ONE-SIDED EXTRAPOLATION AT
INFINITY AND SINGULAR INTEGRALS

ROBERTO A. MACiAS — M. SILVINA RIVEROS

ABSTRACT. In this paper we prove, on one hand, extrapolation from infinity for the one-sided

classes A;{, AT (p,q), A;q,aﬂ, and on the other hand, the BM O-boundedness for one-sided

singular integrals. We also provide several applications of our results.

1. INTRODUCTION

Extrapolation properties for the Muckenhoupt classes A, were proved by J.L. Rubio de
Francia in 1984, see [14], roughly speaking, if an operator preserves LP°(w) for all w € A,,,
then it necessarily preserves the LP(w) space for every w € A,, and every 1 < p < 0.
Extensions of this result were obtained by several authors, for instance in [5] and [6], E.
Harboure, R.A. Macias and C. Segovia study A(p, q) classes, pairs of weights and extreme
cases, pp = oo; more recently F. Martin-Reyes, P. Ortega and A. de la Torre, see [9],
considered this problem for one-sided classes of weights for 1 < py < co. (The one-sided
classes of weights were first introduced by Sawyer in [13].) Since proving LP° boundedness
for py = oo is usually much simpler than doing this for a finite pg, it is of great interest to
study that extreme case.

In this paper we study the strong and weak extrapolation properties of one-sided classes
of weights, A; , AT (p,q) and A;; q.0,p Starting from co. The results are stated in Paragraph
1, see Theorems I through V. The proofs of these theorems are given in Paragraph 4.
Moreover we also study in Paragraph 2 the weighted BM O boundedness of one-sided
singular integral operators recently introduced by H. Aimar, L. Forzani and F. Martin—
Reyes, ( see [1] ). These allow us to show several applications which are contained in
Paragraph 3, including new proofs of the results appearing in [1], [9], and [10].

Before stating our results we need some definitions. Given p € R\{0}, p’ is the conjugate
index, 1/p+1/p’ = 1. A nonnegative function w defined in R shall be called a weight if it
is locally integrable. In the following we consider the right lateral classes. It is easy to see
that the left classes can be treated analogously.

A weight w is said to belong to the class A;, 1 < p < o0, if and only if there is a
constant C' such that
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-1
1 /" P
- - —51 <C
(h /m—h w) (h /ac b ) -
for every h >0 and z € R. The class A] is defined by

xT

M~ w(x) = sup/ w(t)dt < Cw(x),
h>0Jz—h

for almost every x € R. For p = oo, we put

AL = upzlA;.

We say that a pair of weights, (u,v), belongs to At (p,q), 1 <p < 00,1 < g < o0, if

and only if
T 1/q z+h 1/p’
L)
x—h x

for all h > 0 and z € R. Also (u,v) € A*(p,0) if and only if

1 x+h 1/p/
HX[mfh,a:]uHoo (%/ v P > < C,

for every h > 0 and z € R.
We say that v € AT (p,q), AT (p, 00), if the pair (v,v) does.
Foro<pg<a<landl<p<gqg< oo, A;q7aﬁ is the class of all the pair of weights

(u,v), such that
b\ /4 . -y 1/p'
v (s) 8
L) ([ eame)  =ce-or

is satisfied for every a < b < c¢. In the case p =1, we let (u,v) € Atq,a,,@ if and only if

b 1/q
(/ U) <C(c— a)ﬁ essinfse(bﬁ)vl_p/(s)(c — 5)(1—04) ,

whenever a < b < ¢. In the case 1 < p < 0o and ¢ = 00, (u,v) € A;;oo’aﬁ if and only if

c ,Ul—p (8) 1/p’ 5
HX[a,b}uHoo . m ds <C(c—a)”,

is satisfied for every a < b < c.

Extrapolation results.
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The next theorem is an extension of the one that appears in [8], where the case
1 < pg = qo < o is obtained.

Theorem I. Let T be a sublinear operator defined on C§°(R). If the inequality

([izsmon )/ < o ([ 1o )/

holds for some pair (po,qo), 1 < po < qo < oo and for all weights v belonging to the class

AT (po,qo), then for any pair (p,q) 1 < p < q < oo, satisfying % — % = pio — qio, and for

any weight v € A" (p,q) the inequality

(/ \Tﬂ%q)”q <o ([ rprvp)l/p,

holds, provided the left hand side is finite.

Given f belonging to L} (R), let

loc

N
" B l x+h B l x+2h
+($)—2gp0h/x (f(y) h/:H—h f(z)dz | dy,

where zT = max(z,0). In [9], an one-sided version of the BMO space, BM O™, is defined
as the set of those functions such that || fjﬁéHOo < 0o. We consider the quantity given by

1 oz = supsup [oxp—nalloo | = / ) — / fz)dz| dy
r h>0 h T h T

+h

We introduce, BM O™ (v), a weighted version of BM O™, as being the set of those functions
such that ||| f||lo.+ < co. Then we are able to give, in Theorems II, IIT and IV, one-sided
versions for the extrapolation from infinity results obtained in [4] and [5].

Theorem II. Let 1 < py < oo and let T be a sublinear operator defined on Cg§°(R)
satisfying

I 1 [rt2h " 1/po
loX (o) lloc 5/ ITfI(y) 5/ Tfl) dy| < C(v) (/|f|p°vp0 da:)
z z+h

for every h >0, z € R andv € A" (pg,00), then for every 1 < p < po, 1/p—1/q=1/po
andv € A" (p,q), the inequality

(/ |Tf!qv">1/q <cw(f |f|pvp)1/p ,

holds, provided that the left hand side is finite.
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Theorem III. Let T be a sublinear operator defined on C3°(R) and satisfying

1 [eth | [et2h +
Joxe-nalle | 5 [ <|Tf|<y>—ﬁ / ITf|) dy | < CO)lfoll

+h

for every h > 0, x € R and v such that v=' € Ay. Then, if 1 <p < oo andv € A;, the

inequality y y
(i) < cor(fiom)

holds, provided the left hand side is finite.

Theorem IV. Let T be a sublinear operator defined on C§°(R), with values on the space
of measurable functions. Let us assume that T verifies

aT'(f)lloe < CIIf0llpo

for every pair (a,b) of functions such that (a”,b") € AT (22, 00), 1 <7 < py < oo with
C depending upon the constant of AT ( ) of the pair (a”,b"). Then if r < p < py,
5 = % — pio and (u”,v") € AT ( ) there exists C', depending only on 2, 4 and the
constant AT (p :{) of the pair (u",v"), such that

wl ({z : |Tf(z)] > \}) < C (Ap/|f|pup dx) " va>0.

Recently a general maximal function,

Y B O O
M) =5 s [ o

c>x

0], where it is shown that the pair (u,v) € A+
= a — 3, if and only if

was introduced in [1
l<p<gqorg—g=

e 321 > < ¢ (0 fire) (L)

for all A > 0. The next theorem proves that also in this case extrapolation from infinity is
posible, which allows us to obtain, in Paragraph 3, an easier proof of the boundedness of
these maximal functions.

Theorem V. Let T' be a sublinear operator defined in C§°(R), with values in the space
of measurable functions. Let 0 < r <1 and 1 < py < co. Suppose that

|aT flloo < C1[fb][po,
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holds, for every pair of weights (a,b) such that (a,b?°) € Af ., and C' depending only
on the constant A} . of the pair (a,b").

Then for every pair (u,v) € A;qaﬁ, 0<pfB<a<r<i, % — é =a—f= pio, there exists
C' depending only on p, q, and the constant A;L’q’a’ﬁ of the pair (u,v), such that

u({ : ITf()] > AP < C (A—P / \fm) "

for all A > 0.

2. WEIGHTED BOUNDEDNESS FOR ONE SIDED SINGULAR INTEGRAL

In this section we will prove that one-sided singular integral operators are bounded from
L*>(v) into BM O™ (v). Then, applying Theorem III we obtain the boundedness of these
operators from LP(v) into LP(v) if v € A, with 1 < p < oo,

A function K € L, (R —{0}) shall be called a Calderén-Zygmund’s kernel if there exist

finite constants By, Bs, and Bjs satisfying

/ K(z)dz
e<|z|<N
for all € and all N, with 0 < e < N,

< B, (2.1)

K(z)| < —, 2.2)
for all x # 0,

K(z —y) - K(z)] < Bg% | (2.3)

for all x and y with |z| > 2|y|. Furthermore we assume that there exists

lim K(x)dx.
-0 e<|z|<1
Let us consider
Tf(zx)= liII(l) T.f(x) and T*f(z)=sup|T.f(z)l, (2.4)
€ e>0

where

i@ = [ Kenswa.
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Lateral singular integral operators were recently defined by H. Aimar, L. Forzani, F.
Martin—Reyes in [1], where they characterize the weights for which these operators are of
strong type (p,p),1 < p < co. They also give an example of a Calderén-Zygmund kernel
with support in the negative real line, namely

sin(log |z|)
log ()

Observe that if K is a Calderén-Zygmund kernel then K,(z) = sK(sz) s > 0 is as well,
with the same constants By, By, B3. For completness sake, we state as Theorems A and
B, some of the results of [1].

K(r) = X(=o0) ().

Theorem A. Let K be a kernel with support in the negative real line that satisfies (2.1),
(2.2) and (2.3); then we have:

(A.1) given a weight v € A;,", 1 < p < oo, there exists a constant C, depending only on p,
B, Bs, Bs, and the A;r constant of v, such that

/R T f()Po(a) de < C / 1 (@)[Po(x) de -

(A.2) given a weight v € A1+, there exists a constant C, depending only on By, Bs, Bs,
and the A constant of v, such that

o 1) > A < 5 [ IF@lol)da

Let us observe that 77 is the maximal operator associated to K, then this Theorem
implies that the operators T- ,s > 0, are uniformly bounded in LP(v) , 1 < p < o0,

S

if v € A} and are of L'(v)-weak type if v € Af. The following theorem is a kind of
reciprocal.

Theorem B. Let K be a kernel with support in the negative real line that satisfies (2.1),
(2.2), (2.3), and K(x) # 0. Let T be the maximal operator associated to Ky . If v is
a weight and all the operators T; with s > 0 are of weak type (p,p), 1 < p < oo, with
respect to v with a constant C not depending on s, then v € A;.

We can now state and prove our boundedness result from L*(v) into BM O™ (v).

Theorem 2.5. Let K be a kernel satisfying (2.1), (2.2),(2.3) with support in the negative
real line. Let T* be as in (2.4) and v~—! € AT, then

T flllo4+ < Cllfvlloo

for all f such that || fv]|s < 0.
Proof. First of all we note that

ri@= [ Ke-niwa= [ Ke-pma.
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Fix x € R, h > 0 and let f, v and § > 0 be such that v™! € A, ||fv||oc < oo and
(v~ € A7 Let us put f; = I X[w,z+8n) and f = f1 + fo; clearly, f1 € L'*%(dz). Now,
using the strong LP(dx),1 < p < oo, boundedness of T* we have,

x+h x+2h +
i (ﬁﬁﬁﬁ—%/;hiﬂﬁ@%h> dy
z+2h ﬁlfs z+8h
<C (%/x T f1(y)|'+° dy) <C (%/x |f(y)'+° dy)

< C||fv]lso (ﬁ/ (U—1)1+5 dy) )

Now let us take t € [x — h, x] such that ||[vX[z—p,a]||cc < 20(t); then

X nalloe (3 2" @71)1 dy) ™7 < Colt) (MH (o)) (1) < C

The last inequality follows from (v=1)'*% € A. So we have that

z+h x+2h +
UX[z—h,z]lloo * 1 *
NoXfa—naille / T fl(y)——/ Tfi(z)dz | dy<Cllfolle . (26)

x+h 1 x+2h +
Now we consider %/ T fo(y) — —/ T fo(z) dz dy

h +h
x+h 1 x+2h
< l/ —/ sup
h x h x+h e>0
Let

o0

K(y—1t)fa(t) dt — /OO K(z—1t)fa(t) dt‘ dz dy.
y+e z+e

I = K-t hmd— [ Kz )t dt]
/W (v - ) fa(0) /m (== Ofalt) \
If e < 6h .
L[ K@=t~ Ke- )] d=1.
x+8h
When € > 6h
z+e [e’e)
I < Kw—wwwﬂ+/'\M@—ﬂ—K@—MﬂMﬁ:&£+n.
y+e x+8h

Since t — z > 2(y — z), applying (2.3), we get
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:17+2k+1h

=i \dt<0h2 e G

+8h +2kh

oo

1 1 m+2k+1h
gcufvnoozz—km/ vt .
k=3 z

Let us study I :

z4e€ zZ+e€
bes|[G-0-KCoROE | [ K(—E)fz(t)dt‘
y+e y+e
<c [ Ei dt By ) dt
< /W Arsldes | R0

C

O C xr+2€e B

<S[nwla g [T
y x

where the last inequalities follow from (2.3) and the fact | — €| > 2|e — (t — y)|. Therefore

Ienalleg [ (TR~ [ TR )

m—i—h z+2h
<HUXI h:z:||oo / / sup dZdy

e>0
< CllvXe—h,a) ool [ fV]] 0o

oo 1 1 $+2k+1h 1 1 ZB+26 1

1 v x+2k+1h
< CvaHoo Z H X[z 2k+1h,:r]||oo / U_l dt
x

2k+1h
xr+2€
+ sup ||UX[$—25,$]||00 / 'U_l dt)
e>0 2e x
< Cl[fvlso -
Then
HUX[mh,w]Hoo_/ T f2(y)| — —/ T f2(2)| dz | dy < Cl[fv]l, (2.7
h‘ x h z+h

so, by (2.6) and (2.7), taking sup we get Theorem 2.5. [

In the following theorem we use the extrapolation properties proved in Theorem III
together with the boundedness given by Theorem 2.5, to obtain an easier proof for (A.1).
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Theorem 2.8. Let K be a kernel satisfying (2.1), (2.2),(2.3) with support in the negative
real line and T* be as in (2.4). If v € A}, 1 < p < oo, then

éwv@wwmmscév@wmmm

Proof. In order to apply Theorem III, in view of Theorem 2.5, we only have to see that
if v e Af and f € Cg°(R) then T*f € LP(v). Assume the support of f is contained in
[-N,N]. Clearly T* f(z) =0, if x > N; let —2N <z < N, then

= sup
e>0

/zw— F(y) - F@)) dy+ f(a /IM—Ny

Sw/|M%WﬂM%@WWMP
e>0 Jr+e e>0

N
B
< lesip [ 2y = o) dy+ sup | F(a)
0 Jx+e |Z/ | e>0

/ K(x —y)dy
/e<t|<N—:c K(t) dt >

N
S«Bzﬂfﬂaoﬁu{/‘ dy+ |l sup
e>0 2N

< <B23N||f/||oo+||f||0051>110)

< (B23N || f'lloo + Bill flloo) -

Now let us put z < —2N,

2N
dw/zm— W <l [~ Bo < B2
0<e |$|
Therefore
. N
T*f(z) < Cl[fllc 7 -
|z
Putting all the estimates together we get that T f € LP(v) provided
/ v(@) dx < 00 (2.9)
e<—2N |T[P

is known. The proof of the last inequality can be found in [9]. O

Finally notice that Theorem 2.5 remain true replacing 7% f by |T f| and Theorem 2.8 is
also true replacing 7 by the singular integral operator T' (see (2.4)).
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3. APPLICATIONS.

Applications of Theorem II.

Let us consider a lateral version of the fractional integral operator. Given 0 < o < 1,

we put
O e =22

It is shown in [2] ( see also [9] and [11]), that I} is strongly continuous from LP(v?) into
Li(v9) for 1 < p < a~! and finite values of q. Our purpose is to give a simpler proof of
this fact (see Theorem 3.7). In order to use the extrapolation Theorem II, we need first to

show, the boundedness of I} from L= (va) into BM O™ (v).
Theorem 3.1. Let v belong to AT(1,00), then

1 xz+h 1 x+2h + L o
loxe-noillo [ <|I;rf(y)—ﬁ /. IIif(Z)\dz> wec([ir) . G2

for every f € L (v=), z € R, h > 0.

Proof. Let v € AT(2,00), f € Lo(va), z € R, and h > 0. We set f = f1 + fa, where
fl = fX[m,:v+4h]7 then
If=ITh+If.

We will see that (3.2) holds for f; and fs. Let us consider
z+h 1 x42h +
%/ I3 f1(y) _E/ ITf1(2)|dz | dy
z x+h

1 x+2h 1 x+2h x+4h t
1 x+4h t 1 1 (4} x+4h
< [ ol ([ g ) ar< 2EE [T par

Then
loXenalley [ (1A= [ RG] dy

+h
x+4h

4 o
< o anall<@n)* [ (0] dt.

x

By Hoélder for p = é, and using that v € A+(é, o0), we have



ONE-SIDED EXTRAPOLATION AT INFINITY AND SINGULAR INTEGRALS 11

x+h 1 x+2h + L o
loXGo el [ (u;fl(y)—g /. u;f1<z>|dz> w=c([irlt) 6o

Now we study

+

z+h z+2h
i (umm—%/ |f+f2<>|dz> y

z+h z+2h
h x+4h

Now using the mean value theorem and the fact that (t—&)*2 < (t—2)*"2, fory < £ < 2,

we obtain
z+h x+2h
/ / / (1 — a)2h(t — 2)* ?dtdzdy
x+4h

x+2h
< C’/ / [t —x —2h|*" 2 dt dz, (3.5)
x+4h

ft)
t— 1 a (t—z)l—a' dtdzdy. (3.4)

and by Holder for exponents 1/« and 1/(1 — «)

o) o o 11—«
(3.5) < Ch (/ £ dt> (/ t— 3 — on| Ry e dt) |
z+4h z+4h

On the other hand

oo - L l—«
HUX[xfh,x}Hooh </ |t—$—2h’mv_ﬂ dt)
xz+4h

> x4+2k+h l—«
_ a—2 _ 1
< CHUX[QL'—h,x}Hoth (/ (2k lh)l—a/v = dt)

Q=
Q=

k=2 \Jo+2"h
o0 c2ktip l=a
< CZ |[0X z—2b+1h,a) oo (287 R) 2 </ VT dt)
k=2 z
1

Putting together the estimates we have

x+h 1 x+2h + L o
loxe-narllot | <\[§f2(y)—ﬁ / \Tifz(Z)!dz> w<c(fir) 6o

+h
From (3.3) and (3.6) we get (3.2) for every x € Rand A > 0. O

Now we are ready to apply the extrapolation Theorem II to prove the weighted strong
(p, q) type of I}
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Theorem 3.7. If1/g=1/p—a,1<p<1/a, and w € A% (p,q), then

125 fwlly < Cllfwily.

Proof. We shall get the proof as a consequence of Theorem II. In view of Theorem 3.1 we
just need to see that I} f € LY(w?) whenever f € C°(R). Let 1 <p<1/a,1/q=1/p—a,
w € AT (p,q), and f be with support contained in (=N, N). If z > N then I} f(z) = 0.
Taking x € (—2N, N), we get

Iy f(2)] < CN?|flloc -

Finally if x < —2N,

1
It < CO2N||fllooc —————— .
L&) < OOVl =y
Since 1 + ¢/p’ = ¢(1 — a) and w9 € A(j(l_a) , using an analogue of (2.9) we get the

Theorem. [
Applications of Theorem IV.

1. ForO<a<1land 1 <r < oo, we define

3=

h>0

z+h
M f(z) = sup (% | swr dy)

When r =1, M} = MT.

The boundedness of the bilateral case of M f was studied in [5]. Here we prove the
one-sided result using Theorem IV.

Theorem 3.8. Let 0 << 1,1 <r < o0 and (u",v") € AT(2,%). Then there exists C
such that

p

uq({x:AIZ”j(x)>>A})EZCT(A_pU/]vapdx> :

forall A\ >0, .=+ —%and r<p<=.

1
P
Proof. We shall see that T = M;" satisfies the hypothesis of Theorem IV. Let py = £,
(a”,b") € AT (B2, 00) and h > 0. Then, by Holder’s inequality,

1 x+h 1 x+h T o x+h ., l1-a
e e o T N U B

Note that a(z) is finite almost everywhere. Therefore for every x such that
ar(l.) < ||aTX[x—h,x] | |007
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1 x+h %
a(l’) 11—« |f|T
h x
3 1 i r,r : wth __r_ e
< N0 Xo-nalll | 77 / FIEbE / —

< Ol f0llpo -

3=

Then it follows that

|aT floe < Cf0l|p, -

Now an application of Theorem IV, proves the theorem. [J
Taking r = 1 we obtain the known result due to M. Gabidzashvili and V. Kokilashvili, [3]:
Theorem 3.10. Let (u,v) € A" (p,q). Then there exists C' such that

with L
q

({2 M f(@)] > \}) < C ()\_p/ F[Po? d:c> " Ao,

1 1
E—Qand1<p<a.

13

(3.9)

2. As another application of Theorem IV, we present next the one-sided version of a result
proved in [5].

Theorem 3.11. Let Tf(x) = (I}|f|(2))%. If (u,v) € A*(p,q), with 1 — L =, then

P

(o GEIA@NE > Ay < (3 [1re i)

for every \ > 0.
Proof. 1t is known that (see [9])

(L 1F1(@)F < CaM] f(2).

From (3.9) it follows that

laM flloe < CIIfH1

for every pair (a,b) € AT(1,00). Using (3.12) we obtain

la(ZZ 1) lloe < Callfbll

for every pair (a,b) € A™T( é, 00). Then, applying Theorem IV, we have

P

at({ : (A1) > M) < C (A—p s dx) ,

for all A > 0 and (u,v) € AT (p,q) with % — % =« O

(3.12)
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Application of Theorem V.

The following Theorem provides a way to give a simpler proof of a result published in
[10].

Theorem 3.12. Let (u, U)EA;qaﬁW1thO<ﬁ<a<1 and——%:a—ﬁ, then

o M50 > A < ¢ (A /m%)
for all A > 0

Proof. LetT:M:’/B,O§B<a§1,p51:a—ﬁ,andrzl—%ifa<1,and
r =1if a = 1. By Theorem V we only have to show that

laM 5 flloo < || Bl 1

for every pair of weights (a,b) such that (a,b”) € A} ... In order to see this, notice
that if (a,b?) € Al ., then, a(x)(Mirb*pi))l/pO < C. Therefore

1/pg
1 ¢ f@)]dt 1 ¢ bTPo(t)dt
a(x) (c—:c)ﬁ/w (-t e < a(@)][f0l]p, (c—a)P </w (c— t)po(i— )

a(@)|| £b]pe (M50 (ar)) /70
< Cllfbllp, - O

4. PROOFS OF THE EXTRAPOLATION RESULTS

In order to shorten notation, we shall denote || f||p. = (f |f]pv)1/p. We will first begin
by studing some relations between ||| . |||, + and || . ||p,v-

Lemma 4.1. Let v > 0 be a locally integrable function, then we have

lofFlloo < WAllos < oM™ flloo -

Proof. Let x be a Lebesgue point of v with v(z) > 0, we have for all h > 0, 0 < v(z) <
Hvx[m_h,x]Hoo. Thus,

<loxponaley [ (F0) =5 [ fGaz) dy <1l

+h
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Then v(x)ff(m) < IIflllv,+ for almost every x, so

lofFlloo < M1+

We may assume that ||[vX[z—p.q]llcc > 0. Let 0 < M < [[UX[z—h,a]llcc- Then there exist a
t € [z — h,z] such that M < v(t). Then

1 [oth | [et2h +
Mﬁ/x <f(y)—ﬁ/m+h f(Z)dZ> dy
z+2h
<oy [ 1< 0 MF )

CHUM’LfHOO )

IN

Letting M tend to [[vX[z—p,a)llcc We are done. [J

Theorem 4.2. Letv € AY and f > 0. Assume for some py, 1 < py < oo, [(M™T f)Pow <
0o. Then for every pyp < p < o0

/oo (M™ f)Pv < C/O;(ff)pv.

— 00 —

Proof. See [9]. O

Corollary 4.3. Givenl <py < p,v € A;O and f > 0 such that f € LP°(v), there exists
C' independent of pg and f such that

1£lpw < ClFE llp

Proof. Since [(M™* f)Pow < [|f[Pow < oo, (see for instance [7]) and f(z) < M™T f(z)
almost everywhere, by Theorem 4.2

1fllp < UMF fllpw < ClIFllpw - O

We shall also make use of the following lemma proved in [8].

Lemma 4.4.
i. Letv € Af and 1 < pg < p < oo then for all h > 0 in L®/po)’ (v) there exists H > h
such that Hv € A} and

1H (5 /p0) 0 < Cliblp/po),0
ii. Letv € Ay and 1 < py < p < oo then for all h > 0 in L(p/p‘))/(v) there exists H > h
such that Hv € A;O and

HHH(p/po)’,v < C”hH(p/po)’,v .
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Finally, we recall some definitions concerning the Lorentz L(p,q, i) spaces. Let f be a

measurable function on a measure space (M, M, 11). The non-increasing rearrangement f*
of f is defined as

fr@) =inf{s: p({z: [f(z)] > s}) <t}
for ¢ > 0. The function f is said to belong to the Lorentz space L(p, q, ) if

L dt\ @
Il = (2 [ 025015 <oc.

whenever 1 < p < oo and 1 < g < oo, and

i

Lok
P00, — suptpf (t) )
>0
when 1 < p < oo and g = co. For more details see [14].

Proof of Theorem I. Let v € At (p,q). Let us assume first p > pg, thus ¢ > ¢o and

1/ 1/q0
( / ITflqvq> q:( / |Tf|q<>qu) "

holds with some g > 0, ||gll(g/q0)7,ve = 1. We observe that v € A*(p,q) if and only if
v? € Af withr =14¢q/p’. Let us put ro = 14+qo/p}, h = g and w = v. As r/ro = q/qo,
by Lemma 4.4-i, there exists H > g such that [|[H||(4/¢) 00 < C and Hv? € Af . This
implies H'/%93/9% ¢ A*(pg,q). Therefore, noting that po q/q0 = po + ¢ (1 — po/p),

1/q 1/q0 1/po
(/ |Tf|qvq) < (/ |Tf|q°(H1/q0vq/q°)qo) <C (/ |f|p0(H1/QO,ULI/QO)p0)

1/p
—C (/’flpovpoHpo/Qqu((W;O)/)) ’ _

Using Holder’s inequality
Py L h s —L 770
(Jurs)? (e ) 7]

(fre)" <
() ()

< Cllfllp.or -

Now if pg > p, then gy > q and we have

(Jisme) = ([ (o)™ o)

Po 1
P PO



ONE-SIDED EXTRAPOLATION AT INFINITY AND SINGULAR INTEGRALS 17

Therefore, there exists (see [6], Theorem 210), g > 0 that satisfies

1 1
/gpppoxv_p/ dr — 1, and </‘f|pviﬂ> — </|fvp’|pogv—p/> 0

Let h = g7 Po/Po = v P =1 +p'/q and r9 = 1+ p{/qo. Since (r/ro) (—pj/po) =
p/(p — po), we have that fh(%)/w dr = 1. On the other hand, v € AT(p,q) if and
only if v™?" € A7 with r = 1+ p//q. By Lemma 4.4-ii there exists H > h such that
fH(%)/v_p/ < Cand Hv™? € A, . Hence [Hv=?']~1/Po € At(po,qo). Thus

( / rf\pvp)% _ ( / ¥ g > ( /’ fon pov_p,(l_po));o
- (Jor ) o frm )
By Hélder’s inequality
(/|f|pvp); > C(/|Tf|quq); (/H%)'v_p/)q%?
> (/!Tflqvq>é O

Proof of Theorem II. Let v € AT (p,q), 1/p—1/q=1/pg and f € LP(vP), then

(/ rf\pvp); = ([ (o)™ o)

So there exists g > 0 such that fg(p/pO)/v*p/ =1 and

% , , 1/170
(f1ree) = ([1re )
1 = /g(p/po)’v—p’ de — /hq/pév—p’ '

Taking r = 14 p/'/q, 7o = 1 and w = v™? then w € A;. Observe that (r/rg) =
(1+9'/q)" = q/p{- Applying Lemma 4.4-ii there exists H > h with Hv? € A7 and

c?\\H

1

Po
P PO

Let h = g_pf)/po, thus

/Hq/pév—f” <C. (4.5)
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Since v € At (p,00) if and only if v™?" € A7, we have H~1/P0y?' /Po ¢ AT (pgy,00) . Hence
by Lemma 4.1 and (4.5)

» , A L/po i\ Poy /o
(/\f!W’) — (/\fvp \pOgv_p> v (/\flpo (h‘l/powé) )

/

, o Po 1/po
> (i (o)) 2 T st v,
> CHH—Uanp’/pé (Tf)fHoo

1 1

> C (/ H—Q/péqun’/pé(Tf)fqHQ/pév—p’) L C (/(Tf)ﬁqvq> !

Since ¢ > 1 and [ |Tf|%? < oo, by Corollary 4.3 we obtain

</\Tf|qvq>; < (/|f!%p); O

Before proving Theorem III, we need some previous results.

Lemma 4.6. If & € L' and [|®| = 1, then there exists h such that [|h| < 2 and
|Ph~ oo = 1.

Proof. Let
" )_{@(x) if () #0
(@) = el i d(x) =0,

clearly ||®h~1||o = 1 and

/|h| =/ |<I>|+/ el <2, O
{z: ®(x)#0} {z: ®(x)=0}

Corollary 4.7. Given f € LP(v), then there exists g € Lp(v_ﬁ), g > 0, such that
/gpv‘pll <2 and </|frpv>i = [ fo7 g™ oo

Proof. If [|f|Pv # 0 take
Ul
J1fPv

then [ |®| =1. Let h be the function given by Lemma 4.6. If we put

- =) v#0
g 0 v=20,

d
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it follows immediately that [ gPuT T = Jh < 2and

_ 1
1 =||®h 1||oo = W

»_
PP g7l

The case [ |f[Pv =0 is clear. O

Proof of Theorem III. Let v € A;; , f € LP(v) and g the function given by Corollary
47 Letw=v"m1,r=p, ro=1andh =g > 0. Then we have w € A, and [hPw =

f h(r/ro) 4 < 2. Using Lemma 4.4-ii, there exists H > ¢ such that Hw = Hv_ﬁ € A7
and

(/Hpv_zzll)zl’ < C.
Then
(/|f|pvd9€)p = /o7 g oo = [fo7PTH o

As Ho 71 € A7, by hypothesis and Lemma 4.1, we obtain

< CllforTH Yoo -

[ S
T fEvr T H Yoo < || |TS] [ —

Collecting the estimates,

(firroas)" = clirstorta i ([ e sa)

c (/ T f[#Post H P HPy ™ 51 das)

:c(/|Tf|ﬁ%d:c>’l’ > C(/|Tf]pvdx);

The last inequality follows from Corollary 4.3. [

v

Proof of Theorem IV. Let f € C°(R), 0 < m = [|f|PvP , and (u",v") € AT (2, 1).
We define

|f ()PP~ u(z)P/Poma i | f(z)] > 0
b(x) = ol
" v(x) if |f(x)|=0.
Thus
1£0llp = 11 £5l1pe and / b1 dg < 2
Let us put

a(z) = (M*b—r(?)/(x))_“z}f)' _
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It follows immediately that (a”,b") € AT(E2, 00). Let Ex = {z : [T f(z)| > A}. Hence

ul(E)y) :/ ul :/XEA(x)a_l(:U)a(a:)uq(x) dzx
E
< ||XE,\||(1+1/q,1,auq)||a_1||(Q+1,oo,auq) .

In order to estimate the second factor above, we observe that

)\q+1/ au? < )\q/ " . u? . (4.8)
{z:a(z)=1>A} {z: M+ "G (2)>Am(5) )

Recalling (u”,v") € A% (2,2), implies (u?,v7) = (u"+,v"+) € A}, for s = 1+(q/r)/(p/7),
then it follows that M is weakly bounded from L*(v?) into L*(u?) (see [13], [8], [7]).
Therefore

A4 o \/
(4.8) < C’m /(b_T(T) )Svd = C’/b_qvq <20 .

We consider the non-increasing rearrangement of a~! respect to the measure aud,

—1yk(4) — (L 1 : - C (O
(@) () = inf{y s aut(f: Jo~!| > y) S0 Snf{ys o <) = (7> ,

then, we have
_ 1 .
||CL 1|‘(Q+1,Oo,au‘1) = iulg tatl (CL 1)*(t) < C .
>

A non-increasing rearragement of xg, with respect to the measure au? is xjo,r) With

R:/ au?, then
Ey

_ 49
HXEAH(H—%,Lauq) -

R 1 q
_4 - 17T dt = Ratt,
q+1Jo

q
taiT 1
q+1Jo

dt q
t
On the other hand

R:/ aqu)\_l/ \Tf|auq§)\_1|\anHoo/ quC)\_lepro/ u? .
E)\ E)\ EA E)\

then

__4q -4 _q
Izl n.aun < CX TR unit
A

Since f € C3°(R)) , it follows that

u?(Ex) < [Ixellar1/gtaun |67 g1 00,0un) £ CATFT[| follg™ (w? (EX)) 7

and as u?(E)) is finite, we get

ut({x: ITf (@) > \) < C(s; / fronE . O
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Proof of Theorem V. The proof is similar to the one given in Theorem IV. Let «, 3 be

suchthat0§5<a§r§1,a—ﬁ:pio, %—ézpio,and (u,v)EA;qaﬁ. We only need

to produce a weight satisfiying
1£ollo = 1175115 and [rmrin<e

Then defining a(z) = (M,?frb_pé)_l/p6 (), obviously, we have that the pair (a,b?°) €
At Notice that if (u,v) € AT 5 then (u, vi/P) € Af with s = ¢(1—(a—0)) =

P0,00,7,7" D,q,Q S,8,Q,Q

- This implies (u,v9/P) € At forall 1 >r > . In order to get a bound similar to
O 1990y

(4.8), we need to use (1.1) fora=fF=randp=qg=s. O
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