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I INTRODUCTION

The phase space description of classical systems has proved to be a powerfy]
tool in the analysis of their physical properties. The key reason is that
phase spaces naturally arise as symplectic manifolds. The availability of
the symplectic structure enormously simplifies the task of specifying the
dynamical flow: in place of a vector field, one now has to specify only its
generating function, the Hamiltonian. There are simplifications also in the
reverse direction. For, it is often the casc that while one can easily identify
symmetries of physical systems, it is harder to obtain expressions of the
corresponding conserved quantities. In the phase space framework, these can
be obtained as the gencrators of canonical transformations corresponding to
those symmetries. (An example of this situation is discussed in Section 5 of
this article.) This two-way procedure is indeed one of the most elegant and
powerful applications of geometry to physics.

However, phase spaces are generally constructed by decomposing space-
time into space and time, and Hamiltonian mechanics is therefore widely
perceived as being non-covariant. In field theories in Minkowski space-time,
for example, considerable effort is devoted to showing that, in spite of the
non-covariant nature of the phase space, the Poincaré group does act on it
in a meaningful way. This complicated procedure is completcly UnIecessary.
For, it has been known for quite some time now that one can construct
phase spaces from entire histories without ever having to introduce preferred
mstants of time. The idea is old indeed. In fact, it can be traced! back
all the way to Lagrange!® It therefore scems most appropriate to discuss
the covariant phase space framework in a volume dedicated to him.f The
purpose of this article is to review this framework and to illustrate its power

by means of an example, which, to our knowledge, has not been discussed in

t In recent years, covariant phase spaces have appeared in a number of books. Examples
arc:  Souriau’s text on dynamics,! Chernoff and Marsden’s lecture notes on infinite
dimensional Hamiltonian systems,3 Schutz’s monograph on geometry and physics,4 and
Woodhouse’s on geometric quantization.” Quantization of linear fields in curved space-
times based on such a covariant Hamiltonian formulation is discussed, e.g., in Ref. 6. The
framework has also been used in general relativity in the stability analysis of stars and black
holeS,T’B for the construction of the phase space of radiative modes of the gravitational field
in the full, non-linear theory,”"'% in the definition of conserved quantities,n“13 and in the
analysis of the group of local symmetries.!*
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the literature.

Let us begin with an overview of the situation.

In terms of the familiar, non-covariant constructions, the basic ideas
of the covariant procedure can be summarized as follows. When the initial
value problem is well-posed, each dynamical trajectory in the configuration
space is completely specified by its initial data, which in turn correspond
just to a point in the phase space. Hence, by fixing an instant of time,
one obtains an isomorphism between the space of solutions to the dynamical
equations —i1.e., of dynamically allowed historics— and the phase space of
the system. One can therefore pull-back the symplectic structure to the space
of solutions. Since the symplectic 2-form on the phase space is Lie-dragged
by the dynamical vector ficld, the symplectic structure we thus obtain on the
space of solutions is independent of the choice of the initial instant of time.
Thus, the space of solutions is in fact equipped with a natural symplectic
structure —called by Souriau! the Lagrange form to emphasize the fact that
Lagrange was the first to recognize its existence. This is the covariant phase
space of the system. It captures all the relevant classical physics without
the necessity of sclecting a preferred instant of time. Typically, however,
this space does not have a natural cotangent bundle structure. It is only
when one is given an instant of time that one can identify each of its points
with an initial data set and reprcsent it as a cotangent bundle. However,
Hamiltonian mechanics does not need a cotangent bundle; it suffices to have
just a symplectic manifold for its arena. And this is precisely the structure
that naturally cxists on the covariant phase space.

How can one speak of dynamics in this setting? After all, a point of
the covariant phase space is an entire history. How can things “evolve”
then? The answer is that the familiar evolution appears in the disguise of a
mapping between histories. Consider, for example, a Klein-Gordon field in
Minkowski space. The time translation subgroups of the Poincaré group act
on the space of solutions to this equation and this action can be interpreted
as “time evolution.” Under this motion, the symplectic structure is left
invariant and the generator of this canonical transformation is precisely the
familiar energy function. More generally, given a notion of time, one can
introduce the notion of dynamics on the covariant phase space as follows.
Look for initial data of all dynamical trajectories and map each trajectory
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to another one, whose initial data at time ¢y are the same as the initial data
of the first trajectory at time #;. In the covariant framework, this mapping
between entire histories can be interpreted as the “time-evolution” from ¢,
to t1. Its generating function turns out to be usual Hamiltonjan.

In gauge theories, the non-covariant Hamiltonian description has first
class constraints; not every point of the phase space represents permissible
initial data. Furthermore, even if one is given initial data satisfying these
constraints, one does not obtain a unique dynamical trajectory in the phase
space because one can perform arbitrary gauge transformations in the course
of evolution. More precisely, the first class constraints generate gauge
transformations, and the Hamiltonian is unique only up to the addition of
constraint functionals. How are these features incorporated in the covariant
description? If one repeats the construction given above to pass to the
covariant picture from the non-covariant one, one finds that the space of
solutions is now naturally equipped with a degenerate symplectic structure —
or, in the standard terminology, a presymplectic structure. Motions along the
degenerate directions are precisely the gauge transformations of the theory.
Note that, since each point of the covariant phase space is a solution to all
field equations, there is no longer a constraint surface in the phase space
nor a constraint functional to generate gauge. The gauge directions are
coded directly in the degeneracy of the presymplectic structure. Finally, the
arbitrariness of the dynamical evolution also results from this degeneracy;
the Hamiltonian itself is unambiguous.

In Section 2, we recall the general framework for field theories on a
background space-time. Since the covariant approach deals with histories
rather than Cauchy data, it is now easier to sce the relation between the
Lagrangian and the Hamiltonian descriptions. In Section 3, we introduce
the covariant Hamiltonian description of gravitational fields (in general
relativity) which are asymptotically flat at spatial infinity. In the standard,
3 + 1 phase space formulation, while it is easy to see the role of spatial
diffeomorphisms, the role of space-time diffeomorphisms is rather obscure.
Indeed, as is well-known,'® because the Poisson algebra of constraints is
open in the BRST sense, it is considerably larger than the Lie algebra
of space-time diffeomorphisms. In the covariant approach, on the other
hand, the issue of diffeomorphisms is rather straightforward. Because we
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avoid a 3 + 1 decomposition, we can treat all space-time diffeomorphisms on
the same footing. However, to fully analyse this issue, we have to specify
the boundary conditions carefully. In fact, already the integrals defining
the symplectic structure itself diverge unless the boundary conditions are
delicately adjusted. Since this issue is overlooked in the earlier covariant
treatments, we will spell out the boundary conditions and point out the
precise role they play. In section 4, we show that the ADM 4-momentum'®
is the generator of the asymptotic translation group which arises from the
boundary conditions. Once again, the result differs from those obtained
in the well known 3 + 1 treatments. There, the Hamiltonians generating
space-time translations are expressible as a sum of a volume term —suitably
smeared constraints— and a surface term, the ADM 4-momentum integrals.
In the covariant treatment, the surface integrals alone generate asymptotic
translations. This final result is not new. The novelty of our treatment
lies only in the careful specification of boundary conditions and avoidance of
divergent integrals in the intermediate steps.

In Section 5, on the other hand, we analyse a new situation: space-
times which are asymptotically flat at null infinity. It turns out that the
introduction of the symplectic structure and the analysis of its properties in
this case is completely analogous to that discussed in Section 4. The only
difference is that now the Bondi-Metzner-Sachs (BMS)* group replaces the
Poincaré group as the group of asymptotic symmetries. Therefore, instead
of repeating the previous analysis, we shall focus only on the differences.
The final result is the following: we show that the generator of asymptotic
BMS translations can also be expressed as a sum of a 2-sphere integral —
the super-momentum evaluated at a cross-section of null infinity— and a
volume integral —the total super-momentum carried by gravitational waves
until the retarded instant of time represented by the cross-section. Using the
result of Section 4, we can therefore conclude that in space-times which are
asymptotically flat both at null and spatial infinity, the ADM 4-momentum
equals the sum of the Bondi 4-momentum!’ at a retarded instant of time
and the total 4-momentumn carried away by the gravitational waves until
that instant. (An independent proof was given in Ref. 18). Thus, apart from
clarifying certain issues, the covariant approach leads one to results which
simply cannot be obtained in the 3+ 1 treatments; it enables one to define






