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ABSTRACT. Let G be a connected reductive real Lie group and H a closed connected
reductive subgroup. Let 2 be a strongly elliptic coadjoint orbit of G, corresponding to a
square integrable (modulo the center) representation 7 of G. When the restriction map
py from €2 into the dual of the Lie algebra f of H is proper, the restriction of 7 to H is
a direct sum of discrete series representations of H occurring with finite multiplicities
(we say then that the restriction of 7 to H is admissible). We give a natural simple
condition on 2 which implies the properness of py. Moreover, this condition allows us
to give a formula in Blattner’s style for the multiplicities of the restriction of 7w to H.
Our condition is not necessary, but we classify when it is satisfied, and see that it covers
many of the known cases where the restriction of 7 to H is admissible.

INTRODUCTION

In this article, G is a real connected reductive Lie group, and H a closed connected
reductive subgroup of G. We say that an irreducible unitary representation m of G
is a discrete series representation if it is square integrable modulo the center of G.
Consider a discrete series representation 7 of G whose restrictionn|y to H is admissible.
It means that the restriction 7|y of m to H is isomorphic to an Hilbertian direct sum of
irreducible unitary representations ¢ of H occurring with finite multiplicities m(o). The
representations o which occur (i.e. those for which m(c) is > 0) are also discrete series
for H. So both 7 and the ¢’s are parameterized by their Harish-Chandra parameters [?].
In this paper we give a simple condition (condition (C), definitions 2 and 77 below)
on m and H which insures that |y is admissible, and that the multiplicities m(c) can be
computed in a simple explicit manner by sums of Kostant’s partition functions involving
the roots of gc (the complezified Lie algebra of G) which are not roots of he.

Two important particular cases are well known.

The first one is the case of a compact (modulo center) connected Lie group K and of
a connected closed subgroup L of K. Then, an irreducible unitary representation 7 of
K is finite dimensional, and the restriction 7|y can be described by Kostant-Heckman’s
[?] formula in terms of partition functions.

The second one is when H = K, where K is a maximal compact subgroup (modulo
the center of G) of G. It is a theorem of Harish-Chandra that 7|k is admissible, and
a theorem of Hecht-Schmid [?] that the m(c) can be computed in term of partition
functions.

However, in general, even if several interesting conditions are known to imply, or to be
equivalent to the admissibility of 7|y (see in particular [?], [?], and below), they are not
always easy to check, and they do not imply that the multiplicities m (o) can be easily
computed in term of partition functions.
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Condition (C) allows us to prove the admissibility of 7|, and to give a simple formula
for the multiplicities m(c) in terms of partition functions. It is not necessary for the
admissibility of 7|y (it is a kind of generic condition, so one might argue that its main
interest is to pinpoint the more interesting cases when 7|y is admissible and condition
(C) is not satisfied). However, simple examples show that it is unlikely to expect simple
formulas in term of partition functions when condition (C) is not satisfied.

Condition (C) is expressed in term of the roots of g¢, the roots of h¢, and the Harish-
Chandra parameter of m. We explore condition (C). An interesting fact is the role of
a particular invariant connected subgroup of K attached to m (see section ?7). We
classify when condition (C) is satisfied, in terms of the classification of semi-simple Lie
algebras. We compare our results in term with previous works, notably of Gross-Wallach
[?] on quaternionic homogeneous spaces and (IS IT NECESSARY ? Kobayashi [?] on
symmetric spaces —PLEASE CHECK these references....)

All the previous statements have semi-classical equivalents in terms of the (so called
coadjoint) representation of G in the dual g* of the Lie algebra g of G, more precisely
in terms of the Liouville measure of the coadjoint elliptic orbits of G in g*. Essentially,
we treat these results in a parallel separate manner. However, they are not independent,
and interaction between them is useful.

Condition (C) allows to reduce to the previously known cases: restriction from K to
L, restriction from G to K. So it is not surprising that the references [?, 7, ?] play an

important role in this article.
kK

We describe with more details condition (C) and the formulas we obtain for multi-
plicities. To make statements simpler, in this introduction we assume that g and h have
the same rank (see below (?77?) for the general case). We choose a fundamental Cartan
algebra t C h. It is also a fundamental Cartan subalgebra of g. We denote by #t* the
real vector space of linear maps from t to ¢R. We denote by € C g the maximal compact
subalgebra containing t, and by [ the corresponding subalgebra [ = €Nh of h. We denote
by ®4 C it* (resp. P, etc...) the corresponding system of roots, and Wy (resp. W,
etc...) the corresponding Weyl groups.

Let A € #¢t* be a linear form which is a Harish-Chandra parameter for a discrete series
representation 7¢(\) of G —we say simply that )\ is a Harish-Chandra parameter for
G—. Recall (see [?]) that a Harish-Chandra parameter X is g-regular, that it satisfies
a certain integrability condition, and that, if A\’ is another Harish-Chandra parameter,
then 7¢(\) = 7¢(\) if and only if N € WiA. In particular, A determines a system of
positive roots Wg(A) C @5 We denote by W7 (\) C Wy()) the subset of positive non
compact roots.

If Wy is a positive system of roots for ®¢, we denote by Wy the subset of positive roots
which are not roots of I.

Definition 1. We say that a finite sequence E = {ay, o, ..., an} of elements of it* is
strict of it is contained in an open half-space of it*.

Definition 2. We say that g, b, X satisfy condition (C) if there exists a positive system
of roots Wy for @y such that, for all w € Wy, the set w(Vy (X)) U Wy is strict.
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We remark that this definition depends on § only through [ = h N €. This is not
so surprising, since for any irreducible unitary representation 7 of GG, square integrable
modulo the center of G, the restriction 7|y to H is admissible if and only if the restriction
7|1, to L is admissible (see (??) below). We prove that condition (C) implies that 7¢(\)]|,,
(or equivalently 7¢(\)|) is admissible.

To describe our multiplicity formulas, we need some more notations. We use Schwartz’
distributions on #t*, denoting by * the convolution product when it is defined. Let
a € 1t*. We denote by §, the Dirac distribution which is the evaluation at a. If a # 0,
we denote by ¥, the distribution

1) Jo = Do (3 (0)™) = 6

neN
Very informally, we may write
—1

2 = 1-6.)""1' =
® o =g x (1= b0) = 5
because vy, is a particular inverse of —(5%a - 57%0(). If £ ={aj,as,...,a,} is a strict
sequence of elements of #t*, the convolution product
(3) YE = Yoy * Yas * *** * Yo,
is well defined. We use the notation

1
(4) pe=glartaz+-+an).
Then,
(5) ye =Y  Kp(v—pg)d,,

where Kg(v) is (by definition) the Kostant partition function defined by E, that is the
number of sequences (py,...,p,) € N” such that v = pjag + paas + -+ + pray.

Consider a Harish-Chandra parameter \ for a representation 7%(\), such that condi-
tion (C) is satisfied.

For each w € Wy, let E,, be the subset of w(Wy())) U Wy consisting of the elements
which are not roots of h. Condition (C) implies that the distributions yg, are well
defined. Moreover, we define (see formula (??7) below) a constant 6,, € {1,—1}. For
instance, when H = L, 0, is equal to the usual signature e(w) of w. In general, it
involves also the number of positive non compact roots of h which are in w(Wg(A)).
VERIFIER

We prove the following formula :

(6) Z ew 510)\ *YE, = Zk(y) 51/7

weWp

then k(v) is 0 if v is not an Harish-Chandra parameter for H, and

(7) m(n"(v)) = [k(v)|
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if v is an Harish-Chandra parameter for H, and m (7 (v)) the multiplicity of 7 (v) in
7%(\). More explicitly, it gives the formula

(8) m(rH (v)) = Z 0o Kg,(v —w\ —pg,)| .

weWp

Remark 1. If v/ € W, the formula (8) for m(7"(v)) and m(x" (V) are essentially
the same (see 7?7 below). VERIFIER !

However, different choices of Wy (if they are available subject to condition (C)) may
give genuinely different formulas for the multiplicities m(w™ (v)), that is, involving the
computation of partition functions which are not naturally equivalent to each other. Go-
ing on, appropriate linear combinations of such formulas will give also new (more com-
plicated) formulas in terms of partition functions.

Remark 2. When g and b are not supposed to have the same rank, we still define
condition (C), and obtain a formula similar to (8). The main difference is that the
constant 0,, may take value in Z rather than in {1,—1}.

*okok

Condition (C) is not necessary for the admissibility of 7¢()\)|, but is necessary (at
least when H = L) to write the simple formula (8). Assume that 7%()\)|, is admissible.
Considering the structure of formula (8) and remark 1, we will say that 7¢(\)|; is
computable in terms of partition functions if there exists, for each w € W,, a family
(Wi )i=1,...n,, Of positive root systems for ®; and for each i = 1,...,n,, a constant
0w € C, such that, denoting by E,, ; the subset of elements of ¥, ; which are not roots
of b, we have the following formula for the Harish-Chandra parameters v for H :

(9) m(r (W) =|> " Y OuwiKg, (v —wh—pg,,)|.
weWSE i=1,...,n4
We will give (see 7?7 below) an example where condition (C) is not satisfied, but where
a formula of type (9) is still valid. I hope to find an example where this is impossible ...

*okok

Why do we care about formulas for multiplicities in terms of partition functions? It
is well known that this type of formulas, because they involve signs, are not easily used
to answer questions like “does a specific representation 7 (v) occurs in 7% (\)?”.

Our point of view is that this question is a natural manner of analyzing the complexity
of 7%(\)|x : we classify the simplest cases, and leave the more interesting more singular
cases for further studies.

It could also be useful for computational purposes : very efficient computer programs
exist for partition functions (see [?, ?]), and in some cases, the combinatorics of Weyl
groups involved in formula (8) have also been handled efficiently (see [?]).

*okok

In the rest of this article, we investigate condition (C). Recall that in this introduction
we assume that t C [. Let £ be the largest ideal of € contained in [ and K be the
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corresponding subgroup of K. Then we prove that 7%(\)|z is still admissible (in fact,
condition (C) —which we did not yet state in the case of unequal rank—is still satisfied
up to £). It allow us to classify when condition (C) is satisfied in terms of the classification
of real semi-simple Lie algebras and of Harish-Chandra parameters.

kokosk

Finally, we compare this classification with previous works, notably of Gross-Wallach
on quaternionic representations, and COMPLETE....

Kkk

TENTATIVE PLAN

Mostly notations

Partition functions

Blattner’s formula

Kostant-Heckman formulas

Condition C

Our formula

Necessary and sufficient condition for admissibility : asymptotic cones, etc... Some
examples showing what can happen when there is admissibility, but condition (C) fails.

Implications of condition (C) : the ideal ;.

Classification.

Comparison with results of Gross-Wallach, and others.

1. MOSTLY NOTATIONS

1.1. Roots. For any Lie group A, we denote by the corresponding German letter a its
Lie algebra, and by Z(A) the center of A.

We choose a subgroup K of G which contains Z(G) and such that K/Z(G) is a
maximal compact subgroup of G/Z(G). We choose a Cartan subalgebra t of £, and we
denote by T the corresponding Cartan subgroup of K (it is the connected subgroup of
K with Lie algebra t).

We denote by V* the dual of a (real or complex) vector space V. If V' is real, let V¢
the its complexification; we identify (V¢)* and (V*)c¢ in the usual way. In particular,
tV* (where ¢ € C is a fixed square root of —1) is the real vector space of linear forms on
Ve which are purely imaginary on V. If A € 4V*, then e is a unitary character of the
group V', and we identify in this way ¢V* and the group of unitary characters of V.

We denote by X (T') the group of unitary characters of T'. The differential of such a
character belongs to ¢t*. We denote by P the set of A € #t* which exponentiate to a
character e* of T. It is a closed subgroup of #t*. If G is semi-simple with finite center,
it is a lattice (the so called lattice of weights) in #t*.

Let u be a subspace of t. If V and W are uc-invariant subspaces of g¢ such that
W C V, we denote by ®(u, V/W) the multiset of non zero roots of uc in V/W : formally
it is the function from 7u* to N which associate 0 to 0, and the multiplicity of a in V/W
to a non zero element « of tu*. Informally, we consider it as the set of non zero roots of
uin V/W, where each root is repeated as many time as its multiplicity.

We use the notation @4 for ®(t, gc), Pe for ®(t, £c), O, for (¢, gc/tc). For example,
®; is the root system of &.
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We denote by p the unique K-stable complement of £ in g. We use the decomposition
g = £Pp to identify £* and the orthogonal of p in g*. In a similar manner, t has a unique
T-stable complement in £, and we identify t* with the appropriate subspace of £*. Thus
we identify t* with a specific subspace of g*.

We fix a bilinear symmetric G-invariant form (.,.) on g which is non degenerate,
positive definite on p, and negative definite on €. We use the same notation for the form
deduced on g*, and on the various subspaces and complexifications. Then it is positive
definite on 2t, which is then an Euclidian real vector space.

1.2. Strongly elliptic orbits. Let f € g* (in fact we will use more often f € i2g*). The
centralizer G(f) of f in G contains Z(G). We say that f is strongly elliptic (or strongly
g-elliptic if there is ambiguity) if the group G(f)/Z(G) is compact. Strongly elliptic
elements are studied by Weinstein in [?] under the name of strongly stable elements. He
proves that there exists strongly elliptic elements if and only if t is a Cartan subalgebra
of g.

Note that this condition is the same than Harish-Chandra’s condition for the existence
of square integrable (modulo Z(@G)) irreducible representations of G (the so called discrete
series representations). discrete series representations and strongly elliptic coadjoint
orbits are the main object of this paper. So, for the rest of the article, we assume that
t is a Cartan subalgebra of g.

Then @, is the root system of g. For each a € ®;, we denote by g, C gc the
corresponding root space, and by h, € it the corresponding coroot (so that h, € [ga, §—al
and a(h,) = 2). We denote by W¢ the group Ng(T')/T where Ng(T) is the normalizer
of T"in G. Considered as a subgroup of linear transformations of #t*, it is a subgroup
of Wy, the complex Weyl group. Similarly the groups Wk and Wy are defined, and it is
well known that Wg = W = We.

An element A € . is said to be g-regular if A(h,) # 0 for all & € ®4. In a similar
manner, using ®¢ and ®,,, we define £-regular elements, and n-regular elements of tf.

For the rest of the article, we fix a positive system of roots ¥ C ¢, and we
put \Ife = \I’g N (I)e.

We denote by Cy C #t* the corresponding open positive chamber, i. e. the set of
A € it* such that A(hy) > 0 for all & € ¥y, The closure cl(Ce) of C¢ in 4t* is a system of
representatives for the elliptic orbits of GG in 2g*. It is also a system of representatives
for the orbits of K in ¢€*, and for the orbits of Wi in #t*.

We denote by C¢ the set of g-regular elements of C. So, we have Cf = Ce. For each
system of positive roots ¥ for ®,, we denote by C(¥) C ¢t* the corresponding open
positive chamber. Then Cf is the disjoint union of the C(¥) for the set of ¥ such that

Uy C U, and it is a set of representatives for the g-regular elliptic orbits of G in 4g*.

We denote by cl,,(Ce) the set of n regular elements of cl(Ce). It is the set of A € t*
such that A(h,) > 0 for all @ € ¥, and A(h,) # 0 if @ € @,,. It is the disjoint union
of the ¢l,,C(¥) for the set of ¥ such that W, C U, where ¢/,,C(¥) is the set of A € it*
such that A(h,) > 0 for all @ € Vg, and A(h,) > 0 if a € V,,. The set ¢l,,(Ce) is a set of
representatives for the strongly elliptic orbits of GG in 2g*.

Let A € cl,(Ce) be a strongly elliptic element. We denote by W,,(A) the set of a € ¥,
such that A(h,) > 0. Then we have W(\) = U, (\) U W,.
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1.3. Discretely admissible representations of G. We denote by G the unitary dual
of G, and by Gy the subset of classes of square integrable (modulo Z(G)) irreducible uni-
tary representations. Since Bargmann who discovered these representations for SL(2,R),
the elements of G are called discrete series representations of G. This name is still a good
one because the subset of Gy which have a given restriction to Z(@G) is parameterized by
a discrete subset of it* (see below).

A unitary representation II of G is said to be admissible if it is an Hilbertian' direct
sum of irreducible representations of G which occur with finite multiplicities. It is said
discretely admissible if moreover all irreducible representations which occur are discrete
series. Thus a discretely admissible unitary representation II of G can be written

(10) II = @ m(I, ),
meGy

where m(Il, 7) € N is the multiplicity of 7 in II. For example, finite dimensional rep-
resentations of compact groups are obviously discretely admissible, and (in this paper)
we consider discretely admissible representations of GG as the simplest generalization of
finite dimensional representations of compact groups. Other representations (e. g. the
regular representation) are interesting too, but the goal of this paper is modest, and we
shall be interested mostly by this “simple” case.

To express collective properties of the numbers m(I1, 7) for all 7’s , it will be convenient
to associate a measure mg(II) on #t*, which somehow plays the role of a generating
function. Its definition requires some notations.

First we recall Harish-Chandra’s parametrization of Gy

Let £ ={ay,...,a,} be a finite multiset of elements of #t*, where the «; are repeated
according to their multiplicity. We use the notation #F = n, and

1 n
(11) PE = 5.21%'

Let W C ®4 be a positive system of roots. Then the subset py + P C 2t* does not
depend on ¥. We denote it by F;. Remark that P, is Wg-invariant. Harish-Chandra
defined a bijection

(12) A— 7%\ from P,NCY to Gy

We shall call an element of Py N C; a Harish-Chandra parameter.

For A\ € P,NCY and f € G\, we also put 79(f) = 7%(\). Harish-Chandra’s
parametrization is then a bijection between a certain set of elliptic regular coadjoint
orbits, those orbits 2 which satisfy the “translated by py” integrality condition, and Gy.
We shall recall below (see remark 4) a consequence of Hecht-Schmid’s theorem on the
restriction 7%(\)|x of 7()\) to K which (among other things) is sufficient to specify
uniquely 7%()). For the time being, we recall a few properties of this bijection.

Notice that everything we said applies to the group K. We already choose Cj, V¢, so
we have at our disposal py,, Pe = py, + P (in general P, and P, are not equal). For
€ PNCy, Harish-Chandra’s parametrization gives an irreducible unitary representation
78 (u) of K. As K/Z(G) is compact, this is a finite irreducible representation of K,

"n this article we consider only separable Hilbert spaces, so the there is at most a countable sum
involved.
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which we identify to an irreducible representation of €. Then 7% (u) is the irreducible

representation of ¢ with highest weight p — py, with respect to the positive system
U C .

Recall the Harish-Chandra isomorphism y between the algebra S(tc)"s of W, invariant
elements of S(to) and the center Z(gc) of the enveloping algebra of go. The action of
an element z € Z(gc) in the set of smooth vectors of 7¢(\) is a multiple of the identity
which we denote by 7%(\)(2)Id. It defines a character (the infinitesimal character of
7% (\)) of Z(gc). Harish-Chandra’s formula for the infinitesimal character is :

(13) TN (y(p) =p(NId  for all p € S(te)" .

For the group K, this property of the infinitesimal character implies that (as we
stated above) m%(u) is the irreducible representation of €c with highest weight u —
pw,. For the group G, this property is usually not sufficient to determine 7/ (\). Still,
we shall also call Harish-Chandra’s parametrization “parametrization by infinitesimal
character” (versus, in the case of compact groups, “parametrization by highest weight”).
When working exclusively with compact groups, parametrization by highest weights and
parametrization by infinitesimal characters do have respective merits. The goal is to
relate properties of an irreducible representation of K to properties (e.g. in algebraic
geometry, in symplectic geometry, in Kéhler geometry, etc...) of a suitable coadjoint
orbit, usually either the orbit of the highest weight A—py,, or the orbit of the infinitesimal
character \. These orbits might be very different (e. g. of different dimensions, as when
A = py, ), and so one gets many genuinely different (and eventually interesting) theorems.
The kind of properties of the irreducible representation of K which can be considered
has no limit : dimension, character, restriction to subgroups, concrete realizations, basis,
explicit formulas for the coefficients in a specific basis, etc ... A simple concrete example
is given below (22) for the second parametrization.

However, for non compact groups, there is no clear alternative to Harish-Chandra’s
parametrization, so we will stick to it.

Let A € PN C} be a Harish-Chandra parameter. Recall the set ¥,,()), and let p,())
the corresponding half sum. It is obvious that we have A + p,(\) € Pe. It is a classical
fact [?] that A + p,(\) € PN Cy and that 7(\ + p,) occurs with multiplicity one in
7¢(\). Tt is the “minimal K-type of 7¢(\)” in the sense of Vogan.

Let U C ®4 be a positive system of roots. We denote by eg’ the corresponding sign
function : it is the function on #t* which is the sign of J] ., where the sign of a real
number z is —1, 0, or 1 depending on the position of x with respect to 0.

If U C &; and W' C P, are two positive sets of roots, then there exists a constant
e(U, ¥') (equals to 1 or —1) such that

(14) 6;1’ = ¢(, \IJ/)(—:;I’/.
We write
(15) €g = egj.

Similarly, we define €, as the sign of || Thus €(A) = 0 if A is not ¢-regular, and

if A € ¢t* is t-regular, we have

(16) ee(A) = e(w),

Cve\i/g :
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where w € Wy is the unique element such that wA € Cy, and €(w) is the usual signature
of w.

An element of a vector space in which Wy acts is said to be Wy-skew-invariant if it
is an eigenvalue for the character w — e(w). For instance, the functions e, and €4 are
skew invariant.

Let us go back to a discretely admissible representation II of G. We consider the
measure mg(II) on ¢t* such that, for all A € #t*, we have

(17) me(II)({A}) =0 if X is not g-regular, or not in P,
(18) ma(I)({A\}) = eg(\)m(I1,79()\))  otherwise.

It is a Wi-skew-invariant measure. It is determined by its restriction to C. Of course,
the measure mg(I1) determines the multiplicities m(I1, ) for = € G, and the equivalence
class of II. For all the representations Il which will occur in this article, the support of
IT is discrete in 2t*, so that mg(II) is a Radon measure.

Example 1. Let A € C} N Py. Then
(19) ma(m9(\) = eg(A) Y e(w)dun.

weWg

Similarly, for p € Ce N Py, we have (remind that ee(u) =1 for p € Cy) :
(20) (T ) = 3 e()une

weWpg

1.4. Invariant measures on ¢g*. In the method of orbits of Kirillov, irreducible unitary
representations of G correspond? to coadjoint orbits of G in® 4g*. Recall that each
coadjoint orbit €2 is a symplectic manifold, and thus is provided with a Liouville measure
Ba (see details below), which can be considered as an invariant positive measure on ig*.
In this setting, it is natural to consider that the analog of an unitary representation of G
is a positive invariant measures on ¢g*. Considering Harish-Chandra’s bijection, it is also
natural to consider that the analog of discrete series representations of G are g-regular
elliptic orbits of G in g* (that is, we forget about integrability conditions, but try to keep
everything else). So we will mimic the previous subsection by considering the problem
of describing G-invariant measures on ¢g* for which the set of elements which are not
regular elliptic is of measure 0.

We provide a coadjoint orbit 0 C 4g* with the (real) symplectic structure wq such
that wo (X f,Yf) =¢f([X,Y]) forany f € Q, X € g, Y € g, where X[ (resp. Yf) is
the tangent vector to Q at f corresponding to the infinitesimal action of X (resp. Y).
The dimension of € is even, let it be 2d. Then

~ 1
21 - .2
( ) ﬁﬂ (27T)d Q
is an invariant form of maximal degree on 2. We denote by [, the corresponding positive
invariant measure!. When (Q is compact, the volume of Q (with respect to the measure

2This correspondence is very far from a well defined and universally accepted correspondence in the
set theoretical sense.

3Considering orbits in ig* avoids a choice of a square root of —1.

1t is well known [?] to be a tempered Radon measure.
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Bq) is called the symplectic volume, and is denoted by vol(€2). The definition of wq
depends on various rather arbitrary choices of signs or of powers of ¢, but the definition
of Bq does not depend on them. The inclusion of the factor ﬁ in the definition of (g
is justified by the fact that it simplifies many formulas. We give a well known example,

which will be used later on. Let y € P, N C,. Then we have :

(22) dim (75 (1)) = vol (K ).

This is the evaluation at the origin of Kirillov’s character formula for compact connected
Lie groups (see [?], theorem 8.4).

It is convenient to give a definition. We denote by C.(ig*) the space of continuous
functions with compact support on ¢g*, and by C°(¢g*) the subspace of smooth functions.

Let ¢ € C*(ig*). It is known (see below) that the function, defined on the set of
g-regular elements A of ¢t* by

(23) A= [ dBax(f)e(f),
GA

extends to a smooth function with compact support on each of the set cl(C(¥)) C at*,
where W C @ is a positive system of roots. However the limiting values of this function
and of its derivatives on a singular element in the boundary of C(¥) depends on ¥, and
it is in general not possible to extend the function (23) to a smooth function on #t* —and
not even to a continuous function if G is not compact—. Harish-Chandra described a
family of relations between these limiting values, and Bouaziz [?] proved that this family
gives a complete set of relations.

I DO NOT KNOW IF WE WILL HAVE TO USE THAT.

From their work, it follows that it simplifies statements to use the function

(24) I6(/)(N) = &) /G dBer( 1))

defined for g-regular elements of ¢t* : it extends to a smooth function on the set of
strongly regular elements.

Consider for instance the group K. In this case
(25) A— | dBrx(f)o(f)
KA

extends to a Wgk-invariant continuous function with compact support on 2t* which is
zero on k-singular elements. It is usually not smooth (locally it might look like |¢| for
t € R). However, the function

(26) A= ()N = eelN) /K (o)

extends to a smooth function with compact support I(f) € C(it*), and f — Ix(f) is
a surjection of C°(4€*) to the space of Wi-skew-invariant smooth functions on #t*.
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Definition 3. A Radon G-invariant measure £ on tg* is said to be regular elliptic if there
exists a We-skew-invariant Radon measure My(€) on tt* such that the set of g-singular
elements of it* is of measure 0, and such that for all ¢ € C.(ig*), we have

@[ dee = g [ o) (w0 | asnen).

It follows that the set of elements of ¢g* which are not regular elliptic is of measure
zero for £. Formula (27) can be written

(28) | o= [

So the restriction of the measure €4(A\)My(€)(N) to C§ can be considered as the quotient
of £ by the invariant measures Ggy. In particular, it is positive if £ is positive.

M) (VM) / dBo(F)B(f).

s GA

Remark 3. In the case of K, we can consider in an analog manner invariant distribu-
tions on ©€* which are of the form

@) [ o) = - [ an©) (« [ o)

for ¢ € C(i¥*), for a suitable W -skew invariant distribution My(§) on ¢t*. In fact, it
is known [?] that the map & — M(§) is a bijection.

For instance, consider the Dirac measure at the origin of i€*. For ¢ € CX(it*) we
have

(30) ¢(0) =< D, Ix(¢) >

where, for ¢ € CX(it*), we have

(31) < Db >— #Vvi (I] 0)¢ | ).

Oée\ifg

Example 2. Let A € wt*. Then the measure Bgy is reqular elliptic if and only if X is
g-reqular. If X € C7, we have

(32) My(Bn) = eg(A) Y e(w)dun.
weWg
Similarly, if A € Ce, we have

(33) M(Brr) = Z (W) O

weWg

2. PARTITION FUNCTIONS

Let a be a non zero vector in ¢t*. We introduce the following Radon measures, which,
on a function ¢ € C.(it*) are defined by the following formulas.
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(34) Ya(9) = i ¢(ta)dt,
(35) 1o(6) = 2 o((n-+ gt
(30) tal) = | oltat,

2 1 1
(37) 1a(0) = B(—50) = 6(50).
We use the symbol * for the convolution product. Note that
(38) da * Yo = 50a

so that vy, is an inverse of d,. It is often useful to write y, as
(39) Yo = 6105 (D2(6)™) = Gy # (1 6,)7),
neN

where (1 — d,)~! is the inverse obtained by formally writing the geometrical series. We
have :

(40) t * Yo = Y.

We use also distributions. We define, for a function ¢ € C°(ét*),
d

(41) Do(¢) = —E¢(t06)|t=0~

We have :

(42) D, xY, = do,

so that Y, is an inverse of D,.

Let E{o,...,a,} be a finite multiset set of elements of ¢t*. We will say that E is
strict if there exists some z € ¢t such that a(x) > 0 for all « € E. This condition allows
to define the measure

(43) Y=Y, *Yy, x---xY, .
We will also write this as

(44) Ye = WackeYa.
Similarly we define

(45) Ye = KacEYa-

We define in a similar manner (the “strict” condition is not needed there) the measures
or distributions tg, dg, and Dg.

The Kostant’s partition function associated to E is the function Kg on #t* defined by
the formula

(46) *ocr(l— 5a)_1 = Z Kg(p)o,,
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that is, Kg(u) is the cardinal number of the set of (n,) € N¥ such that u = > n,a. In
particular the support of Kg is the set NE. The definition of yg encodes the function
Kp and an appropriate shift of pg :

(47) YE = Opp * Kaer(l — 6@)_1 = ZKE<N)6M+0E = Z Kg(pu — pE)ou-
I I

The support of yg is pg + NE.

Corresponding facts for Yz are as follows. The support of Y is the cone RZ°E which
is strictly convex, and has a non empty interior relative to the subspace RE. With
respect to a standard Lebesgue measure on RE, it has a density which is a function
homogeneous of degree #F — dim(RE), and continuous on R=°F.

For instance, suppose that #F = dim(RFE). This situation produces “multiplicity
one” theorems because then Kpg is the characteristic function of NE, and Yg is the

standard Lebesgue measure in the basis £ multiplied by the characteristic function of
R2F (see [?]).

Let us record some of the formulas relating these distributions which will be needed
in the sequel. They follow immediately of the formulas (40, 38, 42) above.

(48) Yeg =1g * yE,
(49) DE*YE :50,

Let F' be a multiset of non zero elements of #t*, and suppose that F' is symmetric (that
is the multiplicity of « is equal to the multiplicity of —a)). Let E be a positive system
in F' (we leave to the reader to define it). Then ¢tz does not depend on the choice of E.
It will be denoted by

(51) Trp = tE,

where rp is for “square root”, since rp * rp = tp.

3. RESTRICTION TO K.

3.1. Blattner’s formula. Let A € P;NC{ be an Harish-Chandra’s parameter. It is a
basic theorem of Harish-Chandra that any 7 € G has an admissible restriction 7|k to
K. This is in particular true of the discrete series 7%(\). Moreover, Harish-Chandra’s
description of 7%()), through its distribution character, impose some constraints on its
restriction to K. Blattner’s formula is the most natural solution to these constraints,
and it very remarkable and pleasant that it is the correct answer. However it was difficult
to prove, and this theorem is due (at least for linear groups) to Hecht and Schmid [?].
Since, other proofs have been provided, taking care also of remaining cases. We quote
[?], because it is used in the present paper. Blattner’s formula can be stated as follows :

(52) mi(CN)K) = Y e(w)w(Sx %y, (x)-
weWg

In particular, the parameter A can be recovered from 7¢(\). We state it in a lemma,
since it is heavily used later on.
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Lemma 1. We have :
(53) dy, o) xmi(mN)]K) = D ew(dy) = Y e(w)dun.
weWg weWg

Proof. 1t follows from (50) and (52). The main point is that dy, is invariant under Wy
for any positive system of roots ¥ C ®,. It is a consequence from the fact that the sign
character of Wy, when restricted to W, coincides with that of Wi. O

Remark 4. May be, a more elegant way of writing this formula is as follows:
(54) dg, * mw(79(N)|x) = ma(m(N)).
In particular, we recover X from my (7% (N\)|x).

VERIFY SIGNS !l

3.2. DHV’s formula. We denote by pg¢ the projection map (i. e. the restriction map)
from 2g* to ¢&*. If there is no ambiguity, we shall simply denote it by ps. Thus p, means
restriction to €. It is a simple and well known fact that the restriction of pe to any closed
coadjoint G-orbit 2 C 2g* is proper. The direct image of the Liouville measure is well
defined. We shall denote it by pe(Bq). So, pe(fBq) is a positive K-invariant measure on
t€* with support pe(£2).

When A € C! is a g-regular element, [?] gives the following formula (which says in
particular that pe(Sgy) is t-regular),

(55) Me(pe(Ban)) = Z e(w)w(0x * Yu,(n).

weWg
Remark 5. The support of the measure Me(pe(Bay)) is the set pe(GA) N at*.
As stated in [?], (55) and (49) implies:

(56) Dy, * Me(pe(Ban)) = D €(w)dun,
(57) Dy, * Me(pe(Bar)) = My(Banr)-

VERIFY SIGNS !!!

3.3. Comparison. We shall use the measure®

(58) Tg/g:’l“<1>n.

The measure ry/¢ is a Wi-invariant probability measure with compact support. We
denote its support by cge. The set cg¢ is the convex hull of the py,, for all positive
systems ¥ C ®,. If g is semi-simple without simple compact factors, it has a non empty

interior.
Let A € C¢ N P, be an Harish-Chandra’s parameter. From (52) and (55), we obtain

(59) rore* M (19(N)|x) = Me(pe(Ben)).

Formula (59) allows to compare the supports of the measures my(7¢(\)|x) and of
M(pe(Bay)), and so between 7% (\)|x and pe(GN).

One type of inclusion is easy :

"We thank David Vogan for this idea.
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Lemma 2. Let v € pe(GA) Nat*. Then there exists a €-reqular p € Py such that 7 (p)
occurs in 79(N)|x and v € p+ cge.

Proof. Let S be the support of mg (7% (\)|x). It is the set of E-regular p € P such that
78 (1) occurs in 7¢(\)|x. The set pe(GX)Nit* is the support of the measure Me(pe(Bay))-
By equation (59), it is contained in S + cge. O

If we prefer to use parameters in Cg, it gives :

Lemma 3. Let v € pe(GA) N cl(Ce). Then there exists p € PN Ce and w € Wi such
that T (p) occurs in 7°(\)|x and v € wu + cgpe, or equivalently, p € wv + cge.

Proof. The distribution rg/e is Wx-invariant and symmetric. U

COMMENT Reverse kind of inclusion (according to Vogan) should follow from the
formula, but I do not know how. I think that the formula is sufficient to get the same
asymptotic support for my (7% ()| k) and Me(pe(Bay)). Is it true ? Is it interesting ¢

We get some kind of reverse inclusion for “large” parameters.

Remark 6. Suppose that pn € P, N Cy is far from the walls, more precisely suppose that
the €-regular elements of PeN (14 cgye) are contained in Cy, and that the representation
78 (1) occurs in 7% (N)| k. Then u belongs to pe(GA)NC (and even to the relative interior
with respect to the affine subspace A + RW,, ).

Proof. Consider M = 1y * mu (79 (N)|x). If we write mg(7(\)|x) = Y., 0, then
M =73, c,rge*d,. Let V be a small neighborhood compact convex symmetric of 0 in
it*. In u+V, the v which will contribute to this sum are such that v+ cgeNp+V # 0,
that is v € u+ cgje + V. The hypothesis implies that, for V' small enough, these v’s will
be in Cg, so that ¢, is > 0. Since ¢, > 0 by hypothesis, we find that in a neighborhood
of p1, the measure M verifies M > c¢,rg/e * 0. O

Remark 7. With a similar proof, one obtains the following result : Suppose that p €
P, N Cy is very far from the walls, more precisely suppose that the €-reqular elements of
PeN (4 2cqe) are contained in Cy, and that the representation 7 (1) occurs in 7% (N\)|f.
Then i+ cqse is contained in pe(GA) NCe. In particular, for all positive systems of roots
U C @y, p+ pu, is contained in pe(GX) N Cy.

However, Paradan [?] obtained by more involved method the following better result :

Proposition 1. Let such that the representation 7 (u) occurs in 7%(\)|x. Then pu +

Pr(A) € pe(GA) N Ce.

Paradan proves even more : p + p,(A) belongs to the interior of p(GA) N Ce in the
affine space generated by pe(GA) N Cs.

3.4. Asymptotic cones. Let X C V be a non empty subset of a finite dimensional real
vector space V. The asymptotic cone C(X) of X is the set of v € V such that there
exists a sequence (€,),>o of real numbers ¢, > 0 with limit 0, and a sequence of (z,,),>0
of z, € X, such that v is the limit of the sequence (€,x,),~0. The asymptotic cone
C(X) is a cone (that is stable by multiplication by ¢ € [0,00)), and closed in V. The
asymptotic cone is reduced to {0} if and only if X is bounded.

Let W be a vector space, and p: V — W a linear map.

Lemma 4. The restriction p|c(x) is proper if and only if C(X) Nker(p) = {0}.
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Proof. This is true for any closed cone C' C V. O
Lemma 5. If p|c(x) is proper and X closed in V', then p|x is proper.

Proof. We can assume that p is surjective. We can assume that V is a direct sum
V =U @ W and that p is the projection on W with kernel U. We choose norms on U
and W. Then there exists ¢ > 0 such that ||w|| > ¢||u|| for all v = w + u € C(X).

Let 0 < ¢ < ¢. We prove that there exists N > 0 such that if v = w +u € X with
weW andueU, ||wl| +|[ul] = N, then [|w]] > ¢[ul]

Suppose that it is not the case. Then there exists a sequence (v, = w, + Up)n>o of
elements of X such that ||w,|| + ||u.|] > n and ||w,|] < ¢||u,|] for all n > 0. Let
én = (|Jwn]] + [Jun|])~!. By extracting a subsequence, we can assume that the limit
v = lime,v, exists. Then v belongs to C'(X), and v # 0. Write v = w + u. Then
l|lw|| < ||u||. This contradicts the assertion ||w]|| > ¢||u]].

The end of the proof is clear. O

Remark 8. The converse is not always true. Consider the parabola X with equation
y =22 in V = R2. The asymptotic cone C(X) is the positive y-axis, and the natural
projection p on the x-axis is proper on X but not on C(X).

A simple way to avoid these parabolic branches is the following :

Lemma 6. Let Y C V be a closed subset. Suppose that there exists a compact set B C'V
such that Y C B+ X. If p|x is proper then ply is proper.

Proof. Let yn,~o be a sequence of elements of Y such that p(y,) is bounded. Write in
some manner ¥y, = b, + z,, with b, € B and z,, € X. Then p(z,) is bounded. Since p|x
is proper, z, is bounded. Then vy, is bounded. 0]

Lemma 7. a) We have

(60) p(C(X)) C C(p(X)).
b) If moreover plo(x) is proper, we have

(61) p(C(X)) = C(p(X)).

Proof. a) It follows from the continuity of p.

b) We use the notations of the proof of lemma 5. Let w € C(p(X)). If w = 0, then
we have w € p(C(X)).

Suppose that w #£ 0. We write w = lim €,w,, with ¢, > 0, lime, = 0, and v, = w,, +
u, € X. For n large enough, we have (from the proof of lemma 5) that ||w,|| > ¢||u,]].
It follows that the sequence €,u, is bounded. By extracting a subsequence, we can
assume that the limit lim €,u,, exists. Then the limit v = lime,(w, + u,) exists. We
have v € C'(X) and p(v) = w. O

The example in remark 8 shows that it is not sufficient, in the lemma b) above, to
assume that p|x is proper. The purpose of the next subsection is to make sure that in
the situations of interest for this paper, this kind of parabolic behavior do not occur.
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3.5. Asymptotic cones : restriction to £. Let X be a coadjoint orbit in g*. Then (see
[?]) C(X) is contained in the nilpotent cone A" C g*, which implies that the projection
Pelo(x) is proper. It follows from lemma 7 that

(62) p(C(X)) = C(p(X)).

Recall that a polyedron in a finite dimensional real vector space V' is a finite intersection
of closed half affine subspaces. A subset P C V is polyhedral if it is a polyhedron.

Let X be a closed coadjoint orbit in ¢g*. Since the projection pe|x is proper (see [?]),
it follows from [?], theorem XXX, that pe(X)Ncl(Cx) C it* is a closed convex set, locally
polyhedral. Consider now an elliptic regular coadjoint orbit GA with A € Cf. It follows
from formula (55) that pe(GA)N<t* is a finite union of polyhedrons (in which the measure
Me(pe(Bey)) has a non zero polynomial density with respect to an invariant measure on
the affine hull). This implies the following lemma :

Lemma 8. Let A € Cf. Then pe(GX) N cl(Cy) C it* is a polyhedron.

Remark 9. Let A € Cf. Then X is a vertex of pe(GA) Ncl(Cy), and it follows from (55)
that A +R2, (X\) is the local cone at \. It follows that the affine hull of pe(GX\) Ncl(Cy)
is A+ RV, (\), and that

(63) pe(GN) N el(Cr) € (A + R, (X)) N el(Cy).

This is of course well known to experts : the local structure of pe(GX) N cl(Cy) can be
computed from local data on G\ (see [?]).

Recall (see [?], 1.5) that to a polyhedron P C V is associated a polyhedral cone
Rec(P) C V, the recession cone. It has the property that there exists a compact
polyhedron Q such that P is the Minkowski’s sum P = Q + Rec(P). It follows that
Rec(P) = C(P), the asymptotic cone, and that x + Rec(P) C P for any = € P.

Lemma 9. Let A € C7. Then p(C(GX)) N cl(Ce) is equal to the the polyhedral cone
C(pe(GN) N cl(Cy)).

Proof. From (62) we obtain the equality pe(C(G)\)) = C(pe(GA)). Let X = pe(GN). Tt is
a K-invariant closed subset of 1¢*. We want to prove that C(X)Ncl(Ce) = C(X Ncl(C)).
We prove that it is true for any invariant closed subset X C 2¢*.

Let X be an invariant closed subset X C 4¢*. It is obvious that C(X N cl(Ce)) C
C(X)Ncl(Ce). Conversely, let € C(X)Necl(Ce). We write p = lim €,k i1,, with €, > 0,
lime, =0, k, € K, p, € X Ncl(Ce). By extracting a subsequence, we can assume that
the limit & = lim k, exists. Then the limit v = lime,pu, exists and is equal to k= !u.
Since v and p are in ¢l(Ce), we obtain that gy = v. We have py =v € C(X Ncl(Cy)). O

Lemma 10. Let A € Cf. Let B = —K\ C i¢*. Then we have C(pe(GN)) C B+ pe(G ).

Proof. We have X 4 C(pe(GX) N cl(Ck)) C pe(GA) N cl(Ce), so C(pe(GN) N cl(Cr)) C
=X+ pe(GA) N el(Ce). The result follows. O

QUESTIONS.

1) Everything there should be true for any closed coadjoint orbit.

2) Everything there should be true for the closure of a coadjoint orbit, in particular
the closure of a nilpotent orbit.

3) In general, for a closed coadjoint orbit X, C'(X) is not the closure of a coadjoint
orbit (for example, for hyperbolic regular orbits of SL(2,R), C(X) is the nilpotent cone,
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the closure of the union of two nilpotent orbits. The projection on € = t* of the closure
of each one of these orbits is half a line. The union is a line (still a polyhedral cone !).
4) Is C(GX) for A € C} the closure of a nilpotent orbit X7 I think yes. Moreover, the
image of Jx can be computed (see Barbasch, Fourier transform of nilpotent orbits) by
applying a suitable differential operator in A to the corresponding image of (g..
5) There is a finite number of nilpotent orbits X. For each of them, one should
compute pe(X) and the corresponding measure.

3.6. Asymptotic cones: restriction to [. Let L be a connected closed subgroup of
K. We choose a Cartan subgroup U of L. We assume that 7" contains U. Let A € Cj.
We consider the projection p; on [*.

Proposition 2. Let A € C7. Then pigx is proper if and only if pilciay) is proper.

Proof. Recall the notation pg for the projection from € to [, and recall that we used the
simplified notations p; = pg(, Pe = Pge. Since p = pe e, then, for any closed subset
E C ig* such that pe|p is proper, p(|g is proper if and only if pe |y, (g) is proper. Thus
we have to prove that pg is proper on pe(G) if and only if it is proper on pe(C(GN)).

Since pe(C(GA)) = C(pe(GA)) by (62), it follows from lemma 7 that pg; is proper on
pe(GA) if it is proper on pe(C(GN)).

Assume conversely that pg is proper on pe(GA). Then it is proper on pe(C(GA)) by
lemmas 6 and 10. O

Proposition 2 is very useful, because numbers of results are available about C'(GX),
notably in [?]. For instance, C'(G)) is a finite union of nilpotent coadjoint orbits, so
there is a finite number of possibilities for C'(GA) when A varies. We give two corollaries.

Corollary 1. Let A € Cf and X' € C. Suppose that U, (\) = ¥, (X). Then py is proper
on G\ if and only if it is proper on G\ .

Proof. 1t is known ([?], Proposition 3.7) that C(G\) = C(GX).

I AM AFRAID THAT IT PROVIDES A PROOF ONLY FOR parameters of discrete
series, ie for “integral” A.

Even if we are not able to prove (or to find a reference) that C(GA) = C(GX'), then
DHYV formula should prove the weaker result that C'(pe(GA)) = C(pe(GX)) ? O

Corollary 2. Let A € Cf. Let C' = C(pe(GX) N cl(Ce)) C cl(Cy) be the recession cone of
pe(GX) N cl(Ce). Let I+ be the orthogonal of | in €. Then py is proper on G\ if and only
if KO NIt ={0}.

4. RESTRICTION FROM K TO T.

Let u € P, N Ce. Recall that we fixed a positive system W, for ®;. Pick another
(possibly the same) positive system ¥, for ®p. Kostant’s formula for the restriction
75 ()| can be written:

(64 m (¥ ()| = (~1)FHe ( 2 e<w>5wu> Y.

weWg



PROPER MAP AND MULTIPLICITIES 19

We obtain (see [?])

(65) dyy * mp(7" ()|r) = (—1)#700 < > E(w)&u“)

weWg

(66) = (=1)# e (75 ()

Decomposing a finite dimensional representation R of K in irreducible components, we
obtain:

Lemma 11. Let R be a finite dimensional representation of K. Then :
(67) dy, x mp(R|z) = (=1)#" T (R)
(68) mr(Rlr) = (=1)*"Yeme(R) * yu,.

Similarly (see [?]), let p € C. Then

(69) My(pdBr,)) = (—1)#% ( > e<w>5w~) Yoy

weWg

and

(70) Dy, % Mr(pdBi,.)) = (=1)#70% ( > G(U))5wu>

weWg

(71) = (1) My (B

5. RESTRICTION FROM K TO U.

Let U be a closed connected subgroup of 7. We consider the centralizer Z = Z(U)
of U in K and its Lie algebra 3. Then 7T is a Cartan subgroup of Z. We denote by ¢ the
projection pg,. We denote by () C 2u* the subgroup of differentials of characters of U.
We have @ = ¢(P). We have ®; = ¢, Nker(q).

Let W) C ®¢ be a positive system. Then = . N @, is a positive system for ®,. We
write Uy, = Wy\W]. A positive system Wy of @ is said to be u-admissible if the image
q(Vy,) is strict in 4u™. Recall that we consider the ®’s as multisets, so that we take into
account the multiplicities in ¢(Uy y 3) if several roots have the same restriction to u.

Lemma 12. a) A positive system Uy, of @y is u-admissible if and only if the simple roots
of W} are simple in V.

b) Let W} C @ be a positive u-admissible system. Then py;(ha) = pw;(ha) for all
a € ;.

Proof. a) Suppose that W} is u-admissible. Let a € W). Suppose that a = 3 + v
with # and 7 in ¥}. Then 0 = ¢(3) + ¢(v). Since ¢(V\®;) is strict, this implies that
q(B) = q(v) = 0, that is 3 and v are in W),

Conversely, let a € W/ a root which is simple in W}, but not in ¥} We write o = S+~
with 3 and v in W\ W}. Then 0 = ¢(8) + ¢q(7), and q(¥;\®,) is not strict.

b) It is sufficient to verify the formula for the simple roots of W. Then it follows from
a) that they are also simple in W. So both sides of the formula are equal to 1. 0
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There exists at least one positive u-admissible system. In this paper, g, € t, u are
given. The choice of the positive system W is not important : its main use is to provide
a specific parametrization of the set of elliptic coadjoint orbits in zg*.

For convenience, in the rest of this paper, we choose ¥, u-admissible. We
have now at our disposal ¥;, C., py,, Wz, etc...

However, there may exist other positive u-admissible systems which are not conjugate
to W under natural automorphisms of this setting. We shall need all of them in the
sequel.

We consider Weyl’s dimension polynomial for Z. It is given for p in ¢t* by

Hae\ys M(hoc)
1_[046\115 P, (ha) '

(72) w(p) =

We recall two well known formulas.
Let o € C;. Then (see (74) and (22) :

(73) vol(Zp) = w(u).

Let Z be the simply connected covering group of Z. Denote by P the differential of
characters of the subgroup T of Z with Lie algebra t. Then P is the set of € #t" which
take integer values on the h, for a € ®,. It contains py,, so that P P. Let p e P

be j-regular. We defined the (finite dimensional) irreducible representation 72 (1) of Z.
For u € PZ N C,, Weyl’s dimension formula reeds :

(74) dim 7% (1) = w(p).

Let u € P, N Ce. Following [?], we give formulas for the restriction 7% (u)| which are
half way between Kostant’s formula (64) for U = T, and Weyl’s dimension formula (73)
for U = {1}. We give such a formula for each choice of a positive u-admissible system
of @p. Let Uy, be such a system.

We denote by W;\Wk the subset of w € W such that wCe C C;. Every element
of Wi can be written in a unique manner as vw with v € Wz and w € Wz\Wgk. So
Wz \Wk is a set of representatives (depending on W) for the quotient also denoted by
Wz \Wk.

Lemma 13. Let p € P, NCe. We have

(75)  mu( (wle) = ()P (ST ew)m () | * v

wEWZ\WK

Proof. Since T and U are commutative, the measure my (7% (u)|r) is the projection on
1u* of the measure my (7% (u)|7), that is my (75 (1)|v) = ¢(mr (7% (p)|7). However, we
cannot directly use formula (64) because ¢ is not proper on the support of Yy it Dy is
not empty.

We rewrite (64) as

(76) (" (1)|r) = (LN ( > e<w><w> Yoy * Y,

weWg
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Since ¢ is proper on the support of ¥ /5 We can consider the measure q(y\pé/3 ). Is is equal
to Ya(wy, ) So it remains to prove :

(77) q<<z e(w)awm*y\p;):(—l)#%“% S w) @)

weWk wEWZ\WK
For a fix w € W, \Wy, we consider the measure

(78) () e(vw)dpuy) * yuy -

veEWy
Remark that, thanks to lemma 12, wy is in PNC, and that Wy = W. By formula (64)
applied to Z, this is (up to the sign (—1)#¥%YY e(w)) the measure myp(m? (wp)|r). Since
u is central in 3, the restriction of 77 (wu) to the subgroup with Lie algebra u is a multiple

of the character with differential wp — py,. The multiplicity is dim 7% (wp) = w(wp).
Since py, vanishes on u, we obtain :

(79) q (( Z E(’Uw)(sku) * ng) = (_1)#W5U\I};E(w)w(w:u)(SCI(wM)‘

veWz

Summing this over W \Wj completes the proof of the lemma. O

Similarly, using the fact that the volume of Zu is given also by Weyl’s polynomial
w(u) for o € C;, one proves (see [?]) the following lemma:

Lemma 14. Let p € Ce. We have

(80) My (pu(Bru)) = (_1>#\PF\3U\P/€\3 Z G(w)w(wﬂ)5q(wu) * Yq(\I/@/a)'
’LUEWz\WK

Comparing lemmas 13 and 14, we obtain :

Lemma 15. Let i € Pe N Ce. We have
(81) My (pu(Bic)) = oty * mu (T (1)]o).

6. RESTRICTION FROM K TO L.

Let L be a connected closed subgroup of K. We choose a Cartan subgroup U of L.
We assume that 7" contains U. We use the notations (Z, etc...) introduced in section 4.
In particular, we fixed a positive u-admissible system Wy C ®y.

Let Wy C ®¢ be another positive u-admissible system. Then ¢(¥} ;) contains a positive
system of roots, denoted by Wy, of ®;. We denote by Wy, (u) the multiset q(W},)\ Wy : it
is a positive set of roots for the non zero roots of u in €/[, counted with multiplicities.

We recall Heckman’s formula for the measure mp, (7% (u)).

Lemma 16. Let i € Pe N Ce. We have

(82)  mu(m(p)[1) = (=) O [N e(w) w(g(wp)) g | vuy, -
”LUEWZ\WK
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Proof. We apply the operator of convolution by dy/ to equation (74). The left hand side
gives, by formula (68) applied to the pair (L, U)

dyy # mu (7" ()]v) = (=D)#Yimy (7 ()] 1),

The right hand side gives

)4 R4
(_1)# s UV Z e(w) w(q(wp)) dgeuwp) *Yw ()
’LUGWZ\WK

Similarly :
Lemma 17. Let i € Pe N Ce. We have

(83)  Mp(p(Br,)) = (—1)F 8T [N e(w) w(g(wpn) Sy | * Yoy, -
wGWZ\WK

(84) My (p(Brc)) = 7oy * M (7™ (1)]1)-

7. RESTRICTION FROM G TO L.

Let A € P;NC{ be an Harish-Chandra’s parameter. We show that the admissibility
of 7%(\)|L is equivalent to the fact that py is proper on G\. In this case, we prove the
formula. WE DEFINE rg/, and prove again :

(85) rocxmp(t¢(N)[) = Mr(p(Ben))-
8. RESTRICTION FROM GG TO H (EQUAL RANK).
9. RESTRICTION FROM G TO H (GENERAL CASE).

This is where we need something on non compact roots ....

10. VARGAS
11. CONDITIONS FOR ADMISSIBILITY

11.1. Admissibility is equivalent to properness. Let G be a connected reductive
Lie group with compact center. We fix a maximal compact subgroup K for G. Let L be
a connected subgroup of K, as usual, we denote by m()\) the discrete series attached to
the coadjoint orbit €.

Proposition 3. w(\) has admissible restriction to L if and only if the projection py :
Q —l* is a proper map.

Proof: We first show that properness implies admissibility. We are indebted to E.
Paradan for this proof. Let 7, be an irreducible representation of L having infinitesimal
character p so that 7, is contained in the restriction of 7(\) to L. Thus, there exists
an irreducible representation ¢, of K, whose infinitesimal character is v, so that 7, is
equivalent to a subrepresentation of ¢, restricted to L. In [?], Proposition 5.2 Paradan
shows that

v € pe(9).
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In [?] Paradan proves that

JIRS p[(K . V).
Thus, € p(€2). Next, we denote by ¢,,,- -, ¢,, inequivalent K —irreducible submod-
ules of 7(\) so that a copy of 7, is contained in ¢,, for j = 1,--- , R. We are to show that

R is a finite number. For every j, we choose y; € p;ll (1) N K - v;. Since py restricted to
(2 is a proper map, pe;: pe(§2) — I* is a proper map. Thus, pg[l () N pe(£2) is a compact
set. Since K - v, N K -vs =0 for r # s, {y1,--- ,yr} is a discrete set. Therefore R is a
finite number and the multiplicity of 7, in the restriction of 7(\) to L is finite.

For the converse statement we notice that L—admissibility implies that the subspace of
L—finite vector is equal to subspace of K —finite vectors, [?], also, for each L—type of
m(A) we have that there exists finitely many K —types whose restriction to L contains
the given L—type, hence we have a well defined proper map from the set of K —types of
() into the set of L—types in such a way that fiber over a point is finite and contained
in the K —types whose restriction to L contains the point. Because of prop ...this map
gives rise to a proper map from ASk(7())) into [*. In 77?7 we showed that there exists a
compact convex set Dy so that pe(GA) = Ad(K)(Dy+ ASk(m(A))). Thus, the restriction
map from pe(GA) into [* is proper and hence py restricted to G is proper. O

Another proof of the converse statement

Since 7(A) has an admissible restriction to L, it follows that a L—type is contained in
finitely many K —types. Otherwise, the restriction to L would not be admissible. Let
Aso(m) C pc be the associated variety of 7. In [?] we find a proof that Aso(r) is an
irreducible variety and connected in the Euclidean topology. Huang-Vogan has shown
7

ClAso(m)] C 7(\)jx @ Wy

here, W} is a finite dimensional K —module. Hence, C[Aso(r)] is an admissible L—module.
It follows from Vergne [?] the moment map g : Aso(m) — [* is a proper map. Next,
Vergne [?] has shown there exists a K — equivariant diffeomorphism between the real
associated variety Asog(m) and Aso(m) and the diagram

space
commutes. Hence, p; : Asog(m) — [is a proper map. Barbash-Vogan [?] has shown
Asog(m(N)) = C(G - A). Proposition 2 yields p;: G - A — [is a proper map. O

Corollary 3. py : Q@ — b* is a proper map if and only if w(\) has an admissible
restriction to H.

The corollary follows from Corollary ... and Proposition ....

11.2. Sufficient conditions for admissibility and properness. In this subsection
we point out quite general pairs (G, L) and positive root system ¥ in t* in order to
obtain sufficient conditions for properness of the moment map G\ — [*. Let ¥ a system
of positive root in ®(g,t) such that A = W,. Let py be the linear space spanned by the
root vectors corresponding to the roots in ¥,,, and let

b =8 (V) =< [py, pu] >

denote the ideal in € spanned by [py, py]. It readily follows that € is the complexification
of an ideal ¢, of £. Let &5 := £(¥) be the orthogonal complement of ¢, in € with respect
to the Killing form. Hence, & is an ideal in € so that ¢ = ¢, © €, and t = t; & t, with
t; C €, j = 1,2. Note that either t; or €, depends on V.
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Lemma 18. Every simple root for ¥ N ®(y, t) is simple for V.

Proof: Let « be a simple root for ¥ N ®(8y,t). If o were not simple for ¥, then
a = B+ Ba, B, P2 € U. It follows that 3, 3 are noncompact roots. Hence, the root
vector of « lies in [py, py] C &, a contradiction. O

Now, it readily follows that €;(W) is the largest ideal of € contained in the Lie subalgebra
spanned by the roots system generated by the compact simple roots in W. This subalgebra
has been defined by [?]. More precisely, [?] define a parabolic subalgebra [+ u as follows:
[ is the subalgebra of € spanned by t and the root vectors corresponding to compact
roots which are linear combination of compact simple roots in W, u is generated by root
vectors in W outside of . Thus, u = py.

Lemma 19.
(86) B (P) =[unp,unpl+unpunp]+[unpunpl, [unp unp].
Proof: We first verify that

(87) unNt=uNp,unp

We show un€ C [unp,unp] by induction on the length of the root v such that its
root space g, is contained in uN €. Let ¢ denote the length function for the root system
A.If () = 1, then v = (B + [ with roots 5; € uNyp, otherwise, v € ;N ¥,. When
¢() > 1 there exists a simple root v € A so that v — a € A. Since v € ® e then either
Y=o € Pypor a € Py, hence v = 1 + B +aor v = f1 + B2 + 7 — o with 3; € Oyny.
Jacobi identity implies that either 8; + « or B + «v is a root. Thus, v is the sum of two
noncompact roots.

The equality (87) yields the inclusions un€ C € (¥),unt C € (V). Hence the right
hand side of the equality we are to show is contained in & (V). Next, we show the right
hand side is an ideal in £. Indeed, if X, € [, since [+ u is a parabolic subalgebra and [ is
a subalgebra of £ we obtain X, normalizes the right hand side. When X, lies in un €,
for Y; root vectors in une, it readily follows [X.,, [Y1, Ya]] belongs to the right hand side.
The definition of €, concludes the proof of the lemma. O

Corollary 4. [py, py] contains root spaces corresponding to roots of both lengths in each
simple factor of € (V).

The decomposition (86) yields the subalgebra [py, pu|+|[[pw, o], [P, o] is a parabolic
subalgebra of € (V). For a simple Lie algebra either root vectors for the maximal root
or for the short largest root belong to the nilpotent radical of any parabolic subalgebra
and the corollary follows.

It follows from Lemma .... and its corollary the following

Corollary 5. a) Any root in (V) is up to sign either the sum of two noncompact roots
or the difference of two roots which are the sum of two noncompact roots.
b) Any root in (V) is conjugated to a root in W yne.

Lemma 20. Let V be a finite dimensional inner product space. AssumeV =V, @BV, is a
nontrivial orthogonal decomposition of V. Let C' be a strict cone in'V so that C'NVy = 0.
Then the image of C by the orthogonal projection of V' onto Vi is a strict cone.
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Proof: Let us recall that a cone C' is strict if there exists a nonzero vector v in V' so
that (v,C' — {0}) > 0. Equivalently, C is a strict cone iff C' does not contain a line ([?],
Lemma A.5). Let p: V — Vj be the orthogonal projection. Hence, p(C') is a cone and
if p(z) = 0 with z € C then the hypothesis implies z = 0. Thus, if p(C') contained a line
there would be w # 0,w and —w in p(C). Hence, w = p(z),z € C,—w = p(y),y € C.
Thus, 0 = p(x+vy), with z+y € CNV;. This contradicts that C'is strict unless z = y = 0.
O
It obviously follows that if p(C) is a strict cone and C'NV, = 0, then C is a strict cone.

Remark 10. Let Wy be the subgroup of W spanned by the reflections about some
compact simple roots {ay,...,a,} in U. Let C' C it* be a Wy—invariant strict cone.
Then C'NY_; Ray = {0}. In fact, if X € CNY_; Ray the convex hull of {wX, w € Wy} is
contained in C'N Y Rea;. Hence, unless X = 0, there is a non zero vector and its opposite
in C.

As before, for a reductive Lie algebra g, let g5 denote its semisimple factor and 34 its
center. Hence, a Cartan subalgebra b of g splits as b = 3,® by, with by, contained in gs;.

Corollary 6. RTWU, Ni(t))ss = 0.
Corollary 7. RTWU, Nit5 = 0 is equivalent to RT¥,, Nizy = 0.

In fact, for X € RTW¥, N}, we write X = Xy + Xo, X; € i35, Xo € i(£5)ss. We now
proceed as in Remark ..... and recall that for w € Wy, wV,, = W,,.

Corollary 8. Assume 3¢ # 0.

If 0 % & (V) # &, then RYW, Nit] = 0.

According to the classification of symmetric spaces the hypothesis forces g is isomor-
phic to either su(p, q) or s0(2,4) = su(2,2). We dealt with these cases in §2.3 iv)su(p, q)
and Table 1.

Corollary 9. Whenever K is a semisimple group, for any positive root system ¥, we
have RTW,, Nit; = {0}.

Remark 11. Example 2.13 in Kobayashi, [?] implies that for K a semisimple group
or when RTW, Nit; = 0, then a discrete series representation whose Harish-Chandra
parameter is dominant with respect to W, restricted to & (V) is admissible.

We now present a simple direct proof of the statement in Remark ... when we restrict
to either € (V) or & (V) + 3¢. For this, we write

E=0LD
as a sum of ideals, we denote the corresponding splitting for t = by & bs.

Proposition 4. Let w(\) be a discrete series representation of G whose Harish-Chandra
parameter A is dominant with respect to W so that RT™W, Nibs = 0. Then the restriction
of m(A) to Ly is an admissible representation.

Proof: Since R*W,, is a strict cone in it* and R*W¥, Nib5 = 0 lemma ...., implies
that there exists a nonzero vector v € ib} so that (v,R*W¥, — {0}) > 0. We choose
v so that its inner product with any root in W, is bigger or equal to one. Schmid in
[7] express the highest weight p of a K—type of w()\), computed with respect to A, as
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w=AN+p,—pc+pP1+---+ s with fy,- -+, Bg roots in ¥,,. The splitting it* = ib} + ib}
yields p = py + po with py € ib7 and ps € ib3. Hence, (u,v) = (1 + p2,v) = (u1,v) =
(A pp— pesv) + (B1+ -+ Bs,v) = (A+ pp, — pe, v) + S. Therefore, for a fixed py, S is
bounded and hence p5 has finite many possibilities. Thus, the multiplicity of p; in 7(X)
is finite. O

Corollary 10. Assume the Harish-Chandra parameter for m(\) is dominant with respect
to . Then, m(\) has an admissible restriction to K,(V)Z,. Besides, if R™¥, Niz; = {0},
then m(\) has an admissible restriction to K;(¥).

Remark 12. When 3; # 0 admissible restriction to K7 (¥) may be false. We now analyze
this question.

It is known that 7() has an admissible restriction to Z if and only if ¥ is holomorphic.
For a reference cf [?].

It follows that RTW, Niz; = 0 is equivalent to there exist v € it} so that (v, 3) > 0,
for all noncompact roots in W. Gross-Wallach in [?] have shown for ¥ is small and non
holomorphic, then 7(A) has an admissible restriction to K;(¥). They construct v € it}
as above

Second, we have shown that whenever RTW, Niz; = 0, then 7(\) restricted to K;().
We the converse is not true. In Example 4 we show: a holomorphic discrete series has
an admissible restriction to the semisimple factor of K if and only if G/K is not a tube
domain. For a holomorphic chamber we have RTW, Nize = i3¢. For G = SU(p,2) in.... we
obtain non holomorphic discrete series with admissible restriction to K, = SU(p) x SU(2)
and such that RTW¥,, N3, # {0}.

Fourth, in subsection...... for G locally isomorphic to SO(2,2q + 1) we show no dis-
crete series admits admissible restriction to K;(¥). Here, RTW, N3, # {0} For G
locally isomorphic to SO(2n,2) admissible restriction toK;(¥) = SO(2n) is equivalent
to RTW,, Nizy = 0. In this case there are two systems of positive roots V4, so that the
discrete series has admissible restriction to K.

In order to show the strictness of the set py, (V,,) the following is useful,

Lemma 21. If g is simple, not locally isomorphic to so(2,2q+1) and & (V) is nontrivial,
then every noncompact root has a nonzero restriction to t,. For so(2,2q+ 1) and a short
noncompact root the projection to t; is zero.

Proof: We show that if g is a simple real Lie algebra which is not isomorphic to
50(2,2¢+1), then any root  orthogonal to t; (V) lies in ®(€(W)). In fact, if v is compact
we have nothing to verify. If v were noncompact, and £ semisimple, since v is orthogonal
to t; (V) Lemma ... implies that v is a linear combination of compact simple roots lying
in W(€y). Thus, 7 lies in ®(€). When £ has a nontrivial center and g is isomorphic to
su(p, q) the implication follows by inspection on the roots. We are left the case ¢ has a
nontrivial center, real rank of g bigger or equal than two, and &, is simple. Thus, 7 lies
in the center of €. Hence, (7, ) is a positive number for every noncompact root g lying
in a fixed holomorphic system. Since, g is not isomorphic to s0(2,2q + 1), there is at
least one noncompact root which is orthogonal to . Contradiction, hence v is compact.
For s0(2,2¢g + 1) the noncompact short root is not orthogonal to any other noncompact
root. d

Ezxample 1: For G such that ¢ is a semisimple algebra the inclusion ¢, (V) C [ is sufficient
to assure for A W—dominant that 7(\) has an admissible restriction to [. For G/K is
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a Hermitian symmetric space, (V) C [ is not sufficient to assure that w(\) has an
admissible restriction to [. In fact, the group SO(2,4) has six families of discrete series
representation [?]. Among these six families, two of them restricts to an admissible
representation of SO(4) and the other four do not have an admissible restriction to
SO(4). However, for any of these six positive root systems ¥, the subgroup ¢;(¥) is
contained in SO(4). More precisely, for g = s0(2,4) = su(2,2) in a toroidal Cartan
subalgebra we have a basis {¢,d1,d2} so that a system of positive compact roots is
A = {01 £ 05} and ®,, = {£e £ ;}. When we identify, via the Killing form, the toroidal
Cartan subalgebra with its dual space, the center of £ is equal to Ce. For each of six
systems of positive roots containing A, in the first column we list the positive noncompact
roots, the second column gives €, (¥), the third column exhibits R*W,,Nit;(V), the fourth
column indicates whether or not discrete series with dominant parameters with respect
to W restricts discretely to £ (), it turns out of the computation that for this case a
discrete has admissible restriction to K if and only if has admissible restriction to so(4).
A proof of the last statement can be found in [?]. The fifth colum shows when p,(V,,) is
strict. The sixth column computes the number m(¥), c.f. §2.3 iv).

U, 6(0)  |R¥U,NiG(V) [Ad R | Str | m(D)
(51 + €, +e — (52 5u2(61 — 52) 0 Y Y 2
+e+ 52 5U2<(51 + (52) 0 Y Y 2
:l:€+51,€:i:52 50(4) Zﬁ? N N 3
+e+ 01, —€ £ 09 s0(4) i3t N | N 3
e+ 0 R, N N 1
—e+6; 0 R*W, N N 1

Table 1

The first two root systems are small.

Example 3: Whenever K is a semisimple Lie group and L is a closed subgroup of K so
that m(\) restricted to L is admissible, we would like to show that K;(¥) is a subgroup
of L. We now show that this is not true, although, later on, we will show this fact holds
if L is a maximal compact subgroup of H for (G, H) a reductive symmetric pair. The
example is G = Sp(p, 1),p > 1 Here, we consider as in ..... Ug={0>e€ >--¢} Then,
K, = Sp(1), Ky = Sp(p). In [?] they show that such a discrete series has an admissible
restriction to both, Sp(p) and Sp(1). Berger’s classification of reductive symmetric pairs
cf. [?] shows that neither Sp(n) nor Sp(1l) are maximal compact subgroups for H so
that (Sp(n,1), H) is a reductive symmetric pair.

Ezxample 4: We fix (G, K) an Hermitian Symmetric pair and let K, denote the semisim-
ple factor of K. Let ¥ denote a holomorphic chamber in ® and A a discrete series
parameter dominant with respect to W. Then,

o RHW, Nizi = i3,
e () restricted to K, is admissible if and only if G/K is not of tube type.

The first assertion follows from that p, (V) is orthogonal to all the compact simple roots
in ¥ and that for a holomorphic chamber the simple roots in A are the compact simple
roots for W. Before we justify the second assertion we recall a few facts. Since ¥ is a
holomorphic system of positive roots, that is, the sum of two noncompact roots in ¥
never is a root, there exists a set of strongly orthogonal noncompact roots, v1,...,7, so
that
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i) 25—y 5 is in 45y if and only if >0, R¥y; Mgy # {0} if and only if G/K is a domain
of tube type
Zj R*v; Niz; = 0 is equivalent to the second statement. In fact, Zj cjj € 13, lead us

to (32, ¢v5,m) = -+ = (22 ¢V V), the orthogonality of the v; yields ¢; = -+ = ¢,
hence ¢; = ... = ¢, = 0. For a proof of the second equivalence [?]. Let p_ := py, and
consider the symmetric algebra S(p_) of p_. Then in [?] we find a proof of

i1) The A highest weight of an irreducible K —submodule is equal to —nivy; —- - - —n,7;,

with n; > -+ > n, > 0, and it occurs in degree Zj n;.

We claim: G/K is of tube type if and only if some irreducible representation of K, has
infinite multiplicity in S(p_).

Indeed, in [?] it is shown S(p_)¥== = C if and only if the multiplicity of each K,—type
is finite. Since the trivial representation has finite multiplicity in S(p_) if and only if
> ;7; lies in the center of € the claim follows.

Let V, be the lowest K —type of m(X). Thus, the space of K—finite vectors of m()) is
equivalent to S(p_) ® V,,. Assume that m, restricted to Ky, is admissible, if G/K were
a tube domain, we would have that ;7 € 13 and hence the Ky —irreducible repre-
sentation of highest weight © —n ) ;77 would had infinite multiplicity, a contradiction.
For the converse of the first statement if some K ,—submodule had infinite multiplicity
in () then some K, highest weight of S(p_) would had infinite multiplicity and hence
G /K would be of tube type. A contradiction.

Another way of showing the first statement is by mean of a Theorem of Kobayashi [?],
7] . Because, the asymptotic cone of m(\) is ASk(7m(A)) := —>_7_ R*v; and the cone
for G := K, is cone(G') = it* N (Ad(K)tL = i3;. The Theorem of Kobayashi asserts
that m(\) restricted to K is admissible if and only if Asg(mw(X)) N cone(G’) = 0, hence,
we conclude 7()) restricted to K, is admissible if and only if > ; R*; Nidzp = 0.

We would like to notice that the unique Hermitian symmetric pair (G, K) so that
there exists a reductive symmetric pair (G, H) in such a way that K, = HNK = L is
G = S0O(n,2) and H = SO(n,1). In this very particular case we may apply [?] and [?]
in order to obtain both equivalences.

We also notice that this example shows that the sufficient condition for admissibility,
RTW¥, Nit* = 0, may not be necessary when (G, H) is not a reductive symmetric pair.
Compare with [?].

Ezample ... For g isomorphic to su(p,q), € (¥) a proper subalgebra of £, and A
dominant with respect to W. Then, () has an admissible restriction to & (V). Indeed, we
construct a non zero vector v in itj so that v has a positive inner product with every non
compact roots in ¥. For unexplained notation c.f. subsection 2.3 iv) paragraph su(p, q).
For W,, set vo = p(d_7_; €) + a(d_j_; 0). For Wy, set vy = b(3_F_, €;) + Q(ZZ:1 k)
and let v = py (vg). We now apply Corollary 6. It is straightforward to verify that all
this systems satisfy condition (C). This example, also follows from [?]. For the group
SU(p,1),p > 1 any discrete series representation has an admissible restriction to SU(p).

11.3. Condition C versus K;. We now show a relation between condition (C) and the
subalgebra & (V). Henceforth, for this subsection G is simple. Let L denote a compact
connected subgroup of K. We choose a maximal torus U for L contained in T. As before,
®, denotes the roots in ®¢ that vanishes on u. We fix a system of positive roots ¥ in @,
containing A.
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Definition 1. We say that condition (C) holds for U and L if there exists a system of
positive roots Ay in @y so that qu(Ay — ;) is strict, and for each w in the compact Weyl
group of G the multiset

Qu(wan) U Qu(Al - (1)3) - CI)[

18 strict.

Proposition 5. Assume & (V) + 3¢ is contained in [, then condition (C) holds for ¥ and
L and for any system Ay so that q,(Ay — @) is strict.
For the converse we assume Condition (C) holds. Then, € (V) is contained in [.

Proof: First statement. Since t; +3 C u we have the equality Ay — &, = (A1 N
Py, ) U (A N Py, — ®;). The hypothesis p,(A; — @) is strict implies there exists vy in
iu so that a(vy) > 0 for every a € Ay — @;. We fix an upper bound C' for the numbers
Y(n)|, v € @4 For w € Wy, Rfw¥,, is a strick cone. It follows from Remark ....
R*w¥, Ni(ty):, = {0}. Therefore, Lemma 3 let us obtain that gy, 45, (RTwW¥,) is a strict
cone in it} + i3;. Hence, we may choose vy € it; + i3 so that y(vg) > 2C for every root
in wW,. We define v = vy + v1. Thus, for either v € ¢, (A1 — @) — ® or v € wV,
we have that y(v) is a positive number. Since € + 3, is contained in u, the multiset
Qu(w¥,) U qu(Ay — @;) — @ is strict. This concludes the proof of the first statement.

Next, we show the second statement. We first verify that g,(y) is nonzero for every
root in ¥, UA; NPy, . From the hypothesis we have ¢,(3) # O for 5 € U,,. Choose € U,,,
we show that ¢,(/) is not equal to ¢,(a) for every a € Ay, . Indeed, assume ¢, () = qu(@),
since K;(V¥) # 0 the chamber ¥ is non holomorphic, thus, there exists w € W so that
wp = —. Hence £q,(«) belong to the strict multiset associated to w, a contradiction.
For a € A; N Py, gu() is nonzero. Indeed, corollary ....implies that there exists non
compact roots i, 32 in ¥ and w in the Weyl group of K;(¥) so that o = w(f; + (2).
Thus, ¢,(«) lies in g,(wRT¥,,), the hypothesis that the multiset associated to w is strict
implies that ¢,(a) is non zero. We now verify: each a € Aj N Py, qu() is root for the
pair ([,u). We already have that ¢,(a) belongs to either ®(I,u) or ®(&/l,u). If ¢,(«r) does
not belong to ®(I,u), then lies in ®(&/l,u). Because of corollary.... there exist w in the
Weyl group of & so that —a = w(f; + fB2). Hence, +q,(a) belongs to the strict multiset
Gu(w¥,) U g (A — ®,) — @, contradiction and we have shown that g,(«) is a root for
(fu).

We show: if v € Ay and a € A; N Py, have the same restriction to u, then they are
equal. Indeed, we choose w in the Weyl group of K;(V¥) so that —a € wW¥,. Then,
—qu() belongs to the cone spanned by the multiset associated to w, besides if v were
different from «, g,(a) would had at least multiplicity two in the multiset ¢,(A; — @;).
Hence, £q,(«) belongs to the strict cone spanned by the multiset associated to w, a
contradiction. It readily follows that £, is an ideal of [. O

Corollary 11. Assume 3¢ is contained in | and K is not the trivial group. Then, if the
second statement of the proposition holds for a system g the first statement holds for
arbitrary A;.

Corollary 12. Let [ be an ideal of € which contains 3e. Then, € (¥) C [ if and only if
pu(W,) is strict.

Since [ is an ideal, p, is We— map. Hence, the corollary follows from the Proposition.
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Remark 13. The hypothesis 3¢ contained in [ is not redundant. In fact, G = SU(2,2) =
SO(4,2) and L = SO(4), Table 1 rows 1,2 show example of ¢, contained in [ and
pu(wV¥,) Upy (A —U,) — U = p,(wV,,) is strict for every w € W.

For SO(4,2), Table 1 rows 3,4 show example of £; contained in [ so that p,(V,) is not
strict. In example ......we verify for SU(p, q) condition C holds for ¥ and K (V) whenever
K is a proper subgroup of K.

With minor modifications on the proof of the previous proposition it follows,

Proposition 6. Assume L is normalized by the compact Cartan subgroup T. Then,
[D ¢ (V) if andonlyif wW¥, U W(E/I)
1s strict for each w € W.

We note that if replace in the Proposition wW,... strict for p,(wW,)... strict, the
statement is false as Remark ...shows.

11.4. Reductive symmetric pairs. Let H be a connected reductive subgroup of G
so that (G, H) is a reductive symmetric pair. That is, H is the fixed points of an
involution o of G. Kobayashi, in [?], [?] has shown different criterions to assure 7(\) has
an admissible restriction to H. The aim of this subsection is to show the equivalence of
his criterion and condition (C'). To begin with, we show Kobayashi condition implies €;
is contained in [. For this we recall notation to formulate the condition of Kobayashi.

As before we assume L := H N K is a maximal compact subgroup of H. Let g=¢+ s
be the Cartan decomposition associated to K. We assume that G has a compact Cartan
subgroup B C K C GG. We choose B as follows:

o(b)=">b
b.:={X €b:0X = —X} is a maximal Cartan subspace for the symmetric pair
(K, L).

Asusual, by :={X €b:0X = X}.

Henceforth, we fix compatible systems of positive roots A C ®(¢,b) and ¥ C $(¢,b_).

We fix a system of positive roots ¥ in ®(g, b) which contains A,

Let

RYW, = Y RTB={> npB:ng >0} Cib".
BEYR BEY,

Lemma 22. Assume Kobayashi condition holds for U and H, that is, R*W, Nib* = {0}.
Then K1 (W) is a subgroup of L.

The data (SO(2n,2),S0(2n,1), Psi =t ¢ > --- > ¢, > §} shows that the condition
of Kobayashi for Psi and H does not implies the center of K is contained in L.

Proof: We show ¢ is a subalgebra of [. For this we first prove that if «, § are in ¥,
and a + 3 is a root, then « + [ vanishes on b_. In fact, the hypothesis together with
Lemma.... imply that py, (RTW,) is a strict cone. Hence, there exists v € by so that
B(v) > 0 for every § € ¥,. Thus, if § € U,, then o(f) € ¥,,. Hence, o(a + ) € A.
Thus, if pp_ (o + 3) were non zero, we would have p,_o(a+ ) = —pp_(a+ [3) is nonzero
negative root, a contradiction. Since b_ is a Cartan subspace of the symmetric pair
(K, L) we obtain that the root vectors of a + (3 belong to [. From lemma .... it follows
that € (V) is an ideal in [. O
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Remark 14. A consequence of the above Lemma is: for (G,H) a reductive symmetric
pair, with H a noncompact group, such that there exists a discrete series of G with
admissible restriction to H, then K is not a simple Lie group. However, any irreducible
representation for SO(2n, 1) has an admissible restriction to U(n).

The next proposition involves two Cartan subgroups for the pair (K, L), to avoid
cumbersome notation in its formulation, we state it in words. In the course of the proof
we set up the required mathematical language.

Proposition 7. Assume (G, H) is a reductive symmetric pair. Then, condition (C)
holds if and only if Kobayashi’s condition holds.

Proof: We first assume Condition (C) holds and show that the statement of Kobayashi
holds. Condition (C) is stated in a compact Cartan subgroup 7" so that U = LN T is
a Cartan subgroup for L. Whereas Kobayashi’s condition is stated on a o—invariant
Cartan subgroup B so that b_ is a Cartan subspace for the symmetric pair (K, L). By
means of Cayley transform ¢ € K associated to a set of strongly orthogonal roots S
in ®, we may arrange that c(t) = b. Here, we write ¢ for Ad(c). Because of Lemma
...y & (V) is contained in [, and t; C u. Hence, S C ®g,;; and we have the orthog-
onal decomposition u = t,+ < S > +V. Since, t = u @ 3¢/ (u) we have that by =
t+V, b = 3e(u) +c(< S >). Also c acts like the identity on the subspaces V, t1, 3e/((u).
Lemma....implies the equality RTW, Ni(ty)%, = {0}. Hence, whenever 3¢ C u we have
that Kobayashi condition R* (W), Nib* = {0}, holds for the system ¥, := (c¢!)~1(¥).
In order to arrange that the restriction to b_ of the set of compact roots in ¥ is
strict we replace ¥ by convenient w¥ with w € W,,, owing to Lemma ... such a
w stabilizes the set W,,. When, 3 is non trivial and is not contained u, the classifi-
cation due to Berger of reductive symmetric pairs, cf [?], implies that (g,h) is one
of the pairs (SU(2p,2q), Sp(p, q)); (es(-14), fa(—20)), (SO(n,2),SO(n,1)). The fact that
£, C [ together with Proposition.... implies that the only pair we must consider is
(SO(n,2),S0(n,1). For n odd in ...we compute that condition (C) never holds, and for
n even in ...we determine those systems ¥ where conditions (C) holds. For this systems
we check that RTW,, Ni3; = {0}, since in this case b_ = 3 we conclude the proof.

Conversely, Assume Kobayashi’s condition holds. Hence, Lemma .... implies ¢; C [. If
3¢ is contained in [ then Proposition .... let us obtain that condition (C) holds. Whenever
3¢ is nontrivial and is not contained in [, as in the proof of the direct affirmation we are
left to consider the case (SO(2n,2),SO(2n,1)). In this case, notation as in....., only the
systems W, satisfy Kobayashi’s condition, and also they satisfies condition (C). Hence
we conclude the proof. O

Corollary 13. For (G,H) reductive symmetric pair, condition (C) for ¥ and L implies
condition (C) for K1(¥). Thus, we have admissible restriction to K.

Remark 15. Proper do not imply condition c for non symmetric, so(4,1), restriction to
k-2.

Sp(p,1),delta > epsilon — 1 > ....,here pi restricted to k-2 is admisible (gross...) k-2T
1s the set of fized points of an involution of K, we claim: this involution cannot extend
to an involution of G, otherwise we would have sp-1(delta) contained in k-2T . Also
G.lambda.....> k-2 proper and condition C'is not satisfied.

for holomorphic chamber, condition c never holds on k-ss, however sometimes there is
admissible restriction, sometimes not.
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11.5. Sufficient condition for proper projection. As before, let G be a connected
simple Lie group and 7" a Cartan subgroup of K. We fix a system of positive roots ¥ in

O(g,t) Let & := €, (V), £ be as usual. Let A be the differential of a character of 7. We
now show,

Lemma 23. Assume A is reqular and dominant for V. Let § denote the coadjoint orbit
of A := (—i)A € g*. Then, the map
Pei+5 - Q- ET + 3;
is proper. Moreover, if condition (C) holds for €, (V,,), then
e — 8
1S proper.
Proof: We now recall two theorems due to [?] which show,
Pe IS a proper map.
pe(Q) C Ad*(K)(N\ + (—i)RTT,)
Set t_ equal to the orthogonal complement of t; +3¢. Hence t_ is a Cartan subalgebra of
the semisimple factor of €. Because of lemma.... R™W, Nt_ = 0. Thus, pe: RT¥,, — [*

is a proper map. Hence, pe(: Ad(K)(A+R*V, ) — [* is also a proper map. If condition
C holds, then we have that R*W, Nt, = 0, now the proof follows as before. O

Proposition 8. Assume (G, H) is a reductive symmetric pair. Then Kobayashi’s con-
dition holds for V if and only if py: © — [* is proper.

Since (G, H) is a reductive symmetric pair , the hypothesis forces that condition (C)
holds for K;(W,,), hence the map is proper.
for the other implication.....

Corollary 14. Assume (G,H) is a reductive symmetric pair and Kobayashi’s condition
holds for W. Then a discrete series whose Harish-Chandra parameter is dominant with
respect to W has an admissible restriction to H.

11.6. Computing & (V). In this subsection we determine the ideals € (¥) for each sim-
ple real Lie algebra g who has a compact Cartan subalgebra. The final result is,

Proposition 9. The zero ideal is equal to a € (V) if and only if G/K is Hermitian.
Any non zero, semisimple ideal in € is equal to an ideal €, (V) except for: four ideals in
s0(4) x s0(4) C s0(4,4); so(2¢+ 1) inso(2p,2q+1),p > 2; so(4) inso(4,n),(n # 2).

i) We have that & (V) = 0 if and only if U is either a holomorphic or a nonholomorphic
system. Hence, for any other system of positive roots £, (V) is not equal to to zero. Thus,
the first claim is proved. It follows from Cartan classification of Symmetric Spaces, that
for G/ K Hermitian, €., has more than one simple factor only when G is locally isomorphic
to SU(p,q) or SO(4,2) = SU(2,2). We dealt with this case in iv).

ii) We now show for an exceptional simple Lie group G whose symmetric space is not
Hermitian, that any nonzero ideal in ¢ is equal to an ideal & (¥) for a convenient choice
of W. Tt follows from the table in [?] page 518 that either € is simple or € = suy + ¢ with
¥’ simple, and su, corresponds to a long compact root. Thus, when ¢ is not simple, then
G/K is a quaternionic symmetric space, [?]. Therefore, our claim follows from

Proposition 10. Let G be so that € = suy(a) + ¥, with ¥ a simple ideal and G/K is a
quaternionic symmetric space. Then the ideals sus(a), ¥, € are & (V).
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In the course of the proof we explicitly write down the ideal that corresponds to each W.
Proof: Fix a Borel de Siebenthal system of positive roots ¥ in ®(g, t) so that the maximal
root « is compact, simple for W., and corresponds to the su, factor. That is, in ¥ all
simple roots but one are compact and the noncompact simple has multiplicity two in the
highest root. For a proof of the existence of such a system c.f. [?]. For this system, all
the simple roots for A different from « are simple for ¥. Hence, [ug,uy| C suy. Thus,
£ (V) = suy. Any other system of positive roots is equal to w¥ with w in the complex
Weyl group. We now show that if € (wW) = su,, then w¥ is a Borel de Siebenthal
system of positive roots. In fact, €;(wW) = ¢. Hence, Lemma 2 let us conclude that all
the simple roots for wW¥ N ®(¥') are simple for wW¥. Thus, w¥ has rank(t) — 1 compact
simple roots and one noncompact simple root 5. Owing to the hypothesis that € is an
ideal in £ we obtain that the root associated to the suy factor is orthogonal to every
compact simple root for wW¥, hence, this root is, up to a scalar, equal to the fundamental
weight associated to . It follows from the extended Dynkin diagrams as in [?] page 77
that wW is a Borel de Siebenthal system.

We claim that € (w¥) = ¢ if and only if w™ '« is a simple root for ¥. Indeed, let w
be so that wta is a simple root for ¥. Hence, o = ww o is simple for w¥. Therefore,
the sum of two noncompact roots in wW¥ can never be a and hence [y, tyy] C €. The
fact that ¢ is a simple ideal let us conclude that & (wW) = #. Conversely, if & (wl) = ¢,
then Lemma 2 implies that « is a simple root for wW. We are left to show that there is a
system of positive roots whose £, is equal to €. For this, we count the number of systems
whose £ (V) is either su, or . We note that the following holds:

A) If Wy, Wy are systems of positive roots so that A C ¥}, a is a simple root for both of
them and the bond for « in the respective Dynkin diagram is the same. Then U, = W,.
This follows from: a) € is simple, b) the simple roots adjacent to o are noncompact, c)
Any simple root not adjacent to « is compact.

B) Two Borel de Siebenthal systems containing A so that its ¢; ideal is su, are equal.

Therefore, the number of positive roots systems containing A and whose £; is equal
to € is equal to card[W(®)/W(®.)]—(1 + number of long simple roots in ¥). One can
check that this number is positive and we have concluded the proof of Proposition 6 O

Note 2: When GG/K is quaternionic and € is semisimple but not simple then there are
systems wW containing A so that « is simple for wW¥ and € (wW) # ¢. From the tables
in [?] we need to consider s0(4,n), n > 3. For s0(4,2q) = su(e; +e3) @ ¥, g > 3. For
the systems w¥ = W, (c.f. ....) e; &+ ey are simple for wV¥ and ¢ (w¥) = s0(2¢q). For
50(4,2q + 1) there is not system ¥ so that K;(¥V) = SO(2¢ + 1).

Next for each quaternionic exceptional Symmetric Space we compute m(wW) :=sum of
the coefficients of the noncompact simple roots in the highest root for wW for each system
of positive roots wW such that « is simple for wW. For this, we write the simple roots as
in [?] page 478, for Eg C E; C Eg as ai,as, Qy, ..., g, A2, Where aq, g, oy, ..., ag is the
A7 sub diagram and as has a non zero inner product only with ay. For Fj, the simple
roots are denoted by «;, a;, j = 3,4 are the long roots and ay is adjacent to as. For Gy,
aq is the long root.
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There are three systems of positive roots containing A. We list each of them and the
corresponding €. ¥ = {(ra + s0),1 < r < 3,1 < s < 2}, (V) = su(20 + 3a);
£1(SpY) = su(20 + 3a) + su(a); €(94+a53Y) = su(a). We not that U is a small and
that Sg10SgV is not small, m(Sp4aSsV) = 3.

Thus, every non zero ideal of £ is equal to an ideal & (V).

iii) g = g,. Here, ® = {£(ra + s0),1 < r < 3,1 < s < 2}. A = {«a,26 + 3a}.

iv) We are left to determine the ideals & (V) for g a classical algebra and €, is semisimple
but not simple. For all these particular cases we may choose a basis {1, ..., €y, 01,...,0,}
for it* and describe the roots system by means of this basis. For each case, we fix a system
of positive roots A for ®(&,t) and describe the roots in ®,,. The number m (V) := sum
of multiplicity of each noncompact simple root in the highest root, is computed.

g=su(p,q), p>1,¢>1we fix
A={e—€,0,—0,1<i<j<p 1<r<s<g}.
Here, ®, = {£e; £0;,1 <1 < p,1 < j < ¢}. There are % positive root systems
containing A. They are given by shuffling the delta’s and the epsilon’s. For example,
€1 > . €6 >0 > .. >0 > €1 > > €qae > O0pu1 > oo > Opad - -

The positive root systems €; > -+- > €, >0 > --- > g, 00§y > -+ >0, > € > -+ > ¢,
gives £ (V) = 0.
A situation €; > 0; > ¢ forces ¢; — ¢; € £ (W¥), hence su(p) C € (¥), and §; > ¢ >
implies that su(q) C & (V).
Thus, the unique way of obtaining su(p) = & (V) is by a system

U={eag > >e>0> >0, >€cn>>e6hl<a<p,
and the unique way of obtaining su(q) = & (V) is by means of

Uy ={01> >0 >€ > ->€>0h1 > 0,},1<b<q.

Any of this systems, is small. For any other nonholomorphic system ¢;(¥) is equal the
semisimple factor of €.
Thus, for su(p, q) every ideal of £ is equal to an ideal & (V).

g=150(2p,2¢+1), p>3,q > 0 we fix
A:{Eli€j757’i6875t71§7'<j§p71§T<SSQ71§t§q}

Here, @, = {£e; £6;, £¢;, 1 <i <p,1 < j < ¢}. Hence for any system of positive roots
U one of +¢; and one of te; are in W,,. Thus, one of the four € € is a root for & (V).
Hence, s0(2p), (p > 3) is contained in & (¥) and s0(2¢+ 1) cannot be equal to any & (V).
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In total, there are 2% positive root systems in ®(g,t) containing A. They are given

by shuffling the delta’s and the epsilon’s or applying the Weyl group element S, to a
shuffling . For example,

€1 > ... €6 >0 > ...> 0> €1 > €aae>0pi1 > > Opag---

We observe
€ > 0; > e impliese; — 0; +0; — €, = €; — ¢, € £ (V)

0; > € > 5k1mphes<52 — €+ € — 6k = 51 — 6k c El(\lf)

52' > € implies 52 — €+ € = 51 S El(\I/)
Hence, the unique possibility of obtaining for ¥ that € (V) = so(2p) is when do not
hold the last two situations. That is, when U,, = {¢; £} or ¥,, = {e; £ 9,1 < j <
p, —€, £ 01 }. Both of these systems are small.
Here, every ideal of ¢ is equal to € (¥) but zero or so(2q + 1).

g=50(4,2g+1), ¢ > 0 we fix
A={et€,0, £05,0;, 1 <r<s<gq,1<t<qg}
Here, ®,, = {£e; £, +¢;, 1 < i < 2,1 < 5 < g}. One of the four roots +e; % €
is a root for € (V). Thus, either sus(e; + €3) or sus(e; — €2) is contained in & (V). For
Uy ={e1 > € >6 >--->0,} we obtain that €; + €, € & (V) and
El(\II[)) = 5u2<€1 + 62), m(\Ifo) = 2.
For S., ¥, we obtain that ¢; — e, € €(S.,¥o) and
El(Se2q/0) = 5u2(61 — 62), m(SEQ\I/()) = 2.
There are two cases left, first there is no d on the right of the epsilon’s, that is, Uy, =
{61 > >6,>€ >06}, 0€{£l},ieV_,=S5,V, we have
E1(‘I’iq) = 5u2(€1 + (:i:l)GQ) 6950(2q + 1), m(\Ifiq) = 4, q Z 2.
El(\ll:tl) = EUQ<€1 + (:l:l)EQ) @50(3), m(\I/il) = 3, q = 1.
The second case is when at least one ¢ is on the left of the €’s. These are the systems
Uio={0 > >0 > >%e>041> >0} 1<a<q
Then,
El(\pj:a) = 5112(61 + 62) @50(2(] + 1), m(\Ilia) = 4, 1< |(Z| <gq
El(\:[jil) = 5u2(61 + 62) @50(2(] + 1), m(\Ifﬂ) = 3,
Whenever, the system is of the type, €; > d; > %€, then € (V) is equal to .
The ideals {0}, s0(4),50(2g + 1) are not equal to a & (¥). We point out that no discrete

series of G has an admissible restriction to so(2g + 1). Otherwise, the discrete series of
50(1,2¢ + 1) would be non empty.
g =50(2,2q + 1) Here
A={e 6,0, k=1,---,q}
P, = {xey,xe; £6;,1 < j < ¢}
Obviously, for ¥ a non holomorphic system of positive roots we have &V = so0(2¢ + 1).

The center of £ is Ce;. We now show that for every system of positive roots ¥, then
RTW, Niz* # {0}. In fact, for any system of positive roots system ¥ in ®(g,t), we have
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that e, belongs to W. Thus, +e; + Y 0(e; +6;) € RT¥,, and RT¥,, Nizy # 0. We would
like to point out that no discrete series for SO(2,2q + 1) restricts discretely either to
SO(1,2g+1) or to SO(2g+1). Indeed, SO(1,2g+1) has no discrete series representation,
so if discrete series had an admissible restriction to any of the subgroups in question, we
would have that SO(1,2¢ + 1) had a non empty discrete series. This shows of K;(¥) so
that the discrete series attached to ¥ has no admissible restriction to K (V).

g=sp(p,q), p>1,q>1, we fix
A={exe€j,2¢,0, £0:,20,1<i<j<p 1<r<s<gqgl<t<g}

Here, ®,, = {+¢; +§;, 1 <i < p,1 <j <gq}. In total there are (p+;) systems of positive
root in ®(g,t) containing A. They are given by shuffling the delta’s and the epsilon’s.
We observe
€ > 0; > e impliese; — 0, +0; £ e, = €; L ¢, € £ (V)
d; > €ximpliesd; — e, + 0; + €, = 20; € £, (V)

€; > 5j 1mphes € — 5]' + (Sj + €; = 26@' € El<‘11)
d; > €; > dpimplies §; — €; + ¢ £ 0, = 0; £ 0, € £,(V)
Hence, the unique possibility of obtaining for W that & (V) = sp(p) is for ¥g := {e >
- > €, > 01 > -+ 04}, and the unique way of obtaining sp(q) = & (V) is by means of
U, :={d >--+->39,>€ > - >¢,}. For any other system ¢, (V) is equal to & U, Uy
are small.
The trivial ideal is the unique ideal not equal to a & ().

g= 50(27 Qq)aq > 27 we fix
A={t0d,1<r<s<gqg}
Here, @, = {£e; £9,, 1 < j < ¢}. The center of £ is equal to Ce;. There are 2(q + 1)
systems of positive roots that contain A. They are:
Uy i={01 > >0, >€ > g1 > >0 >0},
U =546, +5,%a, 0<a<gq.
Uy, ¥_, are the holomorphic and antiholomorphic systems. For ¢ > 3,1 < a < ¢, we
obtain that & (¥,) =& (¥_,) = s0(2q).
For ¢ = 2, s0(4) has three non zero ideals, they are s0(d; £ d2) and so0(4), all of them are
equal to a & (V) as Table 1 shows. Hence, all the ideals of £, are equal to a £ V.
For any ¢ > 2, we have that
RT(Wg)n Nige = RT(P_g), Nigy = 0.

In fact, (3_;a;(d; — €1 +b;(; +€1)) € Cer,a; > 0,b; > 0 forces a; = b; =0, for all j.
For any other systems W,

RYW, Nizp # 0.
Because, (¢, — d,) + (1 + 0,) € RT,, Niz;.
We have that
m(¥1) = m(S €1+dq Se1f5q\111) =3
= m(Se,46,5,-5,Va) =4, 1 <a <q.

( q)_ ( fq):2~

m(¥,)

Corollary ... implies that a discrete series with dominant parameter with respect to either
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U, or U_, have an admissible restriction to SO(2¢). The other discrete series have no ad-
missible restriction to K;(V) = SO(2q). One way of showing this last statement is to ob-
serve that SO(2q) = SO(1,2¢q)NSO(2q). Thus, SO(2q) is the maximal compact subgroup
of the fixed point subgroup for the reductive symmetric pair (SO(2,2q), SO(1,2q)) and 3¢
is a maximal Cartan subspace for the symmetric pair (SO(2) x SO(2q), SO(1) x SO(2q))
so that RTW,, Ni3; # {0}. Then, we apply Theorem 4.2 in [?] . We would like to notice
that it follows from Cartan’s classification of bounded symmetric domains G/ K and from
Berger’s classification of the reductive symmetric pairs (G, H) that the unique G/K such
that K, is a maximal compact subgroup of H, for a suitable H, is G = SO(p,2) and
H = S0(p,1).
g =s0(4,4), we fix

A= {61 + €9, (51 + 62, }
Here, ®,, = {%¢; £6;, 1 <i < 2,1 < j < 2}. For this algebra there are twelve systems
of positive roots containing A. For each system the first column shows the positive
noncompact roots, the second column ¢, (V) and the third computes the number m(¥) :=
sum of multiplicity of each noncompact simple roots in the highest root.

\Dn El(\p) m
€; + (Sj 5u(€1 + 62) 2
€1 + (Sj, —€9 + 5j 5u(€1 — 62) 2
:l:Ei + 5j 5u(51 + (52) 2
:i:Gj + 51, :i:Ej — (52 511((51 — 52) 2
:|:Ej + 51, (—1)j+1€j + (52 511(61 — 62) + 5Ll(51 — (52) + su(él + 52) 3
:i:Gj + 51, € + 52 5u(€1 + 62) + EU(51 — 52) + 5u(51 + 52) 3
€1 = 6j, :]:62 + (_1)]+15j 5u<€1 — 62) + 5u(61 + 62) + 51((51 — (52) 3
€1 + (Sj, :|:62 + (Sj 511(61 — 62) + 5U(€1 + 62) + 5u((51 + (52) 3

Table 2

The other systems of positive roots gives & (V) = ¢.
The ideals {0}, sus(e; + o€g) + sus(dy + 7d2), 0,7 € {£1},80(4) x {0} = sus(e; + €) +
sus(€; — €2),{0} X s0(4) = sus(0; + d2) + sus(d; — d2) are not a & (V).
g =50(4,2q), ¢ > 3, we fix

A={e te,d, £, 1 <1 <s<gq}
Here, ®,, = {%¢; £6;, 1 <i<2,1<j<q}. For ¥g={eg > e >0y >--- >, >0} we
obtain that €, 4+ €3 € £ (V) and then suy(e; + €2) = £ (¥). For S,,45,5,—5, Vo we obtain
that €; — eo € £ (V) and then sus(e; — €2) = £ (V). Both systems are small.
For U, ={01 > >0, >€ >€ >041 > >09,},1 <a<gq, wehave for 1 <a<gq

£1(V,) = sus(eg + €2) @ s50(29)
and
13 (S€2+§qS€2_5q\Ifa) = 5112(61 — 62) D 50(2q).
It follows that
m(Vy1) = m(Se,+5,5-5,Y1) = 3
m(V,) = m(Seyt5,5-5,¥a) =4 for 1 <a<gq

For ¢ > 3 we have & (V,) = s0(2q) as well as & (V_; := Se,45,5,-5,Vq) = 50(2¢). The
systems W,, Se,15,5¢-5,Vq are small. For the system €; > d; > --- > §; > €, since
g > 3 we have that £, (V) = €. Any other system of positive roots must contain both
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d; > €; > 0 and € > §; > ¢, and for them € (V) is equal to &.
Every ideal is equal to a & () but {0},s0(4).

g =150(2p,2q), p > 3,q > 3, we fix
A={ete,0£0,1<i<j<p 1<r<s<g}.

Here, @, = {£¢;+0;, 1 <i <p,1 < j <q}. As before, let U that contains A, a situation
€ > 0; > ¢ forces €, — ¢; € £ (W), hence s0(2p) C & (¥), and §; > ¢ > J; implies that
50(2¢q) C & (V). Thus, the unique way of obtaining so(2p) = € (¥) is for the system

Vg :={eg > >¢, >0 > >0,},
and W_g := S, +5,5¢,—s,Yo. The unique way of obtaining so(2¢) = € (V) is by means of

Vp={01>-->>e>-->¢}
and V_, := S, 45,5¢,—s,¥q. For any other system & (V) = £. We have that

m(Wo) =m(¥_p) =m(¥,) =m(¥_,) =2,

Every ideal but zero is equal to a £ ().

11.7. Strongly elliptic elements. Let us recall that an element of a semisimple Lie
algebra b is called strongly elliptic (resp. elliptic ) in b if its centralizer in the Adjoint
group of  is a compact subgroup (resp. is a compact Cartan subgroup). In [?] we find
a characterization of the strongly elliptic elements in g by means of the action of G on
the symmetric space G/K. We also find a proof that strongly elliptic elements in g do
exists if and only if rank € = rankg. We have:

Proposition 11. Let Q = G - X\ be a coadjoint orbit in g*. If A is strongly elliptic and
py : Q@ — b is a proper map. Then, py(S2) is contained in the set of strongly elliptic
elements of h*.

Proof: Let v € Q and p := py(7), then the centralizer, Cy(p), of p in H acts on the
fiber pgl(,u)ﬂQ. Since C'y (1) is an algebraic group one of its orbits in p;l(u) NQ is closed.
Thus, the hypothesis that py is a proper map gives us that Ad*(Cy(u))7yo is compact
for some ~, € ph_l(,u). Now, since 7y is Ad*(G)—conjugate to A we have that Cg(7) is
a compact subgroup of G. Thus, Cy(u)/(Cu(u) N Ca(v)) is a compact homogeneous
space. Hence, Cy(u) is compact. This proves the proposition. O

Corollary 15. Assume H has at least one noncompact factor, then, py(X) # 0

This is due to the fact that under the above hypothesis, py(A) is a strongly elliptic
element of h*.

We now show an example so that properness does not imply py(A) is h—regular. In
fact, we consider g = s0(4,3) and h equal to the normal real form of gy immersed in
the usual way. A reference for this is [?]. Hence, it* admits an orthogonal basis and a
system of positive roots ¥ so that ¥,, = {€; £, —ea 0, €1, —€2}, Ve = {€; £ €3,0}. Here,
£ (V) = su(e; — €). The torus u is the orthogonal to €; + €5 + . The roots of u in b
are: (3 —0),+(e3 — 0),E(eg — €2) and (1,1, —2) together with its change of signs and
permutations. It follows that a vector in p,(C(¥) N {A\; + Ao = 2A3}) is orthogonal to
the compact root (1,1, —2).

Corollary 16. Let Q2 = G-\ be a strongly elliptic coadjoint orbit and assume py : 2 — b*
18 a proper map. Then, p;: Q0 — [* is a proper map.
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Proof: The decompositions g = €@ s = h & q and the fact that the Cartan involution
associated to £ leaves invariant h and q imply that we may write in a unique manner
each x € g, v = ) + Tps + g + g With 2y € Laps € hNs, 200 € qNE 205 € N s.
This decomposition is orthogonal with respect to the Killing form. For the purpose of
this proof, we denote the Killing form evaluated in (v, v) by +||v||* according to that the
Killing form in (v,v) is positive or negative. Thus, we have for x € G - A that

=l = =ll2ell* = llgill* + lwns* + llgsl

The hypothesis implies that whenever x;, 21, Tuns in a bounded set then x4, 245 varies
on a suitable bounded set. On the other hand, Proposition 7 implies that —||a;|* +
|zhs]]* < 0 for every point z; + zps in py(Q2). Therefore, whenever z; runs in a compact
set, xps runs on a bounded set. Since €2 is closed in g*, we have that p; is a proper map.
O

In order to state the next Proposition we set up some notation, we fix U C T" maximal
tori of L and K respectively, and consider A € t* g—regular so that the map py : 2 — b*
is proper. Next, we choose, C 4, a closed Weyl chamber for ®([,u) in u* so that py(i\)
is dominant. Whenever py(\) is h—regular the chamber is unique.

Proposition 12. There ezists a unique open Weyl chamber Cy 5 4 for ®(h,u) contained
in Cix+ such that py(iQ) N Cya 4 is contained in the closure of Cy 5+ relative to Cpy .

Proof: We write
Cixt — Ugea, (huKer(B)
as a union of disjoint, convex sets C1,--- ,C,. Each of this convex sets is the relative
closure in Cpy 4 of an open Weyl chambers for ®(h,u) contained in Cpy ;. Since, the
centralizer of any strongly elliptic element is a compact Lie algebra, we have that the
set of strongly elliptic elements of h* is equal to the set D := Uj_, Ad*(H)C};. Next, we

show that Ad(H)C} is both a closed and an open relative set in D. In fact, let C’j denote
the interior of C;. Thus, C; is an open Weyl chamber for ®(h, u). We will show:

Ad(H)C; = relative closureinD of Ad(H)C;.

For this, we verify that if j # k then the relative closure of Ad(H )C’] does not intersects
the relative closure of Ad(H)C’k. In fact, let X, € C'j,Yn € Cp,Zn,yn € Hh e H z €
U,C so that Ad(z,)X, and Ad(y,)Y, converge to Ad(h~')z. Replacing x,, by hz, and
Yn by hy, we may and will assume that h = 1. Since the eigenvalues of X, (resp. Y,,) are
the same as of Ad(z,)X, (resp. Ad(y,)Y,) and X,,, Y,, are semisimple matrices, there
exist a subsequence of X, (resp. Y;,) which converges, for a proof cf [?], for simplicity, we
denote such subsequences by X,,,Y,. Let § be a noncompact root such that B(C']) >0
and ﬁ(ék) < 0. Thus, we have that (3(z) is non zero, it is the limit of a sequence of
positive numbers (8(X,,)) and it is the limit of a sequence of negative numbers (5(Y},)),
a contradiction. Since,

Ad(H)C; C relative closure of Ad(H)C;in D,

and the set of strongly elliptic elements equal to the disjoint unions U;Ad(H)C}, we have
the equality that were looking for. Now the hypothesis, H is connected, leads us that
Ad(H)Cj,j=1,---,r are the connected components of D.

Finally, py(i€2) is a closed connected subset of the set of strongly elliptic elements, and
each Ad(H)C; is closed and open relative set in D. Thus, py(i€2) is contained in one of
the Ad(H)C;. O
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The convexity Theorem showed by Weinstein in [?] together with Proposition 7 and
Proposition 8, applied to (Weinstein notation) U = Ad(H)C}; lead us to:

Corollary 17. py(i©2) N Cix+ is a closed conver, locally polyhedral subset of Cix 4 —
UsKer, and py'(n) is connected for every p € py(9).

In order to apply the Theorem of Weinstein, we need to verify that Ad(H)C; N Cypx +
is a convex set. Actually, Ad(H)C; NCiy+ = C;. This follows from i) U is a compact
Cartan subgroup, ii) Since H is connected, the normalizer of U in H is equal to the
normalizer of U in L, iii) Two elements of a closed Weyl chamber in compact Lie algebra
which are conjugated by an inner automorphism are equal.

Remark 16. Theorem 1 together with Proposition 8,9 and their Corollaries reflects the
Theorem which shows (cf. Kobayashi, [?]) that whenever a discrete series representa-
tion of G restricts discretely to a subgroup H, then the irreducible factors are discrete
series for H, and the Theorem that if a discrete series representation has an admissible
restriction to H, then it has an admissible restriction to L (c.f. 3.1). Corollaries 9,
10 represent the fact that whenever 7(\) restricts discretely to H, the Harish-Chandra
parameters of the H—irreducible factors belong to a unique Weyl chamber of h* in u*.
This generalizes the result that when a holomorphic discrete series restricts discretely,
then the irreducible factors are again holomorphic discrete series and similar results [?]
and Loke on quaternionic representations. In [?], we find examples of discrete series for
SO(4,1) whose restriction to SO(2,1) contains both holomorphic and antiholomorphic
discrete series as discrete factors.

Proposition 13. Assume that w(\) has an admissible restriction to H. Then, the set of
Harish-Chandra parameters for each irreducible factor of the restriction of w(\) to H is
contained in a unique Weyl chamber for ®(h,u).

Proof:

To talk about 1. For large rank groups, for example, Sp(2n,R),n > 11, there are
chambers and p so that p + p,(p) does not lie in the chamber of p. Pick up any sys-
tem of positive roots and fix B a noncompact simple root for U and define W' := SgW.
Then, p, (V') = p,(¥) — 5. Now —[3 is a simple root for W' and 2(p,(V"),—5)/(5,5) =
—2(pn(¥), B)/(B, B) +2. For the usual chamber p, = 5(e1+---+e,), and 3 = 2e, hence,
2(pn (W), =0)/(B,8) = =% +2 and thus p(¥') and p(¥') + p, (V') do not lie in the same
Weyl chamber for n large.

For the Borel de Siebenthal chamber ¥, p,, is dominant wrt U . For a proof Hecht-
Schmid,

For rank 2 groups as well as for so(2n,1) p, is dominant.

For a chamber ¥ such that m(¥) is smaller or equal than 2, p,, is not always dominant
wrt U . For example, in su(p,1) for the chamber

U,i={e1>->e>0>e€441 > >¢,}, 0<a<p,

pn(Vo) = 2(e1 4 +ea—eq1— - —ep+ (p—2a)d) Hence, 2(p,, 0 —e,)) = (p—2a) —1
and 2(pp, eqr1 — 0) = (2a — p) — 1 Thus, whenever p — 2a has absolute value not equal
to 0 or 1, p,(V,) is not dominant for W,. The table bellow shows the systems of positive
roots Wy, such that p,(V,) is dominant with respect to Wy,
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p—2a>1 v,
p—2a=1 |V, 0<b<a
p—2a=0 v,
p—2a=—-1 |V, a<b<p
p—2a<—1 v,

MI-JO so we must look for examples in su(n,2) restricted to su(n,1)

Kobyashi has examples of A,(\) lambda singular so that the restriction to H has A,(\)
components for different parabolic His examples are nonunitary principal series coming
from a maximal parabolic q,

Wallach proves the proposition when he restricts to K1(V) BY MEANS of the A,(\).

11.8. Comparing K; of Gross-Wallach and K;(¥). We note that if ¥ is a holomor-
phic system of positive roots. That is, the sum of two roots in ¥,, never is a root, then
£, (V) = {0}. Whereas for this case Gross-Wallach in [?], Proposition 1 have defined &
equal to the center of £. We claim that when W is small, and is a non holomorphic system,
then the Lie algebra €; defined by Gross-Wallach agree with ours. In fact, ¥ small and
nonholomorphic is equivalent to either ¥ has a unique non compact simple root 3 with
multiplicity two in the highest root o or ¥ has exactly two noncompact simple roots,
01, B2 with multiplicity one in the highest root. We recall Gross-Wallach defined K; to
be the simple ideal of ¢ that contains the sus(a) spanned by the highest root. In the
first case the simple roots for W, are the compact simple roots for ¥, {a,- -+, a,}, and
v =26+ nia;. Let C, be the roots in {aq, - -, as, v} which belong to the connected
component of v in the Dynkin diagram for V.. Hence, if 3, o are in ¥,, whose sum is a
root, then 3+ o lies in the subroot system spanned by C.,. Therefore, £;(V) is contained
in the simple ideal of € whose root system is < C,, > . Hence, & = & (¥). For the other
case Gross-Wallach in [?] Proposition 1, have shown that € has a one dimensional center
and that the simple roots for ¥, are {ay, -+, as, v} with v = 81 4+ B2 + > n;a;. Now the
proof follows as before.

Besides, [?] show that when (G, H) is a reductive symmetric pair and K;(¥)Zk is
contained in L, then the Harish-Chandra parameter of the irreducible factors of the
restriction of () to H lie in a unique Weyl chamber C(¥y) constructed as follows. Let
U be the system of positive roots determinate by A. For a compact semisimple Lie group
L let Sp denote the element of the Weyl group that transform each system of positive
roots into its opposite. Under the hypothesis of Gross-Wallach we further assume that
TCL=HNK C K, K, :=K;(V) C L and recall their definition of Py := —sgV, Py :=
®(h) N Pg, ¥y = —sPy. We would show ¥y = U N &(h). In fact, K = Ky x Ky, L =
Ky x Ly Hence, sk = (sg, X 1)(1 X sk,). Since T C L, s, = (sg, x 1)(1 x sp,). It follows
from Lemma 2 that sk, (resp. sp,) is a product of reflections about compact simple roots
in U (resp. ¥.N®(h)). Thus, (1 X sg,)¥,, = ¥, (1 X s,)(TND(H)),, = (¥ ND(H)),.
Since U = U(K;) U V(K,) UV, together with the observations of above lead us to

SKSL\II = (1 X SK2>(1 X SLQ)\I/
Thus, Uy = sgsp¥ N sp®(h) = U(K1) UT(Ly) U T, N D(H).

12. ALGORITHMS TO COMPUTE MULTIPLICITIES

12.1. Discrete methods. As before G denotes a connected matrix, semisimple Lie
group and K a maximal compact subgroup for G. Let H be a connected reductive
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subgroup of G. We choose K so that H N K = L is a maximal compact subgroup of H.
From now on, we assume that G, as well as H, has compact Cartan subgroups U C T.
Let Pr denote the lattice of differentials at the identity of the characters of 7. That is,
Pr denotes the set of analytically integral forms on 7. We choose A € Pr and for the
purpose of this section we assume that A is regular. That is, the inner product of A with
any root in ®(g,t) is nonzero. Let

U:={a € d(g,t): (A o) >0}

and let A (resp.¥,) be the compact (resp. non compact) roots in W. The set of ana-
lytically integral forms and dominant with respect to A is denoted by Cgk. We also fix
a system of positive roots Ay in ®(I,u) which is compatible with A and denote by C},
the set of analytically integral characters of U dominant with respect to Ay. In order to
choose A, we might need to conjugate by an element of W to A and A. C] denotes the
subset of h—regular elements in C. From now on, the highest weight or the infinites-
imal character of an irreducible representation of K (resp.L) is computed in Ck (resp.
Cp). Let ©, be the Character of the discrete series representation of Harish-Chandra
parameter A. Thus

> wew E(w)e A
[Toeu(e®? —emo/2)(X)

We further assume that the irreducible unitary representation (7(\), Vi) corresponding
to ©4 has a discrete and admissible restriction to H. We claim that the restriction of
m(A) to L is of finite multiplicity. In fact,since, each irreducible discrete factor is a
discrete series for H and that each irreducible L—type is contained in at most finitely
many irreducible square integrable representations (Harish-Chandra) we have that the
restriction of w(\) to L has finite multiplicity. Moreover, T. Kobayashi has shown that
the subspace of K —finite vector agrees with the subspace of L—finite vectors. In our
setting, T. Kobayashi [?] has proved that the wave front set for ©, is transversal to H,
hence we may restrict ©, to H and apply remark on page 22 in Duflo-Vergne [?], which
shows that the Character of the restriction of m(\) to H is equal to the restriction of ©y
to H. For each h—regular 1 in C, we denote by o, the character of the discrete series
representation associated to the Harish-Chandra parameter p. If m(A, 1) denotes the
multiplicity of ¢, in (Vi)|,, we may write

(On)y = D m(A, p)o. (3)

neCy

@A(X) — (_1)%dimG/K

|

In [?] it is shown that m(A, p) is at most of polynomial growth in p. We define m(A, p) =
0 for p € Cr, — Cf.

From now on, we parameterize an irreducible representation of L by its infinitesimal
character, v € (. Thus, 7, denotes the character of the irreducible representation of L
of highest weight v — p(Ar). We write 7, = 0 for those v € C}, which are [—singular.
Since the restriction of V) to L has finite multiplicity we also may write

On), = > n(Av)7,. (4)
veCr,

In [?] it is shown that n(A, v) is of polynomial growth in v. Because of a result of Harish-
Chandra, Hecht-Schmid (Blattner’s conjecture) we have that there exists nonnegative
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integers numbers b(u, v), v € Cf, with at most polynomial growth in v or y, so that
(Ju)\L = Z b(uv V)TV'
veCy,

Owing to the fact that we are considering discrete Hilbert direct sum of unitary irre-
ducible representations, the uniqueness theorem implies the identity

> mA, w)b(pv) = n(A,v) (6)

For a linear functional v € w*, let d, denote the Dirac distribution concentrated at .
For each linear functional a on 7u we define a distribution y, on iu* by the equality

Yo = Z(sa/}‘rnow
n>0

We fix p € C7 and let W,,(u) := {01, - - , 85} denote the noncompact roots in ®(h, u) who
has a positive inner product with p. We define, Qu, (., the twisted partition function
associated to W, (u) by the formula

D Qua )y = ys, * - xys,

Hence, if p, = %Zgjgs f3;, then
Qu,(ny (V) = card{(nj)1<js :n; 2 0, pu+ Y mf3 = v},
1<j<s

Since we parameterize the irreducible representations of L by their infinitesimal charac-
ter, v € Cp, rather than by its highest weight v — p(Ay). Blattner’s formula for o, now
reads:

b(p,v) = > e(w)Qu, gy (wr — p).

weWr,

We extend the functions b(p, ...), m(A, ...) to the weight lattice Py, to be an antisymmetric
function for Wp,. Thus,

b(p, wv) = e(w)b(p,v), for w e Wy,v e Py
m(A, wp) = e(w)m(A, u), forw € Wy, u € Pp.

For each linear functional o on tu we define a linear operator d, on the linear space of
distributions, D’(iu*), by means of the convolution

do(f) = (0_aj2 — ba2) * [, f € D'(iu").

d= 1] da

a€Vy, (1)

The following equalities hold in the space of distributions on iu*.

We also define

Proposition 14.

1. ZyePL b(,u, V)(SV = ZweWL E(w)éwﬂ * w(*aé‘l’n(u) ya)
2. dmh [ZVEPL b(:uv V)(SV] = ZwGWL 6(w)5wu

3. d [N ep, m(A V) 6] = 3 ,ep, m(A, )0,
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Proposition 10 together with the formulae of above allow us to compute the H —multiplicities
from the L—multiplicities and conversely.

Proof : Since all the series involved in the statement of the Proposition converge
absolutely in the topology of the space of distributions on u*, we may proceed in a
formal manner. The left hand side of the equality in (1) is computed by means of
Blattner’s formulae. For the right hand side, since ¥, (u) = {01, , 55}

D e(w)dup*+ w(ys, - *yp,)

weWr,

= Z €(W)bupy * Z Ow(-+-+Bs) /24w 25 15B;

n

- Z €(w)0uy * (Z Qu, () (w™'0) &)

6Py,

= Y dw)Qu, g (w(v) — w)d,

’LUGWL,VEPL
= Z b(p, )0,
vePr,

In order to show (2) we notice that

dcx(ya) - 507 day—a - _(50

and recall that for each w € Wy, the number of elements in w(W, (1)) N —W¥,(x) is even.
Thus,

A0 [ b v)0) = Y e(w)duuki<i<o((6-3,/2 — 05,/2) * Yus,)
veEPL weWr,

Now, d™ w(ys, * -+ x yg,) = (—1)rdw¥=n®O.9NY0) 55 and we have verified (2). We
finally show (3). The equality

S m(h, bl v) = n(A,)

neCy
implies that

Z Z m(AJL)b(/La V)51, = Z n(A’ V)&/

veP peCy vePr,

Thus
Oy (A )8 =D mA (Y e(w)du,)

v weWr,

= Z e(w)ym(A, w™'p)d, = Zm(A,u)%.
MEPL,MEWL 123
O

THE FINAL RESULT ?7?7?
The hypothesis in the next theorem are sufficient conditions to assure that mw(\) re-
stricted to H is admissible and to be able to compute multiplicities by means of partition
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functions. Let G, H, L, T, U, A, V, K;(V),
Z,m(A),n(A,v) as usual. For next theorem we assume K; (V) is contained in L. Hence
if Zk, is contained in L, then Corollary 6 implies w(A) has an admissible restriction to

L. The proof shows the theorem is also true whenever m(\) has an admissible restriction
to Kl (\Ij)

Theorem 1. Suppose that condition (C) holds and either w(X) has admissible restriction
to K1 or K1(V)Zy C L. Then,

Z n(A,v)d,

vEPT,

= > e(w) D(WA) Fpy ) * K epy (win)U(~1)pu (A1) A, Y3
weW

Proof: The proof of the Theorem is done in several steps. We first work under the
assumption @, is empty, then, we consider the case L is normalized by the maximal torus
T and finally we reduce the general case to these particular cases. To begin with we show
the right hand side of the equality in the theorem is a well defined distribution on iu*.
This follows from the hypothesis and Propositon 777. Also, the following equality holds

(Pu)«(0a * Fgew, Ys) = Opu(r) * Koew, Yp.(9) (11)
Here, (py), denotes push-forward of distributions. In order to show (11) we writeF

t = u ® ut. The hypothesis K;(¥) C L implies ut C t, (resp. K;(¥)Z C L implies
ut C tys) Therefore, our hypothesis, Corollary 3 and Corollary 5 imply that in any case

RTW, Ni(ut)* =0 (12)

Hence, (12) and the proof of Theorem 1 let us conclude that for any compact subset R
of it* the map
Py R+ (Upeww(A +RYT,)) — qu* (13)

is proper. Thus, Lemma 3 let us obtain that p,(A + R*W,,) is a proper cone in iu* and
therefore the convolution product

5])11 (A) * *ﬁe v, ypu (IB)

is well defined. On the other hand, (13) forces that p,(da x % gew,ys) is well defined.
Now, general properties of the push-forward of distributions implies equality (11).
Next, we write a proof of the Theorem under the assumption ®; = (). According to
Heckman we have

Z R<§7 V)5V - Z €(w>6pu(w§) * (*aEpu(A)—ALy—a)

VGPL weW

This equality justifies the last step in,
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Z n(A,v)é,

vEP],

= > bRV,

EePrvePr,

:{)mQZme
= Zb (A, 8) D (W), we) * (Kaepu(a)-a,Y-a)

weWw

Now, since b(A, w) = e(w)b (A,f), Pr is W—invariant and we are assuming ¥, = () we
have that

=) (A, €)0pu(e) * (Kacpu(a)-2,Y—a)
:
Zb (A, 8)0¢) * (Faep,(a)-a, Y-a)

= pu( Z 6(11)) wA*BGanywﬁ) * (*aEpu(A)—ALy—a)

weW
=) €(w) Gy (wn) * Kpew, Ypu(ws) * (Kacp, (8)-A,Y—a)
weWw

For the last three equalities we have applied: that the support of the distribution

> b(A,€) is contained Uyeww(A + RTW,), that push-forward of distributions is a con-

tinuous map when we consider a proper map as (13) , Duflo-Heckman-Vergne version of

Blattner’s formula, and (11). In this manner we obtain Theorem 3 when @, = 0. O
In particular, we already know that the theorem is true when U = T.

Next we prove the theorem for the case L is normalized by T. Hence LT is a subgroup
of K of equal rank. Let n;(\, 1) denote the multiplicity of the irreducible representation
of LT of infinitesimal character p in 7w(\). Thus, we may write

Z nl()\v M)éu - Z G(UJ) 5wA * *Be‘llnywﬁ * (*QG(A)fALy—a)
nePr weW
We recall the equality
(pu)+( Y ma(A w)dn) = Y n(Av)3,
uEPT vePy,
and formula 7?7 to obtain

Z n(A7 V)(SV) = Z e(w) 5pu('LUA (w)\) * *BE‘Ijnypu(wﬁ) * (*aeplt(A*\Ijg)*ALy—Oé)
MGPL weWw

In order to obtain the equality of the theorem for any L subject to our hypothesis we
need the following Proposition.
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Consider 7(\), G, H, L as before. Let L; be a compact subgroup of L We fix maximal
torus T3 C L1,U C L so that Ty C U C T and assume that m(\) restricted to L; is
admissible. By a result of Kobayashi, m(\) restricted to L is also admissible. We now
show how to compute L—multiplicities from L;—multiplicities. For this we make the
following assumption

U is maximal torus of both L and L.
Hence both groups share the same system of roots ®, and have the same w function.

We fix a system of positive roots A; in ®([y,u) compatible with A;. For v € Pp, (resp.
vy € Cp,) let n(A,v) (resp. ni(A, 1)) denote the multiplicity of the representation of
L (resp L;) of infinitesimal character v (resp. vq) in m(\). As before, we extend both

multiplicity functions to the weight lattice to be skew-symmetric functions.
We have,

Proposition 15.

Koacn,—a,da( Z ni(A, 1)) = Z n(A,v)d,

I/1€PL1 vePr

Proof: In [?] we find a proof of the following multiplicity formula. Let 7 be a rep-
resentation of K of infinitesimal character ¢ dominant with respect A. For v € Pp
(resp. vy € Ppr,) let R(&,v) (resp. Ryi(€,v1)) denote the multiplicity of the represen-
tation of L (resp. Lj) of infinitesimal character v (resp. v4) in 7. For a finite multiset
Y ={oy, -+ ,0.} of it], let Qs denote the twisted partition function defined by

Z QE(V> = Yo ¥ * Yo,
Z/EPT1
Thus, Q= (v) = card{(n;)j—, : v = Z](% +nj)o;}.
Then, Heckman shows, in [?] Lemma 3.1, that
R(&v) =) e(w) w(we) Qpua)-a, (pu(wl) —v),
weW

and

Ri(&, ) = ) e(w) w(wE) Qp,(a)-a, (PulwE) — 11).

weW
It follows from Lemma 3.1 in [?] that if we allow £ € Pp,v € Pp, in the above formula,
then

R(wé,vv) = e(w)e(v)R(&,v),w € W,v € W,
Then, the following equalities hold in the space of distributions on u*.
Z R(f, V)(SV = Z E(w)w(w€)§pmathfmku(w£) * (*OzEpu(A)fALy—a)
vEPT, weW

and

Z Ri(&,v)0, = Z e(w)@(wE) I, (we) * (Kaep,(a)-a1Y—a)-

vePy, weW
Thus, we have

*aEAL—A1 doé( Z Rl(ga V1)5V1) = Z R( 7V)5V~

V1€CL1 vely,
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Now if b(A, &) denotes the multiplicity of the representation of infinitesimal character &
in 7(\) we have that

ni(A, ) = ZbA£R1§V1)

Therefore, we obtain,

*aeAL—A1da( Z nq (A, V1)5V1)

I/1€PL1
= *aEAL—Alda(Z b(Av €)R1 (57 V1)5V1)
&1
=) b(A€)D R(Ew)d
I3 v
= Z n(A,v)é,
vePy,
Hence, we conclude the proof of Proposition 777 O

U, and no compact root in ®(g) has null restriction to tl. However it will require more
notation. What really matters is the proof and the technique to deduce L—multiplicities
from L;—multiplicities.

We are ready to conclude the proof of Theorem ??7. Since condition (C) is satisfied
we have that K;(W) is contained in L. The torus T splits as a product T' = UU;. Let
Ly = K;(V)U. Then, L, is normalized by T" and U is maximal torus of both L and L;.
Hence, we may apply the previous case and Proposition 777 and conclude the proof of
Theorem 777.

More details???

Corollary 18. We get H-multiplicities applying Proposition 12 item 3.

Note 4: The same proof will work for the dream hypothesis if we could show p, :
Uweww(A + RTW, ) — iu* is a proper map. In turn, this is implied by (12).

12.2. Continuous methods. We now study multiplicity functions by means of the con-

tinuous methods introduced by Heckman and DHV. We also derive differential equations

which are satisfied by the continuous multiplicity function. Let G, H, K, Z, L, T, U, A\, U, K1(V), Q, py
have the same meaning as in the previous setting. For a coadjoint orbit G - A let (g.)

denote the Liouville measure on the coadjoint orbit computed with respect to the sym-

plectic form on 2 arising from the Killing form on g. The Liouville measure of the

coadjoint orbit G - A evaluated on a test function ¢ is given by

Baa(p) = Ac(@)(\) = ca [ [ (@ )\/ (Ad(u) - v)du.

acV¥

Here, du is convenient chosen Haar measure on GG. For the constants involved and proofs
of the equalities we refer to [?], Chapter VII. From now on, for this subsection we assume

: 2 — b* is proper. Because of Proposition 4, the map p, : 2 — [* is also proper.
Moreover in Heckman [?], Lemma 6.2 we find a proof that each of p, p; is a submersion
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on an open dense whose complement has Lebesguian measure zero. For a more precise
statement cf. [?] Chapter 5. Therefore, there exists a function

M :u* — R
so that the push-forward, (p().(8q) of the measure g by p; is given by

(90 (B) () == (P (B (¢ / My (1) Ay () ().

Here, du is a convenient Lebesgue measure on u* and ¢ a test function on u*. Besides,
M, is a smooth function on the set of regular values of p; and is a W —skew-invariant
function. For each root 3 € u* let Y the Heaviside generalized function on u* associated
to 3. Thus,

Yi(p) = / p(tB)dt
0
For the next propositon we assume that
K, (¥)Z C L or Ki(¥) C L and 33 Nut = {0}.

Any of this two hipothesis, oweing to Proposition 3, imply that p; is a proper map and
that for each w € W, the convolution of the Heaviside functions

w(Y,") = kpev, Youws):  Yer = Kaepu(we-v,)-v Yoo
are defined, as well as the product w(Y,") x Y. For a proof see [?]. We now show,

Proposition 16.
M; = Z e(w) w(w) Gy, wr) *w(Y,") * YJ
weW

Proof: We have two proofs of this Proposition. the first proof is recalling formuola
77?77 which shows that r x m; = M. For the second proof we follow the same frame
work as in the proof of Theorem ?7. We first consider the case w = 1, then the case L is
normalized by 7" and then the general case. The maps pg : g* — €, pg: € — [*. Thus,
1= per© pe. In [?] we find a proof that pe restricted to 2 is a proper map. Since py is a
proper map on 2 we have that pg; is a proper map on p(£2). Hence,

(P« (Ba2) = (Pe)«(Pe)«(Ban)-
A Theorem of Duflo- Heckman—\/ergne [?] affirms that for a test function ¢ on £* we have,
(pe)« (5 =< Z )oun *w(Y,5), Ax(p) >
weW
A Theorem of Heckman [?] states that for a test function on [* we have
(Pe)s(Brew) (@) =< Y €(s) Gy * Yo, ALlp) >
SEWZ\WK

For a test function ¢ on I* we have,

(P0)«(Baa) (@)
= (Pe,0)«((Pe)x(Ban)) (@) = (De)« (5G-A)(90 o Pe,1)

—<Z w)\*w ) AK(SOOPH)>-

weWw
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Now

Ax(p o pp)(v) = / (¢ 0 ped) B

K

= (Pe)«(Br ) (0)

Thus, Heckman’s Theorem implies the desired identity, when w = 1. For the case L
normalized by 7" as in the discrete case we need lemma.....
O

More details???

Corollary 19. We further assume T’ C L, then
M, = Z e(w) xw(Y, ) * Y.
weWw

The next Propositions are the continuous analogue to Proposition 10, item 3. In order
to state them, we just assume that py : 2 — b* is a proper map. Thus, because of
Proposition 7?7 we have that p;: Q — [* is a proper map. Hence, we may compute the
push-forward into h* of the Liouville measure on 2. Once again, we have that py is a
submersion on an open dense subset of {2 whose complement has Lebesguian measure
zero, besides Proposition 7 shows that py(€2) is contained in the set of strongly elliptic
elements in h*. Therefore there exists a function

MHZU*HR

which is smooth on the regular values of py restricted to 2 so that

)+ (Be) () = | M) An(e)n) d

Here, as before, du is a Lebesgue measure on u*. We now show,

Proposition 17. Assume py : 2 — ih* is proper, then

Ma=( [ 2o

Oa
A€W, N®(h,u)

Proof: For every test function g on ¢[* we have the equalities

| M A.0) )
= (P)«(Ba)(9) = (25.0+(Po)+(Ba)(9) = (Py)s(Ba)(g © py1)
= [ M A(g0 pm) ()

We compute and apply the Theorem of Duflo-Heckman-Vergne to obtain

An(gopy) (1) = Brp(g © po) = (Po,0x(Br ) (9)
=< Z e(w)duwp x w(Y,y), AL(g) >

weWrp,
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Therefore we have shown for every test function g on [* that
[ A0 Au() e

_ / Mu(p) <3 elw)du < w(Yy), Arlg) > dp

weWr,

The differential operator, Haeq,nmq)(h u)(%), on iu* is Wy —invariant. Hence, Chevalley’s
restriction Theorem implies that there exists a constant coefficient L—invariant differ-
ential operator, D, on i[* so that

[ocw, o (:Z) is the radial part of D. A formula of Harish-Chandra says that for every
test function f in [* we have

aon= [ -4
a€V,,Nd(h,u)

When we apply equality (7) to g = D f, Harish-Chandra equality yields,

[T a0 As(r)

U aeW,(b)
)
_ (_1)q/m* Mirlp) < 3 elw)dupxw(Vi), T 5-Aulh) > di
weWr, ac¥,(h)

For each w € Wy, we have that card(w¥, (h) N (=P, (h)) is even, hence

< > ew)iduxw,), ] %AL(f)>

=(-1)7< Z €(w)buy, AL(f) >

weWr,

The fact that AL(f)(p) is Wi—skew invariant in p gives us that

/*MH(M) < Z e(w)éwu*w(Ynfb), H %AL(JC) > du

weWr, acW, (b)
— [ Mul AP

Therefore, (7) and (8) conclud the proof of Proposition 13. a

Let d(w) = (—1)cerdw¥nn®(a/o)]

Corollary 20. We further assumel’ = U C L. Then,
MH = Z e(w)d(w)ém * [*ﬂEwﬂ/nﬁ@(g/b)Yﬁ] * Y'J[
weW

Next, we show an analogue to Lemma 6.1 [?]. That is, we show that My, My are
solution to certain differential equation.
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Corollary 21. Assume, T C L, then
i) My is a solution to the differential equation

H %X = Z e(w)dyn

€ (g/1) wew

i1) My is a solution to the differential equation

11 %X =) e(w)d(w)dun

acw(g/b) wew
Both equations are in X € D'(iu*).

To talk about 2. Since the support of 3 .o, b(u, )6, is contained in the cone ju +
Z;Zl R*3; the uniqueness statement of Holmgren’s theorem
For a proof of Holgrem’s Theorem we refer to the book [?] page 70.

12.3. Multiplicity formulae.

To talk about 3. mi-jo, kobayashi obtained this and better formula for sopq sppq. some
of them same type

In this subsection we apply the results obtained in the previous subsections to obtain
explicit multiplicity formulae in the spirit of Kostant or Blattner multiplicity formulae.
For this, we keep the notation of previous sections. We first compute multiplicities when
we restrict to the subgroup

L1 = K1<\D)T

and then we derive multiplicity formulae when we restrict to any reductive subgroup
containing K (¥)7T. We fix A dominant with respect to W. Let Ay := W N ®(Iy, t). Then,
Corollary 6 assure us that 7(\) restricted to K;(¥)T is admissible. Therefore, there
exists non negative integers n(A,v),v € Cp,, so that

@A\Ll = Z nl(A,l/)Tyl.

V1€CL1

As before, 7, is the character of the irreducible representation of L; of infinitesimal
character v. Let WW; denote the Weyl group of K;(¥),j =1,2. Thus, W = W; x Ws. As
before, for a finite subset ¥ = {0y, - ,0,} of it*, let Q5 denote the twisted partition
function defined by

Z QE(V) = Yor ¥ * Yo,

vEPp

Thus, Qx(v) = card{(n;)i_; : v = Z](% +n;)o;}. In particular, we consider Qy_a, the

twisted partition function associated to the set

\II_Al = {a/la"' 70[1”7617"' 7ﬁq}

Here the a; are compact roots and 3 are noncompact roots.
We have,
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Lemma 24. Let A be dominant with respect to W, then the representation of L, whose
infinitesimal character is v € Cr, has multiplicity in the restriction of m(\) to K1(¥)T
given by

ni(A,v) = Z e(ws)Qu_na, (w(v) — sA)

weWy,seWs

If we parameterize representations of L; by their highest weight rather than by its
infinitesimal character, and we use plain partition function () associated to ¥ — A; then
the multiplicity formula becomes

Y ews)Qw( + pry) — s(A+ payry))
weWy,s€Wo

Proof: From Proposition 12 we obtain for a test function g on [;* the equality

(P )+(Baa)(9)
< 3 ()i 5 w(V) * Vi AL(g) > (")
weWw
Now, W is spanned by reflection about compact simple roots for ¥, thus, for w € Wj,
we have wV¥,, = ¥,, and hence
w(Yoigy &k Yoig,) = Yoig %o x Yo,

Moreover, since [; = £ (V) + t we have that U(€) = {ai, - ,a,} Therefore, for all
v € U(ky), w € Wi we have wy = . Thus, from the previous formula we obtain,

(8) 3 elw)dun % w(¥;) + Vg,
weW
= Z €(ws)dupsy * w(Y_jg %+ *x Y g «Y o x--- %Y )
weWy,seWa
Now, [ as well as py, (Bq) are tempered distributions, so equality (7) holds for any tem-
pered test function. In particular, we may apply it for g equal to the Fourier transform
of a test function. In order to avoid a cumbersome notation we identify, via Killing form,
both g, [;, t with their dual vector spaces. For a Lie algebra v Fourier transform of a test
function is denoted by ¢"v = gv. In [?], we find a proof of the equality

—7

Ar, (ﬁLl) = ALy (g) :
Combining this equality with (7) and (8), lead us to

(9) < ((Pu)+(Baa)) 1, g >
=< Z €(ws)duwsr x W(Y_jg, x - * Yo g x Y o % *Y_ ,.), m)T > .

weWq,s€Wo

In [?] we find a proof of the following equalities in the space of distributions,

~ ) _ B _1
5HT<X) — inX Y—iﬂT _ Zeng e —
n>0

Therefore, (9) implies
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(10) < ((p1,)+(Baa)) 1, 9 >

e’ —1
- wsA+n;wiB; +mrwa
=< E e(ws)e gy H ” AL (9) >
weWr,s€Wa,n;>0,m; >0 YEVU—Ay v
—< E : €<ws)ewsA+njwﬂj+mkwak+wpg/L1

weWr,s€Wa,n;>0,m; >0
67/2 —_ 6_7/2

X H —7AL1(9) >

yeV—-Ay v

eV/2_e—7/2
Y

The last equality follows from the fact that Hveqp A, is invariant under the
group Wj.
We now operate on < ((py, )«(Bg.x)) 1,9 > . First of all we recall Proposition 5 in [?]

which shows,

(py, *5G.A)AL1 = ph*(ﬁ/G\AG)-

Let

—exp(—a V2 — /2
Jo(X) = det(* GZEX)C“X)) =11 (—H(X), forX et.

yew

We also recall Rossman-Kirillov character formula which affirms

JA(X)Ox(exp X) = Fan (X)

and Harish-Chandra integration formula

[ P(p)dp = cr, / I] <ov>AL@) ).

t acAq

Combining these three equalities lead us to,

< (ph,*(ﬁGv\))/\leg >
=< p[1*<5/G\~>\G)ag >
—< pu (TG (X)Ox(exp X)), g >
(e1/? — /2
—< [T xesexp ), T] alX)Ar(9)(X) >

eV a€A

H%\P(evﬂ — 6—7/2)

=<
H'yG\II—Al Y

(X)Oa(exp X), AL, (9)(X) >
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Thus, (10) implies for X € t which is G—regular

O (exp X)

wsA+njwlBj+mrwag+wpg /g,
B D e seWa n; >0.mp >0 E(WS)€ /1

H7€A1 eV/2 — 6_7/2

= > e(w15)Qu-a, (wi(v) — sA)

w1 EW1s€EWs, Z/GCLI

2wew, €(w)e”

l_LleA1 eV/2 — e=v/2°

Since, on the set of regular elements of G which lie in L, the character of m(\)
restricted to L; agrees with the restriction of the character of 7(\) we have shown
Lemma 4 O

X

Next, we derive a multiplicity formulae for groups G, H so that K;(V)T is contained
in H. As before, we fix A dominant with respect to W. Then, the hypothesis K;(V)T'
is contained in H let us conclude that 7(\) restricted to H is admissible. Let L be a
maximal compact subgroup of H which contains K;(W¥)T. Let C,Cy,Cy,, 0, have the
same meaning as before. Therefore, there exists non negative integers m(A, u) such that

Let Qu_a(y) be the twisted partition function associated to the set W — &(b).

Theorem 2. Under the above hypothesis, for p € Cp, we have

mA, )= > e(ws)Qu-apm(w() — sA).

weWy, seWs

For the proof we apply Proposition 10 item 3 and Lemma 4. As before, let n(A,v)
denote the multiplicity in 7()\) of the representation of L whose infinitesimal character
isved].

Lemma 25.
Z n(A, V)(;l, = Z 6(ws)(SwSA * w(*’yE\If—ALy’Y)
vEPr weWy, seWsy

Proof: Because of Lemma 4 we have

Z s (A, 1/1)5,/1

nePr

— Z e(ws)Qu_a, (wv — sA)d,

weWy, seWa,vePr

— Z €(ws)duwsa * W(Kyew—A,Yy)

weWy,seWa, vePr
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Proposition 11 gives us the equality

Z n(A,v)o,
= *aGAL—Alda(Z nl(Aa V1)5V1)
= Z E(IUS)(SU;SA * w(*’ye‘l/—ALy’Y)'
weWy, seWs
and hence we have shown Lemma 5 |

We continue with the proof of Theorem 2.
From Proposition 11 we have

> m(A p)d, = d"" () n(A,v)s,)
nePr vEPT
so we must compute
*aelllnﬂ@(h) (5704/2 - 50{/2) * w(*’yE‘I/—AL y’y)

Since K7 (W)T is contained in L we have that W, C Wy, hence for w € W; we have that
[1cv_a, wy=1l,co_a, 7: and we conclude that card{y € ¥ — A, : wy < 0} is an even
number. For a,y € ¥,, N ®(h) so that wy = £ we have that (0_n/2 — day2) * Yy = £do.
Therefore,

*aeqmﬂ@(b)((s—aﬂ - 6@/2) * w(*wG\If—AL yw)
= Kycv—a(n)W Yy

Combining the last formulaes, we obtain

d""(Y " n(A,v)s,)

veEPp
= Z 6(7VUS)51125A * w(*fyelllf‘i(h) y’y)
weWy, seWs
S Y cws) Qo — s
pnePr weWy,seWa
This concludes the proof of Theorem 2 O

We now show a formula for the multiplicities for restriction to the subgroup K;(¥)Z.
As before, Z is the identity connected component of the center of K. For other unex-
plained notation we refer to previous subsections. We define t;, := ¢, (V) @ 3. Thus,
t; . is a Cartan subalgebra of K (W)Z. We write v = 1y + 15 with vy € 4,15 € tog.
For the irreducible representation of Ky(W¥) of highest weight Ay let m(Aq, #) denote the
multiplicity of the weight 6 € it5,, and ds its dimension.

Proposition 18. Suppose that A is dominant with respect to W. Then the multiplicity,
ng,z(A,v), of an irreducible representation of K1(V)Z of highest weight v in w(\) is
given by the equality

ng,z(A,v) = dy > ew)Qu, (w(v +1a) — Ay)

weWi, v € PT2 ss
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Proof: From Lemma 4 we have the equalities

Z n(A,v)é,

VEPT

- Z e(ws)Qu_a, (wv — sA)d,

weWy, seWa,vePr
= Z 6(w8)5w51\ * w(*’yG\II—A1y’7)
weWr, seWa, vePr

Since ¥ — A; = (®(€) N V) U ¥, and w € W, we have that

W(Kyew-a,Yy) = Kacw(t)Ya * W(Ksew,Ys)-
Let so denote the longest element in the Weyl group of ®(#;) Then, we have the identity

Z 6(5)551\2*%\1/(%2)%

seWs

= 6(50) Z 6(5)5350A2*a€—50\11(?2)ya

sEWs

=€(so) Y m(soha,0)d

9 Pr,

We also have that

Z Z e(w)Qu, (wv — Ay)d, = Z e(w)dwa, K pew, Yp

vePr weW; weWy
Therefore,
§ ny (Aa V)(su
vEPr

= Z [ Z m(sola, 0)Qu,, (w(v1,va) — A1)dy,t0] * 0y,

VlEPTLZ v2,0€Pr,
- Z ( Z nl(A7V17V2)5l/2>*5V1

V1 EPTI,Z v2€Pr,

Let A be the subalgebra of finite linear combinations of {J,, v € Pp}. It readily
follows that the set {d,, v € P} is linearly independent over A. This, leads to the
equality

Z nl(A) vy, V2)5V2

121 PT2

=> ] > e(w)m(sohs, 0)

ve 0, vs3: 0+vs=vo, weW;
X Qu,, (w1, v3) — A1)] x 0y,

Thus, we obtain

ni(A vy, 1) = Z e(w)m(soAg, 0)Qu, (w(vy, v3) — Ay)

0,vs : O+v3=vo,weW;
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Finally, since ng,z(A, 1) = ZuzePT2 ni(A, 1, 2) we have shown that
niz(A ) = dy Y e(w)Qu, (w(vn, vy) — Ay).
Vo, W
a
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