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Proposition 2.3 Let A be a G-cograded multiplier Hopf al-
gebra with decomposition A = . Ay Let o be a left inte-
gral on A. Then all the components ,, are faithful. We have
(Lt ® pg)(Apg(a)) = ppg(a)l, foralla € Ay, and all p,g € G.
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Theorem 2.4 Let (A, A) be a regular G-cograded multiplier
Hopf algebra with finite dimensional unital components. For
any f € A, define a linear functional ¢ on A by

Z(fp ep,

Then oy is left invariant on (A, A).
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homomorphism 7 : G — Aut(B). Further, we require that
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A(my(b)) = (mp ® m,)(A(b)) for all b € B.
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in B @ B. By the associativity of the product in B ® B, we
have that A(b) is a multiplier in M(B ® B).
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in B B. The map A : B— M(B ® B) is a non-degenerate
homomorphism and coassociative.
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algebra. So, as an algebra, B has the form B = P, ; B,

Assume that 7 is an admissible action of G on B. Let A be
defined as above. Then we have the following.
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Assume that 7 is an admissible action of G on B. Let A be
defined as above. Then we have the following.

(1) (B, ﬁ) is a regular multiplier Hopf algebra. The counit
¢ is the original counit e. The antipode S is given by the

formula S(b) = 7,-1(S(b)) for b € B,.
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(1) (B, ﬁ) is a regular multiplier Hopf algebra. The counit
¢ is the original counit e. The antipode S is given by the

formula S(b) = 7,-1(S(b)) for b € B,.

(2) If Bis a G-cograded multiplier Hopf «-algebra, then (B, ﬁ)
is again a multiplier Hopf «-algebra.
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However, if + is a right integral, it is in general not right
invariant on (B, A). It has to be modified.
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(3) If p is a left integral on B, then ¢ is also a left integral on
(B, A).

However, if + is a right integral, it is in general not right
invariant on (B, A). It has to be modified.

For b € B,, define {pv(b) = wg(’ﬂ'p—l(b)). Then @Z is a right
integral.
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(3) If p is a left integral on B, then ¢ is also a left integral on
(B, A).

However, if + is a right integral, it is in general not right
invariant on (B, A). It has to be modified.

For b € B,, define ¢(b) = Yp(m,~1(b)). Then ¢ is a right
integral.
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However, if + is a right integral, it is in general not right
invariant on (B, A). It has to be modified.

For b € B,, define ¢(b) = Yp(m,~1(b)). Then ¢ is a right
integral.

In the x-case, we have that a positive left integral on B is
again a positive left integral on (B, A). A positive right inte-
gral v on B gives rise to a positive right integral ¢ on (B, A)
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integral.

In the x-case, we have that a positive left integral on B is
again a positive left integral on (B, A). A positive right inte-
gral ¥ on B gives rise to a positive right integral ¢ on (B, A)
Remark that we will use B for the deformed multiplier Hopf
algebra (B, A).
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tiplier Hopf algebras. Suppose that B is G-cograded. Then
there exist subspaces {A,},c¢ of A such that
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Proposition 3.4 Let (A, B) be a pairing of two regular mul-
tiplier Hopf algebras. Suppose that B is G-cograded. Then
there exist subspaces {A,},c¢ of A such that

(MA= EBPEGAP and A,A, C Ay,
(2) (Ap,B;) = 0 whenever p # ¢,
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tiplier Hopf algebras. Suppose that B is G-cograded. Then
there exist subspaces {A,},c¢ of A such that

(1)A=@,ccArand A,A, C Ay,
(2) (A, B;) = 0 whenever p # q,
(3) (A(A,),B, ®B,) =0if g # p or r # p, where p,q,r € G.
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Proof. Define a subspace A, in A by A, = 1, » A for any
p € G, where 1, denotes the unitin M(B,).....
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Theorem 3.4 Let (A, B) be a pair of multiplier Hopf algebras
and assume that B is a (regular) G-cograded multiplier Hopf
algebra. Let 7 be an admissible action of G on B.
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Theorem 3.4 Let (A, B) be a pair of multiplier Hopf algebras
and assume that B is a (regular) G-cograded multiplier Hopf
algebra. Let 7 be an admissible action of G on B.

(1) The space D™ = A“? @ B becomes a (regular) multiplier
Hopf algebra, called the Drinfel’d double, with the multipli-
cation, the comultiplication, the counit and the antipode, de-
pending on the pairing as well as on the action «, defined in
the following way:
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e A(a>ab) = A“P(a)A(b) for alla € A and b € B where
AP (a) and A(b) are considered as multipliers in M(D™ ®
D™),
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e A(a>a b) = A“P(a)A(b) for alla € A and b € B where
A“P(a) and A(b) are considered as multipliers in M(D™ ®
D7),

e Z(arxb) =¢e(a)e(b) foralla e Aand b € B,
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e A(a>a b) = A“P(a)A(b) for alla € A and b € B where
A“P(a) and A(b) are considered as multipliers in M(D™ ®

eZ(arab) =c(a)e(b) foralla € Aand b € B,

z
o S(aab) =R(m,1(S(b)) ® S~ (a)) foralla € Aand b € B,,.
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o Ala 1 b) = A“P(a)A(b) for alla € A and b € B where
A“P(a) and A(b) are considered as multipliers in M(D™ ®
D7),

eZ(arab) =c(a)e(b) foralla € Aand b € B,

e S(a>ab) = R(m,~1(S(b)) ® S~ (a)) foralla € Aand b € B,.
(2) If moreover A is a multiplier Hopf x-algebra, B a G-cograded
multiplier Hopf x-algebra and (A, B) a *-pairing, then D™ is
again a multiplier Hopf «-algebra with the x-operation given
by (a1 b)* =R(b* @ a*) foralla € Aand b € B.



Contents| [1. Definition and Examples| |[2. Characterization and Properties| 4. Quasitriangular Structure
rinteld aouble
Pairing

e A(a>a b) = A“P(a)A(b) for alla € A and b € B where
A“P(a) and A(b) are considered as multipliers in M(D™ ®
D7),

eZ(arab) =c(a)e(b) foralla € Aand b € B,

e S(a>ab) = R(m,~1(S(b)) ® S~ (a)) foralla € Aand b € B,.

(2) If moreover A is a multiplier Hopf x-algebra, B a G-cograded
multiplier Hopf x-algebra and (A, B) a *-pairing, then D™ is
again a multiplier Hopf x-algebra with the x-operation given
by (a1 b)* =R(b* ® a*) foralla € A and b € B.



Contents| [1. Definition and Examples| |[2. Characterization and Properties| 4. Quasitriangular Structure
rinteld aouble
Pairing

e A(a>a b) = A“P(a)A(b) for alla € A and b € B where
A“P(a) and A(b) are considered as multipliers in M(D™ ®
D7),

eZ(arab) =c(a)e(b) foralla € Aand b € B,

e S(a>ab) = R(m,~1(S(b)) ® S~ (a)) foralla € Aand b € B,.

(2) If moreover A is a multiplier Hopf x-algebra, B a G-cograded
multiplier Hopf x-algebra and (A, B) a *-pairing, then D™ is
again a multiplier Hopf x-algebra with the x-operation given
by (a1 b)* =R(b* ® a*) foralla € A and b € B.



Contents| [1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double;

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.



Contents| [1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double;

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.

The explicit construction of the universal R-matrix is compli-
cated. There are some ways to evade this problem.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.

The explicit construction of the universal R-matrix is compli-
cated. There are some ways to evade this problem.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.

The explicit construction of the universal R-matrix is compli-
cated. There are some ways to evade this problem.

One can study the finite-dimensional modules to obtain so-
lutions of the Yang-Baxter equation.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.

The explicit construction of the universal R-matrix is compli-
cated. There are some ways to evade this problem.

One can study the finite-dimensional modules to obtain so-
lutions of the Yang-Baxter equation.

Another way to avoid topological difficulties is to consider
the formal dual point of view via coquasitriangular Hopf al-
gebras.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.

The explicit construction of the universal R-matrix is compli-
cated. There are some ways to evade this problem.

One can study the finite-dimensional modules to obtain so-
lutions of the Yang-Baxter equation.

Another way to avoid topological difficulties is to consider
the formal dual point of view via coquasitriangular Hopf al-
gebras.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Motivation

The motivating example for quasitriangular Hopf algebras is
given by the Hopf algebra H = U,(g), for g afinite-dimensional
semisimple Lie algebra over k = C.

However, H is not quasitriangular in the strict sense of the
definition. The R-matrix lies in a completion of H ® H rather
than in H ® H itself. The Hopf algebra H = U,(g) is called
"topologically” quasitriangular.

The explicit construction of the universal R-matrix is compli-
cated. There are some ways to evade this problem.

One can study the finite-dimensional modules to obtain so-
lutions of the Yang-Baxter equation.

Another way to avoid topological difficulties is to consider
the formal dual point of view via coquasitriangular Hopf al-
gebras.



Contents| [1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double;

Quasitriangular Structure

Definition
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tive way to construct a generalized R-matrix in purely alge-
braic setting.
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multiplier in M(A ® A) so that for all « € A we have (¢ ® 1)R
and R(a® 1) are elements in A ® M(A).
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for all a € A. We call R the generalized matrix for A.
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multiplier in M(A ® A) so that for all « € A we have (¢ ® 1)R
and R(a® 1) are elements in A @ M(A).
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DR =3 aRW ®R<2>
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Multipliers

Definition 4.1 Take R as above. We define the left multiplier
u as follows.
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Definition 4.1 Take R as above. We define the left multiplier
u as follows.

Take a € A. We set

ua = ZS(R(Z))R(I)a in A.
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Multipliers

Definition 4.1 Take R as above. We define the left multiplier
u as follows.

Take a € A. We set

ua = ZS(R(Z))R(l)a inA.

It is easy to see that u is a left multiplier of A. Notice that we
use the extension to M(A) of the anti-isomorphism S on A.
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Definition 4.1 Take R as above. We define the left multiplier
u as follows.

Take a € A. We set

ua = ZS(R(Z))R(I)a inA.

It is easy to see that u is a left multiplier of A. Notice that we
use the extension to M(A) of the anti-isomorphism S on A.
We will give a condition on R in order that u is a two-sided
multiplier in M(A) as follows.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Multipliers

Definition 4.1 Take R as above. We define the left multiplier
u as follows.

Take a € A. We set

ua = ZS(R(Z))R(I)a inA.

It is easy to see that « is a left multiplier of A. Notice that we
use the extension to M(A) of the anti-isomorphism S on A.

We will give a condition on R in order that « is a two-sided
multiplier in M(A) as follows.



Contents| |1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double!

Quasitriangular Structure

Multipliers

Definition 4.1 Take R as above. We define the left multiplier
u as follows.

Take a € A. We set

ua = ZS(R(Z))R(I)a inA.

It is easy to see that « is a left multiplier of A. Notice that we
use the extension to M(A) of the anti-isomorphism S on A.

We will give a condition on R in order that « is a two-sided
multiplier in M(A) as follows.



Contents| [1. Definition and Examples| |2. Characterization and Properties| [3. Drinfeld double;

Quasitriangular Structure

Multipliers

Proposition 4.2 Take R € M(A®A) as above. Suppose that
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(1) u is a multiplier in M(A) so that ua = S*(a)u for all a € A.
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Remark: the right multiplier with « is given by the formula
S?(a)u = ua for all a € A.
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Proposition 4.2 Take R € M(A®A) as above. Suppose that
foralla € A, RA(a) = R“?(a)R in M(A ® A). Then we have

(1) u is a multiplier in M(A) so that ua = S*(a)u for all a € A.
Remark: the right multiplier with « is given by the formula
S?(a)u = ua for all a € A.

(2) If R is invertible in M(A ® A), then u is invertible in M(A).
Then $? is an inner automorphism. If a € A, then we have
S?(a) = uau™" = S(u)~'aS(u).
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Quasitriangular Structure

Multipliers

The following results are known for usual quasitriangular
Hopf algebras.

Lemma 4.3. Let R be a generalized R-matrix for A. Then
we have for all a € A:

ME2)R)=1=(®ec)(R)inM(A).

()R (a®1) = (@S~ ") (R(a®1)), (a®1)R™' = (1@S~ 1) ((a®
DR), R"'a® 1) = (S®)((S7'(a) ® DR), (a® DR =
(S®)(R(S™a)®1)).

B)(S®S)(R)=RiNM(ARA).

(4) uisinvertiblein M(A) and u~'is givenas u~'a = 3 S~2(R®))
RWa =S5 Y R®)S(RM)a = S RAS2(RM)a.
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Quasitriangular Structure

Antipode

Proposition 4.4 Let (A,R) be a quasitriangular multiplier
Hopf algebra. Then for all a € A we have

S*(a) = gag™",

where g = uS(u)~! is a grouplike multiplier in M(A).
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Proposition 4.5 Let A be a discrete quasitriangular mul-
tiplier Hopf algebra. Let J4 (respectively 4; ) denote the
modular element in M(A) (respectively M(A)).
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Quasitriangular Structure
Example

Example will be found in Section 2 of the paper: L. Delvaux,
A. Van Daele, S. Wang, Quasitriangular (G-cograded) mul-
tiplier Hopf algebras. J. Algebra 289(2005), 484 514.
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