra of B̃q [Ang5]. In turn, the graded dual Zq of Zq; is
a cocommutative Hopf algebra, isomorphic to the enveloping algebra U(nq)
of a Lie algebra nq. Then Lq is an extension of braided Hopf algebras:

Bq ↪→ Lq � Zq.

Theorem 2.40. [AAR2, AAR3] The Lie algebra nq is either 0 or else iso-
morphic to the positive part of a semisimple Lie algebra gq.

The proof we dispose of this Theorem is by computation case-by-case. If
q is of Cartan type, then gq corresponds to the same Cartan matrix, except
in even order and type B or C, in which case is of type C or B. If q is of
super type, with corresponding Lie superalgebra g, then gq is isomorphic to
the even part g0. Assume that q is of modular type. Then the Theorem
shows, in particular, that the modular Lie algebras or superalgebras listed
above give rise to Lie algebras in characteristic 0. However, the latter do not
control completely the behaviour of the former.

Remark 2.41. There is a bijection from the set Oq
+ to the set of positive roots

of gq. Thus Oq bears a structure of root system, albeit we do not dispose of
a direct proof of this fact.

2.12. The degree of the integral. Again, (V, c) and q are as in �2.1. We
assume that dimBq < ∞. We introduce an element of the lattice ZI which
is a relative of the semi-sum of the positive roots in the theory of semisimple
Lie algebras. Let Nβ = ord(qβ) = h(xβ) for β ∈ ∆q

+. Let

ÿ :=
∑
β∈∆q

+

(Nβ − 1)β ∈ ZI.(2.53)

Suppose that q is of Cartan type. If ord qii is relatively prime to the entries
of the Cartan matrix A, then Nβ = N is constant and ÿ = (N−1)

∑
β∈∆A+

β.

Since Bq = ⊕n≥0Bnq is �nite-dimensional, there exists d ∈ N such that

Bdq 6= 0 and Bnq = 0 for n > d. Then Bq is unimodular with Bdq equal to

the space of left and right integrals, dimBdq = 1 and dimBjq = dimBd−jq if
j ∈ I0,d. See [AGr] for details. We set top = d. Then

ÿ = degBtop
q .(2.54)
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Let now Γ be a �nite abelian group and (g, χ) a realization of q, cf. �2.5,
with g = (gi)i∈I, χ) = (χi)i∈I Then we have morphisms of groups ZI → Γ

and ZI → Γ̂ given by

β 7−→ gβ, gαi = gi; β 7−→ χβ, χαi = χi, i ∈ I.
We refer to [EGNO, �8.11] for the basics of ribbon Hopf algebras. Here is

an application of ÿ.

Proposition 2.42. The distinguished group-likes of H = B(V )#kΓ are

÷H = χ−1
ÿ and äH = gÿ.

The Drinfeld double (D(H),R) is ribbon if and only if there exist á ∈ Γ,

æ ∈ Γ̂ such that á2 = äH = gÿ, æ
2 = ÷H = χ−1

ÿ and

q−1
ii = χi(á)æ

−1(gi), for all i ∈ I.(2.55)

Proof. The �rst claim follows from [Bu, 4.8, 4.10] and the discussion above.
The second claim is a consequence of [KR, Theorem 3]. �

We next discuss how the preceding construction behaves under the action
of the Weyl groupoid. Let us �x i ∈ I and set q′ = ρiq = (q′jk)j,k∈I. First we

notice that the degree of the integral corresponding to q′ is

ÿ′ = sqi (ÿ) + 2(Ni − 1)αi.(2.56)

Indeed,

ÿ′ =
∑
β∈∆q′

+

(Nβ − 1)β =
∑

γ∈∆q
+−{αi}

(Nsi(γ) − 1)sqi (γ) + (Ni − 1)αi

=
∑

γ∈∆q
+−{αi}

(Nγ − 1)sqi (γ) + (Ni − 1)αi = sqi (ÿ) + 2(Ni − 1)αi.

Now g′ = (g′j)j∈I, χ
′ = (χ′j)j∈I gives a a realization of q′ where

g′j = gjg
−cqij
i = gsqi (αj)

, χ′j = χjχ
−cqij
i = χsqi (αj)

, j ∈ I.(2.57)

Corollary 2.43. The distinguished group-likes of H ′ = Bq′#kΓ are

÷H′ = ÷Hχ
2(Ni−1)
i and äH′ = äHg

2(1−Ni)
i .

If (D(H),R) is ribbon, then (D(H ′),R′) is also ribbon.

Proof. The �rst claim follows by a direct computation from (2.56). Let

á′ = ág1−Ni
i ∈ Γ, æ′ = æχNi−1

i ∈ Γ̂.

Clearly, (á′)2 = ä′H , (æ′)2 = ÷′H . We check that (2.55) holds. Let j ∈ I.
Since á, æ satisfy (2.55) and qNiii = 1, we have

χ′j(á
′)(æ′)−1(g′j) = χjχ

−cqij
i (ág1−Ni

i )æ−1χ1−Ni
i (gjg

−cqij
i )

= χj(á)(æ)−1(gj)
(
χi(á)æ

−1(gi)
)−cqij q2cqij(Ni−1)

ii q̃ij
1−Ni
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= q−1
jj q

cqij
ii q
−2cqij
ii q1−Ni

ij q1−Ni
ji = q−1

jj q
−cqij
ii q1−Ni

ij q1−Ni
ji .

Now

� If j = i, then q′ii = qii, and q
−1
jj q

−cqij
ii q1−Ni

ij q1−Ni
ji = q−1

ii q
−2
ii q

2−2Ni
ii = q−1

ii .

� If j 6= i and q
cqij
ii = qijqji, then q

′
jj = qjj , and

q−1
jj q

−cqij
ii q1−Ni

ij q1−Ni
ji = q−1

jj q
−cqij
ii q

cqij(1−Ni)
ii = q−1

jj .

� If j 6= i and q
cqij
ii 6= qijqji, then c

q
ij = 1−Ni, so

q−1
jj q

−cqij
ii q1−Ni

ij q1−Ni
ji = q−1

jj q
−(cqij)

2

ii q
cqij
ij q

cqij
ji = χjχ

−cqij
i (gjg

−cqij
i )−1 = (q′jj)

−1.

Thus χ′j(á
′)(æ′)−1(g′j) = (q′jj)

−1 for all j ∈ I; Proposition 2.42 applies. �

Part II. Arithmetic root systems: Cartan, super, standard

3. Outline

3.1. Notation. In what follows q ∈ k× − {1}, N := ord q ∈ [2,∞]. Recall
that (αi)i∈I denotes the canonical basis of ZI.

The matrices q considered here belong to the classi�cation list in [H3];
they may form part of an in�nite series�or not. In the second case, we often
use i to denote the root αi, and more generally

i1i2 . . . ik denotes αi1 + αi2 + . . . αik ∈ ZI;

also ih11 ih22 . . . ihkk denotes h1αi1 + h2αi2 + . . . hkαik ∈ ZI(3.1)

The implicit numeration of any generalized Dynkin diagram is from the
left to the right and from bottom to top; otherwise, the numeration appears
below the vertices.

Basic data are described either explicitly or by the corresponding diagram
as in page 24.

If a numbered display contains several equalities (or diagrams), they will
be referred to with roman letters from left to right and from top to bottom;
e.g., (4.5 c) below means xN(kl) = 0, k ≤ l.

If Xm is a generalized Dynkin diagram (or a subset of Zm or any variation
thereof) with m vertices and σ ∈ Sm, then σ(Xm) is the generalized Dynkin
diagram (or the object in question) with the numeration of the vertices
after applying σ to the numeration of Xm. In this respect, sij denotes the
transposition (ij), what should not be confused with the re�ection si. For
brevity, we abbreviate some permutations in S4 and S5 as follows:

κ1 = s1234, κ2 = s234, κ3 = s12s34, κ4 = s13s24,

κ5 = s142, κ6 = s1324, κ7 = s134, κ8 = s324.

$1 = s15s234, $2 = s354, $3 = s15s23, $4 = s345, $5 = s14s23.
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Along the way, we recall the Cartan matrices of types A, B, C, D, E, F
and G with the numeration we use; see (4.2), (4.7), (4.15), (4.23), (4.28),
(4.35), (4.43). We also need some other generalized Cartan matrices:

A
(1)
n : ◦

n+1

◦
1

◦
2

◦
3

◦
n−2

◦
n−1

◦
n

(3.2)

A
(1)
1 : ◦

1
ks +3 ◦

2
(3.3)

A
(2)
2 : ◦

1

〈
◦
2

(3.4)

C
(1)
n : ◦

1
+3 ◦
2

◦
3

◦
n−1

◦
n
ks ◦

n+1
(3.5)

A
(2)
2n−1 : ◦

◦ +3 ◦ ◦ ◦ ◦ ◦

(3.6)

A
(2)
2n : ◦

1
ks ◦

2
◦
3

◦
n−1

◦
n
ks ◦

n+1
(3.7)

D
(3)
4 : ◦

1
◦
2

◦
3

jt(3.8)

E
(2)
6 : ◦

1
◦
2

◦
3
ks ◦

4
◦
5

(3.9)

F
(1)
4 : ◦

1
◦
2

◦
3

+3 ◦
4

◦
5

(3.10)

mTn :
m+n+1◦

◦
1

◦
2

◦
m

◦
m+1

◦
m+2

◦
m+n

(3.11)

T (2) : ◦
3

◦
1
ks ◦

2

(3.12)
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1T
(2) : ◦

4

◦
1

◦
2
ks ◦

3

(3.13)

1T̃
(2) : ◦

4 V^

◦
1

◦
2

◦
3

(3.14)

C
(1) ∧
n : ◦

1
◦
2

+3 ◦
3

◦
4

◦
n−1

◦
n
ks ◦

n+1
(3.15)

CEn : ◦
n

◦
1

◦
2

◦
n−3

◦
n−2
ks ◦

n−1

(3.16)

C+++
2 : ◦

1
◦
2

◦
3

+3 ◦
4
ks ◦

5
(3.17)

F
(1)∧
4 : ◦

1
◦
2

◦
3

◦
4

+3 ◦
5

◦
6

(3.18)

E
(2)∧
6 : ◦

1
◦
2

◦
3

◦
4
ks ◦

5
◦
6

(3.19)

D
(3)∧
4 : ◦

1
◦
2

◦
3
jt ◦

4
(3.20)

Hc,d : ◦
1

c,d
◦
2
, cd ≥ 4(3.21)

We also abbreviate mT = mT1, A
(1)
2 = 1T1.

3.2. Information. In this Part, we give information on Nichols algebras Bq
for matrices q satisfying (2.1) such that q is arithmetic, see De�nition 2.12,
and has a connected Dynkin diagram.

We organize the information as follows.

• We �rst describe the (abstract) generalized root system R, including

� The basic datum (X , ρ).

� The bundles (Cx)x∈X of Cartan matrices and (∆x)x∈X of sets of roots.

� The Weyl groupoid, see De�nition 2.28. Actually, since the basic
datum is connected, the groupoid is determined by the isotropy group
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at any point; so we describe this last one�see [AA2] for details of the
calculations.

� The Lie algebra or superalgebra realizing the generalized root system
as explained in �2.8, when it exists.

• The possible families of matrices (qx)x∈X (actually the Dynkin diagrams)
with the prescribed GRS. We call them the incarnations. Concretely, we
exhibit families of matrices (qx)x∈X such that

(a) the Cartan matrix Cqx de�ned by (2.24) equals Cx for all x ∈ X .

(b) The matrix ρi(q
x) de�ned by (2.25) equals qρi(x) for all i ∈ I, x ∈ X .

By (a) and (b), the Weyl groupoid of R is isomorphic to the Weyl
groupoid of (qx)x∈X . It follows at once that R and (qx)x∈X have the same
sets of real roots. But R is �nite, so all roots are real, hence (qx)x∈X has
a �nite set of real roots, and a fortiori it is �nite.

• The PBW-basis, consequently the dimension or the GK-dimension. That
is, we give the formulae for the root vectors as de�ned in (2.18) in terms of
braided commutators, see �2.2. Notice that the de�nition of the Lyndon
words depends on the ordering of I, which is in our context the order of
the Dynkin diagram. Furthermore this order happens to be convex.

• The de�ning relations.

• The set Oq of Cartan roots; notice that the concept of Cartan vertex
depends on q, not just on the root system.

• The associated Lie algebra, see �2.11 and the degree ÿ of Btop
q .

Remark 3.1. The same generalized root system could have di�erent incarna-
tions: of course, there is a dependence on the parameter q but there could
be more drastic di�erences. For instance, the GRS B(j|θ − j), j ∈ Iθ−1 has
incarnations described in �5.2 and another in �6.1. Notice that the Cartan
roots and consequently the associated Lie algebra are di�erent in these incar-
nations; thus some of the data above does not depend just on the generalized
root system. Besides this, it can be shown that all possible incarnations are
as listed in the corresponding Subsection.

3.3. Organization. This Part is organized as follows:

◦ Section 4 contains the treatment of the matrices q of Cartan type, De�-
nition 2.15, with Subsections devoted to each of the types A, B, . . . , G.
Here the Weyl groupoid is just the Weyl group.
◦ In Section 5 we deal with the matrices q of super type, meaning that the
generalized root system coincides with that of a �nite-dimensional contra-
gredient Lie superalgebra in characteristic 0 (no a priori characterization
is available); Cartan type is excluded. Thus we have Subsections devoted
to the types A(m|n), B(m|n), D(m|n), D(2, 1;α), F(4), G(3).
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◦ Section 6 contains the treatment of the matrices of standard, but neither
Cartan nor super, type. Recall that standard means that all Cartan ma-
trices are equal. There are such diagrams only in types B, Subsection 6.1,
and G, Subsection 6.2.

In Part 3, we deal with Nichols algebras of:

• matrices q of modular type, meaning that the generalized root system
coincides with that of a �nite-dimensional contragredient Lie algebra
in characteristic > 0 (no a priori characterization is available); Car-
tan type is excluded. Thus we have Subsections devoted to the types
of the Lie algebras wk(4, α) (char 2), br(2, a) and br(3) (char 3);
• matrices q of super modular type in characteristic 3, not in the pre-
vious classes, meaning again coincidence with the generalized root
system of a �nite-dimensional contragredient Lie superalgebra (no a
priori characterization is available). There are Subsections devoted
to the types of the Lie superalgebras brj(2; 3), el(5; 3), g(1, 6), g(2, 3),
g(3, 3), g(4, 3), g(3, 6), g(2, 6), g(8, 3), g(4, 6), g(6, 6), g(8, 6);
• analogous to the preceding but in characteristic 5. There are Sub-
sections on the types of the Lie superalgebras brj(2; 5) and el(5; 5);
• (yet) unidenti�ed generalized roots systems, i.e. that so far have not
been recognized in other areas of Lie theory. These are called ufo(1),
. . . , ufo(12), except that there is no ufo(8). There is a Subsection
for each of the corresponding Nichols algebras loosely called ufo(1),
. . . , ufo(12)�here ufo(8) has generalized root system ufo(7).

3.4. Attribution. The presentations of the Nichols algebras that we de-
scribe here appeared already in the literature. A general approach to the
relations was given in [Ang2, Ang3]. Of course, those of Cartan type, giv-
ing the positive parts of the small quantum groups, were discussed in many
places, �rst of all in [L1, L2, L3], for a parameter q of odd order (and rela-
tively prime to 3 if of type G2). For Cartan type Aθ, there are expositions
from scratch in [T1] for generic q, [AD] for q = −1, [AS3] for q ∈ G′N ,
N ≥ 3. Other Nichols algebras of rank 2 were presented in [BDR, Hg, H2].
Standard type appeared in [Ang1]; this paper contains a self-contained proof
of the de�ning relations of the Nichols algebras of Cartan type at a generic
parameter, i.e. the su�ciency of the quantum Serre relations. Nichols alge-
bras associated to Lie superalgebras appeared �rst in the pioneering paper
[Y]; see also the exposition [AAY]. The explicit relations of the remaining
Nichols algebras were given in [Ang4].

3.5. Gelfand-Kirillov dimension. As we said, the classi�cation of the ma-
trices q such that GK-dimBq <∞ is not known.

Conjecture 3.2. [AAH1] If GK-dimBq <∞, then q is arithmetic.

The Conjecture is true when q is of a�ne Cartan type or θ = 2. For
convenience, we collect the information on the arithmetic Nichols algebras
with matrix q such that 0 < GK-dimBq <∞.
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Cartan type. Let q be of Cartan type with matrix A; we follow the con-
ventions in �4. Then 0 < GK-dimBq if and only if q /∈ G∞, in which case
GK-dimBq = |∆A

+|.

Super type. Let q be of super type; we follow the conventions in �5. Then
0 < GK-dimBq if and only if the following holds:

• Type A(j − 1|θ − j), j ∈ Ib θ+1
2
c, see �5.1.8: q /∈ G∞, in which case

GK-dimBq =

(
j

2

)
+

(
θ − j

2

)
.

• Type B(j|θ − j), j ∈ Iθ−1, see �5.2.6: q /∈ G∞, in which case

GK-dimBq = θ2 − 2j(θ − j − 1).

• Type D(j|θ − j), j ∈ Iθ−1, see �5.3.11: q /∈ G∞, in which case

GK-dimBq = (θ − j)(θ − j − 1) + j2.

• Type D(2, 1;α), see �5.4: Here q, r, s 6= 1, qrs = 1; the condition is that
either exactly 2 or all 3 of q, r, s do not belong to G∞, in which case
GK-dimBq is either 2 or 3, accordingly.

• Type F(4), see �5.5.5: q /∈ G∞, in which case GK-dimBq = 10.

• Type G(3), see �5.6.5: q /∈ G∞, in which case GK-dimBq = 7.

Modular type. Let q be of modular type. Then 0 < GK-dimBq if and only
if the following holds:

• Type wk(4), see �7.1.4: q /∈ G∞, in which case GK-dimBq = 6.
• Type br(2), see �7.2.4: q /∈ G∞, in which case GK-dimBq = 2.

4. Cartan type

Here the basic datum has just one point, hence there is just one Cartan
matrix and the Weyl groupoid W is the corresponding Weyl group W . All
roots are of Cartan type. Throughout, we shall use the notation

αij =
∑
k∈Ii,j

αk, i ≤ j ∈ I.(4.1)

4.1. Type Aθ, θ ≥ 1.

4.1.1. Root system. The Cartan matrix is of type Aθ, with the numbering
determined by the Dynkin diagram, which is

◦
1

◦
2

◦
θ−1

◦
θ
.(4.2)

The set of positive roots is

∆+ = {αk j | k, j ∈ I, k ≤ j}.(4.3)
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4.1.2. Weyl group. Let si ∈ GL(ZI), si(αi) = −αi, si(αj) = αj + αi if
|i− j| = 1, si(αj) = αj if |i− j| > 1, i, j ∈ I. Then W = 〈si : i ∈ I〉 ' Sθ+1

[Bo, Planche I].

4.1.3. Incarnation. The generalized Dynkin diagram is of the form

q
◦

q−1 q
◦

q−1 q
◦

q
◦

q−1 q
◦(4.4)

4.1.4. PBW-basis and (GK-)dimension. The root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xαi+1 j ]c, i < j ∈ I,

cf. (2.11). Thus

{xnθθθ x
nθ−1θ

(θ−1θ)x
nθ−1θ−1

θ−1 . . . xn1θ

(1θ) . . . x
n11
1 | 0 ≤ nij < N}

is a PBW-basis of Bq. If N <∞, then

dimBq = N(θ+1
2 ).

If N =∞ (that is, if q /∈ G∞), then

GK-dimBq =

(
θ + 1

2

)
.

4.1.5. Relations, N > 2. Recall the notations (2.9), (2.10), (2.11). The
Nichols algebra Bq is generated by (xi)i∈I with de�ning relations

xij = 0, i < j − 1; xiij = 0, |j − i| = 1; xN(kl) = 0, k ≤ l.(4.5)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

4.1.6. Relations, N = 2. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

xij = 0, i < j − 1; [x(i i+2), xi+1]c = 0; x2
(kl) = 0, k ≤ l.(4.6)

4.1.7. The associated Lie algebra and ÿ. The �rst is of type Aθ, while

ÿ = (N − 1)
∑
i∈I

i(θ − i+ 1)αi.

4.2. Type Bθ, θ ≥ 2. Here N > 2.

4.2.1. Root system. The Cartan matrix is of type Bθ, with the numbering
determined by the Dynkin diagram, which is

◦
1

◦
2

◦
θ−1

+3 ◦
θ
.(4.7)

Recall the notation (4.1). The set of positive roots is

∆+ = {αij | i ≤ j ∈ I} ∪ {αiθ + αjθ | i < j ∈ I}.(4.8)
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4.2.2. Weyl group. Let i ∈ I and de�ne si ∈ GL(ZI) by

si(αj) =


−αi, i = j,

αj + αi, |i− j| = 1, i < θ,

αθ−1 + 2αθ, j = θ − 1, i = θ,

αj , |i− j| > 1,

j ∈ I. Then W = 〈si : i ∈ I〉 ' (Z/2)θ o Sθ [Bo, Planche II].

4.2.3. Incarnation. The generalized Dynkin diagram is of the form

q2

◦
q−2 q2

◦
q−2 q2

◦
q2

◦
q−2 q

◦(4.9)

4.2.4. PBW-basis and (GK-)dimension. The root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xα(i+1)j

]c, i < j ∈ I,
xαiθ+αθ = [xαiθ , xθ]c, i ∈ Iθ−1,

xαiθ+αjθ = [xαiθ+α(j+1)θ
, xj ]c, i < j ∈ Iθ−1,

cf. (2.11). Let M = ord q2. Thus

{xnθθθ x
mθ−1θ
αθ−1θ+αθθ

x
nθ−1θ
αθ−1θx

nθ−1θ−1

θ−1 . . . xm12
α1θ+α2θ

. . . xm1θ
α1θ+αθθ

. . . xn1θ
α1θ

. . . xn11
1

| 0 ≤ niθ < N ; 0 ≤ nij < M, j 6= θ; 0 ≤ mij < M}
is a PBW-basis of Bq. If N <∞, then

dimBq = M θ(θ−1)N θ.

If N =∞ (that is, if q is not a root of unity), then

GK-dimBq = θ2.

4.2.5. Relations, N > 4. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

xiii±1 = 0, i < θ; xij = 0, i < j − 1; xθθθθ−1 = 0;(4.10)

xNα = 0, α ∈ {αi θ | i ∈ I};
xMα = 0, α /∈ {αi θ | i ∈ I},

N = 2M even.(4.11)

xNα = 0, α ∈ ∆+, N odd.(4.12)

If N =∞, i.e. q /∈ G∞, then we have only the relations (4.10).

4.2.6. Relations, N = 4. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

xij = 0, i < j − 1; xθθθθ−1 = 0; [x(i i+2), xi+1]c = 0, i < θ;

x2
α = 0, α /∈ {αi θ | i ∈ I}; x4

α = 0, α ∈ {αi θ | i ∈ I}.
(4.13)
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4.2.7. Relations, N = 3. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

xij = 0, i < j − 1; xiii±1 = 0, i < θ;

[xθθθ−1θ−2, xθθ−1]c = 0; x3
α = 0, α ∈ ∆+.

(4.14)

4.2.8. The associated Lie algebra and ÿ. If N is odd (respectively even), the
associated Lie algebra is of type Bθ (respectively Cθ), while

ÿ =
∑
i∈I

[(M − 1)i(2θ − i− 1) + (N − 1)(θ − i)]αi.

4.3. Type Cθ, θ ≥ 3. Here N > 2.

4.3.1. Root system. The Cartan matrix is of type Cθ, with the numbering
determined by the Dynkin diagram, which is

◦
1

◦
2

◦
θ−1

ks ◦
θ
.(4.15)

Recall the notation (4.1). The set of positive roots is

∆+ = {αi j | i ≤ j ∈ I} ∪ {αi θ + αj θ−1 | i ≤ j ∈ Iθ−1}.(4.16)

4.3.2. Weyl group. Let i ∈ I and de�ne si ∈ GL(ZI) by

si(αj) =


−αi, i = j,

αj + αi, |i− j| = 1, j < θ,

2αθ−1 + αθ, j = θ, i = θ − 1,

αj , |i− j| > 1,

j ∈ I. Then W = 〈si : i ∈ I〉 ' (Z/2)θ o Sθ [Bo, Planche III].

4.3.3. Incarnation. The generalized Dynkin diagram is of the form

q
◦

q−1 q
◦

q−1 q
◦

q
◦

q−2 q2

◦(4.17)

4.3.4. PBW-basis and (GK-)dimension. The root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xαi+1 j ]c, i < j ∈ I,

xαiθ+αiθ−1
= [x(iθ), x(iθ−1)]c, i ∈ Iθ−1,

xαiθ+αθ−1
= [x(iθ), xθ−1]c, i ∈ Iθ−1,

xαiθ+αjθ−1
= [xαiθ+αj+1θ−1

, xj ]c, i < j ∈ Iθ−2,

cf. (2.11). Let M = ord q2. Thus

{xnθθθ x
mθ−1θ−1
αθ−1θ+αθ−1θ−1

x
nθ−1θ

(θ−1θ)x
nθ−1θ−1

θ−1 . . . xm12
α1θ+α2θ−1

. . . x
m1θ−1
α1θ+αθ−1θ−1

. . .

xn1θ

(1θ) . . . x
n11
1 | 0 ≤ niθ < M ; 0 ≤ nij < N, j 6= θ; 0 ≤ mij < N}
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is a PBW-basis of Bq. If N <∞, then

dimBq = M θN θ(θ−1).

If N =∞ (that is, if q is not a root of unity), then

GK-dimBq = θ2.

4.3.5. Relations, N > 3. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

xij = 0, i < j − 1; xiij = 0, j = i± 1, (i, j) 6= (θ − 1, θ);(4.18)

xiiiθ = 0, i = θ − 1;(4.19)

xNα = 0, α ∈ ∆+ short;

xMα = 0, α ∈ ∆+ long.
N = 2M even.(4.20)

xNα = 0, α ∈ ∆+, N odd.(4.21)

If N =∞, i.e. q /∈ G∞, then we have only the relations (4.18), (4.19).

4.3.6. Relations, N = 3. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

xiij = 0, j = i± 1, (i, j) 6= (θ − 1, θ); xij = 0, i < j − 1;

[[x(θ−2θ), xθ−1]c, xθ−1]c = 0; x3
α = 0, α ∈ ∆+.

(4.22)

4.3.7. The associated Lie algebra and ÿ. If N is odd (respectively even), the
associated Lie algebra is of type Cθ (respectively Bθ), while

ÿ =
∑
i∈I

[(N − 1)i(2θ − i− 1) + (M − 1)(θ − i)]αi.

4.4. Type Dθ, θ ≥ 4.

4.4.1. Root system. The Cartan matrix is of type Dθ, with the numbering
determined by the Dynkin diagram, which is

◦
θ

◦
1

◦
2

◦
θ−2

◦
θ−1

.(4.23)

Recall the notation (4.1). The set of positive roots is

∆+ = {αi j | i ≤ j ∈ I, (i, j) 6= (θ − 1, θ)}
∪ {αi θ−2 + αθ | i ∈ Iθ−2} ∪ {αi θ + αj θ−2 | i < j ∈ Iθ−2}.

(4.24)
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4.4.2. Weyl group. Let i ∈ I and de�ne si ∈ GL(ZI) by

si(αj) =


−αi, i = j,

αj + αi, |i− j| = 1, i, j ∈ Iθ−1, or {i, j} = {θ − 2, θ},
αj , otherwise,

j ∈ I. Then W = 〈si : i ∈ I〉 ' (Z/2)θ−1 o Sθ [Bo, Planche IV].

4.4.3. Incarnation. The generalized Dynkin diagram is of the form

q
◦

q
◦

q−1 q
◦

q−1 q
◦

q
◦

q−1 q
◦

q−1

q−1 q
◦

(4.25)

4.4.4. PBW-basis and (GK-)dimension. The root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xαi+1 j ]c, i < j ∈ Iθ−1,

xαiθ−2+αθ = [x(iθ−2), xθ]c, i ∈ Iθ−2,

xαiθ = [xαiθ−2+αθ , xθ−1]c, i ∈ Iθ−2,

xαiθ+αjθ−2
= [xαiθ+αj+1θ−2

, xj ]c, i < j ∈ Iθ−2,

cf. (2.11). Thus

{xnθθθ x
nθ−1θ−1

θ−1 x
mθ−2θ
αθ−2+αθ

x
nθ−2θ

(θ−2θ)x
nθ−2θ−1

(θ−2θ−1)x
nθ−2θ−2

θ−2 . . . xm12
α1θ+α2θ−2

. . .

x
m1θ−2
α1θ+αθ−2θ−2

. . . xn1θ

(1θ) . . . x
n11
1 | 0 ≤ nij , mij < N}

is a PBW-basis of Bq. If N <∞, then

dimBq = N θ(θ−1).

If N =∞ (that is, if q is not a root of unity), then

GK-dimBq = θ(θ − 1).

4.4.5. Relations, N > 2. The Nichols algebra Bq is generated by (xi)i∈I with
de�ning relations

x(θ−1)θ = 0; xij = 0, i < j − 1, (i, j) 6= (θ − 2, θ);

xiiθ = 0, i = θ − 2; xiij = 0, |j − i| = 1, i, j 6= θ;

xii(θ−2) = 0, i = θ; xNα = 0, α ∈ ∆+.

(4.26)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.
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4.4.6. Relations, N = 2. Bq is presented by (xi)i∈I with de�ning relations

xij = 0, i < j − 1, (i, j) 6= (θ − 2, θ); x(θ−1)θ = 0;

[x(ii+2), xi+1]c = 0, i ≤ θ − 3; [x(θ−3)(θ−2)θ, xθ−2]c = 0;

x2
α = 0, α ∈ ∆+.

(4.27)

4.4.7. The associated Lie algebra and ÿ. The �rst is of type Dθ, while

ÿ = (N − 1)
( ∑
i∈Iθ−2

j(2θ − j − 1)αi +
θ(θ − 1)

2
(αθ−1 + αθ)

)
.

4.5. Type Eθ, θ ∈ I6,8.

4.5.1. Root system. The Cartan matrix is of type Eθ, with the numbering
determined by the Dynkin diagram, which is

◦
θ

◦
1

◦
2

◦
θ−3

◦
θ−2

◦
θ−1

.(4.28)

Recall the notation (3.1). The positive roots of E6 are

{
1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334256, 122324256,

12232456, 1223246, 12324256, 1232456, 123246, 2324256, 232456, 23246,

1223342562, 123456, 23456, 3456, 12346, 2346, 346, 1236, 236, 36, 6
}(4.29)

= {β1, . . . , β36}.

The set of positive roots of E7 is

{
1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123456, 23456, 3456,

456, 56, 6, 12233435267, 12232435267, 12232425267, 1223242567, 122324257,

1232435267, 1232425267, 123242567, 12324257, 232435267, 232425267, 23242567,

2324257, 1223344536272, 122334453672, 123425267, 23425267, 3425267,

122334452672, 12342567, 2342567, 342567, 122334352672, 1234567, 234567, 34567,

122324352672, 12324352672, 1234257, 123457, 12347, 2324352672, 234257, 23457,

2347, 4567, 34257, 3457, 347, 457, 47, 7
}

(4.30)

= {β1, . . . , β63}.
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The set of positive roots of E8 is{
1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123456, 23456, 3456,

456, 56, 6, 1234567, 234567, 34567, 4567, 567, 67, 7, 1223343536278, 1223243536278,

1223242536278, 1223242526278, 122324252678, 12232425268, 123243536278,

123242536278, 123242526278, 12324252678, 1232425268, 23243536278, 23242536278,

23242526278, 2324252678, 232425268, 122334455647282, 122334455637282,

12233445563782, 12342536278, 2342536278, 342536278, 122334454637282,

12233445463782, 12342526278, 2342526278, 342526278, 122334354637282,

12233435463782, 1234526278, 234526278, 34526278, 1223344556647283,

123344556647283, 12333445462782, 12233435462782, 12233435362782,

122324354637282, 12324354637282, 1234252678, 123452678, 12345678,

12232435463782, 1232435463782, 123425268, 12345268, 1234568, 122334556647283,

122334456647283, 122334455647283, 2324354637282, 232435463782, 4526278,

12232435462782, 12232435362782, 234252678, 23425268, 1232435462782,

1232435362782, 34252678, 3425268, 122334455637283, 12233445563783,

12232425362782, 1232425362782, 123425362782, 123458, 232435462782, 23452678,

3452678, 452678, 232435362782, 2345678, 345678, 45678, 232425362782,

23425362782, 2345268, 234568, 23458, 3425362782, 345268, 34568, 3458, 5678,

45268, 4568, 458, 568, 58, 8
}

= {β1, . . . , β120}.

(4.31)

For brevity, we introduce the notation

d6 = 36, d7 = 63, d8 = 120.

Notice that the roots in (4.29), respectively (4.30), (4.31), are ordered from
left to right, justifying the notation β1, . . . , βdθ , θ ∈ I6,8.

4.5.2. Weyl group. Let i ∈ I and de�ne si ∈ GL(ZI) by

si(αj) =


−αi, i = j,

αj + αi, |i− j| = 1, i, j ∈ Iθ−1, or {i, j} = {θ − 3, θ},
αj , otherwise,

j ∈ I. Then W = 〈si : i ∈ I〉 [Bo, Planches V-VII].

4.5.3. Incarnation. The generalized Dynkin diagram is of the form

q
◦

q
◦

q−1 q
◦

q
◦

q−1

q−1 q
◦

q−1 q
◦

(4.32)
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4.5.4. PBW-basis and (GK-)dimension. The root vectors xβj are explicitly
described in [Ang1, pp. 63 �], see also [LaR]. Thus a PBW-basis of Bq is{

x
ndθ
βdθ
x
ndθ−1

βdθ−1
. . . xn2

β2
xn1
β1
| 0 ≤ ni < N

}
.

If N <∞, then dimBq is Ndθ . If N =∞, then GK-dimBq is dθ.

4.5.5. Relations, N > 2. Bq is generated by (xi)i∈I with relations

xij = 0, q̃ij = 1; xiij = 0, q̃ij 6= 1; xNα = 0, α ∈ ∆+.(4.33)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

4.5.6. Relations, N = 2. Bq is generated by (xi)i∈I with relations

xij = 0, q̃ij = 1; [xijk, xj ]c = 0, q̃ij , q̃jk 6= 1; x2
α = 0, α ∈ ∆+.(4.34)

4.5.7. The associated Lie algebras and ÿ. Those are of type Eθ, while

E6 : ÿ = (N − 1)(16α1 + 30α2 + 42α3 + 30α4 + 16α5 + 22α6),

E7 : ÿ = (N − 1)(27α1 + 52α2 + 75α3 + 96α4 + 66α5 + 34α6 + 49α7),

E8 : ÿ = (N − 1)(58α1 + 114α2 + 168α3 + 220α4 + 270α5

+ 182α6 + 92α7 + 136α8).

4.6. Type F4. Here N > 2.

4.6.1. Root system. The Cartan matrix is of type F4, with the numbering
determined by the Dynkin diagram, which is

◦
1

◦
2
ks ◦

3
◦
4
.(4.35)

The set of positive roots is

∆+ = {1, 12, 2, 12223, 1223, 123, 223, 23, 3, 1224334, 1224324,

1223324, 1222324, 122234, 123324, 122324, 12243342,

12234, 1234, 22324, 2234, 234, 34, 4} = {β1, . . . , β24}.
(4.36)

4.6.2. Weyl group. Let i ∈ I and de�ne si ∈ GL(ZI) by

si(αj) =


−αi, i = j,

αj + αi, |i− j| = 1, (i, j) 6= (2, 3)

α3 + 2α2, (i, j) = (2, 3),

αj , |i− j| > 1,

j ∈ I. Then W = 〈si : i ∈ I〉 '
(
(Z/2)3 o S4

)
o S3 [Bo, Planche VIII].

4.6.3. Incarnation. The generalized Dynkin diagram is of the form

q
◦

q−1 q
◦

q−2 q2

◦
q−2 q2

◦(4.37)
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4.6.4. PBW-basis and (GK-)dimension. Let M = ord q2. The root vectors
xβj are explicitly described in [Ang1, pp. 65 �], see also [LaR]. Thus a
PBW-basis of Bq for type F4 is{

xn24
β24
xn23
β23

. . . xn1
β1
| 0 ≤ nj < N if βj is short; 0 ≤ nj < M if βj is long

}
.

If N <∞, then dimBq = M12N12. If N =∞, then GK-dimBq = 24.

4.6.5. Relations, N > 4. The Nichols algebra Bq is generated by (xi)i∈I4
with de�ning relations

xij = 0, i < j − 1; x2223 = 0; xiij = 0, |j − i| = 1, (i, j) 6= (2, 3);(4.38)

xNα = 0, α ∈ ∆+ short;

xMα = 0, α ∈ ∆+ long.
N = 2M even,(4.39)

xNα = 0, α ∈ ∆+, N odd.(4.40)

If N =∞, i.e. q /∈ G∞, then we have only the relations (4.38).

4.6.6. Relations, N = 4. The Nichols algebra Bq is generated by (xi)i∈I4
with de�ning relations

[x(24), x3]c = 0; x221 = 0; x112 = 0;

xij = 0, i < j − 1; x2223 = 0;

x4
α = 0, α ∈ ∆+ short; x2

α = 0, α ∈ ∆+ long.

(4.41)

4.6.7. Relations, N = 3. The Nichols algebra Bq is generated by (xi)i∈I4
with de�ning relations

xij = 0, i < j − 1; [x2234, x23]c = 0;

xiij = 0, j = i± 1, (i, j) 6= (2, 3); x3
α = 0, α ∈ ∆+.

(4.42)

4.6.8. The associated Lie algebra and ÿ. The �rst is of type F4, while

ÿ = (12M + 10N − 22)α1 + (24M + 18N − 42)α2

+ (18M + 12N − 30)α3 + (10M + 6N − 16)α4.

4.7. Type G2. Here N > 3.

4.7.1. Root system. The Cartan matrix is of type G2, with the numbering
determined by the Dynkin diagram, which is

◦
1
jt ◦

2
.(4.43)

The set of positive roots is

∆+ = {α1, 3α1 + α2, 2α1 + α2, 3α1 + 2α2, α1 + α2, α2}.(4.44)

4.7.2. Weyl group. Let si ∈ GL(ZI), si(αi) = −αi, s1(α2) = α2 + 3α1,
s2(α1) = α1 + α2. Then W = 〈si : i ∈ I〉 is the dihedral group of order 12
[Bo, Planche IX].
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4.7.3. Incarnation. The generalized Dynkin diagram is of the form

q
◦

q−3 q3

◦(4.45)

4.7.4. PBW-basis and (GK-)dimension. The root vectors are

xαi = xi, xmα1+α2 = adc x
m
1 (x2) = x1...12, x3α1+2α2 = [x112, x12]c,

cf. (2.11) and (2.12). Let M = ord q3. Thus

{xn1
2 xn2

12x
n3
3α1+2α2

xn4
112x

n5
1112x

n6
1 | 0 ≤ n11, n3, n5, < M, 0 ≤ n2, n4, n6 < N}.

is a PBW-basis of Bq. If N <∞, then

dimBq = M3N3.

If N =∞ (that is, if q /∈ G∞), then GK-dimBq = 6.

4.7.5. Relations, N > 4. The Nichols algebra Bq is generated by (xi)i∈I2
with de�ning relations

x11112 = 0; x221 = 0;(4.46)

xN1 = 0; xN112 = 0; xN12 = 0;

xM1112 = 0; xM3α1+2α2
= 0; xM2 = 0;

N = 3M ∈ 3Z,(4.47)

xNα = 0, α ∈ ∆+, N /∈ 3Z.(4.48)

If N =∞, i.e. q /∈ G∞, then we have only the relations (4.46).

4.7.6. Relations, N = 4. The Nichols algebra Bq is generated by (xi)i∈I2
with de�ning relations

[x3α1+2α2 , x12]c = 0; x221 = 0; x4
α = 0, α ∈ ∆+.(4.49)

4.7.7. The associated Lie algebra and ÿ. The �rst is of type G2, while

ÿ = (6M + 4N − 10)α1 + (4M + 2N − 6)α2.

5. Super type

In this Section we consider the matrices q of super type, i.e. with the
same generalized root system as that of a �nite-dimensional contragredient
Lie superalgebra (not a Lie algebra) in characteristic 0.

We start by a useful notation. As always θ ∈ N and I = Iθ. Let q ∈ k×−G2

and let J ⊂ I. Let Aθ(q; J) be the generalized Dynkin diagram

q11◦
q̃12 q22◦

qθ−1θ−1◦
q̃θ−1θ qθθ◦

where the scalars satisfy the following requirements:

(1) q = q2
θθq̃θ−1θ;

(2) if i ∈ J, then qii = −1 and q̃i−1i = q̃−1
ii+1;
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(3) if i /∈ J, then q̃i−1i = q−1
ii = q̃ii+1 (only the second equality if i = 1, only

the �rst if i = θ).

This is a variation of an analogous notation in [H3]. We notice that the
diagram Aθ(q; J) is determined by q and J, that qii = q±1 if i /∈ J, and that
q̃ii+1 = q±1 for all i < θ:

• If θ ∈ J, then qθθ
(2)
= −1, hence q̃θ−1θ

(1)
= q.

• If θ /∈ J, then q̃θ−1θ
(3)
= q−1

θθ ; hence qθθ
(1)
= q and q̃θ−1θ = q−1.

• Let j ∈ I, j < θ. Suppose we have determined qii and q̃i−1i for all
i > j. Then (2) and (3) determine qjj and q̃j−1j .

If J = {j}, then Aθ(q; J) is

q−1

◦
q q−1

◦ −1◦
j

q
◦

q−1 q
◦

Below we shall specialize q to our parameter q or variations thereof. Also,

the symbol Aθ(q; J)
p r◦ means a diagram with θ + 1 points; the �rst

θ of them span Aθ(q; J), there is an edge labelled p between the θ and the
θ+ 1 points, the last labelled by r. Symbols like this appear here and there.

Given J ⊂ I, J = {i1, . . . , ik} with i1 < . . . < ik, we shall need

ÆJ :=

∣∣∣∣∣
k∑
l=1

(−1)lil

∣∣∣∣∣ .
Notice that J = ∅, if and only if ÆJ = 0, if and only if Aθ(q; J) is of

Cartan type Aθ (because q /∈ G2).

5.1. Type A(j − 1|θ − j), j ∈ Ib θ+1
2
c. Here N > 2. We �rst de�ne

aθ,j = {J ⊆ I : ÆJ = j} .(5.1)

Observe that for k ∈ I, {k} ∈ aθ,j if and only if k = j.

5.1.1. Basic datum, 1 ≤ j < θ+1
2 . The basic datum is (Aθ,j , ρ), where

Aθ,j = aθ,j ∪̇ aθ,θ+1−j(5.2)

and ρ : I→ SAθ,j is as follows. If i ∈ I, then ρi : Aθ,j → Aθ,j is given by

ρi(J) :=


J, i /∈ J,
J ∪ {i− 1, i+ 1}, i ∈ J, i− 1, i+ 1 /∈ J,
(J− {i∓ 1}) ∪ {i± 1}, i, i∓ 1 ∈ J, i± 1 /∈ J,
J− {i± 1}, i, i− 1, i+ 1 ∈ J.

(5.3)

If i = 1, respectively θ, then i − 1, respectively i + 1, is omitted in the
de�nition above. It is not di�cult to see that

• ρi is well-de�ned and ρ2
i = id. Hence (Aθ,j , ρ) is a basic datum.

• Let J ∈ Aθ,j . Then there exists k ∈ I such that J ∼ {k}. Hence
(Aθ,j , ρ) is connected.
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Indeed, we see that ρi(aθ,j) = aθ,j , ρi(aθ,θ+1−j) = aθ,θ+1−j if i < θ, but

ρθ(J) ∈ aθ,θ+1−j if J ∈ aθ,j , θ ∈ J.

5.1.2. Basic datum, θ odd, j = θ+1
2 . Here j = θ + 1 − j and we need to

consider two copies of aθ,j , see (5.1). Let aθ,j =
{
J : J ∈ aθ,j

}
be a disjoint

copy of aθ,j . Then the basic datum is (Aθ,j , ρ), where

Aθ,j = aθ,j ∪̇ aθ,j .(5.4)

and ρ : I→ SAθ,j de�ned as follows. If i ∈ I, i < θ, then ρi : aθ,j → aθ,j and
ρi : aθ,j → aθ,j are given by (5.3). If i = θ and J ∈ aθ,j , then

ρθ J J
θ /∈ J J J

θ ∈ J, θ − 1 /∈ J J ∪ {θ − 1} J ∪ {θ − 1}
θ ∈ J, θ − 1 ∈ J J− {θ − 1} J− {θ − 1}

(5.5)

It is not di�cult to see that

• ρi is well-de�ned and ρ2
i = id. Hence (Aθ,j , ρ) is a basic datum.

• (Aθ,j , ρ) is connected.

5.1.3. Root system. The bundle of Cartan matrices (CJ)J∈Aθ,j is constant:

CJ is the Cartan matrix of type Aθ as in (4.2) for any J ∈ Aθ,j .

The bundle of sets of roots (∆J)J∈Aθ,j is constant:

∆J := {±αi,j : i, j ∈ I, i ≤ j}.
Hence the root system is standard, with positive roots (4.3). Notice that

this is the generalized root system of type A(j − 1|θ− j), i. e. of sl(j|θ− j).

5.1.4. Weyl groupoid. The isotropy group at {j} ∈ Aθ,j is

W({j}) = 〈si : i ∈ I, i 6= j〉 ' Sj × Sθ−j+1 ≤ GL(ZI).

5.1.5. Lie superalgebras realizing this generalized root system.
Let pJ : ZI → G2 be the group homomorphism such that

pJ(αi) = −1 ⇐⇒ i ∈ J.(5.6)

We say that α ∈ ZI is even, respectively odd, if pJ(α) = 1, respectively
pJ(α) = −1. Thus J is just the set of simple odd roots.

To describe the incarnation in the setting of Lie superalgebras, we need

the matrices Aθ(J) = (aJij)i,j∈I ∈ kI×I, J ∈ Aθ,j , where for i, j ∈ I,

aJii =

{
2, i /∈ J,
0, i ∈ J, aJij =

 −1, i /∈ J, j = i± 1
±1, i ∈ J, j = i± 1,
0, |i− j| ≥ 2.

The assignment

J 7−→
(
Aθ(J),pJ

)
(5.7)

provides an isomorphism of generalized root systems, cf. �2.8.
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5.1.6. Incarnation, 1 ≤ j < θ+1
2 . The assignment

J 7−→

{
Aθ(q; J), if ÆJ = j;

Aθ(q
−1; J), if ÆJ = θ + 1− j.

(5.8)

gives an incarnation. Indeed, let q be the matrix corresponding toAθ(q; {j}).
◦ First, the map (5.8) Aθ,j → Xq is bijective. By the de�nition (2.25),
ρi(Aθ(q; J)) equalsAθ(q

±1; ρi(J)), depending onÆJ, cf. (5.3), for all i ∈ I
and J ∈ Aθ,j . Thus the basic data (Aθ,j , ρ) and (Xq, ρ) are isomorphic, cf.
Proposition 2.7.1.
◦ By the de�nition (2.24), CAθ(q;J) is the Cartan matrix of type Aθ for all
J ∈ Aθ,j , thus coincides with CJ. By Proposition 2.7.1, the generalized
root systems are equal.

5.1.7. Incarnation, j = θ+1
2 . The assignment

J 7−→Aθ(q; J), J 7−→Aθ(q
−1; J), J ∈ aθ,j ,(5.9)

gives an incarnation. Indeed, let q be the matrix corresponding toAθ(q; {j}).
◦ First, the map (5.9) Aθ,j → Xq is bijective. By the de�nition (2.25), cf.
(5.3), we see that the basic data (Aθ,j , ρ) and (Xq, ρ) are isomorphic, cf.
Proposition 2.7.1.
◦ By the de�nition (2.24), and Proposition 2.7.1, the generalized root sys-
tems are equal.

5.1.8. PBW-basis and (GK-)dimension. Let J ∈ Aθ,j . The root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xαi+1 j ]c, i < j ∈ I,

with notation (2.11). Recall the super structure de�ned in �5.1.5. Then{
xnθ θθ x

nθ−1 θ

(θ−1 θ)x
nθ−1 θ−1

θ−1 . . . xn1 θ

(1 θ) . . . x
n11
1

∣∣∣ 0 ≤ nij < N if αij is even,

0 ≤ nij < 2 if αij is odd

}
.

is a PBW-basis of Bq. Notice that it depends on J. If N <∞, then

dimBq = 2j(θ−j)N(j2)+(θ−j2 ).

If N =∞ (that is, if q is not a root of unity), then

GK-dimBq =

(
j

2

)
+

(
θ − j

2

)
.
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5.1.9. Presentation. First, the set of positive Cartan roots is

Oq
+ = {αij ∈ ∆q

+ : αij even}.

The Nichols algebra Bq is generated by (xi)i∈I with de�ning relations

xij = 0, i < j − 1; xiii±1 = 0, qii 6= −1;

[x(i−1i+1), xi]c = 0, qii = −1; x2
i = 0, qii = −1;

xNαij = 0, αij ∈ Oq
+.

(5.10)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

5.1.10. The associated Lie algebra and ÿ. As the roots of Cartan type are
the even ones, the associated Lie algebra is of type Aj−1 ×Aθ−j .

ÿ = (N − 1)
∑

αij even

(αi + αi+1 + · · ·+ αj) +
∑

αij odd

(αi + αi+1 + · · ·+ αj).

5.1.11. Type A(1|1), N > 2. We illustrate the material of this Subsection
with the example θ = 2. Here Æ({1}) = Æ(I2) = 1 and Æ({2}) = 2 =
2 + 1− 1. Thus A2,1 = {{1}, I2, {2}}. The diagram of (A2,1, ρ) is

•
{1}

1 •
I2

2 •
{2}
.

In all cases, xα1 = x1, xα2 = x2, xα12 = x1x2 − q12x2x1 = x12.

J = {1}: This is A2(q; {1}), i.e. −1◦
q−1 q

◦ . Here α1 and α12 are

odd; the PBW-basis is {xn2
2 xn12

12 x
n1
1 | 0 ≤ n2 < N, 0 ≤ n1, n12 < 2}.

Also Bq is generated by (xi)i∈I with de�ning relations

x221 = 0; x2
1 = 0, xN2 = 0.(5.11)

J = I2: This isA2(q; I2), i.e.
−1◦

q −1◦ . Here α1 and α2 are the odd

roots; the PBW-basis is {xn2
2 xn12

12 x
n1
1 | 0 ≤ n12 < N, 0 ≤ n1, n2 < 2}.

Also Bq is generated by (xi)i∈I with de�ning relations

x2
1 = 0, x2

2 = 0, xN12 = 0,(5.12)

J = {2}: This is A2(q−1; {2}), i.e.
q
◦

q−1 −1◦ . Here α2 and α12 are

odd; the PBW-basis is {xn2
2 xn12

12 x
n1
1 | 0 ≤ n1 < N, 0 ≤ n2, n12 < 2}.

Also Bq is generated by (xi)i∈I with de�ning relations

x112 = 0, x2
2 = 0, xN1 = 0.(5.13)

Clearly, there is a graded algebra isomorphism with the Nichols algebra
corresponding to A2(q; {1}), interchanging x1 with x2.
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5.1.12. Example A3,2. Here a3,2 = {{2}, {1, 3}, I3}. We exemplify the incar-
nation when j = θ + 1− j in the case θ = 3, j = 2. We give the diagram of
the basic datum and its incarnation:

•
2

•
1 3

•

3

•

1

//

•
2

•

A3({2},q)
•

2

•
A3(I3,q)1 3

A3({1,3},q)
•

3

A3({1,3},q−1)
•

1
A3(I3,q−1)
•

2

•
A3({2},q−1)

5.2. Type B(j|θ − j), j ∈ Iθ−1. Here q /∈ G4.

5.2.1. Basic datum. The basic datum is (Bθ,j , ρ), where

Bθ,j = {J ⊆ I : ÆJ = j}

and ρ : I→ SBθ,j is de�ned by (5.3) if i ∈ Iθ−1, while ρθ = id. We see that

• If k ∈ I, then {k} ∈ Bθ,j if and only if k = j.
• ρi is well-de�ned and ρ2

i = id. Hence (Bθ,j , ρ) is a basic datum.
• Let J ∈ Bθ,j . Then there exists k ∈ I such that J ∼ {k}. Hence

(Bθ,j , ρ) is connected.

5.2.2. Root system. The bundle of Cartan matrices (CJ)J∈Bθ,j is constant:

CJ is the Cartan matrix of type Bθ as in (4.7) for any J ∈ Bθ,j .

The bundle of sets of roots (∆J)J∈Bθ,j is constant; ∆
J is given by (4.8).

Remark 5.1. There exists a bijection

Bθ,j → Bθ,θ−j , J 7→ J =

{
J ∪ {θ}, θ /∈ J;

J− {θ}, θ ∈ J.

Notice that ρi(J) = ρi(J) for all J ∈ Bθ,j and all i ∈ I, so the bijection above
establishes an isomorphism of basic data between (Bθ,j , ρ) and (Bθ,θ−j , ρ),
which gives an isomorphism between the root systems. Otherwise, the GRS
of type B(j|θ − j) and B(k|θ − k), j, k ∈ Iθ−1 with k 6= j, θ − j are not
isomorphic, e.g. compute |W({j})|.
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5.2.3. Weyl groupoid. The isotropy group at {j} ∈ Bθ,j is

W({j}) =
〈
ς̃
{j}
j , ς

{j}
i : i ∈ I, i 6= j

〉
'
(
(Z/2)j o Sj

)
×
(
(Z/2)θ−j o Sθ−j

)
≤ GL(ZI).

where ς̃
{j}
j = ς

{j}
j ςj+1 . . . ςθ−1ςθςθ−1 . . . ςj ∈ W({j}). In other words, it is

generated by θ − 1 loops and one cycle (which is not a loop).

5.2.4. Lie superalgebras realizing this generalized root system.
Let pJ : ZI → G2 be the group homomorphism as in (5.6).

To describe the incarnation in the setting of Lie superalgebras, we need

the matrices Bθ(J) = (bJij)i,j∈I ∈ kI×I, J ∈ Aθ,j , where for i, j ∈ I, i 6= θ,

bJii =

{
2, i /∈ J,
0, i ∈ J;

bJij =


− 1, i /∈ J, j = i± 1,

± 1, i ∈ J, j = i± 1,

0, |i− j| ≥ 2;

bJθj =


2, j = θ,

− 2, j = θ − 1,

0, j ≤ θ − 2.

Then g
(
Bθ(J),pJ

)
' osp(2j + 1, 2(θ − j)). The assignment

J 7−→
(
Bθ(J),pJ

)
(5.14)

provides an isomorphism of generalized root systems between the GRS of
type B(j|θ − j) and the root system of osp(2j + 1, 2(θ − j)), cf. �2.8.

Remark 5.2. The bijection in Remark 5.1 gives also an isomorphism between
the GRS of type B(j|θ − j) and the root system of osp(2(θ − j) + 1, 2j) 6'
osp(2j + 1, 2(θ − j)).

5.2.5. Incarnation. The assignment

J 7→


Aθ−1(q2; J)

q−2 q
◦ , θ /∈ J;

Aθ−1(q−2; J)
q2 −q−1

◦ , θ ∈ J
(5.15)

gives an incarnation. Here the diagram in the second row in (5.15) is obtained
from the �rst one interchanging q by −q−1. Below we give information for the
diagram in the �rst row; the information for the other follows as mentioned.

Remark 5.3. The bijection in Remark 5.1 provides another incarnation of
B(j|θ − j), which is di�erent from the �rst one.

5.2.6. PBW-basis, dimension. With the notation (2.11), the root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xα(i+1)j

]c, i < j ∈ I,
xαiθ+αθ = [xαiθ , xθ]c, i ∈ Iθ−1,

xαiθ+αjθ = [xαiθ+α(j+1)θ
, xj ]c, i < j ∈ Iθ−1,
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Let Nα = ord qαα; it takes di�erent values when N is even. Thus{
xnθθθ x

mθ−1θ
αθ−1θ+αθθ

x
nθ−1θ
αθ−1θx

nθ−1θ−1

θ−1 . . . xm12
α1θ+α2θ

. . . xm1θ
α1θ+αθθ

. . . xn1θ
α1θ

. . . xn11
1

| 0 ≤ nij < Nαij ; 0 ≤ mij < Nαiθ+αjθ

}
is a PBW-basis of Bq. Let M = ord q2, P = ord(−q). If N <∞, then

dimBq = 22j(θ−j−1)M θ2−θ−2j(θ−j−1)N θ−jP j .

If N =∞ (that is, if q is not a root of unity), then

GK-dimBq = θ2 − 2j(θ − j − 1).

5.2.7. Relations, N > 4. The set of positive Cartan roots is

Oq
+ ={αij : i ≤ j ∈ Iθ−1, αij even} ∪ {αiθ : i ∈ Iθ−1}
∪ {αiθ + αjθ : i < j ∈ Iθ, αi(j−1) even}.

(5.16)

The Nichols algebra Bq is generated by (xi)i∈I with de�ning relations

xij = 0, i < j − 1; xii(i±1) = 0, i < θ, qii 6= −1;

xθθθ(θ−1) = 0; [x(i−1 i+1), xi]c = 0, qii = −1;

x2
i = 0, qii = −1; xNαα = 0, α ∈ Oq

+.

(5.17)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

5.2.8. Relations, N = 3. The set of positive Cartan roots is also (5.16). The
Nichols algebra Bq is generated by (xi)i∈I with de�ning relations

xij = 0, i < j − 1; [x(i−1i+1), xi]c = 0, qii = −1;

xii(i±1) = 0, qii 6= −1; [xθθ(θ−1), xθ(θ−1)]c = 0, qθ−1θ−1 = −1;

[xθθ(θ−1)(θ−2), xθ(θ−1)]c = 0;

x2
i = 0, qii = −1; xNαα = 0, α ∈ Oq

+.

(5.18)

5.2.9. The associated Lie algebra and ÿ. If N is odd (respectively even), then
the associated Lie algebra is of type Cj×Bθ−j (respectively Cj×Cθ−j), while

ÿ =
∑

i≤j∈Iθ−1,
αij odd

αij +
∑

i≤j∈Iθ−1,
αij even

(M − 1)αij +
∑
i∈Iθ,
αiθ odd

(P − 1)αiθ

+
∑
i∈Iθ,

αiθ even

(N − 1)αiθ +
∑

i<j∈Iθ,
αi(j−1) odd

(αiθ + αjθ) +
∑

i<j∈Iθ,
αi(j−1) even

(M − 1)(αiθ + αjθ).
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5.2.10. Types B(2|1) and B(1|2). We exemplify the incarnation in the case
θ = 3, j = 1, 2. To describe the �rst example, we need the matrices:

p(1) :
−1◦

q-12 q2

◦
q-2 q
◦, p(2) :

-1◦
q2 -1◦

q-2 q
◦, p(3) :

q2

◦
q-2 −1◦

q2 -q-1

◦ .

Here B3,1 = {{1}, {1, 2}, {2, 3}}. The basic datum and the incarnation are:

{1}
• 1 {1,2}

• 2 {2,3}
• ,

p(1)

• 1 p(2)

• 2 p(3)

• .

For the second example, we need the matrices:

q(1) :
q-2

◦
q2 -1◦

q-2 q
◦, q(2) :

-1◦
q-2 -1◦

q2 -q-1

◦ , q(3) :
-1◦

q2 q-2

◦
q2 -q-1

◦ .

Here B3,2 = {{2}, {1, 3}, I3}. The basic datum and the incarnation are:

{2}
• 2 I3• 1 {1,3}

• ,
q(1)

• 2 q(2)

• 1 q(3)

• .

By Remark 5.1, B(2|1) and B(1|2) are isomorphic, but the incarnations
are not.

5.3. Type D(j|θ−j), j ∈ Iθ−1. Here N > 2. We consider di�erent settings,
according to whether j is <, = or > θ

2 . Below c, c̃, d are three di�erent
symbols alluding to Cartan types C and D.

5.3.1. Basic datum, j < θ
2 . We �rst recall (5.2): Aθ−1,j = aθ−1,j ∪̇ aθ−1,θ−j ,

and de�ne ρ′ : Iθ−1 → SAθ−1,j
as in (5.3). The basic datum is (Dθ,j , ρ), where

Dθ,j = (aθ−1,j × {c, c̃}) ∪̇ (aθ−1,θ−j × {d}).(5.19)

and for i ∈ I, ρi : Dθ,j → Dθ,j is given by

ρi(J, c) :=


(ρ′i(J), c), i ∈ Iθ−2,
(ρ′θ−1(J), d), i = θ − 1 ∈ J,
(ρ′θ−1(J), c), i = θ − 1 /∈ J,
(J, c), i = θ;

ρi(J, c̃) :=


(ρ′i(J), c̃), i ∈ Iθ−2,
(ρ′θ−1(J), d), i = θ, when θ − 1 ∈ J,
(ρ′θ−1(J), c̃), i = θ, when θ − 1 /∈ J,
(J, c̃), i = θ − 1;

ρi(J, d) :=


(ρ′i(J), d), i ∈ Iθ−2,
(ρ′θ−1(J), c), i = θ − 1 ∈ J,
(ρ′θ−1(J), c̃), i = θ, when θ − 1 ∈ J,
(J, d), i ∈ {θ − 1, θ}, when θ − 1 /∈ J.

(5.20)
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5.3.2. Basic datum, j > θ
2 . Here we extend (5.2) as follows:

Aθ−1,j := Aθ−1,θ−j = aθ−1,θ−j ∪̇ aθ−1,j , for
θ

2
< j < θ.

Then we de�ne ρ′ : Iθ−1 → SAθ−1,j
as in (5.3); with this, the basic datum is

(Dθ,j , ρ), where Dθ,j and ρ are de�ned exactly as in (5.19) and (5.20).

5.3.3. Basic datum, j = θ
2 . We �rst recall (5.4): Aθ−1,j = aθ−1,j ∪̇ aθ−1,j ,

and de�ne ρ′ : Iθ−1 → SAθ−1,j
as in (5.5). The basic datum is (Dθ,j , ρ), where

Dθ,j = (aθ−1,j × {c, c̃}) ∪̇ (aθ−1,j × {d}),

and ρi : Dθ,j → Dθ,j , i ∈ I, is de�ned as follows. If J ∈ aθ−1,j , then

ρi(J, c) :=


(ρ′i(J), c), i ∈ Iθ−2,
(ρ′θ−1(J), d), i = θ − 1 ∈ J,
(ρ′θ−1(J), c), i = θ − 1 /∈ J,
(J, c), i = θ;

ρi(J, c̃) :=


(ρ′i(J), c̃), i ∈ Iθ−2,
(ρ′θ−1(J), d), i = θ, when θ − 1 ∈ J,
(ρ′θ−1(J), c̃), i = θ, when θ − 1 /∈ J,
(J, c̃), i = θ − 1;

ρi
(
J, d
)

:=


(
ρ′i(J), d

)
, i ∈ Iθ−2,

(ρ′θ−1(J), c), i = θ − 1 ∈ J,
(ρ′θ−1(J), c̃), i = θ, when θ − 1 ∈ J,(
J, d
)
, i ∈ {θ − 1, θ}, when θ − 1 /∈ J.

Here and in the previous cases, all ρi, i ∈ Iθ, are well-de�ned, and (Dθ,j , ρ)
is a connected basic datum.

5.3.4. Root system, j 6= θ
2 . The bundle of Cartan matrices (C(J,x))(J,x)∈Dθ,j

is the following:

• Let J ∈ aθ−1,j . If θ − 1 /∈ J, then C(J,c) is the Cartan matrix of type

Cθ as in (4.15). If θ− 1 ∈ J, then C(J,c) is and of type Aθ as in (4.2).

• C(J,c̃) has the same Dynkin diagram as C(J,c), but changing the nu-
meration of the diagram by θ − 1←→ θ.
• Let J ∈ aθ−1,θ−j . If θ − 1 /∈ J, then C(J,d) is the Cartan matrix of

type Dθ (4.23). If θ − 1 ∈ J, then the Dynkin diagram of C(J,d) is of
type θ−2T , see (3.11).

As in (5.6), let pJ : Zθ−1 → G2 be the group homomorphism such that
pJ(αk) = −1 i� k ∈ J. Using this parity vector, we de�ne the bundle of root
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sets (∆(J,x))(J,x)∈Dθ,j as follows:

∆(J,c) = {±αij : i ≤ j ∈ I} ∪ {±(αi,θ + αj,θ−1) : i < j ∈ Iθ−1}
∪ {±(αi,θ−1 + αi,θ) : i ∈ Iθ−1, pJ(αi,θ−1) = 1},

∆(J,c̃) = sθ−1θ

(
∆(J,c)),

∆(J,d) = {±αij : 1 ≤ i ≤ j ≤ θ, (i, j) 6= (θ − 1, θ)}
∪ {±(αθ−1 + αθ) : pJ(αθ−1) = −1}
∪ {±(αi,θ−2 + αθ) : i ∈ Iθ−2}
∪ {±(αi,θ + αj,θ−2) : i < j ∈ Iθ−2}
∪ {±(αi,θ + αi,θ−2) : i ∈ Iθ−2, pJ(αi,θ−1) = −1}.

(5.21)

5.3.5. Root system, j = θ
2 . The bundle of Cartan matrices (C(J,x))(J,x)∈Dθ,j

is the following, where J ∈ aθ−1,j :

• C(J,c) and C(J,c̃) are exactly as in �5.3.4.

• If θ − 1 /∈ J, then C(J,d) is the Cartan matrix of type Dθ (4.23). If

θ − 1 ∈ J, then the Dynkin diagram of C(J,d) is of type θ−2T , see
(3.11).

The bundle of root sets (∆(J,x))(J,x)∈Dθ,j is de�ned analogously: ∆(J,c) and

∆(J,c̃), are as in (5.21), while ∆(J,d) is as ∆(J,d) in (5.21).

5.3.6. Weyl groupoid. The isotropy group at ({j}, c) ∈ Dθ,j is

W({j}) = 〈ς̃{j}j , ς
{j}
i : i ∈ I, i 6= j〉

'
(
(Z/2Z)j−1 o Sj

)
×
(
(Z/2Z)θ−j o Sθ−j

)
≤ GL(ZI).

where ς̃
{j}
j = ς

{j}
j ςj+1 . . . ςθ−1ςθςθ−1 . . . ςj ∈ W({j}).

5.3.7. Lie superalgebras realizing this generalized root system, j 6= θ
2 . Let

(J, x) ∈ Dθ,j . Let p(J,x) : ZI → G2 be the group homomorphism such that

◦ If x = c, then p(J,c)(αi) = −1 ⇐⇒ i ∈ J.
◦ If x = c̃, then p(J,c̃) is p(J,c) but changing the numeration by θ − 1←→ θ.
◦ If x = d, then p(J,d)(αi) = −1 ⇐⇒ either i ∈ J or else i = θ, θ − 1 ∈ J.

To describe the incarnation in this setting, we need matrices

• Cθ(J) = (cJij)i,j∈I ∈ kI×I, J ∈ aθ,j , where for i, j ∈ I,

cJii =

{
2, i /∈ J,
0, i ∈ J, cJij =


−1, i /∈ J, j = i± 1, (i, j) 6= (θ − 1, θ),
∓1, i ∈ J, j = i± 1, (i, j) 6= (θ − 1, θ),
−2, i = θ − 1, j = θ,
0, |i− j| ≥ 2.
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• Dθ(J) = (dJij)i,j∈I ∈ kI×I, J ∈ aθ,θ−j , where for i, j ∈ I,

dJii =


2, i /∈ J,
0, i ∈ J,
2, i = θ, θ − 1 /∈ J,
0, i = θ, θ − 1 ∈ J,

dJij =

 −1, i, j ∈ Iθ−1, i /∈ J, j = i± 1,
∓1, i, j ∈ Iθ−1, i ∈ J, j = i± 1,
0, i, j ∈ Iθ−1, |i− j| ≥ 2.

dJθj =


−1, j = θ − 2,
2, j = θ − 1 ∈ J,
0, j = θ − 1 /∈ J,
0, j ∈ Iθ−3.

dJiθ =


−1, i = θ − 2,
−1, j = θ − 1 ∈ J,
0, j = θ − 1 /∈ J,
0, j ∈ Iθ−3.

Then g
(
Cθ(J),p(J,c)

)
' osp(2j, 2(θ − j)). The assignment

(J, c) 7−→
(
Cθ(J),p(J,c)

)
,

(J, c̃) 7−→
(
sθ−1θ(Cθ(J)),p(J,c̃)

)
,

(J, d) 7−→
(
Dθ(J),p(J,d)

)
.

(5.22)

provides an isomorphism of generalized root systems between (Dθ,j , ρ) and
the root system of osp(2j, 2(θ − j)), cf. �2.8.

5.3.8. Lie superalgebras realizing this generalized root system, j = θ
2 .

There is an incarnation of Dθ,j as follows: (J, c), respectively (J, c̃), (J, d),
maps to the pairs in (5.22), accordingly.

5.3.9. Incarnation, j 6= θ
2 . Here is an incarnation of Dθ,j :

(J, c) 7−→ Aθ−1(q; J)
q−2 q2

◦ ,(5.23)

(J, c̃) 7−→ sθ−1θ

(
Aθ−1(q; J)

q−2 q2

◦
)
,(5.24)

(J, d) 7−→ −1◦

q−1
q2

Aθ−2(q; J ∩ Iθ−2)
q−1 −1◦ ,

θ − 1 ∈ J,(5.25)

(J, d) 7−→
q−1

◦

q

Aθ−2(q−1; J ∩ Iθ−2)
q q−1

◦ ,

θ − 1 /∈ J.(5.26)

5.3.10. Incarnation, j = θ
2 . There is an incarnation of Dθ,j as follows: (J, c),

respectively (J, c̃), (J, d), maps to the Dynkin diagram in (5.23), respectively
(5.24), (5.25) or (5.26), accordingly.
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5.3.11. PBW-basis and (GK-)dimension. The root vectors xβk are described
as in Cartan type C, D, c.f. �4.3.4 and 4.4.4, k ∈ Iθ2−θ+j . Thus{

x
nθ2−θ+j
βθ2−θ+j

x
nθ2−θ+j−1

βθ2−θ+j−1
. . . xn2

β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Let M = ord q2. If N <∞, then

dimBq = 22j(θ−j)M θ−jN (θ−j−1)2+j2−1.

If N =∞ (that is, if q is not a root of unity), then

GK-dimBq = (θ − j)(θ − j − 1) + j2.

◦ The set of positive Cartan roots for (5.23) is

Oq
+ ={αij : i ≤ j ∈ I, pJ(αij) = 1}

∪ {αi,θ + αj,θ−1 : i ≤ j ∈ Iθ−1, pJ(αi,θ + αj,θ−1) = 1}.
(5.27)

◦ The set of positive Cartan roots for (5.24) is sθ−1θ of the set described in
(5.27).
◦ The set of positive Cartan roots for (5.25) or (5.26) is

Oq
+ ={αij : i ≤ j ∈ Iθ, pJ(αij) = 1}

∪ {αi,θ−2 + αθ : i ∈ Iθ−2, , pJ(αi(θ−2) + αθ) = 1}
∪ {αi,θ + αj,θ−2 : i ≤ j ∈ Iθ−2, pJ(αi,θ + αj,θ−2) = 1}.

(5.28)

We now provide the de�ning relations of the Nichols algebras according
to the Dynkin diagram (5.23), (5.25) or (5.26). The relations for the Dynkin
diagram (5.24) follow from those in (5.23) applying the transposition sθ−1 θ.

5.3.12. The Dynkin diagram (5.23), qθ−1θ−1 6= −1, N > 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xij = 0, i < j − 1; xiii±1 = 0, i ∈ Iθ−1 − J;

xθ−1θ−1θ−2 = 0; xθ−1θ−1θ−1θ = 0;

xθθθ−1 = 0; [x(i−1i+1), xi]c = 0, i ∈ I2,θ−2 ∩ J;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.29)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

5.3.13. The Dynkin diagram (5.23), qθ−1θ−1 6= −1, N = 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

[x(θ−2θ), xθ−1θ]c = 0; xiii±1 = 0, i ∈ Iθ−2 − J;

xθ−1θ−1θ−2 = 0; xij = 0, i < j − 1;

xθ−1θ−1θ−1θ = 0; [x(i−1i+1), xi]c = 0, i ∈ I2,θ−2 ∩ J;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.30)
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5.3.14. The Dynkin diagram (5.23), qθ−1θ−1 6= −1, N = 3. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

[[x(θ−2θ), xθ−1]c, xθ−1]c = 0; xiii±1 = 0, i ∈ Iθ−2 − J;

xθ−1θ−1θ−2 = 0; xij = 0, i < j − 1;

xθθθ−1 = 0; [x(i−1i+1), xi]c = 0, i ∈ I2,θ−2 ∩ J;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.31)

5.3.15. The Dynkin diagram (5.23), qθ−1θ−1 = −1, N 6= 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

[[xθ−2θ−1, x(θ−2θ)]c, xθ−1]c = 0, θ − 2 ∈ J;

[[[x(θ−3θ), xθ−1]c, xθ−2]c, xθ−1]c = 0, θ − 2 /∈ J;

[x(i−1i+1), xi]c = 0, i ∈ I2,θ−2 ∩ J; xij = 0, i < j − 1;

xiii±1 = 0, i ∈ Iθ−2 − J; xθθθ−1 = 0;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.32)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

5.3.16. The Dynkin diagram (5.23), qθ−1θ−1 = −1, N = 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

[[[x(θ−3θ), xθ−1]c, xθ−2]c, xθ−1]c = 0, θ − 2 /∈ J;

[[xθ−2θ−1, x(θ−2θ)]c, xθ−1]c = 0, θ − 2 ∈ J;

xiii±1 = 0, i ∈ Iθ−2 − J; xij = 0, i < j − 1;

[x(i−1i+1), xi]c = 0, i ∈ I2,θ−2 ∩ J; x2
i = 0, i ∈ J;

xNαα = 0, α ∈ Oq
+; x2

θ−1θ = 0.

(5.33)

5.3.17. The Dynkin diagram (5.25), qθ−2θ−2 6= −1, N 6= 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xθ−2 θ−2 θ = 0; xiii±1 = 0, i ∈ Iθ−2 − J;

xij = 0, i < j − 1, θ − 2; [x(i−1i+1), xi]c = 0, i ∈ Iθ−3 ∩ J;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+;

x(θ−2θ) = qθ−2θ−1(1− q2)xθ−1xθ−2θ − qθ−1θ(1 + q−1)[xθ−2θ, xθ−1]c.

(5.34)

If N =∞, i.e. q /∈ G∞, then we omit the relations xNαα = 0, α ∈ Oq
+.

5.3.18. The Dynkin diagram (5.25), qθ−2θ−2 6= −1, N = 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xiii±1 = 0, i ∈ Iθ−2 − J; [x(i−1i+1), xi]c = 0, i ∈ Iθ−3 ∩ J;

xθ−2 θ−2 θ = 0; xij = 0, i < j − 1, θ − 2;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+;

x(θ−2θ) = qθ−2θ−1(1− q2)xθ−1xθ−2θ − qθ−1θ(1 + q−1)[xθ−2θ, xθ−1]c.

(5.35)
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5.3.19. The Dynkin diagram (5.25), qθ−2θ−2 = −1, N 6= 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

[xθ−3 θ−2 θ, xθ−2]c = 0; xiii±1 = 0, i ∈ Iθ−2 ∩ J;

xij = 0, i < j − 1, θ − 2; [x(i−1i+1), xi]c = 0, i ∈ Iθ−3 ∩ J;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+;

x(θ−2θ) = qθ−2θ−1(1− q2)xθ−1xθ−2θ − qθ−1θ(1 + q−1)[xθ−2θ, xθ−1]c.

(5.36)

If N =∞, i.e. q /∈ G∞, then we omit the relations xNαα = 0, α ∈ Oq
+.

5.3.20. The Dynkin diagram (5.25), qθ−2θ−2 = −1, N = 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xiii±1 = 0, i ∈ Iθ−2 − J; xij = 0, i < j − 1, θ − 2;

[xθ−3 θ−2 θ, xθ−2]c = 0; [x(i−1i+1), xi]c = 0, i ∈ Iθ−3 ∩ J;

x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+;

x(θ−2θ) = 2qθ−2θ−1xθ−1xθ−2θ − qθ−1θ(1 + q−1)[xθ−2θ, xθ−1]c.

(5.37)

5.3.21. The Dynkin diagram (5.26), qθ−2θ−2 6= −1, N 6= 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xiii±1 = 0, i ∈ Iθ−2 − J; xθ−2 θ−2 θ = 0; xθ−1θ−1θ−2 = 0;

xij = 0, i < j − 1, θ − 2; xθ−1θ = 0; xθθθ−2 = 0;

[x(i−1i+1), xi]c = 0, i ∈ Iθ−3 ∩ J; x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.38)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.

5.3.22. The Dynkin diagram (5.26), qθ−2θ−2 6= −1, N = 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xθθθ−2 = 0; xiii±1 = 0, i ∈ Iθ−2 − J;

xθ−2 θ−2 θ = 0; [x(i−1i+1), xi]c = 0, i ∈ Iθ−3 ∩ J;

xθ−1θ−1θ−2 = 0; xij = 0, i < j − 1, θ − 2;

xθ−1θ = 0; x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.39)

5.3.23. The Dynkin diagram (5.26), qθ−2θ−2 = −1, N 6= 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xiii±1 = 0, i ∈ Iθ−2 − J; xθθθ−2 = 0; xθ−1θ−1θ−2 = 0;

[x(i−1i+1), xi]c = 0, i ∈ Iθ−2 ∩ J; xθ−1θ = 0; [xθ−3 θ−2 θ, xθ−2]c = 0;

xij = 0, i < j − 1, θ − 2; x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.40)

If N =∞, i.e. q /∈ G∞, then we omit the last set of relations.
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5.3.24. The Dynkin diagram (5.26), qθ−2θ−2 = −1, N = 4. The Nichols
algebra Bq is generated by (xi)i∈I with de�ning relations

xθ−1θ = 0; xij = 0, i < j − 1, θ − 2;

[xθ−3 θ−2 θ, xθ−2]c = 0; [x(i−1i+1), xi]c = 0, i ∈ Iθ−2 ∩ J;

xθθθ−2 = 0; xiii±1 = 0, i ∈ Iθ−2 − J;

xθ−1θ−1θ−2 = 0; x2
i = 0, i ∈ J; xNαα = 0, α ∈ Oq

+.

(5.41)

5.3.25. The associated Lie algebra and ÿ. If N is odd (respectively even),
then the corresponding Lie algebra is of type Dj × Cθ−j (respectively Dj ×
Bθ−j). We present ÿ for each generalized Dynkin diagram.

◦ For (5.23),

ÿ =
∑

i≤j∈Iθ,
αij odd

αij +
∑

i≤j∈Iθ,
αij even

(N − 1)αij +
∑
i∈Iθ,

αiθ−1 even

(M − 1)(αi,θ−1 + αi,θ)

+
∑

i<j∈Iθ−1,
αij−1 odd

(αiθ + αjθ−1) +
∑

i<j∈Iθ−1,
αij−1 even

(N − 1)(αiθ + αjθ−1).

◦ The expression of ÿ for (5.24) follows from the previous case by changing
the numeration of the diagram by θ − 1←→ θ.
◦ For (5.25) or (5.26),

ÿ =
∑

i≤j∈Iθ,
αij odd

αij +
∑

i≤j∈Iθ,
αij even

(N − 1)αij +
∑

i∈Iθ−2,
αiθ−1 odd

(N − 1)(αiθ−1 + αθ)

+
∑

i∈Iθ−2,
αiθ−2 even

(αiθ−2 + αθ) +
∑

i<j∈Iθ−2,
αij−1 odd

(αiθ + αjθ−2)

+
∑

i<j∈Iθ−2,
αij−1 even

(N − 1)(αiθ + αjθ−2) +
∑

i∈Iθ−2,
αiθ−1 odd

(M − 1)(αiθ + αiθ−2).

5.3.26. Example D4,2. Here a3,2 = {{2}, {1, 3}, I3}. We exemplify the incar-
nation when j = θ − j in the case θ = 4, j = 2. Here is the basic datum:

({2},c)
• 2 (I3,c)• 1

3

({1,3},c)
•

3

({1,3},d)
• 1

4

(I3,d)
•

4

2 ({2},d)
•

({2},c̃)
• 2 (I3,c̃)• 1 ({1,3},c̃)

• .
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To describe the incarnation, we need the matrices (q(i))i∈I6 , from left to right
and from up to down:

q-1

◦
q -1◦

q-1 q
◦

q-2 q2

◦ , -1◦
q-1 -1◦

q -1◦
q-2 q2

◦ , -1◦
q q-1

◦
q -1◦

q-2 q2

◦ ,

-1◦

q-1
q2

-1◦
q-1 q
◦

q-1 -1◦,

-1◦

q-1
q2

-1◦
q -1◦

q-1 -1◦,

q-1

◦

q

q
◦

q-1 -1◦
q q-1

◦ .

Now, this is the incarnation:

q(1)

• 2 q(2)

• 1

3

q(3)

•

3

q(4)

• 1

4

q(5)

•

4

2 q(6)

•

s34(q(1))
• 2 s34(q(2))

• 1 s34(q(3))
• .

5.4. Type D(2, 1;α). Here , q, r, s 6= 1, qrs = 1. D(2, 1;α), α 6= 0,−1,
is a Lie superalgebra of superdimension 9|8 [K1, Proposition 2.5.6]. There
exist 4 pairs (A,p) of (families of) matrices and parity vectors as in �2.8
such that the corresponding contragredient Lie superalgebra is isomorphic
to D(2, 1;α).

5.4.1. Basic datum and root system. The basic datum (X , ρ), where X =
{aj : j ∈ I4}; and the bundle (Caj )j∈I4 of Cartan matrices are described by
the following diagram:

A3•
a1

2

s12(A3)
•
a2

1 A
(1)
2•
a3

3 s23(A3)
•
a4

.

Here the numeration of A3 is as in (4.2) while A
(1)
2 is as in (3.11) and below.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ = {1, 12, 123, 1223, 2, 23, 3}, ∆a2

+ = s12(∆a1
+ ),

∆a3
+ = {1, 12, 13, 123, 2, 23, 3}, ∆a4

+ = s23(∆a1
+ ).

We denote this generalized root system by D(2, 1).
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5.4.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 ς3ς1ς3ς2, ς
a1
3 〉 ' Z/2× Z/2× Z/2 ≤ GL(ZI).

5.4.3. Lie superalgebras realizing this generalized root system.
To describe the incarnation in the setting of Lie superalgebras, we need

parity vectors p = (1,−1, 1), p′ = (−1,−1,−1) ∈ G3
2, and matrices

D (α) :=

2 −1 0
1 0 α
0 −1 2

 , D′ (α) :=

 0 1 −1− α
1 0 α

1 + α −α 0

 , α 6= {0,−1}.

Let α 6= {0,−1}. The assignment

a1 7−→
(
D (α) ,p

)
, a2 7−→ s12

(
D (−1− α) ,p

)
,

a3 7−→
(
D′ (α) ,p′

)
, a4 7−→ s23

(
D
(
−1− α−1

)
,p
)
,

(5.42)

provides an isomorphism of generalized root systems, cf. �2.8. Moreover,
the Lie superalgebras associated to

(
D (α) ,p

)
,
(
D (β) ,p

)
if and only if

β ∈ {α±1,−(1 + α)±1,−(1 + α−1)±1}.

5.4.4. Incarnation. Here is an incarnation of D(2, 1):

a1 7−→
q
◦
1

q−1 −1◦
2

r−1 r◦
3
, a2 7−→

q
◦
2

q−1 −1◦
1

s−1 s◦
3
,

a3 7−→
−1◦
3

s r

−1◦
1

q −1◦
2

, a4 7−→
r◦
2

r−1 −1◦
3

s−1 s◦
1
.(5.43)

We set N = ord q (as always), M = ord r, L = ord s. Also,

x123,2 := [x123, x2]c.

5.4.5. The generalized Dynkin diagram (5.43 a), q, r, s 6= −1. The set

{xn1
3 xn2

23x
n3
2 xn4

123,2x
n5
123x

n6
12x

n7
1 | 0 ≤ n1 < M, 0 ≤ n4 < L, 0 ≤ n7 < N,

0 ≤ n2, n3, n5, n6 < 2}.
is a PBW-basis of Bq. If N,M,L <∞, then

dimBq = 24LMN.

If exactly two, respectively all, of N,L,M are ∞, then

GK-dimBq = 2, respectively 3.

The set of positive Cartan roots is Oq
+ = {1, 1223, 3}. The Nichols algebra

Bq is generated by (xi)i∈I3 with de�ning relations

xN1 = 0; x2
2 = 0; xM3 = 0; xL123,2 = 0;

x112 = 0; x332 = 0; x13 = 0.
(5.44)
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If N = ∞, i.e. q /∈ G∞, respectively L = ∞, M = ∞, then we omit the
relation where it appears as exponent.

The degree of the integral is ÿ = (L+N)α1 + (2L+ 2)α2 + (L+M)α3.

5.4.6. The generalized Dynkin diagram (5.43 a), q = −1, r, s 6= −1. The
Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x2
1 = 0; x2

2 = 0; xM3 = 0; xL123,2 = 0;

x2
12 = 0; x332 = 0; x13 = 0.

(5.45)

If L =∞, respectivelyM =∞, then we omit the relation where it appears
as exponent. The PBW basis, the dimension, the GK-dimension, the set of
Cartan roots and ÿ are as in �5.4.5.

5.4.7. The generalized Dynkin diagrams (5.43 b and d). These diagrams are
of the shape of (5.43 a) but with s interchanged with q, respectively with r.
Hence the corresponding Nichols algebras are as in �5.4.5 and �5.4.6.

5.4.8. The generalized Dynkin diagram (5.43 c). The set

{xn1
3 xn2

23x
n3
2 xn4

123x
n5
13x

n6
12x

n7
1 | 0 ≤ n2 < M, 0 ≤ n6 < L, 0 ≤ n5 < N,

0 ≤ n1, n3, n4, n7 < 2}.

is a PBW-basis of Bq. The dimension and the GK-dimension are as in �5.4.5.

The set of positive Cartan roots is Oq
+ = {12, 13, 23}. The Nichols algebra

Bq is generated by (xi)i∈I3 with de�ning relations

x2
1 = 0; x2

2 = 0; x2
3 = 0;

xN12 = 0; xM23 = 0; xL13 = 0;(5.46)

x(13) −
1− s

q23(1− r)
[x13, x2]c − q12(1− s)x2x13 = 0.

If N = ∞, i.e. q /∈ G∞, respectively L = ∞, M = ∞, then we omit the
relation where it appears as exponent. The degree of the integral is

ÿ = (L+N)α1 + (L+M)α2 + (M +N)α3.

5.4.9. The associated Lie algebra. This is of type A1 ×A1 ×A1.

5.5. Type F(4). Here N > 3. F(4) is a Lie superalgebra of superdimen-
sion 24|16 [K1, Proposition 2.5.6]. There exist 6 pairs (A,p) of matrices
and parity vectors as in �2.8 such that the corresponding contragredient Lie
superalgebra is isomorphic to F(4).
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5.5.1. Basic datum and root system. Below, A4, C4, F4 and 2T are numbered
as in (4.2), (4.15), (4.35) and (3.11), respectively. Also, we denote

κ0 = (14)(23), κ1 = (1234), κ2 = (234) ∈ S4.

The basic datum and the bundle of Cartan matrices are described the
following diagram, that we call F(4):

κ2(C4)
•
a6

4

κ0(F4)
•
a1

4 A4•
a2

3 2T•
a3

2 s13(2T )
•
a4

1 κ1(A4)
•
a5

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 122334, 122324, 12324, 2324, 1223342, 1234, 234, 34, 4},

∆a2+ ={1, 12, 2, 123, 23, 3, 122334, 122324, 12324, 2324, 1223342, 1234, 1223242,

123242, 234, 23242, 34, 4},

∆a3+ ={1, 12, 2, 123, 23, 3, 12234, 1224, 1234, 1223242, 234, 122342, 34, 12342, 124, 2342, 24, 4},

∆a4+ =s13({1, 12, 2, 1223, 123, 12232, 23, 3, 1223324, 123324, 122324, 12234, 1234, 124, 234, 24, 34, 4}),

∆a5+ =κ1({1, 12, 2, 123, 23, 3, 122334, 122324, 12233442, 12324, 1233442, 1223442, 2324, 1223342,

1234, 234, 34, 4}),

∆a6+ =κ2({1, 12, 122, 2, 1223, 123, 23, 3, 1223324, 123324, 122324, 12324, 12234, 1234, 2324, 234, 34, 4}).

5.5.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 , ςa13 , ςa14 ς3ς2ς1ς4ς1ς2ς3ς4〉 'W (B3)× Z/2 ≤ GL(ZI).

5.5.3. Lie superalgebras realizing this generalized root system.
To describe the incarnation in the setting of Lie superalgebras, we need

parity vectors pJ as in (5.6), J ⊂ I, and matrices

A1 =

(
2 −1 0 0
�1 2 �1 0
0 �2 2 �1
0 0 1 0

)
, A2 =

(
2 �1 0 0
�1 2 �1 0
0 �2 0 1
0 0 1 0

)
, A3 =

(
2 �1 0 0
�1 0 2 1
0 �2 0 1
0 �1 �1 2

)
,

A4 =

(
0 2 0 �3
2 0 �2 1
0 �1 2 0
3 1 0 0

)
, A5 =

(
2 0 0 �1
0 2 �2 �1
0 �1 2 0
3 �1 0 0

)
, A6 =

(
0 2 0 3
�1 2 �1 0
0 �1 2 0
�1 0 0 2

)
.

The assignment

a1 7−→
(
A1,p{4}

)
, a2 7−→

(
A2,p{3,4}

)
, a3 7−→

(
A3,p{2,3}

)
,

a4 7−→
(
A4,p{1,2,4}

)
, a5 7−→

(
A5,p{1}

)
, a6 7−→

(
A6,p{4}

)
,

(5.47)

provides an isomorphism of generalized root systems, cf. �2.8.
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5.5.4. Incarnation. Here it is:

a1 7−→
q2

◦
1

q−2 q2

◦
2

q−2 q
◦
3

−1◦
4

q−1

a2 7−→
q2

◦
1

q−2 q2

◦
2

q−2 −1◦
3

−1◦
4

q

a3 7−→
q
◦
4

q−1
q−1

q2

◦
1

q−2 −1◦
2

q2 −1◦
3

a4 7−→
−1◦
4

q
q−3

−1◦
1

q2 −1◦
2

q2

◦
3

q−2

a5 7−→
q−3

◦
4

q3 −1◦
1

q−2 q2

◦
2

q−2 q2

◦
3

a6 7−→
q−3

◦
1

q3 −1◦
4

q−1 q
◦
2

q−2 q2

◦
3
.

(5.48)

5.5.5. PBW-basis and (GK-)dimension. Notice that the roots in each ∆ai
+ ,

i ∈ I6, are ordered from left to right, justifying the notation β1, . . . , β18.
The root vectors xβk are described as in Remark 2.14. Thus{

xn18
β18
xn17
β17

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Let L = ord q3, M = ord q2. If N <∞, then

dimBq = 28LM3N6.

If N =∞ (that is, if q is not a root of unity), then GK-dimBq = 10.

5.5.6. The generalized Dynkin diagram (5.48 a), N > 4. The Nichols algebra
Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0;

x112 = 0; x221 = 0; x223 = 0; x334 = 0;

x3332 = 0; x2
4 = 0; xNαα = 0, α ∈ Oq

+;

(5.49)

where Oq
+ = {1, 12, 2, 123, 12232, 1232, 23, 232, 3, 1223342}. If N = ∞, i.e.

q /∈ G∞, then we omit the last set of relations. Here

ÿ = (L+ 4M +N − 2)α1 + (2L+ 6M + 2N − 2)α2

+ (3L+ 6M + 3N)α3 + (2L+ 6)α4

5.5.7. The generalized Dynkin diagram (5.48 a), N = 4. The Nichols algebra
Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; [x(13), x2]c = 0;

x334 = 0; x24 = 0; [x23, x(24)]c = 0;

x3332 = 0; x2
4 = 0; xNαα = 0, α ∈ Oq

+;

(5.50)

here, Oq
+, ÿ are as in �5.5.6.
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5.5.8. The generalized Dynkin diagram (5.48 b), N > 4. The Nichols algebra
Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; x112 = 0;

x221 = 0; x223 = 0; [[x43, x432]c, x3]c = 0;

x2
3 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+;

(5.51)

where Oq
+ = {1, 12, 2, 122334, 1234, 1223242, 123242, 234, 23242, 34}. If N =

∞, i.e. q /∈ G∞, then we omit the last set of relations. Here

ÿ = (L+ 4M +N − 2)α1 + (2L+ 6M + 2N − 2)α2

+ (3L+ 6M + 3N)α3 + (L+ 6M + 3N − 4)α4.

5.5.9. The generalized Dynkin diagram (5.48 b), N = 4. The Nichols algebra
Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; [x(13), x2]c = 0;

x24 = 0; x2
23 = 0; [[x43, x432]c, x3]c = 0;

x2
3 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+;

(5.52)

here, Oq
+, ÿ are as in �5.5.8.

5.5.10. The generalized Dynkin diagram (5.48 c), N > 4. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x112 = 0;

x442 = 0; x443 = 0; [x(13), x2]c = 0;

x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.53)

x(24) − q34q[x24, x3]c − q23(1− q−1)x3x24 = 0;

where Oq
+ = {1, 123, 23, 1224, 1234, 1223242, 234, 12342, 2342, 4}. If N = ∞,

i.e. q /∈ G∞, then we omit the relations xNαα = 0, α ∈ Oq
+. Here

ÿ = (L+ 4M +N − 2)α1 + (2L+ 6M + 2N − 2)α2

+ (6M + 2N − 4)α3 + (L+ 6M + 3N − 4)α4.

5.5.11. The generalized Dynkin diagram (5.48 c), N = 4. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x2
12 = 0;

x442 = 0; x443 = 0; [x(13), x2]c = 0;

x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.54)

x(24) − q34q[x24, x3]c − q23(1− q−1)x3x24 = 0;

here, Oq
+, ÿ are as in �5.5.10.
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5.5.12. The generalized Dynkin diagram (5.48 d), N > 4. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; [x124, x2]c = 0;

x112 = 0; x2
4 = 0; [[x32, x321]c, x2]c = 0;

x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.55)

x(24) + q34
1− q3

1− q2
[x24, x3]c − q23(1− q−3)x3x24 = 0;

where Oq
+ = {1, 123, 12232, 23, 1223324, 123324, 12234, 124, 24, 34}. If N =

∞, i.e. q /∈ G∞, then we omit the relations xNαα = 0, α ∈ Oq
+. Here

ÿ = (6M + 2N − 4)α1 + (10M + 4N − 6)α2

+ (L+ 6M + 3N − 4)α3 + (L+ 4M +N − 2)α4.

5.5.13. The generalized Dynkin diagram (5.48 d), N = 4. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; [x124, x2]c = 0;

x2
12 = 0; x2

4 = 0; [[x32, x321]c, x2]c = 0;

x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.56)

x(24) + q34
1− q3

1− q2
[x24, x3]c − q23(1− q−3)x3x24 = 0;

here, Oq
+, ÿ are as in �5.5.12.

5.5.14. The generalized Dynkin diagram (5.48 e), N 6= 4, 6. The Nichols
algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; x112 = 0;

x221 = 0; x223 = 0; [[[x432, x3]c, [x4321, x3]c]c, x32]c = 0;

x443 = 0; x2
3 = 0; xNαα = 0, α ∈ Oq

+;

(5.57)

where Oq
+ = {1, 12, 2, 122324, 12233442, 12324, 1233442, 1223442, 2324, 4}. If

N =∞, i.e. q /∈ G∞, then we omit the last set of relations. Here

ÿ = (6M + 2N − 4)α1 + (10M + 4N − 6)α2

+ (12M + 6N − 6)α3 + (L+ 6M + 3N − 4)α4.

5.5.15. The generalized Dynkin diagram (5.48 e), N = 6. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; x112 = 0;

x221 = 0; x223 = 0; [[[x432, x3]c, [x4321, x3]c]c, x32]c = 0;

x2
34 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.58)

here, Oq
+, ÿ are as in �5.5.17.
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5.5.16. The generalized Dynkin diagram (5.48 e), N = 4. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; [x(13), x2]c = 0;

x24 = 0; x443 = 0; [[[x432, x3]c, [x4321, x3]c]c, x32]c = 0;

x2
23 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.59)

here, Oq
+, ÿ are as in �5.5.14.

5.5.17. The generalized Dynkin diagram (5.48 f), N 6= 4, 6. The Nichols
algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0;

x112 = 0; x2221 = 0; x223 = 0;

x443 = 0; x2
3 = 0; xNαα = 0, α ∈ Oq

+;

(5.60)

[[x(14), x2]c, x3]c − q23(q2 − q)[[x(14), x3]c, x2]c = 0;

where Oq
+ = {1, 12, 122, 2, 1223324, 123324, 122324, 12324, 2324, 4}. If N =

∞, i.e. q /∈ G∞, then we omit the relations xNαα = 0, α ∈ Oq
+. Here

ÿ = (6M + 2N − 4)α1 + (10M + 4N − 6)α2

+ (8M + 2N − 2)α3 + (L+ 4M +N − 2)α4.

5.5.18. The generalized Dynkin diagram (5.48 f), N = 6. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0;

x112 = 0; x2221 = 0; x223 = 0;

x2
34 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

(5.61)

[[x(14), x2]c, x3]c − q23(q2 − q)[[x(14), x3]c, x2]c = 0;

here, Oq
+, ÿ are as in �5.5.17.

5.5.19. The generalized Dynkin diagram (5.48 f), N = 4. The Nichols alge-
bra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0;

x223 = 0; x2221 = 0; [x12, x(13)]c = 0;

x443 = 0; x2
3 = 0; xNαα = 0, α ∈ Oq

+;

(5.62)

[[x(14), x2]c, x3]c − q23(q2 − q)[[x(14), x3]c, x2]c = 0;

here, Oq
+, ÿ are as in �5.5.17.

5.5.20. The associated Lie algebra. This is of type A1 ×B3.
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5.6. Type G(3). Here N > 3. G(3) is a Lie superalgebra (over a �eld of
characteristic 6= 2, 3) of superdimension 17|14 [K1, Proposition 2.5.6]. There
exist 4 pairs (A,p) of matrices and parity vectors as in �2.8 such that the
corresponding contragredient Lie superalgebra is isomorphic to G(3).

5.6.1. Basic datum and root system. Below, A3, B3, D
(3)
4 and T (2) are num-

bered as in (4.2), (4.7), (3.8) and (3.12), respectively. Also, we denote
κ = (123) ∈ S3. The basic datum and the bundle of Cartan matrices are
described by the following diagram, that we call G(3):

D
(3)
4•
a1

1 A3•
a2

2 T (2)

•
a3

3 κ(B3)
•
a4

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ = {1, 12, 123, 1223, 1233, 12332, 12432, 2, 23, 223, 3, 233, 2332},

∆a2
+ = {1, 12, 23, 1223, 12233, 122332, 132432, 2, 123, 12223, 3, 13233, 132332},

∆a3
+ = {12, 1, 3, 13, 123, 12232, 13232, 2, 123, 1223, 23, 1323, 132232},

∆a4
+ = {1232, 13, 3, 1, 123, 1223, 13232, 23, 123, 12232, 2, 13233, 132233}.

5.6.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς3ς1ς3ς2ς1, ς
a1
2 , ςa13 〉 ' Z/2×W (G2).

5.6.3. Lie superalgebras realizing this generalized root system.
To describe the incarnation in the setting of Lie superalgebras, we need

parity vectors pJ as in (5.6), J ⊂ I, and matrices

A1 =
(

0 1 0
−1 2 −3
0 −1 2

)
, A2 =

(
0 1 0
1 0 −3
0 −1 2

)
, A3 =

(
2 −1 −2
1 0 −3
1 1 0

)
, A4 =

(
2 0 −2
0 2 −1
1 3 0

)
.

The assignment

a1 7→
(
A1,p{1}

)
, a2 7→

(
A2,p{1,2}

)
,

a3 7→
(
A3,p{2,3}

)
, a4 7→

(
A4,p{1,3}

)
,

(5.63)

provides an isomorphism of generalized root systems, cf. �2.8.

5.6.4. Incarnation. Here it is:

a1 7−→
−1◦
1

q−1 q
◦
2

q−3 q3

◦
3
, a2 7−→

−1◦
1

q −1◦
2

q−3 q3

◦
3
,

a3 7−→
−1◦
3

q
◦
1

q−2

q−1 −1◦
2
,

q3

a4 7−→
−q−1

◦
1

q2 −1◦
3

q−3 q3

◦
2
.

(5.64)
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5.6.5. PBW-basis and (GK-)dimension. Notice that the roots in each ∆ai
+ ,

i ∈ I4, are ordered from left to right, justifying the notation β1, . . . , β13.
The root vectors xβk are described as in Remark 2.14. Thus{

xn13
β13
xn12
β12

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Let L = ord−q, M = ord q3. If N <∞, then

dimBq = 26LM3N3.

If N =∞ (that is, if q is not a root of unity), then GK-dimBq = 7.

5.6.6. The generalized Dynkin diagram (5.64 a), N 6= 4, 6. The Nichols al-
gebra Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x221 = 0; x332 = 0;

x22223 = 0; x2
1 = 0; xNαα = 0, α ∈ Oq

+;
(5.65)

where Oq
+ = {2, 3, 23, 223, 233, 1223, 2332}. If N = ∞, i.e. q /∈ G∞, then we

omit the last set of relations. Here

ÿ = (L + 5)α1 + (2L + 6M + 4N)α2 + (L + 4M + 2N − 1)α3.

5.6.7. The generalized Dynkin diagram (5.64 a), N = 6. The Nichols algebra
Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x221 = 0; [x12, x(13)]c = 0;

x22223 = 0; x2
1 = 0; xNαα = 0, α ∈ Oq

+;
(5.66)

here, Oq
+, ÿ are as in �5.6.6.

5.6.8. The generalized Dynkin diagram (5.64 a), N = 4. The Nichols algebra
Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x221 = 0; [[[x(13),x2]c, x2]c, x2]c = 0;

x332 = 0; x2
1 = 0; xNαα = 0, α ∈ Oq

+;
(5.67)

here, Oq
+, ÿ are as in �5.6.6.

5.6.9. The generalized Dynkin diagram (5.64 b), N 6= 6. The Nichols algebra
Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x332 = 0; [[x12,[x12, x(13)]c]c, x2]c = 0;

x2
1 = 0; x2

2 = 0; xNαα = 0, α ∈ Oq
+;

(5.68)

where Oq
+ = {3, 12, 123, 1223, 12223, 13233, 132332}. If N =∞, i.e. q /∈ G∞,

then we omit the last set of relations. Here

ÿ = (L+ 6M + 4N − 3)α1 + (2L+ 6M + 4N)α2 + (L+ 4M + 2N − 1)α3.
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5.6.10. The generalized Dynkin diagram (5.64 b), N = 6. The Nichols alge-
bra Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x2
23 = 0; [[x12,[x12, x(13)]c]c, x2]c = 0;

x2
1 = 0; x2

2 = 0; xNαα = 0, α ∈ Oq
+;

(5.69)

here, Oq
+, ÿ are as in �5.6.9.

5.6.11. The generalized Dynkin diagram (5.64 c), N 6= 6. The Nichols alge-
bra Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x332 = 0; x1112 = 0; x2
2 = 0; xNαα = 0, α ∈ Oq

+;

[x1,[x123, x2]c]c =
q12q32

1 + q
[x12, x123]c − (q−1 − q−2)q12q13x123x12;

(5.70)

where Oq
+ = {1, 3, 12, 123, 12223, 13233, 132332}. If N = ∞, i.e. q /∈ G∞,

then we omit the relations xNαα = 0, α ∈ Oq
+. Here

ÿ = (L+ 6M + 4N − 3)α1 + (L+ 4M + 2N − 1)α2 + (4M + 2N − 2)α3.

5.6.12. The generalized Dynkin diagram (5.64 c), N = 6. The Nichols alge-
bra Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x2
23 = 0; [x112, x12]c = 0; x2

2 = 0; xNαα = 0, α ∈ Oq
+;

[x1,[x123, x2]c]c =
q12q32

1 + q
[x12, x123]c − (q−1 − q−2)q12q13x123x12;

(5.71)

here, Oq
+, ÿ are as in �5.6.11.

5.6.13. The generalized Dynkin diagram (5.64 d). The Nichols algebra Bq is
generated by (xi)i∈I3 with de�ning relations

x1112 = 0; x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+;

x113 = 0; x(13) + q−2q23
1− q3

1− q
[x13, x2]c − q12(1− q3)x2x13 = 0;

(5.72)

where Oq
+ = {1, 12, 23, 123, 1223, 1323, 132232}. If N =∞, i.e. q /∈ G∞, then

we omit the relations xNαα = 0, α ∈ Oq
+. Here

ÿ = (L + 6M + 4N − 3)α1 + (6M + 2N)α2 + (4M + 2N − 2)α3.

5.6.14. The associated Lie algebra. This is of type A1 ×G2.

6. Standard type

6.1. Standard type Bθ,j, θ ≥ 2, j ∈ Iθ−1. Here ζ ∈ G′3.

6.1.1. Basic datum and root system. The basic datum is (Bθ,j , ρ) and the
root system is B(j|θ − j), j ∈ Iθ−1 as in �5.2.2; hence the Weyl groupoid is
as in �5.2.3. But we have new incarnations.
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6.1.2. Incarnation. The assignment

J 7→


Aθ−1(−ζ; J)

−ζ ζ
◦ , θ /∈ J;

Aθ−1(−ζ; J)
−ζ ζ
◦ , θ ∈ J.

(6.1)

gives an incarnation. Notice that albeit θ is not a Cartan vertex, ρθ = id.

6.1.3. PBW-basis and dimension. The root vectors are

xαii = xαi = xi, i ∈ I,
xαij = x(ij) = [xi, xα(i+1)j

]c, i < j ∈ I,
xαiθ+αθ = [xαiθ , xθ]c, i ∈ Iθ−1,

xαiθ+αjθ = [xαiθ+α(j+1)θ
, xj ]c, i < j ∈ Iθ−1,

cf. (2.11). Thus

{xnθθθ x
mθ−1θ
αθ−1θ+αθθ

x
nθ−1θ
αθ−1θx

nθ−1θ−1

θ−1 . . . xm12
α1θ+α2θ

. . . xm1θ
α1θ+αθθ

. . . xn1θ
α1θ

. . . xn11
1

| 0 ≤ nij < Nαij ; 0 ≤ mij < Nαiθ+αjθ}
is a PBW-basis of Bq. Hence

dimBq = 2θ(θ−1)3j
2+(θ−j)2 .

6.1.4. Presentation. The set of positive Cartan roots is

Oq
+ ={αij , αiθ + α(j+1)θ : i ≤ j ∈ Iθ−1, αij even}.(6.2)

Assume that θ = 2. Then Oq
+ = {α1, α1 + 2α2} if α1 is even, i.e. J = ∅, and

Oq
+ = ∅ if α1 is odd, i.e. J = {1}.
The Nichols algebra Bq is generated by (xi)i∈I with de�ning relations

xij = 0, i < j − 1; [x(i−1i+1), xi]c = 0, i ∈ J;

xii(i±1) = 0, i ∈ Iθ−1 − J; [xθθ(θ−1)(θ−2), xθ(θ−1)]c = 0;

x2
i = 0, i ∈ J; [xθθ(θ−1), xθ(θ−1)]c = 0, θ − 1 ∈ J;

x3
θ = 0; x6

α = 0, α ∈ Oq
+.

(6.3)

6.1.5. The associated Lie algebra and ÿ. This is of type Dj ×Dθ−j . In this
case, the Weyl group of the associated Lie algebra is isomorphic to a proper
subgroup of the isotropy group of the Weyl groupoid. Here

ÿ =
∑

i≤j∈Iθ−1,
αij odd

αij +
∑

i≤j∈Iθ−1,
αij even

5αij +
∑
i∈Iθ

2αiθ

+
∑

i<j∈Iθ,
αij−1 odd

(αiθ + αjθ) +
∑

i<j∈Iθ,
αij−1 even

5(αiθ + αjθ).

6.2. Standard type G2. Here ζ ∈ G′8.
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6.2.1. Basic datum. This is described by the diagram

•
a1

1 •
a2

2 •
a3
.

6.2.2. Root system. The bundle of Cartan matrices (Caj )j∈I3 is constant:
Caj is the Cartan matrix of type G2 as in (4.43) for any j ∈ I3.

The bundle of root sets (∆aj )j∈I3 is constant:

∆aj = {±α1,±(3α1 + α2),±(2α1 + α2),±(3α1 + 2α2),±(α1 + α2),±α2}.

6.2.3. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς1ς2ς1, ς
a1
2 〉 ' Z/2× Z/2 ≤ GL(ZI).

6.2.4. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I3:

a1
� // ζ

2

◦
ζ ζ
◦, a2

� // ζ
2

◦
ζ3 −1◦ , a3

� // ζ◦
ζ5 −1◦ .(6.4)

6.2.5. The generalized Dynkin diagram (6.4a). The set

{xn1
2 xn2

12x
n3
3α1+2α2

xn4
112x

n5
1112x

n6
1 |n1, n4 ∈ I0,7, n2, n6 ∈ I0,3, n3, n5 ∈ I0,1}

is a PBW-basis of Bq. Hence dimBq = 224282 = 4096.

The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x4
1 = 0; x221 = 0; [x3α1+2α2 , x12]c = 0;

x8
2 = 0; x8

112 = 0.
(6.5)

In this case, Oq
+ = {α2, 2α1 + α2} and ÿ = 26α1 + 20α2.

6.2.6. The generalized Dynkin diagram (6.4 b). The set

{xn1
2 xn2

12x
n3
3α1+2α2

xn4
112x

n5
1112x

n6
1 |n2, n5 ∈ I0,7,

n4, n6 ∈ I0,3, n1, n3 ∈ I0,1}

is a PBW-basis of Bq. Hence dimBq = 224282 = 4096.

The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x4
1 = 0; x2

2 = 0; [x1, x3α1+2α2 ]c +
q12

1− ζ
x2

112 = 0;

x8
12 = 0; x8

1112 = 0.
(6.6)

In this case, Oq
+ = {α1 + α2, 3α1 + α2}. and ÿ = 40α1 + 20α2.
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6.2.7. The generalized Dynkin diagram (6.4 c). The set

{xn1
2 xn2

12x
n3
3α1+2α2

xn4
112x

n5
1112x

n6
1 |n3, n6 ∈ I0,7,

n2, n4 ∈ I0,3, n1, n5 ∈ I0,1}

is a PBW-basis of Bq. Hence dimBq = 224282 = 4096.

The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x8
1 = 0; x11112 = 0; [x3α1+2α2 , x12]c = 0;

x2
2 = 0; x8

3α1+2α2
= 0.

(6.7)

In this case, Oq
+ = {α1, 3α1 + 2α2}. and ÿ = 40α1 + 22α2.

6.2.8. The associated Lie algebra. This is of type A1 ×A1.

Part III. Arithmetic root systems: modular, UFO

7. Modular type, characteristic 2 or 3

7.1. Type wk(4). Here θ = 4, q 6= ±1. Let F be a �eld of characteristic 2,
α ∈ F− F2 and

A =


0 1 0 0
1 0 1 0
0 α 0 1
0 0 1 0

 ∈ F4×4.

Let wk(4, α) = g(A) be the corresponding contragredient Lie algebra. Then
dimwk(4, α) = 34 [KaW]. Notice that there are 4 other matrices A′ for
which wk(4, α) ' g(A′). Here is the root system wk(4) of wk(4, α), see [AA2]
for details.

7.1.1. Basic datum and root system. Below, A4 and 1T are numbered as in
(4.2) and (3.11), respectively. The basic datum and the bundle of Cartan
matrices are described by the following diagram:

A4•
a1

3 1T•
a2

2 s13(1T )
•
a3

1 κ1(A4)
•
a4

4 4

s34(A4)
•
a5

κ2(A4)
•
a6

2 2

κ3(A4)
•
a7

1 κ4(1T )
•
a8

4 s24(1T )
•
a9

3 s24(A4)
•
a10

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ ={1, 12, 2, 123, 23, 3, 122334, 122324, 12324, 2324, 1223342, 1234, 234, 34, 4},

∆a2+ ={1, 12, 2, 123, 23, 3, 12234, 1224, 1234, 234, 122342, 34, 124, 24, 4},

∆a5+ ={1, 12, 2, 1223, 123, 23, 3, 122324, 12324, 2324, 12234, 1234, 234, 34, 4},

∆a3+ =s13(∆a2+ ), ∆a4+ =κ1(∆a1+ ), ∆a6+ =κ2(∆a5+ ), ∆a7+ =κ3(∆a1+ ),

∆a8+ =κ4(∆a2+ ), ∆a9+ =s24(∆a2+ ), ∆a10+ =s24(∆a1+ ).
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7.1.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 , ςa13 ς2ς1ς4ς1ς2ς3, ς
a1
4 〉 'W (A2)×W (A2).

7.1.3. Incarnation. To describe it, we need the matrices (q(i))i∈I5 corre-
sponding to the following Dynkin diagrams, from left to right and from
up to down (also denoted below as a,. . . , e as customary).

q
◦

q−1 q
◦

q−1 −1◦
−q −q−1

◦
−q−1

◦
−q −q−1

◦
−q −1◦

q−1 q
◦

q
◦

q−1 −1◦ −1 −1◦
−q −q−1

◦

−1◦

−q−1
−1

q
◦

q−1 −1◦
q −1◦

−1◦

q
−1

−q−1

◦
−q −1◦

−q−1 −1◦

(7.1)

Now, this is the incarnation:

a1 7→ q(1), a2 7→ q(4), a3 7→ s13(q(4)), a4 7→ κ1(q(1)),

a5 7→ s34(q(3)), a6 7→ κ2(q(3)),

a7 7→ κ3(q(2)), a8 7→ κ4(q(5)), a9 7→ s24(q(5)), a10 7→ s24(q(2)).

We set N = ord q, M = ord−q−1.

7.1.4. PBW-basis and (GK-)dimension. Notice that the roots in each ∆ai
+ ,

i ∈ I10, are ordered from left to right, justifying the notation β1, . . . , β15.
The root vectors xβk are described as in Remark 2.14. Thus{

xn15
β15
xn14
β14

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. If N <∞, then

dimBq = 29M3N3.

If N =∞ (that is, if q is not a root of unity), then GK-dimBq = 6.

7.1.5. The Dynkin diagram (7.1 a).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x2
3 = 0; x13 = 0; x14 = 0; x24 = 0;

x112 = 0; x221 = 0; xNα = 0, α ∈ {1, 2, 12};
x223 = 0; x443 = 0; xMα = 0, α ∈ {4, 122334, 1223342}.

(7.2)
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If N = ∞, i.e. q /∈ G∞, then we omit the relations xNα = 0, xMα = 0. Here
the degree of the integral is

ÿ = (2M + 2N)α1 + (4M + 2N + 2)α2 + (6M + 6)α3 + (4M + 2)α4.

7.1.6. The Dynkin diagram (7.1 b).
This diagram is of the shape of (7.1 a) but with −q−1 instead of q. Thus

the information on the corresponding Nichols algebra is analogous to �7.1.5.

7.1.7. The Dynkin diagram (7.1 c).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x2
2 = 0; x13 = 0; x14 = 0; x24 = 0;

x2
3 = 0; x2

23 = 0; xNα = 0, α ∈ {1, 2324, 12324};
x112 = 0; x443 = 0; xMα = 0, α ∈ {4, 1223, 12234};

[[x(14), x2]c, x3]c − q23
1 + q

1− q
[[x(14), x3]c, x2]c = 0.

(7.3)

If N = ∞, i.e. q /∈ G∞, then we omit the relations xNα = 0, xMα = 0. Here
the degree of the integral is

ÿ = (2M + 2N)α1 + (4M + 2N + 2)α2 + (2M + 4N + 2)α3 + (2M + 2N)α4.

7.1.8. The Dynkin diagram (7.1 d).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x13 = 0; x14 = 0; [x(13), x2]c = 0;

x2
2 = 0; x2

24 = 0; xNα = 0, α ∈ {1, 23, 123};
x2

3 = 0; x2
4 = 0; xMα = 0, α ∈ {34, 1224, 122342};

x(24) +
(1 + q)q43

2
[x24, x3]c − q23(1 + q−1)x3x24 = 0.

(7.4)

If N = ∞, i.e. q /∈ G∞, then we omit the relations xNα = 0, xMα = 0. Here
the degree of the integral is

ÿ = (2M + 2N)α1 + (4M + 2N + 2)α2 + (2M + 2N)α3 + (4M + 2)α4.

7.1.9. The Dynkin diagram (7.1 e). This diagram is of the shape of (7.1 d)
but with −q−1 instead of q. Thus the information is as in �7.1.8.

7.1.10. The associated Lie algebra. This is of type A2 ×A2.

7.2. Type br(2). Here θ = 2, ζ ∈ G3, q /∈ G3. Let F be a �eld of character-
istic 3, a ∈ F− F3,

A =

(
2 −1
a 2

)
, A′ =

(
2 −1

−1− a 2

)
∈ F2×2

Let br(2, a) = g(A) ' g(A′), the contragredient Lie algebras corresponding
to A,A′. Then dim br(2, a) = 10 [BGL]. We describe now the root system
br(2) of br(2, a), see [AA2] for details.
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7.2.1. Basic datum and root system. Below, B2 is numbered as in (4.7). The
basic datum and the bundle of Cartan matrices are described by the diagram:

B2• 2 B2• s12 // C2• 1 C2• .

This is a standard Dynkin diagram, that might be called of type C2; indeed
Br is not isomorphic to B(1|1). We include it here because of the relation
with the modular Lie algebra br(2, a). The bundle of root sets (∆aj )j∈I2 is
constant:

∆aj = {±α1,±(2α1 + α2),±(α1 + α2),±α2}.

7.2.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς1, ς
a1
2 , 〉 ' Z/2× Z/2.

7.2.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I2:

a1
� // ζ◦

q−1 q
◦ , a2

� // ζ◦
ζ2q ζq−1

◦ .(7.5)

The Dynkin diagram (7.5 b) has the same shape as (7.5 a) but with ζq−1

instead of q. Thus, we just discuss the latter.

7.2.4. PBW-basis and (GK-)dimension. We set N = ord q, M = ord ζq−1.
The root vectors xβk are described as in Remark 2.14. Thus

{xn1
2 xn2

12x
n3
112x

n4
1 | 0 ≤ n3 < M, 0 ≤ n4 < N, 0 ≤ n1, n2 < 3}.

is a PBW-basis of Bq. If N <∞, then dimBq = 32MN . If N =∞ (that is,
if q is not a root of unity), then GK-dimBq = 2.

7.2.5. Relations, q = −1. The Nichols algebra Bq is generated by (xi)i∈I2
with de�ning relations

x3
1 = 0; x3

12 = 0; x6
112 = 0, x2

2 = 0; [x112, x12]c = 0.(7.6)

Here the degree of the integral is

ÿ = 13α1 + 9α2.

7.2.6. Relations, q 6= −1. The Nichols algebra Bq is generated by (xi)i∈I2
with de�ning relations

x3
1 = 0; x3

12 = 0; xM112 = 0, xN2 = 0; x221 = 0.(7.7)

If N = ∞, i.e. q /∈ G∞, then we omit the relations xN2 = 0, xM112 = 0. Here
the degree of the integral is

ÿ = (2M +N − 1)α1 + (M + 3)α2.

7.2.7. The associated Lie algebra. This is of type A1 ×A1.
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7.3. Type br(3). Here θ = 3, ζ ∈ G′9. Let F be a �eld of characteristic 3
and

A =

 2 −1 0
−2 2 −1
0 1 0

 , A′ =

 2 −1 0
−1 2 −1
0 1 0


Let br(3) = g(A) ' g(A′), the contragredient Lie algebras corresponding to
A, A′. Then dim br(3) = 29 [BGL]. We describe now the root system br(3)
of br(3), see [AA2] for details.

7.3.1. Basic datum and root system. Below, B3 and A
(2)
4 are numbered as

in (4.7) and (3.7), respectively. The basic datum and the bundle of Cartan
matrices are described by the following diagram:

B3•
a1

3 τ(A
(2)
4 )
•
a2

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 12, 123, 122334, 12232, 12233, 12234, 12334, 1232, 2, 232, 23, 3},

∆a2
+ ={1, 122, 12, 1232, 12332, 122332, 12232, 123, 1223, 2, 232, 23, 3}.

7.3.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 , ςa13 ς2ς3〉 'W (B3).

7.3.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I2:

a1
� // ζ◦

ζ ζ
◦

ζ ζ
3

◦ a2
� // ζ◦

ζ ζ
4

◦
ζ4 ζ

3

◦(7.8)

7.3.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I2,

are ordered from left to right, justifying the notation β1, . . . , β13.
The root vectors xβk are described as in Remark 2.14. Thus{

xn13
β13
xn12
β12

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 3499 = 322.

7.3.5. The Dynkin diagram (7.8 a). The Nichols algebra Bq is generated by
(xi)i∈I3 with de�ning relations

x13 = 0; x112 = 0; x3
3 = 0; [[x332, x3321]c, x32]c = 0;

x221 = 0; x223 = 0; x9
α = 0, α ∈ Oq

+;
(7.9)

where Oq
+ = {1, 2, 12, 232, 1232, 12232, 12234, 12334, 122334}. Here the degree

of the integral is

ÿ = 68α1 + 120α2 + 156α3.
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7.3.6. The Dynkin diagram (7.8 b). The Nichols algebra Bq is generated by
(xi)i∈I3 with de�ning relations

x13 = 0; x112 = 0; x2221 = 0; x223 = 0; x9
α = 0, α ∈ Oq

+;

x3
3 = 0; (1 + ζ4)[[x(13), x2]c, x3]c = q23[[x(13), x3]c, x2]c;

(7.10)

where Oq
+ = {1, 2, 12, 122, 232, 1232, 12232, 12332, 122332}. Here the degree

of the integral is

ÿ = 68α1 + 120α2 + 88α3.

7.3.7. The associated Lie algebra. This is of type B3.

8. Super modular type, characteristic 3

In this Section F is a �eld of characteristic 3.

8.1. Type brj(2; 3). Here θ = 2, ζ ∈ G′9. Let

A =

(
0 1
1 0

)
, A′ =

(
0 1
−2 2

)
, A′′ =

(
2 −1
−1 0

)
∈ F2×2;

p = (−1, 1), p′′ = (−1,−1) ∈ G2
2.

Let brj(2; 3) = g(A,p) ' g(A′,p) ' g(A′′,p′′), the contragredient Lie super-
algebras corresponding to (A,p), (A′,p), (A′′,p′′). We know [BGL] that

sdim brj(2; 3) = 10|8.

We describe now the root system brj(2; 3) of brj(2; 3), see [AA2] for details.

8.1.1. Basic datum and root system. Below, A
(1)
1 , C2 and A

(2)
2 are numbered

as in (3.2), (4.15) and (3.7), respectively. The basic datum and the bundle
of Cartan matrices are described by the following diagram:

A
(1)
1•
a1

1 C2•
a2

2 A
(2)
2•
a3

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 122, 1322, 12, 122, 2}, ∆a2

+ ={1, 122, 1322, 1423, 12, 2},
∆a3

+ ={1, 142, 132, 122, 12, 2}.

8.1.2. Weyl groupoid. The isotropy group at a2 ∈ X is

W(a2) = 〈ςa21 ς2ς1, ς
a2
2 ς1ς2〉 ' Z/2× Z/2.

8.1.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I3:

a1 7→
−ζ
◦

ζ
2

ζ3

◦ , a2 7→
ζ3

◦
ζ −1◦ , a3 7→

−ζ2
◦

ζ −1◦ .(8.1)
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8.1.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I3,

are ordered from left to right, justifying the notation β1, . . . , β6.
The root vectors xβk are described as in Remark 2.14. Thus{

xn6
β6
xn5
β5
xn4
β4
xn3
β3
xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 2232182 = 11664.

8.1.5. The Dynkin diagram (8.1 a). The Nichols algebra Bq is generated by
(xi)i∈I2 with de�ning relations

x18
1 = 0; x3

2 = 0; [x1, [x12, x2]c]c =
ζ7q12

1 + ζ
x2

12;

x1112 = 0; x18
12 = 0.

(8.2)

Here Oq
+ = {1, 12} and the degree of the integral is

ÿ = 42α1 + 25α2.

8.1.6. The Dynkin diagram (8.1 b). The Nichols algebra Bq is generated by
(xi)i∈I2 with de�ning relations

x3
1 = 0; x2

2 = 0; [x112, [x112, x12]c]c = 0; x18
112 = 0; x18

12 = 0.(8.3)

Here Oq
+ = {122, 12} and the degree of the integral is

ÿ = 63α1 + 42α2.

8.1.7. The Dynkin diagram (8.1 c). The Nichols algebra Bq is generated by
(xi)i∈I2 with de�ning relations

x18
1 = 0; x2

2 = 0; [x112, x12]c = 0; x111112 = 0; x18
112 = 0.(8.4)

Here Oq
+ = {1, 122} and the degree of the integral is

ÿ = 63α1 + 23α2.

8.1.8. The associated Lie algebra. This is of type A1 ×A1.

8.2. Type g(1, 6). Here θ = 3, ζ ∈ G′3 ∪G′6. Let

A =

 2 −1 0
−2 2 −2
0 1 0

 , A′ =

 2 −1 0
−1 2 −2
0 1 0

 ∈ F3×3,

p = (1,−1,−1), p′ = (1, 1,−1) ∈ G3
2.

Let g(1, 6) = g(A,p) ' g(A′,p′), the contragredient Lie superalgebras corre-
sponding to (A,p), (A′,p′). Then sdim g(1, 6) = 21|14 [BGL]. We describe
now its root system g(1, 6), see [AA2].
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8.2.1. Basic datum and root system. Below, C3 and C
(1)
2 are numbered as

in (4.15) and (3.5), respectively. The basic datum and the bundle of Cartan
matrices are described by the following diagram:

C3•
a1

3 C
(1)
2•
a2

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 12, 12223, 123, 1223, 12232, 12332, 122332, 122433, 2, 223, 23, 3},

∆a2
+ ={1, 12, 122, 12223, 12233, 12243, 1233, 123, 122, 2, 223, 23, 3}.

8.2.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 , ςa13 ς2ς3〉 'W (C3).

8.2.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I2:

a1 7→
ζ
◦

ζ ζ
◦

ζ
2 −1◦ a2 7→

ζ
◦

ζ −ζ
◦

ζ2 −1◦(8.5)

8.2.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I2,

are ordered from left to right, justifying the notation β1, . . . , β13.
The root vectors xβk are described as in Remark 2.14. Thus{

xn13
β13
xn12
β12

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
is a PBW-basis of Bq. If N = 6, then dimBq = 243366 = 21039. If N = 3,
then dimBq = 243663 = 2739.

8.2.5. The Dynkin diagram (8.5 a), N = 6. The Nichols algebra Bq is gen-
erated by (xi)i∈I3 with de�ning relations

x221 = 0; x112 = 0; x6
α = 0, α ∈ {1, 2, 12, 12232, 12332, 122332};

x13 = 0; x2223 = 0; x2
3 = 0; x3

α = 0, α ∈ {23, 123, 1223}.
(8.6)

Here Oq
+ = {1, 2, 12, 12232, 12332, 122332, 23, 123, 1223} and the degree of the

integral is

ÿ = 38α1 + 66α2 + 42α3.

8.2.6. The Dynkin diagram (8.5 a), N = 3. The Nichols algebra Bq is gen-
erated by (xi)i∈I3 with de�ning relations

x13 = 0; [[x(13), x2]c, x2]c = 0; [x223, x23]c = 0;

x112 = 0; x2
3 = 0; x6

α = 0, α ∈ {23, 123, 1223}
x221 = 0; x3

α = 0, α ∈ {1, 2, 12, 12232, 12332, 122332}.
(8.7)

Here Oq
+ = {1, 2, 12, 12232, 12332, 122332, 23, 123, 1223} and the degree of the

integral is

ÿ = 26α1 + 48α2 + 33α3.
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8.2.7. The Dynkin diagram (8.5 b), N = 6. The Nichols algebra Bq is gen-
erated by (xi)i∈I3 with de�ning relations

x13 = 0; x112 = 0; x6
α = 0, α ∈ {1, 23, 123, 122, 1233, 12233};

x2
3 = 0; [x223, x23]c = 0; x3

α = 0, α ∈ {2, 12, 1223};
[x2, [x21, x23]c]c + q13q23q21[x223, x21]c + q21x21x223 = 0.

(8.8)

Here Oq
+ = {1, 23, 123, 122, 1233, 12233, 2, 12, 1223} and the degree of the

integral is
ÿ = 38α1 + 66α2 + 26α3.

8.2.8. The Dynkin diagram (8.5 b), N = 3. The Nichols algebra Bq is gen-
erated by (xi)i∈I3 with de�ning relations

x2221 = 0; x112 = 0; x3
α = 0, α ∈ {1, 23, 123, 122, 1233, 12233};

x2223 = 0; x13 = 0; x2
3 = 0; x6

α = 0, α ∈ {2, 12, 1223};
[x1, x223]c + q23[x(13), x2]c + (ζ2 − ζ)q12x2x(13) = 0.

(8.9)

Here Oq
+ = {1, 23, 123, 122, 1233, 12233, 2, 12, 1223} and the degree of the

integral is
ÿ = 26α1 + 48α2 + 17α3.

8.2.9. The associated Lie algebra. This is of type C3.

8.3. Type g(2, 3). Here θ = 3, ζ ∈ G′3. Let

A =

 0 1 0
−1 2 −2
0 1 0

 ∈ F3×3, p = (−1, 1,−1) ∈ G3
2.

Let g(2, 3) = g(A,p), the contragredient Lie superalgebra corresponding to
(A,p). Then sdim g(2, 3) = 12|14 [BGL]. There are 4 other pairs of matrices
and parity vectors for which the associated contragredient Lie superalgebra
is isomorphic to g(2, 3). We describe now its root system g(2, 3), see [AA2].

8.3.1. Basic datum and root system. Below, A3, A
(1)
2 , C3 and C

(1)
2 are num-

bered as in (4.2), (3.2), (4.15) and (3.5), respectively. The basic datum and
the bundle of Cartan matrices are described by the following diagram:

C3•
a1

1 A3•
a2

2 A
(1)
2•
a3

3 3

C
(1)
2•
a4

1 τ(C3)
•
a5

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ = {1, 12, 2, 1223, 123, 12332, 223, 12232, 23, 3} = τ(∆a5

+ ),

∆a2
+ = {1, 12, 2, 12223, 1223, 122332, 123, 12232, 23, 3},

∆a3
+ = {1, 12, 2, 1223, 123, 12232, 13, 1232, 23, 3},
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∆a4
+ = {1, 12, 122, 2, 12233, 12223, 1223, 123, 23, 3}.

8.3.2. Weyl groupoid. The isotropy group at a3 ∈ X is

W(a3) = 〈ςa32 ς1ς3ς2ς3ς1ς2, ς
a3
1 , ςa33 〉 ' Z/2×W (A2).

8.3.3. Incarnation. To describe it, we need the matrices (q(i))i∈I4 , from left
to right and from up to down:

−1◦
ζ ζ
◦

ζ −1◦ −1◦
ζ −1◦

ζ −1◦

−1◦
ζ −ζ
◦

ζ −1◦
ζ
◦

ζ

ζ
◦

ζ

ζ

−1◦

.(8.10)

Now, this is the incarnation:

ai 7→ q(i), i ∈ I4; a5 7→ τ(q(1)).

8.3.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I5,

are ordered from left to right, justifying the notation β1, . . . , β10.
The root vectors xβk are described as in Remark 2.14. Thus{

xn10
β10

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 26336 = 2734.

8.3.5. The Dynkin diagram (8.10 a).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

[x223, x23]c = 0; x13 = 0; x221 = 0;

[[x(13), x2]c, x2]c = 0; x3
2 = 0; x2

1 = 0; x2
3 = 0;

[x(13), x2]3c = 0; x6
23 = 0; x3

(13) = 0.

(8.11)

Here Oq
+ = {123, 1223, 2, 23} and the degree of the integral is

ÿ = 8α1 + 21α2 + 15α3.

8.3.6. The Dynkin diagram (8.10 b).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

[[x12, x(13)]c, x2]c = 0; x13 = 0; x6
(13) = 0;

[[x32, x321]c, x2]c = 0; x2
1 = 0; x2

2 = 0; x2
3 = 0;

[x(13), x2]3c = 0; x3
12 = 0; x3

23 = 0.

(8.12)

Here Oq
+ = {12, 1223, 23, 123} and the degree of the integral is

ÿ = 15α1 + 21α2 + 15α3.
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8.3.7. The Dynkin diagram (8.10 c).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x13 = 0; x2221 = 0; x2223 = 0; x2
1 = 0; x2

3 = 0;

x6
2 = 0; x3

12 = 0; x3
23 = 0; [x(13), x2]3c = 0;

[x1, x223]c + q23[x(13), x2]c − (1− ζ)q12x2x(13) = 0.

(8.13)

Here Oq
+ = {12, 1223, 23, 2} and the degree of the integral is

ÿ = 8α1 + 21α2 + 8α3.

8.3.8. The Dynkin diagram (8.10 d).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x112 = 0; x113 = 0; x331 = 0; x332 = 0;

x3
1 = 0; x3

3 = 0; x3
13 = 0; x6

(13) = 0;

x2
2 = 0; x(13) − q23ζ[x13, x2]c − q12(1− ζ)x2x13 = 0.

(8.14)

Here Oq
+ = {1, 13, 3, 123} and the degree of the integral is

ÿ = 15α1 + 11α2 + 15α3.

8.3.9. The associated Lie algebra. This is of type A2 ×A1.

8.4. Type g(3, 3). Here θ = 4, ζ ∈ G′3. Let

A =


2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 1 0

 ∈ F4×4, p = (1, 1,−1,−1) ∈ G3
2.

Let g(3, 3) = g(A,p), the contragredient Lie superalgebra corresponding to
(A,p). Then sdim g(1, 6) = 23|16 [BGL]. There are 6 other pairs of matrices
and parity vectors for which the associated contragredient Lie superalgebra
is isomorphic to g(3, 3). We describe now its root system g(3, 3), see [AA2].

8.4.1. Basic datum and root system. Below, F4, A4, 1T , D4 and A
(2)
5 are

numbered as in (4.35), (4.2), (3.11), (4.23) and (3.6), respectively. The basic
datum and the bundle of Cartan matrices are described by the following
diagram:

A4•
a2

3 1T•
a3

2 D4•
a4

1 D4•
a5

4 4 4

τ(F4)
•
a1

s13(A
(2)
5 )
•
a6

1 D4•
a7

2

s23(F4)
•
a10

1 s14(A4)
•
a9

3 s14(1T )
•
a8



90 ANDRUSKIEWITSCH; ANGIONO

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 122334, 122324, 12324, 2324, 1234, 234, 34, 4},

∆a2+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 1223342, 2324, 1223242, 234, 123242, 23242, 34, 4},

∆a3+ ={1, 12, 2, 1223, 123, 12232, 23, 3, 1223324, 123324, 122324, 12234, 1234, 124, 234, 24, 4},

∆a4+ ={1, 12, 2, 123, 23, 3, 122324, 12234, 12233242, 1234, 1233242, 1223242, 234, 122342, 124, 24, 4},

∆a5+ ={1, 12, 122, 2, 1223, 123, 23, 3, 122334, 12334, 12234, 1234, 1224, 124, 234, 24, 4},

∆a6+ ={1, 12, 2, 123, 23, 3, 122324, 12234, 12324, 2324, 1234, 1223242, 124, 234, 34, 24, 4},

∆a7+ =s14(∆a4+ ), ∆a8+ = s14(∆a3+ ), ∆a9+ = s14(∆a2+ ), ∆a10+ = s14(∆a1+ ).

8.4.2. Weyl groupoid. The isotropy group at a5 ∈ X is

W(a5) = 〈ςa51 , ςa52 , ςa53 〉 'W (B3).

8.4.3. Incarnation. To describe it, we need the matrices (q(i))i∈I6 , from left
to right and from up to down:

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ
ζ

ζ
◦

ζ −1◦
ζ −1◦

−1◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

(8.15)

Now, this is the incarnation:

ai 7→ q(i), i ∈ I6; ai 7→ s14(q(11−i)), i ∈ I7,10.

8.4.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I10,

are ordered from left to right, justifying the notation β1, . . . , β17.
The root vectors xβk are described as in Remark 2.14. Thus{

xn17
β17

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 2839.

8.4.5. The Dynkin diagram (8.15 a).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [x3321,x32]c = 0;

x112 = 0; x221 = 0; [[x(24),x3]c, x3]c = 0;

x223 = 0; x334 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.16)
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HereOq
+ = {1, 12, 2, 123, 12232, 1232, 23, 232, 3} and the degree of the integral

is
ÿ = 14α1 + 24α2 + 30α3 + 8α4.

8.4.6. The Dynkin diagram (8.15 b).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x223 = 0; x24 = 0; [[x43,x432]c, x3]c = 0;

x112 = 0; x221 = 0; x13 = 0; x14 = 0;

x2
3 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.17)

Here Oq
+ = {1, 12, 2, 1234, 1223242, 234, 123242, 23242, 34} and the degree of

the integral is
ÿ = 14α1 + 24α2 + 30α3 + 24α4.

8.4.7. The Dynkin diagram (8.15 c).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x14 = 0; x112 = 0; [x(13),x2]c = 0;

x442 = 0; x443 = 0; [x124,x2]c = 0;

x2
2 = 0; x2

3 = 0; x3
α = 0, α ∈ Oq

+;

x13 = 0; x(24) = ζq34[x24, x3]c + q23(1− ζ)x3x24.

(8.18)

Here Oq
+ = {1, 4, 12342, 2324, 1234, 1223242, 123, 234, 23} and the degree of

the integral is
ÿ = 14α1 + 24α2 + 20α3 + 24α4.

8.4.8. The Dynkin diagram (8.15 d).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x34 = 0; [x124,x2]c = 0;

x332 = 0; x2
2 = 0; [x324,x2]c = 0;

x2
1 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.19)

Here Oq
+ = {3, 123, 12223, 12, 1223324, 122334, 12234, 234, 24} and the degree

of the integral is
ÿ = 24α1 + 36α2 + 20α3 + 14α4.

8.4.9. The Dynkin diagram (8.15 e).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x221 = 0; x13 = 0; x332 = 0;

x223 = 0; x14 = 0; x2
1 = 0; x2

4 = 0;

x224 = 0; x34 = 0; x3
α = 0, α ∈ Oq

+.

(8.20)

HereOq
+ = {3, 23, 2, 12234, 12233242, 1234, 1223342, 1222342, 124} and the de-

gree of the integral is

ÿ = 24α1 + 36α2 + 20α3 + 24α4.
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8.4.10. The Dynkin diagram (8.15 f).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x34 = 0; [[x(13),x2]c, x2]c = 0;

x223 = 0; x224 = 0; [[x324,x2]c, x2]c = 0;

x332 = 0 x2
1 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.21)

Here Oq
+ = {1, 12, 122, 2, 122334, 12334, 12234, 1234, 234} and the degree of

the integral is
ÿ = 14α1 + 36α2 + 20α3 + 14α4.

8.4.11. The associated Lie algebra. This is of type B3.

8.5. Type g(4, 3). Here θ = 4, ζ ∈ G′3. Let

A =


2 −1 0 0
−1 0 1 0
0 −2 2 −2
0 0 1 0

 ∈ F4×4, p = (1,−1,−1,−1) ∈ G4
2.

Let g(4, 3) = g(A,p), the contragredient Lie superalgebra corresponding to
(A,p). Then sdim g(2, 3) = 24|26 [BGL]. There are 9 other pairs of matrices
and parity vectors for which the associated contragredient Lie superalgebra
is isomorphic to g(4, 3). We describe now its root system g(4, 3), see [AA2].

8.5.1. Basic datum and root system. Below, C
(1)∧
n , C4, F4, A4, 1T , D4 and

A
(2)
5 are numbered as in (3.15), (4.15), (4.35), (4.2), (3.11), (4.23) and (3.6),

respectively. The basic datum and the bundle of Cartan matrices are de-
scribed by the following diagram, called g(4, 3):

C
(1)∧
2•
a1

4 C4•
a2

2 2

τ(F4)
•
a3

4 A4•
a4

3 1T•
a7

s13(A
(2)
5 )
•
a10

1 1 1 4

τ(F4)
•
a5

4 A4•
a6

3 1T•
a8

2 D4•
a9

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 122344, 122324, 12334, 2334,

122324, 12324, 1223442, 1234, 2324, 234, 324, 34, 4},

∆a2+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 1223442, 1223342, 2324,

1223242, 234, 1223443, 123342, 123242, 23342, 23242, 324, 34, 4},

∆a3+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 1223344, 1223334, 1222334, 122324,

1222324, 122324, 12233442, 12324, 1234, 2324, 234, 34, 4},

∆a4+ ={1, 12, 2, 123, 23, 3, 1222324, 122324, 12233442, 12233342, 12324,

12223342, 1234, 12233443, 1223342, 1223242, 123242, 2324, 234, 23242, 34, 4},
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∆a5+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 123344, 123334, 122324, 22334,

122324, 22324, 1233442, 12324, 1234, 2324, 234, 34, 4},

∆a6+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 1233442, 1233342, 22324,

1223342, 2324, 1233443, 1223242, 123242, 223342, 234, 23242, 34, 4},

∆a7+ ={1, 12, 2, 123, 23, 3, 122234, 12234, 12233242, 1223342, 1234, 1222342,

124, 12233243, 1223242, 122342, 12342, 234, 34, 2342, 24, 4},

∆a8+ ={1, 12, 2, 123, 23, 3, 123324, 122324, 12234, 22324, 2234, 1233342, 12324,

2324, 1233242, 1234, 1223242, 124, 234, 24, 34, 4},

∆a9+ ={1, 12, 2, 123, 23, 3, 1223324, 1222324, 122234, 123324, 122324, 12243342,

22324, 12234, 2234, 12233242, 1233242, 1234, 124, 234, 24, 4},

∆a10+ ={1, 12, 2, 123, 23, 3, 122334, 122234, 12224, 12334, 12234, 1224342, 2234,

1234, 1223342, 234, 123342, 1224, 124, 224, 24, 4}.

8.5.2. Weyl groupoid. The isotropy group at a6 ∈ X is

W(a6) = 〈ςa61 , ςa62 , ςa63 , ςa64 ς2ς3ς4ς1ς2ς3ς2ς1ς4ς3ς2ς4〉 'W (C3)× Z/2.

8.5.3. Incarnation. To describe it, we need the matrices (q(i))i∈I10 , from left
to right and from up to down:

ζ
◦

ζ −1◦
ζ −ζ
◦

ζ −1◦
ζ
◦

ζ −1◦
ζ ζ
◦

ζ −1◦

−1◦
ζ −1◦

ζ ζ
◦

ζ −1◦ −1◦
ζ −1◦

ζ −1◦
ζ −1◦

−1◦
ζ ζ
◦

ζ ζ
◦

ζ −1◦ −1◦
ζ ζ
◦

ζ −1◦
ζ −1◦

−1◦

ζ

ζ
◦

ζ −1◦
ζ ζ
◦

ζ
◦

ζ
ζ

−1◦
ζ ζ
◦

ζ −1◦

−1◦

ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ
ζ

−1◦
ζ −1◦

ζ −1◦

(8.22)

Now, this is the incarnation: ai 7→ q(i), i ∈ I10.

8.5.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I10,

are ordered from left to right, justifying the notation β1, . . . , β22.
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The root vectors xβk are described as in Remark 2.14. Thus{
xn22
β22

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 212396 = 213310.

8.5.5. The Dynkin diagram (8.22 a). The Nichols algebra Bq is generated
by (xi)i∈I4 with de�ning relations

x14 = 0; x24 = 0; [x(13), x2]c = 0; x13 = 0;

x112 = 0; x3332 = 0; x3334 = 0;

x2
2 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+;

[x2, x334]c − q34[x(24), x3]c + (ζ2 − ζ)q23x3x(24) = 0.

(8.23)

Here Oq
+ = {1, 123, 12232, 23, 3, 122334, 12324, 1223442, 2324, 34} and the de-

gree of the integral is

ÿ = 18α1 + 32α2 + 57α3 + 20α4.

8.5.6. The Dynkin diagram (8.22 b).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x(24),x3]c, x3]c = 0;

x112 = 0; x332 = 0; [x334,x34]c = 0;

[x(13), x2]c = 0; x2
2 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.24)

Here Oq
+ = {1, 3, 12324, 1234, 1223442, 1223342, 2324, 1223242, 234, 34} and

the degree of the integral is

ÿ = 18α1 + 32α2 + 57α3 + 39α4.

8.5.7. The Dynkin diagram (8.22 c).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x(24),x3]c, x3]c = 0;

[x332, x32]c = 0; x334 = 0; x2
1 = 0; [x3321,x32]c = 0;

[x(13), x2]c = 0; x2
2 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.25)

Here Oq
+ = {12, 123, 1232, 23, 3, 122334, 122324, 1233442, 2324, 234} and the

degree of the integral is

ÿ = 18α1 + 45α2 + 57α3 + 20α4.
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8.5.8. The Dynkin diagram (8.22 d).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x23,x(24)]c, x3]c = 0;

x2
1 = 0; x2

2 = 0; [[x43,x432]c, x3]c = 0;

[x(13), x2]c = 0; x2
3 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.26)

Here Oq
+ = {12, 23, 122324, 1234, 1233442, 1223342, 2324, 123242, 234, 34} and

the degree of the integral is

ÿ = 18α1 + 45α2 + 57α3 + 39α4.

8.5.9. The Dynkin diagram (8.22 e).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x(24),x3]c, x3]c = 0;

x221 = 0; x223 = 0; [x3321,x32]c = 0;

x334 = 0; x2
1 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.27)

Here Oq
+ = {2, 123, 23, 232, 3, 122334, 122324, 12233442, 12324, 1234} and the

degree of the integral is

ÿ = 29α1 + 45α2 + 57α3 + 20α4.

8.5.10. The Dynkin diagram (8.22 f).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x14 = 0; x24 = 0; [[x43, x432]c, x3]c = 0;

x221 = 0; x223 = 0; x2
1 = 0; x13 = 0;

x2
3 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.28)

HereOq
+ = {2, 123, 122324, 12233442, 12324, 1234, 1223342, 234, 23242, 34} and

the degree of the integral is

ÿ = 29α1 + 45α2 + 57α3 + 39α4.

8.5.11. The Dynkin diagram (8.22 g).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x221 = 0; x223 = 0; x224 = 0;

x332 = 0; x334 = 0; x2
1 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+;

x(24) − ζq34[x24, x3]c − (1− ζ)q23x3x24 = 0.

(8.29)

Here Oq
+ = {2, 123, 12234, 1234, 123342, 122342, 12342, 234, 24, 4} and the de-

gree of the integral is

ÿ = 18α1 + 45α2 + 39α3 + 41α4.
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8.5.12. The Dynkin diagram (8.22 h).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

[x(13), x2]c = 0; x13 = 0; x332 = 0; x2
2 = 0; x2

4 = 0;

[x124, x2]c = 0; x14 = 0; x334 = 0; xNαα = 0, α ∈ Oq
+;

x2
1 = 0; x(24) − ζq34[x24, x3]c − (1− ζ)q23x3x24 = 0.

(8.30)

Here Oq
+ = {12, 123, 3, 1223324, 122324, 12234, 2324, 1234, 234, 24} and the

degree of the integral is

ÿ = 29α1 + 45α2 + 39α3 + 29α4.

8.5.13. The Dynkin diagram (8.22 i).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x34 = 0; [x124,x2]c = 0;

x112 = 0; x442 = 0; [[x32,x324]c, x2]c = 0;

[x(13), x2]c = 0; x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+.

(8.31)

Here Oq
+ = {1, 123, 23, 1222324, 122324, 22324, 12234, 1234, 234, 4} and the

degree of the integral is

ÿ = 29α1 + 54α2 + 39α3 + 29α4.

8.5.14. The Dynkin diagram (8.22 j).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x34 = 0; [[x124,x2]c, x2]c = 0;

x112 = 0; x221 = 0; [[x324,x2]c, x2]c = 0;

x2
4 = 0; x223 = 0; x442 = 0; xNαα = 0, α ∈ Oq

+.

(8.32)

Here Oq
+ = {1, 12, 2, 12224, 12234, 1224, 124, 224, 24, 4}and the degree of the

integral is

ÿ = 29α1 + 54α2 + 17α3 + 29α4.

8.5.15. The associated Lie algebra. This is of type C3 ×A1.

8.6. Type g(3, 6). Here θ = 4, ζ ∈ G′3. Let

A =


0 1 0 0
�1 2 �1 0
0 �2 2 �2
0 0 1 0

 ∈ F4×4, p = (−1, 1,−1,−1) ∈ G4
2.

Let g(3, 6) = g(A,p), the contragredient Lie superalgebra corresponding to
(A,p). Then sdim g(3, 6) = 36|40 [BGL]. There are 6 other pairs of matrices
and parity vectors for which the associated contragredient Lie superalgebra
is isomorphic to g(3, 6). We describe now its root system g(3, 6), see [AA2].
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8.6.1. Basic datum and root system. Below, C
(1)∧
n , C4, F4, A4 and 1T are

numbered as in (3.15), (4.15), (4.35), (4.2) and (3.11), respectively. The
basic datum and the bundle of Cartan matrices are described by the following
diagram:

C
(1)∧
2•
a2

1 C
(1)∧
2•
a4

2 τ(F4)
•
a5

4 4 4

C4•
a1

1 C4•
a3

2 A4•
a6

3 1T•
a7

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ ={1, 12, 2, 123, 23, 3, 1222324, 122324, 12233442, 12233342, 12324, 12223342, 1234, 13243644,

12233543, 12233443, 12223443, 1223442, 1223342, 12233644, 2324, 123342, 324, 12233544,

1223443, 1223242, 123242, 23342, 234, 23242, 34, 4},

∆a2+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 1223354, 1223344, 1222344, 122344, 1223334, 1222334,

13243642, 1222324, 122324, 122324, 12233642, 12233542, 12334, 2334, 12233442, 12324,

1223442, 1234, 2324, 234, 324, 34, 4},

∆a3+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 1233442, 1233342, 22324, 1223442, 1223342,

1233543, 123342, 2324, 324, 1243644, 1233644, 1233443, 223342, 1223443, 23342, 1233544,

1223242, 123242, 223443, 234, 23242, 34, 4},

∆a4+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 123354, 123344, 122344, 22344, 123334, 122324,

1243642, 122324, 22334, 22324, 1233642, 1233542, 12334, 2334, 1233442, 12324, 1223442,

1234, 2324, 234, 324, 34, 4},

∆a5+ ={1, 12, 2, 123, 12232, 1232, 23, 232, 3, 1224354, 1224344, 1223344, 123344, 1223334, 123334,

13253642, 1222334, 1222324, 12253642, 122324, 12243542, 22334, 122324, 22324, 12233442,

1233442, 12324, 1234, 2324, 234, 34, 4},

∆a6+ ={1, 12, 2, 123, 23, 3, 1222324, 122324, 12233442, 12233342, 12324, 12223342, 1234, 13253644,

12243543, 12243443, 12233443, 1233442, 1233342, 12253644, 22324, 1223342, 2324,

12243544, 1233443, 1223242, 123242, 223342, 234, 23242, 34, 4},

∆a7+ ={1, 12, 2, 123, 23, 3, 1223324, 1222324, 122234, 123324, 122324, 12243342, 22324, 12324,

12233342, 2324, 13253443, 1233342, 12253443, 12243443, 12234, 12233242, 2234, 1233242,

12243343, 1234, 1223242, 124, 234, 24, 34, 4}.

8.6.2. Weyl groupoid. The isotropy group at a7 ∈ X is

W(a7) = 〈ςa71 , ςa72 , ςa74 , ςa73 ς4ς2ς3ς2ς4ς3〉 'W (C4).
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8.6.3. Incarnation. To describe it, we need the matrices (q(i))i∈I7 , from left
to right and from up to down:

−1◦
ζ ζ
◦

ζ ζ
◦

ζ −1◦ −1◦
ζ ζ
◦

ζ −ζ
◦

ζ −1◦

−1◦
ζ −1◦

ζ ζ
◦

ζ −1◦ −1◦
ζ −1◦

ζ −ζ
◦

ζ −1◦

ζ
◦

ζ −1◦
ζ ζ
◦

ζ −1◦
ζ
◦

ζ −1◦
ζ −1◦

ζ −1◦

−1◦

ζ
ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

(8.33)

Now, this is the incarnation: ai 7→ q(i), i ∈ I10.

8.6.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I7,

are ordered from left to right, justifying the notation β1, . . . , β32.
The root vectors xβk are described as in Remark 2.14. Thus{

xn32
β32

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 21631264 = 220316.

8.6.5. The Dynkin diagram (8.33 a).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x(24),x3]c, x3]c = 0;

x221 = 0; x223 = 0; [x334,x34]c = 0;

x332 = 0; x2
1 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.34)

Here Here Oq
+ = {2, 23, 3, 122324, 12324, 1234, 1223342, 1233543, 2324, 1233443, 223342,

1223443, 23342, 234, 23242, 34} and the degree of the integral is

ÿ = 29α1 + 84α2 + 135α3 + 91α4.

8.6.6. The Dynkin diagram (8.33 b).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x14 = 0; x221 = 0; x3332 = 0; x2
1 = 0; x2

4 = 0;

x24 = 0; x223 = 0; x3334 = 0; xNαα = 0, α ∈ Oq
+;

x13 = 0; [x2, x334]c + q34[x(24), x3]c + (ζ2 − ζ)q23x3x(24) = 0.

(8.35)

Here Oq
+ = {2, 123, 23, 232, 3, 123344, 122344, 122334, 122324, 22334, 1233542, 2334, 12324, 2324,

234, 34} and the degree of the integral is

ÿ = 29α1 + 84α2 + 135α3 + 46α4.



FINITE DIMENSIONAL NICHOLS ALGEBRAS OF DIAGONAL TYPE 99

8.6.7. The Dynkin diagram (8.33 c).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x(24),x3]c, x3]c = 0;

x332 = 0; [x(13), x2]c = 0; [x334,x34]c = 0;

x2
1 = 0; x2

2 = 0; x2
4 = 0; xNαα = 0, α ∈ Oq

+.

(8.36)

Here Oq
+ = {12, 123, 3, 122324, 12324, 12223342, 1234, 12233543, 12233443, 1223342, 2324,

123342, 1223443, 123242, 234, 34} and the degree of the integral is

ÿ = 57α1 + 84α2 + 135α3 + 91α4.

8.6.8. The Dynkin diagram (8.33 d).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x3332 = 0; x2
1 = 0; [x(13), x2]c = 0; x2

4 = 0;

x14 = 0; x3334 = 0; x2
2 = 0; xNαα = 0, α ∈ Oq

+;

x24 = 0; [x2, x334]c + q34[x(24), x3]c + (ζ2 − ζ)q23x3x(24) = 0.

(8.37)

Here Oq
+ = {12, 123, 1232, 23, 3, 1223344, 122344, 1222334, 122334, 122324, 12233542, 12334,

12324, 1234, 2324, 34} and the degree of the integral is

ÿ = 57α1 + 84α2 + 135α3 + 46α4.

8.6.9. The Dynkin diagram (8.33 e).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x(24),x3]c, x3]c = 0;

[x(13),x2]c = 0; x112 = 0; x334 = 0; [x3321,x32]c = 0;

[x332,x32]c = 0; x2
2 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.38)

Here Oq
+ = {1, 123, 12232, 23, 3, 1223344, 123344, 1223334, 123334, 122334, 12243542, 122324,

12324, 1234, 2324, 234} and the degree of the integral is

ÿ = 57α1 + 110α2 + 135α3 + 46α4.

8.6.10. The Dynkin diagram (8.33 f).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x13 = 0; x14 = 0; x24 = 0; [[x23,x(24)]c, x3]c = 0;

x112 = 0; x2
2 = 0; [[x43,x432]c, x3]c = 0;

[x(13),x2]c = 0; x2
3 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.39)

Here Oq
+ = {1, 123, 23, 122324, 12233342, 12324, 1234, 12243543, 12233443, 1233342,

1223342, 2324, 1233443, 1223242, 234, 34} and the degree of the integral is

ÿ = 57α1 + 110α2 + 135α3 + 91α4.
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8.6.11. The Dynkin diagram (8.33 g).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x221 = 0; x224 = 0; x332 = 0; x13 = 0; x14 = 0;

x223 = 0; x112 = 0; x334 = 0; xNαα = 0, α ∈ Oq
+;

x2
4 = 0; x(24) = ζq34[x24, x3]c + (1− ζ)q23x3x24.

(8.40)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 122324, 12243342, 12233342, 1233342, 12234, 12233242, 1233242,

1234, 1223242, 234} and the degree of the integral is

ÿ = 57α1 + 110α2 + 68α3 + 91α4.

8.6.12. The associated Lie algebra. This is of type C4.

8.7. Type g(2, 6). Here θ = 5, ζ ∈ G′3. Let

A =


2 �1 0 0 0
�1 2 0 �1 0
0 0 2 �1 0
0 1 1 0 �1
0 0 0 1 0

 ∈ F5×5; p = (1, 1, 1,−1,−1) ∈ G5
2.

Let g(2, 6) = g(A,p), the contragredient Lie superalgebra corresponding
to (A,p). We know [BGL] that sdim g(2, 6) = 36|20. There are 5 other
pairs of matrices and parity vectors for which the associated contragredient
Lie superalgebra is isomorphic to g(2, 6). We describe now the root system
g(2, 6) of g(2, 6), see [AA2] for details.

8.7.1. Basic datum and root system. Below, A5, 1T1 and D5 are numbered
as in (4.2), (3.11) and (4.23), respectively. The basic datum and the bundle
of Cartan matrices are described by the following diagram:

τ(D5)
•
a1

1 τ(D5)
•
a2

2

s35(A5)
•
a3

5 1T1•
a4

3 D5•
a5

4 D5•
a6
.

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ =τ(∆a6+ ), ∆a2+ = τ(∆a5+ ),

∆a3+ =
{

1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 2324, 234, 34, 4, 12233425,

12232425, 1232425, 232425, 1223245, 123245, 23245, 12345, 2345, 345, 45, 5
}
,

∆a4+ =
{

1, 12, 2, 123, 23, 3, 12234, 1234, 124, 234, 24, 34, 4, 12232425, 1223425,

123425, 23425, 122345, 12345, 2345, 345, 1245, 245, 45, 5
}
,

∆a5+ =
{

1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 2324, 234, 34, 4, 12233425,

1223345, 1223245, 123245, 23245, 12345, 2345, 345, 1235, 235, 35, 5
}
,

∆a6+ =
{

1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235,

122334252, 12233452, 23245, 12232452, 2345, 235, 1232452, 232452, 345, 35, 5
}
.
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8.7.2. Weyl groupoid. The isotropy group at a3 ∈ X is

W(a3) = 〈ςa31 , ςa32 , ςa35 ς2ς3ς2ς5, ς
a3
3 , ςa34 〉 'W (A5).

8.7.3. Incarnation. To describe it, we need the matrices (q(i))i∈I4 , from left
to right and from up to down:

ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

−1◦

ζ
ζ

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦

(8.41)

Now, this is the incarnation:

ai 7→ τ(q(5−i)), i ∈ I2; a3 7→ s35(q(1)); ai 7→ q(i−2), i ∈ I4,6.

8.7.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I6,

are ordered from left to right, justifying the notation β1, . . . , β25.
The root vectors xβk are described as in Remark 2.14. Thus{

xn25
β25

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 210315.

8.7.5. The Dynkin diagram (8.41 a).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[[x(14),x3]c, x2]c, x3]c = 0;

x24 = 0; x221 = 0; x112 = 0; [[[x5432,x3]c, x4]c, x3]c = 0;

x25 = 0; x223 = 0; x443 = 0; x445 = 0;

x35 = 0; x554 = 0; x2
3 = 0; x3

α = 0, α ∈ Oq
+.

(8.42)

Here Oq
+ = {1, 12, 2, 122324, 12324, 2324, 4, 12232425, 1232425, 232425, 1223245, 123245,

23245, 45, 5} and the degree of the integral is

ÿ = 20α1 + 36α2 + 48α3 + 36α4 + 20α5.
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8.7.6. The Dynkin diagram (8.41 b).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x125, x2]c = 0; x13 = 0; x112 = 0; x24 = 0; x45 = 0;

[x(24), x3]c = 0; x14 = 0; x443 = 0; x2
2 = 0; x2

3 = 0;

[x(13), x2]c = 0; x15 = 0; [x435,x3]c = 0; x3
α = 0, α ∈ Oq

+;

x2
5 = 0; x235 = q35ζ[x25, x3]c + q23(1− ζ)x3x25.

(8.43)

Here Oq
+ = {1, 123, 23, 12234, 124, 24, 34, 12232425, 123425, 23425, 122345, 345, 1245, 245, 5} and

the degree of the integral is

ÿ = 20α1 + 36α2 + 36α3 + 20α4 + 26α5.

8.7.7. The Dynkin diagram (8.41 c).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x223 = 0; x24 = 0; x25 = 0; [x435, x3]c = 0;

x14 = 0; x112 = 0; x221 = 0; x45 = 0; [x(24), x3]c = 0;

x15 = 0; x553 = 0; x2
3 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.44)

Here Oq
+ = {1, 12, 2, 122324, 12324, 2324, 4, 12233425, 1223345, 12345, 2345, 345, 1235, 235, 35}

and the degree of the integral is

ÿ = 20α1 + 36α2 + 48α3 + 20α4 + 26α5.

8.7.8. The Dynkin diagram (8.41 d).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x112 = 0; x24 = 0; x25 = 0; x45 = 0;

x14 = 0; x332 = 0; x221 = 0; x223 = 0; x334 = 0;

x15 = 0; x335 = 0; x553 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.45)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 122334252, 12233452, 12232452, 1232452, 232452}

and the degree of the integral is

ÿ = 20α1 + 36α2 + 48α3 + 30α4 + 26α5.

8.7.9. The associated Lie algebra. This is of type A5.

8.8. Type el(5; 3). Here θ = 5, ζ ∈ G′3. Let

A =


0 1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 −1
0 0 −1 2 0
0 0 1 0 0

 ∈ F5×5; p = (−1, 1, 1, 1,−1) ∈ G5
2.

Let el(5; 3) = g(A,p), the contragredient Lie superalgebra corresponding
to (A,p). We know [BGL] that sdim el(5; 3) = 39|32. There are 14 other
pairs of matrices and parity vectors for which the associated contragredient
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Lie superalgebra is isomorphic to el(5; 3). We describe now the root system
el(5; 3) of el(5; 3), see [AA2] for details.

8.8.1. Basic datum and root system. Below, D5, CE5, A5, F
(1)
4 , E

(2)
6 , 1T1

and 2T are numbered as in (4.23), (3.16), (4.2), (3.10), (3.9) and (3.11), re-
spectively. The basic datum and the bundle of Cartan matrices are described
by the following diagram:

D5•
a14

1 D5•
a12

2 D5•
a13

3 2T•
a7

5 5 5 4

D5•
a11

1 D5•
a10

2 CE5•
a9

A5•
a2

3 3 5

$3(D5)
•
a15

2 s45(1T1)
•
a6

1 s45(1T1)
•
a8

F
(1)
4•
a1

4 4

s34(A5)
•
a5

1 s34(A5)
•
a3

2 s34(E
(2)
6 )
•
a4

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 12233445,

12233435, 12232435, 1232435, 232435, 12232425, 1232425, 232425, 122334452, 123425,

12345, 23425, 2345, 3425, 345, 45, 5},

∆a2+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 122334452,

122334352, 232425, 122324352, 23425, 122324252, 2345, 122334453, 12324352, 12324252,

1234252, 2324352, 2324252, 234252, 3425, 345, 34252, 45, 5},

∆a3+ =s34({1, 12, 2, 123, 23, 3, 1222324, 122324, 12324, 1234, 2324, 234, 34, 4, 122334435, 122334425,

122333425, 122233425, 12233425, 122232425, 12232425, 1232425, 232425, 1223344352,

12223245, 1223245, 123245, 12345, 23245, 2345, 345, 45, 5}),

∆a4+ =s34({1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 2324, 234, 324, 34, 4, 12234435, 12234425,

12233425, 1233425, 233425, 12232425, 1232425, 232425, 32425, 122344352, 1223245, 123245,

12345, 23245, 2345, 3245, 345, 45, 5}),

∆a5+ =s34({1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 22324, 2324, 234, 34, 4, 12334435, 12334425,

12333425, 12233425, 2233425, 12232425, 2232425, 1232425, 232425, 123344352, 1223245,

123245, 12345, 223245, 23245, 2345, 345, 45, 5}),

∆a6+ =s45({1, 12, 2, 123, 23, 3, 12234, 1234, 124, 2234, 234, 24, 34, 4, 12332435, 12332425, 12232425,

2232425, 1233425, 1223425, 223425, 123425, 23425, 123324352, 122345, 12345, 1245, 22345,

2345, 245, 345, 45, 5}),

∆a7+ =s45({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 122334252, 12233452,

23245, 122324252, 12232452, 2345, 235, 122334253, 12324252, 1232452, 123452, 2324252,

232452, 23452, 345, 45, 3452, 35, 5}),

∆a8+ ={1, 12, 2, 123, 23, 3, 122234, 12234, 1234, 124, 234, 24, 34, 4, 122332435, 122332425,

122232425, 12232425, 12233425, 12223425, 1223425, 123425, 23425, 1223324352,
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1222345, 122345, 12345, 1245, 2345, 245, 345, 45, 5},

∆a9+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 2324, 234, 324, 34, 4, 12234425, 12233425,

1233425, 233425, 1223345, 123345, 23345, 1223245, 123245, 122344252, 12345, 1235,

23245, 2345, 235, 3245, 345, 35, 5},

∆a10+ ={1, 12, 2, 123, 23, 3, 1222324, 122324, 12324, 1234, 2324, 234, 34, 4, 122334425, 122333425,

122233425, 12233425, 12233345, 12223345, 1223345, 12223245, 1223245, 1223344252,

123245, 12345, 1235, 23245, 2345, 235, 345, 35, 5},

∆a11+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 22324, 2324, 234, 34, 4, 12334425, 12333425,

12233425, 2233425, 1233345, 1223345, 223345, 1223245, 223245, 123344252, 123245,

12345, 1235, 23245, 2345, 235, 345, 35, 5},

∆a12+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12223245, 1223245, 1223344252, 1223334252,

122333452, 123245, 1222334252, 122233452, 12345, 122232452, 1235, 1223344253,

122334252, 12233452, 12232452, 1232452, 23245, 2345, 345, 232452, 235, 35, 5},

∆a13+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 122344252, 122334252,

12233452, 23245, 12232452, 2345, 235, 122344253, 12334252, 1233452, 1232452, 2334252,

233452, 232452, 3245, 345, 32452, 35, 5},

∆a14+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 123344252, 123334252,

12333452, 223245, 122334252, 12233452, 23245, 123344253, 12232452, 1232452, 22334252,

2345, 345, 2233452, 2232452, 232452, 235, 35, 5},

∆a15+ =$3({1, 12, 2, 123, 23, 3, 122234, 12234, 1234, 124, 2234, 234, 24, 4, 122432435, 122432425,

122332425, 12332425, 12233425, 1233425, 12223425, 1223425, 223425, 1224324352,

1222345, 122345, 12345, 1245, 22345, 2345, 245, 45, 5}).

8.8.2. Weyl groupoid. The isotropy group at a12 ∈ X is

W(a12) = 〈ςa121 , ςa122 , ςa123 , ςa124 , ςa125 ς4ς3ς2ς5ς3ς4ς2ς1ς2ς4ς3ς5ς2ς3ς4ς5〉
'W (B4)× Z/2.

8.8.3. Incarnation. We set the matrices (q(i))i∈I15 , from left to right and
from up to down:

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

(8.46)

−1◦
ζ −1◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

−1◦
ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

−1◦
ζ

ζ

−1◦
ζ −1◦

ζ −1◦
ζ ζ
◦
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ζ
◦

ζ
ζ

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

−1◦
ζ

ζ

−1◦
ζ ζ
◦

ζ −1◦
ζ ζ
◦

−1◦

ζ

ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ −1◦

ζ −1◦
ζ ζ
◦

−1◦

ζ

−1◦
ζ ζ
◦

ζ −1◦
ζ ζ
◦

−1◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

−1◦

ζ

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

Now, this is the incarnation: a15 7→ $3(q(15)),

ai 7→ s34(q(5−i)), i ∈ I3,5; ai 7→ s45(q(i)), i = 6, 8; ai 7→ q(i), otherwise.

8.8.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I15,

are ordered from left to right, justifying the notation β1, . . . , β33.
The root vectors xβk are described as in Remark 2.14. Thus{

xn33
β33

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 216317.

8.8.5. The Dynkin diagram (8.46 a).
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The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[x(35),x4]c, x4]c = 0;

x24 = 0; x25 = 0; x35 = 0; x112 = 0;

x221 = 0; x223 = 0; x332 = 0; [x4432,x43]c = 0;

x334 = 0; x445 = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+.

(8.47)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4,

122334452} and the degree of the integral is

ÿ = 24α1 + 44α2 + 60α3 + 72α4 + 20α5.

8.8.6. The Dynkin diagram (8.46 b).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x24 = 0; x13 = 0; x14 = 0; x15 = 0; [[x54, x543]c, x4]c = 0;

x25 = 0; x112 = 0; x221 = 0; x223 = 0; x332 = 0;

x35 = 0; x334 = 0; x2
4 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+.

(8.48)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12345, 122334452, 122324252, 2345, 12324252, 1234252, 2324252,

234252, 345, 34252, 45} and the degree of the integral is

ÿ = 24α1 + 44α2 + 60α3 + 72α4 + 58α5.

8.8.7. The Dynkin diagram (8.46 c).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x24 = 0; x13 = 0; x14 = 0; x15 = 0; [[x23, x(24)]c, x3]c = 0;

x25 = 0; x443 = 0; x445 = 0; x554 = 0; [x(13), x2]c = 0;

x35 = 0; x2
1 = 0; x2

2 = 0; x2
3 = 0; x3

α = 0, α ∈ Oq
+.

(8.49)

Here Oq
+ = {12, 23, 12324, 22324, 234, 4, 12334435, 12334425, 12233425, 2232425, 1232425,

123344352, 123245, 223245, 2345, 45, 5} and the degree of the integral is

ÿ = 24α1 + 66α2 + 84α3 + 60α4 + 32α5.

8.8.8. The Dynkin diagram (8.46 d).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[x(24),x3]c, x3]c = 0;

x24 = 0; x25 = 0; x35 = 0; [x3345,x34]c = 0;

x112 = 0; x332 = 0; x443 = 0; [x(13),x2]c = 0;

x445 = 0; x554 = 0; x2
2 = 0; x3

α = 0, α ∈ Oq
+.

(8.50)

Here Oq
+ = {1, 3, 122324, 324, 34, 4, 12234435, 12234425, 12233425, 12232425, 32425, 122344352,

1223245, 3245, 345, 45, 5} and the degree of the integral is

ÿ = 24α1 + 44α2 + 84α3 + 60α4 + 32α5.
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8.8.9. The Dynkin diagram (8.46 e).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[[x5432,x3]c, x4]c, x3]c = 0;

x24 = 0; x25 = 0; x35 = 0; x221 = 0;

x223 = 0; x443 = 0; x445 = 0; [[[x(14),x3]c, x2]c, x3]c = 0;

x554 = 0; x2
1 = 0; x2

3 = 0; x3
α = 0, α ∈ Oq

+.

(8.51)

Here Oq
+ = {2, 123, 1222324, 1234, 2324, 4, 122334435, 122334425, 12233425, 122232425, 232425,

1223344352, 12223245, 12345, 23245, 45, 5} and the degree of the integral is

ÿ = 44α1 + 66α2 + 84α3 + 60α4 + 32α5.

8.8.10. The Dynkin diagram (8.46 f).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x24 = 0; [x125,x2]c = 0; [x435, x3]c = 0;

x14 = 0; x45 = 0; [x(24),x3]c = 0; x443 = 0; x2
2 = 0;

x15 = 0; x2
1 = 0; [x(13),x2]c = 0; x3

α = 0, α ∈ Oq
+;

x2
3 = 0; x2

5 = 0; x235 = q35ζ[x25, x3]c + q23(1− ζ)x3x25 = 0.

(8.52)

Here Oq
+ = {12, 23, 122234, 1234, 24, 34, 122332435, 122232425, 12233425, 1223425, 23425,

1223324352, 1222345, 12345, 245, 345, 5} and the degree of the integral is

ÿ = 44α1 + 66α2 + 60α3 + 32α4 + 44α5.

8.8.11. The Dynkin diagram (8.46 g).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [x(24),x3]c = 0; x24 = 0;

x221 = 0; x223 = 0; x443 = 0; [x235,x3]c = 0; x25 = 0;

x445 = 0; x2
3 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+;

x112 = 0; x(35) = q45ζ[x35, x4]c + q34(1− ζ)x4x35.

(8.53)

Here Oq
+ = {1, 12, 2, 1234, 234, 34, 12345, 12233452, 122324252, 2345, 12324252, 123452, 2324252,

23452, 345, 3452, 5} and the degree of the integral is

ÿ = 24α1 + 44α2 + 60α3 + 58α4 + 44α5.

8.8.12. The Dynkin diagram (8.46 h). The Nichols algebra Bq is generated
by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [x(24),x3]c = 0; x24 = 0;

x223 = 0; x225 = 0; x443 = 0; [x435,x3]c = 0; x45 = 0;

x2
1 = 0; x2

3 = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+;

x221 = 0; x235 = q35ζ[x25, x3]c + q23(1− ζ)x3x25.

(8.54)
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Here Oq
+ = {2, 123, 124, 2234, 234, 34, 12332435, 2232425, 1233425, 1223425, 123425, 123324352,

1245, 22345, 2345, 345, 5} and the degree of the integral is

ÿ = 24α1 + 66α2 + 60α3 + 32α4 + 44α5.

8.8.13. The Dynkin diagram (8.46 i).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[x235,x3]c, x3]c = 0;

x24 = 0; x25 = 0; x45 = 0; [x(13),x2]c = 0;

x112 = 0; x332 = 0; x334 = 0; [[x435,x3]c, x3]c = 0;

x553 = 0; x2
2 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.55)

Here Oq
+ = {1, 3, 122324, 324, 34, 4, 1233425, 233425, 123345, 23345, 123245, 122344252, 12345,

1235, 23245, 2345, 235} and the degree of the integral is

ÿ = 24α1 + 44α2 + 84α3 + 32α4 + 44α5.

8.8.14. The Dynkin diagram (8.46 j).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[x23,x235]c, x3]c = 0;

x24 = 0; x25 = 0; x45 = 0; [x(13),x2]c = 0;

x553 = 0; [x(24),x3]c = 0; x2
1 = 0; [x435,x3]c = 0;

x2
2 = 0; x2

3 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.56)

Here Oq
+ = {12, 23, 12324, 22324, 234, 4, 12333425, 2233425, 1233345, 223345, 1223245, 123344252,

12345, 1235, 23245, 345, 35} and the degree of the integral is

ÿ = 24α1 + 66α2 + 84α3 + 32α4 + 44α5.

8.8.15. The Dynkin diagram (8.46 k).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[[x1235,x3]c, x2]c, x3]c = 0;

x24 = 0; x25 = 0; x45 = 0; [x(24),x3]c = 0;

x221 = 0; x223 = 0; x553 = 0; [x435,x3]c = 0;

x2
1 = 0; x2

3 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.57)

Here Oq
+ = {2, 123, 1222324, 1234, 2324, 4, 122333425, 122233425, 12233345, 12223345, 1223245,

1223344252, 123245, 2345, 235, 345, 35} and the degree of the integral is

ÿ = 44α1 + 66α2 + 84α3 + 32α4 + 44α5.
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8.8.16. The Dynkin diagram (8.46 l).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x24 = 0; x13 = 0; x14 = 0; x15 = 0; [x(13),x2]c = 0;

x25 = 0; x332 = 0; x334 = 0; x335 = 0; x553 = 0;

x45 = 0; x2
1 = 0; x2

2 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.58)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 1223245, 123344252, 123334252, 12333452, 23245, 1232452,

22334252, 2345, 2233452, 2232452, 235} and the degree of the integral is

ÿ = 24α1 + 66α2 + 84α3 + 54α4 + 44α5.

8.8.17. The Dynkin diagram (8.46 m).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[x43,x435]c, x3]c = 0;

x24 = 0; x25 = 0; x45 = 0; [x(24),x3]c = 0;

[x(13),x2]c = 0; x112 = 0; x553 = 0; [x235,x3]c = 0;

x2
2 = 0; x2

3 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.59)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 123245, 122344252, 23245, 12232452, 12334252, 1233452,

2334252, 233452, 345, 32452, 35} and the degree of the integral is

ÿ = 24α1 + 44α2 + 84α3 + 54α4 + 44α5.

8.8.18. The Dynkin diagram (8.46 n).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x24 = 0; x13 = 0; x14 = 0; x15 = 0; x221 = 0;

x25 = 0; x223 = 0; x332 = 0; x334 = 0; x335 = 0;

x45 = 0; x553 = 0; x2
1 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.60)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 1223245, 1223344252, 1223334252, 122333452, 123245, 1222334252,

122233452, 12345, 122232452, 1235, 232452} and the degree of the integral is

ÿ = 48α1 + 66α2 + 84α3 + 54α4 + 44α5.

8.8.19. The Dynkin diagram (8.46 ñ).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x13 = 0; x14 = 0; x15 = 0; [[[x4325,x2]c, x3]c, x2]c = 0;

x24 = 0; x35 = 0; x45 = 0; [x(13),x2]c = 0;

x112 = 0; x332 = 0; x334 = 0; [x125,x2]c = 0;

x443 = 0; x552 = 0; x2
2 = 0; x3

α = 0, α ∈ Oq
+.

(8.61)

Here Oq
+ = {1, 3, 122234, 12234, 4, 2234, 122432435, 122432425, 12223425, 1223425, 223425,

1224324352, 1222345, 122345, 45, 22345, 5} and the degree of the integral is

ÿ = 44α1 + 84α2 + 60α3 + 32α4 + 44α5.

8.8.20. The associated Lie algebra. This is of type B4 ×A1.
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8.9. Type g(8, 3). Here θ = 5, ζ ∈ G′3. Let

A =


0 1 0 0 0
�1 2 0 �1 0
0 0 2 �1 �1
0 �1 �2 2 0
0 0 �1 0 2

 ∈ F5×5; p = (−1, 1, 1, 1, 1) ∈ G5
2.

Let g(8, 3) = g(A,p), the contragredient Lie superalgebra corresponding
to (A,p). We know [BGL] that sdim g(8, 3) = 55|50. There are 20 other
pairs of matrices and parity vectors for which the associated contragredient
Lie superalgebra is isomorphic to g(8, 3). We describe now the root system
g(8, 3) of g(8, 3), see [AA2] for details.

8.9.1. Basic datum and root system. Below, D5, CE5, A5, C5, E
(2)
6 , F

(1)
4 ,

C+++
2 , 1T1 and 2T are numbered as in (4.23), (3.16), (4.2), (4.15), (3.9),

(3.10), (3.17) and (3.11), respectively. The basic datum and the bundle of
Cartan matrices are described by the following diagram:

s34(F
(1)
4 )
•
a1

1 s34(F
(1)
4 )
•
a11

2 s34(A5)
•
a10

4 s34(1T1)
•
a14

3

D5•
a17

5

2

D5•
a20

2

E
(2)
6•
a2

5

1

A5•
a4

4

1

2T•
a12

3

1

D5•
a21

5

1

CE5•
a18

1

E
(2)
6•
a3

5

2

A5•
a6

4

2

2T•
a13

3

2

D5•
a16

5 CE5•
a19

E
(2)
6•
a5

5

3

A5•
a9

4

3

2T•
a15

τ(C+++
2 )
•
a7

5 C5•
a8

Using the notation (3.1), the bundle of root sets is the following:

∆
a1
+ =s34({1, 12, 2, 123, 23, 3, 1222324, 122324, 12324, 1234, 2324, 234, 324, 34, 4, 122335435, 122334435,

1
2
2
2
3
4
4
3
5, 12

2
3
4
4
3
5, 1

2
2
3
3
4
4
2
5, 1

2
2
2
3
4
4
2
5, 12

2
3
4
4
2
5, 1

2
2
3
3
3
4
2
5, 1

2
2
2
3
3
4
2
5, 1

3
2
4
3
6
4
4
5
2
,
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1
2
2
2
3
2
4
2
5, 1

2
2
2
3
2
45, 12

2
3
3
4
2
5, 12

2
3
2
4
2
5, 12

2
3
2
45, 1

2
2
3
3
6
4
4
5
2
, 1

2
2
3
3
5
4
4
5
2
, 1

2
2
3
3
5
4
3
5
2
,

123
3
4
2
5, 23

3
4
2
5, 1

2
2
3
3
4
4
3
5
2
, 123

2
4
2
5, 23

2
4
2
5, 1

2
2
2
3
4
4
3
5
2
, 12

2
3
4
4
3
5
2
, 123

2
45, 12345,

23
2
45, 2345, 3

2
4
2
5, 3

2
45, 345, 45, 5}),

∆
a2
+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 12334455,

12
3
3
4
4
4
5, 12

3
3
3
4
4
5, 12

2
3
3
4
4
5, 2

2
3
3
4
4
5, 12

3
3
3
4
3
5, 12

2
3
3
4
3
5, 2

2
3
3
4
3
5, 1

2
2
4
3
5
4
6
5
2
,

12
4
3
5
4
6
5
2
, 12

2
3
2
4
3
5, 12

2
3
2
4
2
5, 2

2
3
2
4
3
5, 2

2
3
2
4
2
5, 12

3
3
5
4
6
5
2
, 12

3
3
4
4
6
5
2
, 12

3
3
4
4
5
5
2
,

123
2
4
3
5, 23

2
4
3
5, 12

3
3
4
4
4
5
2
, 123

2
4
2
5, 23

2
4
2
5, 12

3
3
3
4
4
5
2
, 12

2
3
3
4
4
5
2
, 1234

2
5, 12345,

2
2
3
3
4
4
5
2
, 234

2
5, 2345, 34

2
5, 345, 45, 5},

∆
a3
+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 122334455,

1
2
2
3
3
4
4
4
5, 1

2
2
3
3
3
4
4
5, 1

2
2
2
3
3
4
4
5, 12

2
3
3
4
4
5, 1

2
2
3
3
3
4
3
5, 1

2
2
2
3
3
4
3
5, 12

2
3
3
4
3
5, 1

3
2
4
3
5
4
6
5
2
,

1
2
2
2
3
2
4
3
5, 1

2
2
2
3
2
4
2
5, 1

2
2
4
3
5
4
6
5
2
, 12

2
3
2
4
3
5, 12

2
3
2
4
2
5, 1

2
2
3
3
5
4
6
5
2
, 1

2
2
3
3
4
4
6
5
2
,

1
2
2
3
3
4
4
5
5
2
, 123

2
4
3
5, 23

2
4
3
5, 1

2
2
3
3
4
4
4
5
2
, 123

2
4
2
5, 23

2
4
2
5, 1

2
2
3
3
3
4
4
5
2
, 1

2
2
2
3
3
4
4
5
2
,

12
2
3
3
4
4
5
2
, 1234

2
5, 12345, 234

2
5, 2345, 34

2
5, 345, 45, 5},

∆
a4
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 123344452, 123334452,

12
3
3
3
4
3
5
2
, 2

2
3
2
4
2
5, 12

2
3
3
4
4
5
2
, 12

2
3
3
4
3
5
2
, 23

2
4
2
5, 1

2
2
4
3
5
4
6
5
4
, 12

3
3
4
4
5
5
3
, 12

2
3
2
4
3
5
2
,

123
2
4
3
5
2
, 2

2
3
3
4
4
5
2
, 234

2
5, 34

2
5, 12

4
3
5
4
6
5
4
, 12

3
3
5
4
6
5
4
, 12

3
3
4
4
4
5
3
, 2

2
3
3
4
3
5
2
, 12

3
3
4
4
6
5
4
,

12
3
3
3
4
4
5
3
, 2

2
3
2
4
3
5
2
, 12

2
3
3
4
4
5
3
, 23

2
4
3
5
2
, 12

3
3
4
4
5
5
4
, 12

2
3
2
4
2
5
2
, 123

2
4
2
5
2
, 1234

2
5
2
,

2
2
3
3
4
4
5
3
, 2345, 23

2
4
2
5
2
, 234

2
5
2
, 345, 34

2
5
2
, 45, 5},

∆
a5
+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 12234455,

12
2
3
4
4
4
5, 12

2
3
3
4
4
5, 123

3
4
4
5, 23

3
4
4
5, 12

2
3
3
4
3
5, 123

3
4
3
5, 23

3
4
3
5, 1

2
2
3
3
5
4
6
5
2
, 12

3
3
5
4
6
5
2
,

12
2
3
2
4
3
5, 12

2
3
2
4
2
5, 12

2
3
5
4
6
5
2
, 123

2
4
3
5, 123

2
4
2
5, 12

2
3
4
4
6
5
2
, 12

2
3
4
4
5
5
2
, 23

2
4
3
5, 3

2
4
3
5, 12

2
3
4
4
4
5
2
,

23
2
4
2
5, 3

2
4
2
5, 12

2
3
3
4
4
5
2
, 123

3
4
4
5
2
, 1234

2
5, 12345, 23

3
4
4
5
2
, 234

2
5, 2345, 34

2
5, 345, 45, 5},

∆
a6
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 122232425, 12232425, 1223344452, 1223334452, 1223334352,

123
2
4
2
5, 1

2
2
2
3
3
4
4
5
2
, 1

2
2
2
3
3
4
3
5
2
, 1234

2
5, 1

2
2
2
3
2
4
3
5
2
, 12345, 1

3
2
4
3
5
4
6
5
4
, 1

2
2
3
3
4
4
5
5
3
,

1
2
2
3
3
4
4
4
5
3
, 1

2
2
3
3
3
4
4
5
3
, 1

2
2
2
3
3
4
4
5
3
, 12

2
3
3
4
4
5
2
, 12

2
3
3
4
3
5
2
, 1

2
2
4
3
5
4
6
5
4
, 1

2
2
3
3
5
4
6
5
4
,

23
2
4
2
5, 12

2
3
2
4
3
5
2
, 1

2
2
3
3
4
4
6
5
4
, 234

2
5, 123

2
4
3
5
2
, 34

2
5, 1

2
2
3
3
4
4
5
5
4
, 12

2
3
3
4
4
5
3
, 12

2
3
2
4
2
5
2
,

123
2
4
2
5
2
, 1234

2
5
2
, 23

2
4
3
5
2
, 2345, 23

2
4
2
5
2
, 234

2
5
2
, 345, 34

2
5
2
, 45, 5},

∆
a7
+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 12233455, 12233445,

12
2
3
2
4
4
5, 123

2
4
4
5, 23

2
4
4
5, 12

2
3
3
4
3
5, 12

2
3
2
4
3
5, 1

2
2
3
3
4
4
6
5
2
, 12

3
3
4
4
6
5
2
, 12

2
3
2
4
2
5, 123

2
4
3
5,

12
2
3
4
4
6
5
2
, 123

2
4
2
5, 23

2
4
3
5, 23

2
4
2
5, 12

2
3
3
4
6
5
2
, 12

2
3
3
4
5
5
2
, 1234

3
5, 234

3
5, 34

3
5,

12
2
3
3
4
4
5
2
, 1234

2
5, 12

2
3
2
4
4
5
2
, 123

2
4
4
5
2
, 12345, 234

2
5, 23

2
4
4
5
2
, 2345, 34

2
5, 345, 4

2
5, 45, 5},

∆
a8
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 122334452, 122334352,

23
2
4
2
5, 12

2
3
2
4
4
5
2
, 12

2
3
2
4
3
5
2
, 234

2
5, 12

2
3
2
4
2
5
2
, 2345, 1

2
2
3
3
4
4
6
5
4
, 12

3
3
4
4
6
5
4
, 12

2
3
3
4
5
5
3
,

12
2
3
3
4
4
5
3
, 12

2
3
2
4
4
5
3
, 123

2
4
4
5
2
, 123

2
4
3
5
2
, 1234

3
5
2
, 123

2
4
2
5
2
, 1234

2
5
2
, 12

2
3
4
4
6
5
4
,

12
2
3
3
4
6
5
4
, 12

2
3
3
4
5
5
4
, 123

2
4
4
5
3
, 23

2
4
4
5
2
, 23

2
4
3
5
2
, 34

2
5, 23

2
4
2
5
2
, 345, 23

2
4
4
5
3
, 234

3
5
2
,

234
2
5
2
, 34

3
5
2
, 34

2
5
2
, 4

2
5, 45, 5},

∆
a9
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 122344452, 122334452,

12
2
3
3
4
3
5
2
, 23

2
4
2
5, 12

2
3
2
4
3
5
2
, 234

2
5, 12

2
3
2
4
2
5
2
, 2345, 1

2
2
3
3
5
4
6
5
4
, 12

3
3
5
4
6
5
4
, 12

2
3
4
4
5
5
3
,

12
2
3
4
4
4
5
3
, 12

2
3
3
4
4
5
3
, 123

3
4
4
5
2
, 123

3
4
3
5
2
, 123

2
4
3
5
2
, 123

2
4
2
5
2
, 1234

2
5
2
, 12

2
3
5
4
6
5
4
,

12
2
3
4
4
6
5
4
, 12

2
3
4
4
5
5
4
, 123

3
4
4
5
3
, 23

3
4
4
5
2
, 23

3
4
3
5
2
, 3

2
4
2
5, 23

2
4
3
5
2
, 34

2
5, 23

3
4
4
5
3
,

23
2
4
2
5
2
, 234

2
5
2
, 3

2
4
3
5
2
, 345, 34

2
5
2
, 45, 5},

∆
a10
+ =s34({1, 12, 2, 123, 23, 3, 1222324, 122324, 12324, 1234, 22324, 2324, 234, 34, 4, 122435435, 122434435,
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1
2
2
3
3
4
4
3
5, 12

3
3
4
4
3
5, 1

2
2
4
3
4
4
2
5, 1

2
2
3
3
4
4
2
5, 12

3
3
4
4
2
5, 1

2
2
3
3
3
4
2
5, 1

2
2
2
3
3
4
2
5, 1

3
2
5
3
6
4
4
5
2
,

1
2
2
2
3
2
4
2
5, 1

2
2
2
3
2
45, 12

3
3
3
4
2
5, 1

2
2
5
3
6
4
4
5
2
, 12

2
3
3
4
2
5, 1

2
2
4
3
5
4
4
5
2
, 1

2
2
4
3
5
4
3
5
2
, 2

2
3
3
4
2
5,

12
2
3
2
4
2
5, 1

2
2
4
3
4
4
3
5
2
, 2

2
3
2
4
2
5, 12

2
3
2
45, 2

2
3
2
45, 1

2
2
3
3
4
4
3
5
2
, 12

3
3
4
4
3
5
2
, 123

2
4
2
5, 123

2
45,

12345, 23
2
4
2
5, 23

2
45, 2345, 345, 45, 5}),

∆
a11
+ =s34({1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 22324, 2324, 234, 324, 34, 4, 12335435, 12334435, 12234435,

2
2
3
4
4
3
5, 12

3
3
4
4
2
5, 12

2
3
4
4
2
5, 2

2
3
4
4
2
5, 12

3
3
3
4
2
5, 12

2
3
3
4
2
5, 12

4
3
6
4
4
5
2
, 12

2
3
2
4
2
5, 12

2
3
2
45,

2
2
3
3
4
2
5, 2

2
3
2
4
2
5, 2

2
3
2
45, 12

3
3
6
4
4
5
2
, 12

3
3
5
4
4
5
2
, 12

3
3
5
4
3
5
2
, 123

3
4
2
5, 23

3
4
2
5, 12

3
3
4
4
3
5
2
,

123
2
4
2
5, 23

2
4
2
5, 12

2
3
4
4
3
5
2
, 123

2
45, 12345, 2

2
3
4
4
3
5
2
, 23

2
45, 2345, 3

2
4
2
5, 3

2
45, 345, 45, 5}),

∆
a12
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 123344252, 123334252, 12333452,

2
2
3
2
45, 12

2
3
3
4
2
5
2
, 12

2
3
3
45

2
, 23

2
45, 1

2
2
4
3
5
4
3
5
4
, 12

3
3
4
4
3
5
3
, 12

2
3
2
4
2
5
2
, 123

2
4
2
5
2
, 12

3
3
4
4
2
5
3
,

12
2
3
2
45

2
, 123

2
45

2
, 12

4
3
5
4
3
5
4
, 12

3
3
5
4
3
5
4
, 2

2
3
3
4
2
5
2
, 2

2
3
3
45

2
, 12

3
3
3
4
2
5
3
, 12

2
3
3
4
2
5
3
, 12

3
3
4
4
3
5
4
,

12
3
3
4
4
2
5
4
, 12345

2
, 2345, 2

2
3
2
45

2
, 235, 2

2
3
3
4
2
5
3
, 23

2
4
2
5
2
, 23

2
45

2
, 2345

2
, 345, 45, 345

2
, 35, 5},

∆
a13
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12223245, 1223245, 1223344252, 1223334252, 122333452,

123
2
45, 1

2
2
2
3
3
4
2
5
2
, 1

2
2
2
3
3
45

2
, 12345, 1

2
2
2
3
2
45

2
, 1235, 1

3
2
4
3
5
4
3
5
4
, 1

2
2
3
3
4
4
3
5
3
, 1

2
2
3
3
4
4
2
5
3
,

1
2
2
3
3
3
4
2
5
3
, 1

2
2
2
3
3
4
2
5
3
, 12

2
3
3
4
2
5
2
, 12

2
3
2
4
2
5
2
, 123

2
4
2
5
2
, 1

2
2
4
3
5
4
3
5
4
, 1

2
2
3
3
5
4
3
5
4
,

12
2
3
3
45

2
, 23

2
45, 1

2
2
3
3
4
4
3
5
4
, 12

2
3
2
45

2
, 2345, 1

2
2
3
3
4
4
2
5
4
, 12

2
3
3
4
2
5
3
, 123

2
45

2
, 12345

2
,

23
2
4
2
5
2
, 345, 45, 23

2
45

2
, 2345

2
, 235, 345

2
, 35, 5},

∆
a14
+ =s34({1, 12, 2, 123, 23, 3, 122234, 12234, 1234, 124, 2234, 234, 24, 34, 4, 122433435, 122432435, 122332435,

12
3
3
2
4
3
5, 1

2
2
4
3
2
4
2
5, 1

2
2
3
3
2
4
2
5, 12

3
3
2
4
2
5, 1

2
2
2
3
2
4
2
5, 12

2
3
2
4
2
5, 2

2
3
2
4
2
5, 1

3
2
5
3
3
4
4
5
2
,

1
2
2
5
3
3
4
4
5
2
, 1

2
2
4
3
3
4
4
5
2
, 1

2
2
4
3
3
4
3
5
2
, 1

2
2
3
34

2
5, 1

2
2
2
34

2
5, 1

2
2
2
345, 12

3
34

2
5, 12

2
34

2
5, 1

2
2
4
3
2
4
3
5
2
,

2
2
34

2
5, 12

2
345, 2

2
345, 1

2
2
3
3
2
4
3
5
2
, 12

3
3
2
4
3
5
2
, 1234

2
5, 12345, 1245, 234

2
5, 2345, 245, 345, 45, 5}),

∆
a15
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 122344252, 122334252, 12233452,

23
2
45, 12

2
3
2
4
2
5
2
, 12

2
3
2
45

2
, 2345, 235, 1

2
2
3
3
5
4
3
5
4
, 12

3
3
5
4
3
5
4
, 12

2
3
4
4
3
5
3
, 12

2
3
4
4
2
5
3
, 12

2
3
3
4
2
5
3
,

123
3
4
2
5
2
, 123

2
4
2
5
2
, 123

3
45

2
, 123

2
45

2
, 12345

2
, 12

2
3
5
4
3
5
4
, 12

2
3
4
4
3
5
4
, 12

2
3
4
4
2
5
4
, 123

3
4
2
5
3
,

23
3
4
2
5
2
, 23

3
45

2
, 3

2
45, 23

2
4
2
5
2
, 23

2
45

2
, 23

3
4
2
5
3
, 2345

2
, 345, 45, 3

2
45

2
, 345

2
, 35, 5},

∆
a16
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12223245, 1223245, 1223344252, 1223334252, 122333452,

123
2
45, 1

2
2
2
3
3
4
2
5
2
, 1

2
2
2
3
3
45

2
, 12345, 1

2
2
2
3
2
45

2
, 1235, 1

3
2
4
3
6
4
3
5
4
, 1

2
2
3
3
5
4
3
5
3
, 1

2
2
3
3
5
4
2
5
3
,

1
2
2
3
3
4
4
2
5
3
, 1

2
2
2
3
4
4
2
5
3
, 12

2
3
4
4
2
5
2
, 12

2
3
3
4
2
5
2
, 123

3
4
2
5
2
, 1

2
2
4
3
6
4
3
5
4
, 1

2
2
3
3
6
4
3
5
4
, 12

2
3
3
45

2
,

23
2
45, 123

3
45

2
, 3

2
45, 1

2
2
3
3
5
4
3
5
4
, 1

2
2
3
3
5
4
2
5
4
, 12

2
3
4
4
2
5
3
, 12

2
3
2
45

2
, 123

2
45

2
, 23

3
4
2
5
2
, 2345,

345, 23
3
45

2
, 23

2
45

2
, 235, 3

2
45

2
, 35, 5},

∆
a17
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12223245, 1223245, 1223344252, 1223334252, 122333452,

123
2
45, 1

2
2
2
3
3
4
2
5
2
, 1

2
2
2
3
3
45

2
, 12345, 1

2
2
2
3
2
45

2
, 1235, 1

3
2
5
3
6
4
3
5
4
, 1

2
2
4
3
5
4
3
5
3
, 1

2
2
4
3
5
4
2
5
3
,

1
2
2
4
3
4
4
2
5
3
, 1

2
2
3
3
4
4
2
5
3
, 12

3
3
4
4
2
5
2
, 12

3
3
3
4
2
5
2
, 12

2
3
3
4
2
5
2
, 1

2
2
5
3
6
4
3
5
4
, 12

3
3
3
45

2
, 2

2
3
2
45,

1
2
2
4
3
6
4
3
5
4
, 12

2
3
3
45

2
, 23

2
45, 1

2
2
4
3
5
4
3
5
4
, 1

2
2
4
3
5
4
2
5
4
, 12

3
3
4
4
2
5
3
, 12

2
3
2
45

2
, 123

2
45

2
,

2
2
3
3
4
2
5
2
, 2345, 345, 2

2
3
3
45

2
, 2

2
3
2
45

2
, 23

2
45

2
, 235, 35, 5},

∆
a18
+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 22324, 2324, 234, 324, 34, 4, 12335435, 12335425,

12
3
3
4
4
2
5, 12

2
3
4
4
2
5, 2

2
3
4
4
2
5, 12

3
3
3
4
2
5, 12

2
3
3
4
2
5, 2

2
3
3
4
2
5, 123

3
4
2
5, 23

3
4
2
5, 1

2
2
4
3
6
4
3
5
2
,

12
4
3
6
4
3
5
2
, 12

3
3
6
4
3
5
2
, 12

3
3
5
4
3
5
2
, 12

3
3
3
45, 12

2
3
3
45, 12

2
3
2
45, 123

3
45, 123

2
45, 12345, 12

3
3
5
4
2
5
2
,

12
3
3
4
4
2
5
2
, 12

2
3
4
4
2
5
2
, 1235, 2

2
3
3
45, 23

3
45, 2

2
3
2
45, 23

2
45, 2345, 235, 3

2
45, 345, 35, 5},

∆
a19
+ ={1, 12, 2, 123, 23, 3, 1222324, 122324, 12324, 1234, 2324, 234, 324, 34, 4, 122335435, 122335425,

1
2
2
3
3
4
4
2
5, 1

2
2
2
3
4
4
2
5, 12

2
3
4
4
2
5, 1

2
2
3
3
3
4
2
5, 1

2
2
2
3
3
4
2
5, 12

2
3
3
4
2
5, 123

3
4
2
5, 23

3
4
2
5, 1

3
2
4
3
6
4
3
5
2
,

1
2
2
4
3
6
4
3
5
2
, 1

2
2
3
3
6
4
3
5
2
, 1

2
2
3
3
5
4
3
5
2
, 1

2
2
3
3
3
45, 1

2
2
2
3
3
45, 1

2
2
2
3
2
45, 12

2
3
3
45, 12

2
3
2
45, 1

2
2
3
3
5
4
2
5
2
,
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123
3
45, 23

3
45, 1

2
2
3
3
4
4
2
5
2
, 123

2
45, 12

2
3
4
4
2
5
2
, 12345, 1235, 23

2
45, 2345, 235, 3

2
45, 345, 35, 5},

∆
a20
+ ={1, 12, 2, 123, 23, 3, 1222324, 122324, 12324, 1234, 22324, 2324, 234, 34, 4, 122435435, 122435425,

1
2
2
4
3
4
4
2
5, 1

2
2
3
3
4
4
2
5, 12

3
3
4
4
2
5, 1

2
2
3
3
3
4
2
5, 12

3
3
3
4
2
5, 1

2
2
2
3
3
4
2
5, 12

2
3
3
4
2
5, 2

2
3
3
4
2
5, 1

3
2
5
3
6
4
3
5
2
,

1
2
2
5
3
6
4
3
5
2
, 1

2
2
4
3
6
4
3
5
2
, 1

2
2
4
3
5
4
3
5
2
, 1

2
2
3
3
3
45, 1

2
2
2
3
3
45, 1

2
2
2
3
2
45, 12

3
3
3
45, 12

2
3
3
45, 1

2
2
4
3
5
4
2
5
2
,

2
2
3
3
45, 12

2
3
2
45, 2

2
3
2
45, 1

2
2
3
3
4
4
2
5
2
, 12

3
3
4
4
2
5
2
, 123

2
45, 12345, 1235, 23

2
45, 2345, 235, 345, 35, 5},

∆
a21
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 123344252, 123334252, 12333452,

2
2
3
2
45, 12

2
3
4
4
2
5
2
, 12

2
3
3
4
2
5
2
, 1

2
2
4
3
6
4
3
5
4
, 12

3
3
5
4
3
5
3
, 123

3
4
2
5
2
, 12

2
3
3
45

2
, 12

3
3
5
4
2
5
3
, 123

3
45

2
,

23
2
45, 3

2
45, 12

4
3
6
4
3
5
4
, 12

3
3
6
4
3
5
4
, 12

3
3
4
4
2
5
3
, 2

2
3
3
4
2
5
2
, 2

2
3
3
45

2
, 12

2
3
4
4
2
5
3
, 23

3
4
2
5
2
, 23

3
45

2
,

12
3
3
5
4
3
5
4
, 12

3
3
5
4
2
5
4
, 12

2
3
2
45

2
, 123

2
45

2
, 2

2
3
4
4
2
5
3
, 2345, 345, 2

2
3
2
45

2
, 23

2
45

2
, 235, 3

2
45

2
, 35, 5}.

8.9.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς3ς4ς2ς5ς4ς3ς1ς2ς4ς5ς3ς5ς4ς2ς1ς3ς4ς5ς2ς4ς3ς2ς1, ς
a1
2 , ςa13 ,

ςa14 , ςa15 〉 ' Z/2×W (F4).

8.9.3. Incarnation. We set the matrices (q(i))i∈I21 , from left to right and
from up to down:

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦(8.62)

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦ −1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦

−1◦
ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ −1◦

−1◦
ζ −1◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −ζ
◦

ζ −1◦

ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ −1◦
ζ
◦

ζ −1◦
ζ −1◦

ζ −1◦
ζ −1◦

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦ −1◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ
ζ

−1◦
ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ
ζ

−1◦
ζ −1◦

ζ −1◦
ζ −1◦

−1◦

ζ
ζ

ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ
◦

ζ
ζ

ζ
◦

ζ −1◦
ζ ζ
◦

ζ −1◦
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−1◦

ζ

−1◦
ζ ζ
◦

ζ −1◦
ζ ζ
◦

−1◦

ζ

ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

−1◦

ζ

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

−1◦

ζ

−1◦
ζ −1◦

ζ −1◦
ζ ζ
◦

Now, this is the incarnation:

ai 7→ s34(qi), i ∈ {1, 10, 11, 14}; ai 7→ q(i), otherwise.

8.9.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I21,

are ordered from left to right, justifying the notation β1, . . . , β49.
The root vectors xβk are described as in Remark 2.14. Thus{

xn49
β49

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 2243246 = 225325.

8.9.5. The Dynkin diagram (8.62 a).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;(8.63)

x443 = 0; x445 = 0; [[x(24), x3]c, x3]c = 0;

[x3345,x34]c = 0; x554 = 0; x2
1 = 0; xNαα = 0, α ∈ Oq

+.

Here Oq
+ = {2, 23, 3, 22324, 2324, 234, 324, 34, 4, 2234435, 2234425, 12233425, 2233425, 2232425,

223245, 233425, 232425, 22344352, 23245, 2345, 32425, 3245, 345, 45, 5} and the degree of the
integral is

ÿ = 29α1 + 102α2 + 171α3 + 118α4 + 61α5.

8.9.6. The Dynkin diagram (8.62 b).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x445 = 0; [[x(35), x4]c, x4]c = 0;

[x4432,x43]c = 0; x2
1 = 0; x2

5 = 0; xNαα = 0, α ∈ Oq
+.

(8.64)
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Here Oq
+ = {2, 23, 3, 1234, 234, 23242, 2342, 34, 342, 4, 12233445, 12233435, 1224354652, 12232435,

12232425, 1223354652, 1223344652, 1223344552, 1232435, 1223344452, 1232425, 1223334452,

1222334452, 123425, 12345} and the degree of the integral is

ÿ = 75α1 + 117α2 + 155α3 + 189α4 + 64α5.

8.9.7. The Dynkin diagram (8.62 c).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(13), x2]c = 0; x332 = 0; x334 = 0; xij = 0, i < j, q̃ij = 1;

x445 = 0; x2
1 = 0; [[x(35), x4]c, x4]c = 0;

[x4432, x43]c = 0; x2
2 = 0; x2

5 = 0; xNαα = 0, α ∈ Oq
+.

(8.65)

Here Oq
+ = {12, 123, 3, 1234, 123242, 12342, 234, 34, 342, 4, 12233445, 12233435, 1224354652,

12232435, 12232425, 123354652, 123344652, 123344552, 232435, 123344452, 232425, 123334452,

22334452, 23425, 2345} and the degree of the integral is

ÿ = 44α1 + 117α2 + 155α3 + 189α4 + 64α5.

8.9.8. The Dynkin diagram (8.62 d).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x2
1 = 0; [[x54,x543]c, x4]c = 0;

x2
4 = 0; x2

5 = 0; xNαα = 0, α ∈ Oq
+.

(8.66)

Here Oq
+ = {2, 23, 3, 1234, 12232425, 1223344452, 1223334452, 1232425, 1222334452, 123425,

12345, 1223344553, 122334352, 1224354654, 1223354654, 122324352, 1223344654, 12324352,

122334453, 2345, 2324252, 234252, 345, 34252, 45} and the degree of the integral is

ÿ = 75α1 + 117α2 + 155α3 + 189α4 + 127α5.

8.9.9. The Dynkin diagram (8.62 e).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; [x(13),x2]c = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

x445 = 0; [x(24),x3]c = 0; x2
3 = 0; [[x(35), x4]c, x4]c = 0;

[x443,x43]c = 0; [x4432,x43]c = 0; x2
5 = 0; xNαα = 0, α ∈ Oq

+.

(8.67)

Here Oq
+ = {1, 123, 23, 1234, 1223242, 12342, 234, 2342, 34, 4, 12233445, 12233435, 1223354652,

123354652, 1232435, 1232425, 122344652, 122344552, 232435, 122344452, 232425, 12334452,

2334452, 3425, 345} and the degree of the integral is

ÿ = 44α1 + 117α2 + 155α3 + 189α4 + 64α5.
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8.9.10. The Dynkin diagram (8.62 f).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x332 = 0; x334 = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x2
2 = 0; x2

4 = 0; [[x54,x543]c, x4]c = 0;

[x(13),x2]c = 0; x2
5 = 0; xNαα = 0, α ∈ Oq

+.

(8.68)

Here Oq
+ = {12, 123, 3, 234, 12232425, 12345, 123344452, 123334452, 122334352, 232425,

1224354654, 123344553, 122324352, 22334452, 23425, 123354654, 123344654, 122334453, 2324352,

12324252, 1234252, 2345, 345, 34252, 45} and the degree of the integral is

ÿ = 44α1 + 117α2 + 155α3 + 189α4 + 127α5.

8.9.11. The Dynkin diagram (8.62 g).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x4443 = 0; [x(24),x3]c = 0; xij = 0, i < j, q̃ij = 1;

x221 = 0; x4445 = 0; x223 = 0; xNαα = 0, α ∈ Oq
+;

x2
3 = 0; x2

5 = 0; [x3, x445]c = (ζ − ζ)q34x4x(35) − q45[x(35), x4]c.

(8.69)

Here Oq
+ = {1, 12, 2, 1234, 1223242, 123242, 234, 23242, 34, 4, 12233445, 12232435, 1223344652,

123344652, 1232435, 122344652, 232435, 122334552, 123425, 122324452, 12324452, 23425, 2324452,

3425, 45} and the degree of the integral is

ÿ = 44α1 + 84α2 + 120α3 + 189α4 + 64α5.

8.9.12. The Dynkin diagram (8.62 h). The Nichols algebra Bq is generated
by (xi)i∈I5 with de�ning relations

[x(24), x3]c = 0; x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x445 = 0; [[x(35), x4]c, x4]c = 0;

[x445, x45]c = 0; x2
3 = 0; x2

5 = 0; xNαα = 0, α ∈ Oq
+.

(8.70)

Here Oq
+ = {1, 12, 2, 4, 123425, 12345, 122324452, 122324352, 23425, 122324252, 2345, 1223344654,

123344654, 122334553, 122334453, 12324452, 12324352, 12324252, 122344654, 2324452,

2324352, 3425, 2324252, 345, 45} and the degree of the integral is

ÿ = 44α1 + 84α2 + 120α3 + 189α4 + 127α5.

8.9.13. The Dynkin diagram (8.62 i).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; [x(24), x3]c = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

[x(13), x2]c = 0; x2
3 = 0; [[x54, x543]c, x4]c = 0;

x2
5 = 0; [[x34, x(35)]c, x4]c = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.71)

Here Oq
+ = {1, 123, 23, 34, 1232425, 12345, 122344452, 122334352, 232425, 122324252, 2345,

1223354654, 123354654, 122344553, 122334453, 12334452, 12324352, 1234252, 122344654, 2334452,

2324352, 3425, 234252, 345, 45} and the degree of the integral is

ÿ = 44α1 + 84α2 + 155α3 + 189α4 + 127α5.
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8.9.14. The Dynkin diagram (8.62 j).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(13), x2]c = 0; x112 = 0; x443 = 0; xij = 0, i < j, q̃ij = 1;

x445 = 0; x554 = 0; [[x23,x(24)]c, x3]c = 0;

x2
2 = 0; x2

3 = 0; xNαα = 0, α ∈ Oq
+.

(8.72)

Here Oq
+ = {1, 123, 23, 1222324, 122324, 1234, 22324, 234, 4, 122434435, 122434425, 122333425,

122232425, 12223245, 12333425, 12233425, 12232425, 1224344352, 2232425, 1223245,

223245, 12345, 2345, 45, 5} and the degree of the integral is

ÿ = 75α1 + 146α2 + 171α3 + 118α4 + 61α5.

8.9.15. The Dynkin diagram (8.62 k).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(13), x2]c = 0; x332 = 0; x443 = 0; xij1 = 0, i < j, q̃ij = 1;

x445 = 0; x554 = 0; [[x(35), x4]c, x4]c = 0;

[x3345, x34]c = 0; x2
1 = 0; x2

2 = 0; xNαα = 0, α ∈ Oq
+.

(8.73)

Here Oq
+ = {12, 123, 3, 1222324, 12324, 1234, 324, 34, 4, 122234435, 122234425, 122233425,

122232425, 12223245, 12233425, 1233425, 1232425, 1222344352, 123245, 12345, 32425, 3245,

345, 45, 5} and the degree of the integral is

ÿ = 75α1 + 102α2 + 171α3 + 118α4 + 61α5.

8.9.16. The Dynkin diagram (8.62 l).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x443 = 0; [x(24),x3]c = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x445 = 0; [x235,x3]c = 0; xNαα = 0, α ∈ Oq
+;

x2
1 = 0; x2

3 = 0; x2
5 = 0; x(35) = q45ζ[x35, x4]c + q34(1− ζ)x4x35.

(8.74)

Here Oq
+ = {2, 123, 234, 34, 1223245, 1223344252, 122333452, 123245, 122233452, 12345, 1235,

1223344253, 122334252, 1224354354, 1223354354, 12232452, 2345, 1223344254, 122334253,

1232452, 2324252, 345, 23452, 3452, 5} and the degree of the integral is

ÿ = 75α1 + 117α2 + 155α3 + 127α4 + 95α5.

8.9.17. The Dynkin diagram (8.62 m).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x443 = 0; [x(13),x2]c = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x445 = 0; [x(24),x3]c = 0; x2
2 = 0; x2

5 = 0; xNαα = 0, α ∈ Oq
+;

[x235, x3]c = 0; x2
3 = 0; x(35) = q45ζ[x35, x4]c + q34(1− ζ)x4x35.

(8.75)

Here Oq
+ = {12, 23, 1234, 34, 1223245, 12345, 123344252, 12333452, 122334252, 23245,

1224354354, 12324252, 123344253, 12232452, 123354354, 2233452, 122334253, 123344254, 123452,

2345, 235, 232452, 345, 3452, 5} and the degree of the integral is

ÿ = 44α1 + 117α2 + 155α3 + 127α4 + 95α5.
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8.9.18. The Dynkin diagram (8.62 n).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(24), x3]c = 0; x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

[x435, x3]c = 0; x223 = 0; x225 = 0; x2
5 = 0; xNαα = 0, α ∈ Oq

+;

x443 = 0; x2
3 = 0; x235 = q35ζ[x25, x3]c + q23(1− ζ)x3x25.

(8.76)

Here Oq
+ = {1, 12, 2, 122234, 12234, 1234, 2234, 234, 34, 122433435, 122432425, 122332425,

12332425, 122232425, 12232425, 2232425, 1224334352, 1222345, 1223425, 122345, 22345, 12345,

2345, 345, 5} and the degree of the integral is

ÿ = 75α1 + 146α2 + 118α3 + 61α4 + 95α5.

8.9.19. The Dynkin diagram (8.62 ñ).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x332 = 0; x443 = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x335 = 0; x445 = 0; x2
5 = 0; xNαα = 0, α ∈ Oq

+;

[x(13), x2]c = 0; x(35) = q45ζ[x35, x4]c + q34(1− ζ)x4x35.

(8.77)

Here Oq
+ = {1, 3, 1234, 234, 123245, 12345, 122344252, 1233452, 122334252, 23245, 1223354354,

122324252, 122344253, 1232452, 123354354, 233452, 122334253, 122344254, 123452, 345,

35, 232452, 2345, 23452, 5} and the degree of the integral is

ÿ = 44α1 + 84α2 + 155α3 + 127α4 + 95α5.

8.9.20. The Dynkin diagram (8.62 o).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(24), x3]c = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x553 = 0; x2
1 = 0; [[x43,x435]c, x3]c = 0;

[x235, x3]c = 0; x2
3 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.78)

Here Oq
+ = {2, 123, 1234, 4, 1223245, 123245, 123334252, 12333452, 122334252, 1224364354,

12334252, 12233452, 1233452, 23245, 123344253, 122344253, 123354354, 123354254, 2345, 345,

2232452, 232452, 235, 32452, 35} and the degree of the integral is

ÿ = 44α1 + 117α2 + 186α3 + 127α4 + 95α5.

8.9.21. The Dynkin diagram (8.62 p).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x332 = 0; x334 = 0; xij = 0, i < j, q̃ij = 1;

x335 = 0; x553 = 0; [x(13),x2]c = 0;

x2
2 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.79)
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Here Oq
+ = {1, 3, 34, 4, 1223245, 123245, 1222334252, 122233452, 12345, 122232452, 1235,

1223344253, 122334252, 1224364354, 12233452, 23245, 1224354354, 1224354254, 123344253,

12232452, 22334252, 2345, 2233452, 2232452, 235} and the degree of the integral is

ÿ = 75α1 + 146α2 + 186α3 + 127α4 + 95α5.

8.9.22. The Dynkin diagram (8.62 q).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(13), x2]c = 0; x332 = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x553 = 0; x2
2 = 0; [[x235, x3]c, x3]c = 0;

[[x435, x3]c, x3]c = 0; x334 = 0; x2
4 = 0; xNαα = 0, α ∈ Oq

+.

(8.80)

Here Oq
+ = {12, 123, 3, 1222324, 12324, 1234, 324, 34, 4, 122335435, 122335425, 122334425,

12234425, 122333425, 12233425, 233425, 1224364352, 12233345, 1223345, 1223245, 23345, 123245,

23245, 2345, 235} and the degree of the integral is

ÿ = 75α1 + 117α2 + 186α3 + 61α4 + 95α5.

8.9.23. The Dynkin diagram (8.62 r).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x553 = 0; [[x235, x3]c, x3]c = 0;

[[x435,x3]c, x3]c = 0; x2
1 = 0; x2

4 = 0; xNαα = 0, α ∈ Oq
+.

(8.81)

Here Oq
+ = {2, 23, 3, 22324, 2324, 234, 324, 34, 4, 12335435, 12335425, 12334425, 12234425,

12333425, 12233425, 1233425, 1224364352, 1233345, 1223345, 1223245, 123345, 123245, 12345,

1235, 23245} and the degree of the integral is

ÿ = 44α1 + 117α2 + 186α3 + 61α4 + 95α5.

8.9.24. The Dynkin diagram (8.62 s).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x2
2 = 0; [x(13),x2]c = 0; xij = 0, i < j, q̃ij = 1;

x2
3 = 0; [x(24),x3]c = 0; [[x23,x235]c, x3]c = 0;

x553 = 0; x2
4 = 0; [x435,x3]c = 0; xNαα = 0, α ∈ Oq

+.

(8.82)

Here Oq
+ = {1, 123, 23, 1222324, 122324, 1234, 22324, 234, 4, 122435435, 122435425, 122334425,

12334425, 122233425, 12233425, 2233425, 1224364352, 12223345, 1223345, 223345, 1223245,

123245, 23245, 345, 35} and the degree of the integral is

ÿ = 75α1 + 146α2 + 186α3 + 61α4 + 95α5.
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8.9.25. The Dynkin diagram (8.62 t).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x443 = 0; [x(13), x2]c = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

[x(24), x3]c = 0; x2
2 = 0; [[x43, x435]c, x3]c = 0;

x2
3 = 0; [x235, x3]c = 0; x2

5 = 0; xNαα = 0, α ∈ Oq
+.

(8.83)

Here Oq
+ = {12, 23, 234, 4, 1223245, 1223334252, 122333452, 123245, 12345, 122232452, 1235,

1223344253, 122334252, 1224364354, 12233452, 23245, 1223354354, 1223354254, 122344253,

1232452, 2334252, 345, 233452, 32452, 35} and the degree of the integral is

ÿ = 75α1 + 117α2 + 186α3 + 127α4 + 95α5.

8.9.26. The associated Lie algebra. This is of type F4 ×A1.

8.10. Type g(4, 6). Here θ = 6, ζ ∈ G′3. Let

A =


2 −1 0 0 0 0
1 0 −1 0 0 0
0 −1 0 1 0 1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

 ∈ F6×6; p = (−1, 1, 1, 1, 1, 1) ∈ G6
2.

Let g(4, 6) = g(A,p), the contragredient Lie superalgebra corresponding
to (A,p). We know [BGL] that sdim g(4, 6) = 66|32. There are 6 other
pairs of matrices and parity vectors for which the associated contragredient
Lie superalgebra is isomorphic to g(4, 6). We describe now the root system
g(4, 6) of g(4, 6), see [AA2] for details.

8.10.1. Basic datum and root system. Below, A6, D6, E6 and 2T1 are num-
bered as in (4.2), (4.23), (4.28) and (3.11), respectively. The basic datum
and the bundle of Cartan matrices are described by the following diagram:

E6•
a3

2 E6•
a5

1 E6•
a6

3

s456(A6)
•
a1

6 2T1•
a7

4 D6•
a2

5 D6•
a4

Using the notation (3.1), the bundle of root sets is the following:

∆
a1
+ =s456({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 232425, 23425, 2345,

34
2
5, 345, 45, 5, 12

2
3
3
4
4
5
3
6, 12

2
3
3
4
4
5
2
6, 12

2
3
3
4
3
5
2
6, 12

2
3
2
4
3
5
2
6, 123

2
4
3
5
2
6, 23

2
4
3
5
2
6,

12
2
3
2
4
2
5
2
6, 123

2
4
2
5
2
6, 23

2
4
2
5
2
6, 1234

2
5
2
6, 234

2
5
2
6, 34

2
5
2
6, 12

2
3
3
4
4
5
3
6
2
, 12

2
3
2
4
2
56,

123
2
4
2
56, 1234

2
56, 123456, 23

2
4
2
56, 234

2
56, 23456, 34

2
56, 3456, 456, 56, 6}),

∆
a2
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334356, 122324356, 122324256,

12
2
3
2
4
2
6, 123

2
4
3
56, 123

2
4
2
56, 123

2
4
2
6, 23

2
4
3
56, 23

2
4
2
56, 23

2
4
2
6, 12

2
3
3
4
4
5
2
6
2
, 12

2
3
3
4
4
56

2
,

1234
2
56, 234

2
56, 34

2
56, 12

2
3
3
4
3
56

2
, 123456, 23456, 3456, 12

2
3
2
4
3
56

2
, 123

2
4
3
56

2
, 1234

2
6,

12346, 23
2
4
3
56

2
, 234

2
6, 2346, 456, 34

2
6, 346, 46, 6},

∆
a3
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334256, 122324256, 12232456,
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12
2
3
2
46, 123

3
4
2
56, 23

3
4
2
56, 123

2
4
2
56, 123

2
456, 123

2
46, 12

2
3
4
4
3
5
2
6
2
, 12

2
3
4
4
3
56

2
, 23

2
4
2
56,

3
2
4
2
56, 123456, 12346, 12

2
3
4
4
2
56

2
, 12

2
3
3
4
2
56

2
, 123

3
4
2
56

2
, 1236, 23

2
456, 3

2
456, 23

2
46, 3

2
46,

23
3
4
2
56

2
, 23456, 2346, 236, 3456, 346, 36, 6},

∆
a4
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223343526, 1223243526, 1223242526,

12
2
3
2
4
2
56, 123

2
4
3
5
2
6, 123

2
4
2
5
2
6, 123

2
4
2
56, 23

2
4
3
5
2
6, 23

2
4
2
5
2
6, 23

2
4
2
56, 12

2
3
3
4
4
5
3
6
2
,

1234
2
5
2
6, 234

2
5
2
6, 34

2
5
2
6, 12

2
3
3
4
4
5
2
6
2
, 12

2
3
3
4
3
5
2
6
2
, 1234

2
56, 234

2
56, 34

2
56, 12

2
3
2
4
3
5
2
6
2
,

123
2
4
3
5
2
6
2
, 123456, 12346, 23

2
4
3
5
2
6
2
, 23456, 2346, 3456, 346, 456, 46, 6},

∆
a5
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223334256, 1222334256, 1222324256,

1
2
2
2
3
2
456, 1

2
2
2
3
2
46, 12

2
3
3
4
2
56, 12

2
3
2
4
2
56, 12

2
3
2
456, 12

2
3
2
46, 1

2
2
3
3
4
4
3
5
2
6
2
, 1

2
2
3
3
4
4
3
56

2
,

123
2
4
2
56, 23

2
4
2
56, 1

2
2
3
3
4
4
2
56

2
, 123

2
456, 23

2
456, 1

2
2
3
3
3
4
2
56

2
, 123456, 23456, 1

2
2
2
3
3
4
2
56

2
,

12
2
3
3
4
2
56

2
, 123

2
46, 12346, 1236, 3456, 23

2
46, 2346, 236, 346, 36, 6},

∆
a6
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123334256, 122334256, 122324256,

12
2
3
2
456, 12

2
3
2
46, 2

2
3
3
4
2
56, 2

2
3
2
4
2
56, 2

2
3
2
456, 2

2
3
2
46, 12

3
3
4
4
3
5
2
6
2
, 12

3
3
4
4
3
56

2
, 123

2
4
2
56,

23
2
4
2
56, 12

3
3
4
4
2
56

2
, 123

2
456, 23

2
456, 12

3
3
3
4
2
56

2
, 123456, 23456, 12

2
3
3
4
2
56

2
, 123

2
46, 12346,

1236, 2
2
3
3
4
2
56

2
, 3456, 23

2
46, 2346, 236, 346, 36, 6},

∆
a7
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334256, 122324256, 12232456,

12
2
3
2
46, 123

2
4
2
56, 123

2
456, 123

2
46, 23

2
4
2
56, 23

2
456, 23

2
46, 12

2
3
3
4
3
5
2
6
2
, 12

2
3
3
4
3
56

2
, 1234

2
56,

234
2
56, 34

2
56, 12

2
3
3
4
2
56

2
, 123456, 23456, 3456, 12

2
3
2
4
2
56

2
, 123

2
4
2
56

2
, 12346, 1236,

23
2
4
2
56

2
, 2346, 236, 456, 346, 36, 46, 6}.

8.10.2. Weyl groupoid. The isotropy group at a3 ∈ X is

W(a3) = 〈ςa31 ς2ς3ς6ς4ς6ς3ς2ς1, ς
a3
2 , ςa33 , ςa34 , ςa35 , ςa46 〉 'W (D6).
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8.10.3. Incarnation. We set the matrices (q(i))i∈I7 , from left to right and
from up to down:

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦

ζ
◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

−1◦

ζ
ζ

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

(8.84)

Now, this is the incarnation:

a1 7→ s456(q1); ai 7→ q(i), i ∈ I2,7.

8.10.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I7,

are ordered from left to right, justifying the notation β1, . . . , β46.
The root vectors xβk are described as in Remark 2.14. Thus{

xn46
β46

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 216330.

8.10.5. The Dynkin diagram (8.84 a).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x332 = 0; [[[x(25), x4]c, x3]c, x4]c = 0;

x334 = 0; x554 = 0; [[[x6543, x4]c, x5]c, x4]c = 0;

x556 = 0; x665 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.85)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12232425, 1232425, 123425, 232425, 23425, 3425, 5, 1223344536,

1223344526, 1223242526, 123242526, 23242526, 12342526, 2342526, 342526, 12233445362,
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122324256, 12324256, 1234256, 2324256, 234256, 34256, 56, 6} and the degree of the integral
is

ÿ = 36α1 + 68α2 + 96α3 + 120α4 + 84α5 + 44α6.

8.10.6. The Dynkin diagram (8.84 b).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

[x546, x4]c = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x664 = 0; [[[x2346, x4]c, x3]c, x4]c = 0;

[x(35), x4]c = 0; x112 = 0; x2
5 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.86)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12345, 2345, 345, 45, 122334356, 122324356, 12232426, 12324356,

1232426, 2324356, 232426, 12234445262, 1223343562, 123456, 23456, 3456, 1223243562, 123243562,

123426, 23243562, 23426, 456, 3426, 6} and the degree of the integral is

ÿ = 36α1 + 68α2 + 96α3 + 120α4 + 44α5 + 62α6.

8.10.7. The Dynkin diagram (8.84 c).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

[x(13), x2]c = 0; x443 = 0; x445 = 0; xij = 0, i < j, q̃ij = 1;

[x236, x3]c = 0; x554 = 0; x663 = 0; [[[x5436, x3]c, x4]c, x3]c = 0;

[x(24), x3]c = 0; x112 = 0; x2
3 = 0; x2

2 = 0; x3
α = 0, α ∈ Oq

+.

(8.87)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 12345, 2345, 45, 5, 122324256, 12232456, 1223246, 12334256,

2334256, 12234435262, 1223443562, 324256, 123456, 12346, 1223442562, 123342562, 1236, 32456,

3246, 23342562, 23456, 2346, 236, 6} and the degree of the integral is

ÿ = 36α1 + 68α2 + 120α3 + 84α4 + 44α5 + 62α6.

8.10.8. The Dynkin diagram (8.84 d).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x443 = 0; x445 = 0;

x446 = 0; x664 = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+.

(8.88)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223343526, 1223243526, 1223242526, 123243526,

123242526, 23243526, 23242526, 12342526, 2342526, 342526, 12234445262, 12233435262,

12232435262, 1232435262, 12346, 232435262, 2346, 346, 46, 6} and the degree of the integral
is

ÿ = 36α1 + 68α2 + 96α3 + 120α4 + 78α5 + 62α6.
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8.10.9. The Dynkin diagram (8.84 e).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x332 = 0; x334 = 0; x336 = 0; xij = 0, i < j, q̃ij = 1;

x663 = 0; x443 = 0; x445 = 0; [x(13), x2]c = 0;

x554 = 0; x2
1 = 0; x2

2 = 0; x3
α = 0, α ∈ Oq

+.

(8.89)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 12345, 345, 45, 5, 123334256, 22334256, 22324256, 2232456,

223246, 12334435262, 1233443562, 12324256, 1233442562, 1232456, 1233342562, 123456, 123246,

12346, 1236, 223342562, 3456, 346, 36, 6} and the degree of the integral is

ÿ = 36α1 + 90α2 + 120α3 + 84α4 + 44α5 + 62α6.

8.10.10. The Dynkin diagram (8.84 f).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x443 = 0; x445 = 0; x336 = 0;

x663 = 0; x2
1 = 0; x554 = 0; x3

α = 0, α ∈ Oq
+.

(8.90)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 2345, 345, 45, 5, 1223334256, 1222334256, 1222324256,

122232456, 12223246, 122334435262, 12233443562, 2324256, 12233442562, 232456, 12233342562,

23456, 12223342562, 3456, 23246, 2346, 236, 346, 36, 6} and the degree of the integral is

ÿ = 56α1 + 90α2 + 120α3 + 84α4 + 44α5 + 62α6.

8.10.11. The Dynkin diagram (8.84 g).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; [x(24),x3]c = 0; x554 = 0; xij = 0, i < j, q̃ij = 1;

x221 = 0; [x236,x3]c = 0; x2
3 = 0; [x546, x4]c = 0;

x223 = 0; [x(35),x4]c = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+;

x2
6 = 0; x346 = q46ζ[x36, x4]c + q34(1− ζ)x4x36 = 0.

(8.91)

Here Oq
+ = {1, 12, 2, 1234, 234, 34, 12345, 2345, 345, 5, 122334256, 12232456, 1223246, 1232456,

123246, 232456, 23246, 12233435262, 1223343562, 1234256, 234256, 34256, 1223242562, 123242562,

1236, 23242562, 236, 456, 36, 46} and the degree of the integral is

ÿ = 36α1 + 68α2 + 96α3 + 84α4 + 44α5 + 62α6.

8.10.12. The associated Lie algebra. This is of type D6.

8.11. Type g(6, 6). Here θ = 6, ζ ∈ G′3. Let

A =


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 0 −1
0 0 0 0 0 1
0 0 0 −2 −1 2

 ∈ F6×6; p = (1, 1, 1, 1,−1, 1) ∈ G6
2.
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Let g(6, 6) = g(A,p), the contragredient Lie superalgebra corresponding
to (A,p). We know [BGL] that sdim g(6, 6) = 78|64. There are 20 other
pairs of matrices and parity vectors for which the associated contragredient
Lie superalgebra is isomorphic to g(6, 6). We describe now the root system
g(6, 6) of g(6, 6), see [AA2] for details.

8.11.1. Basic datum and root system. Below, A6, D6, E6, E
(2)∧
6 , F

(1)∧
4 , CE6

3T and 2T1 are numbered as in (4.2), (4.23), (4.28), (3.19), (3.18), (3.16) and
(3.11), respectively. The basic datum and the bundle of Cartan matrices are
described by the following diagram:

s56(F
(1)∧
4 )
•
a1

5 s56(A6)
•
a2

6 3T•
a7

4

D6•
a16

1

5

D6•
a14

2

5

D6•
a12

3

5

D6•
a11

5

E6•
a20

31

D6•
a19

1

4

D6•
a17

2

4

D6•
a15

3

4

CE6•
a13

E6•
a21

3

2

2T1•
a8

1

6

2T1•
a9

2

6

2T1•
a10

6

E6•
a18

s456(A6)
•
a5

1 s456(A6)
•
a4

2 s456(A6)
•
a3

3 s456(E
(2)∧
6 )
•
a6

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ =s56({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 122324252, 12324252, 1234252, 123452, 2345,

2324252, 234252, 23452, 345, 34252, 3452, 45, 452, 5, 1223344556, 1223344546, 1223343546,

1223243546, 123243546, 23243546, 1223343536, 1223243536, 123243536, 23243536,

122334455562, 12334455562, 1223242536, 1223242526, 12234455562, 123242536,

123242526, 23242536, 23242526, 12233455562, 12233445662, 12233445562, 12342536,

2342536, 342536, 12233445462, 12342526, 2342526, 342526, 12233435462, 12232435462,

1232435462, 1234526, 123456, 232435462, 234526, 23456, 34526, 3456, 4526, 456, 56, 6}),

∆a2+ =s56({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223242526, 123242526,

12342526, 1234526, 123456, 12233445462, 12233435462, 12233435362, 23242526,

12232435462, 12232435362, 2342526, 12232425362, 234526, 12232425262, 23456,

122334455664, 12334455664, 12233445563, 12233445463, 12233435463, 12232435463,

1232435462, 1232435362, 1232425362, 123425362, 1232425262, 123425262,
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12345262, 12234455664, 12233455664, 12233445664, 12233445564, 1232435463,

232435462, 232435362, 342526, 232425362, 34526, 232425262, 3456, 232435463,

23425362, 23425262, 2345262, 3425362, 3425262, 345262, 4526, 456, 45262, 56, 6}),

∆a3+ =s456({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 232425, 23425,

2345, 32425, 3425, 345, 45, 5, 1223445536, 1223444536, 1223344536, 123344536, 23344536,

1223444526, 1223344526, 123344526, 23344526, 1223343526, 1223243526, 122335465462,

12335465462, 1223242526, 122324256, 123343526, 23343526, 12235465462, 123243526,

123242526, 12324256, 12234465462, 12234455462, 12234455362, 23243526, 3243526,

12234445362, 23242526, 3242526, 2324256, 324256, 12233445362, 1233445362, 12342526,

1234256, 123456, 233445362, 2342526, 234256, 23456, 342526, 34256, 3456, 456, 56, 6}),

∆a4+ =s456({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 122232425, 12232425, 1232425, 123425, 12345, 232425,

23425, 2345, 3425, 345, 45, 5, 12233445536, 12233444536, 12233344536, 12223344536,

1223344536, 12233444526, 12233344526, 12223344526, 1223344526, 12233343526,

12223343526, 1223343526, 132435465462, 12223243526, 12223242526, 1222324256,

122435465462, 1223243526, 1223242526, 122324256, 122335465462, 122334465462,

122334455462, 122334455362, 123243526, 23243526, 122334445362, 123242526, 23242526,

12324256, 2324256, 122333445362, 122233445362, 12233445362, 12342526, 1234256,

123456, 2342526, 234256, 23456, 342526, 34256, 3456, 456, 56, 6}),

∆a5+ =s456({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 2232425, 232425,

23425, 2345, 3425, 345, 45, 5, 1233445536, 1233444536, 1233344536, 1223344536, 223344536,

1233444526, 1233344526, 1223344526, 223344526, 1233343526, 1223343526, 223343526,

122435465462, 12435465462, 1223243526, 1223242526, 122324256, 223243526, 223242526,

22324256, 12335465462, 12334465462, 12334455462, 12334455362, 123243526, 23243526,

12334445362, 123242526, 23242526, 12324256, 2324256, 12333445362, 12233445362, 12342526,

1234256, 123456, 2233445362, 2342526, 234256, 23456, 342526, 34256, 3456, 456, 56, 6}),

∆a6+ =s456({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 232425, 23425, 2345,

3425, 345, 425, 45, 5, 1223345536, 1223344536, 1223244536, 123244536, 23244536, 1223344526,

1223244526, 123244526, 23244526, 1223343526, 1223243526, 122334465462, 12334465462,

1223242526, 122324256, 123243526, 12234465462, 123242526, 12324256, 23243526, 23242526,

2324256, 12233465462, 12233455462, 12233455362, 12343526, 2343526, 343526, 12233445362,

12342526, 2342526, 342526, 12232445362, 1232445362, 1234256, 123456, 232445362, 234256,

23456, 34256, 3456, 42526, 4256, 456, 56, 6}),

∆a7+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223343526, 1223243526,

1223242526, 122324256, 123243526, 123242526, 12324256, 23243526, 23242526, 2324256,

12233445462, 12233445362, 12342526, 2342526, 342526, 12233435362, 1234526, 234526, 34526,

122334455463, 12334455463, 12234455463, 12233445262, 12233435262, 12232435362,

1232435362, 1234256, 123456, 12233455463, 12233445463, 232435362, 4526, 12232435262,

234256, 1232435262, 34256, 12233445363, 12232425262, 1232425262, 123425262, 12346,

232435262, 23456, 232425262, 23425262, 2346, 3456, 3425262, 346, 456, 46, 56, 6},
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∆a8+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123334256, 122334256, 122324256,

12232456, 1223246, 22334256, 22324256, 2232456, 223246, 12334445262, 12334435262,

1233443562, 12324256, 2324256, 12333435262, 1233343562, 1234256, 234256, 122435445263,

12435445263, 1233442562, 1233342562, 12233435262, 1232456, 123456, 1223343562, 123246,

12346, 12335445263, 12334445263, 2233435262, 223343562, 34256, 1223342562, 232456,

23246, 12334435263, 1233443562, 1223242562, 123242562, 1236, 223342562, 23456, 3456,

223242562, 23242562, 2346, 236, 456, 346, 36, 46, 6},

∆a9+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223334256, 1222334256,

1222324256, 122232456, 12223246, 122334256, 122324256, 12232456, 1223246, 122334445262,

122334435262, 12233443562, 12324256, 2324256, 122333435262, 12233343562, 1234256,

234256, 132435445263, 122435445263, 12233442562, 12233342562, 122233435262,

12223343562, 12233435262, 1232456, 123456, 122335445263, 122334445263, 1223343562,

34256, 232456, 23456, 122334435263, 12223342562, 1223342562, 3456, 12223242562, 1223242562,

456, 12233443563, 123242562, 123246, 12346, 1236, 23242562, 23246, 2346, 236, 346, 36, 46, 6},

∆a10+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334256, 122324256, 12232456,

1223246, 12334256, 2334256, 12324256, 1232456, 123246, 12234445262, 1234256, 12234435262,

1223443562, 2324256, 324256, 122335445263, 12233435262, 1233435262, 123456, 1223442562,

232456, 32456, 12335445263, 12235445263, 1223343562, 1223342562, 23246, 233435262, 234256,

23456, 12234445263, 123343562, 23343562, 34256, 12234435263, 1223242562, 123342562, 23342562,

3456, 1223443563, 123242562, 12346, 1236, 3246, 23242562, 2346, 236, 3242562, 456, 346, 36, 46, 6},

∆a11+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223343526, 1223243526, 1223242526,

122324256, 123243526, 123242526, 12324256, 23243526, 23242526, 2324256, 12233455462,

12233455362, 12343526, 2343526, 343526, 12233445362, 12342526, 2342526, 342526,

122334465463, 12234465463, 12234465463, 12233445262, 12233435262, 12232445362, 1232445362,

1234256, 123456, 12233465463, 12233455463, 232445362, 42526, 12232445262, 1232445262,

12232435262, 234256, 12233455363, 1232435262, 123435262, 12346, 23456, 232445262, 232435262,

23435262, 2346, 34256, 4256, 3435262, 3456, 346, 456, 46, 6},

∆a12+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223343526, 1223243526, 1223242526,

122324256, 123343526, 23343526, 123243526, 123242526, 12324256, 12234455462, 12234455362,

23243526, 3243526, 12342526, 1234256, 122335465463, 12234445362, 12233445362, 1233445362,

123456, 12234445262, 12233445262, 1233445262, 12346, 12335465463, 12235465463,

12233435262, 23242526, 2324256, 12234465463, 12232435262, 2342526, 234256, 12234455463,

12234455363, 1233435262, 1232435262, 233445362, 3242526, 342526, 23456, 233445262,

233435262, 232435262, 2346, 324256, 34256, 32435262, 3456, 346, 456, 46, 6},

∆a13+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334356, 122324356, 122324256,

12232426, 12324356, 12324256, 1232426, 2324356, 2324256, 232426, 12233455262, 1223345562,

1234356, 234356, 34356, 12233445262, 1223344562, 122334465263, 12334465263, 12234465263,

1223343562, 1234256, 12232445262, 1232445262, 123456, 123426, 1223244562, 123244562, 12346,

12233465263, 1223243562, 234256, 23426, 12233455263, 1223345563, 123243562, 12343562, 232445262,
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23456, 23244562, 34256, 4256, 23243562, 2343562, 2346, 3426, 426, 343562, 3456, 346, 456, 46, 6},

∆a14+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 12233343526, 12223343526,

12223243526, 12223242526, 1222324256, 1223343526, 1223243526, 1223242526, 122324256,

122334455462, 122334455362, 123243526, 23243526, 122334445362, 123242526, 23242526,

122333445362, 12342526, 2342526, 132435465463, 122435465463, 122334445262, 122333445262,

122333435262, 122233445362, 12233445362, 122335465463, 122334465463, 122334455463,

342526, 12324256, 122233445262, 122233435262, 2324256, 12233445262, 12233435262,

122334455363, 1234256, 234256, 34256, 122232435262, 12232435262, 1232435262, 123456,

12346, 232435262, 23456, 2346, 3456, 346, 456, 46, 6},

∆a15+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122334356, 122324356, 122324256,

12232426, 12334356, 2334356, 12324356, 12324256, 1232426, 12234455262, 1223445562, 2324356,

324356, 1234256, 123426, 122335465263, 12234445262, 12233445262, 1233445262, 123456,

1223444562, 1223344562, 123344562, 12346, 12335465263, 12235465263, 1223343562,

2324256, 232426, 12234465263, 1223243562, 234256, 23426, 12234455263, 1223445563,

123343562, 123243562, 233445262, 23456, 23344562, 324256, 34256, 23343562, 23243562,

2346, 32426, 3426, 3243562, 3456, 346, 456, 46, 6},

∆a16+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1233343526, 1223343526, 1223243526,

1223242526, 122324256, 223343526, 223243526, 223242526, 22324256, 12334455462, 12334455362,

123243526, 23243526, 12334445362, 123242526, 23242526, 12333445362, 12342526, 2342526,

122435465463, 12435465463, 12334445262, 12333445262, 12333435262, 12233445362, 12324256,

1234256, 123456, 12335465463, 12234465463, 12334455463, 2233445362, 342526, 12233445262,

12233435262, 2324256, 12334455363, 12232435262, 1232435262, 12346, 2233445262, 2233435262,

234256, 34256, 2232435262, 232435262, 23456, 2346, 3456, 346, 456, 46, 6},

∆a17+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223334356, 1222334356, 1222324356,

1222324256, 122232426, 122334356, 122324356, 122324256, 12232426, 122334455262, 12233445562,

12324356, 2324356, 122334445262, 122333445262, 12233444562, 12324256, 2324256, 132435465263,

122435465263, 12233344562, 12233343562, 1232426, 232426, 122335465263, 122233445262,

12223344562, 12223343562, 12233445262, 1223344562, 1223343562, 122334465263, 122334455263,

1234256, 234256, 34256, 12233445563, 123426, 23426, 3426, 12223243562, 1223243562, 123243562,

123456, 12346, 23243562, 23456, 2346, 3456, 346, 456, 46, 6},

∆a18+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223334256, 1222334256, 1222324256,

122232456, 12223246, 123334256, 122334256, 122435445262, 122435435262, 12243543562,

122324256, 122434435262, 12243443562, 22324256, 12324256, 122334435262, 22334256,

12233443562, 2324256, 132536445263, 12334435262, 12232456, 1232456, 123456, 122536445263,

122436444263, 122435445263, 1233443562, 12243442562, 2232456, 12233442562, 12233342562,

1223246, 122435434263, 1233442562, 232456, 12223342562, 123246, 12243543563, 1233342562,

1223342562, 12346, 1236, 223246, 23246, 223342562, 23456, 2346, 236, 3456, 346, 36, 6},

∆a19+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123334356, 122334356, 122324356,

122324256, 12232426, 22334356, 22324356, 22324256, 2232426, 12334455262, 1233445562,
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12324356, 2324356, 12334445262, 12333445262, 1233444562, 12324256, 2324256,

122435465263, 12435465263, 1233344562, 1233343562, 1232426, 232426, 12335465263,

12233445262, 1223344562, 1223343562, 2233445262, 223344562, 223343562, 12334465263,

12334455263, 1234256, 234256, 34256, 1233445563, 123426, 23426, 3426, 1223243562, 123243562,

123456, 12346, 223343562, 23243562, 23456, 2346, 3456, 346, 456, 46, 6},

∆a20+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223334256, 1222334256, 1222324256,

122232456, 12223246, 122334256, 122324256, 12232456, 1223246, 122335445262, 122335435262,

12233543562, 12334256, 2334256, 122334435262, 12233443562, 12324256, 2324256, 132436445263,

122436444263, 12233442562, 12233342562, 122234435262, 12223443562, 12234435262, 1232456,

123456, 122336445263, 122335445263, 1223443562, 324256, 232456, 23456, 122335435263,

12223442562, 1223442562, 32456, 12223342562, 1223342562, 3456, 12233543563, 123342562,

123246, 12346, 1236, 23342562, 23246, 2346, 236, 3246, 346, 36, 6},

∆a21+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123334256, 122334256, 122324256,

12232456, 1223246, 22334256, 22324256, 2232456, 223246, 12335445262, 12335435262,

1233543562, 12334256, 2334256, 12334435262, 1233443562, 12324256, 2324256, 122436444263,

12436445263, 1233442562, 1233342562, 12234435262, 1232456, 123456, 1223443562, 123246,

12346, 12336445263, 12335445263, 2234435262, 223443562, 324256, 1223442562,

1223342562, 12335435263, 1233543563, 123342562, 1236, 232456, 223442562, 32456, 23456,

223342562, 3456, 23342562, 23246, 2346, 236, 3246, 346, 36, 6}.

8.11.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 , ςa13 , ςa14 , ςa16 , ςa15 ς6ς4ς6ς3ς2ς4ς3ς5ς3ς4ς2ς3ς6ς4ς6ς5〉 'W (B6).

8.11.3. Incarnation. We set the matrices (q(i))i∈I21 , from left to right and
from up to down:

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ −1◦
ζ −1◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦ −1◦

ζ −1◦
ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦
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ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ ζ
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◦

ζ ζ
◦

ζ ζ
◦

(8.92)
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ζ
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◦
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◦

ζ ζ
◦
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ζ ζ
◦

−1◦

ζ
ζ
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ζ ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦
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−1◦

ζ
ζ

−1◦
ζ −1◦
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◦

Now, this is the incarnation:

ai 7→ s56(qi), i ∈ I2; ai 7→ s456(qi), i ∈ I3,6; ai 7→ q(i), i ∈ I7,21.

8.11.4. PBW-basis and dimension. Notice that the roots in each∆ai
+ , i ∈ I21,

are ordered from left to right, justifying the notation β1, . . . , β68.
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The root vectors xβk are described as in Remark 2.14. Thus{
xn68
β68

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 232336.

8.11.5. The Dynkin diagram (8.92 a).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

[x5543, x54]c = 0; x332 = 0; x334 = 0; [[x(46), x5]c, x5]c = 0;

x443 = 0; x445 = 0; x556 = 0; x2
6 = 0; x3

α = 0, α ∈ Oq
+.

(8.93)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 122324252, 12324252, 1234252, 123452,

2345, 2324252, 234252, 23452, 345, 34252, 3452, 45, 452, 5, 122334455662, 122334455662,

12234455662, 12233455662, 12233445662, 12233445562, 12233445462, 12233435462, 12232435462,

1232435462, 232435462} and the degree of the integral is

ÿ = 56α1 + 108α2 + 156α3 + 200α4 + 240α5 + 76α6.

8.11.6. The Dynkin diagram (8.92 b).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x445 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x332 = 0; x2
5 = 0; [[x65, x654]c, x5]c = 0;

x334 = 0; x443 = 0; x2
6 = 0; x3

α = 0, α ∈ Oq
+.

(8.94)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 123456, 12233445462, 12233435462, 12232435462,

12232425262, 23456, 122334455664, 12334455664, 12233445563, 1232435462, 1232425262,

123425262, 12345262, 12234455664, 12233455664, 12233445664, 232435462, 232425262, 3456,

23425262, 2345262, 3425262, 345262, 456, 45262, 56} and the degree of the integral is

ÿ = 56α1 + 108α2 + 156α3 + 200α4 + 240α5 + 166α6.

8.11.7. The Dynkin diagram (8.92 c).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x554 = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

[x(13),x2]c = 0; x556 = 0; x2
3 = 0; [[x34, x(35)]c, x4]c = 0;

[x(24),x3]c = 0; x665 = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+.

(8.95)

Here Oq
+ = {1, 123, 23, 34, 12232425, 123425, 23425, 32425, 345, 5, 1223444536, 123344536, 23344536,

1223444526, 123344526, 23344526, 1223343526, 122335465462, 12335465462, 1223242526,

122324256, 123243526, 12234465462, 23243526, 12234445362, 3242526, 324256, 1233445362,

12342526, 1234256, 233445362, 2342526, 234256, 3456, 56, 6} and the degree of the integral
is

ÿ = 56α1 + 108α2 + 206α3 + 252α4 + 172α5 + 88α6.
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8.11.8. The Dynkin diagram (8.92 d).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x332 = 0; x334 = 0; xij = 0, i < j, q̃ij = 1;

x556 = 0; x665 = 0; [[[x(25), x4]c, x3]c, x4]c = 0;

x2
1 = 0; [x(13),x2]c = 0; [[[x6543, x4]c, x5]c, x4]c = 0;

x554 = 0; x2
2 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.96)

Here Oq
+ = {12, 123, 3, 234, 1232425, 123425, 2232425, 2345, 3425, 5, 1233444536, 1233344536, 223344536,

1233444526, 1233344526, 223344526, 1223343526, 122435465462, 1223243526, 223242526, 22324256,

12335465462, 12334465462, 23243526, 12334445362, 123242526, 12324256, 12333445362,

12342526, 1234256, 2233445362, 23456, 342526, 34256, 56, 6} and the degree of the integral
is

ÿ = 56α1 + 156α2 + 206α3 + 252α4 + 172α5 + 88α6.

8.11.9. The Dynkin diagram (8.92 e).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x554 = 0; [[[x(25), x4]c, x3]c, x4]c = 0;

x556 = 0; x665 = 0; [[[x6543, x4]c, x5]c, x4]c = 0;

x221 = 0; x2
1 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.97)

Here Oq
+ = {2, 23, 3, 1234, 122232425, 12345, 232425, 23425, 3425, 5, 12233444536, 12233344536,

12223344536, 12233444526, 12233344526, 12223344526, 1223343526, 12223242526, 1222324256,

122435465462, 1223243526, 122335465462, 122334465462, 123243526, 122334445362, 23242526,

2324256, 122333445362, 122233445362, 123456, 2342526, 234256, 342526, 34256, 56, 6} and the de-
gree of the integral is

ÿ = 102α1 + 156α2 + 206α3 + 252α4 + 172α5 + 88α6.

8.11.10. The Dynkin diagram (8.92 f).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x443 = 0; [[x(35), x4]c, x4]c = 0;

x554 = 0; x556 = 0; [x4456, x45]c = 0;

x665 = 0; [x(24), x3]c = 0; x2
3 = 0; x3

α = 0, α ∈ Oq
+.

(8.98)

Here Oq
+ = {1, 12, 2, 4, 12232425, 1232425, 232425, 425, 45, 5, 1223244536, 123244536, 23244536,

1223244526, 123244526, 23244526, 1223243526, 122334465462, 12334465462, 1223242526,

122324256, 123243526, 12234465462, 123242526, 12324256, 23243526, 23242526, 2324256,

12232445362, 1232445362, 232445362, 42526, 4256, 456, 56, 6} and the degree of the integral
is

ÿ = 56α1 + 108α2 + 156α3 + 252α4 + 172α5 + 88α6.
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8.11.11. The Dynkin diagram (8.92 g).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x554 = 0; x332 = 0; x334 = 0; [x346, x4]c = 0;

x556 = 0; x2
4 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+;

[x(35), x4]c = 0; x(46) = q56ζ[x46, x5]c + q45(1− ζ)x5x46.

(8.99)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 5, 1223343526, 1223243526, 123243526, 23243526, 12233445462,

12233445362, 1234526, 234526, 34526, 122334455463, 12334455463, 12234455463, 12234445262,

123456, 12233455463, 4526, 12232425262, 1232425262, 123425262, 12346, 23456, 232425262,

23425262, 2346, 3456, 3425262, 346, 456, 46} and the degree of the integral is

ÿ = 56α1 + 108α2 + 156α3 + 200α4 + 166α5 + 128α6.

8.11.12. The Dynkin diagram (8.92 h). The Nichols algebra Bq is generated
by (xi)i∈I6 with de�ning relations

x221 = 0; x223 = 0; [x546,x4]c = 0; xij = 0, i < j, q̃ij = 1;

x554 = 0; x2
1 = 0; [x(24),x3]c = 0; [x236, x3]c = 0;

x2
3 = 0; x2

4 = 0; [x(35),x4]c = 0; x3
α = 0, α ∈ Oq

+;

x2
6 = 0; x346 = q46ζ[x36, x4]c + q34(1− ζ)x4x36.

(8.100)

Here Oq
+ = {2, 123, 234, 34, 2345, 345, 5, 1223334256, 1222334256, 122232456, 12223246, 122324256,

122334445262, 12324256, 122333435262, 12233343562, 234256, 122435445263, 12233442562,

122233435262, 12223343562, 123456, 122335445263, 34256, 232456, 122334435263, 1223342562,

12223242562, 456, 12233443563, 12346, 23242562, 23246, 236, 36, 46} and the degree of the in-
tegral is

ÿ = 102α1 + 156α2 + 206α3 + 172α4 + 88α5 + 128α6.

8.11.13. The Dynkin diagram (8.92 i).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x554 = 0; x2
1 = 0; [x(13),x2]c = 0; xij = 0, i < j, q̃ij = 1;

x2
2 = 0; x2

3 = 0; [x(24),x3]c = 0; [x236, x3]c = 0;

x2
4 = 0; x2

6 = 0; [x(35),x4]c = 0; x3
α = 0, α ∈ Oq

+;

[x546, x4]c = 0; x346 = q46ζ[x36, x4]c + q34(1− ζ)x4x36.

(8.101)

Here Oq
+ = {12, 23, 1234, 34, 12345, 345, 5, 123334256, 122324256, 22334256, 2232456, 223246,

12334445262, 2324256, 12333435262, 1233343562, 1234256, 122435445263, 1233442562, 1232456,

123246, 12335445263, 2233435262, 223343562, 34256, 1223342562, 12334435263, 1233443563,

123242562, 1236, 23456, 223242562, 2346, 456, 36, 46} and the degree of the integral is

ÿ = 56α1 + 156α2 + 206α3 + 172α4 + 88α5 + 128α6.
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8.11.14. The Dynkin diagram (8.92 j).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x332 = 0; x334 = 0; xij = 0, i < j, q̃ij = 1;

x336 = 0; x2
2 = 0; [x(13),x2]c = 0; [x(35), x4]c = 0;

x554 = 0; x2
4 = 0; [x546,x4]c = 0; x3

α = 0, α ∈ Oq
+;

x2
6 = 0; x346 = q46ζ[x36, x4]c + q34(1− ζ)x4x36.

(8.102)

Here Oq
+ = {1, 3, 1234, 234, 12345, 2345, 5, 12232456, 1223246, 12334256, 2334256, 12324256,

12234445262, 1234256, 2324256, 122335445263, 1233435262, 1223442562, 32456, 12335445263,

1223342562, 233435262, 234256, 123343562, 23343562, 12234435263, 1223242562, 3456,

1223443563, 1236, 3246, 236, 3242562, 456, 346, 46} and the degree of the integral is

ÿ = 56α1 + 108α2 + 206α3 + 172α4 + 88α5 + 128α6.

8.11.15. The Dynkin diagram (8.92 k).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; [x346,x4]c = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x664 = 0; [x(24),x3]c = 0; [[x54, x546]c, x4]c = 0;

x2
4 = 0; x2

3 = 0; [x(35),x4]c = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+.

(8.103)

Here Oq
+ = {1, 12, 2, 1234, 234, 34, 45, 1223343526, 1223242526, 123242526, 23242526, 12233455462,

12343526, 2343526, 343526, 12233445362, 122334465463, 12334465463, 12234465463, 12233435262,

1234256, 12233455463, 42526, 12232445262, 1232445262, 234256, 123435262, 12346, 232445262,

23435262, 2346, 34256, 3435262, 346, 456, 6} and the degree of the integral is

ÿ = 56α1 + 108α2 + 156α3 + 252α4 + 166α5 + 128α6.

8.11.16. The Dynkin diagram (8.92 l).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x443 = 0; [x(13),x2]c = 0; xij = 0, i < j, q̃ij = 1;

x445 = 0; x446 = 0; x664 = 0; [x(24), x3]c = 0;

x2
2 = 0; x2

3 = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+.

(8.104)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 345, 1223243526, 1223242526, 123343526, 23343526, 12324256,

12234455462, 3243526, 12342526, 122335465463, 12233445362, 12234445262, 1233445262, 12346,

12335465463, 2324256, 12234465463, 12232435262, 2342526, 12234455463, 1233435262, 3242526,

233445262, 233435262, 2346, 34256, 32435262, 3456, 46, 6} and the degree of the integral is

ÿ = 56α1 + 108α2 + 206α3 + 252α4 + 166α5 + 128α6.
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8.11.17. The Dynkin diagram (8.92 m).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

[x(24), x3]c = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x443 = 0; x112 = 0; [[x346, x4]c, x4]c = 0;

x445 = 0; x664 = 0; [[x546, x4]c, x4]c = 0;

x2
3 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+.

(8.105)

Here Oq
+ = {1, 12, 2, 4, 12345, 2345, 345, 122334356, 12232426, 1232426, 232426, 1223345562, 1234356,

234356, 34356, 1223344562, 122334465263, 12334465263, 12234465263, 1223343562, 1234256,

12232445262, 1232445262, 123456, 234256, 1223345563, 12343562, 232445262, 23456, 34256,

2343562, 426, 343562, 3456, 46, 6} and the degree of the integral is

ÿ = 56α1 + 108α2 + 156α3 + 252α4 + 88α5 + 128α6.

8.11.18. The Dynkin diagram (8.92 n).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x332 = 0; x334 = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x443 = 0; x445 = 0; x2
2 = 0; [x(13), x2]c = 0;

x446 = 0; x664 = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+.

(8.106)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 2345, 1233343526, 122324256, 223343526, 223243526, 223242526,

12334455462, 123243526, 123242526, 12342526, 122435465463, 12334445262, 12333445262,

12333435262, 12233445362, 12335465463, 12334465463, 12334455463, 342526, 2324256,

1232435262, 12346, 2233445262, 2233435262, 234256, 2232435262, 23456, 346, 46, 6} and the de-
gree of the integral is

ÿ = 56α1 + 156α2 + 206α3 + 252α4 + 166α5 + 128α6.

8.11.19. The Dynkin diagram (8.92 ñ).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; [x(13),x2]c = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

x664 = 0; [x(24),x3]c = 0; x2
3 = 0; [[x34, x346]c, x4]c = 0;

[x546,x4]c = 0; [x(35),x4]c = 0; x2
4 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+.

(8.107)

Here Oq
+ = {1, 123, 23, 34, 12345, 2345, 45, 12334356, 12324256, 2334356, 324356, 32426, 1223445562,

122324356, 12234445262, 1234445262, 2324256, 122335465263, 123343562, 12232426,

12335465263, 1223344562, 233445262, 23343562, 12234465263, 34256, 1223445563, 123426,

23426, 1223243562, 123456, 3243562, 346, 23456, 456, 6} and the degree of the integral is

ÿ = 56α1 + 108α2 + 206α3 + 252α4 + 88α5 + 128α6.
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8.11.20. The Dynkin diagram (8.92 o).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x443 = 0; x445 = 0; x446 = 0;

x664 = 0; x2
1 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+.

(8.108)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 12345, 12233343526, 12223343526, 12223243526, 12223242526, 122324256,

122334455462, 23243526, 23242526, 2342526, 122435465463, 122334445262, 122333445262,

122333435262, 12233445362, 122335465463, 122334465463, 122334455463, 342526, 12324256,

122233445262, 122233435262, 1234256, 122232435262, 123456, 232435262, 2346, 346, 46, 6} and the
degree of the integral is

ÿ = 102α1 + 156α2 + 206α3 + 252α4 + 166α5 + 128α6.

8.11.21. The Dynkin diagram (8.92 p).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x332 = 0; [x(13),x2]c = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x664 = 0; [x(35),x4]c = 0; x2
2 = 0; [x564, x4]c = 0;

x334 = 0; x2
4 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+.

(8.109)

Here Oq
+ = {12, 123, 3, 234, 12345, 345, 45, 123334356, 122324256, 22334356, 22324356, 2232426,

1233445562, 12324356, 12334445262, 12333445262, 2324256, 122435465263, 1233343562, 1232426,

12335465263, 1223344562, 2233445262, 223343562, 12334465263, 234256, 1233445563, 123426,

3426, 123243562, 123456, 223243562, 2346, 3456, 456, 6} and the degree of the integral is

ÿ = 56α1 + 156α2 + 206α3 + 252α4 + 88α5 + 128α6.

8.11.22. The Dynkin diagram (8.92 q).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x332 = 0; x334 = 0; xij = 0, i < j, q̃ij = 1;

x336 = 0; x443 = 0; x445 = 0; [x(13), x2]c = 0;

x554 = 0; x663 = 0; x2
2 = 0; x3

α = 0, α ∈ Oq
+.

(8.110)

Here Oq
+ = {1, 3, 34, 4, 345, 45, 5, 1222334256, 1222324256, 122232456, 12223246, 122334256,

122435445262, 122435435262, 12243543562, 22334256, 122324256, 122434435262, 12243443562,

22324256, 12232456, 122436445263, 122435445263, 12243442562, 2232456, 1223246,

122435435263, 12223342562, 12243543563, 1223342562, 223246, 223342562, 3456, 346, 36, 6} and the
degree of the integral is

ÿ = 102α1 + 280α2 + 252α3 + 172α4 + 88α5 + 128α6.

8.11.23. The Dynkin diagram (8.92 r).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x221 = 0; x334 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; [x(35),x4]c = 0; x2
1 = 0; [[[x2346, x4]c, x3]c, x4]c = 0;

x664 = 0; [x546,x4]c = 0; x2
4 = 0; x2

5 = 0; x3
α = 0, α ∈ Oq

+.

(8.111)



FINITE DIMENSIONAL NICHOLS ALGEBRAS OF DIAGONAL TYPE 137

Here Oq
+ = {2, 23, 3, 1234, 2345, 345, 45, 1223334356, 1222334356, 1222324356, 122232426, 122324256,

12233445562, 2324356, 122334445262, 122333445262, 12324256, 122435465263, 12233343562,

232426, 122335465263, 122233445262, 12223343562, 1223344562, 122334465263, 1234256,

12233445563, 23426, 3426, 12223243562, 12346, 23243562, 23456, 3456, 456, 6} and the degree of
the integral is

ÿ = 102α1 + 156α2 + 206α3 + 252α4 + 88α5 + 128α6.

8.11.24. The Dynkin diagram (8.92 s).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x221 = 0; x223 = 0; [x(24),x3]c = 0; xij = 0, i < j, q̃ij = 1;

x443 = 0; x445 = 0; [x236,x3]c = 0; [[[x5436, x3]c, x4]c, x3]c = 0;

x554 = 0; x663 = 0; x2
1 = 0; x2

3 = 0; x3
α = 0, α ∈ Oq

+.

(8.112)

Here Oq
+ = {2, 123, 1234, 4, 12345, 45, 5, 123334256, 122334256, 22324256, 2232456, 223246, 12335445262,

12335435262, 1233543562, 12334256, 2324256, 122436445263, 1233342562, 123456, 12346,

12335445263, 2234435262, 223443562, 324256, 1223342562, 12335435263, 1233543563,

123342562, 1236, 232456, 223442562, 32456, 23246, 3246, 6} and the degree of the integral
is

ÿ = 56α1 + 156α2 + 252α3 + 172α4 + 88α5 + 128α6.

8.11.25. The Dynkin diagram (8.92 t).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x443 = 0; x445 = 0; [x(13),x2]c = 0; xij = 0, i < j, q̃ij = 1;

x554 = 0; x663 = 0; [x(24),x3]c = 0; [[[x5436, x3]c, x4]c, x3]c = 0;

x2
1 = 0; x2

2 = 0; [x236,x3]c = 0; x2
3 = 0; x3

α = 0, α ∈ Oq
+.

(8.113)

Here Oq
+ = {12, 23, 234, 4, 2345, 45, 5, 1223334256, 1222324256, 122232456, 12223246, 122334256,

122335445262, 122335435262, 12233543562, 2334256, 12324256, 122436445263, 12233342562,

122234435262, 12223443562, 1232456, 122335445263, 324256, 23456, 122335435263,

12223442562, 32456, 1223342562, 12233543563, 123246, 23342562, 2346, 236, 3246, 6} and the de-
gree of the integral is

ÿ = 102α1 + 156α2 + 252α3 + 172α4 + 88α5 + 128α6.

8.11.26. The associated Lie algebra. This is of type B6.

8.12. Type g(8, 6). Here θ = 7, ζ ∈ G′3. Let

A =



2 �1 0 0 0 0 0
�1 2 �1 0 0 0 0
0 1 0 �1 0 0 0
0 0 �1 0 1 0 1
0 0 0 �1 2 �1 0
0 0 0 0 �1 2 0
0 0 0 �1 0 0 2


∈ F7×7; p = (1, 1,−1,−1, 1, 1, 1) ∈ G7

2.
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Let g(8, 6) = g(A,p), the contragredient Lie superalgebra corresponding
to (A,p). We know [BGL] that sdim g(8, 6) = 133|56. There are 7 other
pairs of matrices and parity vectors for which the associated contragredient
Lie superalgebra is isomorphic to g(8, 6). We describe now the root system
g(8, 6) of g(8, 6), see [AA2] for details.

8.12.1. Basic datum and root system. Below, A7, D7, E7 and 3T1 are num-
bered as in (4.2), (4.23), (4.28) and (3.11), respectively. The basic datum
and the bundle of Cartan matrices are described by the following diagram:

E7•
a1

3 E7•
a2

2 E7•
a3

1 E7•
a4

4

s567(A7)
•
a5

7 3T1•
a6

5 D7•
a7

6 D7•
a8

Using the notation (3.1), the bundle of root sets is the following:

∆a1+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122324256, 12324256,

1234256, 123456, 12346, 2324256, 234256, 23456, 2346, 34256, 3456, 346, 4256, 456, 46, 6,

122334553637, 122334552637, 122334452637, 122324452637, 12324452637, 2324452637,

122334452627, 122324452627, 12324452627, 2324452627, 122334352627, 122324352627,

12324352627, 2324352627, 1234352627, 234352627, 34352627, 12233446536472, 1233446536472,

1223446536472, 1223346536472, 1223345536472, 1223345536372, 12233435627,

12232435627, 12232425627, 1223242567, 1232435627, 1232425627, 123242567, 123435627,

123425627, 12342567, 1234567, 1223345526472, 1223345526372, 1223344526372, 1223244526372,

123244526372, 123467, 232435627, 23435627, 3435627, 232425627, 23425627, 3425627, 425627,

23244526372, 23242567, 2342567, 234567, 23467, 342567, 34567, 3467, 42567, 4567, 467, 67, 7},

∆a2+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122324256, 12324256,

1234256, 123456, 12346, 2324256, 234256, 23456, 2346, 324256, 34256, 3456, 346, 456, 46, 6,

122344553637, 122344552637, 122344452637, 122334452637, 12334452637, 2334452637,

122344452627, 122334452627, 12334452627, 2334452627, 122334352627, 12334352627,

2334352627, 122324352627, 12324352627, 2324352627, 324352627, 12233546536472,

1233546536472, 1223546536472, 1223446536472, 1223445536472, 1223445536372,

12233435627, 12232435627, 12232425627, 1223242567, 1233435627, 1232435627, 1232425627,

123242567, 123425627, 12342567, 1234567, 1223445526472, 1223445526372, 1223444526372,

1223344526372, 123344526372, 123467, 233435627, 232435627, 32435627, 232425627,

32425627, 23425627, 3425627, 23344526372, 23242567, 2342567, 234567, 23467, 3242567,

342567, 34567, 3467, 4567, 467, 67, 7},

∆a3+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122324256, 12324256,

1234256, 123456, 12346, 22324256, 2324256, 234256, 23456, 2346, 34256, 3456, 346, 456,

46, 6, 123344553637, 123344552637, 123344452637, 123334452637, 122334452637,

22334452637, 123344452627, 123334452627, 122334452627, 22334452627, 123334352627,

122334352627, 22334352627, 122324352627, 22324352627, 12324352627, 2324352627,
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12243546536472, 1243546536472, 1233546536472, 1233446536472, 1233445536472,

1233445536372, 12333435627, 12233435627, 12232435627, 12232425627, 1223242567,

1232435627, 1232425627, 123242567, 123425627, 12342567, 1234567, 1233445526472,

1233445526372, 1233444526372, 1233344526372, 1223344526372, 123467, 2233435627,

2232435627, 232435627, 2232425627, 232425627, 23425627, 3425627, 223344526372,

223242567, 23242567, 2342567, 234567, 23467, 342567, 34567, 3467, 4567, 467, 67, 7},

∆a4+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1222324256, 122324256,

12324256, 1234256, 123456, 12346, 2324256, 234256, 23456, 2346, 34256, 3456, 346, 456,

46, 6, 1223344553637, 1223344552637, 1223344452637, 1223334452637, 1222334452637,

122334452637, 1223344452627, 1223334452627, 1222334452627, 122334452627,

1223334352627, 1222334352627, 122334352627, 1222324352627, 122324352627,

12324352627, 2324352627, 13243546536472, 12243546536472, 12233546536472,

12233446536472, 12233445536472, 12233445536372, 122333435627, 122233435627,

122232435627, 122232425627, 12223242567, 12233435627, 12232435627, 12232425627,

1223242567, 12233445526472, 12233445526372, 1232435627, 232435627,

12233444526372, 1232425627, 232425627, 123242567, 23242567, 12233344526372,

12223344526372, 1223344526372, 123425627, 12342567, 1234567, 123467, 23425627,

2342567, 234567, 23467, 3425627, 342567, 34567, 3467, 4567, 467, 67, 7},

∆a5+ = s567({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223242526, 123242526,

12342526, 1234526, 123456, 23242526, 2342526, 234526, 23456, 342526, 34526, 3456, 4526,

456, 56, 6, 122334455637, 122334454637, 122334354637, 122324354637, 12324354637,

2324354637, 122334454627, 122334354627, 122324354627, 12324354627, 2324354627,

122334353627, 122324353627, 12324353627, 2324353627, 12233445566472, 1233445566472,

122324253627, 122324252627, 12232425267, 1223445566472, 12324253627, 12324252627,

1232425267, 2324253627, 2324252627, 232425267, 1223345566472, 1223344566472,

1223344556472, 1223344556372, 1234253627, 234253627, 34253627, 1223344546372,

1234252627, 234252627, 34252627, 123425267, 23425267, 3425267, 1223343546372,

1223243546372, 123243546372, 123452627, 12345267, 1234567, 23243546372,

23452627, 2345267, 234567, 3452627, 345267, 34567, 452627, 45267, 4567, 567, 67, 7}),

∆a6+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 122324256, 12324256, 1234256,

123456, 12346, 2324256, 234256, 23456, 2346, 34256, 3456, 346, 456, 46, 56, 6, 122334453637,

122334452637, 122334352637, 122324352637, 12324352637, 2324352637, 122334452627,

122334352627, 122324352627, 12324352627, 2324352627, 122324252627, 12324252627,

2324252627, 1234252627, 234252627, 34252627, 12233445536472, 1233445536472,

1223445536472, 1223345536472, 1223344536472, 1223344536372, 12233435627, 12232435627,

12232425627, 1223242567, 1232435627, 1232425627, 123242567, 123425627, 12342567,

12345627, 1234567, 1223344526472, 1223344526372, 1223343526372, 1223243526372,

123243526372, 123467, 232435627, 232425627, 23425627, 3425627, 2345627, 345627, 45627,

23243526372, 23242567, 2342567, 234567, 23467, 342567, 34567, 3467, 4567, 467, 567, 67, 7},
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∆a7+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223242526, 123242526,

12342526, 1234526, 123456, 23242526, 2342526, 234526, 23456, 342526, 34526, 3456, 4526, 456,

56, 6, 122334455637, 122334455627, 122334454627, 122334354627, 122324354627, 12324354627,

2324354627, 122334353627, 122324353627, 12324353627, 2324353627, 122324253627,

12324253627, 2324253627, 1234253627, 234253627, 34253627, 12233445566372, 1233445566372,

1223445566372, 1223345566372, 1223344566372, 1223344556372, 12233435367, 12232435367,

12232425367, 12232425267, 1232435367, 1232425367, 1232425267, 123425367, 123425267,

12345267, 1234567, 1223344556272, 1223344546272, 1223343546272, 1223243546272,

123243546272, 123457, 232435367, 232425367, 23425367, 3425367, 232425267, 23425267,

3425267, 23243546272, 2345267, 234567, 23457, 345267, 34567, 3457, 45267, 4567, 457, 567, 57, 7},

∆a8+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123456, 23456, 3456, 456, 56, 6,

12232425267, 1232425267, 123425267, 12345267, 1234567, 123457, 1223344546272,

1223343546272, 1223343536272, 122334353672, 232425267, 1223243546272, 1223243536272,

122324353672, 23425267, 1223242536272, 122324253672, 2345267, 122324252672, 234567,

23457, 12233445566374, 1233445566374, 1223344556373, 1223344556273,

1223344546273, 1223343546273, 1223243546273, 123243546272, 123243536272, 123242536272,

12342536272, 12324353672, 12324253672, 1234253672, 12324252672, 1234252672, 123452672,

1223445566374, 1223345566374, 1223344566374, 1223344556374, 1223344556274,

123243546273, 23243546272, 23243536272, 2324353672, 3425267, 23242536272, 2324253672,

345267, 2324252672, 34567, 3457, 23243546273, 2342536272, 234253672, 234252672, 23452672,

342536272, 34253672, 34252672, 3452672, 45267, 4567, 567, 452672, 457, 57, 7}.

8.12.2. Weyl groupoid. The isotropy group at a4 ∈ X is

W(a4) = 〈ςa41 ς2ς3ς4ς7ς6ς5ς6ς7ς4ς3ς2ς1, ς
a4
2 , ςa43 , ςa44 , ςa45 , ςa46 , ςa47 〉 'W (E7).
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8.12.3. Incarnation. We set the matrices (q(i))i∈I8 , from left to right and
from up to down:

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

(8.114)

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦

−1◦

ζ
ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
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Now, this is the incarnation:

a5 7→ s567(q5); ai 7→ q(i), i 6= 5.

8.12.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I8,

are ordered from left to right, justifying the notation β1, . . . , β91.
The root vectors xβk are described as in Remark 2.14. Thus{

xn91
β91

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 228363.

8.12.5. The Dynkin diagram (8.114 a).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; [[[x(36), x5]c, x4]c, x5]c = 0;

x443 = 0; x445 = 0; x776 = 0; [[[x7654, x5]c, x6]c, x5]c = 0;

x665 = 0; x667 = 0; x2
5 = 0; x3

α = 0, α ∈ Oq
+.

(8.115)

Here Oq
+ = {1, 12, 2, 1234, 234, 34, 12345, 2345, 345, 5, 122324256, 12324256, 123456, 12346, 2324256,

23456, 2346, 3456, 346, 4256, 6, 122334553637, 122334552637, 122324452637, 12324452637,

2324452637, 122324452627, 12324452627, 2324452627, 122334352627, 1234352627, 234352627,

34352627, 12233446536472, 1233446536472, 1223446536472, 1223345536472, 1223345536372,

12233435627, 12232425627, 1223242567, 1232425627, 123242567, 123435627, 1234567,

1223345526472, 1223345526372, 1223244526372, 123244526372, 123467, 23435627,

3435627, 232425627, 425627, 23244526372, 23242567, 234567, 23467, 34567, 3467, 42567, 67, 7} and
the degree of the integral is

ÿ = 80α1 + 156α2 + 228α3 + 360α4 + 244α5 + 124α6 + 182α7.

8.12.6. The Dynkin diagram (8.114 b).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x112 = 0; x221 = 0; [x(35),x4]c = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x332 = 0; [x347,x4]c = 0; [x(46), x5]c = 0;

x334 = 0; x665 = 0; [x657,x5]c = 0; x2
4 = 0; x3

α = 0, α ∈ Oq
+;

x2
5 = 0; x2

7 = 0; x457 = q57ζ[x47, x5]c + q45(1− ζ)x5x47.

(8.116)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 12345, 2345, 45, 5, 122324256, 1234256, 123456, 12346, 234256, 23456,

2346, 324256, 456, 46, 6, 122344553637, 122344552637, 122344452637, 12334452637, 2334452637,

122344452627, 12334452627, 2334452627, 12334352627, 2334352627, 122324352627, 324352627,

12233546536472, 1233546536472, 1223446536472, 1223445536472, 1223445536372, 12232435627,

12232425627, 1223242567, 1233435627, 123425627, 12342567, 1234567, 1223445526472,

1223445526372, 1223444526372, 123344526372, 123467, 233435627, 32435627, 32425627,

23425627, 23344526372, 2342567, 234567, 23467, 3242567, 4567, 467, 67, 7} and the degree of
the integral is

ÿ = 80α1 + 156α2 + 290α3 + 360α4 + 244α5 + 124α6 + 182α7.
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8.12.7. The Dynkin diagram (8.114 c).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; [x(35),x4]c = 0; [[x65, x657]c, x5]c = 0;

x334 = 0; x776 = 0; [x(46),x5]c = 0; [x457, x5]c = 0;

x2
4 = 0; x2

5 = 0; x2
6 = 0; x3

α = 0, α ∈ Oq
+.

(8.117)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 12345, 345, 45, 5, 12324256, 1234256, 123456, 12346, 22324256,

34256, 3456, 346, 456, 46, 6, 123344553637, 123344552637, 123344452637, 123334452637,

22334452637, 123344452627, 123334452627, 22334452627, 123334352627, 22334352627,

22324352627, 12324352627, 12243546536472, 1233546536472, 1233446536472, 1233445536472,

1233445536372, 12333435627, 1232435627, 1232425627, 123242567, 123425627, 12342567,

1234567, 1233445526472, 1233445526372, 1233444526372, 1233344526372, 123467, 2233435627,

2232435627, 2232425627, 3425627, 223344526372, 223242567, 342567, 34567, 3467, 4567, 467, 67, 7} and
the degree of the integral is

ÿ = 80α1 + 216α2 + 290α3 + 360α4 + 244α5 + 124α6 + 182α7.

8.12.8. The Dynkin diagram (8.114 d).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x443 = 0; x445 = 0; x554 = 0;

x556 = 0; x557 = 0; x775 = 0; x2
6 = 0; x3

α = 0, α ∈ Oq
+.

(8.118)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 2345, 345, 45, 5, 1222324256, 2324256, 234256, 23456, 2346, 34256, 3456,

346, 456, 46, 6, 1223344553637, 1223344552637, 1223344452637, 1223334452637, 1222334452637,

1223344452627, 1223334452627, 1222334452627, 1223334352627, 1222334352627, 1222324352627,

2324352627, 12243546536472, 12233546536472, 12233446536472, 12233445536472, 12233445536372,

122333435627, 122233435627, 122232435627, 122232425627, 12223242567, 12233445526472,

12233445526372, 232435627, 12233444526372, 232425627, 23242567, 12233344526372,

12223344526372, 23425627, 2342567, 234567, 23467, 3425627, 342567, 34567, 3467, 4567, 467, 67, 7} and
the degree of the integral is

ÿ = 138α1 + 216α2 + 290α3 + 360α4 + 244α5 + 124α6 + 182α7.

8.12.9. The Dynkin diagram (8.114 e).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x554 = 0; [x(24),x3]c = 0; [[[x6547, x4]c, x5]c, x4]c = 0;

x556 = 0; x665 = 0; [x(35),x4]c = 0; [x347, x4]c = 0;

x774 = 0; x2
3 = 0; x2

4 = 0; x3
α = 0, α ∈ Oq

+.

(8.119)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223242526, 123242526, 12342526, 1234526, 23242526,

2342526, 234526, 342526, 34526, 4526, 6, 122334454637, 122334354637, 122324354637,

12324354637, 2324354637, 122334454627, 122334354627, 122324354627, 12324354627, 2324354627,
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12233445566472, 1233445566472, 122324252627, 12232425267, 1223445566472, 12324252627,

1232425267, 2324252627, 232425267, 1223345566472, 1223344566472, 1223344546372, 1234252627,

234252627, 34252627, 123425267, 23425267, 3425267, 1223343546372, 1223243546372, 123243546372,

123452627, 12345267, 23243546372, 23452627, 2345267, 3452627, 345267, 452627, 45267, 67, 7} and
the degree of the integral is

ÿ = 80α1 + 156α2 + 228α3 + 296α4 + 360α5 + 244α6 + 124α7.

8.12.10. The Dynkin diagram (8.114 f).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x112 = 0; x443 = 0; x445 = 0; xij = 0, i < j, q̃ij = 1;

x554 = 0; x447 = 0; x774 = 0; x2
2 = 0; [x(13), x2]c = 0;

[x(24),x3]c = 0; x556 = 0; x665 = 0; x2
3 = 0; x3

α = 0, α ∈ Oq
+.

(8.120)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12345, 2345, 345, 45, 122324256, 12324256, 1234256, 12346, 2324256,

234256, 2346, 34256, 346, 46, 56, 122334453637, 122334352637, 122324352637, 12324352637,

2324352637, 122334452627, 122324252627, 12324252627, 2324252627, 1234252627, 234252627,

34252627, 12233445536472, 1233445536472, 1223445536472, 1223345536472, 1223344536372,

12233435627, 12232435627, 1223242567, 1232435627, 123242567, 12342567, 12345627,

1223344526472, 1223343526372, 1223243526372, 123243526372, 123467, 232435627, 2345627,

345627, 45627, 23243526372, 23242567, 2342567, 23467, 342567, 3467, 467, 567, 7} and the degree
of the integral is

ÿ = 80α1 + 156α2 + 228α3 + 296α4 + 244α5 + 124α6 + 182α7.

8.12.11. The Dynkin diagram (8.114 g).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x332 = 0; x334 = 0; x443 = 0; xij = 0, i < j, q̃ij = 1;

x445 = 0; x554 = 0; x447 = 0; x2
1 = 0; [x(13), x2]c = 0;

x774 = 0; x556 = 0; x665 = 0; x2
2 = 0; x3

α = 0, α ∈ Oq
+.

(8.121)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223242526, 123242526, 12342526, 1234526, 23242526,

2342526, 234526, 342526, 34526, 4526, 6, 122334455637, 122334455627, 122334353627,

122324353627, 12324353627, 2324353627, 122324253627, 12324253627, 2324253627, 1234253627,

234253627, 34253627, 12233445566372, 1233445566372, 1223445566372, 1223345566372,

1223344566372, 12233435367, 12232435367, 12232425367, 1232435367, 1232425367, 123425367,

1234567, 1223344546272, 1223343546272, 1223243546272, 123243546272, 123457, 232435367,

232425367, 23425367, 3425367, 23243546272, 234567, 23457, 34567, 3457, 4567, 457, 567, 57} and the
degree of the integral is

ÿ = 80α1 + 156α2 + 228α3 + 296α4 + 360α5 + 124α6 + 182α7.
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8.12.12. The Dynkin diagram (8.114 h).
The Nichols algebra Bq is generated by (xi)i∈I7 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x443 = 0; x445 = 0; x447 = 0; x774 = 0;

x554 = 0; x556 = 0; x665 = 0; x2
1 = 0; x3

α = 0, α ∈ Oq
+.

(8.122)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 123456, 23456, 3456, 456, 56, 6,

1223344546272, 1223343546272, 1223343536272, 122334353672, 1223243546272, 1223243536272,

122324353672, 1223242536272, 122324253672, 122324252672, 12233445566374, 1233445566374,

123243546272, 123243536272, 123242536272, 12342536272, 12324353672, 12324253672, 1234253672,

12324252672, 1234252672, 123452672, 1223445566374, 1223345566374, 1223344566374,

1223344556374, 1223344556274, 23243546272, 23243536272, 2324353672, 23242536272,

2324253672, 2324252672, 2342536272, 234253672, 234252672, 23452672,

342536272, 34253672, 34252672, 3452672, 452672} and the degree of the integral is

ÿ = 80α1 + 156α2 + 228α3 + 296α4 + 360α5 + 238α6 + 182α7.

8.12.13. The associated Lie algebra. This is of type E7.

9. Super modular type, characteristic 5

In this Section F is a �eld of characteristic 5.

9.1. Type brj(2; 5). Here θ = 2, ζ ∈ G′5. Let

A =

(
2 −3
−1 0

)
, A′ =

(
2 −4
−1 0

)
∈ F2×2; p = (−1, 1), p′ = (−1,−1) ∈ G2

2.

Let brj(2; 5) = g(A,p) ' g(A′,p′), the contragredient Lie superalgebras
corresponding to (A,p), g(A′,p′). We know [BGL] that sdim brj(2; 5) =
10|12. We describe the root system brj(2; 5) of brj(2; 5), see [AA2] for details.

9.1.1. Basic datum and root system. Below, G2 and A
(2)
2 are numbered as

in (4.43) and (3.7), respectively. The basic datum and the bundle of Cartan
matrices are described by the following diagram:

G2•
a1

1 A
(2)
2•
a2

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 132, 122, 1523, 1322, 1423, 12, 2},

∆a2
+ ={1, 142, 132, 1522, 122, 1322, 12, 2}.

9.1.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 ς1ς2〉 ' D4.

9.1.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I2:

a1 7→
ζ
◦

ζ2 −1◦ , a2 7→
−ζ3
◦

ζ3 −1◦ .(9.1)
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9.1.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I2,

are ordered from left to right, justifying the notation β1, . . . , β8.
The root vectors xβk are described as in Remark 2.14. Thus{

xn8
β8
. . . xn2

β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 2452102 = 40000.

9.1.5. The Dynkin diagram (9.1 a).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x5
1 = 0; x10

112 = 0; [x112, x12]5c = 0; [[[x112, x12]c, x12]c, x12]c = 0;

x2
2 = 0; x10

12 = 0; x11112 = 0; [x1112, x112]c = 0.
(9.2)

Here Oq
+ = {1, 122, 1322, 12} and the degree of the integral is

ÿ = 55α1 + 34α2.

9.1.6. The Dynkin diagram (9.1 b).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x5
1112 = 0; x10

112 = 0; x10
1 = 0; x2

2 = 0;

x5
12 = 0; x111112 = 0; [x1,[x112, x12]c]c + q12x

2
112 = 0.

(9.3)

Here Oq
+ = {1, 132, 122, 12} and the degree of the integral is

ÿ = 55α1 + 23α2.

9.1.7. The associated Lie algebra. This is of type B2.

9.2. Type el(5; 5). Here θ = 5, ζ ∈ G′5. Let

A =


0 1 0 0 0
�1 0 1 0 1
0 �1 2 �1 0
0 0 �1 2 0
0 �1 0 0 2

 ∈ F5×5; p = (−1,−1, 1, 1, 1) ∈ G5
2.

Let el(5; 5) = g(A,p), the contragredient Lie superalgebra corresponding to
(A,p). We know [BGL] that sdim el(5; 5) = 55|32. There are 6 other pairs
of matrices and parity vectors for which the associated contragredient Lie
superalgebra is isomorphic to el(5; 5). We describe the root system el(5; 5)
of el(5; 5), see [AA2] for details.

9.2.1. Basic datum and root system. Below, A
(1)
1 , C2 and A

(2)
2 are numbered

as in (3.2), (4.15) and (3.7), respectively. The basic datum and the bundle
of Cartan matrices are described by the following diagram:

$5(D5)
•
a4

2 1T1•
a6

3 2T•
a7

1 5 4

$5(D5)
•
a5

$4(C5)
•
a1

A5•
a2

5 F
(1)
4•
a3
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Using the notation (3.1), the bundle of root sets is the following:

∆a1+ =$4({1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 2324, 234, 34, 4, 12233435, 12233425, 12232435,

1232435, 232435, 12232425, 1223344452, 123344452, 1223245, 1232425, 123425, 122344452,

123245, 122334452, 232425, 122334352, 23425, 3425, 122324352, 12324352, 12345, 425,

2324352, 23245, 2345, 345, 45, 5}),

∆a2+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12233435, 12232435, 12232425, 1232435, 1232425,

232435, 232425, 122334452, 123425, 23425, 3425, 1223344553, 123344553, 122344553,

122334352, 122334553, 122324352, 12324352, 2324352, 122334453, 12345, 122324252,

12324252, 1234252, 2345, 2324252, 234252, 345, 34252, 45, 5},

∆a3+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 12233445,

12233435, 12232435, 1232435, 232435, 1223344552, 123344552, 12232425, 122344552,

1232425, 122334552, 123425, 122334452, 232425, 23425, 3425, 122334352, 122324352,

12324352, 12345, 2324352, 2345, 345, 45, 5},

∆a4+ =$5({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 13233245, 12233245, 1425344252, 1425334252,

142533452, 12223245, 1424334252, 142433452, 1222345, 142432452, 122235, 1526344253,

1324334252, 132433452, 132432452, 132332452, 1426344253, 1425344253, 1223245,

1425334253, 122345, 142533453, 12235, 122332452, 12345, 1235, 125, 2345, 235, 25, 5}),

∆a5+ =$5({1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1233245, 1223245, 122345, 12235, 125344252,

125334252, 12533452, 233245, 1226344253, 124334252, 12345, 12433452, 1235, 12432452,

125, 126344253, 12332452, 125344253, 125334253, 12533453, 223245, 24334252, 2433452,

22345, 2432452, 2235, 2332452, 2345, 235, 25, 5}),

∆a6+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 122345, 12235, 123245, 122344252,

23245, 122334252, 12233452, 3245, 1223344253, 12334252, 12345, 123344253, 2334252,

2345, 122344253, 1233452, 233452, 12232452, 122334253, 345, 1232452, 232452,

12233453, 1235, 125, 32452, 235, 25, 35, 5},

∆a7+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223345, 1223245, 122325, 123245, 12325, 23245,

2325, 122334252, 12233452, 1223344253, 123344253, 122344253, 12345, 122324252,

12324252, 2345, 2324252, 345, 122334253, 12232452, 1232452, 232452, 45, 12233453,

123452, 1235, 23452, 235, 3452, 35, 5}.

9.2.2. Weyl groupoid. The isotropy group at a3 ∈ X is

W(a3) = 〈ςa31 , ςa32 , ςa33 , ςa34 , ςa35 ς4ς3ς2ς5ς2ς3ς4ς5〉 'W (C5).

9.2.3. Incarnation. We set the matrices (q(i))i∈I7 , from left to right and from
up to down:

ζ2

◦
ζ
2

ζ2

◦
ζ
2 −1◦

ζ ζ
◦

ζ
2

ζ2

◦
ζ2

◦
ζ
2

ζ2

◦
ζ
2

ζ2

◦
ζ
2 −1◦

ζ −1◦

ζ2

◦
ζ
2

ζ2

◦
ζ
2

ζ2

◦
ζ
2

ζ
◦

ζ −1◦

(9.4)
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ζ2

◦

ζ
2

−1◦
ζ2 −1◦

ζ
2

ζ2

◦
ζ
2

ζ2

◦

ζ2

◦

ζ
2

−1◦
ζ
2

ζ2

◦
ζ
2

ζ2

◦
ζ
2

ζ2

◦

−1◦

ζ2
ζ

ζ2

◦
ζ
2 −1◦

ζ2 −1◦
ζ
2

ζ2

◦

ζ
◦

ζ
ζ

ζ2

◦
ζ
2

ζ2

◦
ζ
2 −1◦

ζ2 −1◦

Now, this is the incarnation:

a1 7→ $4(q1); ai 7→ q(i), i ∈ I2,7.

9.2.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I7,

are ordered from left to right, justifying the notation β1, . . . , β41.
The root vectors xβk are described as in Remark 2.14. Thus{

xn41
β41

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 216525.

9.2.5. The Dynkin diagram (9.4 a).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; [[[x(14), x3]c, x2]c, x3]c = 0;

x554 = 0; x443 = 0; x4445 = 0; x2
3 = 0; xij = 0, i < j, q̃ij = 1;

x5
α = 0, α ∈ Oq

+; [[x5432, x4]c, x3]c = q43(ζ2 − ζ)[[x5432, x3]c, x4]c.

(9.5)

Here Oq
+ = {1, 12, 2, 122324, 12324, 2324, 4, 12232435, 1232435, 232435, 12232425, 1223344452,

123344452, 1223245, 1232425, 122344452, 123245, 232425, 122324352, 12324352,

425, 2324352, 23245, 45, 5} and the degree of the integral is

ÿ = 72α1 + 136α2 + 192α3 + 208α4 + 108α5.

9.2.6. The Dynkin diagram (9.4 b).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; [[x54, x543]c, x4]c = 0;

x2
4 = 0; x2

5 = 0; x5
α = 0, α ∈ Oq

+.

(9.6)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12233435, 12232435, 1232435, 232435, 122334452, 1223344553, 123344553,

122344553, 122334553, 12345, 122324252, 12324252, 1234252, 2345, 2324252, 234252, 345, 34252, 45} and
the degree of the integral is

ÿ = 72α1 + 136α2 + 192α3 + 240α4 + 154α5.
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9.2.7. The Dynkin diagram (9.4 c).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x4443 = 0; x445 = 0; x2
5 = 0; x5

α = 0, α ∈ Oq
+.

(9.7)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 234, 23242, 2342, 34, 342, 4, 1223344552,

123344552, 122344552, 122334552, 122334452, 122334352, 122324352, 12324352, 2324352} and the
degree of the integral is

ÿ = 72α1 + 136α2 + 192α3 + 240α4 + 88α5.

9.2.8. The Dynkin diagram (9.4 d).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x332 = 0; x334 = 0; [x(13),x2]c = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x443 = 0; x552 = 0; [x125,x2]c = 0; x2
2 = 0; x5

α = 0, α ∈ Oq
+.

(9.8)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 1233245, 125344252, 125334252, 12533452, 1226344253, 12345, 1235, 125,

12332452, 125344253, 125334253, 12533453, 223245, 24334252, 2433452, 22345, 2432452, 2235, 5} and
the degree of the integral is

ÿ = 72α1 + 300α2 + 208α3 + 108α4 + 154α5.

9.2.9. The Dynkin diagram (9.4 e).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; x225 = 0; xij = 0, i < j, q̃ij = 1;

x552 = 0; x334 = 0; x443 = 0; x2
1 = 0; x5

α = 0, α ∈ Oq
+.

(9.9)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 12233245, 1425344252, 1425334252, 142533452, 12223245, 1424334252,

142433452, 1222345, 142432452, 122235, 1426344253, 1425344253, 1425334253, 142533453,

122332452, 2345, 235, 25, 5} and the degree of the integral is

ÿ = 230α1 + 300α2 + 208α3 + 108α4 + 154α5.

9.2.10. The Dynkin diagram (9.4 f).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; [x(13),x2]c = 0; x2
3 = 0; xij = 0, i < j, q̃ij = 1;

x443 = 0; [x(24),x3]c = 0; x2
5 = 0; [[x53, x534]c, x3]c = 0;

[x125,x2]c = 0; x2
2 = 0; x5

α = 0, α ∈ Oq
+;

x235 =
q35

ζ2 + ζ
[x25, x3]c + q23(1− ζ)x3x25.

(9.10)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 122345, 12235, 123245, 122344252, 23245, 1223344253, 12334252,

123344253, 2334252, 1233452, 233452, 12232452, 122334253, 345, 12233453, 125, 32452, 25, 35} and
the degree of the integral is

ÿ = 72α1 + 136α2 + 208α3 + 108α4 + 154α5.
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9.2.11. The Dynkin diagram (9.4 g).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

x2
3 = 0; x223 = 0; x553 = 0; [[[x1235, x3]c, x2]c, x3]c = 0;

x2
4 = 0; x554 = 0; [x(24),x3]c = 0; x5

α = 0, α ∈ Oq
+;

x(35) = q45ζ[x35, x4]c + q34(1− ζ)x4x35.

(9.11)

Here Oq
+ = {1, 12, 2, 1234, 234, 34, 1223345, 122325, 12325, 2325, 12233452, 1223344253, 123344253,

122344253, 12345, 122324252, 12324252, 2345, 2324252, 345, 12233453, 123452, 23452, 3452, 5} and
the degree of the integral is

ÿ = 72α1 + 136α2 + 192α3 + 108α4 + 154α5.

9.2.12. The associated Lie algebra. This is of type C5.

10. Unidentified

The root systems in this Section are denoted by ufo(h), 8 6= h ∈ I12; the
corresponding Nichols algebras are called collectively ufo(h). However ufo(7)
has two di�erent incarnations, that are called ufo(7) and ufo(8) respectively.

10.1. Type ufo(1). Here ζ ∈ G′4. We describe �rst the root system ufo(1).

10.1.1. Basic datum and root system. Below, A5, D5, 2T and 1T1 are num-
bered as in (4.2), (4.23) and (3.11), respectively. The basic datum and the
bundle of Cartan matrices are described by the following diagram:

$1(D5)
•
a1

A5•
a2

4 2T•
a3

5 s45(A5)
•
a4

1 3 3

$1(D5)
•
a5

2 $2(1T1)
•
a6

s45(1T1)
•
a7

2 $3(D5)
•
a8

4 4 1

$2(A5)
•
a9

5 s34(2T )
•
a10

3 s34(A5)
•
a11

$3(D5)
•
a12

Using the notation (3.1), we set:

∆
(1)
+ ={1, 12, 2, 123, 23, 3, 122324, 12324, 1234, 2324, 234, 34, 4, 12233435, 12233425,

12232425, 1232425, 232425, 123425, 23425, 3425, 122334352, 1223245, 123245,

12345, 23245, 2345, 345, 45, 5},

∆
(2)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12233435, 12232435, 12232425, 1232435,

1232425, 232435, 232425, 122334452, 123425, 23425, 3425, 122334352, 122324352,

12324352, 12345, 2324352, 2345, 345, 45, 5},

∆
(3)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 122345, 12235, 123245, 23245,

122334252, 12233452, 3245, 12345, 2345, 12232452, 345, 1232452, 1235, 125,

232452, 235, 25, 35, 5},

∆
(4)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223345, 1223245, 122325, 123245, 12325,
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23245, 2325, 122334252, 12233452, 12345, 2345, 345, 12232452, 1232452, 1235,

232452, 235, 45, 35, 5},

∆
(5)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 13233245, 12233245, 12223245, 1222345,

122235, 1324334252, 132433452, 1223245, 132432452, 122345, 132332452, 12345,

122332452, 12235, 1235, 125, 2345, 235, 25, 5},

∆
(6)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1233245, 1223245, 122345, 12235, 233245,

124334252, 12433452, 223245, 12432452, 22345, 12345, 12332452, 1235, 125, 2345,

2332452, 2235, 235, 25, 5}.

Now the bundle of sets of (positive) roots is described as follows:

a1 7→ $1(∆
(6)
+ ), a2 7→ ∆

(1)
+ , a3 7→ ∆

(4)
+ , a4 7→ s45(∆

(2)
+ ),

a5 7→ $1(∆
(5)
+ ), a6 7→ $2(∆

(3)
+ ), a7 7→ s45(∆

(3)
+ ), a8 7→ $3(∆

(5)
+ ),

a9 7→ $2(∆
(2)
+ ), a10 7→ s34(∆

(4)
+ ), a11 7→ s34(∆

(1)
+ ), a12 7→ $3(∆

(6)
+ ).

10.1.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς3ς4ς5ς4ς3ς2ς1, ς
a1
2 , ςa13 , ςa14 , ςa15 〉 'W (A5).

10.1.3. Incarnation. We set the matrices (q(i))i∈I6 , from left to right and
from up to down:

ζ
◦

ζ ζ
◦

ζ −1◦ −1 −1◦
ζ ζ
◦

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

−1◦

ζ
−1

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

−1◦

−1
ζ

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

(10.1)

Now this is the incarnation:

a1 7→ $1(q(6)), a2 7→ q(1), a3 7→ q(4), a4 7→ s45(q(2)),

a5 7→ $1(q(5)), a6 7→ $2(q(3)), a7 7→ s45(q(3)), a8 7→ $3(q(5)),

a9 7→ $2(q(2)), a10 7→ s34(q(4)), a11 7→ s34(q(1)), a12 7→ $3(q(6)).
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10.1.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I12,

are ordered from left to right, justifying the notation β1, . . . , β30.
The root vectors xβk are described as in Remark 2.14. Thus{

xn30
β30

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 215415 = 245.

10.1.5. The Dynkin diagram (10.1 a).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; [[[x(14), x3]c, x2]c, x3]c = 0;

x554 = 0; x2
34 = 0; x2

3 = 0; x2
4 = 0; xij = 0, i < j, q̃ij = 1;

x4
α = 0, α ∈ Oq

+; [[x(25), x3]c, x4]c = q34ζ[[x(25), x4]c, x3]c.

(10.2)

Here Oq
+ = {1, 12, 2, 122324, 12324, 2324, 12233435, 123425, 23425, 3425, 122334352, 1223245,

123245, 23245, 5}, and the degree of the integral is

ÿ = 33α1 + 60α2 + 81α3 + 70α4 + 38α5.

10.1.6. The Dynkin diagram (10.1 b).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x554 = 0; x2
4 = 0; x4

α = 0, α ∈ Oq
+.

(10.3)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12233435, 12232435, 1232435, 232435, 122334352, 122324352,

12324352, 2324352, 5}, and the degree of the integral is

ÿ = 33α1 + 60α2 + 81α3 + 96α4 + 51α5.

10.1.7. The Dynkin diagram (10.1 c).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(13), x2]c = 0; x112 = 0; x443 = 0; xij = 0, i < j, q̃ij = 1;

[x(24), x3]c = 0; x2
2 = 0; x2

35 = 0; x2
3 = 0; x4

α = 0, α ∈ Oq
+;

[x125, x2]c = 0; x2
5 = 0; x235 = 2q23x3x25 − q35(1 + ζ)[x25, x3]c.

(10.4)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 122345, 12235, 122334252, 12233452, 3245, 1232452, 125, 232452, 25},

and the degree of the integral is

ÿ = 33α1 + 60α2 + 81α3 + 38α4 + 51α5.

10.1.8. The Dynkin diagram (10.1 d).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x2
3 = 0; x2

4 = 0; [[[x1235,x3]c, x2]c, x3]c = 0;

[x(24),x3]c = 0; x2
5 = 0; x2

35 = 0; x4
α = 0, α ∈ Oq

+;

x(35) +
q45(1 + ζ)

2
[x35, x4]c − q34(1− ζ)x4x35 = 0.

(10.5)
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Here Oq
+ = {1, 12, 2, 1234, 234, 34, 1223345, 122325, 12325, 2325, 122334252, 12232452,

1232452, 232452, 45}, and the degree of the integral is

ÿ = 33α1 + 60α2 + 81α3 + 38α4 + 51α5.

10.1.9. The Dynkin diagram (10.1 e).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

[x(13), x2]c = 0; x332 = 0; x334 = 0; x2
1 = 0; xij = 0, q̃ij = 1;

[x125, x2]c = 0; x443 = 0; x552 = 0; x2
2 = 0; x4

α = 0, α ∈ Oq
+.

(10.6)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 233245, 124334252, 12433452, 12432452, 12345, 1235, 125, 2332452, 5},

and the degree of the integral is

ÿ = 33α1 + 96α2 + 70α3 + 38α4 + 51α5.

10.1.10. The Dynkin diagram (10.1 f).
The Nichols algebra Bq is generated by (xi)i∈I5 with de�ning relations

x221 = 0; x223 = 0; x225 = 0; x552 = 0; xij = 0, i < j q̃ij = 1;

x332 = 0; x334 = 0; x443 = 0; x2
1 = 0; x4

α = 0, α ∈ Oq
+.

(10.7)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 13233245, 1324334252, 132433452, 132432452, 132332452, 2345, 235, 25, 5},

and the degree of the integral is

ÿ = 65α1 + 96α2 + 70α3 + 38α4 + 51α5.

10.1.11. The associated Lie algebra. This is of type A5.

10.2. Type ufo(2). Here ζ ∈ G′4. We describe �rst the root system ufo(2).

10.2.1. Basic datum and root system. Below, A6, E6, 3T and 2T1 are num-
bered as in (4.2), (4.28) and (3.11), respectively. The basic datum and the
bundle of Cartan matrices are described by the following diagram:

s465(E6)
•
a1

1

s465(E6)
•
a2

A6•
a3

5 3T•
a4

6 s56(A6)
•
a5

2 4 4

s465(E6)
•
a6

3 s465(2T1)
•
a7

s56(2T1)
•
a8

3 s56(E6)
•
a9

5 5 2

s465(A6)
•
a10

6 s45(3T )
•
a11

4 s45(A6)
•
a12

s56(E6)
•
a13

1

s56(E6)
•
a14
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Using the notation (3.1), we set:

∆
(1)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 232425, 23425,

2345, 3425, 345, 45, 5, 1223344536, 1223343536, 1223243536, 123243536, 23243536,

1223344526, 1223343526, 1223243526, 123243526, 23243526, 122334455462, 12334455462,

1223242526, 122324256, 12234455462, 123242526, 12324256, 23242526, 2324256,

12233455462, 12233445462, 12233445362, 12342526, 2342526, 342526, 1234256,

234256, 34256, 12233435362, 12232435362, 1232435362, 1234526, 123456, 232435362,

234526, 23456, 34526, 3456, 4526, 456, 56, 6},

∆
(2)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12345, 2345, 345, 45, 5, 1223343536, 1223243536,

1223242536, 1223242526, 123243536, 123242536, 123242526, 23243536, 23242536,

23242526, 12233445562, 12342536, 2342536, 342536, 12233445462, 12233435462,

122334455663, 12334455663, 12234455663, 12233435362, 12342526, 1234526, 12232435462,

1232435462, 123456, 12233455663, 12232435362, 2342526, 12233445663, 12232425362,

234526, 12233445563, 1232435362, 1232425362, 123425362, 232435462, 23456, 232435362,

232425362, 23425362, 342526, 34526, 4526, 3425362, 3456, 456, 56, 6},

∆
(3)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 23245, 2345, 235, 3245,

345, 35, 5, 1223543536, 1223542536, 1223442536, 123442536, 23442536, 1223442526,

123442526, 23442526, 1223342526, 123342526, 23342526, 3342526, 122336435462,

12336435462, 12236435462, 12235435462, 12235435362, 122334526, 122324526,

12232456, 12334526, 12324526, 1232456, 123456, 12235425462, 12235425362,

12234425362, 1234425362, 12356, 2334526, 334526, 2324526, 324526, 234425362, 232456,

23456, 2356, 32456, 3456, 356, 56, 6},

∆
(4)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12223245, 1223245, 123245, 12345, 1235, 23245, 2345,

235, 345, 35, 5, 13243543536, 13243542536, 13243442536, 13233442536, 12233442536,

13243442526, 13233442526, 12233442526, 13233342526, 12233342526, 12223342526,

1223342526, 142536435462, 1323334526, 132536435462, 132436435462, 132435435462,

132435435362, 1223334526, 1222334526, 1222324526, 122232456, 132435425462,

132435425362, 122334526, 132434425362, 122324526, 12232456, 132334425362, 122334425362,

12324526, 1232456, 123456, 12356, 2324526, 232456, 23456, 2356, 3456, 356, 56, 6},

∆
(5)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 12232425, 1232425, 123425, 12345, 232425, 23425, 2345,

3425, 345, 45, 5, 1223344536, 1223344526, 1223343526, 1223243526, 123243526, 23243526,

1223242526, 123242526, 23242526, 12342526, 2342526, 342526, 122334455362, 12334455362,

12234455362, 12233455362, 12233445362, 122334356, 122324356, 122324256, 12324356,

12324256, 1234256, 123456, 12233445262, 2324356, 12233435262, 12232435262, 1232435262,

12346, 2324256, 234256, 34256, 232435262, 23456, 2346, 3456, 346, 456, 56, 46, 6},

∆
(6)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 223245, 23245, 2345, 235,

345, 35, 5, 1243543536, 1243542536, 1243442536, 1233442536, 233442536, 1243442526,

1233442526, 233442526, 1233342526, 233342526, 1223342526, 223342526, 122536435462,
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12536435462, 12436435462, 12435435462, 12435435362, 123334526, 122334526, 122324526,

12232456, 12324526, 1232456, 123456, 12435425462, 12435425362, 12434425362, 12334425362,

12356, 23334526, 22334526, 22324526, 2324526, 2334425362, 2232456, 232456, 23456, 2356,

3456, 356, 56, 6},

∆
(7)
+ ={1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223245, 123245, 12345, 1235, 23245, 2345, 235, 345, 35,

45, 5, 1223343536, 1223342536, 1223242536, 123242536, 23242536, 1223342526, 1223242526,

123242526, 23242526, 12342526, 2342526, 342526, 122334435462, 12334435462,

12234435462, 12233435462, 12233435362, 122334526, 122324526, 12232456, 12324526,

1232456, 1234526, 123456, 12233425462, 12233425362, 12232425362, 1232425362, 12356,

2324526, 234526, 34526, 4526, 232425362, 232456, 23456, 2356, 3456, 356, 456, 56, 6}.

Now the bundle of sets of (positive) roots is described as follows:

a1 7→ s465(∆
(6)
+ ), a2 7→ s465(∆

(4)
+ ), a3 7→ ∆

(1)
+ , a4 7→ ∆

(5)
+ ,

a5 7→ s56(∆
(2)
+ ), a6 7→ s465(∆

(3)
+ ), a7 7→ s465(∆

(7)
+ ), a8 7→ s56(∆

(7)
+ ),

a9 7→ s56(∆
(3)
+ ), a10 7→ s465(∆

(2)
+ ), a11 7→ s45(∆

(5)
+ ), a12 7→ s45(∆

(1)
+ ),

a13 7→ s56(∆
(4)
+ ), a14 7→ s56(∆

(6)
+ ).

10.2.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς3ς4ς5ς6ς5ς4ς3ς2ς1, ς
a1
2 , ςa13 , ςa14 , ςa15 , ςa16 〉 'W (E6).

10.2.3. Incarnation. We set the matrices (q(i))i∈I7 , from left to right and
from up to down:

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦ −1 −1◦
ζ ζ
◦

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ ζ
◦

(10.8)

ζ
◦

ζ

ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ
◦

ζ

−1◦
ζ −1◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

−1◦

−1
ζ

ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ
◦

ζ

−1◦
ζ ζ
◦

ζ ζ
◦

ζ ζ
◦

ζ ζ
◦
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−1◦

ζ
−1

ζ
◦

ζ ζ
◦

ζ −1◦
ζ −1◦

ζ ζ
◦

Now this is the incarnation:

a1 7→ s465(q(6)), a2 7→ s465(q(4)), a3 7→ q(1), a4 7→ q(5),

a5 7→ s56(q(2)), a6 7→ s465(q(3)), a7 7→ s465(q(7)), a8 7→ s56(q(7)),

a9 7→ s56(q(3)), a10 7→ s465(q(2)), a11 7→ s45(q(5)), a12 7→ s45(q(1)),

a13 7→ s56(q(4)), a14 7→ s56(q(6)).

10.2.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I14,

are ordered from left to right, justifying the notation β1, . . . , β63.
The root vectors xβk are described as in Remark 2.14. Thus{

xn63
β63

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 227436 = 299.

10.2.5. The Dynkin diagram (10.8 a).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x665 = 0; [[[x(25),x4]c, x3]c, x4]c = 0;

x2
4 = 0; x2

5 = 0; x2
45 = 0; x4

α = 0, α ∈ Oq
+;

[[x(36), x4]c, x5]c = q45ζ[[x(36), x5]c, x4]c.

(10.9)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12232425, 1232425, 123425, 232425, 23425, 3425, 1223343536,

1223243536, 123243536, 23243536, 1223344526, 122334455462, 12334455462, 122324256,

12234455462, 12324256, 2324256, 12233455462, 1234256, 234256, 34256, 12233435362,

12232435362, 1232435362, 1234526, 232435362, 234526, 34526, 4526, 6}, and the degree of the
integral is

ÿ = 78α1 + 150α2 + 216α3 + 276α4 + 226α5 + 116α6.

10.2.6. The Dynkin diagram (10.8 b).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x443 = 0;

x445 = 0; x665 = 0; x2
5 = 0; x4

α = 0, α ∈ Oq
+.

(10.10)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 1234, 234, 34, 4, 1223343536, 1223243536, 1223242536, 123243536,

123242536, 23243536, 23242536, 12342536, 2342536, 342536, 122334455663, 12334455663,

12234455663, 12233435362, 12233455663, 12232435362, 12233445663, 12232425362, 1232435362,
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1232425362, 123425362, 232435362, 232425362, 23425362, 3425362, 6}, and the degree of the
integral is

ÿ = 78α1 + 150α2 + 216α3 + 276α4 + 330α5 + 168α6.

10.2.7. The Dynkin diagram (10.8 c).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

[x(13), x2]c = 0; x112 = 0; x443 = 0; xij = 0, i < j, q̃ij = 1;

[x236, x3]c = 0; x445 = 0; x554 = 0; x663 = 0;

[x(24), x3]c = 0; x2
2 = 0; x2

3 = 0; x4
α = 0, α ∈ Oq

+.

(10.11)

Here Oq
+ = {1, 123, 23, 1234, 234, 4, 1223245, 12345, 1235, 2345, 235, 5, 1223543536, 1223542536,

123442536, 23442536, 123442526, 23442526, 3342526, 122336435462, 12336435462, 12235435462,

12235435362, 122324526, 12232456, 123456, 12235425462, 12235425362, 1234425362, 12356,

334526, 134425362, 23456, 2356, 56, 6}, and the degree of the integral is

ÿ = 78α1 + 150α2 + 330α3 + 226α4 + 116α5 + 168α6.

10.2.8. The Dynkin diagram (10.8 d).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x332 = 0; x334 = 0; x336 = 0; xij = 0, i < j, q̃ij = 1;

x663 = 0; x443 = 0; x445 = 0; [x(13), x2]c = 0;

x554 = 0; x2
1 = 0; x2

2 = 0; x4
α = 0, α ∈ Oq

+.

(10.12)

Here Oq
+ = {12, 123, 3, 1234, 34, 4, 123245, 12345, 1235, 345, 24, 5, 1243543536, 1243542536, 1243442536,

233442536, 1243442526, 233442526, 233342526, 122536435462, 12436435462, 12435435462,

12435435362, 12324526, 1232456, 123456, 12435425462, 12435425362, 12434425362, 12356,

23334526, 2334425362, 3456, 245, 56, 6}, and the degree of the integral is

ÿ = 78α1 + 260α2 + 330α3 + 226α4 + 116α5 + 168α6.

10.2.9. The Dynkin diagram (10.8 e).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x2
46 = 0; x332 = 0; x334 = 0; [[[x2346, x4]c, x3]c, x4]c = 0;

x2
4 = 0; x2

5 = 0; x2
6 = 0; x4

α = 0, α ∈ Oq
+;

[x(35), x4]c = 0; x(46) = q45(1− ζ)x5x46 −
q56(1 + ζ)

2
[x46, x5]c.

(10.13)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12232425, 1232425, 123425, 232425, 23425, 3425, 1223344536,

1223242526, 123242526, 23242526, 12342526, 2342526, 342526, 122334455362, 12334455362,

12234455362, 12233455362, 122334356, 122324356, 12324356, 2324356, 12233435262,

12232435262, 1232435262, 12346, 232435262, 2346, 346, 56, 46}, and the degree of the inte-
gral is

ÿ = 78α1 + 150α2 + 216α3 + 276α4 + 116α5 + 168α6.
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10.2.10. The Dynkin diagram (10.8 f).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

x221 = 0; x223 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

x334 = 0; x336 = 0; x443 = 0; x445 = 0;

x554 = 0; x663 = 0; x2
1 = 0; x4

α = 0, α ∈ Oq
+.

(10.14)

Here Oq
+ = {2, 23, 3, 234, 34, 4, 23345, 2345, 235, 345, 24, 5, 13243543536, 13243542536, 13243442536,

13233442536, 13243442526, 13233442526, 13233342526, 1323334526, 132536435462,

132436435462, 132435435462, 132435435362, 132435425462, 132435425362, 132434425362,

132334425362, 2324526, 232456, 23456, 2356, 3456, 245, 56, 6}, and the degree of the inte-
gral is

ÿ = 184α1 + 260α2 + 330α3 + 226α4 + 116α5 + 168α6.

10.2.11. The Dynkin diagram (10.8 g).
The Nichols algebra Bq is generated by (xi)i∈I6 with de�ning relations

[x(24), x3]c = 0; x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

[x236, x3]c = 0; x223 = 0; x554 = 0; x2
6 = 0; x2

46 = 0;

[x(35), x4]c = 0; x2
3 = 0; x2

4 = 0; x4
α = 0, α ∈ Oq

+;

x346 + q46(1 + ζ)[x36, x4]c − 2q34x4x36 = 0.

(10.15)

Here Oq
+ = {1, 12, 2, 1234, 234, 34, 1223245, 123245, 1235, 23345, 235, 24, 1223343536, 1223242536,

123242536, 23242536, 12342526, 2342526, 342526, 122334435462, 12334435462, 12234435462,

12233435362, 122334526, 12232456, 1232456, 12233425462, 12232425362, 1232425362,

12356, 4526, 232425362, 232456, 2356, 245, 6}, and the degree of the integral is

ÿ = 78α1 + 150α2 + 216α3 + 226α4 + 116α5 + 168α6.

10.2.12. The associated Lie algebra. This is of type E6.

10.3. Type ufo(3). Here ζ ∈ G′3. We describe �rst the root system ufo(3).

10.3.1. Basic datum and root system. Below, A3, B3, C3 and T (2) are num-
bered as in (4.2), (4.7), (4.15) and (3.12), respectively. The basic datum and
the bundle of Cartan matrices are described by the following diagram:

s13(B3)
•
a1

2 T (2)

•
a2

3 s23(A3)
•
a3

1 1 1

s13(B3)
•
a4

s123(C3)
•
a5

s23(C3)
•
a6

B3•
a7

3 3 3

s123(A3)
•
a8

1 s13(T (2))
•
a9

2 B3•
a10

Using the notation (3.1), we set:

∆
(1)
+ ={1, 12, 2, 12233, 12223, 1223, 122332, 123, 23, 3},

∆
(2)
+ ={1, 12, 2, 1233, 1223, 223, 12332, 123, 23, 3},
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∆
(3)
+ ={1, 122, 12, 2, 13223, 12223, 1223, 123, 23, 3},

∆
(4)
+ ={1, 122, 12, 2, 12223, 1223, 1223, 123, 23, 3},

∆
(5)
+ ={1, 122, 12, 2, 13223, 1323, 1223, 123, 23, 3}.

Now the bundle of sets of (positive) roots is described as follows:

a1 7→ s13(∆
(3)
+ ), a2 7→ ∆

(5)
+ , a3 7→ s23(∆

(2)
+ ), a4 7→ s13(∆

(4)
+ ),

a5 7→ s123(∆
(1)
+ ), a6 7→ s23(∆

(1)
+ ), a7 7→ ∆

(4)
+ , a8 7→ s123(∆

(2)
+ ),

a9 7→ s13(∆
(5)
+ ), a10 7→ ∆

(3)
+ .

10.3.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a4) = 〈ςa42 , ςa43 〉 'W (A2).

10.3.3. Incarnation. We set the matrices (q(i))i∈I5 , from left to right and
from up to down:

−1◦
ζ ζ
◦
−ζ −ζ
◦ −1◦

ζ −1◦
−ζ −ζ
◦

ζ
◦ −1 −1◦

−ζ −ζ
◦

ζ
◦
−ζ −ζ
◦
−ζ −ζ
◦ −1◦

ζ −ζ

ζ
◦ −1 −1◦

(10.16)

Now this is the incarnation:

a1 7→ ∆
(3)
+ , a2 7→ ∆

(5)
+ , a3 7→ s23(∆

(2)
+ ), a4 7→ ∆

(4)
+ ,

a5 7→ s123(∆
(1)
+ ), a6 7→ s23(∆

(1)
+ ), a7 7→ s13(∆

(4)
+ ), a8 7→ s123(∆

(2)
+ ),

a9 7→ s13(∆
(5)
+ ), a10 7→ s13(∆

(3)
+ ).

10.3.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I10,

are ordered from left to right, justifying the notation β1, . . . , β10.
The root vectors xβk are described as in Remark 2.14. Thus{

xn10
β10

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 243363 = 2736.

10.3.5. The Dynkin diagram (10.16 a).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x221 = 0; x13 = 0; x2
1 = 0; [x(13),x223]6c = 0;

x332 = 0; x3
2 = 0; x6

3 = 0; [[x(13),x2]c, x2]6c = 0.
(10.17)

Here, Oq
+ = {α3, α1 + 3α2 + α3} and the degree of the integral is

ÿ = 15α1 + 42α2 + 26α3.
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10.3.6. The Dynkin diagram (10.16 b).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x332 = 0; x13 = 0; x2
2 = 0; [x12,[x(13), x2]c]

6
c = 0;

x2
1 = 0; x6

3 = 0; [x(13),[x(13), x2]c]
6
c = 0.

(10.18)

Here, Oq
+ = {2α1 +3α2 +α3, 2α1 +3α2 +2α3} and the degree of the integral

is

ÿ = 29α1 + 42α2 + 26α3.

10.3.7. The Dynkin diagram (10.16 c).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x332 = 0; [[x12, x(13)]c, x2]c = 0; x6
112 = 0; [x112,x12]c = 0;

x13 = 0; x3
1 = 0; x2

2 = 0; x6
3 = 0; [x1,x(13)]

6
c = 0.

(10.19)

Here, Oq
+ = {2α1 + α2, 2α1 + α2 + α3} and the degree of the integral is

ÿ = 29α1 + 20α2 + 15α3.

10.3.8. The Dynkin diagram (10.16 d). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x221 = 0; x13 = 0; x3
1 = 0; x332 = 0;

x223 = 0; x6
2 = 0; x6

3 = 0; x6
23 = 0.

(10.20)

Here, Oq
+ = {α2 + α3, α3} and the degree of the integral is

ÿ = 15α1 + 20α2 + 15α3.

10.3.9. The Dynkin diagram (10.16 e).
The Nichols algebra Bq is generated by (xi)i∈I3 with de�ning relations

x113 = 0; x3
1 = 0; x6

23 = 0; [x112, x12]c = 0;

x2
2 = 0; x2

3 = 0; x6
112 = 0; [x12, x(13)]

6
c = 0;

x(13) =
q23ζ

1− ζ
[x13, x2]c − q12ζx2x13.

(10.21)

Here, Oq
+ = {α2 + α3, 2α1 + 2α2 + α3} and the degree of the integral is

ÿ = 29α1 + 26α2 + 15α3.

10.3.10. The associated Lie algebra. This is of type A2.

10.4. Type ufo(4). Here ζ ∈ G′3. We describe �rst the root system ufo(4).
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10.4.1. Basic datum and root system. Below, A3, C3, C
(1)
2 and T (2) are num-

bered as in (4.2), (4.15), (3.5) and (3.12), respectively. The basic datum and
the bundle of Cartan matrices are described by the following diagram:

s23(C3)
•
a1

3

C
(1)
2•
a2

3 C3•
a3

2 s13(T (2))
•
a4

1 s12(A3)
•
a5

1 1 2

τ(C3)
•
a6

3 A3•
a7

2 s23(T (2))
•
a8

1 s123(C3)
•
a9

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ =s23({1, 12, 123, 1223, 1232, 12232, 12233, 2, 23, 232, 3}),

∆a2
+ ={1, 12, 123, 122, 1223, 1233, 12332, 2, 223, 23, 3},

∆a3
+ ={1, 12, 123, 1223, 1233, 12232, 12332, 2, 223, 23, 3},

∆a4
+ ={1, 12, 13, 123, 1223, 12232, 12332, 2, 223, 23, 3},

∆a5
+ =s12({1, 12, 12223, 123, 1223, 12233, 122332, 132432, 2, 23, 3}),

∆a6
+ ={1, 12, 122, 12223, 123, 1223, 122332, 12233, 2, 23, 3},

∆a7
+ ={1, 12, 12223, 123, 12233, 1223, 12232, 122332, 2, 23, 3},

∆a8
+ ={1, 12, 122, 12223, 13, 1223, 123, 1223, 2, 23, 3},

∆a9
+ =s123({1, 12, 123, 1223, 1233, 12332, 12432, 2, 223, 23, 3}).

10.4.2. Weyl groupoid. The isotropy group at a2 ∈ X is

W(a2) = 〈ςa22 , ςa21 ς2ς1〉 ' Z/2× Z/2.

10.4.3. Incarnation. We set the matrices (q(i))i∈I9 , from left to right and
from up to down:

−1◦ −1 −1◦
−ζ ζ
◦ −1◦

ζ ζ
◦
−ζ −1◦ −1◦

ζ ζ
◦
−ζ −1◦

−1◦
−1 ζ

−1◦
−ζ ζ

◦

−1◦
ζ −1◦ −1 −1◦ −1◦

ζ −ζ
◦
−ζ −1◦

−1◦
ζ −1◦

−ζ −1◦
ζ
◦

−ζ ζ

−ζ
◦

−ζ −1◦

−1◦
ζ ζ
◦ −1 −1◦

(10.22)

Now, this is the incarnation:

a1 7→ s23(q1); ai 7→ s13(qi), i = 4, 8;

ai 7→ s12(qi), i = 5, 9; ai 7→ q(i), i = 2, 3, 6, 7.
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10.4.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I9,

are ordered from left to right, justifying the notation β1, . . . , β11.
The root vectors xβk are described as in Remark 2.14. Thus{

xn11
β11

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 27336 = 2834.

10.4.5. The Dynkin diagram (10.22 a). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x2

2 = 0; [x332, x32]c = 0;

x3
3 = 0; [[x(13), x3]c, x2]6c = 0; [x3321, x321]c = 0;

x13 = 0; x2
12 = 0; [[x32, x321]c, x2]c = 0.

(10.23)

Here, Oq
+ = {α1 + 2α2 + 2α3} and the degree of the integral is

ÿ = 12α1 + 22α2 + 24α3.

10.4.6. The Dynkin diagram (10.22 b). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x3

2 = 0; x6
12 = 0; x2

3 = 0; x13 = 0;

[x223, x23]c = 0; [x1, x223]c = q12x2x123 − q23[x123, x2]c.
(10.24)

Here, Oq
+ = {α1 + α2} and the degree of the integral is

ÿ = 12α1 + 24α2 + 10α3.

10.4.7. The Dynkin diagram (10.22 c). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x3

2 = 0; x2
3 = 0; x6

(13) = 0;

x221 = 0; x13 = 0; [x223, x23]c = 0.
(10.25)

Here, Oq
+ = {α1 + α2 + α3} and the degree of the integral is

ÿ = 12α1 + 24α2 + 16α3.

10.4.8. The Dynkin diagram (10.22 d). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x3

2 = 0; [x221, x21]c = 0;

x2
3 = 0; x2

13 = 0; [x(13), x2]6c = 0;

x2223 = 0; x(13) =
q23(ζ − 1)

2
[x13, x2]c + q12(1− ζ)x2x13.

(10.26)

Here, Oq
+ = {α1 + 2α2 + α3} and the degree of the integral is

ÿ = 16α1 + 24α2 + 12α3.
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10.4.9. The Dynkin diagram (10.22 e). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x2

2 = 0; x2
3 = 0; [x12, [x123, x123]c]c = 0;

x3
12 = 0; x2

23 = 0; x13 = 0; [x12, x(13)]
6
c = 0.

(10.27)

Here, Oq
+ = {2α1 + 2α2 + α3} and the degree of the integral is

ÿ = 24α1 + 30α2 + 16α3.

10.4.10. The Dynkin diagram (10.22 f). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x6

2 = 0; x2221 = 0; x2
3 = 0; x13 = 0; x223 = 0.(10.28)

Here, Oq
+ = {α2} and the degree of the integral is

ÿ = 14α1 + 24α2 + 10α3.

10.4.11. The Dynkin diagram (10.22 g). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x2

2 = 0; [[x32, x321]c, x2]c = 0;

x2
3 = 0; x13 = 0; x6

23 = 0.
(10.29)

Here, Oq
+ = {α2 + α3} and the degree of the integral is

ÿ = 14α1 + 24α2 + 16α3.

10.4.12. The Dynkin diagram (10.22 h). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x6
1 = 0; x2

2 = 0; x3
3 = 0; x112 = 0; x113 = 0; x332 = 0;

x(13) = q23(ζ − 1)[x13, x2]c + q12(1− ζ)x2x13.
(10.30)

Here, Oq
+ = {α1} and the degree of the integral is

ÿ = 16α1 + 8α2 + 14α3.

10.4.13. The Dynkin diagram (10.22 i). The Nichols algebra Bq is generated
by (xi)i∈I3 with de�ning relations

x2
1 = 0; x3

2 = 0; x2
3 = 0; [x223, x23]c = 0;

x221 = 0; x13 = 0; x6
223 = 0; [x(13), x23]c = 0.

(10.31)

Here, Oq
+ = {2α2 + α3} and the degree of the integral is

ÿ = 8α1 + 30α2 + 16α3.

10.4.14. The associated Lie algebra. This is of type A1.

10.5. Type ufo(5). Here ζ ∈ G′3. We describe �rst the root system ufo(5).
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10.5.1. Basic datum and root system. Below, A4, B4, C4, T1 and 1T̃
(2) are

numbered as in (4.2), (4.7), (4.15), (3.11) and (3.14), respectively. The basic
datum and the bundle of Cartan matrices are described by the following
diagram:

B4•
a1

s34(C4)
•
a2

2 s24(T1)
•
a3

1 κ3(A4)
•
a4

4 4 4

B4•
a5

3 1T̃ (2)

•
a6

s24(1T̃ (2))
•
a7

3 s24(B4)
•
a8

2 2 2

κ1(A4)
•
a9

1 T1•
a10

4 κ2(C4)
•
a11

s24(B4)
•
a12

Using the notation (3.1), we set:

∆
(1)
+ ={1, 12, 2, 123, 23, 3, 1234, 1223242, 123242, 12342, 12233445, 1223343, 1223243, 123243,

1223344, 1233445, 1223445, 1223345, 234, 23242, 2342, 23243, 34, 342, 4},

∆
(2)
+ ={1, 12, 2, 123, 23, 3, 122324, 122324, 12324, 2324, 1223342, 12233443, 1233443, 1223443,

1234, 1223242, 123242, 1223343, 12342, 234, 23242, 34, 2342, 342, 4},

∆
(3)
+ ={1, 12, 122, 2, 12233, 1233, 1223, 123, 23, 3, 1224334, 1224324, 1223324, 123324, 122324,

12324, 2324, 12243342, 122334, 12334, 12234, 1234, 234, 34, 4},

∆
(4)
+ ={1, 12, 2, 123, 23, 3, 122324, 12243542, 12233542, 1233542, 122324, 12233442, 1233442,

12243643, 12324, 1223442, 2324, 12243543, 12233543, 1233543, 1223342, 1234, 234, 34, 4},

∆
(5)
+ ={1, 12, 2, 1223, 123, 23, 3, 122324, 122324, 12324, 2324, 324, 12233342, 1233342, 1223342,

12234, 1234, 1223242, 234, 123242, 124, 23242, 34, 24, 4},

∆
(6)
+ ={1, 12, 2, 1223, 122332, 12332, 123, 12232, 23, 3, 1224334, 1224324, 1223334, 123334,

1223324, 123324, 122324, 12243342, 12234, 1234, 124, 234, 34, 24, 4}.

Now the bundle of sets of (positive) roots is described as follows:

a1 7→ ∆
(1)
+ , a2 7→ τ(∆

(3)
+ ), a3 7→ κ6(∆

(6)
+ ), a4 7→ κ4(∆

(4)
+ ),

a5 7→ ∆
(2)
+ , a6 7→ s34(∆

(5)
+ ), a7 7→ κ2(∆

(5)
+ ), a8 7→ s24(∆

(2)
+ ),

a9 7→ s13(∆
(4)
+ ), a10 7→ κ7(∆

(6)
+ ), a11 7→ κ7(∆

(3)
+ ), a12 7→ s24(∆

(1)
+ ).

10.5.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 , ςa13 , ςa14 ς3ς2ς4ς1ς4ς2ς3ς4〉 'W (A4).
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10.5.3. Incarnation. We set the matrices (q(i))i∈I6 , from left to right and
from up to down:

−ζ
◦
−ζ −ζ
◦
−ζ −ζ
◦
−ζ ζ
◦

−ζ
◦
−ζ −ζ
◦
−ζ −1◦ −1 ζ

◦

−ζ
◦
−ζ ζ
◦

ζ −1◦
−ζ −ζ
◦

−ζ
◦
−ζ −ζ
◦
−ζ −1◦

−ζ −ζ
◦ .

−1◦
−ζ

−1

−ζ
◦

−ζ −1◦
ζ ζ
◦

−1◦
−ζ

−ζ

−ζ
◦

−ζ −1◦
ζ −1◦

(10.32)

Now this is the incarnation:

a1 7→ q(1), a2 7→ τ(q(3)), a3 7→ κ6(q(6)), a4 7→ κ4(q(4)),

a5 7→ q(2), a6 7→ s34(q(5)), a7 7→ κ2(q(5)), a8 7→ s24(q(2)),

a9 7→ s13(q(4)), a10 7→ κ7(q(6)), a11 7→ κ7(q(3)), a12 7→ s24(q(1)).

10.5.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I12,

are ordered from left to right, justifying the notation β1, . . . , β25.
The root vectors xβk are described as in Remark 2.14. Thus{

xn25
β25

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 21035610 = 220315.

10.5.5. The Dynkin diagram (10.32 a).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; x334 = 0; x3
4 = 0; x6

α = 0, α ∈ Oq
+.

(10.33)

Here Oq
+ = {1, 12, 2, 123, 23, 3, 12233445, 1233445, 1223445, 1223345} and the degree of the

integral is

ÿ = 50α1 + 90α2 + 120α3 + 140α4.

10.5.6. The Dynkin diagram (10.32 b).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; [x443,x43]c = 0; [[x43,x432]c, x3]c = 0;

x2
3 = 0; x3

4 = 0; x6
α = 0, α ∈ Oq

+.

(10.34)

Here Oq
+ = {1, 12, 2, 122334, 12233443, 1233443, 1223443, 12342, 2342, 342} and the degree

of the integral is

ÿ = 50α1 + 90α2 + 120α3 + 104α4.
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10.5.7. The Dynkin diagram (10.32 c).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x443 = 0; xij = 0, i < j, q̃ij = 1;

x3
2 = 0; x2

3 = 0; x6
α = 0, α ∈ Oq

+.
(10.35)

Here Oq
+ = {1, 12233, 1233, 1224334, 12324, 2324, 12243342, 122334, 12334, 4} and the degree

of the integral is

ÿ = 76α1 + 142α2 + 90α3 + 50α4.

10.5.8. The Dynkin diagram (10.32 d).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x221 = 0; xij = 0, i < j, q̃ij = 1;

x223 = 0; x443 = 0; x2
3 = 0; x6

α = 0, α ∈ Oq
+.

(10.36)

Here Oq
+ = {1, 12, 2, 12243542, 12233542, 1233542, 12243543, 12233543, 1233543, 4} and the

degree of the integral is

ÿ = 76α1 + 142α2 + 198α3 + 104α4.

10.5.9. The Dynkin diagram (10.32 e).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; [x124,x2]c = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

x332 = 0; [x334,x34]c = 0; x2
4 = 0; x6

α = 0, α ∈ Oq
+;

x3
3 = 0; x(24) = 2q34ζ[x24, x3]c + 2q23x3x24.

(10.37)

Here Oq
+ = {1, 1223, 122334, 324, 12233342, 1233342, 123242, 124, 23242, 24} and the degree

of the integral is

ÿ = 50α1 + 90α2 + 104α3 + 76α4.

10.5.10. The Dynkin diagram (10.32 f).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

[x124, x2]c = 0; x2
3 = 0; x2

4 = 0; x6
α = 0, α ∈ Oq

+;

x(24) = −q34ζ[x24, x3]c − q23ζx3x24.

(10.38)

Here Oq
+ = {1, 122332, 12332, 1224324, 1223334, 123334, 12243342, 124, 34, 24} and the degree

of the integral is

ÿ = 76α1 + 142α2 + 104α3 + 50α4.

10.5.11. The associated Lie algebra. This is of type A4.

10.6. Type ufo(6). Here ζ ∈ G′4. We describe �rst the root system ufo(6).
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10.6.1. Basic datum and root system. Below, A4, F4, D
(3)∧
4 , T1 and 1T

(2)

are numbered as in (4.2), (4.35), (3.20), (3.11) and (3.13), respectively. The
basic datum and the bundle of Cartan matrices are described by the following
diagram:

D
(3)∧
4•
a1

2 A4•
a2

3 s34(1T (2))
•
a3

4 F4•
a4

1 1 1

A4•
a5

3 1T•
a6

4 A4•
a7

2 2

T1•
a8

s24(T1)
•
a9

4 4

κ2(A4)
•
a10

2 s24(1T )
•
a11

3 κ2(A4)
•
a12

1 1 1

κ2(F4)
•
a13

2 s24(1T (2))
•
a14

3 κ2(A4)
•
a15

4 κ2(D
(3)∧
4 )
•
a16

Using the notation (3.1), we set:

∆
(1)
+ =

{
1, 12, 2, 123, 23, 3, 122334, 122324, 12334, 2334, 1223542, 334, 12324,

12233643, 1223442, 1233643, 2324, 1223643, 1223342, 123442, 23442,

1223543, 324, 123342, 1234, 23342, 234, 3342, 34, 4
}
,

∆
(2)
+ =

{
1, 12, 2, 123, 23, 3, 1323334, 1223334, 1222334, 1222324, 13243542,

122334, 13243442, 13233342, 14253643, 13233342, 122324, 13253643, 12233442,

13243643, 12324, 13243543, 2324, 12233342, 12223342, 1223342, 1234, 234, 34, 4
}
,

∆
(3)
+ =

{
1, 12, 2, 123, 23, 3, 132334, 122334, 122234, 12224, 13243242, 1324342,

12234, 13233242, 14253243, 1323342, 12233242, 13253243, 1224, 1223342,

13243243, 1324343, 1234, 234, 1222342, 122342, 124, 24, 34, 4
}
,

∆
(4)
+ =

{
1, 12, 2, 12223, 1223, 123, 23, 3, 1324334, 1324324, 1323334, 1223334,

1323324, 1223324, 14253442, 1222324, 122234, 13253442, 13243442, 13243342,

122324, 12234, 13233342, 12233342, 12324, 1234, 2324, 234, 34, 4
}
,

∆
(5)
+ =

{
1, 12, 2, 123, 23, 3, 123334, 122334, 122324, 23334, 1243542, 22334, 1243442,

12253643, 12324, 1233442, 1234, 1253643, 1243643, 1233342, 22324, 124354,

1223342, 233442, 2324, 233342, 223342, 234, 34, 4
}
,

∆
(6)
+ =

{
1, 12, 2, 123, 23, 3, 12334, 12234, 1224, 2334, 1243242, 124342, 2234,

12253243, 1233242, 1234, 1253243, 123342, 224, 233242, 1243243, 23342,

234, 124343, 122342, 124, 22342, 24, 34, 4
}
,

∆
(7)
+ =

{
1, 12, 2, 1223, 123, 223, 23, 3, 124334, 124324, 123334, 23334, 123324,

12253442, 23324, 1253442, 122324, 12234, 1243442, 1243342, 22324, 2234,

1233342, 12324, 1234, 233342, 2324, 234, 34, 4
}
,
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∆
(8)
+ =

{
1, 12, 2, 123, 23, 3, 122334, 122324, 12324, 2324, 12243342, 12233342,

1233342, 12234, 12243443, 12233242, 1233242, 1223342, 12243343, 1234,

12233343, 1223242, 1233343, 234, 1224, 122342, 124, 24, 34, 4
}
.

Now the bundle of sets of (positive) roots is described as follows:

a8 7→ κ7(∆
(8)
+ ); ai 7→ ∆

(i)
+ , i = 1, 2, 5; ai 7→ s34(∆

(i)
+ ), i = 3, 4, 6, 7;

a9 7→ κ6(∆
(8)
+ ); ai 7→ κ8(∆

(17−i)
+ ), i = 11, 14; ai 7→ κ2(∆

(17−i)
+ ), otherwise.

10.6.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 ς3ς4ς2ς4ς3ς2, ς
a1
3 , ςa14 〉 'W (G2)×W (G2).

10.6.3. Incarnation. We set the matrices (q(i))i∈I8 , from left to right and
from up to down:

ζ
◦

ζ −1◦
ζ ζ
◦

ζ ζ
◦ −1◦

ζ −1◦
ζ −1◦

ζ ζ
◦

−1◦

ζ
ζ

−1◦
ζ ζ
◦ −1 −1◦

−1◦
ζ ζ
◦ −1 −1◦

ζ ζ
◦

−1◦
ζ ζ
◦

ζ −1◦
ζ ζ
◦ −1◦

ζ
ζ

−1◦
ζ −1◦ −1 −1◦

−1◦
ζ −1◦ −1 −1◦

ζ ζ
◦

ζ
◦

ζ
ζ

ζ
◦

ζ −1◦ −1 −1◦

(10.39)

Now this is the incarnation:

a8 7→ κ7(q(8)); ai 7→ q(i), i = 1, 2, 5; ai 7→ s34(q(i)), i = 3, 4, 6, 7;

a9 7→ κ6(q(8)); ai 7→ κ8(q(17−i)), i = 11, 14; ai 7→ κ2(q(17−i)), otherwise.

10.6.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I16,

are ordered from left to right, justifying the notation β1, . . . , β30.
The root vectors xβk are described as in Remark 2.14. Thus{

xn30
β30

. . . xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 218412 = 242.
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10.6.5. The Dynkin diagram (10.39 a).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x332 = 0; xij = 0, i < j, q̃ij = 1;

[x(13),x2]c = 0; [[[x(24),x3]c, x3]c, x3]c = 0;

x443 = 0; x2
2 = 0; x4

α = 0, α ∈ Oq
+.

(10.40)

Here Oq
+ = {1, 3, 334, 12324, 12233643, 1223442, 1233643, 2324, 324, 3342, 34, 4} and the de-

gree of the integral is

ÿ = 30α1 + 54α2 + 138α3 + 72α4.

10.6.6. The Dynkin diagram (10.39 b).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x443 = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

[x(13),x2]c = 0; [[x23,[x23, x(24)]c]c, x3]c = 0;

x2
2 = 0; x2

3 = 0; x4
α = 0, α ∈ Oq

+.

(10.41)

Here Oq
+ = {12, 23, 122324, 23334, 12253643, 1233442, 1243643, 22324, 2324, 233342, 234, 4} and

the degree of the integral is

ÿ = 30α1 + 116α2 + 138α3 + 72α4.

10.6.7. The Dynkin diagram (10.39 c).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x221 = 0; x2223 = 0; x2
1 = 0; xij = 0, i < j, q̃ij = 1;

x224 = 0; x2
3 = 0; x2

4 = 0; x4
α = 0, α ∈ Oq

+;

x(24) = q34ζ[x24, x3]c + q23(1 + ζ)x3x24.

(10.42)

Here Oq
+ = {2, 123, 12234, 2334, 2234, 12253243, 123342, 233242, 234, 124343, 24, 34} and the

degree of the integral is

ÿ = 30α1 + 116α2 + 72α3 + 52α4.

10.6.8. The Dynkin diagram (10.39 d).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x221 = 0; x443 = 0; x2223 = 0; xij = 0, i < j, q̃ij = 1;

x2
1 = 0; x2

3 = 0; x4
α = 0, α ∈ Oq

+;

[x2, [x(24), x3]c]c =
q23q43

1 + ζ
[x23, x(24)]c + (ζ − 1)q23q24x(24)x23.

(10.43)

Here Oq
+ = {2, 23, 124324, 23334, 123324, 12253442, 122324, 22324, 12324, 233342, 234, 4} and the

degree of the integral is

ÿ = 30α1 + 116α2 + 98α3 + 52α4.
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10.6.9. The Dynkin diagram (10.39 e).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x221 = 0; x223 = 0; xij = 0, i < j, q̃ij = 1;

x443 = 0; x2
1 = 0; x2

3 = 0; x4
α = 0, α ∈ Oq

+.
(10.44)

Here Oq
+ = {2, 123, 1323334, 1222324, 13233342, 122324, 13253643, 12233442, 13243643, 12324, 1234, 4}

and the degree of the integral is

ÿ = 88α1 + 116α2 + 138α3 + 72α4.

10.6.10. The Dynkin diagram (10.39 f).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x2
1 = 0; [x124,x2]c = 0; x2

2 = 0; xij = 0, i < j, q̃ij = 1;

x2
3 = 0; [[x12,x(13)]c, x2]c = 0; x2

4 = 0; x4
α = 0, α ∈ Oq

+;

x2
23 = 0; x(24) = q34ζ[x24, x3]c + q23(1 + ζ)x3x24.

(10.45)

Here Oq
+ = {12, 23, 132334, 122234, 12234, 13233242, 13253243, 1223342, 1324343, 1234, 124, 34}

and the degree of the integral is

ÿ = 88α1 + 116α2 + 72α3 + 52α4.

10.6.11. The Dynkin diagram (10.39 g).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x443 = 0; x2
1 = 0; x2

2 = 0; xij = 0, i < j, q̃ij = 1;

[[x12, x(13)]c, x2]c = 0; x2
3 = 0; x2

23 = 0; x4
α = 0, α ∈ Oq

+.
(10.46)

Here Oq
+ = {12, 123, 1324324, 1323334, 1223324, 1222324, 13253442, 122324, 13233342, 1234, 2324, 4}

and the degree of the integral is

ÿ = 88α1 + 116α2 + 98α3 + 52α4.

10.6.12. The Dynkin diagram (10.39 h).
The Nichols algebra Bq is generated by (xi)i∈I4 with de�ning relations

x112 = 0; x443 = 0; x2
2 = 0; xij = 0, i < j, q̃ij = 1;

x442 = 0; x2
23 = 0; x2

3 = 0; x4
α = 0, α ∈ Oq

+;

[x124, x2]c = 0; x(24) = q34ζ[x24, x3]c + q23(1 + ζ)x3x24.

(10.47)

Here Oq
+ = {1, 3, 122334, 122324, 12243342, 12234, 1234, 12233343, 1223242, 1233343, 234, 1224}

and the degree of the integral is

ÿ = 52α1 + 98α2 + 72α3 + 88α4.

10.6.13. The associated Lie algebra. This is of type G2 ×G2.

10.7. Type ufo(7). Here ζ ∈ G′12. We describe �rst the root system ufo(7).
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10.7.1. Basic datum and root system. Below, A
(1)
1 , B2, C2 and G2 are num-

bered as in (3.2), (4.7), (4.15) and (4.43), respectively. The basic datum and
the bundle of Cartan matrices are described by the following diagram:

G2•
a1

2 C2•
a2

1 A
(1)
1•
a3

2 B2•
a4

1 τ(G2)
•
a5

.

Using the notation (3.1), the bundle of (positive) root sets is the following:

∆a1
+ ={1, 132, 122, 12, 2} = τ(∆a5

+ ), ∆a3
+ ={1, 122, 12, 122, 2},

∆a2
+ ={1, 122, 1322, 12, 2} = τ(∆a4

+ ).

10.7.2. Weyl groupoid. The isotropy group at a3 ∈ X is

W(a3) = 〈ςa31 ς2ς1ς2ς1 = ςa32 ς1ς2ς1ς2〉 ' Z/2.

10.7.3. Incarnation. This is called ufo(7). We assign the following Dynkin
diagrams to ai, i ∈ I5:

a1 7→
−ζ3
◦

ζ −1◦ , a2 7→
−ζ 2

◦
ζ −1◦ , a3 7→

−ζ 2

◦
−ζ3 −ζ2

◦ ,

a4 7→
−1◦

−ζ −ζ2
◦ , a5 7→

−1◦
−ζ −ζ3

◦ .

(10.48)

10.7.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I5,

are ordered from left to right, justifying the notation β1, β2, β3, β4, β5.
The root vectors xβk are described as in Remark 2.14. Thus{

xn5
β5
xn4
β4
xn3
β3
xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 22324 = 144.

10.7.5. The Dynkin diagram (10.48 a).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x4
1 = 0; x2

2 = 0; [x112, x12]c = 0.(10.49)

Here, Oq
+ is empty and the degree of the integral is ÿ = 12α1 + 6α2.

10.7.6. The Dynkin diagram (10.48 b).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x3
1 = 0; x2

2 = 0; [[x112, x12]c, x12]c = 0.(10.50)

Here, Oq
+ is empty and the degree of the integral is ÿ = 12α1 + 8α2.

10.7.7. The Dynkin diagram (10.48 c).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x3
1 = 0; x3

2 = 0; [x1, x122]c +
ζ4q12

(3)ζ
x2

12 = 0.(10.51)

Here, Oq
+ is empty and the degree of the integral is ÿ = 8α1 + 8α2.
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10.7.8. The Dynkin diagram (10.48 d).
This diagram is of the shape of (10.48 b) but with ζ5 instead of ζ. There-

fore the corresponding Nichols algebra has relations analogous to (10.50).

10.7.9. The Dynkin diagram (10.48 e).
This diagram is of the shape of (10.48 a) but with ζ5 instead of ζ. There-

fore the corresponding Nichols algebra has relations analogous to (10.49).

10.7.10. The associated Lie algebra. This is trivial.

10.8. The Nichols algebras ufo(8). Here ζ ∈ G′12.

10.8.1. Basic datum, root system and Weyl groupoid. The root system is of
type ufo(7) as in �10.7.1; hence the Weyl groupoid is as in �10.7.2.

10.8.2. Incarnation. This is a new incarnation, denoted ufo(8). We set the

matrices (q(i))i∈I3 , from left to right:

−ζ
◦
−ζ3 −1◦

−ζ2
◦

ζ3 −1◦
−ζ2
◦

ζ −ζ2
◦(10.52)

Now this is the incarnation:

ai 7→ q(i), i ∈ I3; ai 7→ τ(q(6−i)), i ∈ I4,5.

10.8.3. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I5,

are ordered from left to right, justifying the notation β1, β2, β3, β4, β5.
The root vectors xβk are described as in Remark 2.14. Thus{

xn5
β5
xn4
β4
xn3
β3
xn2
β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 223212 = 432.

10.8.4. The Dynkin diagram (10.52 a).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x12
1 = 0; x2

2 = 0; x11112 = 0; [x112, x12]c = 0.(10.53)

Here, Oq
+ = {α1} and the degree of the integral is ÿ = 20α1 + 16α2.

10.8.5. The Dynkin diagram (10.52 b).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x3
1 = 0; x2

2 = 0; x12
12 = 0; [[x112, x12]c, x12]c = 0.(10.54)

Here, Oq
+ = {α1 + α2} and the degree of the integral is ÿ = 20α1 + 16α2.

10.8.6. The Dynkin diagram (10.52 c).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x3
1 = 0; x3

2 = 0; x12
12 = 0; [x1, x122]c = (1 + ζ + ζ2)ζ4q12x

2
12.(10.55)

Here, Oq
+ = {α1 + α2} and the degree of the integral is ÿ = 16α1 + 16α2.

10.8.7. The associated Lie algebra. This is of type A1.
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10.9. Type ufo(9). Here ζ ∈ G′24. We describe �rst the root system ufo(9).

10.9.1. Basic datum and root system. Below,C2, G2, H5,1 and H2,3 are num-
bered as in (4.43), (4.15) and (3.21), respectively. The basic datum and the
bundle of Cartan matrices are described by the following diagram:

H5,1•
a1

2 C2•
a2

1 H2,3•
a3

2 τ(G2)
•
a4

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 152, 142, 132, 1522, 122, 12, 2},

∆a2
+ ={1, 122, 1523, 1322, 1423, 1524, 12, 2},

∆a3
+ ={1, 122, 12, 1223, 1324, 122, 123, 2},

∆a4
+ ={1, 12, 1223, 1325, 1225, 122, 123, 2}.

10.9.2. Weyl groupoid. The isotropy group at a2 ∈ X is

W(a2) = 〈ςa21 ς2ς1ς2ς1, ς
a2
2 ς1ς2〉 ' Z/2× Z/2.

10.9.3. Incarnation. We set the matrices (q(i))i∈I4 , from left to right:

ζ6

◦
−ζ −ζ 4

◦
ζ6

◦
ζ ζ
◦

−ζ 4

◦
ζ5 −1◦

ζ
◦

ζ
5 −1◦ .(10.56)

Now this is the incarnation:

a1 7→ q(4), a2 7→ q(3), a3 7→ τ(q(1)), a4 7→ τ(q(2)), .

10.9.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I4,

are ordered from left to right, justifying the notation β1, . . . , β8.
The root vectors xβk are described as in Remark 2.14. Thus{

xn8
β8
· · ·xn2

β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 223242242 = 21234.

10.9.5. The Dynkin diagram (10.56 a).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x4
1 = 0; x24

1112 = 0; x24
12 = 0;

x3
2 = 0; [x1, x122]c =

1 + ζ7

1 + ζ
ζ10q12x

2
12.

(10.57)

Here, Oq
+ = {3α1 + α2, α1 + α2} and the degree of the integral is

ÿ = 108α1 + 58α2.
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10.9.6. The Dynkin diagram (10.56 b).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x4
1 = 0; x24

2 = 0; x24
112 = 0; x221 = 0; [[x112, x12]c, x12]c = 0.(10.58)

Here, Oq
+ = {2α1 + α2, α2} and the degree of the integral is

ÿ = 74α1 + 60α2.

10.9.7. The Dynkin diagram (10.56 c).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x3
1 = 0; x2

2 = 0; [x112, [x112, x12]c]
24
c = 0; x24

12 = 0;(10.59)

[x112, [[x112, x12]c, x12]c]c −
1 + ζ + ζ6 + 2ζ7 + ζ17

1 + ζ4 + ζ6 + ζ11
ζ9q12[x112, x12]2c = 0.

Here, Oq
+ = {5α1 + 3α2, α1 + α2} and the degree of the integral is

ÿ = 168α1 + 112α2.

10.9.8. The Dynkin diagram (10.56 d).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x24
1 = 0; x2

2 = 0; [x1112, x112]24
c = 0;

x1111112 = 0; [x112, x12]c = 0.
(10.60)

Here, Oq
+ = {5α1 + 2α2, α1} and the degree of the integral is

ÿ = 168α1 + 58α2.

10.9.9. The associated Lie algebra. This is of type A1 ×A1.

10.10. Type ufo(10). Here ζ ∈ G′20. We describe �rst the root system.

10.10.1. Basic datum and root system. Below, G2 and A
(2)
2 are numbered as

in (4.43) and (3.4), respectively. The basic datum and the bundle of Cartan
matrices are described by the following diagram:

G2•
a1

2 A
(2)
2•
a1

1 A
(2)
2•
a1

2 G2•
a1
.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 132, 122, 1523, 1322, 1423, 12, 2} = ∆a4

+ ,

∆a2
+ ={1, 142, 132, 1522, 122, 1322, 12, 2} = ∆a3

+ .

10.10.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 ς1ς2ς1ς2ς1ς2〉 ' Z/2× Z/2.
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10.10.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I4:

a1 7→
ζ
◦

ζ
3 −1◦ , a2 7→

−ζ 2

◦
ζ3 −1◦ ,

a3 7→
−ζ 2

◦
−ζ3 −1◦ , a4 7→

−ζ
◦
−ζ 3 −1◦ .

(10.61)

10.10.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I4,

are ordered from left to right, justifying the notation β1, . . . , β8.
The root vectors xβk are described as in Remark 2.14. Thus{

xn8
β8
· · ·xn2

β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 2452202 = 160000.

10.10.5. The Dynkin diagram (10.61 a).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x20
1 = 0; x2

2 = 0; [x112, x12]20
c = 0;

x11112 = 0; [[[x112, x12]c, x12]c, x12]c = 0.
(10.62)

Here, Oq
+ = {α1, 3α1 + 2α2} and the degree of the integral is

ÿ = 100α1 + 54α2.

10.10.6. The Dynkin diagram (10.61 b).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x5
1 = 0; x20

1112 = 0; x20
12 = 0;

x2
2 = 0; [x1, [x112, x12]c]c +

1− ζ17

1− ζ2
q12x

2
112 = 0.

(10.63)

Here, Oq
+ = {3α1 + α2, α1 + α2} and the degree of the integral is

ÿ = 100α1 + 48α2.

10.10.7. The Dynkin diagram (10.61 c).
This diagram is of the shape of (10.61 b) but with −ζ instead of ζ. Thus

the information on the corresponding Nichols algebra is analogous to (10.63).

10.10.8. The Dynkin diagram (10.61 d).
This diagram is of the shape of (10.61 a) but with −ζ instead of ζ. Thus

the information on the corresponding Nichols algebra is analogous to (10.62).

10.10.9. The associated Lie algebra. This is of type A1 ×A1.

10.11. Type ufo(11). Here ζ ∈ G′15. We start by the root system ufo(11).
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10.11.1. Basic datum and root system. Below, A
(2)
2 , C2 and H2,3 are num-

bered as in (3.4), (4.15) and (3.21), respectively. The basic datum and the
bundle of Cartan matrices are described by the following diagram:

A
(2)
2•
a1

1 A
(2)
2•
a2

2 C2•
a3

1 H2,3•
a4

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 142, 132, 122, 1322, 1423, 12, 2},

∆a2
+ ={1, 142, 132, 1823, 1522, 122, 12, 2},

∆a3
+ ={1, 122, 1523, 1825, 1322, 1423, 12, 2},

∆a4
+ ={1, 122, 12, 1223, 122, 1225, 123, 2}.

10.11.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 ς2ς1ς2ς1ς2ς1, ς
a1
2 〉 ' Z/2× Z/2.

10.11.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I4:

a1 7→
ζ3

◦
−ζ4 −ζ 4

◦ , a2 7→
ζ3

◦
−ζ2 −1◦ ,

a3 7→
ζ5

◦
−ζ 2 −1◦ , a4 7→

−ζ
◦
−ζ 3

ζ5

◦ .

(10.64)

10.11.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I4,

are ordered from left to right, justifying the notation β1, . . . , β8.
The root vectors xβk are described as in Remark 2.14. Thus{

xn8
β8
· · ·xn2

β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 223252302 = 243454.

10.11.5. The Dynkin diagram (10.64 a). The Nichols algebra Bq is generated
by (xi)i∈I2 with de�ning relations

x5
1 = 0; x30

2 = 0; [x1, [x112, x12]c]c =
1− ζ2

1 + ζ7
ζ9q12x

2
112;

x30
112 = 0; x221 = 0; [[[x112, x12]c, x12]c, x12]c = 0.

(10.65)

Here, Oq
+ = {α2, 2α1 + α2} and the degree of the integral is

ÿ = 86α1 + 72α2.
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10.11.6. The Dynkin diagram (10.64 b). The Nichols algebra Bq is generated
by (xi)i∈I2 with de�ning relations

x5
1 = 0; x30

112 = 0; [x112, x12]c = 0;

x2
2 = 0; x30

11112 = 0; [[x1112, x112]c, x112]c = 0.
(10.66)

Here, Oq
+ = {4α1 + α2, 2α1 + α2} and the degree of the integral is

ÿ = 210α1 + 72α2.

10.11.7. The Dynkin diagram (10.64 c). The Nichols algebra Bq is generated
by (xi)i∈I2 with de�ning relations

x3
1 = 0; x2

2 = 0; [[x112, x12]c, x12]30
c = 0;

x30
112 = 0; [[[x112, x12]c, x12]c, x12]c = 0.

(10.67)

Here, Oq
+ = {4α1 + 3α2, 2α1 + α2} and the degree of the integral is

ÿ = 210α1 + 140α2.

10.11.8. The Dynkin diagram (10.64 d).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x30
1 = 0; x3

2 = 0; [x1, x122]c +
1 + ζ13

1 + ζ12
ζ10q12x

2
12 = 0;

x30
1112 = 0; x11112 = 0; [[x112, x12]c, x12]c = 0.

(10.68)

Here, Oq
+ = {α1, 3α1 + α2} and the degree of the integral is

ÿ = 140α1 + 74α2.

10.11.9. The associated Lie algebra. This is of type A1 ×A1.

10.12. Type ufo(12). Here ζ ∈ G′7. We start by the root system ufo(12).

10.12.1. Basic datum and root system. Below, G2 and H5,1 are numbered as
in (4.43) and (3.21), respectively. The basic datum and the bundle of Cartan
matrices are described by the following diagram:

G2•
a1

3 H5,1•
a2

.

Using the notation (3.1), the bundle of root sets is the following:

∆a1
+ ={1, 132, 122, 1724, 1523, 1825, 1322, 1725, 1423, 1524, 12, 2},

∆a2
+ ={1, 152, 142, 1722, 132, 1823, 1522, 1723, 122, 1322, 12, 2}.

10.12.2. Weyl groupoid. The isotropy group at a1 ∈ X is

W(a1) = 〈ςa11 , ςa12 ς1ς2〉 ' D6.

10.12.3. Incarnation. We assign the following Dynkin diagrams to ai, i ∈ I2:

a1 7→
−ζ
◦
−ζ 3 −1◦ a2 7→

−ζ 2

◦
−ζ3 −1◦ .(10.69)
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10.12.4. PBW-basis and dimension. Notice that the roots in each ∆ai
+ , i ∈ I2,

are ordered from left to right, justifying the notation β1, . . . , β12.
The root vectors xβk are described as in Remark 2.14. Thus{

xn12
β12
· · ·xn2

β2
xn1
β1
| 0 ≤ nk < Nβk

}
.

is a PBW-basis of Bq. Hence dimBq = 26146 = 21276.

10.12.5. The Dynkin diagram (10.69 a).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x11112 = 0; x2
2 = 0; [[x112, x12]c, x12]14

c = 0;

x14
112 = 0; [x112, x12]14

c = 0;

x14
1 = 0; x14

12 = 0; [x112, [x112, x12]c]
14
c = 0;

[x112, [[x112, x12]c, x12]c]c = q12
ζ − 3ζ2 − 3ζ3 + ζ4 − 3ζ6

−2ζ + 2ζ3 − ζ5 + ζ6
[x112, x12]2c .

(10.70)

Here, Oq
+ = {α1, 2α1 +α2, 5α1 + 3α2, 4α1 + 3α2, 3α1 + 2α2, α1 +α2} and the

degree of the integral is

ÿ = 238α1 + 150α2.

10.12.6. The Dynkin diagram (10.69 b).
The Nichols algebra Bq is generated by (xi)i∈I2 with de�ning relations

x2
2 = 0; x14

112 = 0; x14
11112 = 0; [x1112, x112]14

c = 0;

x14
1 = 0; x14

12 = 0; x14
1112 = 0;

x1111112 = 0; [x1, [x112, x12]c]c = q12
1 + ζ4

ζ2 − 1
x2

112.

(10.71)

Here, Oq
+ = {α1, 4α1 + α2, 3α1 + α2, 5α1 + 2α2, 2α1 + α2, α1 + α2} and the

degree of the integral is

ÿ = 238α1 + 90α2.

10.12.7. The associated Lie algebra. This is of type G2.
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