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Abstract

On a product manifold (M, r), we consider four geometric structures com-
patible with r, e.g. hyper-paracomplex or bi-Lagrangian, and define distin-
guished generalized complex or paracomplex structures on M, which interpo-
late between some pairs of them. We study the twistor bundles whose smooth
sections are these new structures, obtaining the typical fibers as homogeneous
spaces of classical groups. Also, we give examples of product manifolds ad-
mitting some of these new structures.
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1 Introduction

Hitchin introduced in [14] generalized complex structures on a smooth manifold M
(see also [10]). They can be thought of as geometric structures on M interpolating
between complex and symplectic structures, since these are particular extremal cases
of those generalized structures. Later on, Wade presented in [23] the analogous
concept of generalized paracomplex structures.

In contrast to the premise of [14], where M is only a smooth manifold, Salvai
assumes in [20] that M is additionally endowed with a complex structure j. He con-
siders on (M, j) pairs of geometric structures s; and s on M compatible with j,
for instance, a totally real foliation and a Kahler structure, or a hypercomplex and
a C-symplectic structure. The following question is posed: What are natural condi-
tions on generalized (para)complex structures on M so that they can be realized as
interpolating between s; and so? This gives rise to the definition of integrable (A, £)-
structures on (M, j) for A\, £ = +1, after calling s; and s3 (A,0)- and (0, £)-structures,
respectively. In the same article and in [§8], the analogous issue is addressed for a
symplectic manifold (M,w) and a pseudo Riemannian manifold (M, g) instead of
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(M, 7). A similar approach for hypercomplex and holomorphic symplectic structures
in the setting of generalized hypercomplex structures can be found in [21].

In the present paper, the base space M is a paracomplex manifold. For the sake
of generality we let M be endowed with a product structure r, that is, we admit that
the eigenspaces of r have different dimensions. We consider four geometric structures
compatible with r, namely, hyper paracomplex or complex product structures and
bi-Lagrangian, bi-complex and bi-symplectic foliations. In this context we follow
the lines of our previous articles mentioned above. In particular, we define a notion
of interpolation between some of these structures on (M,r), which is given by a
generalized (para)complex structure S on M with a certain compatibility with 7.
We show that the existence of such an S forces (M, r) to fulfill some properties; in
many cases r turns out to be paracomplex.

We study the associated twistor bundles whose smooth sections are integrable
(A, £)-structures, obtaining the typical fibers as homogeneous spaces of classical
groups. Also, we find conditions on closed 2-forms on M implying that the asso-
ciated B-fields preserve the new structures.

Besides, we impose conditions on certain curves ¢t — S; of endomorphisms of
the extended tangent bundle of M that guarantee that S; is an integrable (A, /)-
structure of (M, r) for almost all ¢. Using this, we exhibit a concrete example of a
curve of integrable (1,1)-structures on H x R endowed with a left invariant para-
complex structure, where H is the three dimensional Heisenberg group. Finally, we
give an example of a left invariant integrable (-1, —1)-structure on a Lie group with
a product structure r, which admits neither complex nor symplectic left invariant
structure compatible with r, that is, integrable (-1,0)- and (0, —1)-structures.

Although the article is organized following closely [20] and [8], the involved defi-
nitions and properties are quite different from the ones in those papers and in some
proofs new techniques are required; for instance, unlike [8], we have to consider a
nonfree module over the Lorentz numbers (case (-1,-1) in the proof of Theorem
4.2).

We would like to thank Eduardo Hulett for a useful reference and the referees
for the careful reading of the manuscript and several suggestions of improvements.

2 Preliminaries

2.1 Generalized complex and paracomplex structures

We recall from [10] the definitions and basic facts on generalized complex structures,
and on generalized paracomplex structures from [23]. A unified approach can be
found in [22].

Let M be a smooth manifold (by smooth we mean of class C'; all the objects
considered will belong to this class). The extended tangent bundle is the vector
bundle TM =TM & TM* over M. A canonical split pseudo Riemannian structure
on TM is defined by

b(u+o,v+7)=7(u)+0(v), (1)

for smooth sections u + o,v + 7 of TM. The Courant bracket of these sections [6] is
given by
[u+o,0+7]=[u,v] + L, 7= Loo - 2d (7 (u) - o (v)),

where £ denotes the Lie derivative.



A real linear isomorphism S with S? = X id, A = +1, is called split if tr S =0
(equivalently, if the dimension of the iﬁ—eigenspaees of S coincide); this is always
the case if A =-1.

For A = 1, let S be a smooth section of End (TM) satisfying

S? = )\id, S is split and skew-symmetric for b

and such that the set of smooth sections of the +v/A-eigenspace of S is closed under
the Courant bracket (if A = -1, this means as usual closedness under the C-linear
extension of the bracket to sections of the complexification of TA). Then, for A = -1
(respectively, A = 1), S is called a generalized complex (respectively, generalized
paracomplex) structure on M. Notice that in [23] the latter is not required to be
split.

2.2 Geometric structures compatible with a product structure

Let (M, r) be a product manifold, that is, r is a tensor field of type (1,1) on M with
r2 = id such that the eigendistributions r(d) of eigenvalues ¢ = +1 are integrable. If
r(1) and r(-1) have the same dimension, r is called a paracomplex structure. We
consider the following integrable geometric structures on M compatible with a prod-
uct structure r. Basically, they are rotations and reflections in each tangent space of
M which commute or anti-commute with r and satisfy certain integrability condi-
tions or they are symplectic structures for which r is symmetric or skew-symmetric.
The reason of the names integrable (\,0)- or (0, ¢)-structures will become apparent
in Theorem 3.4.

Integrable (1,0)-structure or hyper-paracomplex structure on (M,r). It is
given by a product structure p on M with rp = —pr. In this case, » and p turn out
to be paracomplex structures on M, since rp is an almost complex structure on M
which anti-commutes with both r and p and so rp interchanges the eigendistributions
of r and also those of p. Besides, rp is a complex structure since r and p are integrable
(see Proposition 6.1 in [16]). Therefore, (M, r,rp) is a complex product manifold.

Integrable (-1,0)-structure or bi-complex foliation on (M,r). It is given by
a complex structure j on M with rj = jr. In this case the eigendistributions of r are
j-invariant (in particular, they have even dimension) and the restriction of j to any
leaf of the corresponding foliations is a complex structure.

Integrable (0,1)-structure or bi-Lagrangian foliation on (M,r) ([5, 7], aka
Kiinneth [11], para-Kéahler [1, 9] or K&hler D-manifold [13]). It is given by a
symplectic form on M for which r is skew-symmetric. In this case, the restriction of w
to the eigendistributions r(d) of r vanish. So, the leaves of the foliations determined
by r(d) are Lagrangian submanifolds of (M,w). In particular, their dimension is
not bigger than half the dimension of M. Since they are complementary, » must be
paracomplex.

Integrable (0,-1)-structure or bi-symplectic foliation on (M,r). It is given
by a symplectic form w for which r is symmetric. The restrictions of w to the leaves
of the eigendistributions of 7 are closed and nondegenerate (indeed, if w (z,y) =0
for some z € r (0) and all y € r(4), then w(x,z) = 0 for all z € r(=4), since r is
symmetric for w). Therefore the leaves are symplectic manifolds. In the case that
r is paracomplex, w determines on (M,r) a symplectic structure over the Lorentz
numbers (see Proposition 4.1 of [20]).



3 Integrable (\,{)-structures on (M,r)

Definition 3.1 Let (M,r) be a product manifold. For k = £1, let Ry be the product
structure on the real vector bundle TM over M given by

r 0
By = ( 0 kr* ) '
We observe that R_; is a generalized paracomplex structure on M (in particular,

it is split), but Ry is not, since it is symmetric for b. Furthermore, R; is split only
when 7 is a paracomplex structure on M.

Now, we introduce four families of generalized geometric structures on (M,r)
interpolating between some of the structures listed in the previous section.

Definition 3.2 Let (M,r) be a product manifold. Given X\ = 1 and ¢ = 1, a
generalized complex structure S (for A = =1) or a generalized paracomplex structure
S (for A=1) on M is said to be an integrable (\,()-structure on (M,r) if

SRy = ~ARy\S. (2)

We call S, (A, ¢) the set of all integrable (A, £)-structures on (M, r).

Given a bilinear form ¢ on a real vector space V', let ¢ € End(V,V*) be defined

by ¢t (u)(v) = e(u,v).

Example 3.3 If s and w are integrable (\,0)- and (0, ¢)-structures on (M,r), re-
spectively, then

s 0 0 A(wb)?
S:(o —s*) and Q:(m (wo) )

belong to S, (A, ¢). In fact, it is well known that they are generalized complex or
paracomplex structures on M and straightforward computations show that condition

(2) holds.

The following simple theorem, along with Theorem 4.2 below, contributes to
render the notion of an integrable (A, £)-structure appropriate and relevant.

Theorem 3.4 Let (M,r) be a product manifold. For A =+1,¢ = 1, if

0 0 h
i) e e(2h)

belong to S, (A, £), then s and w are integrable (X, 0)- and (0, £)-structures on (M, r),
respectively.

Proof It is well known from [10] and [23] (see also [22]) that if S and @ as above are
both generalized complex (respectively paracomplex) structures, then s is a complex
(respectively product) structure on M and w is a closed 2-form. Besides, again for
[10] and [23], t = —s* and h = —(w®)~! (respectively, h = (w?)~!). On the other hand,
since S and @ satisfy condition (2), we obtain that sr = -Ars and wbor =—{r*owb.
Therefore, s is an integrable (A, 0)-structure and w is an integrable (0, £)-structures
on (M,r) as desired. =



4 The (\ ¢)-twistor bundles over (M,r)

Let (M,r) be a product manifold of dimension m and let p and ¢ be the dimensions
of the eigenspaces (1) and r(-1), respectively.

Now we work at the algebraic level. We fix x € M and call E = T, M. By abuse
of notation, in the rest of the section we write b (which is defined in (1)) and Ry
instead of b, and (Ry),. Also, for an operator S with S? = id, we denote by S(1)
and S(-1) the corresponding eigenspaces of S. For convenience we fix a basis

B={v1,...,vp,wy,...,w,} (3)
of T,M such that {vy,...,v,} and {ws,...,w,} are bases of the eigenspaces (1)
and r(-1), respectively, and call B* = {v',... 0P, w!,... w7} the corresponding dual
basis.

Next we present a proposition referring to the parity of the dimensions of M and
the eigenspaces of r. Notice that, in general, both dimensions are not necessarily
even. We observe that, in particular, integrable (1, ¢)-structures exist only when M
has even dimension, in contrast to generalized paracomplex structures, which exist
for any dimension of M.

Proposition 4.1 Let (M™,r) be a product manifold. If (M, r) admits an integrable
(A, 0)-structure, then m is even. Besides, if (A £) = (1,1), then (M,r) is paracom-
plex, and if (\,0) = (=1,-1), then the eigenspaces of r have even dimensions.

Proof Suppose that (M,r) admits an integrable (1,-1)-structure S. Since S anti-
commutes with R_q, by (2), S interchanges the eigendistributions of R_;. Since S
is an isomorphism, the dimensions of R_;(1) and R_;1(-1) coincide and so, they
are equal to m. On the other hand, since R_; is skew-symmetric for b, we have
that b|g ,s)xr.(s) = 0 for § = £1. Therefore, the form w : R_;(1) x R.1(1) - R
defined by w(z,y) = b(S(x),y) is nondegenerate and skew-symmetric (recall that S
is skew-symmetric for b), and so dim R_;(1) = m is an even number.

If (M,r) admits an integrable (1, 1)-structure S, then r must be split. Indeed,
since S anti-commutes with R, once again, we have that the isomorphism S in-

terchanges the eigendistributions of Ry. Then R; is split ({v1,...,vp,v!, ..., 0P} is a
basis of Ry (1) and {wy,...,w,,w!, ..., w?} is a basis of Ry (-1)) and consequently
SO is 7.

Now suppose that M admits an integrable (-1, ¢)-structure J, which is in par-
ticular a generalized complex structure. It is well known [10, Proposition 3.3] that
in this case the dimension of M must be even.

Next, for the case ¢ = =1 we check that p and ¢ are even. Since J commutes
with Ry, then it induces complex structures Js on R1(d) for 6 = +1. Besides, since b
is nondegenerate and b| Ri()xii(-1) = 0 (recall that Ry is symmetric for b), we have
that the form

b = b ks s)xrs (5) (4)

is nondegenerate. We assume that § = 1 (the case 6 = —1 is analogous). The dimension
of Ry (1) is 2p. Now we check that the signature of b! is (p,p). In fact, the first p
vectors of the orthogonal basis

{vr+o, v P v =0t L — o)



are spatial and the remaining are temporal, where v; € B and v/ € B* (we recall
that B is defined in (3)). On the other hand, J is skew-symmetric for b, hence J; is
skew-symmetric for b', in particular J; is an isometry of b!. We have that b! is the
real part of the Hermitian inner product A' on the p-dimensional complex vector
spaces (R1(1), J;) given by

h'(z,y) =b' (2,y) + V-1b' (J1z,y). (5)

By The Basis Theorem of [12] there exists an orthonormal basis {x1, ..., s, Y1, -, Yt}
of (Ry(1),.J1,h') such that z; are spatial and y; are temporal vectors, with s+¢ = p.
Then,

{z1, vy, o ws, T, Y1, Sy, o Yy J1ye )
is an orthogonal basis of (R;(1),b'), where the first 2s vectors are spatial and
the remaining 2t are temporal. Since the signature of b! is (p,p), we obtain that
p = 2s = 2t. Analogously, we can see that ¢ is an even number. =

Let O (m,n) and U (m,n) be the groups of automorphisms of the Hermitian
symmetric form of signature (m,n) over R and C, respectively. Let Sp(2n,R) be
the group of automorphisms of the R-symplectic space of dimension 2n.

The next theorem is the main result of this section.

Theorem 4.2 Let (M,r) be a product manifold of dimension 2n and let p and q
be the dimensions of the eigendistributions r(1) and r(=1) of r, respectively. Then,
integrable (\, 0)-structures on (M,r) are smooth sections of a fiber bundle over M
with typical fiber G/ H, according to the following table:

RYNE G | H |
111 |0(nn)xO(n,n) O (n,n)
1 -1 Gl(2n,R) Sp(2n,R)
-1]1 Gl(2n,R) Gl(n,C)
-1 | -1] O(p,p) xO(q,q) | U(p/2,p[2) xU(q/2,q/2)

Before proving the theorem we introduce some notation and some forms obtained
combining appropriately b and Ry, which will be useful in the proof.
Let o (A, £) denote the set of all S e Endg (E) satisfying

S? = \id, S is split and skew-symmetric for b and SRy, = ~AR.S with k = M.

Let L denote the ring of Lorentz numbers a + b, where €2 =1 and a,b € R. The
conjugate of a Lorentz number a + ¢b is a — ¢b.

If Ry is split, then (I, Ry) is a free module over L via (a +¢b) - x = ax + bRyx.
By abuse of language we think of it as an LL-vector space.

Proposition 4.3 Let k = =1 and suppose that Ry is split. Let by : ExE — L be
given by
bi (z,y) =b(x,y) + kb (R, y) . (6)

Then b_y is an LL-Hermitian symmetric form on (E, R_1) and by is an L-symmetric
bilinear form on (E, Ry).
Also, if S € Endg(E) satisfies S? = \id, then S € o(\,£) if and only if

bre(Sz, Sy) = T_x(bxe(z,y)) (7)
for any x,y e E, where Ty =id and T_1(2) = =Z for any z € LL.

6



Proof Since R_; and R; are skew-symmetric and symmetric for b, respectively, we
have for all x,y € £ that

be(y, ) = b(y, x) + ekb(Ryy, x) = b(x, y) + k*eb( Rz, y),

which equals by (x,y) if k=1 and by(x,y) if £ =-1. Also,

be (R, y)

= b(Rpx,y) +ckb( Ry Rz, y)
= b(Ryr,y) +ckb(z,y)

= ke(ekb(Rypx,y) +b(x,y))
= kebi(z,y).

bk(‘C:I? y)

Using that b_i(z,y) = b_1(y,x) and b_1(ex, y) = €b_1(x,y) we obtain that b_;(z,ey) =
eb_1(x,y), for all z,y € E.

We now prove the second assertion. Let S be an element of o(\, £) and let k = AL.
Since SRy = -AR.S and S is skew-symmetric for b we have

b(Sz,Sy) + ckb(RySx, Sy)

= -b(SSx,y) +ckb(-ASRx,Sy)
= =\b(x,y) +ekb(ASSRyx,y)

= =\b(z,y) + ekb( ARz, y)

= =X\b(z,y) +ekb(Rix,y)

= —Mb(z,y) - Aekb(Riz,y))

= Ta(bk(z,y)).

Now we assume that S? = X id and condition (7) holds. Note that
T_\(bi(z,Sy)) = b (Sz, SSy) = Abk(Sz,y)
for all z,y € E. Therefore, for all =,y ¢ E,
-\b(x, Sy) + ekb(Ryx, Sy) = Ab(Sz,y) + Aekb( RSz, y),

which implies that S is skew-symmetric for b and Ab(RSz,y) = b(Ryz,Sy). It
follows that Ab(RSx,y) = =b(SRyx,y) and we have that —ARS = SRy, since b is a
nondegenerate bilinear form on E.

The proof is completed by showing that S is split if A = 1 (this is always the case
if A = -1). It follows from the fact that Ry induces an isomorphism between S(1)
and S(-1), since Ry anti-commutes with S. =

Next we make explicit the automorphism groups of the forms b; and b_;. They
can be better understood using null coordinates.

Let us denote e = 3(1 —¢). The set {e,e} is an R-basis of L and the numbers e
and e satisfy

e?=e, e®=e, ee=0, and ce=—e, ce=¢. (8)

Any element of IL?" can be written as ex + ey, with x,y € R?>". Let A be an L-linear
transformation of IL.??. Then A can be expressed as

Alex +ey) =ePr+eQy 9)

7



for all z,y € R?" and some R-linear transformations P,(Q of R?", since A commutes
with the multiplication by e. Similarly, an L-antilinear transformation A of L2" is
an R-linear transformation of L?" interchanging (1) = {ey | y € R?"} and ¢(-1) =
{ex | x e R?"} and so it has the form

A(ex+ey)=ePy+eQu (10)
for some linear transformations P, () of R?™.

Lemma 4.4 Let By be the nondegenerate L-symmetric bilinear form on IL?" defined

by
Bi((Z1,Wh), (Z2,Wa)) = Z1 Zy - W{Ws, (11)

for all Zy, Zy, W1, W5 e L™. Then B; has the form

Bi(exy +€yr, exs + €ya) = e{@1, Ta)nn + €{Y1, Y2)nn (12)

where (-, -)n.n is the canonical symmetric bilinear form with signature (n,n) on R?".
Moreover, the group G of L-linear transformations preserving By consists of trans-
formations of the form (9) with P and Q isometries for {-,-)nn. In particular, it is
isomorphic to O(n,n) x O(n,n).

Lemma 4.5 Let B_q be the nondegenerate IL-Hermitian symmetric form defined by

B(X,)Y)=X'Y (13)
for all XY elL™. Then B_y has the form
B_1(ex1 +eyy, exs +eys) = e{yr, xa) + (a1, ya), (14)

where x;,y; € R™ for i = 1,2 and (-,-) is the canonical real inner product of R™.
Moreover, a transformation A as in (9) preserves B_y if and only if P is invertible
and Q = (P*)~!, where P! denotes the transpose of P with respect to (-,-). In par-
ticular, the group G_y of L-linear transformations preserving B_y is isomorphic to

Gl(m,R).

The proofs of the lemmas are straightforward. For the second one, details and
extra information can be found for instance in [18, Section 1.3] (see also, [13, Section
3]). Regarding notation, in the important reference [13], Lorentz numbers are called
double numbers and denoted by D; the group G_; is called the D-unitary group.

Proof of Theorem 4.2 First, we study the sets o(\, ), for A\, ¢ = £1, working at
the algebraic level as in the beginning of this section. Afterwards, we present the
structure of fiber bundle in each case.

Case (1, 1) By Proposition 4.1, Ry is split and so is 7. Thus, p = ¢ = n and by Propo-
sition 4.3 we have that (E, R;) is an L-vector space with an L-symmetric bilinear
form b;. Recalling the basis B given in (3), we have that {v,...,v,,v!,..., 0"} and
{wy,...,wy,wt, ... w"} are bases of Ri(1) and R;(-1), respectively. Calling

P
Q

{v1+w1+vl+w1,...,vn+wn+v”+w”}

{v1+w1—vl—wl,...,vn+wn—vn—w”}

8



one can check that the juxtaposition C of P and Q is a basis of the IL-vector space
(E, R1) and the matrix of b; with respect to C is a multiple of diag (I,,,-1,), where
I, is the n x n-identity matrix. Therefore, there exist L-linear coordinates ¢! :
(E, Ry) — L?" such that ¢*b; = By, where By is as in (11).

Let X(1,1) be the subset of Endg(IL?") corresponding to o(1,1) via the isomor-
phism . We recall from Lemma 4.4 that the group G of transformations preserving
By is isomorphic to O(n,n) x O(n,n). Using condition (7) of Proposition 4.3, we
check that G acts on 3(1,1) by conjugation.

Let S be an element of ¥(1,1). Let us see that S has the form

S(ex +ey) =ePy+eP ', (15)

where P is an anti-isometry of R™". By definition of the set (1, 1), S anti-commutes
with the multiplication by € and so S has the form given in (10) for some linear
transformations P,Q of R?". On the other hand, by (7), S satisfies B1(SX,SY) =
-B1(X,Y) for all X,Y eL?". Setting X =ex+ey and Y = eu +€év, this is equivalent
to

Bi(e Py+eQx,e Pv+eQu) = —e{z,u) +e{y,v),

which is the same as

e(Py, Pv)pn +e{Qz, Qu)pn = —e(y, V)nn — (T, U)n .

It follows that P, are anti-isometries of R™". Since S? = id, we have that PQ = id,
hence S is uniquely determined by P. Conversely, if P is an anti-isometry of R™»"
then P defines the element S of 3(1,1) as in (15).

We fix S € ¥(1,1) and call H; the isotropy subgroup at S of the action of Gj.
This group is isomorphic to O(n,n). Indeed, if f € Gy, by (12) and (9), there exist
T,U € O(n,n) such that

flex+ey)=eTx+eUy

for all z,y € R?". Since
fSfex+ey)=eTPU 'y+eUP T 'z,
we have that fSf~1 =S if and only if P =TPU-'. Thus,
Hy, = {f €eGy|flex+ey) =eTx+e P TPy, with T € O(n,n)} ~ O(n,n).

Now, we see that the action of G on ¥(1,1) is transitive. Let S7, 5, € ¥£(1,1) and
let P, P, be the anti-isometries of R™" that determine S; and S,, respectively. Let
U = P;1 P, which is an isometry of R™" and let f be defined by f(ex+ey) = ex+eUy.
Clearly f e Gy and it is a simple matter to check that fS;f~! = S;.

Case (-1,-1) In this case the arguments are slightly more involved, since Propo-
sition 4.3 does not apply, due to the fact that R; is not necessarily split and so R;
does not induce a free L-module on E.

We recall that o(—1,-1) denotes the set of S € Endg (E) satisfying

S? = —id, S is split and skew-symmetric for b and SR; = R, S.

Let S eo(-1,-1). Since S and R; commute, S preserves the eigenspaces of R;. So,
we can consider Ss = S‘Rl((;), for § = +1. Besides, by the hypothesis, S2? = —id|Rl(5)

9



and Sy is skew-symmetric for b° (here, b° is as in (4)). Hence, Ss € Iso(R;(d),b°). As
we saw in the proof of Proposition 4.1, the signatures of b! and b=! are (p,p) and
(q,q), respectively. Therefore,

S eIso(Ri(1),b") x Iso(Ry(~1),b7') 2 O(p,p) x O(q,q).

Conversely, given complex structures Ss of R;(d), which are isometries of (R1(4), ),
they determine an element S € o(-1,-1).

Let G = Iso(Ri(1),b) x Iso(Ry(-1),b7!). This group acts by conjugation on
o(-1,-1). We want to verify that the action is transitive. Let S, T € o(-1,-1) and we
denote by A9 the Hermitian inner product as in (5) induced by Tj. So, (R:(1),S1,ht)
and (R(1),Ty,h') are Hermitian complex vector spaces, where h! and Al have
signature (p/2,p/2) (recall that, by Proposition 4.1, p and ¢ are even numbers). By
The Basis Theorem in [12] we have that they are isometric. Thus, there exists an
isometry ¢y : (Ri(1),h') - (Rl(l),le) such that g, o S; = 17 o g1. In particular,
g1 € Iso(R1(1),b'). In the same manner, there exists g_; € Iso(R;(-1),b7!) such that
g-10S5_1 =T_10g_1. Therefore, there exists g = (g1,9-1) € G such that goSog=!=T.

Finally, we compute the isotropy subgroup at S € o(-1,-1) of the action of G.
Let g = (91,9-1) € G such that go So g™ = S. Hence, gso S5 = Ss o gs and g5 €
Iso(R1(d),b%). This implies that gs is an isometry of the Hermitian complex vector
space (R1(0),Ss,h%), where h' and h~! have signature (p/2,p/2) and (q/2,q/2),
respectively. Then,

g €Iso(Ry(1), 51, h') x Iso(Ri(-1),5-1,h7") 2 U(p/2,p/2) x U(q/2,q/2),
as we stated.

In order to deal with the remaining cases, we suppose now that A/ = —1. Since R_,
is split, by Proposition 4.3 we have that (E, R_1) is an L-vector space and b_; is an
L-Hermitian bilinear form. From [18, Proposition 1.3.3] we have that (E, R_1,b_1) is
isometric to (L™, B_;) where B_; is as in (13). More precisely, there exist an L-linear
isomorphism ¢! : [E - L™ such that B_; = ¢*b_;.

Let X(A, ¢) be the set of Endg(IL™) corresponding to o (A, ¢) via the isomorphism
©.

We recall that the dimension of M is m = 2n (see Proposition 4.1) and the group
G_; of transformations preserving B_; is isomorphic to Gi(m,R), by Lemma 4.5.

Case (1,-1) Let S € 3(1,-1). By definition, S anti-commutes with the multipli-
cation by ¢, so S is as in (10), that is, there exist linear transformations P,Q of
R™ such that S(ex +ey) = e Py +eQux, for all z,y € R™. On the other hand, by
Proposition 4.3, we have that

B—l(va SY) = _B—I(Xay)a
for all X,Y e L™. Using (14), with X = ex +ey and Y = eu + ev, this is equivalent to
€<Q$,PU> +E(Pya QU) = —€<ZB,’U> —é(y,U,),

and hence, P!() = — id. Besides, S? = id, so PQ = id. Combining the above rela-
tions we have that P and () are invertible transformations of R™ which are skew-
symmetric for (-,-). More precisely, S € ¥(1,-1) if and only if

S(ex +ey) =ePy+eP ',
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where P is skew-symmetric for the canonical inner product on R™. In particular, P
induces a symplectic structure wp(-,-) = (P-,-) on R™.

Now, the group G_; of transformations preserving B_; acts by conjugation on
Y(1,-1) (this follows checking condition (7) of Proposition 4.3). Let us see that the
isotropy subgroup of the action of G_; at S, which we call H; _;, is isomorphic to
Sp(m,R). Indeed, by Lemma 4.5, given f € G_; there exists A € GI(m,R) such that

f(ex +ey) = e Az +e (A y.

Since fSfl(ex +ey) = eAPAly +e(A!)"1P~1A™1x, we have that f e H;_; if and
only if APA?* = P. This is equivalent to the fact that A is a symplectomorphism of
(Rm,wp).

It remains to show that G_; acts transitively on ¥(1,-1). Let S; and Sy be in
¥(1,-1) and let P; and P, be the linear transformations that define S; and Ss,
respectively. Since (R™ wp, ) and (R™, wp,) are symplectic vector spaces, it follows
from [12, The Basis Theorem| that there exist a symplectomorphism A between
them, and so (A~ ')*wp, = wp, (here, P, = (A"1){P,A-1). It is straightforward to
verify that f defined by

flex+ey) =ecAx+e(A) 1y
satisfies that fS;f~1 = Ss.

Case (-1,1) Let S € ¥(-1,1). Since S is an R-linear transformation of I.?* and
commutes with the multiplication by &, we have that S is an L-linear map. Moreover,
Proposition 4.3 implies that S € G_;. Therefore, using Lemma 4.5, S has the form

Slex+ey) =eJw+e(J) 'y, Vao,yeR>™, (16)

where J is a linear transformation of R?" such that J? = — id (since S? = - id).
Again, verifying that condition (7) of Proposition 4.3 is fulfilled, we have that
G_; acts by conjugation on »(-1,1).
We fix S e ¥(-1,1) and call H_;; the isotropy subgroup of the action of G_; at
S. We have that H_; is isomorphic to GIl(n,C). In fact, for f € G_; there exists
A e Gl(2n,R) such that

flex+ey) =ecAx+e(A) 1y
for all z,y € R?" (see Lemma 4.5). Since
fSf i ex+ey)=eAJA \w+e ((AJAHY) 1y,

we have that fSf~! = S if and only if A commutes with J. That is, A is an invertible
linear transformation of the complex vector space (R?",.J).

The proof is completed by showing that G_; acts transitively on 3(-1,1). Let
Sy and Sy in 3(-1,1), and let J; and J, be the associated linear complex structures
on R?". Let A be an isomorphism between the complex vector spaces (R??, J;) and
(R?7, Jy). We have that AJ; = JoA. Therefore, f defined by f(ex +ey) = eAx +
e(At)ly satisfies Sy~ =Ss.

Fiber bundle structure For k£ = +1, let F, be the bundle of all b;-orthonormal
or b_j-unitary frames over M, that is,

sz{f:LGeTxMMk(f(z),f(w)):Bk(z,w) for all z,weILQ”,xeM}.
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This is a principal Gi-bundle with the right action given by
‘Fﬁka_)fk7 f*g:fogv

where ¢ is as in Lemmas 4.4 and 4.5, for £ = 1 and k£ = -1, respectively. More
precisely, if g = (P,Q) € Gy = O (n,n) x O (n,n), then

g(ex +ey) = ePx +eQy

and if g € G_1 = G1(2n,R), then

ez +ey) =eg(x) +2(g") " (y).

We already know that G, acts transitively on o (), ¢) with isotropy subgroup
Hy,.
Now, for (A, £) # (-1,-1) we define the equivalence relation ~,, on Fy, by

fi~yefo itandonlyif fo=f+h forsome heH)yy.

Since H,y ¢ is closed in Gy, we have from Section 1 of Chapter 6 in [15] that the
set of equivalence classes is the total space of a fiber bundle over M with typical
fiber G)\K/H)\7g.

We observe that the arguments at the algebraic level in the first part of the proof
give a natural identification between o (A, ¢) and the fiber at x of Fye/ ~ie. For
instance in the case (-1,1), for f € F_y, the class [f] corresponds with S e o (-1,1)
given by

S(f (ex+ey)) = f(ej () +2 ()" y)

0 -I,

for all x,y € R?, where j = ( L0

) € RanQn‘

Finally, we recall that in the case (-1,-1), the extended tangent bundle TM
splits as the Whitney sum R; (1) ® R; (-1) and each summand has a neutral metric.
One considers the O (p,p) x O (q, q)-principal bundle of all maps of the form

(fi, f2) s RPP R > Ry (1), x Ry (=1,

with f; preserving the corresponding inner products, for x € M, and proceeds as in
the other cases. m

5 Examples

I) Given A, ¢ = £1, we find conditions on closed 2-forms on M implying that the
associated B-fields preserve integrable (A, £)-structures. Let w be a closed 2-form on
a smooth manifold M and let B, be the vector bundle isomorphism of TM defined
by

By(u+0) =u+o+w(u),

which is called a B-field transformation. It is well known that B, is an isometry for

b and preserves generalized complex and paracomplex structures (acting by conju-
gation S~ B, -S=B,0S50B_,).

12



Proposition 5.1 Let (M,r) be a product manifold and let w be a closed 2-form
on M. If r is symmetric for w, then B, preserves integrable (1,1)- and (-1,-1)-
structures on M. Also, if r is skew-symmetric for w, then B, preserves integrable
(1,-1)- and (-1, 1)-structures on M.

For example, if (M,r,g) is a para-Kahler manifold, then w® = gor on (M,r)
provides a B-field transformation of integrable (1,-1)- and (-1, 1)-structures of
(M, r). In general, w may be degenerate.

Proof Let w be a closed 2-form on M. To see that B, preserves integrable (A, /)-
structures on M, it suffices to check that B, commutes with R),. This is equivalent
to show that

whr = Mrrw'b.

If r is symmetric for w this equality holds for A/ =1 and if r is skew-symmetric for
w this equality holds for A/ = -1, and the proof is concluded. m

IT) a) We address the question whether the existence of both integrable (\,0)- and
(0, ¢)-structures on the product manifold (M, r) can be used to construct a curve of
integrable (A, £)-structures on (M, r).

Proposition 5.2 Let s and w be an integrable (X,0)- and an integrable (0,()-
structure on (M, 1), respectively, and for u=+1 call

-1
S=(8 _2*) and Q#:((BI7 #(o.(i)b) )
Then the following assertions are equivalent.
a) For all t e R, cost S +sint Q) is an integrable (\, £)-structure on (M,r).
b) For allt € R, cosht S +sinht Q_y is an integrable (A, l)-structure on (M,r).
c) The integrable (\,0)-structure s is symmetric for w.
Moreover, for almost all t the structures in (a) and (b) are not induced by in-

tegrable (X\,0)- or (0,0)-structures on M as in Example 3.3, and also they are not
obtained from them via B-field transformations.

Notice that Q_y is not a (A, £)-structure on (M,r), but it does not yield a con-
tradiction, since (J_) does not belong to the curve.

Proof For x = £1 we call cos = cosy,sin = siny, cosh = cos_; and sinh = sin_;. Also,
we set Sy = cos,t S +sin,t Qx\ and compute

Sﬁvt =cos’t S*+sin?t Q2 +cos.tsingt (SQux + QurS) .

Now, since cos2t Al +sin?t kAl = A\, we have that S?, =M if and only if SQ, +
Qx2S = 0. But this happens if and only if wbs = s*wt, or equivalently, that s is
symmetric for w.

In this case, it remains to check that the rest of the conditions for S, to be
an integrable (\,{)-structure are satisfied. In order to see that (2) holds, by the
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linearity of the equation, since S is a (A, ¢)-structure and @, is a (u,¢)-structure
(by Example 3.3), we have only to verify that

Q—)\R)\é = _)\RMQ—)\-

This is equivalent to wbr = —fr*wb, and this is true, since w is an integrable (0, ¢)-
structure.

We have that Sy ; is skew-symmetric for b and split due to the fact that S and
Q. satisfy these two conditions.

Next, we check the integrability condition. By [22], the set of smooth sections
of the (xv/)\)-eigenspace of S, is closed under the Courant bracket if and only if
N, , =0, where for any ® € End (TM) (with 2 = X id)

No(X,Y) = [®(X), 2(Y)] - ©([X, (V)] +[®(X),Y]) + A[X, Y], (17)

for all X,Y smooth sections of TM. Since Ng = 0 and Ng,_, = 0, a lengthy but
straightforward computation yields that Ng, ,(X,Y) = 0if and only if Ngo_, (X,Y) =
0, where 2Ngo(X,Y') equals (see [17, page 37])

[S(X), Q) ]+[Q(X), S(Y)]-S([X, Q(Y) +[Q(X), Y])-Q([X, S(YV)]+[S(X), Y]).

On the other hand, calling J.y = SQ.» (which also satisfies J2, = —xid) and
following the computations in the context of the hypercomplex [24] (see also [4])
and hyper paracomplex manifolds (Proposition 6.1 in [16]), we have that N, , =0
and

2AJx Nso, (X,Y) =N, (S(X),S(Y)) +kNg(X,Y) - No_, (X,Y)

for all X,Y smooth sections of TM. Thus, the integrability condition is proved. In
particular, we observe that Jy is a generalized complex structure on M.
The assertion regarding B-fields is clear once one conjugates each of the extremal

structures as in Example 3.3 by ( 19(3 i(()i ) [

b) As an application of the above proposition, we exhibit a concrete example of
a curve of integrable (1, 1)-structures on a non-flat Lie group endowed with a left
invariant paracomplex structure.
Let M be the Lie group H x R, where H is the three dimensional Heisenberg
group. Let B = {eq, es,e3,e4} be an ordered basis of Lie (M) satisfying
[e1, e2] = e3,

and [e;,e;] = 0 for the remaining Lie brackets. Let B* = {el,e?,e3,e} be the basis
dual to B. Consider the matrices

_ To 0 . 1 0
T_(O ro) and J = (O i)’
1 0 . 0 -1
where TO—( 0 -1 ) and 17 = ( 10 )

Example 6.4 and Proposition 6.5 in [2] tell us that r and j are the matrices (with
respect to B) of a paracomplex and a complex structure on M, respectively, yielding
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a complex product structure on M (all of them left invariant). Hence, s = jr is an
integrable (1,0)-structure on (M,r). Now, we consider the left invariant symplectic
structure on M (see [19]) given by

w=elnet +e?ned,

for which r is skew-symmetric. Hence, w is an integrable (0, 1)-structure on (M, r).

Then
[s O [ 0 (wh)!
S—(O _S*) and Ql—(wb 0 )

are the matrices of left invariant integrable (1,1)-structures on (M,r), with respect
to the ordered basis C of T,M & T,M* obtained by juxtaposition of B with B*.

Standard computations show that s is symmetric for w. Then, by Proposition
5.2 a), we obtain that cost S +sint ) is a curve of integrable (1, 1)-structures on
(M,r).

III) We present an example of a left invariant integrable (-1, -1)-structure on a
Lie group GG with a product structure r, such that G admits neither complex nor
symplectic left invariant structures compatible with r, that is, integrable (-1,0)-
and (0, —1)-structures.

Let GG be the simply connected six-dimensional Lie group whose Lie algebra g in
the ordered basis B = {e1, €2, €3, €4, €5, €6} satisfies

[61,62] =-2ey, [61763] =ég t+ €3, [61764] = —€y4, [61,65] = €2 * €5, [61766] =eg + e

and [e;,e;] = 0 for the remaining Lie brackets. Let B* = {e!,e?, e, e, €% €%} be the
dual basis of B.

We consider the left invariant product structure » on G whose matrix with respect
to B is given by

[r]s = diag (I, -L4).

By Section 3 of [3], a left invariant generalized complex structure on G is the same
as a left invariant complex structure on the cotangent Lie group 7*G which is skew-
symmetric with respect to the bi-invariant canonical split metric on it.

In our case, the cotangent Lie algebra g x4+ g* is given by the Lie brackets of
the Lie algebra g together with [e1,e?] =2e2 -3 —€® — €5 and

[617 63] = _637 [61764] = 647 [61765] = _657 [61766] = _667
[627 62] = _2617 [63762] = 617 [63)63] = 617 [64764] = _617
[€5a62] =61a [65765] =617 [66762] =617 [66766] :61‘

Let J be the linear complex structure on g x,4+ g* defined by
J(e1) =€, T(ez) = —e', T(e3) =e*, T(es) = —€®, T (e5) = eg and J () = €°.

Then J induces a left invariant complex structure on 7*G, which is skew-symmetric
with respect to the bi-invariant canonical split metric and commutes with R;. That
is, J is an integrable (-1, -1)-structure on (G,r).

Now, suppose that there exists a left invariant integrable complex structure j
on G such that jr = rj. This is equivalent to the fact that the eigenspaces of r are
j-invariant. Thus,

jler) =aep +bes,  j(es) = cey +des
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for some real numbers a,b,c and d, and also j(e;) € span {es,-, eg} fori = 3,---, 6.
Computing N;(es, e3) (here, the definition of N; is as in (17) with A = —1), since j is
integrable and B is a basis of g, we obtain that ¢ = 0. But this implies that d? = -1,
which yields a contradiction.

Finally, we prove that g does not admit a left invariant symplectic structure. We

have that
del =0, de?=2el?2-el3—¢eld—elb  (e3=—el3
de* = el4, ded = —eld, deb = —el6,

where e/ = e' Ael. Thus, if w is a 2-form, that is w = ¥, c;j €’ A e/, we obtain that
w is closed if and only if w = 8 + o, where

B=Y cyetnel and a=cue®rnet +eppet A’ +euget Al
1<j

But a straightforward computation shows that w? vanishes, so w can not be a sym-
plectic form on g. In particular, G does not admit any left invariant integrable
(0, -1)-structure.

References

[1] Alekseevsky, D.V., Medori, C., Tomassini, A.: Para-Kéahler Einstein metrics on
homogeneous manifolds. CR Math. Acad. Sci. Paris 347, 69-72 (2009)

[2] Andrada, A., Salamon, S.: Complex product structures on Lie algebras. Forum
Math. 17, 261-295 (2005)

[3] de Andrés, L.C., Barberis, M.L., Dotti, I., Ferndndez, M.: Hermitian structures
on cotangent bundles of four dimensional solvable Lie groups. Osaka J. Math.
44, 765-793 (2007)

[4] Barberis, M.L.: Grupos de Lie que admiten estructura hipercompleja invariante.
PhD thesis at Universidad Nacional de Cérdoba (1994)

[5] Bryant, R.L.: Bochner-Kéhler metrics. J. Amer. Math. Soc. 14, 623-71 (2001)
[6] Courant, T.J.: Dirac manifolds. Trans. Am. Math. Soc. 319, 631-661 (1990)

[7] F. Etayo, R. Santamaria, U.J. Trias, The geometry of a bi-Lagrangian manifold,
Differ. Geom. Appl. 24 (2006) 33-59.

[8] Ferndndez-Culma, E.A., Godoy, Y., Salvai, M.: Interpolation of geometric struc-
tures compatible with a pseudo Riemannian metric. Manuscripta Math. 151,
453-468 (2016)

[9] Garcia Rio, E., Hervella, .M., Vasquez-Lorenzo, R.: Curvature properties of
para-Kéhler manifolds. In: Tamadssy, L., Szenthe, J. (eds.) New Developments
in Differential Geometry, Math. Appl. 350, Kluwer, Dordrecht, 193—200 (1996)

[10] Gualtieri, M.: Generalized complex geometry. Ann. Math. 174, 75-123 (2011)
[11] Hamilton, M.J.D.: Bi-Lagrangian structures on nilmanifolds. J. Geom. Phys.
140, 10-25 (2019)

16



[12]

[13]

[14]

[15]

[16]

[19]

[20]

[21]

[22]

23]

Harvey, F.R.: Spinors and Calibrations. Perspectives in Mathematics 9, Aca-
demic Press, Boston (1990)

Harvey, F.R., Lawson Jr., H.B.: Split special Lagrangian geometry. In:Dai, X.,
Rong, X. (eds.) Metric and Differential Geometry. The Jeff Cheeger Anniversary
Volume, Progress in Mathematics 297, pp. 43-89. Springer, Berlin (2012)

Hitchin, N.: Generalized Calabi-Yau manifolds. Q. J. Math. 54, 281-308 (2003)

Husemoller, D.: Fibre bundles. Third edition. Graduate Texts in Mathematics
20, Springer-Verlag, New York (1994).

Ivanov, S., Zamkovoy, S.: ParaHermitian and paraquaternionic manifolds. Dif-
ferential Geom. Appl. 23, 205-234 (2005)

Kobayashi, S., Nomizu, K.: Foundations of differential geometry, I. Interscience
Tracts in Pure and Applied Mathematics No. 15. John Wiley and Sons, Inc.,
New York (1963)

Krahe, M.: Para-pluriharmonic maps and twistor spaces. In: Kassel, C., Turaev,
V.G. (eds.) Handbook of Pseudo-Riemannian Geometry and Supersymmetry:
IRMA Lectures in Mathematics and Theoretical Physics 16, pp. 497-557. Eu-
ropean Mathematical Society Publishing House, Freiburg (2010)

Ovando, G.: Four dimensional symplectic Lie algebras. Beitrage Algebra Geom.
47, 419-434 (2006)

Salvai, M.: Generalized geometric structures on complex and symplectic mani-
folds. Ann. Mat. Pura Appl. 194, 15051525 (2015)

Stienon, M.: Hypercomplex structures on Courant algebroids. C. R. Math.
Acad. Sci. Paris 347, 545-550 (2009)

Vaisman, I.: Reduction and submanifolds of generalized complex manifolds.
Differ. Geom. Appl. 25, 147-166 (2007)

Wade, A.: Dirac structures and paracomplex manifolds. C. R. Math. Acad. Sci.
Paris 338, 889-894 (2004)

[24] Yano, K., Ako, M.: Intergrability conditions for almost quaternionic structures.

Hokkaido Math. J. 1, 63-86 (1972)

17



