
Lecture7 - The DiscreteFourier
Transform

7.1 The DFT

TheDiscreteFourierTransform(DFT) is theequivalentof thecontinuousFourier
Transformfor signalsknown only at

�
instantsseparatedby sampletimes � (i.e.

afinite sequenceof data).
Let ������� bethecontinuoussignalwhich is thesourceof thedata.Let

�
samples

bedenoted�
	��������	��������	����������������	���������������
	 ��� �� .
TheFourierTransformof theoriginalsignal, ������� , wouldbe �"!$#%�'& (*)+ ) ���,���.- +�/10�2,3 �
Wecouldregardeachsample��	��� asanimpulsehaving area��	4�5 . Then,sincethe
integrandexistsonly at thesamplepoints: �6!$#%�7& (98;: +=<�>;?@ ��������- +�/A0�2B3 �& ��	C��D- +�/�EGF ��	���D- +�/10H?IF ����� F ��	���D- +�/10�J�?IF ��������� ��� �H��- +�/A0 8;: +=<�>;?

ie.
 �"!$#%�K& : +=<L JNMOE ��	���D- +�/10�J�?

We couldin principleevaluatethis for any # , but with only
�

datapointsto start
with, only

�
final outputswill besignificant.

You mayrememberthat thecontinuousFouriertransformcouldbeevaluated
overa finite interval (usuallythefundamentalperiod � @ ) ratherthanfrom

�QP
to
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F P
if thewaveformwasperiodic. Similarly, sincethereareonly afinite number

of input datapoints,the DFT treatsthe dataasif it wereperiodic(i.e. ��� � � to����� ��� �H� is thesameas �����R� to ��� �S� �H� .)
Hencethesequenceshown below in Fig. 7.1(a)is consideredto beoneperiodof
theperiodicsequencein plot (b).
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Figure7.1: (a) Sequenceof
� &T�U� samples.(b) implicit periodicityin DFT.

Since the operationtreatsthe dataas if it were periodic, we evaluatethe
DFT equationfor the fundamentalfrequency (one cycle per sequence,

<: ? Hz,VXW: ? rad/sec.)andits harmonics(not forgettingthed.c. component(or average)at#Y&Z� ).
i.e. set #Y&Z�[� �H\� � � ��\� �S] �^������� ��\� ��]`_ ������� ��\� �S] � ��� �U�

or, in general

 	 _ �& : +=<L JaMOE ��	���D- +�/$bdcegf J � _ &Z�ih �S� �H�
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 	 _  is theDiscreteFourierTransformof thesequence��	��� .
Wemaywrite thisequationin matrix form as:jkkkkkl  	C�� 	��� 	���

... 	 �S� ��

m�nnnnn
o &

jkkkkkkkl
� � � � ����� �� p p V prq �����Tp : +=<� p V pts pru �����Tp : + V� pvq p u prw �����Tp : + q
...� p : +=< p : + V p : + q ����� p

m nnnnnnn
o
jkkkkkl ��	C����	�����	���

...��	 ��� ��

m�nnnnn
o

wherep &Zx�y[z{� � !���\}| � � and p &Zp V :
etc. &~� .

DFT – example

Let thecontinuoussignalbe

�������K& ��������
dc

F �����$�U���H\�� ��� � @ �� ��� �
1Hz

F�� �����O��\��� ��� �
2Hz
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Figure7.2: Examplesignalfor DFT.

Let ussample������� at 4 timespersecond(ie. ��� = 4Hz) from ��&r� to ��& qs . The
valuesof thediscretesamplesaregivenby:

��	����&t� F �$�����5� W V � ��� � @ � F�� ���$��\{� by putting ��&r������& Js
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i.e. �
	����&t� , ��	����&�� , ��	����&t� , ��	 � �&Z� , � � &Z�R�
Therefore

 	 _ �& qL E ��	���d- +�/�c b f J & qL JNMOE ��	���A� � !�� f Jjkkl  	C�� 	��� 	��� 	 � 
m�nno &

jkkl � � � �� � ! � � !� � � � � �� ! � � � !
m�nno
jkkl ��	C����	�����	�����	 � 

m�nno &
jkkl �$�� !R��H�!R�

m�nno
Themagnitudeof theDFT coefficientsis shown below in Fig. 7.3.
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Figure7.3: DFT of four point sequence.

InverseDiscreteFourier Transform

Theinversetransformof

 	 _ �& : +=<L JaMOE ��	���d- +�/�bdcegf J
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is

�
	4���& �� : +=<L f MOE  	 _ D-U� / bdce�f J
i.e. theinversematrix is

<: timesthecomplex conjugateof theoriginal (symmet-
ric) matrix.

Note that the
 	 _  coefficientsarecomplex. We canassumethat the �
	4�� values

arereal (this is the simplestcase;therearesituations(e.g. radar)in which two
inputs,ateach� , aretreatedasacomplex pair, sincethey aretheoutputsfrom � o

and
� � o demodulators).

In theprocessof takingthe inversetransformthe terms
 	 _  and

 	 ��� _  (re-
memberthat the spectrumis symmetricalabout

: V ) combineto produce � fre-
quency components,only oneof which is consideredto bevalid (the oneat the
lower of the two frequencies,_*] VXW? Hz where _ � : V ; the higher frequency
componentis atan“aliasingfrequency” ( _�¡ : V )).

Fromtheinversetransformformula,thecontributionto ��	��� of
 	 _  and

 	 �¢� _ is:

� f 	����& ���£  	 _ D- / bdcegf J¤F  	 ��� _ D- / bdce 8;: + f >"J�¥ (7.2)

For all ��	��� real�  	 �S� _ �& : +=<L JaMOE ��	���D- +�/�bdce 8�: + f >¦J
But - +�/�bdce 8�: + f >¦J & - +�/ VXW J� ��� �

1 for all � - � /$bdc¨§e J &Z- � /$bdcegf J
i.e.

 	 �S� _ �&  ª© � _ � (i.e. thecomplex conjugate)
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Substitutinginto theEquationfor � f 	��� abovegives,

� f 	4���& �� £  	 _ d- / bdcegf J¤F  © � _ �.- +�/ bdcegf JH¥ since - / VXW J &T�
ie. � f 	����& �� £�«�¬�£  	 _  ¥ ����� ��\� _ � ��¦® £  	 _  ¥ �¨¯6° ��\� _ � ¥

or � f 	����& ��T±  	 _  ± ����� £ � ��\� � _ ����� F�²$³¨´ �  	 _ d� ¥
i.e. a sampledsinewaveat

VXW f: ? Hz, of magnitude
V: ±  	 _  ± �

For the specialcaseof _ &µ� ,  	����&S¶·�
	4�� (i.e. sumof all samples)andthe
contribution of

 	C�� to �
	4�� is � E 	���¤& <:  	����& averageof ��	���¤& d.c. compo-
nent.

Inter pretation of example

1.
 	C���&r�$� impliesad.c. valueof

<:  	C���& V Es &r� (asexpected)

2.
 	���{& � !R�¸&  ª© 	 �  impliesa fundamentalcomponentof peakamplitudeV: ±  	¦�� ± & Vs ] �ª&r� with phasegivenby

²�³¨´  	����& �¹� � o

i.e. ��������� ��\� � ��� ��� � o �¤&t�K�����U� \ � � �Y� � o � (asexpected)

3.
 	����&º�H� � _ & : V – no other

�S� _ componenthere)andthis impliesa
component

� V 	����& ��  	���D- / bdce¼» V J & ��  	4�Hd- / W J & � ������\{� (asexpected)

since�¨¯D°�\{�i&t� for all �
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Figure7.4: DFT of four point signal.

Thus,theconventionalway of displayinga spectrumis not asshown in Fig. 7.3
but asshown in Fig. 7.4(obviously, theinformationcontentis thesame):
In typical applications,

�
is muchgreaterthan � ; for example,for

� &½�U�R��� , 	 _  has �U����� components,but �^� � � �U�R� � arethecomplex conjugatesof �^�$� � � ,
leaving ¾�¿ E�À<BE V s asthed.c. component,

V<BE V s{Á ¾�¿ <�À ÁÂ V to
V<BE V sGÁ ¾�¿ Ã <A<�À ÁÂ V ascompletea.c.com-

ponentsand
<<BE V s ¾�¿ Ã < V ÀÂ V asthecosine-onlycomponentatthehighestdistinguishable

frequency � _ & : V � .
Most computerprogrammesevaluate Á ¾�¿ f À Á: (or Á ¾�¿ f À Á b: for thepower spectralden-
sity) which givesthe correct“shape”for the spectrum,except for the valuesat_ &Z� and

: V .

7.2 DiscreteFourier Transform Err ors

To whatdegreedoestheDFT approximatetheFourier transformof the function
underlyingthedata?Clearly theDFT is only anapproximationsinceit provides
only for a finite set of frequencies.But how correctare thesediscretevalues
themselves?Therearetwo maintypesof DFT errors:aliasingand“leakage”:
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7.2.1 Aliasing

Thisis anothermanifestationof thephenomenonwhichwehavenow encountered
severaltimes.If theinitial samplesarenotsufficiently closelyspacedto represent
high-frequency componentspresentin theunderlyingfunction,thentheDFT val-
ueswill becorruptedby aliasing.As before,thesolutionis eitherto increasethe
samplingrate(if possible)or to pre-filterthesignalin orderto minimiseits high-
frequency spectralcontent.

7.2.2 Leakage

RecallthatthecontinuousFouriertransformof a periodicwaveformrequiresthe
integrationto beperformedovertheinterval -

P
to
F P

or overanintegernumber
of cyclesof thewaveform. If we attemptto completetheDFT overa non-integer
numberof cyclesof the input signal, thenwe might expect the transformto be
corruptedin someway. This is indeedthecase,aswill now beshown.

Considerthecaseof aninputsignalwhich is asinusoidwith afractionalnum-
berof cyclesin the

�
datasamples.TheDFT for this case(for _ &Ä� to _ & : V )

is shown below in 7.5.
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Figure7.5: Leakage.

We might have expectedtheDFT to giveanoutputat just thequantisedfrequen-
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cieseithersideof thetruefrequency. Thiscertainlydoeshappenbut wealsofind
non-zerooutputsat all otherfrequencies.This smearingeffect, which is known
asleakage,arisesbecausewe areeffectively calculatingtheFourierseriesfor the
waveform in Fig. 7.6, which hasmajor discontinuities,henceother frequency
components.
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Figure7.6: Leakage. Therepeatingwaveformhasdiscontinuities.

Most sequencesof real dataaremuchmorecomplicatedthanthe sinusoidalse-
quencesthatwe have sofar consideredandsoit will not bepossibleto avoid in-
troducingdiscontinuitieswhenusinga finite numberof pointsfrom thesequence
in orderto calculatetheDFT.
Thesolutionis to useoneof thewindowfunctionswhich we encounteredin the
designof FIR filters (e.g. the Hammingor Hanningwindows). Thesewindow
functionstaperthe samplestowardszerovaluesat both endpoints,andso there
is no discontinuity(or very little, in the caseof the Hanningwindow) with a
hypotheticalnext period. Hencethe leakageof spectralcontentaway from its
correctlocationis muchreduced,asin Fig 7.7.
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Figure7.7: Leakage is reducedusinga Hanningwindow.
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7.3 The FastFourier Transform

Thetimetakento evaluateaDFT onadigital computerdependsprincipallyonthe
numberof multiplicationsinvolved,sincethesearetheslowestoperations.With
theDFT, thisnumberis directly relatedto

� V
(matrixmultiplicationof avector),

where
�

is the lengthof the transform. For mostproblems,
�

is chosento be
at least256 in order to get a reasonableapproximationfor the spectrumof the
sequenceunderconsideration– hencecomputationalspeedbecomesamajorcon-
sideration.

Highly efficient computeralgorithmsfor estimatingDiscreteFourier Trans-
formshave beendevelopedsincethemid-60’s. Theseareknown asFastFourier
Transform(FFT) algorithmsandthey rely on the fact that the standardDFT in-
volvesa lot of redundantcalculations:

Re-writing
 	 _ �& : +=<L JaMOE ��	���D- +�/ bdce f J as

 	 _ �& : +=<L JNMOE ��	���dp f J:
it is easyto realisethatthesamevaluesof p f J: arecalculatedmany timesasthe
computationproceeds.Firstly, the integerproduct _ � repeatsfor differentcom-
binationsof � and _ ; secondly, p f J: is a periodicfunctionwith only

�
distinct

values.

For example,consider
� &9� (theFFTis simplestby far if

�
is anintegralpower

of 2)

p <Å &t- +�/ bdcÆ &t- +�/ s ÃXÇ & � � !È � &ZÉ=� say�
Then É V & � ! ÉRq�& � !5Éi& � É © É s & � �

É Ã & � É É u &Ê! É5Ë%&Ê!5ÉÌ&9É © É Å &~�
Fromtheabove, it canbeseenthat:
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ptsÅ & � p EÅp ÃÅ & � p <Åp uÅ & � p VÅpvËÅ & � pvqÅ
Also, if _ � fallsoutsidetherange0-7,westill getoneof theabovevalues:

eg. if _ &t� and �i&rÍ^� p q ÃÅ &tÉ q Ã &º��É Å � s�Î É q &tÉ q
7.3.1 Decimation-in-time algorithm

Let usbegin by splittingthesinglesummationover
�

samplesinto 2 summations,
eachwith

: V samples,onefor � evenandtheotherfor � odd.
SubstituteÏS& JV for � evenand ÏS& J�+=<V for � oddandwrite:

 	 _ �&
e b +=<LÐ MOE �
	4��Ï¸dp V Ð f: F e b +=<LÐ MOE ��	���Ï F ��dp 8 V Ð � <�> f:

Notethat p V Ð f: &t- +�/ bdce 8 V Ð f > &9- +�/ bdce b Ð f &rp Ð fe b
Therefore

 	 _ �&
e b +=<LÐ MOE �
	4��Ï¸dp Ð fe b F p Ð: e b +=<LÐ MOE ��	���Ï F ��dp Ð fe b

ie.
 	 _ �&tÑÒ	 _  F p Ð:iÓ 	 _ 

Thusthe
�

-point DFT
 	 _  canbe obtainedfrom two

: V -point transforms,
oneoneveninputdata,ÑÒ	 _  , andoneon oddinput data,Ó 	 _  . Althoughthefre-
quency index _ rangesover

�
values,only

: V valuesof ÑÒ	 _  and Ó 	 _  needto be
computedsinceÑÔ	 _  and Ó 	 _  areperiodicin _ with period

: V .

For example,for
� &9� :
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Õ eveninputdata ��	������	���d��	Ö�$��
	�×�Õ oddinputdata �
	¦��d��	 � d��	4�H���	�Í� 	����&tÑÒ	��� F p EÅ Ó 	C�� 	¦���&tÑÒ	¦�� F p <Å Ó 	��� 	4�H�&tÑÒ	4�� F p VÅ Ó 	��� 	 � �&tÑÒ	 �  F prqÅ Ó 	 �  	C���&tÑÒ	��� F ptsÅ Ó 	C���&tÑÒ	C�� � p EÅ Ó 	C�� 	4�H�&tÑÒ	¦�� F p ÃÅ Ó 	����&tÑÒ	��� � p <Å Ó 	��� 	�×��&tÑÒ	4�� F p uÅ Ó 	����&tÑÒ	��� � p VÅ Ó 	��� 	4ÍH�&tÑÒ	 �  F pvËÅ Ó 	 � �&tÑÒ	 �  � prqÅ Ó 	 � 
This is shown graphicallyon theflow graphof Fig 7.8:
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Figure7.8: FFT flowgraph1.

Assumingthan
�

is a power of � , we canrepeatthe above processon the two: V -point transforms,breakingthemdown to
: s -point transforms,etc����� , until we

comedown to � -point transforms.For
� &�� , only onefurtherstageis needed

(i.e. thereare Ø stages,where
� &Z�HÙ ), asshown below in Fig 7.9.

ThustheFFTis computedby dividing up,or decimating, thesamplesequence��	��� into sub-sequencesuntil only � -point DFT’s remain.Sinceit is theinput,or
time, sampleswhich aredividedup, this algorithmis known asthe decimation-
in-time(DIT) algorithm.(An equivalentalgorithmexistsfor which theoutput,or
frequency, pointsaresub-divided– thedecimation-in-frequency algorithm.)

Thebasiccomputationattheheartof theFFTisknownasthebutterflybecause
of its criss-crossappearance.For theDIT FFT algorithm,thebutterfly computa-
tion is of theform of Fig 7.10
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Figure7.9: FFT flowgraph2.
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Figure7.10:Butterflyoperation in FFT.

where
Ú

and
Û

arecomplex numbers.Thusa butterfly computationrequiresone
complex multiplicationand2 complex additions.

Notealso,that the input samplesare“bit-reversed”(seetablebelow) becauseat
eachstageof decimationthesequenceinput samplesis separatedinto even-and
odd-indexedsamples.

(NB: thebit-reversalalgorithmonly appliesif
�

is anintegralpowerof � ).
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Index ���[� Binary Bit-reversed Bit-reversed
representation Binary index

0 000 000 0
1 001 100 4
2 010 010 2
3 011 110 6
4 100 001 1
5 101 101 5
6 110 011 3
7 111 111 7

7.3.2 Computational speedof FFT

The DFT requires
� V

complex multiplications. At eachstageof the FFT (i.e.
eachhalving)

: V complex multiplicationsarerequiredto combinethe resultsof
thepreviousstage.Sincethereare �BâB�Uã V � � stages,thenumberof complex mul-
tiplicationsrequiredto evaluatean

�
-point DFT with the FFT is approximately� |���âB�Uã V � (approximatelybecausemultiplicationsby factorssuchas p E: , p e b: ,p e ä: and pµå eä: arereally just complex additionsandsubtractions).

� � V
(DFT)

: V â,�Uã V � (FFT) saving
32 1,024 80 92æ

256 65,536 1,024 98æ
1,024 1,048,576 5,120 99.5æ

7.3.3 Practical considerations

If
�

is not a power of � , thereare2 strategiesavailableto completean
�

-point
FFT.

1. take advantageof suchfactorsas
�

possesses.For example,if
�

is divisi-
ble by

�
(e.g.

� &Ä�R� ), thefinal decimationstagewould includea
�
-point

transform.
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2. packthe datawith zeroes;e.g. include16 zeroeswith the 48 datapoints
(for

� &v�R� ) andcomputea ×$� -pointFFT. (However, you shouldagainbe
waryof abrupttransitionsbetweenthetrailing (or leading)edgeof thedata
andthefollowing (or preceding)zeroes;abetterapproachmightbeto pack
thedatawith morerealistic“dummyvalues”).
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