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Why multiplier Hopf algebras?

Let (A, A) be a Hopf algebra.

Proposition If A is finite-dimensional, then the dual A’ is
again a Hopf algebra.

This is no longer true if A is infinite-dimensional. The can-
didate for the coproduct on the dual does not map A’ into
A’ @A butin (A®A).

Sometimes, one can take the Sweedler dual.

If A has integrals, there is a solution using Multiplier Hopf
Algebras.

This allows to extend the duality of finite-dimensional Hopf
algebras to a much bigger class of objects.
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Definition

Let A be an algebra over C. We do not assume that A
has an identity, but we assume that the product is non-
degenerate.

We say that A € Hom(A,A) is a left multiplier of A if A(ab) =
Aa)b forall a,b € A.

Similarly, we call p € Hom(A,A) is a right multiplier of A if
p(ab) = ap(b) for all a,b € A.

We denote the space of left and right multipliers by L(A)
and R(A), respectively. We have two natural linear maps L :

A — L(A),L(a)(b) = \y(b) =abandR : A — R(A),R(a)(b) =
pa(b) = ba.

The multiplier algebra M(A) of A is the space of all pairs
(A, p) where A € L(A) and p € R(A) such that a\(b) = p(a)b
foralla,b € A.
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e multiplier algebra
Characterization

Let A be an algebra over C. We do not assume that A
has an identity, but we assume that the product is non-
degenerate.

Definition The multiplier algebra A (A) is the largest al-
gebra with identity containing A as an essential two-sided
ideal.

Remark For x € M(A) and a € A we have ax,xa € A.

If A has an identity, then M(A) = A.

Ifx € M(A) and ax = 0 foralla € A orxa = 0 forall a € A,
then x = 0.
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e multiplier algebra
Some Facts

Proposition With notations as above. Then

(1) the spaces L(A) and R(A) equipped with the subspace
of End(A) are algebras with multiplication given by compo-
sition of maps.

(2) The algebra structure of M(A) are inherited from L(A) @ R(A),
i.e. M(A) is a unital algbera, with multiplication

xy = (Aa © Ay, py © pr)

forallx = (A, px),y = (A, py) € M(A), and unit 1 = (id, id).
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e multiplier algebra
Some Facts

(3) There are natural algebra maps

in: A MA), isla) =N, pa),
P M(A) — L(A), PL((\p)) =\
Py M(A) — R(A),  Pi((\p)) =

(4) Any a nondegenerate algebramap f : A — M(B) has a
unigue unital homomorphism extension F : M(A) — M(B)
such that Fi = f where i : A — M(A) is the canonical map.
(5) M(A) is a left-right (A, A)-bimodule with actions given by
forany z = (\,p) e M(A)anda € A

a-z=(aA(),p(a)),  z-a=(Aa) p()a).
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e multiplier algebra
Examples

Let G be an infinite set and A = K(G), the algebra of com-
plex functions with finite support on G. Then M(A) is the
algebra of all complex functions on G.

Let J be an index set and n,, € N for all « € J. Let A, be the
algebra of n, x n, complex matrices and A the direct sum
of all these algebras. Then M(A) is the direct product.

Recall that elements in A have the form (a,)acs Where a,, €
A, and only finitely many are non-zero.

Elements in M(A) have the same form but there is no re-
striction except that a, € A,.



Contents| [0. Introduction| [1. Multiplier algebras| 3. Mhas: Properties| (4. Mhas: EX|

Definition

A homomorphism A : A — M(A ® A) is called a comulti-
plication (or coproduct) if

(i) T1(a®b) = A(a)(1 ®D) and Tr(a ® b) = (a ® 1)A(b) are
elements of A®@ A for all a,b € A;

(if) the map A is coassociative in the sense that

(T, @1)o(L@T))=(1®T)o(Th @)

where . denotes the identity map;

Remark. Observe that (i) is needed to give a meaning to
(ii). A has an identity, then (i) is automatic and (ii) is nothing
else but coassociativity (A ® ()A = (1 ®@ A)A.

A comultiplication A on A is called regular if also (iii) 75(a ®
b) = A(a)(b®1) e AQAand Ty(a®b) = (1®a)A(b) € ARA
forall a,b € A.
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Definition

Definition Let A be an algebra over C with a nondegen-
erate product and let A be a comultiplication on A. Then
(A, A) is called a multiplier Hopf algebra if the linear maps
T, and T, are bijective.

A multiplier Hopf algebra is called regular if A is a regular
comultiplication and if also the maps above T3, T, are bijec-
tions.
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Viultiplier Hopft algebras

Characterization

Proposition Let A be an algebra with a non-degenerate
product. Let A : A — M(A ® A) be a coproduct. Then
(A, A) is a (regular) multiplier Hopf algebra if and only if
there exists a counit and an (invertible) antipode.

A counit is a linear map ¢ : A — C such that

(e®1)A(a) =a and (t®e)A(a) = a.

An antipode is a linear map S : A — M(A) such that

m(S ® 1)A(a) = e(a)l and m(t® S)A(a) = e(a)l.
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Viultiplier Hopft algebras

Main properties

Definition If A is a *-algebra and A a *-homomorphism, we
call it a multiplier Hopf *-algebra.

The counit is unique as a linear map. Moreover, it is a ho-
momorphism. It is a *-homomorphism when A is a multi-
plier Hopf *-algebra.

The antipode is unique as a linear map. It is a anti-homomorphis
It satisfies S(S(a)*)* = a for all a € A in the case of a multi-
plier Hopf *-algebra.

It is because of this last property that a multiplier Hopf *-
algebra is always regular.

Any Hopf (*-)algebra is a multiplier Hopf (*-)algebra and
conversely, when A is a multiplier (*-)Hopf algebra and A
has an identity, it is a Hopf (*-)algebra.
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Viultiplier Hopft algebras

Examples

Let G be a group and let A be the algebra K(G) of com-
plex functions on G with finite support. Define A on A by
A(f)(p,q) = f(pg) for p,q € G. Then, (A,A) is a regular
multiplier Hopf algebra. The counit is given by ¢(f) = f(e)
where e is the identity in the group. The antipode is given
by S(F)(p) =f(p~").

Observe that in general, A(f) is notin A®A. But we do have
that A(f)(l®g)and (f® 1)A(g) areinA®Aforallf,g € A
because e.g.

A(f) (1@ g)p.q) =f(pg)g(q)

and when f and g have finite support, also A(f)(1 ® g) has
finite support.
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Viultiplier Hopft algebras

Examples

We let A be the direct sum of the algebras A, of n x n com-
plex matrices where n =0, 1,2, .... Choose a real number
A such that 0 < A < 1. We can define elements g, e,f in
M(A) such that ge = Aegq, fq = A\qf and

of —fe= (A=A ~q7)
and a comultiplication A on A by A(g) = ¢ ® g and

Ale) = gRe+exq™!
Alf) = qof+foq!

making (A, A) into a regular multiplier Hopf algebra.
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Viultiplier Hopft algebras

Examples

Let G be a locally compact group with a compact open
subgroup K. Let A be the algebra of polynomial functions
P(G).

By definition f € P(G) if is continuous, has compact support

and satisfies
Af(kp) =D ui(k)vi(p)

where k € K, p € G and u; are continuous functions on K
and v; are continuous functions with compact support on G.

If we define A on A by the usual formula

AP, q) =f(pq)

we get a regular multiplier Hopf algebra.
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Viultiplier Hopft algebras

Examples

Remark The condition for a function to be polynomial does
not depend on the choice of the compact open subgroup.

If a locally compact group is totally disconnected, it has a
basis of neighborhoods of compact open subgroups.

In this last case, the polynomial functions are those continu-
ous functions with compact support that are linear spans of
translates of characteristic functions on such compact open
subgroups.

If as before, we let f* = f, we get a multiplier Hopf *-
algebra.

Examples of this type can be used in various construction

methods (the quantum double, the bicrossproduct, ...) to
obtain new types of multiplier Hopf algebras.
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Viultiplier Hopft algebras

Examples

Let A be an infinite-dimensional vector space with basis
{Xm,yn | m,n € Z}. A is an algebra with product given by:
XpXq = OpgXps  XpYq = Opq+1Ygs  YaXp = OqpYg>  YpYg =0

forall p,q € Z.
The coproduct structure on C is given by:

A(xy) = qu ® Xp—q,  E(xp) = pyo,

qeZ
A(yp> = Zxr & Yp—r + Z(_l)pityt & Xp—t, g(yp) =0
re’z teZ

forallp € Z.
And the antipode on C are given by:

S(p) =x—p, SOp) = (=1)y—p-1
forallp € Z.
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Viultiplier Hopft algebras

Examples

A matched pair of groups is a pair of groups (H, G) together
with group actions on sets G LG x H - H which obey
forallx,y € Gand u,v € H: Bu(xy) = Ba,(u)(X)Bu(), ax(uv) =
ax(u)ag, (o) (v)-

If (H,G) is a matched pair of groups, the cartesian product
H x G forms a group, denoted by HG, under the product
(u,x)(v,y) = (uax(v), By(x)y), with the identity element (e, e)
where e denotes the identity in both H and G.

Let K(G) denote multiplier Hopf algebra of functions on G
with finite support and k[H| denote the group Hopf algebra
of H. We then use these data to define the left-right bi-
crossproduct multiplier Hopf «-algebra K(G) x k[H] with ba-
sis 0, @ u where x € G and u € H, and right-left bicrossprod-
uct multiplier Hopf «-algebra k[G] x K (H) with the basis x®4,,.
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Larson-Sweedler Theorem
Hopf cases

Let H be a bialgebra. Recall that a left integral is a nonzero
linear map ¢ : A — C such that (: ® p)A(a) = ¢(a)l
for all @ € H while a right integral is a nonzero linear map
1 : A — Csuchthat (¢ ® t)A(a) = A(a)l foralla € H.

These integrals are faithful in the sense that the bilinear
forms (a,b) — ¢(ab) and (a,b) — 1(ab) are nondegen-
erate.

Any finite-dimensional Hopf algebra has a left and a right
integral. Conversely, Larsen and Sweedler showed that, if
a finite-dimensional algebra with identity and a comultiplica-
tion with counit has a faithful left integral, it has to be a Hopf
algebra.
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Larson-Sweedler Theorem
Mhas’ case

We generalize Larson-Sweedler Theorem for Hopf cases to
possibly infinite-dimensional algebras, with or without iden-
tity.

Notice that in the finite-dimensional case, there is a com-
plete symmetry between the bialgebra and its dual, this is
no longer the case in infinite dimensions. Therefore we
consider a direct version (with integrals) and a dual version
(with cointegrals) of the Larson-Sweedler theorem.

Theorem Let A be an algebra with a nondegenerate prod-
uct and assume that A is a full and regular comultiplication
on A. If there exists a faithful left integral and a faithful right
integral, then (A, A) is a regular multiplier Hopf algebra.
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roup-cograded mhas
Definition

Definition A multiplier Hopf algebra A is called G-cograded
if we have:

(1) A = B,ccAp With (4,),cc a family of subalgebras of A
such that A,A, = 0if p # g.

(2) A(Ap) (1 ®Aq) = A, ®Agand (A, ® 1)A(Ap) = Ay ® A
forallp,q € G.

Let G be any group. The so-called G-cograded multiplier
Hopf algebras is class of multiplier Hopf algebras which is
a generalization of the Hopf G-coalgebras as introduced by
Turaev [8].

More examples of Hopf G-coalgebras can be found in [9].
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