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I. Main result. k algebraically closed field.

Theorem. [ARS] H a pointed Hopf algebra with I' .= G(H)
abelian fin. gen. and generic infinitesimal braiding. TFAE:

1. H is a I'-reductive domain with Gelfand-Kirillov dim < oco.

2. The group I'is free abelian of finite rank, and there exists a
reduced generic datum of finite Cartan type D,.; for I'
such that H ~ U(D,..;) as Hopf algebras.

If H satisfies (2), then H is reductive iff [I": I'?] is finite.



II. Invariants of a Hopf algebra H.

e G(H)={x€ H—-0:A(x) =z®x}, group of grouplikes.

e T he coradical Hyp = sum of all simple subcoalgebras of H.
e The coradical filtration is H, = A"T1Hj.

Then: (Hn)p>0 is @ coalgebra filtration and U,>oHn = H.

Furthermore, if Hy Hopf subalgebra, then (Hy),>0 is an algebra
filtration and gr H is a (graded) Hopf algebra.

H pointed iff every simple comodule has dim 1 iff kG(H) ~ Hp.
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gyD — braided tensor category of Yetter-Drinfeld mod. over H.
e gr H ~ R#Hgy, R = &,cNR(n) is a graded braided Hopf algebra.
e R(0) ~k, R(1) = P(R) =: V infinitesimal braiding of H.
Fact: subalgebra generated by V ~ B(V) Nichols algebra of V.
Hypothesis: Hg = kI', I' abelian group.

If Ve fyD and dimV < oo, then V=@ __. VY.

o V of diagonal type when V. =@ _. 5V~ (gij)1<i <6

generic infinitesimal braiding = q;; ¢ Goo, 1 <1 < 6.



III. Reductivity.

An algebra A reductive if all fin.-dim. A-modules are semisimple.

B C A a subalgebra. A is B-reductive if all finite-dimensional
left A-modules which are semisimple over B are semisimple.

H pointed Hopf algebra, I' .= G(H).
H I'-reductive = H kI'-reductive



IVV. Constructions of pointed Hopf algebras.
e [' is a free abelian group of finite rank s. I =4{1,...,0}.

o (a;;) € Z9%% is a Cartan matrix of finite type; (dy,...,dy) diag-
onal matrix such that d;a;; = djaj;, d;; > 0 minimal.

e X = set of connected components of the Cartan matrix (a;;);
if 2,7 €l, then 1 ~j < 14,7 € same connected component.

e (q7)1ex is a family of elements in k which are not roots of 1.

©g1,....99 €, xX1,...,xp € I, satisfy

d. dscLs o .
xi»9i) = a7y Xj>9)xi95) =a; 7, Vi, jel, iel
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Two vertices i and j are linkable if i £ j, g;g; 7 1 and x;x; = e.

A linking datum for

I, (aij)7 (QI)IE.Xa gi,---,90 and x1,---,Xg
is a collection (X\;j)1<i<j<p,ix; OF €lements in {0,1} such that );;
is arbitrary if « and 5 are linkable but O otherwise. Given a linking
datum, we say that two vertices ¢ and j are linked if A;; 7 O.
The collection

D = D((a;;), (ar), (9:), (xi), (Aij)),
where ();;) is a linking datum, will be called a generic datum
of finite Cartan type for I".



Definition. D a generic datum of finite Cartan type for I'.

U(D) = algebra presented by gens. as,...,a9, yi',...,yF?, rels.
1 41 +1 +1 1 F1
yra; = X;(Yn)a;yn, 1<h<s, 1<j5<6,
(ada;))?"%ia; =0,  1<i#j<0, i~y
a;a; — xj(gi)aja; = X (1 — g;95), 1<i<j<0, iy

Theorem. [AS] U(D) is a pointed Hopf algebra with

Ayp = Yp QYp, Aa; =a;®1+g;®aj, 1<h<s,1<:<0.

U(D) has a PBW-basis given by monomials in the root vectors.
The associated graded Hopf algebra grU(D) is isomorphic to
B(V)#KI'; U(D) is a domain with finite GK-dim.



Theorem. [AS, AA] H a pointed Hopf algebra with fin. gener-
ated abelian G(H), and generic infinitesimal braiding. TFAE:

(a). H is a domain with finite Gelfand-Kirillov dimension.
(b). The group I' := G(H) is free abelian of finite rank, and

there exists a generic datum of finite Cartan type D for I' such
that H ~ U(D) as Hopf algebras.



V. Reduced data and Levi-type decomposition.
D a generic datum of finite Cartan type, linking parameter \.
e P={hel:hisnotlinked}; I' =1-1°;, X' = Xy;

e ~, the equivalence relation on I’ defined by D’;

). PN
oAgjz{O’W :fz:é; for all 4,57 € I',4 % 3.

Then ) is a linking parameter for D’.

o D' = D((aij); jer (@) rexr (9)ier> (Xa)iers (Mij)i jer)



Theorem. [ARS]

There are Hopf algebra morphisms
S :UD,N) —-UD X)), v UD N)—-UD,)N), PV =id.

U(D")

K =U(D,\)°® is a braided Hopf algebra in ;1

YD and

K#UD' X)) Z2U(D, )
The algebra K is generated by the set

S ={ad(z;; - -x;,)(xp) | h € L, n >0, i €1, 4, ~ h,0 <v <n}.
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A linking parameter D is perfect if and only if any vertex is linked.

D a generic datum of finite Cartan type, linking parameter A\ —
U(D,\) — U(D', \) with perfect linking parameter ).

D,.q = half of D with perfect linking parameter.
U(D,.q) = corresponding Hopf algebra.

I'? = subgroup of I' generated by g;g;: i and j linked.
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