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Abstract

Recent results of C. Gordon -Y. Mao and H. Pesce imply that
isospectral compact hyperbolic Riemann surfaces have Laplace and
length isospectral unit tangent bundles. In this note we give explicit
formulae relating the spectra of such surfaces and those of their unit
tangent bundles, and use them to prove the converses.
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1 Introduction

The problem whether within a family of compact Riemannian manifolds the
Laplace spectrum and the length spectrum determine each other has been
extensively studied. For example, by means of Poisson summation and of the
Selberg trace formula, one has a solution to this problem for the family of
flat tori of a given dimension, and the family of compact hyperbolic Riemann
surfaces, respectively (by a hyperbolic Riemann surface we understand an
oriented surface of constant curvature —1). Here we obtain the following
result, which implies in particular that within the family ¢/ of unit tangent
bundles of compact hyperbolic Riemann surfaces, the Laplace spectrum and
the length spectrum determine each other.

*Partially supported by CONICOR, CIEM (CONICET) and SECYT-UNC.



Theorem 1 Let Sy and Sy be compact hyperbolic Riemann surfaces and
let T'S,, TSy be their unit tangent bundles, endowed with the canonical
(Sasaki) Riemannian metric. Then the following assertions are equivalent.

(a) Si and Sy are isospectral.
(b) T*Sy and T'Sy are length isospectral.
(c) T'S; and TSy are Laplace isospectral.

This theorem is a consequence of theorems 2 and 4 below: the former
implies that (a) and (b) are equivalent, and the latter asserts the equivalence
between (a) and (c¢). On the other hand, the proposition in IV B of [P] yields
that (a) implies (c). Besides, (a) implies (b) essentially as a consequence of
this proposition and Proposition 1.3 and Theorem A in [G M]. We do not
comment on this since both implications also follow from explicit formulae
in the first items of Theorems 2 and 4 in this note.

At least with regard to the techniques, this is related to some extent to
the work of C. Gordon and E. Wilson ([G],|G W]) on the spectra of compact
Heisenberg manifolds. As for the unit tangent bundles considered here, they
are geometrically non trivial S'-bundles over manifolds about them much
spectral information is available (flat tori and compact hyperbolic Riemann
surfaces).

Next we recall some definitions and state the theorems referred to above.

Let M be a Riemannian manifold. The length spectrum of M is the
function my : R — N U {0,000} defined as follows: mj; (¢) is the number
of free homotopy classes which contain a closed geodesic of length ¢. If
M is a Riemannian covering of a compact manifold, then the support of
mys (called the weak length spectrum of M) consists of a discrete sequence
0 < {3 <y < ... (the lengths) and my, (¢) is the multiplicity of ¢. The
primitive length spectrum Pmy; of M is defined analogously, replacing closed
geodesic with primitive closed geodesic. If M is compact these functions are
finite and every free homotopy class contains a closed geodesic.

Let H be the hyperbolic plane and let T'H be its unit tangent bundle
endowed with the Sasaki metric. For £ € R let X, : R — N U {0} be defined

by & (t) = #{(p,Q) ENXZ |\ 2r%¢* + (?p* = t}-

Theorem 2 Let S be a compact hyperbolic Riemann surface and let TS be
its unit tangent bundle endowed with the Sasaki metric.
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(a) The following formula gives the length spectrum of TS in terms of
that of S.
mpig = ZPmS (0) Xo +mppy (1)

>0
(b) Conversely, the length spectrum of T'S determines that of S.

Theorem 3 The weak length spectrum of TS can be expressed in terms of
that of S as Lyor U Lyer, where

Lior = {\/27r2q2 +02p? | (p,q) € N X Z and { € supp (Pmg) }
and  Lyer = {W\/ 2¢ —4p* | ¢,p € N and q > 219}

(here supp (Pmg) is the primitive weak length spectrum of S). If we require
p and q to be coprime, we obtain the primitive weak length spectrum of T1S.

The Laplace spectrum of a compact Riemannian manifold M is the func-
tion ppr : R — NU{0} defined by up (A) = dim (V)), where V) = {f €
L2 (M) | Af = MAf}. The support of uy consists of a discrete sequence
0=X < A1 < Ay < -+ — 00 (the eigenvalues) and s (N) is the multiplic-
ity of A.

For A € R, let 6, and () be respectively the characteristic functions of {\}
and {\ + k2 | k € N}. Let G, be the characteristic function of {m —m? + k?
| k€ N,k >m}if m e N.

Theorem 4 Let S be a compact hyperbolic Riemann surface and let T'S be
its unit tangent bundle endowed with the Sasaki metric. Let g = g (S) denote
the genus of S, which is a spectral invariant.

(a) The following formula gives the Laplace spectrum of T'S in terms of
that of S.
Hris = 50+ZMS(A) (Or+20)+29 ¢ +2(9 —1) Z (2m—1) ¢y,

A>0 2<meN

(b) Conversely, the Laplace spectrum of T1S determines that of S.

Y. Colin de Verdiere proved in [C de V] that for a generic compact Rie-
mannian manifold (all critical submanifolds of the energy function on the
loop space are non degenerate) the Laplace spectrum determines the length
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spectrum. In the last section we show that no manifold in the family i/ is
generic in this sense. We also see that U contains non isometric isospectral
manifolds.

I am indebted to Roberto Miatello for helpful suggestions.

2 Preliminaries

Let M be a smooth manifold. A smoothly closed (or briefly a closed) curve 7
in M is a non constant smooth function «y : [0, a] — M such that 4 (a) = 4 (0).
Such a curve extends uniquely to a periodic curve in M defined on the whole
real line, with period #, satisfying that a is an integral multiple of t,. ~ is
said to be primitive if a = t.

Two closed curves ~; : [0,a;] — M (i = 0, 1) are said to be free homotopic
(71 ~ 72) if there is a continuous map h : [0,1] x [0, 1] — M such that h (¢, 1)
is an increasing reparametrization of ; for i = 0,1, and h (0,s) = h (1, s) for
all s. Free homotopy is an equivalence relation.

Let M denote the universal covering of M, let I' be the fundamental group
of M, and let conj denote conjugation in I'. The map

i : {closed curves in M} /~ — I'/conj

given by i[y] = [g] if ¥(a) = ¢¥(0) with g € T, where 7 is a lift of ~
to M of the closed curve v defined on the interval [0,a], is a well defined
bijection. If M is a Lie group and M carries the induced multiplication, then
il =[3(a) 7).

Suppose now that M is Riemannian. If v : R — M is periodic and ¢ is
its period, then we define length () = length (7‘[0,to]>‘ Thus the length of

a closed curve is an integral multiple of the length of its periodic extension.
We denote by G (M) the set of all closed geodesics and by P (M) the set of
all primitive closed geodesics in M.

Let G = PSI(2,R) ={g € My(R)|det g = 1}/{£I} and let g = {X €
Ms(R) |tr X = 0} be its Lie algebra. Consider on G the left invariant Rie-
mannian metric (,) such that (X,Y) = 2¢r (XY?) for all X|Y € g. Con-
sider the Cartan decomposition g = RZ @& m, where Z = % ( _01 (1) ) and
m={X € g| X = X'}. Let K be the subgroup of G with Lie algebra
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t = RZ and let H = G/K be endowed with the Riemannian metric such
that the canonical projection 7 : G — H is a Riemannian submersion. As
usual we shall identify T, H with m. H is the hyperbolic plane with constant
curvature —1.

GG can be identified via left multiplication with the set of orientation pre-
serving isometries of H, and hence it acts canonically on T'H. We consider
on T'H the canonical (Sasaki) metric, defined by |[€]|? = ||m.&|1* + [|[K(E)]?
for ¢ € T,T'H, v € T'H, where K is the connection operator.

H carries a canonical complex structure, which comes from the G-invariant

quasi complex structure ¢ induced by adz : m — m. Let X; = % ( (1) _01 )

and X, =iX; = % (1) (1) ) By the usual identification of m with T, H we
can write X; € T4 H since || X;| = 1.

The map @ : G — T'H defined by ®(g) = gucrc(X1) is an isometry (notice
that for Y € m, (exptY)..x X is the parallel transport of X; along the curve

(exptY)K, since (G, K) is a symmetric pair).

Let S be an oriented surface of constant curvature —1 and positive injec-
tivity radius, and let I'" be its fundamental group. S is naturally isometric
to I'\H with the induced metric. I' is a discrete subgroup of G which acts
freely and properly discontinuously on H and contains no parabolic isome-
tries. Hence every g € I', g # e, translates a unique (up to an increasing
reparametrization) unit speed geodesic in H.

An element g € ', g # e, is called primitive if whenever g = gf for
some gp € I' and p € N, then p = 1. Let PI" denote the set of all primitive
elements of I'. For each ¢ € I" there exist unique gy € PI' and p € N such that
g = gb. If two elements of I are conjugate in T', then the primitive elements
associated to them in this way are conjugate and the powers coincide.

If g € PT translates a unit speed geodesic ¢ in H in a > 0 (that is
go (t) = o (t+a) for all t), then I'clj, is a closed geodesic in S. This
induces a well defined map

Pi: PT/conj — P (S) /~,  Pilgl = [Tolp.a]

Let @ : G — G be the universal covering of G and let exp : g — G
be the exponential map. G is diffeomorphic to R? and its center is Z : =



“l(e) = {exp(2knZ) |k €Z} ~ Z. Z is also the center of the group
:= 7~ 1(T"), which is the fundamental group of T'S ~ T'\G ~ I'\G.

e

Lemma 5 Let f: T —Z — PI' x N x Z be given by f (g) = (g0, p, q), where
7 (g) = gb and q is the unique integer satisfying go (0) = & (pa) exp (2mqZ),
where & is any lift to G of a geodesic o in H translated by go in a. Then f is
well defined and can be pushed down to the quotients through f : (f — Z) /cong

— (PT/conj) xN x Z.

Proof. If oy is another geodesic translated by go (in @ > 0), then oy = g0
with ¢; commuting with go. Hence any lift &, of ¢y to G satisfies 51 = §&
with ¢ commuting with g. Therefore & (pa)~" g5 (0) depends only on g.
On the other hand, 7 (& (pa) " g& (0)) = e since 7 is a homomorphism and
o (pa) = gho (0). Hence ¢ is well defined. The validity of the last assertion
follows from similar considerations. [J

3 The length spectra of S and T'S

We begin the section describing the geodesics in the unit tangent bundle of
the hyperbolic plane. If V is a smooth curve in 7' H, then V' will denote the
covariant derivative along the projection of V to H.

Proposition 6 (a) Let V be a geodesic in T'H and let ¢ = o V. Then
IIV'|| = const, ||¢||=const =: X\ and one of the following possibilities holds:

(i) If X\ =0, then V is a constant speed curve in the circle T(}(O)H.

(ii) If X # 0, then the geodesic curvature k of ¢ with respect to the normal
i¢/ X is also constant and fort € R

V(t) = e 20 (1) (2)

where z € C is such that V (0) = z¢(0).

(b) Conversely, each curve V in T*H which satisfies (i) or (i) is a con-
stant speed geodesic. Moreover, given a constant speed curve c¢ in H with
constant geodesic curvature, and Vy € TCI(O)H , there is a unique geodesic V'
in T*H which projects to ¢ and such that V (0) = Vj.

(¢) The norm of the vertical component of V with respect to the submer-
sion TYH — H is ||V'|| = \|k|. Furthermore, V has unit speed if and only
if A (14 k?) =1.



Proof. (cf. Corollary 5.3 of [B B BJ]). We recall Sasaki equations for
geodesics in the unit tangent bundle of a Riemannian manifold ([Sa]):

Vi=—|V'|’V  and ¢ =RV V)¢

where R is the curvature tensor. Since |V| = 1 and dim H = 2, the first
equation may be replaced with ||V’|| = const. Suppose A and x are constant.
Clearly V is a geodesic if V' satisfies either (i) or (ii) with A # 0 and k = 0.
Let V be as in (2) with x # 0. By definition of geodesic curvature we have
¢ (t) = Akic(t) , hence

V' (t) = ze 2 (¢ (1) — 2Xkic (1) = —AkiV/ (t)

Then ||V'|| = A|k]| is constant, and the second Sasaki equation is also sat-
isfied, since constant sectional curvature —1 implies R (V,iV)W = iW for
all W. All geodesics are as in (i) or (ii) since one can show that any tangent
vector at ' H is the initial velocity of a geodesic of either of the stated forms.
0J

From now on we consider the upper half plane model of the hyperbolic
plane (with the metric ds? = (dz? + dy?) /y*) and the canonical action of G
on it by Mobius transformations. The geodesic curvature of a regular curve ¢
in H or in some oriented quotient of H will be always computed with respect
to the normal i¢/ ||¢|| and denoted by .

Lemma 7 Let ¢ be a complete curve in H of constant geodesic curvature k.
Given 0 € (0,7), let cg be the curve in H defined by cq (t) = e'e®.

(a) If |k| > 1, the image of ¢ is a geodesic circle of radius |r| and length
|27 sinh 7|, where cothr = K (this implies that the length is 21 /\/K2 — 1).

(b) If |k| = 1, the image of c is a horocycle.

(c) If k = cos @, the image of ¢ is congruent to that of cs.

(d) ¢ is injective < ¢ is not bounded < |k| < 1.

Proof. The lemma follows from straightforward computations, using
polar coordinates for (a) and standard coordinates in the upper half plane
for (b) and (c). (d) is an immediate consequence of the preceding items. O



Now let S be as in the preliminaries an oriented surface of constant curva-
ture —1 and positive injectivity radius, and let I' be its fundamental group.
A unit speed geodesic v in TS is said to be horizontal-like (vertical-like)
if k| < 1 (|k] > 1 or mv is constant). By Proposition 6 (c) this is equiva-
lent to the fact that the (constant) norm of the vertical component of v is
smaller (greater) than the norm of the horizontal component. We denote by
Ghor (T1S) the set of all closed horizontal-like geodesics in T'S. The defi-
nition of Gye (T1S) is analogous. Every periodic geodesic in TS is either
horizontal-like or vertical-like, since curves with |x| = 1 lift to horocycles in
H (Lemma 7 (b)) and I' contains no parabolic isometries.

Lemma 8 Let S be an oriented surface of constant curvature —1 and con-
sider on TS the canonical metric. Let v be a geodesic in TS such that
c = v is not constant and has geodesic curvature k. Then v is closed if and
only if ¢ is periodic and pklength (¢) = —mq for some coprime integers p,q,
with p > 0. In this case, length (v) = p (length ¢)v1 + k2.

Proof. By Proposition 6, v = I'V with V as in (2). If v is closed, then
clearly so is ¢, and the period t, of v is the least positive number ¢ satisfying
simultaneously ¢(¢) = ¢(0) and —2A\xt € 27Z (notice that ©(0) = 0 (s) if
¢(s) = ¢(0) and v (0) = v (s)). Equivalently, Aty = nlengthc, where n is
the least positive integer such that —nklength ¢ € wZ. This proves the first
assertion. We continue the argument in order to compute the length of v.
Since p and ¢ are coprime, then n = p and

length v = tq ||0]| = & (length c) ’VH .

112
Now by definition of the Sasaki metric, ‘VH = |le]> 4+ [[V']? = X2 (1 + K?)

by Lemma 6 (c) and the last assertion follows. [J

Let ¢; be the isometry of H defined by ¢; (2) = e'z. Given z € H, let ¢, be
the curve in H defined by c, (t) = ¢; (2). If z = re? with 0 < < 7, then by
Lemma 7 the curve c, has constant geodesic curvature k = cos @, since it is a
reparametrization of ¢y defined in that lemma. Let V, the unique unit speed
geodesic in T*H which projects to an orientation preserving reparametriza-
tion of ¢, and such that V; (0) is a positive multiple of ¢, (0).

Now we describe the periodic horizontal-like geodesics in the unit tangent
bundle of a hyperbolic cylinder of positive injectivity radius. Given ¢ > 0, let
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Iy be the subgroup {¢}' | m € Z} and let S, the cylinder I')\H with the
induced Riemannian metric. Objects associated to S, are indicated with the
subscript /.

Lemma 9 (a) I'yc, is a periodic curve in Sy of length £/+/1 — k2.
(b) T4V, is periodic in T Sy if and only if k/7v1 — K2 € Q, say

—qmV'1 — k2 = Ukp (3)

for some coprime integers p and q, with p > 0. In this case we have that

(1) length (T',V,) = \/27%2¢% + (?p*> =: L
(ii) fooig TeValon], = (e, 0 q).
(c) If v is a unit speed horizontal-like periodic geodesic in TSy, then
v =ul',V, for some z € H and u € S*.

Proof. Clearly I';c, is a periodic curve of period ¢. Hence length (I'yc,) =
C||¢. (0)|], since ||¢.|| is constant. Thus (a) follows from the following compu-
tation.

|, (0)|| = |¢- (0)] /Im e, (0) = ‘reie‘ /rsinf =1/sinf =1/vV1—r2 (4)

The first assertion of (b) is an immediate consequence of (a) and Lemma
8. Solving in (3) for  in terms of ¢/p and substituting in (a), we obtain (i)
by the expression for length (v) in Lemma 8.

Now we prove (ii). By Proposition 6, V, (t) = ‘e 2*%C, (t), where

C. (1) = e (ar), \CZ ;

= X and \? (1 + &%) = 1, for some a € R. Clearly

C. (t) = (¢ur), C. (0). Suppose that +C, (0) = @ (g) with g € G (we recall
that @ identifies G with T'H). Since ¢, is the Mobius transformation asso-
ciated to exp (sX;), and multiplication by e* in T*H corresponds to right
multiplication by exp (sZ) in G, we have that

V. (t) = @ (exp (atX1) gexp (—2AktZ))

Hence V, (t) = 7 (y(t)), where v(t) = exp(atX;)gexp(—2AxtZ), with
g = g. We obtain from Lemma 8 that —2AxL = 2mq, since by its proof
plength (¢) = AL. Furthermore, replacing length (¢) in the expression for
length (v) in Lemma 8, with its value given in (a), we have that aL = ¢p,



since a straightforward computation using (4) yields a = v/1 — k2/v/1 + k2.
Therefore

ie [Te Vil = [7/(£) 7 (0)7'] = [6% (pX1) 6% (274 2)]

(notice that exp (2m¢Z) lies in the center of G). Thus (ii) follows from the
fact that exp (pfX;) = ¢} and ¢y is primitive in I'y.

Now we prove (c¢). Suppose that v is a unit speed periodic geodesic in TS,
of period L, that projects to a periodic curve ¢ of constant geodesic curvature
ki, with || < 1. Let V be alift of v to T'H and let C' be its projection to H.
Then C' is a lift of ¢ and there exists m € Z such that (d¢}*) C (0) = C (L).
But by Lemma 7 there exists a unique constant speed curve Cy in H with
constat geodesic curvature and C; (0) = C (0) and C; (L) = ¢#*C (0) and it
must be a reparametrization of ¢t — ¢,C (0) = c¢(o) (t). Hence V = uV (g
for some v € S! and the assertion follows.

Lemma 10 All horizontal-like closed geodesics in a free homotopy class have
the same length. Thus length is well defined on Gyor (T1S) /~.

Proof. Let v; (j =1,2) be free homotopic horizontal-like unit speed
closed geodesics in TS, deﬁned on the interval [0, L;], and suppose that
i [v;] = [g] with § € G and f 13 = ([90] , p, q). By conjugating T in G we may

suppose that gg = ¢, for some ¢ > 0. By 11ft1ng the free homotopy, we can get
lifts v; of v; to G such that 967 (0) =45 (L;). Denoting by V; the projection
of 7; to T'H, we have then that g/V; (0) = V;(L;). Hence I',V; are free
homotopic (horlzontal like) closed geodesics in T Se, which project to v; on
T (I'\H) and whose (common) image under f; o4, is ([go],p,¢). Now it is
easy to see that the formula in Lemma 9 for the length of a closed geodesic in
T1S, in terms of p and ¢ holds even if this numbers are not coprime. Hence
Ly = Ls.

We observe that in fact vy (t) = uwvy (t + to) for some u € S, to € R and
all t € R, but we do not need this in the following. [J

Theorem 11 (a) No horizontal-like closed geodesic in TS is free homotopic
to a vertical-like one.

10



(b) There is a bijection Fy,,. such that the following diagram commutes.

(P(S) /~)x NxZ = Ghor (T'S) /~
length ¢ x id | L length g
R x N x Z L, R

where L ({,p,q) = \/2m2¢> + (?p?.

(c) The map Fyr : G(T'H) /~ — Guer (TVS) /~, Foer[V] = [TV],
is a well defined bijection which preserves the collection of lengths of closed
geodesics in free homotopy classes.

Proof. (a) Let v : [0,a] — T"S be a closed geodesic and let v be a lift of v
to G. Suppose that 7v is not constant and denote by ¢ the periodic extension
of the projection of v to H. There exists § € I satisfying §% (0) = 4 (a). Its
projection g = 7 (g) € T translates ¢ in a. If v is vertical-like, by Lemma
7, the image of c is a geodesic circle in H whose center is fixed by g. Hence
g = e (since I' contains no elliptic isometries) and thus ¢ [v] € Z/conj. The

same holds clearly if 7v is constant. If v is horizontal-like, then c is injective
by Lemma 7. Thus g # e and i ([v]) ¢ Z/conj.

(b) Let ¢ be a primitive closed geodesic in S of length ¢. Let & be a lift
of o0 to H and let g be the unique element of PI' which translates ¢ in /.
There exists h € G such that ¢ = h¢h~!. The group I', = h~'T'h contains
['y. Let p,q integers with p > 0 and let x be the unique number (|x| < 1)
satisfying (3). Setting L = L ({,p,q) and z = €, with cosf = k, we have
that FhVZ|[O7 1) 18 a closed geodesic in TS since it corresponds via the obvious
isometry T'\H — T',\H to a geodesic in T" (I';,\ H) that lifts to I',V,, which
is a closed geodesic in T*S, by Lemma 9. Now

Fhor ([U] » Dy Q) = [Fh‘/z’[o,L]] (5>

is well defined, since if &, is another lift of ¢ to H, then the unique element
g1 € PI' which translates 6, in ¢ is conjugate to g in I' by hy; € T'h.

First we prove that Fj,, is onto. Let v be a horizontal-like closed geodesic
in T'S defined on the interval [0, L]. Since L (¢,mp,mq) = mL ({,p,q) for
all m € N, we may suppose that L is the period of v. Let V' be a lift of v to
G ~ T'H and let c its projection to H. ¢ has constant geodesic curvature,
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say k, with |k| < 1 and T'c is closed in S of period L/p for some p € N. Hence
there exists g € PI" such that gc(t) = ¢(t + L/p) for all t. Now g translates
a geodesic ¢ in H in some positive number, say £. On the other hand, by
Lemma 7 and Proposition 6 (b) there exist h € G such that ¢ = hcy and
u € S' such that V = uhV.,. Hence g = h¢oh~! and I',V, is periodic in TS,
with period L. Thus we have by the proof of Lemma 8 and Lemma 9 that (3)
holds for some integer ¢ coprime with p. By the way in which o, h,p and ¢
were introduced and the definition of Fj.,, we have that L = \/272¢? + (2p?,
that (5) holds, and moreover the free homotopy class of I'hV. |y 1] contains
v.

Now we prove that the composition of the following maps yields the iden-
tity in (P (S) /~) x N x Z, hence Fj,, is injective.

Fror

(P(S) /~) x NXZ =% G (T'S) [~ Ihor, (f — Z) /conj

PoAl (D () fm) x N x Z

Let 0, g, ¢, etc. be as in the definition of Fj,o, and let 7y be a lift of AV |j 1
to G. We have to show that f [’y (L)~ (O)_l] = ([g],p,q). By conjugating I"

in G we may suppose that g = ¢,. In this case we can take h = e and the
identity follows from Lemma 9 (b) (ii).

(c) Let V : [0,a] — T'H be a closed geodesic. Its projection ¢ to H
is either constant or closed. If it is not constant, then by Lemma 7 it has
constant geodesic curvature x with |s| > 1. Hence V and v = I'V are
vertical-like. Next we show that Fi is onto. Let v : [0,a] — T'S be a
vertical-like closed geodesic. With the notation of (a) we have that § € Z,
hence V' = Z7 is a vertical-like closed geodesic in T'H ~ Z\G such that
Fyer [V] = [v]. Now F, is injective since the conjugacy class in I of g € Z
consists only of g itself. The last assertion follows from the facts that V' and
'V have clearly the same length, and the same happens for v and V = Zv
as above. [

Proof of Theorem 2. (a) is just a reformulation of Theorem 11. Now
we prove (b). Let m; = mpmg — mppy and define inductively ¢, =min
supp (my) and myiq = my, — my (€;) Xy, . Since Xy, (¢x) =1 and &y ({) =0
if £ > {y, we have that Pmg (¢x) = my ({x) and Pmg (£) = 0 if £ # {4, for
all k. Thus we obtain the primitive length spectrum of S, from which the
length spectrum can be easily computed. [
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Proof of Theorem 3. By Theorem 11 Ly, is the collection of lengths of
horizontal-like closed geodesics in T1S. By (a) and (c) of the same theorem
it remains only to show that L., is the weak length spectrum of T*H. Let V
be a vertical-like periodic geodesic in T'H and let ¢ = 7V be its projection
to H. If ¢ is constant, then length (V) = 27, which belongs to Ly, (taking
q = 2p = 2). Otherwise c is periodic and by Lemmas 6 and 7 it has constant
geodesic curvature, say , with || > 1, and length 27 /v/k? — 1. Replacing
length (¢) with this value in Lemma 8, we obtain that

2pk [V —1=—q (6)

for some coprime integers p, ¢ with p > 0, and that

length (V) = 2apVk2 + 1/VkK2 — 1 (7)

Now, solving in (6) for x in terms of ¢/p and substituting in (7), we have
that length (V') = m1/2¢? — 4p?. If we take a closed geodesic with periodic
extension V/, then its length is an integral multiple of length (V'), which is
also of the required form for some p, ¢ (not necessarily coprime). To show the
remaining inclusion we may suppose that p, ¢ are coprime integers satisfying
q>2p>0.If g=2p, then p =1, ¢ = 2 and so L, contains the number
27, which is the length of a geodesic V in T'H with ¢ = constant. If ¢ > 2p,
by a similar argument we get that any geodesic in 7' H whose projection to
H runs p times along a geodesic circle in H of constant geodesic curvature s
satisfying (6), is closed and its length is m1/2¢? — 4p?. O

4 The Laplace spectra of I'\H and I'\G

Let M be a compact connected Riemannian manifold of dimension n. For
feC>® (M) and p € M, the Laplacian of f at p is defined by

BHE) ==Y 5

=1

flei(t)),

0

where ¢; is the geodesic in M with initial velocity X;, and {Xi,..., X} is
an arbitrary orthonormal basis of T,M. As usual we denote also by A the
unique self-adjoint extension to L? (M).
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In order to prove Theorem 4, we recall from [L] some well known facts
about unitary representations of G = PSl(2,R). Let G be the set of equiva-
lence classes of nontrivial irreducible unitary representations of GG. G consists
of the principal and complementary series H” with v € iRT U0, 1), and the
discrete series H”, with v varying among the odd integers. The Casimir op-
erator C = X7+ X3 — Z?% acts on H” by multiplication by \ (v) = (v? — 1) /4.
Furthermore, H” decomposes under the action of SO (2) into irreducibles as
follows:

H" = ez HY, if veiRTU[0,1)
H" = &> HY, and H™ = ®p<_Hy" if v=2m-—1, meN

One has that HY, =~ C and that Z? acts on it by multiplication by —&?.
Let
[*(T\G) = C1 & &, nr () B

be the decomposition of L? (I'\G) associated to the quasi-regular represen-
tation of G. Now

L*(D\H) = L*(T\G)* = C 188, s nr (v) (H)" = C1&&,cir+up) nr (v) HY

This corresponds to identifying functions f on I'\ H with functions f on I'\G
which are constant on the fibers of I'\G — I'\ H. Under this identification,

v (f) ==C (f) ®)

Given X € m, the curve V' (t) = ® (exptX) is the parallel transport of X;
along the geodesic ¢ (t) = exp (tX) K in H. On the other hand, ® (exptZ)
is a constant speed curve in the circle T H. Hence by Proposition 6, ¢ —
exp (tX) is a geodesic in G for X € mU ¢, || X| = 1. Therefore by the
G-invariance of the metric, we have for f € C* (I'\G) that

(Arjef) (Tg) = =Ly | [ (CgexptXs) = G| f (Tgexpt2) o
9
=~C(/)(T9) = 2, (/)

Proof of Theorem 4. (a) Let us consider first the Laplacian restricted
to the subspace of L? (I'\G) associated to the principal and complementary
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series. Suppose v € iR* U [0,1), then (1 —1?)/4 is an eigenvalue of the
Laplacian on I'\ H whit multiplicity nr (). By (8), (9) and the description
of the action of Z2, the numbers \ (v) + k%, with k € N U {0}, are Laplace
eigenvalues with multiplicities nr (v) = pr\u (A (v)) if £ =0, and 2np (v) =
2umg (A (v)) if k # 0. Now, arguing similarly for the Laplacian restricted
to the subspace of L? (I'\G) associated to the discrete series, we obtain that
if m € N and v = 2m — 1, then the numbers X (v) + k? with k > m are
eigenvalues with multiplicities 2np (v). The formula follows now from the
facts that A : iRTUJ[0,1) — R is a bijection and that if v is an odd integer,
nr (v) equals g (I'\H) if |v| = 1 and |v|(g(I'\H) — 1) if |v| # 1 (see for
example [H P]).

(b) If pir\¢ is given, we can compute from it the volume of I'\G and hence
we know area (I'\H) =vol (I'\G) /27 and from this the genus of I'\H. Thus
we must obtain pr g in terms of the second term >, 15 (A) (0x +2¢3) of
the expression for pp\¢ given in (a). Let p; denote this second term and
let A\ =min supp (1), which is a positive number. Clearly pp g (A) = 0
if 0 < A < A;. Hence we have that pr g (M) = g1 (A1), since ¢, (A1) =1
and ¢ (A1) = 0if A > A;. We define recursively A, =min supp (u,) and
fni1 = fn — o (An) (On, +2¢,,) and obtain by the same argument that
prve (An) = fn (An) and pupyg (A) = 01f 0 # X # Ay, for all n.

5 Isometry classes and genericity in U/

Remark 12 (a) No manifold in the family U of unit tangent bundles of
compact hyperbolic Riemann surfaces is generic in the sense of Y. Colin de
Verdiere.

(b) Let Sy and Sy be two compact hyperbolic Riemann surfaces and sup-
pose that T'S; and T'Sy are isometric. Then Siand S are isometric. In
particular the family U contains non isometric isospectral manifolds.

Proof. (a) Consider in I'\G =~ T' (I'\H) the closed geodesic v (t) =
TCexp (tZ), t € [0,27], whose image is the circle T} H. From the proof of
Theorem 3 we see that the only closed geodesics in T (I'\ H) free homotopic
to v with length 27 are T'gexp (tZ), with ¢t € [0,27] and g € G. All geodesics
of this type in a neighborhood of v can be obtained as a one-parameter group
of local isometries of T' (I'\H) applied to v. Hence the connected critical
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submanifold in the loop space of energy 472 containing v has dimension less
than or equal to 4, the dimension of Isom (é’) ~ G x R (see [Sc]).

On the other hand, using the method in [Z], we obtain that the di-
mension of periodic Jacobi vector fields along the periodic extension of v
is greater or equal to 5. Hence there is a periodic Jacobi field that is not
the restriction of a Killing field. Therefore the critical submanifold of en-
ergy 472 in the loop space is degenerate and thus 7" (I'\ H) is not generic
in the sense of [C de V] (see also [B]). Now we follow [Z] to show that
the linearized Poincaré map of the periodic geodesic v : R — G, 7 (t) =
exp (tZ), is the identity. The product G x K acts on the left on G by
isometries as follows: (g,k).g1 = gg1k™!, with isotropy group the diagonal
A(K) = {(k,k) | ke K}. Let h = {(Y,Y)|Y €t} be the Lie algebra of
A(K) and let p = {(X+Y,2Y)| X €emand Y € £}. One verifies easily
that h & p is a naturally reductive decomposition for G expressed as the
quotient (G x K) /A (K). Identifying p ~ T.G in the usual way, we have in
the notation of [Z] that v = 4 (0) = (Z,Z) and E = vt = {(X,0) | X € m}.
Given U = (X,0) € E we compute [v,U] = (iX,0) = [v,U], and hence
[v, U], = 0. Therefore in the notation of [Z] we have E} = E, = 0 and hence
E® E =V, &V, Since exp (2nZ) = e we have that the linear isometry A
is the identity on p. Consequently the linearized Poincaré map for v is the
identity. Moreover, since the geodesic spray of 7 is a periodic Jacobi field,
we obtain finally that the dimension of periodic Jacobi fields along ~ is at
least 14+ dim (F' @ E) = 5.

(b) For j = 1,2 and for each v € T*S; there are exactly two unit vectors
+¢ € T, (T'S;) where Ricci, attains its maximum (see [M]). The maximal
connected leaves of the one-dimensional distribution D; (v) = R, defined
on Tlsj are the fibers of the bundle Tlsj — S;. It F e T'S, — T'S, is an
isometry, then F| preserves the distributions and hence the leaves. Moreover
the function f :S; — S5 which lifts to F' is an isometry since the projection
T'S — S is a Riemannian submersion. The last assertion follows from the
fact that there exist non isometric isospectral compact hyperbolic Riemann
surfaces (see [V]).
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