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Abstract

In this paper we determine the homology of the free 2-step nilpotent
complex Lie algebra, with adjoint coefficients, as a module over the
general linear group. This module is not multiplicity free. We give
an explicit formula for the multiplicities and we compute the total
dimension.

1 Introduction

In the celebrated paper [4], Kostant computed the cohomology H∗(n, π) for
all nilpotent radicals n of parabolic subalgebras p of complex semisimple Lie
algebras g, where π is the restriction to n of a representation of g. If g1 is the
semisimple part of p, then n and H∗(n, π) are g1-modules. Kostant’s result
describes the g1-module structure of H∗(n, π). The adjoint representation of
n, when n is non-abelian, is never such a restriction, and the determination
of H∗(n, n) is still an open problem.

The free 2-step nilpotent complex Lie algebra of rank r is L(r) = V ⊕
Λ2V , where V is an r dimensional vector space over C. The only non-zero
Lie brackets are for v, w ∈ V , in which case [v, w] = v ∧ w ∈ Λ2V . The
center of L(r) is Λ2V . L(r) is the free object for 2-step nilpotent complex
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Lie algebras with r generators. Moreover, any 2-step Lie algebra is of the
form n = L(r)/W = V ⊕Λ2V/W for some r, where W is a subspace of Λ2V .
The group GL(V ) acts polynomially on both, V and Λ2V , and hence so it
does on L(r). This action is particulary interesting since L(r) is a model
for GL(V ). That is, in the symmetric algebra S(V ⊕Λ2V ) every irreducible
polynomial representation of GL(V ) occurs and it does with multiplicity 1.
This remarkable fact is a classical result that can be found for example in
[1].

We point out that L(r) falls into the class considered by Kostant. In fact,
L(r) is the nilpotent radical of a parabolic subalgebra of so(2r+1,C) where
the corresponding g1 is gl(V ). Its homology can be deduced from [4]; see
Appendix 1 of [3]. In [6] Sigg gave an explicit description of the homology
of L(r) with trivial coefficients as a GL(V )-module, for every r ≥ 2. As it
is in all Kostant’s cases, this space is multiplicity free.

The main purpose of this paper is to describe the GL(V )-structure of the
adjoint homology space. We proceed as follows. In the short exact sequence
of L(r)-modules

0 −→ Λ2V −→ L(r) −→ V −→ 0,

Λ2V and V are trivial and therefore the connecting homomorphism in the
induced homological long exact sequence is

δ : H∗(L(r))⊗ V −→ H∗(L(r))⊗ Λ2V

and

Hp(L(r),L(r)) ∼= ker δp ⊕ coker δp+1

as GL(V )-modules.
In §3 we recall the description of H∗(L(r)) given in [6]. From this de-

scription it is not difficult to see that if an irreducible GL(V )-module occurs
simultaneously in Hp(L(r)) ⊗ V and Hp−1(L(r)) ⊗ Λ2V , then it occurs in
both of them with multiplicity 1. In §4 we identify the connecting homomor-
phism δ and we prove that if Ep and Fp−1 are isomorphic GL(V )-submodules
of Hp(L(r)) ⊗ V and Hp−1(L(r)) ⊗ Λ2V respectively, then δp(Ep) = Fp−1.
There is no ambiguity here because the irreducible submodules of Ep and
Fp−1 have multiplicity 1. The proof is based on an explicit construction of
a highest weight vector for the irreducible modules decomposing Ep. Our
main result is the following theorem.
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Theorem. Let L(r) = V ⊕ Λ2V be the free 2-step nilpotent complex Lie
algebra of rank r and let Hp(L(r)) be the p-homology space of L(r) with
trivial coefficients, considered as a GL(V )-module. Let Ep and Fp−1 be the
maximal isomorphic submodules of Hp(L(r)) ⊗ V and Hp−1(L(r)) ⊗ Λ2V ,
respectively. Then, for all p,

Hp(L(r),L(r)) ∼= Hp(L(r))⊗ Λ2V

Fp
⊕ Hp(L(r))⊗ V

Ep

as GL(V )-modules.

This theorem proves a conjecture stated by Sigg in [5].
In contrast to the case of trivial coefficients, the adjoint homology space

is not multiplicity free. Theorem 4.5 gives an explicit formula for the mul-
tiplicities.

In §5 we determine explicitly the total dimension of H∗(L(r),L(r)) by
computations that are similar to those in [3].

The cohomology of L(r) with adjoint coefficients can be deduced from
our result since the GL(V )-structures of the homology and cohomology
spaces are related by the formula

Hn−i(L(r),L(r)) ∼= H i(L(r),L(r))⊗ detr,

where n = dimL(r).
We are grateful to Professors Roberto Miatello and Joseph A. Wolf for

carefully reading the manuscript and for all their comments that helped us
to improve the style and presentation of this paper.

2 The Littlewood-Richardson rule

We include here some background in representation theory, we fix some
notation and make some conventions. We assume all representations to be
of finite dimension. Proofs, as well as the general theory, can be found in
any standard book, e.g. [2].

Besides these preliminaries we give a constructive way to decompose the
tensor product of any representation of GL(V ) with an exterior power of the
canonical representation into irreducible subrepresentations The Littlewood-
Richardson rule gives this decomposition up to isomorphism. We include the
proofs since they may be of independent interest.

From now on, we fix a basis B = {e1, . . . , er} of V and we denote by
{Eij : i, j = 1, . . . , r} the canonical basis of End(V ). Let gl(V ) be the Lie
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algebra of GL(V ) and fix the triangular decomposition gl(V ) = n−⊕h⊕n+,
where n−, h and n+ are the subalgebras consisting of endomorphisms whose
matrices in the basis B are respectively strictly lower triangular, diagonal
and strictly upper triangular. Now {E11, . . . , Err} is a basis of a Cartan
subalgebra h. We will denote the corresponding dual basis by {ε1, . . . , εr}.
In particular {εi− εj : i < j} is the set of positive roots corresponding to the
triangular decomposition chosen above.

A linear functional λ on h is called a weight if it takes integer values on
the vectors Eii−Ejj for all i < j. A weight is said to be a dominant weight
if λ(Eii − Ejj) ≥ 0. A partition of length r is an r-tuple of non-negative
integers λ = (λ1, . . . , λr) such that λ1 ≥ · · · ≥ λr. Any partition of length r
defines a dominant weight, which we will denote again by λ, given by

∑
λiεi.

By a polynomial representation we mean a finite dimensional representation
of GL(V ) such that the matrix entries are given by polynomial functions.
It is well known that every polynomial representation of GL(V ) can be
decomposed as a sum of irreducible polynomial subrepresentations.

In each irreducible polynomial representation W there is a unique (up
to scalars) non-zero vector v such that n+.v = 0 and H.v = λ(H)v where
λ is a dominant weight. Such a vector is called a highest weight vector of
weight λ, and W is called an irreducible representation of highest weight λ.
In addition, W = U(n−).v, where U(n−) is the enveloping algebra of n−.

The isomorphism classes of irreducible polynomial representations of
GL(V ) are in one-to-one correspondence with the partitions of length r.
Given λ, Wλ will denote an irreducible representation of highest weight λ.
If W is a (polynomial) representation of GL(V ) and λ is a partition of length
r, W (λ) is the λ-isotypic component of W , that is, the sum of all the ir-
reducible subrepresentations of W isomorphic to Wλ. Given a polynomial
representation W of GL(V ) and a partition λ of length r, we say that λ, or
Wλ, occurs in W if the λ-isotypic component of W , W (λ), is different from
zero.

A partition λ = (λ1, . . . , λr) is often represented by its Young diagram
Y (λ), a graphical arrangement of λi boxes in the i-th row starting in the first
column. The conjugate partition λ′ of λ is, by definition, the partition whose
Young diagram Y (λ′) is obtained by reflecting Y (λ) along the diagonal.

Another way to denote a partition λ is due to Frobenius. Let dλ be
the number of diagonal boxes of Y (λ). For i = 1, . . . , dλ, let αi to be the
number of boxes in the i-th row to the right of and on the diagonal. Let βi

to be the number of boxes in the i-th column below and on the diagonal.
Then one writes λ = (I;J) where I = {α1, . . . , αdλ

} and J = {β1, . . . , βdλ
}.

Notice that α1 > · · · > αd ≥ 1 and β1 > · · · > βd ≥ 1, so the sets I and J
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do determine the sequences αi and βi. It must be observed that there are
different conventions on the form of Frobenius notation and, in particular,
[6] uses a slightly different one. We finally remark that if λ = (I; J) then
λ′ = (J ; I).

To compute the Frobenius notation directly from the standard notation
λ = (λ1, . . . , λr), set dλ = #{i : λi ≥ i}, αi = λi−i+1 and βi = λ′i−i+1. As
an example, we give the standard and the Frobenius notations of a partition
λ and of its conjugate λ′. We also show their Young diagrams.

λ = (3, 2, 2, 1)
= ({3, 1}; {4, 2})

Y (λ) =

λ′ = (4, 3, 1)
= ({4, 2}; {3, 1})

Y (λ′) =

Definition 2.1. Given a partition λ = (λ1, . . . , λr) = (I; J) we define |λ| =∑
i∈I λi and Σ(λ) =

∑
i∈I i +

∑
j∈J j. We remark that Σ(λ) = |λ|+ dλ.

For k ≤ r, let 1k be the partition (1, . . . , 1)︸ ︷︷ ︸
k

. It is known that W1k
∼= ΛkV .

The decomposition, up to isomorphism, of the tensor product of two irre-
ducible polynomial representations into irreducibles can be obtained via the
Littlewood-Richardson rule (see [2], Lecture 6). The following proposition
describes the case when one of the representations is W1k .

Proposition 2.2. Let λ be a partition of length r and let k ≤ r. Let
Λk(λ) = {µ : Y (µ) is obtained from Y (λ) by adding k boxes in k differ-
ent rows}. Then

Wλ ⊗W1k
∼=

∑

µ∈Λk(λ)

Wµ.

The proof of this proposition is based on the explicit construction of the
highest weight vectors in Wλ ⊗ W1k . In particular, the expression of the
highest weight vectors for k = 1 will be necessary in §4.

Let [[r]] denote the set of integers from 1 to r. For each non-empty subset
I = {i1, . . . , ik} ⊆ [[r]], with i1 < · · · < ik, let UI ∈ U(n−) be given by,

UI =

{
Ei2i1Ei3i2 . . . Eikik−1

, if k > 1;
1, if k = 1.

5



Let us denote I<a = I ∩ {1, . . . , a − 1}, I>a = I ∩ {a + 1, . . . , r}, I≤a =
I ∩ {1, . . . , a} and I≥a = I ∩ {a, . . . , r}.
Lemma 2.3. Let I be a non-empty subset of [[r]] and let a < r. Then the
commutator [Ea(a+1), UI ] ∈ U(gl(V )), the enveloping algebra of gl(V ), is
given according to the following table.

a ∈ I and I>a+1 6= ∅ UI≤a
UI≥a+1

(Eaa −E(a+1)(a+1) + 1) (1)

a + 1 ∈ I I>a+1 = ∅ UI≤a
(Eaa −E(a+1)(a+1)) (2)

a ∈ I and I>a+1 6= ∅ −UI≤a
U{a+1}∪I>a+1

(3)

a + 1 6∈ I I>a+1 = ∅ 0 (4)

a 6∈ I and I<a 6= ∅ UI<a∪{a}UI≥a+1
(5)

a + 1 ∈ I I<a = ∅ 0 (6)

a, a + 1 6∈ I 0 (7)

Proof. These relations are direct consequences of the commutation relations

[Eab, Ecd] =





Ead, if b = c and a 6= d;
−Ecb, if b 6= c and a = d;
Eaa − Ebb, if b = c and a = d;
0, if b 6= c and a 6= d.

Proposition 2.4. Let λ = (λ1, . . . , λr) be a partition of length r. Assume
that either s = 1 or λs−1 > λs for some 1 < s ≤ r. Let A(s) = {I ⊆ [[r]] :
max(I) = s}. For i ≤ s let σi = λs − λi − (s − i) + 1 and for I ∈ A(s) set
σI =

∏
i∈I σi. If v is a non-zero highest weight vector of Wλ then

w =
∑

I∈A(s)

1
σI

UI .v ⊗ emin(I) (2.1)

is a non-zero highest weight vector of Wλ ⊗ V corresponding to a subrepre-
sentation isomorphic to Wλ+εs.

Proof. For I ∈ A(s) let SI = σ−1
I UI .v ⊗ emin(I). We note that S{s} = v ⊗ es

is linearly independent with the remaining terms in (2.1) since min(I) 6= s
if I 6= {s}. Hence w 6= 0 and it is clear that it is a weight vector of weight
λ + εs.
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For each 1 ≤ b ≤ s consider the set

A
(s)
(b) = {I ∈ A(s) : min(I) = b}.

To prove that w is a highest weight vector it suffices to check that
Ea(a+1).w = 0, for all a < r. We consider separately the cases a ≥ s,
a = s− 1 and a < s− 1.

(i) a ≥ s. The claim follows directly from statements (4) and (7) of
Lemma 2.3.

(ii) a = s− 1. For b 6= s− 1 let I be any set in A
(s)
(b) such that s− 1 6∈ I

and let Is−1 = I ∪ {s− 1}. Notice that

A(s) =
⋃

b 6=s−1

{I, Is−1 : s− 1 6∈ I}.

Then E(s−1)s.(SI +SIs−1) = 0 for all I ∈ A
(s)
(b) with s−1 6∈ I and b 6= s−1.

In fact, if b = s the only set in A
(s)
(b) is I = {s} and

E(s−1)s.(SI + SIs−1) = E(s−1)s.(v ⊗ es +
1

σs−1
Es(s−1).v ⊗ es−1)

= v ⊗ es−1 +
λs−1 − λs

σs−1
v ⊗ es−1

= v ⊗ es−1 − v ⊗ es−1

= 0.

If b < s− 1, it follows from statements (5) and (2) of Lemma 2.3 that

E(s−1)s.(SI + SIs−1) =
1
σI

UI<s−1∪{s−1}.v ⊗ eb +
λs−1 − λs

σs−1σI
UIs−1

≤s−1
.v ⊗ eb

=
1
σI

UIs−1
≤s−1

.v ⊗ eb − 1
σI

UIs−1
≤s−1

.v ⊗ eb

= 0.

(iii) a < s − 1. For b 6= a and b 6= a + 1 let I be any set in A
(s)
(b) such

that a 6∈ I and a + 1 6∈ I and let Ia = I ∪ {a}, Ia+1 = I ∪ {a + 1} and
Ia,a+1 = I ∪ {a, a + 1}. Notice that

A(s) =
⋃

b6=a,a+1

{I, Ia, Ia+1, Ia,a+1 : a, a + 1 6∈ I}.

Statement (7) of Lemma 2.3 says that

Ea(a+1).SI = 0, for all I such that a, a + 1 6∈ I.
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If b > a + 1, statements (3), (6) and (1) of Lemma 2.3 imply that

Ea(a+1).SIa = − 1
σaσI

U{a+1}∪Ia
>a+1

.v ⊗ ea,

Ea(a+1).SIa+1 =
1

σa+1σI
UIa+1 .v ⊗ ea,

Ea(a+1).SIa(a+1) =
λa − λa+1 + 1

σaσa+1σI
U

I
a(a+1)
≥a+1

.v ⊗ ea.

Therefore

Ea(a+1).(SIa + SIa+1 + SIa,a+1) =

=
(
− 1

σaσI
+

1
σa+1σI

+
λa − λa+1 + 1

σaσa+1σI

)
U

I
a(a+1)
≥a+1

.v ⊗ ea

= 0,

since −σa+1 + σa + λa − λa+1 + 1 = 0.
If b < a, statements (3), (5) and (1) of Lemma 2.3 imply that

Ea(a+1).SIa = − 1
σaσI

UIa
≤a

U{a+1}∪Ia
>a+1

.v ⊗ eb,

Ea(a+1).SIa+1 =
1

σa+1σI
UIa+1

<a ∪{a}UIa+1
≥a+1

.v ⊗ eb,

Ea(a+1).SIa(a+1) =
λa − λa+1 + 1

σaσa+1σI
U

I
a(a+1)
≤a

U
I

a(a+1)
≥a+1

.v ⊗ eb.

Therefore

Ea(a+1).(SIa + SIa+1 + SIa,a+1) =

=
(
− 1

σaσI
+

1
σa+1σI

+
λa − λa+1 + 1

σaσa+1σI

)
U

I
a(a+1)
≤a

U
I

a(a+1)
≥a+1

.v ⊗ eb

= 0,

since −σa+1 + σa + λa − λa+1 + 1 = 0.

Now we can prove Proposition 2.2.

Proof of Proposition 2.2. If v =
∑

vi ⊗ wi is a highest weight vector in
Wλ ⊗W1k , and if {vi} and {wi} are linearly independent in Wλ and W1k

respectively, then it is not difficult to see that vi is a highest weight vector
of Wλ for some i. This implies that the only highest weights that may occur
in the tensor product Wλ⊗W1k are the dominant weights of the form λ plus
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some weight of W1k
∼= ΛkV , in other words those in Λk(λ). Moreover, they

could only occur with multiplicity one because every weight space in W1k

is one dimensional. Therefore we only need to show that all of them occur.
We proceed by induction on k. Proposition 2.4 is the case k = 1. Let us
assume the result true for k− 1, and let µ ∈ Λk(λ), that is Y (µ) is obtained
from Y (λ) by adding k boxes in k different rows. Let {s1, . . . , sk} be these
rows. By the inductive hypothesis, there is a copy of Wµ−εsk

in Wλ⊗W1k−1

and it occurs with multiplicity one. In particular, if v is a non-zero highest
weight vector in it, it must be of the form

v = vλ ⊗ es1 ∧ . . . ∧ esk−1
+

∑

i

wi ⊗ αi

with vλ a non-zero highest weight vector in Wλ and αi of weight εs1 + · · ·+
εsk−1

+ a sum of positive roots. Again by Proposition 2.4 we can find a non-
zero highest weight vector v′ ∈ Wµ−εsk

⊂ Wλ ⊗ W1k−1 ⊗ V of weight µ
and

v′ = vλ ⊗ es1 ∧ . . . ∧ esk−1
⊗ esk

+
∑

i

w′i ⊗ βi ⊗ ei

with βi⊗ei of weight εs1 +· · ·+εsk
+ a sum of positive roots. Now this implies

that the projection of v′ under the map Wλ ⊗W1k−1 ⊗ V → Wλ ⊗W1k is
non-zero, thus giving the desired vector.

3 The Lie algebra L(r) and its homology

We recall that the homology of a Lie algebra n with trivial coefficients,
H∗(n), is the homology of the exterior algebra complex (Λ∗n, ∂0), where

∂0(x1 ∧ . . . ∧ xp) =
∑

i<j

(−1)i+j+1[xi, xj ] ∧ x1 ∧ . . . x̂i . . . x̂j . . . ∧ xp . (3.1)

The homology of n with adjoint coefficients, H∗(n, n), is the homology
of the complex (Λ∗n⊗ n, ∂) where ∂ = ∂0 ⊗ id+∂1 and

∂1(x1 ∧ . . . ∧ xp ⊗ x) =
∑

i=1

(−1)i+1x1 ∧ . . . x̂i . . . ∧ xp ⊗ [xi, x] . (3.2)

The free 2-step nilpotent complex Lie algebra of rank r is L(r) = V ⊕Λ2V ,
where V is an r dimensional vector space over C. The only non-zero Lie
brackets are for v, w ∈ V , in which case [v, w] = v∧w ∈ Λ2V . The center of
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L(r) is Λ2V . The group GL(V ) acts polynomially on both, V and Λ2V , and
hence so it does on L(r). This action commutes with ∂0 and with ∂1 and
therefore we obtain a polynomial representation of GL(V ) on the homology
spaces H∗(L(r)) and H∗(L(r),L(r)).

It turns out that L(r) with the GL(V ) action can be viewed as the
nilpotent radical of a parabolic subalgebra of a simple Lie algebra with the
corresponding Levi subalgebra acting in the following way. Let g = so(2r +
1,C). If {εi} is an orthonormal basis of the dual of a Cartan subalgebra hg

of g, then we may choose

∆+ = {εi − εj , εi + εj}1≤i<j≤r ∪ {εi}1≤i≤r

as the set of positive roots of g with respect to hg. Consider the parabolic
subalgebra p =

∑
i>j gεi−εj ⊕ hg ⊕

∑
α∈∆+

gα. One can check that the Levi
decomposition p = g1 n n is given by

g1 = hg ⊕
∑

i<j

gεi−εj ⊕
∑

i>j

gεi−εj ,

n =
∑

i

gεi ⊕
∑

i<j

gεi+εj ,

and we have g1
∼= gl(V ) and n ∼= L(r) as gl(V )-modules.

Now, the decomposition of H∗(L(r)) as a GL(V )-module is a particular
case of one of the main results in [4] and is given very explicitly in [6] (see
also [3]).

Theorem 3.1 (Kostant-Sigg).

H∗(L(r)) ∼=
⊕

I⊆[[r]]

WλI
, (3.3)

where λI = (I; I). Furthermore, the homology grading of WλI
is p = Σ(λ)

2 .

Remark 3.2. The highest weight vectors of the irreducible summands of
H∗(L(r)) are given in [4]. The cohomology and homology of L(r) are related
by the formula

Hn−i(L(r)) ∼= H i(L(r))⊗ detr.

From this it follows that if {fij = ei ∧ ej : i < j} is a basis of Λ2V and
I = {a1, . . . , adλ

} with a1 > · · · > adλ
, then the class of the vector

vI = e1 ∧ f12 ∧ . . . ∧ f1a1 ∧ e2 ∧ f23 ∧ . . . ∧ f2(a2+1) ∧ . . .

. . . ∧ edλ
∧ fdλ(dλ+1) ∧ . . . ∧ fdλ(adλ

+dλ−1)
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(fdλ(dλ+1)∧ . . .∧fdλ(adλ
+dλ−1) is omitted if adλ

= 1) in Hp(L(r)) is a highest
weight vector of the unique subrepresentation of H(L(r)) isomorphic toWλI

.

The computation of H∗(L(r),L(r)) is not contained in Kostant’s results
because the adjoint representation of L(r) is not the restriction of a rep-
resentation of so(2r + 1,C). This is a particular instance of the following
general fact.

Proposition 3.3. Let g be a semisimple Lie algebra over C and let n be
the nilpotent radical of a parabolic subalgebra p ⊆ g. Let adn be the adjoint
representation of n. If there exist π, a representation of g such that adn =
π|n, then n is abelian.

Proof. Let g = ⊕gi, gi simple, and let ni = n ∩ gi. From the structure of
parabolic subalgebras of a semisimple Lie algebra, it follows that n = ⊕ni

(see, for instance, [4]). For each i take zi in the center of ni. Since π(zi) =
adni(zi) = 0, then, by simplicity, π(gi) = 0 and in particular adni = 0 for all
i. Therefore adn = 0 and n is abelian.

4 The adjoint homology of L(r)

Let Hp = Hp(L(r)) and let Had
p = Hp(L(r),L(r)). The short exact sequence

of L(r)-modules

0 −→ Λ2V −→ L(r) −→ V −→ 0,

induces the long exact sequence of GL(V )-modules,

Hp+1(L(r), V )
δp+1−→ Hp(L(r), Λ2V ) i−→ Hp(L(r),L(r)) π−→

Hp(L(r), V )
δp−→ Hp−1(L(r), Λ2V ).

Since Λ2V and V are trivial L(r)-modules, this long exact sequence becomes

Hp+1 ⊗ V
δp+1 // Hp ⊗ Λ2V

i // Had
p

π // Hp ⊗ V
δp // Hp−1 ⊗ Λ2V.

(4.1)

Therefore, Had
p
∼= ker δp ⊕ coker δp+1.

Let us identify the connecting homomorphism δp.

Notation 4.1. Let v =
∑

ai ⊗ bi be an element of ΛL(r) ⊗ L(r). We will
denote [v] =

∑
[ai] ⊗ bi in H∗(L(r)) ⊗ L(r). We remark that [v] is not the

homology class of v in H∗(L(r),L(r)).
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Lemma 4.2. Let δp : Hp⊗ V −→ Hp−1⊗Λ2V be the connecting morphism
defined by (4.1), and let v ∈ ΛL(r)⊗ V . Then

δp([v]) = [∂1(v)]

Proof. Consider the commutative diagram of GL(V )-modules

0 // Λp−1L(r)⊗ Λ2V //

OO

Λp−1L(r)⊗ L(r) //

OO

Λp−1L(r)⊗ V //

OO

0

0 // ΛpL(r)⊗ Λ2V //

∂0⊗id

OO

ΛpL(r)⊗ L(r) //

∂0⊗id+∂1

OO

ΛpL(r)⊗ V //

∂0⊗id

OO

0OO OO OO

The map δp is defined by taking images and preimages in this diagram. Let
[v] ∈ Hp ⊗ V , that is v ∈ ΛpL(r) ⊗ V and ∂0 ⊗ id(v) = 0. This implies
that ∂(v) = ∂1(v). From the definition of ∂1 (see (3.2)) it is clear that
∂1(v) ∈ Λp−1L(r)⊗ Λ2V . Therefore [∂1(v)] is the image of [v] by δp.

4.1 The submodules Ep and Fp−1

Let Cp be the collection of all partitions µ that occur simultaneously in
Hp⊗V and Hp−1⊗Λ2V and let Ep and Fp−1 be, respectively, the sum of all
the corresponding submodules in Hp ⊗ V and Hp−1 ⊗Λ2V . It is immediate
that, for all p,

Hp ⊗ Λ2V

Fp
⊕ Hp ⊗ V

Ep

is isomorphic to a submodule of Had
p . Moreover, this submodule coincides

with Had
p , for all p, if and only if

δ(Ep) = Fp−1, for all p. (4.2)

Sigg conjectured in [5] that (4.2) holds, and he checked that

Had
p
∼= Hp ⊗ Λ2V

Fp
⊕ Hp ⊗ V

Ep
, for p ≤ 2.
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Let

S = {λI = (I; I) : I ⊆ [[r]]}

be the set of all self-conjugate partitions of length r and set

So = {λI ∈ S : min(I) > 1} and S1 = {λI ∈ S : min(I) = 1}.

In terms of Young diagrams, a partition λI is in So if it is not possible
to remove the last diagonal box of Y (λI) to obtain a new Young diagram.
On the other hand a partition λI is in S1 if, by removing the last diagonal
box of Y (λI), one obtains a new Young diagram. Thus, for example, λI =
({4, 2}; {4, 2}) ∈ S0 and λJ = ({3, 1}; {3, 1}) ∈ S1 as it is clear from their
diagrams.

Y (λI) = Y (λJ) =

Theorem 3.1 says that λ occurs in Hp if and only if λ ∈ S and Σ(λ) = 2p.
According to Proposition 2.2, a partition µ occurs in Hp ⊗ V if and only if
µ = λ + εs for some 1 ≤ s ≤ r with λ ∈ S and Σ(λ) = 2p. We split the
collection of these µ’s into two classes:

(I) µ = λ + εs, λ ∈ S with s 6= dλ + 1 if λ ∈ So.

These µ’s are all non self-conjugate and Σ(µ) = 2p + 1.

(II) µ = λ + εdλ+1, λ ∈ So.

These µ’s are all self-conjugate and Σ(µ) = 2p + 2.

Similarly, a partition µ occurs in Hp−1⊗Λ2V if and only if µ = λ+ εs1 + εs2

for some s1 6= s2, λ ∈ S and Σ(λ) = 2p− 2. We split the collection of these
µ’s into two classes:

(III) µ = λ + εs1 + εs2 , λ ∈ S, s1 6= s2, and both s1 and s2 different from
dλ + 1 if λ ∈ So.

For these µ’s Σ(µ) = 2p.

(IV) µ = λ + εs + εdλ+1, λ ∈ So, s 6= dλ + 1.

These µ’s are all non self-conjugate and Σ(µ) = 2p + 1.

13



From this picture it is clear that if a partition µ occurs simultaneously in
Hp⊗V and in Hp−1⊗Λ2V it must be in classes (I) and (IV). Hence Cp is the
intersection of the sets of partitions in class (I) and in class (IV). Moreover,
we claim that any partition in class (IV) is in class (I) and therefore Cp

coincides with class (IV). Indeed, given µ = λ′ + εs + εdλ+1 in class (IV)
consider λ = λ′ + εdλ+1 ∈ S1. It is immediate that Σ(λ) = 2p and hence
µ = λ + εs is in class (I). Notice that only those µ in class (I) coming from
λ ∈ S1 and s 6= dλ are in Cp.

We must remark that for µ in either class (I) or (IV), the corresponding
expressions µ = λ+ εs or µ = λ′+ εs + εdλ′+1 are uniquely determined by µ.
In particular, for µ ∈ Cp, the multiplicity of Wµ in Ep and Fp−1 equals 1,
and therefore the µ-isotypic components Ep(µ) and Fp−1(µ) are irreducible
submodules of Ep and Fp−1 respectively.

Summarizing, for µ ∈ Cp there exist unique λ ∈ S1, λ′ ∈ So and s 6=
dλ′ + 1 such that:

λ = λ′ + εdλ′+1 dλ = dλ′ + 1; (4.3)

µ = λ + εs dµ = dλ; (4.4)
µ = λ′ + εdλ′+1 + εs dµ = dλ′ + 1. (4.5)

Our goal is to prove that δp(Ep(µ)) = Fp−1(µ).

4.2 The main theorem

We first describe the highest weight vectors in Ep(µ) and Fp−1(µ) explicitly
enough to show then that, up to a non-zero scalar, δp maps one onto the
other.

Choose v0 ∈ ΛpL(r) ⊗ V such that [v0] ∈ Hp ⊗ V is a non-zero highest
weight vector of Ep(µ). Therefore ∂0 ⊗ id (v0) = 0 and

v0 ∈
(
ΛpL(r)⊗ V

)
(µ).

More precisely, let λ ∈ S1 be such that µ = λ + εs as in (4.4). Remark 3.2
implies that we may have chosen v0 so that

v0 ∈
((

ΛdµV ⊗ Λp−dµ(Λ2V )(ν)
)
(λ)⊗ V

)
(µ) (4.6)

with ν = λ − (ε1 + · · · + εdµ). From the definition we know that ∂1 is the
identity in the factor Λp−dµ(Λ2V ). Thus

∂1(v0) ∈
(
Λdµ−1V ⊗ Λp−dµ(Λ2V )(ν)⊗ Λ2V

)
(µ). (4.7)

14



Proposition 2.2 implies that we can decompose the µ-isotypic component
(4.7) as a direct sum of irreducible subrepresentations in the following way:

⊕
τ

((
Λdµ−1V ⊗ Λp−dµ(Λ2V )(ν)

)
(τ)⊗ Λ2V

)
(µ). (4.8)

The sum is taken over all partitions τ such that:

(1) Y (τ) is obtained from Y (ν) by adding dµ− 1 boxes in dµ− 1 different
rows, and

(2) Y (τ) is obtained from Y (µ) by removing two boxes from two different
rows.

In other words, the collection of all partitions τ occurring in (4.8), Tν,µ, is
contained in either the set {τi,j : i < j} if s > dµ or in the set {τi} if s < dµ,
where

τi,j =

{
ν + ε1 + · · ·+ ε̂i + · · ·+ ε̂j + · · ·+ εdµ + εs, 1 ≤ i < j ≤ dµ;
ν + ε1 + · · · · · · ·+ε̂i + · · · · · · · · ·+ εdµ , 1 ≤ i ≤ dµ, j = s;

τi = ν + ε1 + · · · · · · ·+ε̂i + · · · · · · · · ·+ εdµ , 1 ≤ i ≤ dµ, i 6= s;

Recall that s 6= dµ (dµ = dλ) and notice that τi,j (or τi) is not necessary a
partition and in fact it is a partition if and only if it is in Tν,µ.

Let

τo =

{
τdµ,s, if s > dµ;
τdµ , if s < dµ.

Since λ = ν + ε1 + · · ·+ εdµ ∈ S1, τo is a partition and hence it is in Tν,µ.

For τ ∈ Tν,µ, let vτ ∈
((

Λdµ−1V ⊗ Λp−dµ(Λ2V )(ν)
)
(τ) ⊗ Λ2V

)
(µ) be a

non-zero highest weight vector. Recall that this space is irreducible. Then

∂1(v0) =
∑

τ∈Tν,µ

aτvτ , aτ ∈ C. (4.9)

From Theorem 3.1 we know that [vτ ], is zero for all τ ∈ Tν,µ except for
τ = τo. Therefore, δp(Ep(µ)) = Fp−1(µ) if and only if aτo 6= 0.

To distinguish τo from all other partitions in Tν,µ, consider the linear
maps

Fi,j : ΛL(r)⊗ Λ2V −→ ΛL(r)
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defined for i 6= j and a < b by

Fi,j(u⊗ fab) =





0, if {a, b} 6= {i, j};
u, if (a, b) = (i, j) and i < j;
−u, if (a, b) = (j, i) and i > j.

Lemma 4.3. Let τ ∈ Tν,µ. If s > dµ assume that τ = τij with i < j. If
s < dµ assume that τ = τi with i 6= s. Then

vτ =





i∑

a=1

j∑

b=a+1

wa,b ⊗ fab, if s > dµ;

m=min{i,s}∑

a=1

M=max{i,s}∑

b=a+1

wa,b ⊗ fab, if s < dµ;

where wa,b ∈
(
Λdµ−1V ⊗Λp−dµ(Λ2V )(ν)

)
(τ) and wi,j 6= 0 if s > dµ, wm,M 6=

0 if s < dµ. In particular, Fdµ,s(vτ ) 6= 0 if and only if τ = τo.

Proof. Since {fab : a < b} is a basis of Λ2V , there exists a unique wa,b ∈(
Λdµ−1V ⊗Λp−dµ(Λ2V )(ν)

)
(τ) such that vτ =

∑
a<b≤r wa,b⊗fab. Then wa,b

is a weight vector of weight µ− εa − εb where µ is the weight of vτ .
If w0 is a highest weight vector in

(
Λdµ−1V ⊗ Λp−dµ(Λ2V )(ν)

)
(τ), then

there exists Ua,b ∈ U(n−) such that wa,b = Ua,b.w0. This implies that the
weight of Ua,b is µ− τ − εa− εb. It must be either zero or a sum of negative
roots. For s > dµ we have

µ− τ − εa − εb = εi + εj − εa − εb

and hence a ≤ i and b ≤ j because i < j and a < b. On the other hand, if
s < dµ

µ− τ − εa − εb = εi + εs − εa − εb

and therefore a ≤ m = min{i, s} and b ≤ M = max{i, s}.
It remains to show that wi,j (or wm,M ) is not zero. Since vτ =

∑
wa,b⊗

fab is a non-zero highest vector and {fab : a < b} is a linearly independent
set, it is not difficult to see that one wa,b must be a non-zero multiple of w0.
From the weight of wa,b it is clear that the only possible candidate is wi,j

(or wm,M ) and therefore it is not zero.

We are now in a position to prove our main result.
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Theorem 4.4. Let L(r) = V ⊕ Λ2V be the free 2-step nilpotent complex
Lie algebra of rank r. Let Hp(L(r)) be the p-homology space of L(r) with
trivial coefficients, considered as a GL(V )-module. Let Ep and Fp−1 be the
maximal isomorphic submodules of Hp(L(r)) ⊗ V and Hp−1(L(r)) ⊗ Λ2V
respectively. Then, for all p, the sequence of GL(V )-modules

0 −→ Hp(L(r))⊗ Λ2V

Fp
−→ Hp(L(r),L(r)) −→ Hp(L(r))⊗ V

Ep
−→ 0

obtained from (4.1) is exact. In particular

Hp(L(r),L(r)) ∼= Hp(L(r))⊗ Λ2V

Fp
⊕ Hp(L(r))⊗ V

Ep
.

Proof. As we already noticed the result will follow if we prove that δ(Ep) =
Fp−1 for all p, and this is equivalent to proving that aτ0 6= 0 in equation
(4.9). In view of Lemma 4.3, it suffices to show that Fdµ,s(∂1(v0)) 6= 0.
We use the explicit expression of v0 given by Proposition 2.4 to compute
Fdµ,s(∂1(v0)). Recall that λ ∈ S1 and assume that λ = (I; I) with I =
{a1, a2, . . . , adµ−1, adµ = 1}. Set

α = e1 ∧ . . . ∧ edµ−1 ;
β = f12 ∧ f13 ∧ . . . ∧ f1a1 ∧ f23 ∧ f24 ∧ . . . ∧ f2(a2+1) ∧

∧ f(dµ−1)dµ
∧ . . . ∧ f(dµ−1)(adµ−1+dµ−2) .

According to Remark 3.2, since adµ = 1,

α ∧ edµ ∧ β ∈ (
ΛdµV ⊗ Λp−dµ(Λ2V )(ν)

)
(λ)

is a non-zero highest weight vector. By Proposition 2.4 we may thus assume
that

v0 =
∑

I∈A(s)

1
σI

UI .(α ∧ edµ ∧ β)⊗ emin(I).

When applying Fdµ,s ◦ ∂1 to v0, all the summands are killed except those
corresponding to sets I ∈ A(s) such that either min(I) = s or min(I) = dµ.
The only set I ∈ A(s) such that min(I) = s is I = {s}. If s < dµ there is no
set I ∈ A(s) with min(I) = dµ. Therefore

Fdµ,s ◦ ∂1(v0) = Fdµ,s ◦ ∂1(α ∧ edµ ∧ β ⊗ es)

= (−1)dµ−1α ∧ β
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and we are done. If s > dµ, then

Fdµ,s◦∂1(v0) =

= Fdµ,s ◦ ∂1

(
α ∧ edµ ∧ β ⊗ es +

∑

I∈A
(s)
(dµ)

1
σI

UI .(α ∧ edµ ∧ β)⊗ edµ

)

= (−1)dµ−1α ∧ β + Fdµ,s ◦ ∂1

( ∑

I∈A
(s)
(dµ)

1
σI

α ∧ UI .(edµ ∧ β)⊗ edµ

)

= (−1)dµ−1α ∧ β + Fdµ,s ◦ ∂1

(
1

σ{dµ,s}
α ∧ U{dµ,s}.(edµ ∧ β)⊗ edµ

)

= (−1)dµ−1α ∧ β + Fdµ,s ◦ ∂1

(
1

σ{dµ,s}
α ∧ es ∧ β ⊗ edµ

)

= (−1)dµ−1α ∧ β +
(−1)dµ

λs − λdµ − s + dµ + 1
α ∧ β

= (−1)dµ−1 λs − λdµ − s + dµ

λs − λdµ − s + dµ + 1
α ∧ β

This last vector is not zero and hence the theorem is proved.

Finally we give an explicit description of the GL(V )-module structure
of H∗(L(r),L(r)) determining the multiplicity of each irreducible GL(V )-
module that occurs.

It will be convenient to ignore the distinction between a partition µ and
the corresponding Young diagram Y (µ).

In addition to the class S of self-conjugate diagrams (of length r) already
defined, let we consider these two classes:

S ′: the set of all diagrams that fail to be self-conjugate by one extra box,
such that is not possible to get a new diagram by removing the last
diagonal box and the box immediately below it (if present);

S ′′: the set of all diagrams that fail to be self-conjugate by two extra boxes,
such that these two boxes are not in the same row.

Theorem 4.5. Let L(r) = V ⊕Λ2V be the free 2-step nilpotent complex Lie
algebra of rank r. Then

H∗(L(r),L(r)) =
⊕

µ∈S∪S′∪S′′
m(µ) Wµ

18



where m(µ) = 1 if µ ∈ S ′ ∪ S ′′ or

m(µ) = #{i : αi > αi+1 + 1, 1 ≤ i < n}+ 1

if µ = (I; I) ∈ S, I = {α1, . . . , αn}. Moreover, for µ ∈ S ∪ S ′ ∪ S ′′ the
homology grading is p =

[
Σ(µ)−1

2

]
.

Proof. Recall the description of Hp⊗V and Hp⊗Λ2V from 4.1. Notice that
we have to consider classes (III) and (IV) for p rather than for p− 1.

It follows from Theorem 4.4 that Hp(L(r),L(r)) is isomorphic to the
direct sum of all diagrams in classes (II) and (III) plus some diagrams in
class (I). It is convenient to further split class (III) into two sub-classes
(IIIa) and (IIIb) consisting of self-conjugate and non-self-conjugate diagrams
respectively.

It is clear that µ is in class (IIIb) if and only if Y (µ) ∈ S ′′ and Σ(µ) =
2p + 2. Every diagram Y (µ) in S ′′ determines, by definition, a unique self-
conjugate diagram Y (λ). Since the multiplicity of λ in H∗(L(r)) is 1, so it
is the multiplicity of µ in H∗(L(r),L(r)).

It is straightforward to see that a partition µ is in class (I) and not in
class (IV) if and only if Y (µ) is in S ′ and Σ(µ) = 2p + 1. It follows as in
the previous case that the multiplicity of µ in H∗(L(r),L(r)) is 1.

Finally, if µ is a self-conjugate partition with Σ(µ) = 2p + 2, then the
diagram Y (µ) occurs in H∗(L(r),L(r)) several times. More precisely, its
multiplicity is equal to the number of self-conjugate Young diagrams that
can be obtained from Y (µ) by removing any two boxes or by removing the
diagonal box. This gives m(µ). Notice that in the first case µ falls in class
(IIIa) and in the second case µ falls in class (II).

Example 4.6. Let us consider L(3). Recall that the trivial homology of
L(3) is given by all the self-conjugate diagrams Y (λ) with grading p = Σ(λ)

2
as shown in the first column of the following table. In the second and third
columns, the Young diagram decomposition of Hp ⊗ V and Hp ⊗ Λ2V is
displayed. Using Theorem 4.4 it is straightforward to compute the adjoint
homology of L(3). The resulting Young diagrams are shown in bold face.
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p Hp Hp ⊗ V Hp ⊗ Λ2V

0

1

2

3

4

5

6

Example 4.7. Even though the case of L(4) is analogous to that of L(3)
we present it because it helps to illustrate an interesting duality. We will
refer to it in Remark 4.8. In this case instead of displaying Young diagrams
we list partitions. The partitions that occur in the adjoint homology groups
are in bold face.
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p Hp Hp ⊗ V Hp ⊗ Λ2V

0 (1,0,0,0) (1,1,0,0)

1 (1,0,0,0) (2,0,0,0) (1,1,0,0) (2,1,0,0) (1,1,1,0)

2 (2,1,0,0) (3,1,0,0) (2,2,0,0) (2,1,1,0) (3,2,0,0) (3,1,1,0) (2,2,1,0)
(2,1,1,1)

3 (2,2,0,0) (3,2,0,0) (2,2,1,0) (3,3,0,0) (3,2,1,0) (2,2,1,1)
(3,1,1,0) (4,1,1,0) (3,2,1,0) (3,1,1,1) (4,2,1,0) (4,1,1,1) (3,2,2,0)

(3,2,1,1)

4 (3,2,1,0) (4,2,1,0) (3,3,1,0) (3,2,2,0) (4,3,1,0) (4,2,2,0) (4,2,1,1)
(3,2,1,1) (3,3,2,0) (3,3,1,1) (3,2,2,1)

(4,1,1,1) (5,1,1,1) (4,2,1,1) (5,2,1,1) (4,2,2,1)

5 (4,2,1,1) (5,2,1,1) (4,3,1,1) (4,2,2,1) (5,3,1,1) (5,2,2,1) (4,3,2,1)
(4,2,2,2)

(3,3,2,0) (4,3,2,0) (3,3,3,0) (3,3,2,1) (4,4,2,0) (4,3,3,0) (4,3,2,1)
(3,3,3,1)

6 (4,3,2,1) (5,3,2,1) (4,4,2,1) (4,3,3,1) (5,4,2,1) (5,3,3,1) (5,3,2,2)
(4,3,2,2) (4,4,3,1) (4,4,2,2) (4,3,3,2)

(3,3,3,0) (4,3,3,0) (3,3,3,1) (4,4,3,0) (4,3,3,1)

7 (4,4,2,2) (5,4,2,2) (4,4,3,2) (5,5,2,2) (5,4,3,2) (4,4,3,3)
(4,3,3,1) (5,3,3,1) (4,4,3,1) (4,3,3,2) (5,4,3,1) (5,3,3,2) (4,4,4,1)

(4,4,3,2)

8 (4,4,3,2) (5,4,3,2) (4,4,4,2) (4,4,3,3) (5,5,3,2) (5,4,4,2) (5,4,3,3)
(4,4,4,3)

9 (4,4,4,3) (5,4,4,3) (4,4,4,4) (5,5,4,3) (5,4,4,4)

10 (4,4,4,4) (5,4,4,4) (5,5,4,4)

Remark 4.8. By inspection we see that the number of irreducible repre-
sentations in each adjoint homology group are in duality.
If hp = #{irreducible representations in Hp(L(r),L(r))}, then

hi = hdimL(r)−i.

Moreover, this duality follows from the remarkable fact that the number of
partitions in Hp⊗V not in Had

p is the number of partitions in HdimL(r)−p⊗
Λ2V not in Had

dimL(r)−p.
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5 Dimension

If λ is a partition of length r let us denote by λ∗ the partition corresponding
to the irreducible representation W∗

λ ⊗ detr where W∗
λ is the dual represen-

tation of Wλ. The Young diagrams Y (λ) and Y (λ∗) are complementary to
each other in the r × r square diagram, provided that the conjugate of λ is
of length r. The following proposition follows directly from Theorem 3.1.

Proposition 5.1. The map ∗ : So → S1 is a bijection and hence

∑

λ∈So

dimWλ =
∑

λ∈S1

dimWλ =
1
2

dimH∗(L(r)).

Recall that we have seen in 4.1 that,
⋃
p

Cp = {µ : µ = λ + εs : λ ∈ S1 and s 6= dλ}

= {µ : µ occurs in
∑

λ∈S1

Wλ ⊗ V but µ 6= λ + εdλ
}.

In particular

dim
∑

p

Ep = dim
∑

p

Fp =
1
2
r dimH∗(L(r))− gr

where gr = dim
∑

λ∈S1
Wλ+εdλ

. Therefore, from Theorem 4.4 we obtain

dimH∗(L(r),L(r)) = dim
∑

p

Hp ⊗ Λ2V

Fp
⊕ Hp ⊗ V

Ep

= dim H∗(L(r)) dimL(r)− dim
∑

p

Ep − dim
∑

p

Fp

=
1
2
r(r − 1) dimH∗(L(r)) + 2gr (5.1)

In [3] an explicit formula for dimH∗(L(r)) is given, so we only need
to compute gr. This will be done following closely the computation of
dimH∗(L(r)) in [3].

Using the ‘second Giambelli formula’ [2, (24,11)] we have

gr =
∑

µ=λ+εdλ
λ∈S1

det G1(µ, r) , where G1(µ, r)i,j =
(

r

µ′i + j − i

)
.
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We observe that µ = λ+ εdλ
with λ ∈ S1 if and only if µ = (I ∪{2}; I ∪{1})

for some I ⊆ {3, . . . , r}.
We may also describe the Giambelli matrix G1(µ, r) in terms of the

Frobenius notation as follows. For I ⊆ {3, . . . , r}, let

G2(I, r)ij =





(
r

j+i−1

)
, if i ∈ I or i = 1;(

r
j−1

)
, if i = 2;(

r
j−i

)
, if i 6∈ I and i 6= 1, 2.

Then G1(λ, r) is the matrix obtained from G2(I, r) by performing a row
permutation of sign (−1)#I0 , where I0 is the set of even numbers in I. Since
the determinant is linear in rows we can express gr as the determinant of a
single matrix, namely

gr = detG3(r),

where

G3(r)ij =





(
r
j

)
, if i = 1;(

r
j−1

)
, if i = 2;(

r
j−i

)− (−1)i
(

r
j+i−1

)
, if i ≥ 3.

We recall that (see [3] §2)

dimH∗(L(r)) = detG(r), where G(r)ij =
(

r

j − i

)
− (−1)i

(
r

j + i− 1

)
.

Notice that G(r) and G3(r) only differ in the first two rows. For convenience
we define

G(r)ij =

{(
r
j

)
, if i = 2;(

r
j−i

)− (−1)i
(

r
j+i−1

)
, if i 6= 2.

Now

gr = −detG(r)

and G(r) and G(r) only differ in the second row. The goal is to prove that

det G(r) = −1
4

[
r+1
2

]
[

r+1
2

]− 1
2

detG(r). (5.2)
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Let

A1(r) =




1 0
1/2 −1

1 · · ·
1


 and A2(r) = 1

2




1 −1
1 −1· ··· ·
1 1

1 1


 ,

with A2(r)(n+1)(n+1) = 1 if r = 2n + 1. The products A1(r)G(r)A2(r) and
G(r)A2(r) differ only in the second row. Moreover, collecting together the
odd rows on the top and the even rows on the bottom the matrices become
two-block matrices. Their first blocks are the same and the second ones are
respectively C(r) and C(r), with C(r)ij = C(r)ij for i 6= 1 and

C(r)ij =
(

r[
r+1
2

]
+ j − 2i

)
−

(
r[

r+1
2

]
+ j + 2i− 1

)
, 1 ≤ i, j ≤

[r

2

]
;

C(r)1j =
1
2

(
r[

r+1
2

]
+ j − 1

)
− 1

2

(
r[

r+1
2

]
+ j

)
, 1 ≤ j ≤

[r

2

]
.

It turns out that for r = 2n + 2, C(r) has it last row equal to (0, . . . , 0, 1)
and the upper-left block has its j-th column equal to the sum of the j-th
and (j − 1)-th columns of C(r − 1) for j > 1. The same happens for C(r).
Hence we only need to show that

detC(2n + 1) = − n + 1
2(2n + 1)

det C(2n + 1).

Let I be the identity matrix and let J be the n × n matrix whose only
non-zero coefficients are 1’s right above the main diagonal. Set D(n) =
(I−J)−1C(2n+1)(I +J)(I−J) and D(n) = (I−J)−1C(2n+1)(I +J)(I−
J). Now redefine D(n) and D(n) dividing by 2 their first columns. Thus
D(n)ij = D(n)ij for i 6= 1 and

D(n)ij =
(

2n + 1
n + j − 2i + 1

)
+

(
2n + 1

n + j + 2i− 2

)
, 1 ≤ i, j ≤ n,

D(n)1j = d1
j + d2

j + d3
j , 1 ≤ j ≤ n,

with d1
j = 1

2

(
2n+1
n+j

)
+ 1

2

(
2n+1

n+j−1

)
, d2

j = −1
2

(
2n+1

n+j+1

) − 1
2

(
2n+1

n+j−2

)
and d3

j =(
2n+1

n+j+2

)
+

(
2n+1

n+j−3

)
.

We still have to prove that detD(n) = − n+1
2(2n+1) detD(n). From the

Giambelli formulas in [2, Corollary 24.35] we know that detD(n) is twice the

24



dimension of the irreducible representation W1 of SO(2n + 1) with highest
weight nε1 + (n − 1)ε2 + · · · + εn. On the other hand, using the linearity
of the determinant in the first row we can express detD(n) as a sum of
three determinants d1, d2 and d3, corresponding to the matrices with first
rows d1

j , d2
j and d3

j . It is clear that d3 = 0, d1 = 1
2 det D(n) and −d2 is

the dimension of the irreducible SO(2n+1) representation W2 with highest
weight nε1 + (n− 1)ε2 + · · ·+ 2εn−1. In other words

det D(n) = d1 + d2 + d3 = dim W1 − dimW2.

From the Weyl character formula it follows that dimW2 = n
2n+1 dimW1

which implies that detD(n) = − n+1
2(2n+1) detD(n) and therefore (5.2) is

proved.

Theorem 5.2. Let L(r) = V ⊕Λ2V be the free 2-step nilpotent complex Lie
algebra of rank r. Then

dimH∗(L(r),L(r)) =
1
2

(
r(r − 1) +

[
r+1
2

]
[

r+1
2

]− 1
2

)
dimH∗(L(r))

=

{
2n(cn − 2(2n + 1))β(n)2, if r = 2n + 1;
2ncnβ(n)β(n + 1) if r = 2n + 2

where β(n) =
∏

1≤i≤j≤n
2(i+j)−1

2i−1 for n > 0 and β(0) = 1, and cn = (2n +
1)(2n + 2) + 2n+2

2n+1 .

Proof. It is a straightforward consequence of Theorem 1.1 of [3] and equa-
tions 5.1 and 5.2.
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