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Abstract

In this paper we determine the homology of the free 2-step nilpotent
complex Lie algebra, with adjoint coefficients, as a module over the
general linear group. This module is not multiplicity free. We give
an explicit formula for the multiplicities and we compute the total
dimension.

1 Introduction

In the celebrated paper [4], Kostant computed the cohomology H*(n, ) for
all nilpotent radicals n of parabolic subalgebras p of complex semisimple Lie
algebras g, where 7 is the restriction to n of a representation of g. If g; is the
semisimple part of p, then n and H*(n, ) are gi-modules. Kostant’s result
describes the g1-module structure of H*(n, 7). The adjoint representation of
n, when n is non-abelian, is never such a restriction, and the determination
of H*(n,n) is still an open problem.

The free 2-step nilpotent complex Lie algebra of rank r is L(r) =V &
A%V, where V is an r dimensional vector space over C. The only non-zero
Lie brackets are for v,w € V, in which case [v,w] = v Aw € A?V. The
center of L£(r) is A2V. L(r) is the free object for 2-step nilpotent complex
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Lie algebras with r generators. Moreover, any 2-step Lie algebra is of the
form n = L(r)/W = V & A2V/W for some r, where W is a subspace of A%V .
The group GL(V) acts polynomially on both, V and A%V, and hence so it
does on L(r). This action is particulary interesting since L£(r) is a model
for GL(V). That is, in the symmetric algebra S(V @& A2V every irreducible
polynomial representation of GL(V') occurs and it does with multiplicity 1.
This remarkable fact is a classical result that can be found for example in
[1].

We point out that £(r) falls into the class considered by Kostant. In fact,
L(r) is the nilpotent radical of a parabolic subalgebra of so(2r + 1, C) where
the corresponding g; is gl(V'). Its homology can be deduced from [4]; see
Appendix 1 of [3]. In [6] Sigg gave an explicit description of the homology
of £(r) with trivial coefficients as a GL(V')-module, for every r > 2. As it
is in all Kostant’s cases, this space is multiplicity free.

The main purpose of this paper is to describe the GL(V')-structure of the
adjoint homology space. We proceed as follows. In the short exact sequence
of £(r)-modules

0 — AV — L(r) — V — 0,

A%V and V are trivial and therefore the connecting homomorphism in the
induced homological long exact sequence is

§: Ho(L(r) @V — H.(L(r)) ® A2V
and
H,(L(r), L(r)) = ker 6, @ coker §,41

as GL(V)-modules.

In §3 we recall the description of H,(L(r)) given in [6]. From this de-
scription it is not difficult to see that if an irreducible GL(V)-module occurs
simultaneously in H,(£(r)) ® V and H,—1(L(r)) ® A%V, then it occurs in
both of them with multiplicity 1. In §4 we identify the connecting homomor-
phism ¢ and we prove that if £, and F),_; are isomorphic GL(V')-submodules
of Hy(L(r)) ® V and H,—1(L(r)) ® A%V respectively, then 6,(E,) = F,_1.
There is no ambiguity here because the irreducible submodules of F,, and
F,_1 have multiplicity 1. The proof is based on an explicit construction of
a highest weight vector for the irreducible modules decomposing E,. Our
main result is the following theorem.



Theorem. Let L(r) = V @ A%V be the free 2-step nilpotent complex Lie
algebra of rank r and let Hy(L(r)) be the p-homology space of L(r) with
trivial coefficients, considered as a GL(V')-module. Let E, and F,_1 be the
mazimal isomorphic submodules of Hy(L(r)) @ V and H,—1(L(r)) ® A?V,
respectively. Then, for all p,

H,(L(r)) @ A’V & H,(L(r) @V

Hy(£(r), £(r) = T2 5

as GL(V)-modules.

This theorem proves a conjecture stated by Sigg in [5].

In contrast to the case of trivial coefficients, the adjoint homology space
is not multiplicity free. Theorem 4.5 gives an explicit formula for the mul-
tiplicities.

In §5 we determine explicitly the total dimension of H.(L(r),L(r)) by
computations that are similar to those in [3].

The cohomology of £(r) with adjoint coefficients can be deduced from
our result since the GL(V)-structures of the homology and cohomology
spaces are related by the formula

H,_i(L(r), L(r)) = HY(L(r), L(r)) ® det",

where n = dim £(r).

We are grateful to Professors Roberto Miatello and Joseph A. Wolf for
carefully reading the manuscript and for all their comments that helped us
to improve the style and presentation of this paper.

2 The Littlewood-Richardson rule

We include here some background in representation theory, we fix some
notation and make some conventions. We assume all representations to be
of finite dimension. Proofs, as well as the general theory, can be found in
any standard book, e.g. [2].

Besides these preliminaries we give a constructive way to decompose the
tensor product of any representation of GL(V') with an exterior power of the
canonical representation into irreducible subrepresentations The Littlewood-
Richardson rule gives this decomposition up to isomorphism. We include the
proofs since they may be of independent interest.

From now on, we fix a basis B = {ej,...,e,} of V and we denote by
{E;j : i,j =1,...,7} the canonical basis of End(V'). Let gl(V') be the Lie



algebra of GL(V) and fix the triangular decomposition gl(V) =n~ @ hdn™,
where n™, h and n* are the subalgebras consisting of endomorphisms whose
matrices in the basis B are respectively strictly lower triangular, diagonal
and strictly upper triangular. Now {FEii,...,FE,.} is a basis of a Cartan
subalgebra . We will denote the corresponding dual basis by {e1,...,€}.
In particular {e; —€; : i < j} is the set of positive roots corresponding to the
triangular decomposition chosen above.

A linear functional A on b is called a weight if it takes integer values on
the vectors Ey; — Ej; for all i < j. A weight is said to be a dominant weight
if A\(Ey; — Ej;) > 0. A partition of length r is an r-tuple of non-negative
integers A = (A1,...,A) such that A\ > --- > A,. Any partition of length r
defines a dominant weight, which we will denote again by A, given by > Ase;.
By a polynomial representation we mean a finite dimensional representation
of GL(V) such that the matrix entries are given by polynomial functions.
It is well known that every polynomial representation of GL(V) can be
decomposed as a sum of irreducible polynomial subrepresentations.

In each irreducible polynomial representation W there is a unique (up
to scalars) non-zero vector v such that n*.v = 0 and H.v = A\(H)v where
A is a dominant weight. Such a vector is called a highest weight vector of
weight A, and W is called an irreducible representation of highest weight A.
In addition, W = U(n~).v, where U(n~) is the enveloping algebra of n™.

The isomorphism classes of irreducible polynomial representations of
GL(V) are in one-to-one correspondence with the partitions of length r.
Given A, W) will denote an irreducible representation of highest weight A.
If W is a (polynomial) representation of GL(V') and A is a partition of length
r, W(A) is the A-isotypic component of W, that is, the sum of all the ir-
reducible subrepresentations of W isomorphic to W). Given a polynomial
representation W of GL(V') and a partition A of length r, we say that A, or
Wi, occurs in W if the M-isotypic component of W, W (), is different from
ZETO.

A partition A = (A1,...,\) is often represented by its Young diagram
Y (M), a graphical arrangement of \; boxes in the i-th row starting in the first
column. The conjugate partition A’ of A is, by definition, the partition whose
Young diagram Y ()\’) is obtained by reflecting Y'(\) along the diagonal.

Another way to denote a partition A is due to Frobenius. Let d) be
the number of diagonal boxes of Y (\). For i = 1,...,dy, let o; to be the
number of boxes in the i-th row to the right of and on the diagonal. Let (;
to be the number of boxes in the i-th column below and on the diagonal.
Then one writes A = (I;J) where I = {a,...,aq,} and J = {f1,..., 04, }-
Notice that a3 > -+ > ag > 1and B; > --- > B3 > 1, so the sets [ and J



do determine the sequences «; and ;. It must be observed that there are
different conventions on the form of Frobenius notation and, in particular,
[6] uses a slightly different one. We finally remark that if A = (I;.J) then
N = (J;1).

To compute the Frobenius notation directly from the standard notation
A= ()\1, co Ar), setdy = #{Z PV i}, a; = XNi—i+1land 3; = )\g—i—l—l. As
an example, we give the standard and the Frobenius notations of a partition
A and of its conjugate \'. We also show their Young diagrams.

A= (3,2,2,1) Y(\) = l
- ({37 1}3 {4a 2})

N =(4,3,1) Y(\) =
= ({47 2}; {3’ 1})

Definition 2.1. Given a partition A = (A1,...,\.) = (I;J) we define |\| =
dierNiand B(A) =3, i+ ;s j. We remark that 3(A) = [A] + d).

For k < r, let 1¥ be the partition (1,...,1). It is known that W« = AFV.
k
The decomposition, up to isomorphism, of the tensor product of two irre-
ducible polynomial representations into irreducibles can be obtained via the
Littlewood-Richardson rule (see [2], Lecture 6). The following proposition
describes the case when one of the representations is Wix.

Proposition 2.2. Let A\ be a partition of length r and let k < r. Let
Ar(N) = {p : Y(u) is obtained from Y (X) by adding k bozes in k differ-
ent rows}. Then

Wr@ Wi > W
BEAL(N)

The proof of this proposition is based on the explicit construction of the
highest weight vectors in Wy ® Wix. In particular, the expression of the
highest weight vectors for k = 1 will be necessary in §4.

Let [r] denote the set of integers from 1 to . For each non-empty subset
I'={i1,.... i} C[r], with iy <--- <, let Ur € U(n™) be given by,

EiQilEi:z,iz ce Eikik,ly if k> 1,
Ur =
L if k= 1.



Let us denote I, = IN{l,...,a—1}, I, = IN{a+1,...,1}, I<, =
INn{l,...,a} and I, =IN{a,...,r}.

Lemma 2.3. Let I be a non-empty subset of [r] and let a < r. Then the
commutator [Eq,41),Ur] € U(gl(V')), the enveloping algebra of gl(V), is
given according to the following table.

ac€land | Isor1 #0 | U UL, (Baa — Eas1yrn) + 1) (1)
a+1lel Loy1 =0 | U, (Eaa — Eat1)(a+1)) (2)
a €l and Isgi1 #0 “Ur.,Ua41}ULs 041 (3)
a+1¢I1 Ioqi1=010 (4)
a@l and |I.q#0 Ur.ou{atUrs oy (5)
atlel |I,=0 |0 (6)
a,a+1¢&1 0 (7)

Proof. These relations are direct consequences of the commutation relations

E.q, if b =c and a # d;
—Eu, if b da=d;
By, Fo] = b 1 % cand a
Euo — Ey, ifb=canda=d;
0, if b# c and a # d.

O

Proposition 2.4. Let A = (A1,...,\) be a partition of length r. Assume
that either s = 1 or \q_1 > X\, for some 1 < s < r. Let A®) = {I C [r] :
max(I) = s}. Fori<sleto; =X\ — N — (s—i)+1 and for I € A® set
o1 = [Lier oi- If v is a non-zero highest weight vector of Wy then

1
w= Z — Ur.v @ emin(r) (2.1)

o
reas 1

s a non-zero highest weight vector of Wy ® V' corresponding to a subrepre-
sentation isomorphic to Wi, .

Proof. For I € A®) let S = al_lU[.v ® emin(r)- We note that Sg = v ® e
is linearly independent with the remaining terms in (2.1) since min([) # s
if I # {s}. Hence w # 0 and it is clear that it is a weight vector of weight
A+ €s.



For each 1 < b < s consider the set
Al = {1 € AW min(I) = b}.

To prove that w is a highest weight vector it suffices to check that
Eqay1y-w = 0, for all @ < r. We consider separately the cases a > s,
a=s—1landa<s—1.

(i) a > s. The claim follows directly from statements (4) and (7) of
Lemma 2.3.

(iil) a = s —1. For b # s — 1 let I be any set inAEzg such that s —1 & T
and let I°~! = T U {s — 1}. Notice that

AW = | {7 s—1¢1)

b#s—1

Then E(s_1),.(Sr+Sps—1) = 0forall I € AEZ; with s—1 ¢ I and b # s—1.

In fact, if b = s the only set in AEZ; is I = {s} and

1
E(sfl)S'(SI + Slsfl) = E(S*l)S‘(U ® es + 7Es(sfl)‘v ® es—l)

Os—1
)\s—l - )\s
= IQe1+——UvRes1
Os—1
= Ve —ves g
= 0.

If b < s — 1, it follows from statements (5) and (2) of Lemma 2.3 that

1 )\s—l - )\s
E(S—I)S‘(SI+SIS_1) = ;IUI<571U{S_1}‘/U®6I)+ HUI;L.U@)%
1 1
= —Up-1 0Qe— —Ups—1 v®ey
or <s—1 or <s—1
= 0.

(ili) a < s — 1. For b # a and b # a + 1 let I be any set in Agzg such

that a ¢ I and a+1 ¢ I and let I* = I U {a}, I*™* = T U {a + 1} and
I%9t1 = T U {a,a + 1}. Notice that

Al = U (I, 1% 19T 1%t s g a+1 ¢ T},
b#a,a+1

Statement (7) of Lemma 2.3 says that

Eo(a+1)-S1 =0, for all I such that a,a+1¢ I.



If b > a + 1, statements (3), (6) and (1) of Lemma 2.3 imply that

Eoay1)-S1e = —%10_[ Uat1yure,, -0 ® €a,
Euar1)-Sretr = 0a+1101 Urat1.0 @ €q,
Eo(at1)-Srataty = w UI?JL” 2V ® eq.
Therefore
Eya+1)-(S1e + Spa+1 + Spaat1) =
1 1 Ao — A +1
- <_0a01 * Oat107 * aoaoailcfz ) Ufi(fff)'v % ca

=0,

since —0g41 +0q+ Ag — Agr1 +1=0.
If b < a, statements (3), (5) and (1) of Lemma 2.3 imply that

1
Eyar1)-Sre = R Ure, Ulat1yure, -V © éb,
1
E S a+1 = . U a+1 U a+1 .U ® e
a(a+1)-21 Oasror Ta Vel IS0 b>
Aag — >\a+1 +1
Eoa+1)-Spatatny = ———————— Usa@inUjaer1) .0 ® €.
040107 <a Sat1

Therefore

Ea(at1)-(Sre + Sttt + Spaan) =
1 1 Ao — Aag1 + 1
= (— + + L

0a071 Oa+1071 0a0a+107T

> U,a<a+1>UIa<a+1> U ep
<a

>a+1

=0,
since —0g41 + g + Ag — A1 +1=0. O
Now we can prove Proposition 2.2.

Proof of Proposition 2.2. If v = Y v; ® w; is a highest weight vector in
Wi @ Wik, and if {v;} and {w;} are linearly independent in W, and Wi
respectively, then it is not difficult to see that v; is a highest weight vector
of W), for some i. This implies that the only highest weights that may occur
in the tensor product Wy ® W, are the dominant weights of the form A plus



some weight of Wy, = AFV, in other words those in Ag()\). Moreover, they
could only occur with multiplicity one because every weight space in W;«
is one dimensional. Therefore we only need to show that all of them occur.
We proceed by induction on k. Proposition 2.4 is the case k = 1. Let us
assume the result true for k£ — 1, and let p € Ag(\), that is Y (i) is obtained
from Y'(\) by adding k boxes in k different rows. Let {s1,..., s} be these
rows. By the inductive hypothesis, there is a copy of Wi—e,,, In WA @ Wi
and it occurs with multiplicity one. In particular, if v is a non-zero highest
weight vector in it, it must be of the form

v:fu/\®esl/\.../\esk_l—i—Zw,-@ai

7

with vy a non-zero highest weight vector in Wy and «; of weight €5, +--- +
€s,_, T a sum of positive roots. Again by Proposition 2.4 we can find a non-
zero highest weight vector v/ € Wy_, C Wy @ Wik-1 ® V of weight p
and

Esk

v':v,\@)eslA...Aesk71®esk+zwg®ﬁi®€i
7

with 8;®e; of weight €, +- - -+€,,+ a sum of positive roots. Now this implies
that the projection of v' under the map Wy @ Wjr-1 @ V. — W) @ Wy is
non-zero, thus giving the desired vector. O

3 The Lie algebra £(r) and its homology

We recall that the homology of a Lie algebra n with trivial coefficients,
H,(n), is the homology of the exterior algebra complex (A*n,dy), where

Bz Ao Nap) = (D) ] Amy AL F L E . A . (3.1)
1<J
The homology of n with adjoint coefficients, H,(n,n), is the homology
of the complex (A*n ® n,d) where d = 9y ® id +0; and
Oz A ANzp@a) =Y ()Mo AL B ANy @fesa] . (32)
i=1

The free 2-step nilpotent complex Lie algebra of rank r is £(r) = V @ A%V,
where V' is an r dimensional vector space over C. The only non-zero Lie
brackets are for v,w € V, in which case [v,w] = v Aw € A2V. The center of



L(r) is A?V. The group GL(V) acts polynomially on both, V and A2V, and
hence so it does on £(r). This action commutes with dy and with 0; and
therefore we obtain a polynomial representation of GL(V') on the homology
spaces Hy(L(r)) and H.(L(r), L(1)).

It turns out that L£(r) with the GL(V') action can be viewed as the
nilpotent radical of a parabolic subalgebra of a simple Lie algebra with the
corresponding Levi subalgebra acting in the following way. Let g = so(2r +
1,C). If {e;} is an orthonormal basis of the dual of a Cartan subalgebra by
of g, then we may choose

Ay ={ei —gj,6 + € h<ici<r U{eifi<i<r

as the set of positive roots of g with respect to hy. Consider the parabolic
subalgebra p =}, 8e,—c; ® g @ Za€A+ go. One can check that the Levi
decomposition p = g1 X n is given by
g1 = hg @ ngifsj @ ngifsja
i<j i>j
n = Zggl D Zgai+5]’a
i i<j

and we have g; = gl(V') and n = L(r) as gl(V')-modules.

Now, the decomposition of H.(L(r)) as a GL(V)-module is a particular

case of one of the main results in [4] and is given very explicitly in [6] (see
also [3]).

Theorem 3.1 (Kostant-Sigg).
H.(L(r)) = €D W, (3.3)
IC[r]

where \j = (I;I). Furthermore, the homology grading of Wy, is p = @

Remark 3.2. The highest weight vectors of the irreducible summands of
H*(L(r)) are given in [4]. The cohomology and homology of £(r) are related
by the formula

H,_;(L(r)) = H(L(r)) @ det”.

From this it follows that if {fi; = e; Aej : i < j} is a basis of A2V and
I ={ai,...,aq,} with a; > --- > aq,, then the class of the vector

'U[=61/\f12/\.../\f1a1/\62/\f23/\.../\f2(a2+1)/\...

oo Negy N fd/\(d,\-i-l) VANIRVAN fdA(a,i)\—I—d/\—l)

10



(far(dr+1) A - - '/\fdA(adA‘f'dA_l) is omitted if ag, = 1) in H,(L(r)) is a highest
weight vector of the unique subrepresentation of H(L(r)) isomorphic to Wy, .

The computation of H,.(L(r),L(r)) is not contained in Kostant’s results
because the adjoint representation of £(r) is not the restriction of a rep-

resentation of so(2r + 1,C). This is a particular instance of the following
general fact.

Proposition 3.3. Let g be a semisimple Lie algebra over C and let n be
the nilpotent radical of a parabolic subalgebra p C g. Let ad,, be the adjoint
representation of n. If there exist w, a representation of g such that ad, =
7|, then n is abelian.

Proof. Let g = ®g;, g; simple, and let n; = nNg;. From the structure of
parabolic subalgebras of a semisimple Lie algebra, it follows that n = ®n;
(see, for instance, [4]). For each i take z; in the center of n;. Since 7(z;) =
adp, (z;) = 0, then, by simplicity, 7(g;) = 0 and in particular ad,, = 0 for all
1. Therefore ad, = 0 and n is abelian. O

4 The adjoint homology of L(r)

Let H, = H,(L(r)) and let H;;‘d = Hp(L(r),L(r)). The short exact sequence
of L(r)-modules

0 — AV — L(r) — V — 0,

induces the long exact sequence of GL(V')-modules,
1) % T
Hyi1(L£(r), V) =5 Hy(L(r), AV) == Hy(L(r), £(r)) =

Hy(L(r), V) 22 Hyoy (L(r), A2V).

Since A%V and V are trivial £(r)-modules, this long exact sequence becomes

é i 1)
Hyp @V "% H, @ A2V > HY "> H,@V "> H, ; @ A*V.
(4.1)

Therefore, Hgd = ker 6, @ coker 6 1.
Let us identify the connecting homomorphism J,,.

Notation 4.1. Let v = ) a; ® b; be an element of AL(r) ® L(r). We will
denote [v] = > [a;] ® b; in H,(L(r)) ® L(r). We remark that [v] is not the
homology class of v in H,(L(r), L(r)).

11



Lemma 4.2. Let 6, : H,®V — H,_1 ® A%V be the connecting morphism
defined by (4.1), and let v € AL(r) @ V. Then

Ip([v]) = [91(v)]

Proof. Consider the commutative diagram of GL(V)-modules

0——=AP7IL(r) @ A2V —— AP71L(r) ® L(r) —= AP IL(r) @ V—>0

O ®id Oo®id+01 Op®id

0— APL(r) ® A2V APL(T) @ L(r) ——=APL(r) @ V——=10

The map 9, is defined by taking images and preimages in this diagram. Let
[v] € Hy,®V, that is v € APL(r) ® V and 0y ® id(v) = 0. This implies
that d(v) = 01(v). From the definition of 0; (see (3.2)) it is clear that
O1(v) € AP71L(r) ® A2V. Therefore [91(v)] is the image of [v] by 6. O

4.1 The submodules £, and F,_;

Let C, be the collection of all partitions p that occur simultaneously in
H,®V and H,_1 ® A%V and let E, and F},_1 be, respectively, the sum of all
the corresponding submodules in H, @ V and H,—1 @ A%V, It is immediate
that, for all p,

H,@A*V _H,®V
&)
FP EP

is isomorphic to a submodule of H;‘d. Moreover, this submodule coincides
with Hgd, for all p, if and only if

I(Ep) = Fp-1, for all p. (4.2)
Sigg conjectured in [5] that (4.2) holds, and he checked that

H,,@AZV@HI,@V

d ~
i)™= F, E,
p D

for p < 2.

12



Let
S={\=(0):1Cl}
be the set of all self-conjugate partitions of length r and set
So={ €S :min(I) >1} and & ={A\;€ S :min(I) =1}

In terms of Young diagrams, a partition A; is in S, if it is not possible
to remove the last diagonal box of Y (A7) to obtain a new Young diagram.
On the other hand a partition A7 is in & if, by removing the last diagonal
box of Y (A1), one obtains a new Young diagram. Thus, for example, \; =
({4,2};{4,2}) € Sp and Ay = ({3,1};{3,1}) € S; as it is clear from their

diagrams.

Y (A1) = l Y(\y) = 1

Theorem 3.1 says that A occurs in H), if and only if A € S and X(\) = 2p.
According to Proposition 2.2, a partition p occurs in H, ® V' if and only if
=X+ es for some 1 < s < r with A € § and 3(\) = 2p. We split the
collection of these u’s into two classes:

(D) p=A+e, AeSwiths#dy+1if A €S,.
These u’s are all non self-conjugate and 3 () = 2p + 1.

(II) n = A+ €dy+15 AE 80.
These u’s are all self-conjugate and X (u) = 2p + 2.

Similarly, a partition p occurs in H,_1 ® A?V if and only if u = A+ €5, +é€s,
for some s1 # s2, A € S and 3(\) = 2p — 2. We split the collection of these
w’s into two classes:

(III) g = X+ €5, + €5y, A € S, 51 # s2, and both s; and so different from
dy+1if A e S,.

For these p’s X(u) = 2p.

(IV) p=A+es+eq 41, NES,, s #dy+ 1.
These u’s are all non self-conjugate and 3(u) = 2p + 1.

13



From this picture it is clear that if a partition g occurs simultaneously in
H,®V and in H,_1 ® A%V it must be in classes (I) and (IV). Hence C,, is the
intersection of the sets of partitions in class (I) and in class (IV). Moreover,
we claim that any partition in class (IV) is in class (I) and therefore C),
coincides with class (IV). Indeed, given p = X + €5 + €g, 41 in class (IV)
consider A = X + ¢4, 41 € Si. It is immediate that 3(\) = 2p and hence
i = A+ €5 is in class (I). Notice that only those p in class (I) coming from
A € 81 and s # dy are in C),.

We must remark that for p in either class (I) or (IV), the corresponding
expressions pt = A +eg or p= N +e+ €d,,+1 are uniquely determined by u.
In particular, for u € C), the multiplicity of W, in E, and Fj,_1 equals 1,
and therefore the p-isotypic components E,(up) and Fp_1(p) are irreducible
submodules of F,, and F,_; respectively.

Summarizing, for u € C), there exist unique A € S;, N € S, and s #
dy + 1 such that:

A=+ €dy/+1 dy = dy + 1; (4.3)
w=A+€s dy = dy;
n= )\/+€d/\,+1+65 d'u =dy + 1. (4.5)

Our goal is to prove that 6,(E,(1)) = Fp—1(p).

4.2 The main theorem

We first describe the highest weight vectors in E,(p) and Fj,—1 (@) explicitly
enough to show then that, up to a non-zero scalar, J, maps one onto the
other.

Choose vg € APL(r) ® V such that [vg] € H, ® V is a non-zero highest
weight vector of Ep(p). Therefore 9y ® id (vg) = 0 and

v € (APL(r) @ V) (p).

More precisely, let A € S; be such that 4 = A + €5 as in (4.4). Remark 3.2
implies that we may have chosen vy so that

w e ((A%V & A (A2V) W) () @ V) (1) (16)

with v = A — (e1 + -+ + €4,). From the definition we know that 0; is the
identity in the factor AP~% (A2V). Thus

By (vo) € (Adu—lv ® AP~ (A2V) (1) © A2v) (1) (4.7)
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Proposition 2.2 implies that we can decompose the p-isotypic component
(4.7) as a direct sum of irreducible subrepresentations in the following way:

D ((Adwlv ® AP~ (A2V) (1)) (1) ® A2v) (). (4.8)

T

The sum is taken over all partitions 7 such that:

(1) Y(r) is obtained from Y (v) by adding d,, — 1 boxes in d,, — 1 different
rows, and

(2) Y(7) is obtained from Y (x1) by removing two boxes from two different
rows.

In other words, the collection of all partitions 7 occurring in (4.8), T}, ., is
contained in either the set {r; ; : ¢ < j} if s > d,, or in the set {r;} if s < d,,
where
__frratotEr 4Gt b, 1<i<j<dy
1] vdeFooeees +E +6du’ 1§i§dl“j:5;
T=v+e ton T T +€d#7 1§i§d}“i7§5;
Recall that s # d, (d, = dy) and notice that 7;; (or 7;) is not necessary a

partition and in fact it is a partition if and only if it is in 7}, ,,.
Let

o Tdys, 1 8> dy;
¢ Td,, if s <dy.

Since A\=v+e€ +---+ €d, € 81, T, is a partition and hence it is in T, ,.
For 7 € T,,,, let v, € ((Adu—lV ® AP~ (A2V) (1)) (1) ® AQV) (1) be a
non-zero highest weight vector. Recall that this space is irreducible. Then

01(vg) = Z a-vr, ar€C. (4.9)

T7€Ty 1

From Theorem 3.1 we know that [v;], is zero for all 7 € T, except for
T = T,. Therefore, §,(E,(1)) = Fp—1(p) if and only if ar, # 0.

To distinguish 7, from all other partitions in T, ,, consider the linear
maps

Fij: AL(r) @ A°V — AL(r)

15



defined for ¢ # j and a < b by

0, if {a,b} # {i,j};
Fij(u® fap) = qu, i (a,b) = (4, 5) and i < j;
—u, if (a,b) = (j,1) and i > j.

Lemma 4.3. Let 7 € T, ,. If s > d, assume that T = 7;; with i < j. If
s < d, assume that T = 7; with i # s. Then

i

J
S wep @ fan, if s> dy;

a=1 b=a+1
m=min{4,s} M=max{i,s}

> S wap® fa i s < dy:

a=1 b=a+1

vy =

where wop € (A IV QAP (A2V)(v)) (1) and w; ; # 0 if s > dyy, Wyt 7
0 if s < dy. In particular, Fy, (v-) # 0 if and only if T = 7,.

Proof. Since {fq : a < b} is a basis of A%V, there exists a unique Wep €
(A%=1V @ AP~ (A2V)(v)) (1) such that v = >, o, Wap @ fap. Then wyy,
is a weight vector of weight p — €, — €, where y is the weight of v,.

If wy is a highest weight vector in (A%~1V @ AP=% (A?V)(v))(r), then
there exists U, € U(n™) such that wgp = Ugp.wp. This implies that the
weight of U, is 1t — 7 — €, — €. It must be either zero or a sum of negative
roots. For s > d,, we have

BW—T— € —€ =€ +€ — €, — €

and hence a < ¢ and b < j because ¢ < j and a < b. On the other hand, if
s<d,
HUW—T—€ —€ =€ 1+ € — €5 — €

and therefore a < m = min{i, s} and b < M = max{4, s}.

It remains to show that w; j (or wm a) is not zero. Since vr = ) wqp ®
fab is a non-zero highest vector and {f4 : @ < b} is a linearly independent
set, it is not difficult to see that one w,; must be a non-zero multiple of wy.
From the weight of w,y it is clear that the only possible candidate is w; ;
(or wp, ar) and therefore it is not zero. O

We are now in a position to prove our main result.
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Theorem 4.4. Let L(r) = V @ A%V be the free 2-step nilpotent complex
Lie algebra of rank r. Let Hy(L(r)) be the p-homology space of L(r) with
trivial coefficients, considered as a GL(V')-module. Let E, and F,_1 be the
mazimal isomorphic submodules of Hy(L(r)) ® V and Hy_1(L(r)) @ A2V
respectively. Then, for all p, the sequence of GL(V')-modules

CH(L) @AY
Fp

obtained from (4.1) is exact. In particular

Hy(L(r) @ AV Hy(L(r) © V-

Hy(£(r), £r) = T i

Proof. As we already noticed the result will follow if we prove that 6(E,) =
F,_q for all p, and this is equivalent to proving that a,, # 0 in equation
(4.9). In view of Lemma 4.3, it suffices to show that Fy, (01(vo)) # 0.
We use the explicit expression of vy given by Proposition 2.4 to compute
Fy, s(01(v0)). Recall that A € S and assume that A = ([;1) with I =
{al, ag, ... ,adu,l, adu = 1}. Set

a:el/\.../\edu_l ;

ﬁ:f12/\f13/\.../\f1a1/\f23/\f24/\.../\f2(a2+1)/\

A f(dufl)du AREERA f(dufl)(adu—1+duf2) :

According to Remark 3.2, since a4, = 1,
aNeg, N € (Ad“V ® AP~ (A2V)(V)) (N

is a non-zero highest weight vector. By Proposition 2.4 we may thus assume
that

1
vo = Z - Ur(aneq, NB)® emin(r)-
TeA®s)

When applying qu,s o9 to vg, all the summands are killed except those
corresponding to sets I € A(®) such that either min(7) = s or min(I) = d,,.
The only set I € A®) such that min(I) = s is I = {s}. If s < d,, there is no
set I € A®) with min(I) = d,,. Therefore
Fy,s0 81(110) =Fy,s0 81(a Aeq, NB® es)
= (-1)*lang
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and we are done. If s > d,,, then

qu’soﬁl(vg) =
1
= quvs Xk <a/\6du ANBRes+ Z ;UI-(O‘/\edu /\ﬁ) ®edu>
1€l '

1
_ (_1\du—1 1
= (—1)%™ a/\ﬂ—{—qu,soa( E Ula/\l]j.(edu/\ﬁ)®edu>

(s)
IEA(d#)

= (—1)du—1()4 AP+ qu,s o O < a N U{du»s}'(edu AB)® €du>

U{du,s}

= (—1)du—1a/\ﬁ—|—deso(91< a/\es/\ﬁ®edu>

U{du,s}
(~1)%
)\s_)\du_s"i‘du""l
Mg mstde
/\S—Adu—s-i-du-i-l

= ()% laAB+ aAB

= (-~

This last vector is not zero and hence the theorem is proved. ]

Finally we give an explicit description of the GL(V')-module structure
of H.(L(r),L(r)) determining the multiplicity of each irreducible GL(V)-
module that occurs.

It will be convenient to ignore the distinction between a partition p and
the corresponding Young diagram Y (u).

In addition to the class S of self-conjugate diagrams (of length r) already
defined, let we consider these two classes:

S’ the set of all diagrams that fail to be self-conjugate by one extra box,
such that is not possible to get a new diagram by removing the last
diagonal box and the box immediately below it (if present);

S”: the set of all diagrams that fail to be self-conjugate by two extra boxes,
such that these two boxes are not in the same row.

Theorem 4.5. Let L(r) = V@ A?V be the free 2-step nilpotent complex Lie
algebra of rank r. Then

HAL(), L) = @ ml) W,

HESUSIUS"
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where m(p) =1 if p e S'US” or
m(p)=4#{i:a; >a1+1,1<i<n}+1

if p=(L;I) eS8, I={a,...,an}. Moreover, for p € SUS US" the
homology grading is p = [%]

Proof. Recall the description of H,®V and H,® A?V from 4.1. Notice that
we have to consider classes (III) and (IV) for p rather than for p — 1.

It follows from Theorem 4.4 that Hy,(L(r),L(r)) is isomorphic to the
direct sum of all diagrams in classes (II) and (III) plus some diagrams in
class (I). It is convenient to further split class (III) into two sub-classes
(ITIa) and (I1Ib) consisting of self-conjugate and non-self-conjugate diagrams
respectively.

It is clear that p is in class (IIIb) if and only if Y (u) € §” and X(u) =
2p + 2. Every diagram Y (u) in 8” determines, by definition, a unique self-
conjugate diagram Y'(\). Since the multiplicity of X in H.(L(r)) is 1, so it
is the multiplicity of p in H.(L(r), L(r)).

It is straightforward to see that a partition y is in class (I) and not in
class (IV) if and only if Y (x) is in &’ and ¥(u) = 2p + 1. It follows as in
the previous case that the multiplicity of p in H.(L(r), L(r)) is 1.

Finally, if p is a self-conjugate partition with 3(u) = 2p + 2, then the
diagram Y (u) occurs in H.(L(r),L(r)) several times. More precisely, its
multiplicity is equal to the number of self-conjugate Young diagrams that
can be obtained from Y (u) by removing any two boxes or by removing the
diagonal box. This gives m(u). Notice that in the first case p falls in class
(ITIa) and in the second case p falls in class (II). O

Example 4.6. Let us consider £(3). Recall that the trivial homology of
L(3) is given by all the self-conjugate diagrams Y (\) with grading p = @
as shown in the first column of the following table. In the second and third
columns, the Young diagram decomposition of H, ® V and H, ® A%V is
displayed. Using Theorem 4.4 it is straightforward to compute the adjoint

homology of £(3). The resulting Young diagrams are shown in bold face.
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Example 4.7. Even though the case of £(4) is analogous to that of £(3)
we present it because it helps to illustrate an interesting duality. We will
refer to it in Remark 4.8. In this case instead of displaying Young diagrams
we list partitions. The partitions that occur in the adjoint homology groups

are in bold face.
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p H, H,oV H, ® A*V
0 (1,0,0,0) (1,1,0,0)
1 | (1,0,0,0) | (2,0,0,0) (1,1,0,0) (2,1,0,0) (1,1,1,0)
2 | (2,1,00) | (3,1,0,0) (2,2,0,0) (2,1,1,0) | (3,2,0,0) (3,1,1,0) (2,2,1,0)
(2,1,1,1)
3 1(22,00) | (3,2,0,0) (2,2,1,0) (3,3,0,0) (3,2,1,0) (2,2,1,1)
(3,1,1,0) | (4,1,1,0) (3,2,1,0) (3,1,1,1) | (4,2,1,0) (4,1,1,1) (3,2,2,0)
(3,2,1,1)
4 1(3,2,1,0) | (4,2,1,0) (3,3,1,0) (3,2,2,0) | (4,3,1,0) (4,2,2,0) (4,2,1,1)
(3,2,1,1) (3,3,2,0) (3,3,1,1) (3,2,2,1)
(4,1,1,1) | (5,1,1,1) (4,2,1,1) (5,2,1,1) (4,2,2,1)
5 1 (4,2,1,1) | (52,1,1) (4,3,1,1) (4,22,1) | (5,3,1,1) (5,2,2,1) (4,3,2,1)
(4,2,2,2)
(3,3,2,0) | (4,3,2,0) (3,3,3,0) (3,3,2,1) | (4,4,2,0) (4,3,3,0) (4,3,2,1)
(3,3,3,1)
6 | (4,321) | (5,3,2,1) (4,4,2,1) (4,3,3,1) | (5,4,2,1) (5,3,3,1) (5,3,2,2)
(4,3,2,2) (4,4,3,1) (4,4,2,2) (4,3,3,2)
(3,3,3,0) | (4,3,3,0) (3,3,3,1) (4,4,3,0) (4,3,3,1)
7 | (44,2,2) | (5,4,2,2) (4,4,3,2) (5,5,2,2) (5,4,3,2) (4,4,3,3)
(4.3,3,1) | (5,3,3,1) (4,4,3,1) (4,3,3,2) (5,4,3,1) (5,3,3,2) (4,4,4,1)
(4,4,3,2)
8 | (444,3,2) | (5,4,3,2) (4,4,4,2) (4,4,3,3) | (5,5,3,2) (5,4,4,2) (5,4,3,3)
(4,4,4,3)
9 | (4443) | (5,4,4,3) (4,4,4,4) (5,5,4,3) (5,4,4,4)
10 | (4,44,4) | (54,4,4) (5,5,4,4)

Remark 4.8. By inspection we see that the number of irreducible repre-
sentations in each adjoint homology group are in duality.
If hy, = #{irreducible representations in H,(L(r),L(r))}, then

hi = hqim L(r)—i

Moreover, this duality follows from the remarkable fact that the number of
partitions in H, ® V' not in Hgd is the number of partitions in Hgimy £(r)—p ®

A2V not in Hd

im L(r)—p-
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5 Dimension

If A is a partition of length r let us denote by A* the partition corresponding
to the irreducible representation Wy @ det” where WY is the dual represen-
tation of Wy. The Young diagrams Y'(\) and Y (\*) are complementary to
each other in the r X r square diagram, provided that the conjugate of X is
of length r. The following proposition follows directly from Theorem 3.1.

Proposition 5.1. The map * : S, — 81 is a bijection and hence
1
> dimWy =Y dimW, = 5 dim HL (L(r).
AES, AEST
Recall that we have seen in 4.1 that,

UC ={p:p=A+es:Ae€S; and s #dy)}
P

= {p : p occurs in Z Wh®@V but p # X+ €4, }.
AEST

In particular

1
dimZEp = dimZF = irdimH*(,C(r)) — gr
P P

where g, = dim ), 5 Wate iy Therefore, from Theorem 4.4 we obtain

2
dim H.(L(r), £(r)) = dim 3 22 iA 4P HPE® 4
P p p

= dim H,(L(r)) dim £(r) — dim > E, —dim » _ F,
p p

_ %T(r — 1) dim H, (£(r)) + 2g, (5.1)

In [3] an explicit formula for dim H,.(L(r)) is given, so we only need
to compute g,.. This will be done following closely the computation of
dim H.(L(r)) in [3].

Using the ‘second Giambelli formula’ [2, (24,11)] we have

r
gr = Z det Gy (p,7), where Gq(p,7)i; = ( ;o >
Y Myt —1
H=A~+€dy
AES
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We observe that p1 = A+¢4, with A € S; if and only if p = (TU{2}; TU{1})
for some I C {3,...,r}.

We may also describe the Giambelli matrix Gi(u,r) in terms of the
Frobenius notation as follows. For I C {3,...,r}, let

(jui1)s Hi€Tori=1;
GQ(I,T‘)Z‘J' = (jil)’ if ¢ = 2;

(7)), ifigTandi#1,2.

—1

Then G1(A,r) is the matrix obtained from Go(I,r) by performing a row
permutation of sign (—1)#/0, where Iy is the set of even numbers in I. Since
the determinant is linear in rows we can express g, as the determinant of a
single matrix, namely

gr = det G3(r),

where

')7 ifi = 1;
L), ifi=2;
1) = (D), ifi>3.

We recall that (see [3] §2)

dim H,(£(r)) = det G(r), where G(r);; = <J, " Z) — (1) (j +Zf 1).

Notice that G(r) and G3(r) only differ in the first two rows. For convenience

we define
() if =2
G(r)y =< 7 '
(r) ! {(]Tz) - (_1)1 (j+/;71)7 if ¢ 7& 2.

Now
gr = —det G(r)
and G(r) and G(r) only differ in the second row. The goal is to prove that

1

det G(r) = det G(r). (5.2)

]
43

l\’m—t
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Let

1 0 1 -1

A(r) = L and Ap(r) =1 ,
' 1 1 ! ! 1
with A2(7) (4 1)(nt1) = 1 if 7 = 2n + 1. The products A;(r)G(r)Az(r) and
G(r)As(r) differ only in the second row. Moreover, collecting together the
odd rows on the top and the even rows on the bottom the matrices become
two-block matrices. Their first blocks are the same and the second ones are

respectively C(r) and C(r), with C(r);; = C(r);; for i # 1 and
— r r r
= - 1<i i< |2
C(r)w <[r;l] +j—2i) ([r;rl] +j+2i—1)’ >10)> {2} ;

00 =5 (g o n) 2] o) 129l

It turns out that for » = 2n + 2, C(r) has it last row equal to (0,...,0,1)
and the upper-left block has its j-th column equal to the sum of the j-th
and (j — 1)-th columns of C(r — 1) for j > 1. The same happens for C(r).
Hence we only need to show that

n—+1

det C(2n + 1).

Let I be the identity matrix and let J be the n X n matrix whose only
non-zero coefficients are 1’s right above the main diagonal. Set D(n) =
(I-N)tc@n+1)I+J)(I—J)and D(n) = (I—-J)tC2n+1)(T+ J)(I -
J). Now redefine D(n) and D(n) dividing by 2 their first columns. Thus
D(n);j = D(n);; for i # 1 and

— 2 1 2 1
D(n)i; = ne + nre ,1<id,j <n,
n+j—214+1 n+j+2—2

D(n)yy =d; +di+d3,1<j<n,

: 1 _ 1(2n+1 1( 2n+1 2 _ _1(2n+l 1(2n+1 3 _
with dj = 5(7?—&-3‘) + §(nfj—1)’ dj = _E(nfjﬂ) - §(nrj—2) and dj =
2n+1 2n+1
(n+j+2) + (n+j—3)‘ L
We still have to prove that det D(n) = —2(3717‘21) det D(n). From the

Giambelli formulas in [2, Corollary 24.35] we know that det D(n) is twice the
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dimension of the irreducible representation Wi of SO(2n + 1) with highest
weight ney + (n — 1)eg + -+ - + ,. On the other hand, using the linearity
of the determinant in the first row we can express det D(n) as a sum of
three determinants d', d? and d3, corresponding to the matrices with first
rows djl-, d? and d?-. It is clear that d® = 0, d' = det D(n) and —d? is
the dimension of the irreducible SO(2n + 1) representation Wo with highest
weight ney + (n — 1)eg + -+ - + 2e,,—1. In other words

det D(n) = d* + d* + d® = dim W, — dim Wx.

From the Weyl character formula it follows that dim Wy = 2n o dim W1
which implies that det D(n) = é”'_il) det D(n) and therefore (5.2) is

proved.

Theorem 5.2. Let L(r) = V@AV be the free 2-step nilpotent complex Lie
algebra of rank r. Then

+1
dim H.(L(r), £(r)) = %(m 14 [H ) dim HL(£(r))
2 2
{2"(cn—2(2n D))B(n)2, ifr=2n+1;
2"c,B(n)B(n+1) ifr=2n-+2

where B(n) = H1<z<j§n (12—:]1 forn >0 and B(0) = 1, and ¢, = (2n +

1)(2n +2) + 2042

Proof. 1t is a straightforward consequence of Theorem 1.1 of [3] and equa-
tions 5.1 and 5.2. ]
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