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Abstract

The structure of the moduli space of N = 1 supersymmetric gauge theories is analyzed from an
algebraic geometric viewpoint. The connection between the fundamental fields of the ultraviolet
theory, and the gauge-invariant composite fields of the infrared theory is explained in detail.
The results are then used to prove an anomaly matching theorem. The theorem is used to study
anomaly matching for supersymmetric QCD, and can explain all the known anomaly matching
results for this case. (€ 1998 Elsevier Science B.V.

PACS: 11.30.Pb; 11.15.-q

1. Introduction

One important constraint on the moduli space of vacua of supersymmetric gauge
theories [1,2] is that the massless fermions in the low-energy theory should have the
same flavor anomalies as the fundamental fields, i.e. the *t Hooft consistency conditions
should be satisfied [3]. These conditions are considered a particularly stringent test on
the spectrum of massless fermions, which is usually obtained from symmetry arguments
and renormalization group flows. It is found that for some theories the classical moduli
space M, or a suitable quantum modified version M 4 of it satisfies ’t Hooft consistency
conditions at every point. Other theories fail 't Hooft’s test at some vacua, and it is
believed that in the infrared, these theories correspond to the weak coupling sector
of a dual theory with a different gauge group and matter content [2]. In this paper,
sufficient conditions on the fundamental chiral field content ¢' for a theory to satisfy
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the 't Hooft conditions is established. This is usually done by first finding a basic set of
gauge invariants ¢/ () and the constraints among them, then checking point by point
the matching of flavor anomalies between the fundamental fields and the composites
at each point on the moduli space. This procedure involves tedious calculations, and
does not offer a systematic approach to the problem of determining whether M, (or
a suitable quantum modified version of it) gives the right description of the infrared
sector or not. Our results establish simple sufficient conditions on the fundamental fields
that guarantee 't Hooft's consistency conditions will be satisfied. The novelty of our
approach is that no explicit calculation of anomalies is required at any time; it is not
even required to know what the basic gauge invariants are.

This paper fills in the details omitted in Ref. [4]. The outline of the paper is as
follows. We devote Section 2 to a review of the connection between A and the
algebraic quotient of U under the action of the complexification G of the gauge group.
The results in Ref. [5] are rederived and additional information related to the structure
of gauge orbits in U and the geometry of M, is provided. Methods to determine
the dimension of M, before finding the invariants and their constraints are presented.
A number of examples illustrating how naive expectations fail to be true in special
situations is also given in this section. In Section 3, we analyze anomaly matching at
points on the classical moduli space. The proof of the anomaly matching theorem makes
use of the connection between M, and the vector space U spanned by the fundamental
matter fields ¢' provided by the map 7 : U — My, m(¢) = ¢'(¢). Knowledge of
the algebraic geometric construction of M, and details related to this map is essential.
In Section 4 we give a rigorous proof of the fact that the flavor anomalies of the
massless modes at the vacuum ¢, equal those of the full vector space V of the gauge-
invariant composites (i.e. ignoring all constraints) when M is the set of critical points
of an invariant superpotential. We apply this result to: (i) extend the matching theorem
to cases where the superpotential W is not trivial, (ii) globalize the point-by-point
result of the matching theorem, and (iti) prove that anomaly matching conditions are
compatible with integrating out fields.

Our results guarantee the matching of flavor anomalies between the UV and M
for the large family of s-confining theories introduced in Ref. [6] and those theories
obtained from them by integrating out matter fields, which have a quantum modified
moduli space. As an application, in Section 5 we analyze in detail the well-known case
of supersymmetric QCD. We first repeat the analysis of Ref. [1], and find all points at
which anomalies match by performing explicit calculations, then show how the matching
follows readily from our results with virtually no calculations. Extensions of the results
to dual theories will be described elsewhere.

2. Supersymmetric vacua and algebraic geometry

In this section, we will review some of the properties of supersymmetric vacua in
supersymmetric gauge theories, and their connection with algebraic geometry. Many of
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the results are well known in the physics or mathematics literature. Including the results
here will allow us to define our notation, and also to make the paper more self-contained.

2.1. SUSY gauge theories

The physical objects that we will consider in this paper are supersymmetric gauge
theories with gauge group G,, where G, is the direct product of a compact connected
semisimple Lie group and (possible) U(1) factors. We will assume that all the U(1)’s
are compact, i.e. that the fields have rational charges. The action of the gauge theory is

Sld] =/d4xd49¢1ev¢+/d“xd29 [4—;—2 TrWeW, + W(¢) +cc.|, (1

where ¢ is a set of chiral superfields transforming as a (reducible) representation of
G,, W, is the gauge chiral superfield, g is the gauge coupling constant, V is the gauge
vector superfield,

vV = vATA, (2)

T4 are the generators of the Lie algebra of G,, and W is the superpotential. V and W,
are related by W, = —%DDDaV. For simplicity of notation, we have assumed that G,
is a simple Lie group with coupling constant g; if not, there is a different coupling
constant for each simple factor in G,. The action equation (1) will in general also have
a global flavor symmetry group F, and a U(1)z symmetry.

The set of inequivalent vacua of a supersymmetric gauge theory is referred to as
the moduli space. The classical moduli space M, is determined by studying gauge-
inequivalent constant field configurations that are critical points of the superpotential W,
and satisfy the D-flatness condition

&' T4 =0, VY T4 € Lie (G,) , (3)

where Lie(G,) is the Lie algebra of G,, and has dimension dg. The action equation
(1) has a larger invariance than the gauge symmetry G,. It is also invariant under local
transformations of the form

S AATA A s AANETA mATA i gATA
(b_)elAT(ﬁ, eCTAHel(A)TeCTelAT’ (4)

with A# chiral superfields [7]. This implies invariance under G, the complexification of
G,. This result was used in Ref. [5] to show that the moduli space of supersymmetric
vacua is an algebraic variety. We will review the analysis given in Ref. [5] here because
we need additional details about the construction of the moduli space and the structure
of G-orbits not discussed previously.

Any classical supersymmetric vacuum configuration can have only a constant expec-
tation value for the scalar component of the superfield. Thus classical supersymmetric
vacua are a subset of U, the vector space of all constant field configurations ¢. U has
dimension dy, the number of chiral superfields. If ¢ is a point in U, the G-orbit of ¢
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will be denoted by Ge. If ¢ is a critical point of the superpotential W, then so are
all points of G¢ since W is G-invariant. The set of critical points of W in U will be
denoted by UY.

2.2. Algebraic geometry

The mathematical objects that we will consider in this paper are affine algebraic sets (a
special case of varieties) over the field of complex numbers.! Let C[x,..., x,] be the
ring of polynomials in n complex variables xi,...,x,. Let po(x1,..., %), a=1,...,k
be a finite set of polynomials in the » variables. Then the algebraic set V(p,) is the set
{xi € C| pa(x) =0V a}. It can be thought of as a curve in C" given implicitly by
the polynomial equations p, = 0. The ideal (p,...,p) is the ideal generated by the
polynomials p,, i.e. the set of polynomials of the form 3 _ _ fopa, where f, are arbitrary

polynomials in C[xy,...,x,]. Clearly, any polynomial in (pi,...,ps) vanishes at all
points on V(p,). The set of polynomials that vanish on an algebraic set X (such as
V(pa)) will be denoted by /(X), and forms a finitely generated ideal of C[x,,..., x,].
In general, I(V{(p,)) 2 (pi1,....pk), but equality need not hold. It is possible to define
the algebraic set X as the zero set of polynomials g;, i = 1,...,s that generate /(X).
In this case, X = V(g;i), and I(X) = (g,...,&,). If this is the case we say that the
equations g;(xy,...,X,) =0, i=1,...,5 correctly define X.

An irreducible algebraic set is one that cannot be written as a proper union of two
algebraic sets. Any algebraic set can be written as a finite union of irreducible algebraic
sets in a unique way. The tangent space 7,X at a point p of the algebraic set X € C”
correctly defined by polynomials g(x) is the vector subspace ker(dg;/dx;), of C".
The dimension dy of an irreducible algebraic set X is dx = min,cy dimT,X. There are
alternative equivalent definitions of 7, X and different ways of calculating dimensions of
irreducible algebraic sets (see Refs. [9,8]). The natural complex valued functions on
an algebraic set X are the restrictions to X of polynomials in its ambient vector space.
These are called regular functions, and the set of regular functions is the coordinate ring
C[X]. Note that two polynomials f) and f5 in C[x|,..., x,] define the same regular
function on X if and only if f; — fo € 1(X). This defines an equivalence relation in
Clx,...,x,] and, clearly, C[X] = C[x|,...,x,]1/1(X). Regular functions from the
algebraic set X C C” to the algebraic set ¥ C C" are naturally defined to be those
that can be written as the restriction to X of m polynomials in C". All the geometric
properties of X are encoded in C[X], and X can be constructed from C[ X]. This fact
plays a key role in the discussion of the next subsection.

It is natural to use the Zariski topology in studying algebraic geometry. The Zariski-
closed sets of C" are algebraic sets, by definition. The fact that this correctly defines
a topology in C" is non-trivial, and is a consequence of the Hilbert basis theorem,
which implies that an infinite intersection of algebraic sets is an algebraic set. In the
rest of this paper, we wiil mainly use the Zariski topology, so open and closed sets will

'We will use the notation of Refs. [8,9].
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always mean with respect to the Zariski topology. In a few places, we will also need
to use the more familiar metric-topology on C”, and we will state this explicitly. The
Zariski topology might seem a little strange to readers used to thinking about the more
familiar metric topology. In C, for example, the Zariski-closed sets are C, a finite set of
points, or the null set. Thus the Zariski-closure of the set of integers in C is the entire
space C. In contrast, the metric-closure of the set of integers is itself. Regular functions
[+ X — Y from the algebraic set X C C” into the algebraic set ¥ C C™ are continuous
in the induced Zariski topology, whereas most other functions which are continuous in
the metric topology fail to be Zariski continuous. Thus, the Zariski topology allows us
to get the strongest results when dealing with regular function. As an example, a regular
function f : C — C that vanishes on the integers Z, must vanish on the closure Z = C,
which is a fancy way of saying that the only complex polynomial with infinite roots is
the trivial one.

The natural groups to study in algebraic geometry are linear algebraic groups. Let
M, (C) be the space of all n x n complex matrices. GL(n,C) is the set detM 0 in
M, (C). G C GL(n,C) is a linear algebraic group if it is the intersection of GL(n,C)
with an algebraic set in M, (C). The group SU(n) is not an algebraic group, because
the constraint that the matrix be unitary is not a polynomial relation; it involves complex
conjugation. The complexification of SU(n) is the group SL(n,C), which is an algebraic
group since the condition that the determinant be unity is a polynomial relation in the
elements of the matrix. The complexification of all compact connected semisimple Lie
groups are algebraic groups. The vacuum structure of supersymmetric gauge theories
will depend on G , the complexification of the gauge group G,. G is an algebraic group,
but G, need not be.

2.3. SUSY QED

It is instructive at this point to go over the well-known example of SUSY QED, which
is a U(1) supersymmetric gauge theory with two chiral superfields Q and O with charges
+1, respectively. The set of all constant field configurations is C? = {(Q, Q) } for SQED.
In SQED, the group G = U(1)¢ is the set of transformations (Q,0) — (20,0/2),
where z € C, z #0, as can be seen from Eq. (4). The G-orbits are illustrated in Fig. 1.
They are the curves M = {(Q,0Q) | Q0 = M # 0}, the curve A = {(Q,0) | Q # 0},
the curve B = {(0,0) | @ # 0}, and the origin O = {(0,0)}. The decomposition of
U into G-orbits is quite complicated, even for the simple example of SQED. G-orbits
need not be closed. The orbits M and O are closed, and the orbits A and B are not. The
closure of the G-orbit of ¢ is denoted by Gé. A very useful resuit is that the closure
of a G-orbit in the Zariski topology is equal to its closure in the metric topology.> The
closure of the two orbits A and B are the curves (Q,0), and (0,Q), where Q and O are
no longer restricted to be non-zero. The closure G¢ of orbits G of an algebraic group
are irreducible algebraic sets. The closures of G-orbits are given by the polynomial

2 Closed = Z-Closed.
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Fig. 1. The structure of gauge orbits in supersymmetric QED. The orbits are connected. They appear discon-
nected because the figure only shows the restriction of the configuration space to real values of Q and . The
orbits M and O are closed, and A and B are not closed. M, and AU B U O are fibers.

equations Q0 = M for M, Q =0 for A, Q =0 for B, and Q = 0,0 = 0 for O, each of
which is an irreducible algebraic set.

2.4. Algebraic quotients and the moduli space

The power of algebraic geometry lies in the interplay between geometric properties
of the algebraic set X and algebraic properties of its coordinate ring C[X]. The key
properties of the ring C[X] are: (i) C[X] has no nilpotents (that is, f € C[X],
f™ =0 implies f =0), and (ii) C[X] is finitely generated. It turns out (Ref. [8], ch. I,
Section 2, Theorem 1) that these are also sufficient conditions for a given ring A over
C to be isomorphic to the coordinate ring of some algebraic set X4, A= C[X4]. The
construction of X 4 is in fact very simple: take a set #y,...,t, of generators of A. In
general, A is not a free algebra; there are polynomial equations among the generators
gity, ... ty) =0,i=1,..., k. One shows that X4 = V(g;) C C", the equality being
valid only in the case of a free algebra. Now assume X = U¥ C U, the G-invariant
algebraic set of critical points of a polynomial G-invariant superpotential W, and let
dy be the dimension of U. There is a natural representation of G on C[u¥, namely
CIUY] 5 f — go f, go f(x) = f(g 'x), g € G. Under this representation the
homogeneous polynomials of degree d form invariant subspaces. For reductive linear
algebraic groups (G is reductive if any regular representation is completely reducible),
the subring C[UW]C of G-invariant polynomials is finitely generated, as follows from
Theorem 4.1.1 in Ref. [9]. As C[UY]Y does not have nilpotent elements, it can be
thought of as the coordinate ring of an algebraic set UY //G = X¢ ywie. If p©,....p¥ is
a minimal set of generators of C[UY]Y, then UY//G C C" is the algebraic set defined
by the constraints between the p©’s. There is a natural regular map 7 : UY — UY//G by
UY 3 (x1,...,xq,) — (pf(x. RS 0 T ,p,,G(.x| ..., X4,)) obtained by evaluation
of the generating polynomials. The pair (7, U" //G) is called algebraic (or categorical)
quotient of /% under the action of G in the mathematics literature. The basic property
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of the quotient is that, by construction, 7. : C[UY //G] — C[UY]¢ is an isomorphism
(as algebras over C) between the coordinate ring of U% //G and the ring of invariant
polynomials in UY. Therefore, given any algebraic variety Z and G-invariant regular
map f : UY — Z, there exists a unique regular map f : UY//G — Z such that
f = f o, a property that uniquely determines the quotient. Further details of this
construction, including properties one through three quoted without proof below, can be
found in Problems 11.2.6-1,2 in Ref. [9], and also in Ref. [ 10]. Using these, we prove
other results required to understand the ultraviolet-infrared global anomaly matching. We
assume G is reductive, as is always the case in physically interesting theories. Property
(P5) establishes the anticipated contact with supersymmetric moduli spaces: points in
UY //G are in one to one correspondence with closed orbits in UY. As the latter are in
one to one correspondence with physically inequivalent classical supersymmetric vacua,
UY//G is the classical moduli space Mg of the theory (1). This picture breaks if G
fails to be reductive (Subsection 2.6). The fiber of 7(¢), = (7 (¢)) is in general a
reducible algebraic set. It can be written as the union 7! (7 (b)) = X; U... U X, of
G-invariant irreducible algebraic sets. (Note that X; are G-invariant, but need not be a
single G-orbit.) Then X, N...N X, is a closed G-invariant subset of 7~ ! (7 (¢)), and
contains the unique closed G-orbit.

One can now connect the algebraic construction of U¥ //G discussed above with the
classical moduli space M of supersymmetric vacua [5]. In Ref. [5] it is proven that
every G-orbit contains a (unique) D-flat point if and only if the orbit is closed. Every
fiber contains exactly one closed G-orbit, and thus exactly one D-flat point which is
also a critical point of W. Thus the gauge-inequivalent field configurations that satisfy
the D-flatness condition and VW = ( are in one-to-one correspondence with fibers
7~ (m(¢)). This means that U /G is isomorphic to My, the classical moduli space
of the supersymmetric gauge theory, the result shown in Ref. [5].

In studying anomaly matching conditions, one needs to compute anomalies in the full
theory (UV-theory) and for the massless modes (IR-theory). The UV anomalies are
computed using the fields ¢, i.e. using U, and the IR anomalies are computed using the
classical moduli space M, or its quantum modification M 4. The classical moduli space
M ~ UJ/G, so the anomaly matching conditions require knowledge of the structure
of the G-orbits in U.

2.5. Collection of mathematical results

We will collect here a number of useful results from Refs. [9,10] that will be needed
later in this article. Some of them have already been discussed earlier in this section.
The basic setting is the algebraic quotient 7 : UY — UY//G of the variety UY given
by the critical points of W under the action of a reductive algebraic group G.

(P1) = is surjective.
(P2) If C C UY is closed and G-invariant, then 7(C) is closed in UY//G and
c,m(C)) is the algebraic quotient of C under the action of G.

(7
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(P3) If {Z;}ie; is any collection of closed G-invariant subsets of UY, then 7 (N, Z;) =
0;77( Zl) .

(P4) If UY is irreducible, U" //G is irreducible. The proof follows from (P1) and
Lemma A.1.16 of Ref. |9].

(P5) There is a unique closed G-orbit in every fiber of the map .

(P6) Two points ¢;,i = 1,2 lie in the same fiber if and only if Gé, N G, # 0.3
From now on, we shall assume that U is irreducible. Then My = UY//G is irre-
ducible, and we can use the results of Ch, I, Section 6.3 of Ref, [8].
The dimensions of various objects are defined as follows:
dg:  the real dimension of the Lie Algebra Lie(G,) of the gauge group G,, which is
equal to the complex dimension of Lie(G).

dy:  the dimension of U.

dyw: the dimension of UY.

dy: the number of generators of the ring of G-invariant polynomials C[UW]¢.

daq: the dimension of the classical moduli space My =UY//G C V =Cé,

d: the maximum dimension of a G-orbit in UY. (Note that G-orbits can have different
dimensions, so d is the maximum possible dimension. Also, d < dg.)

dy: the minimum dimension of a fiber in UY.
Let 74, A = 1,....d; be a basis for Lie(G,), the Lie Algebra of the gauge group
G,. The dimension of a G-orbit through ¢ equals the rank of the dy; x dg matrix A(¢)
with columns T4¢. Note that the entries of A(¢) are polynomials of degree one in ¢.
Let Aj(¢), j < min(dg,dy) be the set of all j x j minors of A(¢), and Z; the set of
polynomials in ¢ obtained by taking the determinants of the elements of 4;. The rank
of A(¢) equals the maximum value of j for which there is a polynomial in Z; which
does not vanish at ¢. The set O.; of points in U whose orbits have dimension less than
J 1s the closed set O.; = V(Z;), obtained by requiring that all j x j minors have zero
determinant. The complement is then an open set. Hence “maximum rank™ of a matrix
valued function on an algebraic set with regular entries is then an example of an open
condition, i.e. it defines an open set. The same type of argument shows that the set of
smooth points of an irreducible algebraic set ¥ is open in Y. These results together with
a straightforward application of Ref. [8] Ch. 1, Section 6.3 imply
(P7) The following is a list of non-empty open subsets of U" and M. Quantities
with a " belong o M., and without a " belong to U". The inclusion sign means
the left-hand side is a non-empty open set contained in the right-hand side, but
equality need not hold.

01 C {d e Mu | dim(7~($)) = dyw — da}.

[ ]

o 0> ={¢ e Mg | ¢ is a regular point of My}
o 0:={¢ € My |dim(7 () =d/}.

e O;=7""(0;), i=1.2,3.

o 0,=1{¢cU!dim(Gd) = d}.

3 Fibers arﬁalled extended orbits in Ref. |5]. This characterization of fibers follows from (P3) and the
fact that 7(G¢) consists of a single point.



G. Dotti, A.V. Manohar /Nuclear Physics B 518 [PM] (1998) 575-602 583

Using these non-empty open sets, and the result that non-empty open subsets of an
algebraic set are dense, and any two non-empty open sets have a non-empty intersection
(Lemma A.1.12 in Ref. [9]) allows one to prove

(P8) The dimension of M, equals that of U¥ minus the minimum dimension of a fiber.
Proof: take a point g?) € 0, N 0. Then dyw — dpg = ds.

(P9) The minimum dimension of fibers is greater than or equal to the maximum di-
mension of G-orbits. Proof: Take ¢ € O3 N O4. As 7 is G-invariant, TyG¢ C
Td,w_' (7 () ), so that d < dy. (Here T,X denotes the tangent space of X at the
point p.)

We finally quote an important theorem due to Knop [11], and prove a result that is

used in Section 5.

Theorem 1 (Knop, Ref. [11]). If G is semisimple, G¢ has maximum dimension, and
7 (¢) is smooth, then '”:b is surjective.

Theorem 2. If dim(G¢y) = d (maximal) and Gy is closed, then
(a) (7 (o)) = Geo.

(b)Y dpm =dyw — d.

If also d = dg, then

(¢) 77{/)0 is surjective.

Finally, if ¢ is also a smooth point

(d) ker 77'&,0 = Lie(G) ¢ and 7(¢pg) is smooth.

Proof.

(a) Assume (a) is false, and pick any point ¢ € 7' (7w (¢ho)) \ G¢pg. Because of
(P6), Gd,NGey # 0. Therefore there is a sequence g, € G and a point go € G such
that g,¢; — gopo. Given any point gdo € Geo, 88, 'gab1 — 8o, s0 gy € Gby.
Thus Gy is a proper subset of G¢y, which implies that dim(Gep) < dim(Ge,)
(Lemma A.1.18 of Ref. [9]), i.e. dim(G¢,) > d, which is a contradiction, since
G-orbits have maximum possible dimension 4.

(b) (P9) and (a) implies d; = d, and (b) follows using (P8).

(¢) By Luna’s theorem [12] (quoted in Ref. [10], Theorem 6.1) G¢o closed implies
there is an étale slice at ¢po. In the case dim G¢g = dg the existence of the slice
implies that any curve é(1) through q’30 = d3(0) can be lifted to a curve ¢(t) in UV
satisfying ¢ (0) = ¢ and 7w(p(2)) = (f)(t). This is equivalent to the surjectivity of
.

(d) If¢(;;50 is smooth then dim Td,OUW = dyw. From (b) and (¢) we have: dpyg <
dim Ty g,y Ma = rank W:ﬁ() = dyw — dimker 77’450 < dyw —dimTp,Gpo = dyw — d =
d aq. Thus, these are all equalities and (d) follows.

Conditions (¢) and (d) ensure that the tangent to the moduli space is isomorphic
to the massless modes of the theory determined from the ultraviolet Lagrangian at
the classical level, i.e. by looking at the massless modes of the quadratic part of the
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Lagrangian in unitary gauge.
2.6. Examples

2.6.1. SUSY QED

We have already discussed this case. The space X is C2, since there are two complex
fields Q and Q. The ring C[X] is the ring of polynomials in two indeterminates,
CIQ,Q]. The ring C[X]C is the set of gauge-invariant polynomials C[QQ], freely
generated by the single polynomial M = QQ. The algebraic set Y defined by C[¥] =
C[QQ] =C[X]C is thus C. The map 7 : X — Y takes (Q, Q) to the point M = Q0 in
Y. The fiber of a point M # 0 € Y is the closed orbit M discussed in Section 2.3. The
fiber of M =0 is AUBUO. Note that C =Y = X//U(1)¢ = C?//U(1)¢ is a smooth
algebraic set, with no singular points. Nevertheless the fiber of M = 0 is different in
structure from that of the points M % 0. The fibers 7' (M) are closed irreducible and
smooth one-dimensional algebraic sets for M # 0. 7' (0) is the reducible and singular
algebraic set Q0 = 0, and contains three G-orbits, A, B and O. It can be written as
the union of two irreducible components, X, given by Q = 0 and X, given by 0 = 0.
Their intersection, X| N X3, is the origin O = (0, 0), and is the unique closed G-orbit in
77 '(0). The smooth points Z of #~'(0) form the open set A U B. The complement
771(0) \ Z is the origin O and is a smooth closed algebraic set that contains the unique
closed G-orbit. 7’ is surjective at all points of #='(M # 0) and at all points of the
fiber 771(0) except (0,0). Thus it is possible in this case to choose a point in 77! (0)
where 7' is surjective; however this point is not in the unique closed orbit (0, 0) in the
fiber.

Now consider adding a superpotential W = QQ to SQED. The critical points of W are
Q =0 =0, so that UY is a single point, and is G-invariant. Note that in this example
the critical points of W do not form a complete fiber. The ideal /(V(VW)) is the set of
all polynomials of the form Q f((Q, 0) +0g(0,0), and I(V(VW))F is the set of all
polynomials of the form QQh(QQ), where f, g and h are arbitrary polynomials in their
arguments. The classical moduli space M, without a superpotential is the complex
plane C given by M = Q0. Including W restricts one to MY C M, given by the
algebraic set M = 0 in M. Since W is gauge invariant, one can rewritc W in terms
of the gauge-invariant polynomials used to describe the moduli space. In the present
example, W = Q0 = M. However, when regarded as a function of the gauge invariants
rather than the fundamental fields, the critical points of the resultant W do not correctly
describe the moduli space in the presence of a superpotential. In our example, W = M
has no critical points, whereas MY contains the single point M = 0 € M. One can
obtain M?{ by minimizing W = M2, instead of W = M. However, in general, one cannot
obtain the equations defining the moduli space MY by minimizing a superpotential in
the space of gauge invariants.
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Q

> | < Q
Fig. 2. The structure of gauge orbits in supersymmetric QED with equal charges. Only the projection onto

real values of Q| and @; is shown. The orbits of a generic point (Q;, Q) are radial lines, and are not closed.
The orbit of (0,0) is a single point, and is closed. There is a single fiber which is C2.

2.6.2. SUSY QED with equal charges

An interesting example is SUSY QED with fields @ and Q, both with charge +1. This
is an anomalous theory, but still provides a useful example that illustrates the structure
of fibers. Similar results can be found in more complicated anomaly-free theories (such
as SUSY QCD with Ny = N.). The space U is C2, and C[U] = C[Q}, Q,]. There are
no gauge-invariant polynomials other than constants, so C[U]¢ = C, and the moduli
space M = U//U(1)¢ is the zero dimensional space consisting of a single point P. The
orbits of all points other than (0,0) are radial lines (see Fig. 2), and are not closed.
The orbit of (0,0) is a single point, and is the unique closed orbit. The fiber 7! (P)
is the entire plane C2, and is irreducible. In this case dy =2, dy =0, dag = 0, dg = 1,
d =1 and dy = 2. Note that d; > d, so that the minimum dimension of a fiber can be
strictly greater than the maximum dimension of an orbit.

2.6.3. An example where 7' is not surjective for an orbit of maximal dimension

This example shows that Theorems 1 and 2 are the most we can say about surjectivity
of 7' above smooth points of M,. Consider a U(1) theory with three fields @2, O,
and Q_ with charges 2, 1 and —1 (an anomalous theory). The space U is C>. The
gauge-invariant polynomials are generated by A = Q,Q_ and B = 0,0 . The moduli
space M, and V are both C?, since there are no relations among A and B. M, is
smooth everywhere. Consider the orbit of ¢ = (0,0,,0). It is the set of all points
(0, zQ+,0) with z #0, and has dimension one, i.e. equal to the dimension of the gauge
group. However,

. 0 9. 04
rank 77’ = rank ( QE 0 20,0

) <1 (f Q_=0), (&)
so 7’ is not surjective even though the orbit has maximal dimension and lies above a
smooth point. Note that Theorem 1 does not apply here because the gauge group is not
semisimple, and Theorem 2 does not apply here, because the orbit is not closed.



586 G. Dotti, A.V. Manohar/Nuclear Physics B 518 [PM] (1998) 575-602

2.6.4. SUSY QCD

This is the example studied in detail in Refs. [1,2]. The gauge group is G, =
SU(N), with Np matter fields @, i = 1,...,Np, @ = 1,..., N in the fundamental
N-representation of SU(N), and Np matter fields Qﬁ_,, Jj=1L...,Np, B=1,...,N in
the N-representation of SU(N). The ultraviolet space U is a vector space of dimension
dy = 2NNpg. The complexification of SU(N) is G = SL(N,C), under which Q® and
Q;p are in the fundamental and its dual representation.* A set of generators of C[U]€,
the coordinate ring of gauge-invariant polynomials are the mesons and baryons,

i _ nyia
M_/‘ _Q Qa_/"
B _ I iLa) nyian INan .
ki-kiy—w = mQ o e Q €ajayan€iviivki kv
pliI' Np—N) _ F O AL g@mazan iy livg -
B = N|Q0|./|Qazjz o 'QHN./N‘E € e (6)

These polynomials span the vector space V. The structure of the classical moduli space
M, C V depends crucially on the value of Np.
(i) Np < N: If Np < N, B and B are identically zero. C[U]Y is freely generated
by M, My =V and daq = N%. This example illustrates a non-trivial case of
dimension counting. Consider the point ¢ given by

o 8 i<N.
ia _ = s ~ *
Q" = 0w { 0, otherwise.

The SL(N,C)-orbit of ¢ is closed and of maximum dimension, dimG¢ =
dim SL(N,C) — dim SL(N — Ng,C) = 2NNf — N%. From Theorem 2 we ob-
tain dim Mg = dyy — dim G = N3.

(ii) Np=N: In this case B = det(Q), B =det(Q), and C[U]F is not a free algebra,
as its generators are constrained by the single relation

detM — BB =0. (7N

This gives a hypersurface in V & C¥'42, and the dimension of the moduli space
is dpg = N? 4 1. This number can also be obtained by applying Theorem 2 to the
closed G-orbit of the point (Q'* = 8, Q = 0).

(iti) Np= N+ | with a superpotential: When Ny = N + 1, the fields (6) are subject
to the following algebraic constraints:

cof(M)! — B/B; = 0, MiB; =0, MiB =0, (8)

where cof(M)»",» is the matrix of cofactors. Assume we add a superpotential W =
mQN '« v, which is a mass term for the (N + 1)-th flavor. The set UY of

* Given a representation of a group H in a vector space V by «/ — #it/ we define the dual and conjugate
representations on V* by w; — w; (47! ){ and w; — w;( hf){ . They agree only when the representation of
H on V is unitary. Note that the dual representation is defined so as to make w;v' invariant, which is not the
case for the conjugate of a non-unitary representation.
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Fig. 3. The structure of gauge orbits for the non-reductive group C*. The orbits are horizontal lines if y # 0,
and points if v = 0. The fibers are the horizontal lines y = constant. The fiber y = 0 contains an infinite
number of closed orbits.

critical points of W is just the space U for Ng = N, naturally embedded in U for
Np = N + 1 by setting the components of Q and Q for the (N + 1)-th flavor to
zero. m(UY) is the intersection of the moduli space Eq. (8) with the subspace
Bi=B =MM'"=M,  =0i=1,... N.Thisreproduces Eq. (7), as anticipated
by (P2) above.

2.6.5. An example involving a non-reductive group

This example is from Ref. [ 10]. The abelian group G = C* of complex numbers under
addition (which is the complexification of the group G, of real numbers under addition)
is a simple example of a non-reductive group. We will consider the representation on
U =C? given by (x,y) — (x+2y,y),z € C*. Note that (x,0) is an invariant subspace
with no invariant complement. C* is the linear algebraic non-reductive subgroup of
GL(2,C) of upper triangular, determinant one matrices of the form

Iz
(45,

acting on C? as the restriction of the fundamental representation of GL(2,C). The
orbits G(xg, yo) are closed one dimensional lines (x, yy) when yg # 0. For y = 0 the
orbits are points (xp,0) for each value of xo (see Fig. 3). Every G-orbit is closed.
The fibers are the horizontal lines y = yg. The x-axis y = 0 is a fiber which contains
an infinite number of closed orbits. If this example were an acceptable supersymmetric
gauge theory, the algebraic quotient U//G would not equal the classical moduli space
M, since the fiber y = 0 contains infinitely many closed orbits, i.e. infinitely many
inequivalent supersymmetric vacua.

3. Anomaly matching between the ultraviolet and infrared theories

Theorem 3. Let My be the classical moduli space of a supersymmetric gauge theory
with gauge group G, and flavor symmetry F and superpotential W. It is assumed that the
gauge theory has no gauge or gravitational anomalies, and the flavor symmetries have
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no gauge anomalies. Let ¢o € M, be a point in the classical moduli space. Assume

there is a point ¢o € UY in the fiber 7~' (7 (o)) of ¢y such that

(a) G (the complexification of G,) is completely broken at ¢, so that Lie(G) ¢y &
Lie(G).

(b) kerarj =Lie(G)¢o and m;, is surjective.

If a subgroup H C F is unbroken at qASO, then the 't Hooft consistency conditions for

the H* flavor anomalies and the H gravitational anomalies are satisfied.

For the purposes of the proof, it is convenient to write the original flavor symmetry
as F’/ x R, where R is the R symmetry, and F’ now contains only non-R symmetries.
We first prove anomaly matching when H C F’ and W = 0, and then prove consistency
for anomalies that include the R symmetry. (Note that the unbroken R symmetry might
be a linear combination of the original R symmetry and some generator in F’.) The
extension to W # 0 follows simply from the results of Section 4.

Since H is unbroken at <130, éo is H-invariant

Lie (H) ¢ = 0. (10)
The map 7 : U — M commutes with the flavor symmetries, so

0 = Lie (H) do = Lie (H) ( (¢0)) = 7, (Lie (H) ¢o) . (1)
Thus, by (a) and (b)

Lie (H) ¢o C keraly, % Lie (G) . (12)
This implies that given any § € Lie(H), there is a unique g(/) € Lie(G) such that

hdo = —g(h) b0, (13)

where the minus sign is chosen for convenience. It is straightforward to check that the
map Lie(H) — Lie(G) given by § — g(h) is a Lie-algebra homomorphism,

g ([ ha]) = [g(h1),8(h2)]. (14)
This allows us to define a new “star” representation of Lie(H) in U,
h* =b+g(h). (15)

Since Lie(G) o € kerary, , the new Lie(H)-representation on T M defined by 7, h*
agrees with the original one. Thus the h*-anomalies computed at $o € My are the same
as the h-anomalies at the same point.

Lie(G) ¢y 1s an invariant subspace under §*, and the restriction of h* to Lie(G) ¢y is
the adjoint action by g(%). This can be seen by direct computation. Take any element
gdo € Lie(G) . Then

h*gdo = hegdo + g(h) gdo = ghdo + g(h)gdo = [g(h), gldo = Adg(n) 8o, (16)
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since the flavor and gauge symmetries commute, and using Eq. (13). The space U can
be broken up into the tangent space to the G-orbit Ty,Gdo = Lie(G) g = Lie(G) and
its invariant complement, Cg,, since G is reductive. By (b), the map W;,O is a bijective
linear map from Cy, to the tangent space T, .ﬁoMcl of the moduli space M, at 430, and
commutes with h*. Thus the action of h* on Cg, is equivalent to the action of h on
T;, M, by the similarity transformation S given by W:bo restricted to Cg,. One can write

-
ShirS 0 ) ’ (17)

h*=huv+9(h)=( 0 Adys
a(h

where the second form shows the structure of h* on U = Cy, @ Tg,Gepo. The action of
h on U has been labeled by the subscript UV, and the action on the moduli space has
been labeled by IR.

One can now compare anomalies in the UV~ and IR-theories using the two different
forms for h*. Since the adjoint representation is real, the (§*)* flavor anomaly and h*
gravitational anomaly are equal to the anomalies in the infrared theory. All that remains
is the proof that the (h*)? and h* anomalies of U equal the h* and b anomalies of U.
Let h*BC be any three elements of Lie(H). Then

Trp™ {5°8, 57} = Trbfy {hBy. b5y}
+Trg (h*) {bdy. by} + cyclic
+Trby {8 (%) . a (H°)} + cyclic
+Trg (h*) {a (K®) . g (h°)}. (18)

The last three lines vanish because the original theory had no gauge and gravitational
anomalies, and the flavor symmetries have no gauge anomalies. Thus the b and (h*)?
anomalies are the same. Similarly the h* and % anomalies agree since g is traceless
because there is no gravitational anomaly. Thus 't Hooft’s consistency condition for the
flavor anomalies is satisfied.

We now prove the matching theorem for anomalies involving the R-charge using an
argument similar to the one presented above. The R-charge acting on U is given by the
matrix t. The R-charge is defined acting on chiral superfields, and so is the charge of
the scalar component. Anomalies are computed using the fermionic components, so it is
convenient to define a new charge ¥ which we will call fermionic R-charge, defined by

t=v—1. (19)

The anomaly can be computed by taking traces over the chiral superfields of ¥ The
reason for making the distinction between t and T is that the map 7 from U to My
commutes with R = exp<, but does not commute with R = exp%.

Assume that R is unbroken at ¢g = w(¢y). Then by an argument similar to that
above, it is possible to define a “star” R-charge, t*,

v =r+g(r), (20)
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which has the form

-1
SthS 0 ) (21)

r*:ruv+g(r)=< 0 Ad
air)

under the decomposition of U into Cy, & Ty, Geo. As in Eq. (17), we have used the
subscripts UV and IR to denote the R-charges in the ultraviolet and infrared theories.
Note that S is the same matrix in Eqs. (17), (21), given by 77':/)0 restricted to Cy,. The
fermionic R-charge is then given by

e 5 StRS™! 0
t:t—lzruv+g(r)=< ) (22)
0 Adg, — I

where in the last equality we have used the fact that fermion R-charge ¥ir =t — 1 in
the infrared theory.
Compute the trace of (¥*)* in U,

Tr (E*)3 = Tr{tuy +9(r)} = Tr {§y + 3tove(r) + 3tovg(r)> +g(r)’} .
(23)

The R-charge has no gauge anomaly, so Try tuv{ga.gs} + Triie(o){Adg,. Adg, } = 0,
for any ga.p € Lie(G). Here the first term is the matter contribution to the anomaly, and
the second term is the gaugino contribution. The absence of gauge anomalies implies
that odd powers of g(#) vanish when traced over the matter fields, since there is no
gaugino contribution to these anomalies. Thus we find

Try () = Try (Fuv)® — 3 Tiiec) Ada.- (24)
The block diagonal form of £, Eq. (22), gives
L3 N
Try () = Tr (8r)" — Triieo) (1 + 3Ad} ) - (25)

The R® anomaly Ayy(R?) in the UV-theory is given by adding the matter and gaugino
contributions

- N
Auv (R3) =Try ('tuv)3 + Triiecoy = Try (t ) + TrLieco) (1 + 3Adé(,)) . (26)
The R anomaly Ajr(R?) in the IR-theory is given by
A (RY) =Tr (8r)" (27)

since there are no gauginos in the low-energy theory. Combining Eq. (24)-(27), one
sees immediately that the UV and IR anomalies are equal, Ayv(R?) = ARr(R?).

It is straightforward to check that the gravitational R anomaly, and the H?R and HR?
anomalies match. One finds from Eqs. (17), (21) that

Tr* = Trigy = Trir — Triieco) 1 (28)

which is the matching condition for the gravitational R anomaly, when rewritten as
Triuy + Triie) | = Fr. For the RH? anomaly:
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Tee" {5, 5P} =Trigy {0y, bov} + Tra(r) {g(h*), kv }
+Trg(r) {Alv, 8(h®)} + Triyy {g(h*), 2(h®)}
=Triyy {Adv. My} — Triieo) {Adgainy, Adgum) } (29)
where the last line follows using the fact that there are no HG? anomalies and that the

RG? anomaly cancels when the matter and gaugino contributions are added. Using the
block diagonal forms of »* and h*, one has

Tee* {6, h*P} = Trig {bk. ix } — Triiecy {Adgeiny. Adgaimy } (30)

which gives the anomaly matching condition for the RH? anomaly when combined with
the previous result. Similarly, for the R?H anomaly:

Tr (&) b* = Tr2yhuy + Tr{a(r), 8(h) }Euv + Tr g(r) 2huy (31)
=Tr&gyhuv — Triieo) {Adg(r)» Adgan } - (32)

The block diagonal forms of v* and h* give
2 ¢ <
Tr (¥)h* =Trihir — Treieco) {Adger), Adgn } - (33)

Comparing with the previous equation shows that the R>H anomalies are the same in
the UV- and IR-theories.

4. The infrared sector

The results of the previous section allow one to study the matching of anomalies
between the ultraviolet and infrared theories at certain points in the classical moduli
space. In this section, we derive some results that allow us to relate the anomaly
matching conditions at different points on the moduli space. The moduli space is no
longer restricted to be the classical moduli space M.

We consider the case where the moduli space M is an algebraic curve in an ambient
vector space V given as the critical points of a superpotential W with R-charge two,

m={geviwi(d =0}, (34)

where & denotes a point in V, and we will use the notation W; = 3W/8($', W =
3?W/3diadhi, etc. The tangent space to M at @, Ty, M, is defined by

T M= {8 e V| Wy(d) o' =0}. (35)
In all the cases we are interested in, W is a polynomial in ¢ and Eq. (34) correctly

describes the algebraic set, so that Eq. (35) agrees with the algebraic geometry notion
of the tangent space.
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Assume that a subgroup H of the flavor symmetry group F is unbroken at a point
¢o € M. The invariance of the superpotential W under F implies that

W(Hd3) = W(do), (36)

where hj- is the matrix for the H transformation in the representation R of the fields .
Differentiating this equation twice with respect to ¢ and evaluating at the H-invariant

point ¢g gives
h,{(h_[/Wkl <h’,<13(1)) = h,{‘h‘l,- Wi (&6) = ij(qgo), (37)

which shows that W,v.,v(g@o) is an H-invariant tensor that transforms as (R ® R)s under
H, where R is the H-representation of the low-energy fields ¢ € V. The tangent space
to M at (130 is the null-space of W;;. One can write V = TJSOM + N(;UM as the direct
sum of the tangent space and its orthogonal complement in V. Then W;; provides a
non-singular invertible map from N M into its dual, so that Ny M transforms as a
real representation of H. This immediately implies that the H anomalies computed using
the flat directions T; M agree with those computed using the entire vector space V.

A similar result holds for the anomalies involving the R-charge. Let R; be the R-charge
of &, so that

W (e ;) = e W), (38)
since W has R-charge two. Differentiating twice with respect to @ shows that

R Wi (o) = ¥ Wii( o). (39)
which can be written in the suggestive form

(R D W (o) = Wii(o). (40)

R;—1 is the R-charge of the fermionic component of the chiral superfield. Thus Eq. (40)
shows that N (imM transforms like a real representation under R = R — 1, the fermionic
R-charge. Thus the R anomalies, and H x R anomalies can be computed at do using V
instead of 7; M. The result can be summarized by

Theorem 4. Let M € V be a moduli space described by the critical points of a flavor-
invariant superpotential W of R-charge two. Then the anomalies of an unbroken subgroup
H C F x R at a point ¢y € M can be computed using the entire space V, instead of
the tangent space of M. If the anomaly matching conditions between the UV- and
IR-theories for H are satisfied at <f>o, they are also satisfied at all points of any moduli
space M’ € V given by the critical points of any W’ (including W' =0 and W’ = W),
and at which A is unbroken.

This result tells us that for moduli spaces described by a superpotential, the precise
form of the moduli space is irrelevant. The only role of possible quantum deformations
is to remove points of higher symmetry from the moduli space.
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One interesting application of this result is to prove that anomaly matching conditions
are compatible with integrating out heavy fields. Assume that one has a theory with a
moduli space M, described by a superpotential W (¢, A). Now perturb the UV-theory
by adding a tree level mass term U(¢) = m;;¢'¢p/ to the superpotential. U(¢) is gauge
invariant, and can be written as a polynomial W,,,(q§) of the gauge-invariant composites
é of the IR-theory. If the UV-theory contains no singlets, then W, () is linear in
the basic gauge-invariant composite fields é. From this, it immediately follows that the
effective superpotential of the massive theory is given by

W(d, A) = Wo(d, A) + Wn(P), (41)

where Wy is the superpotential in the absence of a mass term, since a linear term in the
fields is equivalent to a redefinition of the source.

The anomalies in the IR-theory for any unbroken subgroup are unaffected by the
change in the moduli space due to the addition of the mass term. They are still obtained
by tracing over the whole space V. In the UV-theory, one should trace not over the
whole space U, but only over the modes that remain massless when W,, is turned on.
But it is easy to see that the massive modes in the UV-theory form a real representation
of the unbroken symmetry. The argument is the same as that used in the IR-theory,
except that Wij(tﬁg) is replaced by the (constant) matrix m;;. Thus the mass term does
not introduce any modifications to the anomaly in the UV- or IR-theory. Thus one finds
that if the *t Hooft conditions are verified for a theory, they are also valid for any theory
obtained by integrating out fields by adding a mass term. The same argument is used
to extend Theorem 3 to the case where there is a tree level-invariant superpotential
W. Assume H C F is unbroken at ¢g € My, and ¢g € 7" (o) C UV satisfies the
conditions of Theorem 3. Then Theorem 4 applied to the G x F invariant subset UY C U
gives

A (Tg,UYY = Ay (U), (42)

because ¢ is a fixed point of the H* action and U is the set of critical points of an
H*-invariant superpotential. (Here Ay+(Z) denotes the H* anomaly computed using
the vector space Z.) Thus

An(Ty Ma) = Ap- (Tg,U") = Ap-(U) = Au(U), (43)

where the first and third equalities are shown in the proof of Theorem 3.

We finally show how to use Theorem 4 to globalize the point-by-point result of the
matching theorem for theories with a moduli space given by a superpotential. For a
generic supersymmetric gauge theory, the representation p of the gauge group on U
is made up of N, tensor copies (flavors) of representations p;, i = 1,...,r and the
non-anomalous flavor symmetry group is

F=SU(NR) x SU(NE,) x -+ x SU(Ng) x U(1); x U(1) x -+ x U(1),_,
xU(1)g. (44)
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The most non-trivial anomaly check is to show that the anomalies for the entire flavor
group F match at the origin. From this, anomaly matching at all points of the mod-
uli space follows by another application of Theorem 4. The non-trivial anomalies are
SU(NF,)3, SU(NF,)zU(l)_,-, and U(1);U(1);U(1)t, where the U(1); include the R
symmetry. An SU(NF,)* anomaly is proportional to the d-symbol for the SU(NF,) group.
Since the d-symbol is non-zero for SU(3), the SU(NE,) anomaly can be computed by
looking at an SU(3) subgroup. This is a standard trick for computing the anomalies of
representations of a general Lie group. To show that the SU( Ng)? anomaly matches,
it is sufficient to find a point on the moduli space that leaves an SU(3) subgroup of
SU(Ng) unbroken. The SU(NF,)3 anomaly must then also match at the origin. Sim-
ilarly, the SU(Ng)?U(1); anomaly matching can be proven by considering a point
on the moduli space which leaves a U(1) subgroup of SU(Nr,) and U(1)} unbroken.
There is a subtlety here: the unbroken U(1)] generator can be a linear combination of
the original U(1); generator and some of the (broken) SU(Np, ) generators. However,
having already proven that the SU(Nr)* anomaly matches, SU(NF,.)ZU(I); anomaly
matching implies SU(Ng)2U(1 )j anomaly matching. The U(1); U(1);U(1), anomaly
matching is proven by finding a point where three U(1)”’s are unbroken, where again
U(1) is a linear combination of the original U(1)’s and SU(NF,) generators. This
procedure might seem complicated, but it is not that involved in practice. In the case
of supersymmetric QCD, we will show explicitly how one can prove anomaly matching
for Np = N. + | by considering just one point on the moduli space (and its charge
conjugate partner).

5. Applications

The construction of the moduli space of supersymmetric gauge theories can be highly
non-trivial when there are many gauge-invariant combinations of the fundamental fields.
The results of the preceding sections help simplify the analysis of the structure of
the moduli space, and of anomaly matching between the fundamental and massless
composite fields. We treat the following problems:

(A) Determining the flavor isotropy group Fy(s,; of the vacuum 7 (o) € My, i.e, the
maximal unbroken subgroup of F at 7 (hg).>

(B) Setting sufficient conditions for the Fy(4,, anomalies in U to match the corre-
sponding anomalies in Tr(gq) Ma.

(C) Setting sufficient conditions for anomalies to match at every vacuum of the (pos-
sibly quantum deformed) moduli space.

Three different situations can be considered:

(i) The basic gauge invariants of the given theory are not known.
(ii) The basic gauge invariants are known, but not the constraints among them.
(iii) Both the invariant and the constraints are known.

5 This problem is not trivial when the basic gauge invariants of the theory are not known.
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In situation (i) Theorems 2 and 3 tell us that if ¢o € UY is smooth, totally breaks
the complexification G of the gauge group G,, and has a closed orbit G¢y (equivalently,
there is a D-flat point in G¢bg), then the anomalies do match between U and T g, Mo,

Ap, (Ty, Ma) = Ar, (U).

0
This solves Problem (B). To determine the flavor isotropy group Fr(4,) we note from
Theorem 2 in Section 2 that for ¢y as above T¢0(7T_l(7T((ﬁ0))) = Lie(G) ¢y, and
Fo(4s) is isomorphic to the G x F isotropy group at ¢.°

In situation (ii) we can solve (A) and (B) in the same way as in situation (i),
but we have the alternative of directly determining F(4,), for which only the gauge
invariants and not the constraints among them are needed.

In situation (iii) we have an additional way of dealing with Problem (B), using
the fact that the gauge group G, is semisimple. As M, is known we can calculate
its dimension. Suppose dim M, = dim U — dg and a point ¢¢ is found such that:
m(pqg) is smooth, ¢ breaks completely G. Then the F;(4,) anomalies match between
U and Tp(g,) Mo, This follows from Theorems 1, 2 and 3. Note that it is crucial that
¢o break completely the complexification of the gauge group. Consider the example of
supersymmetric QCD with Np = N, — 1. The classical moduli space is the span of the
unconstrained fields M’, so My & CVi and dim Mg = dim U — dg. The point ¢ of
coordinates (Jg)q; = 0, Q{)" =mé®,a < Ng,0 for a = N, totally breaks G, = SU(N,),
but not G = SL(N.,C). M, is smooth everywhere, in particular 7(¢g) = 0 is a smooth
point. However, anomalies do not match between the UV and To M, = span(Mf,). Now
consider the point ¢, with coordinates (Ql Yai = Q'i" =mé'®, a < Np,0 for @ = N... This
point breaks completely the complexification of the gauge group, and it is mapped onto a
smooth point. Theorems 1, 2 and 3 predict anomaly matching, which is straightforward
from the fact that Fy(4,) is the diagonal SU(Nr).

Theorem 4 in Section 4 gives an answer to Problem (C). Whenever M, is the set
of critical points of an invariant superpotential, the matching of the F 4 anomalies at the
vacua ¢, i=1,...,s implies the matching of Fy, anomalies at any vacuum $ where
Fj 2 F;,. In particular, we can take & =0 € My, where the flavor group is not broken
at all. The points qa,- can be chosen such that the matching of the F, & anomalies at the
origin (where the tangent space is the full ambient vector space) implies the matching
of the full flavor group anomalies there. Applying again Theorem 4 we prove that every
point of M, will pass "t Hooft’s test. This extends to M, if M, also comes from a
flavor-invariant superpotential. This idea can be used to prove anomaly matching for the
large family of s-confining theories of Ref. [6], and for those obtained from them by
integrating out any number of flavors. The latter may have a quantum modified moduli
space, which can be embedded in the same ambient vector space of the s-confining
theory, and is described with an invariant superpotential (Section 4).

6 Note that in general Fy, C Fr(gy)-
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Table 1
Flavor representation of the fundamental and composite fields for SU(2) gauge theory with 2Nr fundamentals

SU2NF) Ul)g
o Np=2
Q' O =
i Np—-2
Vil H 222

Below, we extend the explicit anomaly matching calculations in supersymmetric QCD
done in Ref. [1] to a generic point in moduli space, and show that anomalies match
precisely at those points predicted by our theorems. The amount of calculations using
both approaches is contrasted.

5.1. Supersymmetric QCD

511 N.=2

The quarks and antiquarks transform as the 2 of SU(2), and so can be treated
together as 2Ny flavors of doublets. The flavor symmetry is SU(2Ng) x U(1)g. The
basic gauge-invariant field is the meson

VU = €,50 Q7P (45)

The transformation properties of the fundamental fields and composites under the flavor
symmetry is listed in Table 1.

The classical moduli space for Np = | (i.e. Np < N¢) is given by all possible values
for V. Since V' is a 2 x 2 antisymmetric matrix, it has the form

. 0 v
=
4 ( -v 0 > ' (46)

For v # 0, the unbroken flavor symmetry is flavor SU(2), whereas for v = 0, the full
SU(2) x U(1)g symmetry is unbroken. It is straightforward to verify that the SU(2)?
and SU(2) anomalies match between the UV- and IR-theories so that the IR- and UV-
theories have the same anomalies at a point on the moduli space where v & 0. At the
origin of moduli space v = 0, the UV and IR anomalies do not match. The anomaly
matching theorem can be used at all points v # (. One can pick a point

; I 0
o=y V) 7

with v = w?, which gives Eq. (46) for V. The orbit containing Q) is closed, and G is
completely broken, so the UV and IR anomalies must match. There is no point above
the origin V7V = 0 that satisfies the requirements for applying the anomaly matching
theorem. Thus for Np = 1, all points where the anomalies match can be described using
the theorem. Note that the point
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Table 2
Flavor representation of the fundamental and composite fields for SU(2) gauge theory with 2Nr fundamentals
under the SU(2) X SU(2Nfr — 2) x U(1)g subgroup

SU(2) SU(2NF) U(g
Qia |:] — 0
o ~ O i
8v) - - 0
sV O O =
. I 0
i _ 48
0 w ( 0 0 ) ( )

completely breaks the gauge group G, but not the complexified gauge group G. Com-
pletely breaking G, is not sufficient to use Theorem 3.

For Ng > 2, the classical moduli space is the set of all V¥/’s subject to the constraint
that rank V < 2 [1]. At a generic point

0 v|0 --- 0
- 00 - 0

Vil = 0 0|0 -~ 0], (49)
6 0/0 --- O

with v # 0, the flavor group is broken to SU(2) x SU(2Np —2) x U(1)g. To compute
the anomalies in the UV- and IR-theories, it is convenient to break up the flavor index
intoi=1,2 and i = 3,...,2NFp. The quarks can be broken into Q) and Q-, respectively.
The meson V¥ can be written as

” Vin Vi )
Vil = , (50)
( -V Wy

where Vj; and V, are 2 x 2 and (2Ng — 2) x (2Np — 2) antisymmetric matrices, and
Viz 1s a 2 x 2Ny — 2 matrix. Denoting the tangent vectors to the moduli space by 6V,
one sees that the constraint rank V < 2 requires that 6V, = 0 if v # 0. The flavor
transformation of the fields is given in Table 2.

It is easy to verify that the flavor anomalies of @} and Q, are the same as those of
oV and 8Vj,, so that the flavor anomalies match at all points where v # 0 [1]. At
the origin V¥ = 0, the full flavor group is unbroken, and the tangent vectors V' are
unconstrained. The anomalies in the UV- and IR-theories are computed using the fields
in Table 1, and match only for the case of Np =3 [1].

The point

100 -~ 0
QO:W(O 10 - 0)’ S
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with w? = v projects to a point Eq. (49) on the classical moduli space. As before, Qo is
a point on a closed orbit that completely breaks the gauge group, so anomaly matching
is guaranteed. This explains all the points where the anomalies match for Np # 3. In
the case where Ng = 3, the classical moduli space i1s described by a superpotential

W PV (52)

In this case, Theorem 4 implies that SU(2) x SU(2Ng—2) x U(1)g, anomaly matching
at V/ = 0 also implies that the anomalies for this subgroup match at the origin. But
that is sufficient to guarantee anomaly matching for the full SU(2Ng) x U(1)g flavor
symmetry at the origin.

512 N.>»2

The analysis can be repeated for the case N, > 2. The computations are more involved
than for N, = 2, because it is tedious to find the tangent vectors at a given point on the
moduli space. One can show that all points where anomalies match between the UV-
and IR-theories are covered by the anomaly matching theorem, except for trivial cases in
which the unbroken flavor symmetry group is anomaly-free. Instead of going through a
detailed description of anomaly matching at the different points of the moduli space, we
will illustrate the anomaly matching at one interesting point (the “baryon point”) éo on
the moduli space for Np > N,, where M’, =0, B'*¥ =1 (with all other components
zero), B = 0.

The unbroken flavor group at cfﬁo is SUN) [ xSU(Np—N ) xSU(Np)rxU(1)gx
U(1)x. The point ¢y

1 0 0 0|0 - 0
o1 0 00 --- 0 -

QO:’ : : > QO:Ov (53)
000 1]0 -+ 0

projects to qj)o, m(g) = </;0- Theorems 2 and 3 tell us that the anomalies should match
at this point, The tangent vectors on the classical moduli space at o can be found easily
in this case, since 7/, is onto. They are given by &M, i < N, 8B and SB1--kNer
where 1 < k < N., r > N, and & means that the value k is omitted. The transformation
properties of the fundamental and composite fields is given in Table 3. The anomalies
in the UV- and IR-theories are tabulated in Table 4. Clearly, it is simpler to use the
anomaly matching theorem, instead of computing the entries in Table 4.

5.1.3. S-confinement and quantum deformations

For any value of N, and Np = N, + | the classical moduli space of supersymmetric
QCD is the set of critical points of the flavor-invariant superpotential M;B,-I?-f —det M.
The effective superpotential is therefore [2]

L (MiBBI — det M), (54)

Wo = —v—7
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Table 3
Flavor transformations of the fundamental and composite fields at a “baryon point”

SU(N)L  SU(Nrp — N SUNf)r B R
Qe d - - 0 0
o - 0 - ~Np (2NF = 2N) [(2NF = No)
Oja - - O NF—Ne  (2NF = 2Nc)/(2NF = Ne)
sMi O - O Np—Ne  (2Np —2N.)/(2Ng — N¢)
SBI,‘"N - . _ 0 0
5BIA,.IA\'...N,J D D _ ‘NF (2NF _ 2Nc)/(2NF _ Nc)

The quark fields are divided up into Q%* and Qi, which are 9%, i < N, and 0, i > N, respectively. The
tangent vectors on the moduli space are 5M;, i < N¢, 86BN and 6B'-*-Net p > N, k < Ne.

Table 4
Flavor anomalies in the UV- and IR-theories due to the various fields

uv IR

Q’iu Qéﬂ Qj(x A SMII 831"'N 5BI..,IZ...N[~I'
SU(N.); Ne 0 0 0 Nr 0 -3
SU(s); 0 N 0 0 0 0 Ne
SU(Nrp)} 0 0 L 0 ~N, 0 0
B* 0 —NesN: NeNpst 0 NeNps? 0 ~NesNp
R —N? Nest? NeNet? N2 NeNpt? 1 Nest?
SU(N.)? B 0 0 0 0 Nrps 0 ~sNF
SU(s): B 0  —N.Nr 0 0 0 0 —~NeNF
SU(Np)% B 0 0 Nes 0 Nes 0 0
SU(N:)E R ~N. 0 0 0 Ngt 0 st
SU(sH? R 0 Net 0 0 0 0 Net
SU(Np)} R 0 0 Nt 0 Nt 0 0
B? R 0 NesNEt NeNps?t 0 NeNps?t 0 NesN%e
R* B 0 —NcNpst? NeNestt 0 NeNest? 0 ~NcsNri?
B 0 —NsNg N:Nrs 0 N:Npgs 0 ~N¢sNie
R —N? Nest N.Nrt N2 -1 N.Nrt —~1 Nest

A is the gaugino. Here s = Np — N, t = —N./(2Ng — N.). See the Table 3 caption for the definition of the
various fields.

and the quantum moduli space M, agrees with M. The matching of the anomalies of
the SU(N )L x SU(Np— N ) x SU(NF)rx U(1) g x U(1)g flavor subgroup unbroken
at the “baryon” point of the previous subsection, together with that of the “antibaryon”
point (with Q — Q) with unbroken flavor subgroup SU(N.)g x SU(Ng — N.)g X
SU(Np) x U(1)p x U(1)g imply the matching for the full flavor group at the origin
(Theorem 4). Another application of Theorem 4 proves ’t Hooft’s conditions are satisfied
at any vacuum in the moduli space. According to the discussion of Section 4, adding a
tree level mass term mQN 1?0,y 1 to W gives the effective superpotential

1

Wm = 2N (

MiB:B — detM) + mMyt. (55)
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The critical points of Eq. (55) give the quantum moduli space

i N+l
N1 =M, H=0,
Bi=B'=0, i<N,
detM — BB = AV, (56)

of the Np = N, theory, where B = By y;, B = BY*! and the determinant extends to
the Light flavors i,/ < N.. Applying Theorem 4 to Wy and W,, proves that anomaly
matching for the Np = N, + | theory implies anomaly matching ar every point of the
quantum deformed moduli space of the Np = N, theory. We can therefore avoid the
explicit checks done at isolated points of M4 in Ref. [1] and be sure the result holds
at every point. Note that, although M, of the N = N, theory can be described as the
set of critical points of a superpotential when embedded in the vector space of gauge
invariants of the Np = N, + | theory, M cannot. In particular, anomalies do not match
at the point M’ =0, B = B = 0, which belongs to My but not to M.

5.2. Other S-confining theories

Our analysis for QCD extends to other s-confining theories, an exhaustive list of which
can be found in Ref. [6]. For all s-confining theories M. = M, can be described by
a flavor-invariant superpotential, so a finite number of points ¢; € U satisfying the
hypothesis of the matching theorem is enough to prove anomaly matching at every point
of their moduli space and at the quantum deformed moduli space of the theories obtained
from them by integrating out heavy fields. Explicit verification of this matching both
for the s-confining theory and the quantum deformed one is a formidable task. Even the
determination of a complete set of basic gauge invariants is sometimes non-trivial. We
give one simple example of an s-confining theory.

52.1. SP(2N,C) with 2N + 4 fundamentals Q'
SP(2N,C) is the group that leaves invariant the 2-form

_ 0 Inxwn
Jaﬂ_<_INXN o ) (57)

This is the complexification of the group G, = SP(2N) = SP(2N,C) N U(2N). Just
one point ¢ is required to prove anomaly matching in the s-confining SP theory with
2N + 4 fundamentals 0%, Qg = m&™, i < 2N, O for i > 2N. This point totally breaks
G, and its orbit is the closed set SP(2N, C), naturally embedded in the vector space
CWVCNTH of IN x (2n + 4) matrices.
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6. Conclusions

For supersymmetric gauge theories with a reductive gauge group G, the classical
moduli space M is the algebraic quotient of the algebraic set of critical points of
the superpotential under the action of G. There are known bounds for its dimension,
which can be determined without knowing the basic invariant polynomials when closed
orbits of maximum dimension are found. The anomaly matching theorem can be used to
show that the 't Hooft consistency conditions are satisfied at points that totally break the
complexification of the gauge group and either have a closed orbit or are mapped onto a
smooth point of M. Anomalies will match at every point of M, if a few suitable points
satisfying the above hypothesis are found and both M,; and M, can be described as the
set of critical points of a flavor-invariant superpotential. Anomaly matching for a theory
implies anomaly matching for those theories obtained from it by integrating out matter,
even when these have a quantum modified moduli space. Anomalies match for the large
family of s-confining theories and those obtained from them by integrating out a flavor,
which have a quantum modified moduli space. The explicit anomaly computations found
in the literature can often be avoided, if one uses the results discussed here. These results
also allow one to anticipate if M or a quantum deformed M 4 describes correctly the
IR massless modes, or if an alternative description (such us a dual theory) is required.
Extensions of our results to cases where the complexification of the gauge group is not
totally broken and applications to dual theories are currently under study.
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