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Here we provide the details of the RSRG calculations presented in the manuscript.

I. RSRG METHOD

Consider the Kadanoff blocks of size N, = b? = 4 shown in Fig. SI.
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Lopez et al, Supplementary figure S1: Kadanoff blocks of size b = 2 for the square lattice.

Let’s denote by S} the block spin associated to the block I and s; the set of lattice spins belonging
to the block I+ s; = {s;} with ¢ € I. Let’s also denote by S’ and s the complete sets of block
and lattice spins respectively. We can express H = Ho + V, where Ho = >, H;(s;) contains all the
interactions between spins belonging to the block I and V all the interblock interactions. Introducing an

RG projection matrix P(S’,s) = [[; Pr(S7,sr), an average of an arbitrary function X (5’,s) as

(X S’=fZP 5)e X (S s) (1)

where Zy = []; Z¢ with

Z§(Sr) =Y _ Pr(Sp, sp)eltr 0

sr



The simplest RG approach within Niemeijer and van Leeuwen' scheme consist into the identification

H(S)+C=InZo+ (V),, (2)

where H’(S”) is the block Hamiltonian and C is a spin-independent constant. This uncontrolled approxi-
mation results from the truncation to the first-order cumulant! of (exp(V)),. Using then of the double
majority rule RG projection matrix P;(S7,sy) introduced by Berker and Wortis for the pure isotropic
Blume-Emery-Griffiths (BEG) model?, it is easy to see that (Sir), = a1 57, (S7), = a2 SP + as, and

In Z{ = ayS? + as, where

a; = <Si1>o|s}:1 (3)
az = <Si2[>o sh=1 - <Si21>0 §4=0 (4)
as = <Si21>0 §1=0 (5)
an = WmZslg_, — ImZlg,_, (6)
as = In Z} S1=0" (7)

Applying this scheme to the Hamiltonian

Hra=hY S7+ Y [LSiSi+MSS? + U(SIS; + 87S:) (9.7, — &.7%5)] (8)

<i,5>

we obtain the closed RG recursion relations

L' = 2Lad? (9)
M' = 2M a3 (10)
U' = 2U aia2 (11)
h' = 8M asas + ag, (12)
together with
g=C/N = (Ma3 +as/4). (13)



Defining

Bi(L,M,U,h) = Zé}S}:O

By(L,M,U,h) = Zg}SH

we obtain
2eh 4 22h 4 22hHM-L 4 9 o2 M+L o5k (20)
a =
8 Bl (La Ma Ua h)
Bo(L,M,U, h)
ag = In——""——7F7—"—+=
Bl (La Ma U7 h)
as = ll'lBl(L,]\47 U, h)
and
1 L oo A(h+M) | 3h+2(M—L) 3h42(M+L) | 4(h+M+L)
= - | = 2 3
a1 Bg(L,M,U,h) |:26 +2e + e +3Je +e +
+ 2 TMEL cosh(2U) + 23" T2M cosh(2U)]
1
Ay = m |:e2h + 6 64(M+h) + 62h+M_L + 6 e3h+2M COSh(2L) + 2 64(M+h) COSh(4L)+

+ M MIL cogh(2U) + 6 €*M 3 cosh(2U)] — as(L, M, U, h)

2el 220 4 22t M=L 4 9 2ht ML o5k (20))
Bl (L7 M7 U7 h)

az =

By 14+ 8el +4e?h 4 4e2htM=L 4 2hMHL cosh(2U)

By = 2e%h 4 6t M) 4 9 2htM—L | g o3h+2M (oshy(2L) + 24 MF) cosh(4L) +

4+ 2e2HMHEL cosh(2U) 4 8 €3 2M cosh(2U)).

II. RSRG FLOW AND FIXED POINTS STRUCTURE

We found that all the relevant fixed points of the recursion equations lie in the BEG subspace U = 0.
The RG flow and the fixed points structure in the U = 0 subspace is qualitatively similar to that obtained

in Ref. [2], including first and second-order surfaces, as well as tricritical and critical endpoint lines?.



We focused only on those fixed points relevant to the present problem namely, those which govern the
RG flow starting from the subspace (L, M,U,h) = (K/4,K/4,K/4,h), with K = fw. The whole flow
starting from that subspace is attracted by two subspaces invariant under RG: L = M = U = 0 and

(M, h) = (0, +00).

A. Flow in the L = M = U = 0 subspace

The recursion relations in this case reduce to b’ = a4(0,0,0, k). This RG equation presents three fixed
points: two attractors at h = +oo, which are the loci of the high (h = 00) and low (h = —o0) density
isotropic phases respectively and one unstable high temperature fixed point at h = —In2. The first two
fixed points are attractors in the complete (L, M,U, h) space and we will call them I, and I_. They
represent the high (<Sf> ~ 1) and the low (<Sf> < 1) density isotropic phases respectively. The fixed
point 71 = (0,0,0, —In 2) is the locus of a surface in the (L, M, U, h) space that corresponds to a smooth

continuation at high temperatures between both phases.

B. Flow in the (M,h) = (0,+0c0) subspace

This subspace corresponds to an anisotropic Ising model, since in this limit the S; = 0 state has zero

probability. The recursion relations reduce in this case to

L' = 2Ld(L)? (14)
U = Ud(L) (15)
with
. 2 + etk
d(L) = hh—>H;o aq (L, O7 []7 h) = m (16)

Since L' = L/(L), independently of the parameter U, the whole flow is governed by the RG equation
corresponding to the isotropic Ising model. This equation has a non trivial fixed point at d(L) = 1/v/2,

whose solution is L, = i In [1 +2v24+ 110+ 5\/5} ~ 0.518612, corresponding to the critical point of



the Ising model in the square lattice under the present approximation (compare with exact Onsager result

Le = 1In(1+ v/2) ~ 0.44069). We will call this fixed point C;. The critical exponent v is given by

_ by _ O
T T oL,

v

We obtain v = 1.0013..., in excellent agreement with the exact result » = 1. The RG recursion equation
also has two attractors: I, (L = 0) and the isotropic ferromagnetic fixed point L = oo (T' = 0). At
L = L. we have another invariant line at the (L,U) space, whose RG equation is U’ = U’/+/2. This
recursion relation has only trivial fixed points: one attractor at U = 0 and one unstable at U = +o0.
The line L = 0 is also invariant and have the same fixed points. Finally, we have that limy_, d(L) =1
Hence, U’ = U and the whole line L = +oo0 is a line of fixed points. This is the locus of the ferromagnetic
phase in the whole (L, M, U, h) space and we will call it the N attractor. In Fig. S2 we show the flow

diagram in the complete (U, L) space.
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Lopez et al, Supplementary figure S2: RG flow in the (L,0, U, +00) invariant subspace.
ITI. RSRG COVERAGE CALCULATION

The coverage can be expressed as

Of (K, h)



Let K = (L, M,U,h) be the parameters vector of Hamiltonian (8). From the renormalization group

transformation we have the following relation after n applications of the RG transformation®

F(Ro) = =5 D2 b g(Ro) 47 (R, (18)
m=0

where I?m is the parameters vector after m applications of the RG transformation, I?o is the initial value
and g(ff) = C/N is given by Eq. (13). Since  is not singular at the critical line, we can assume that
the singular part of the free energy will make no contribution to Eq. (18) and therefore the derivative of

the second term in the right hand of the previous expression vanishes when n — oo. Therefore, we can

express

O(K,h) = % lz b—mdg(ﬁm)] . (19)
m=0

Ko=(K/4,K/4,K 4,h)

Computing numerically the above sum and taking the numerical derivative we obtain the critical line T*

vs. 6 shown in Fig. 8 of the manuscript.
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