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Abstract. In the verification of probabilistic systems, distributed sched-
ulers are used to obtain tight bounds on worst-case probabilities, these
bounds being more realistic than the ones obtained by considering un-
restricted full-history dependent schedulers. In this paper, we define two
classes of distributed schedulers. We present undecidability results re-
lated to the automatic verification under these classes of schedulers. In
previous literature, we have proven that the model checking problem is
undecidable for distributed schedulers. However, in this paper we show
that, by assuming that the schedulers are in a given class, the technique
of partial order reduction (POR) for LTL properties can be applied in
a more efficient way than usual, thus yielding a system with less states
and transitions than if reduced assuming unrestricted schedulers. The
reduced system can then be analysed using well-known algorithms for
full-history dependent schedulers. Our partial order reduction technique
may also obtain bounds strictly tighter than the ones obtained by con-
sidering unrestricted schedulers (of course, such bounds are safe with
respect to the class of schedulers under consideration). We explain that
the two variants we present are obtained from a general theorem, thus
raising the question of whether there are other “natural” classes of sched-
ulers for which POR variants can be developed.

1 Introduction

Markov decision processes (MDPs) are widely used in diverse fields ranging
from ecology to computer science. They are useful to model and analyse systems
in which both probabilistic and nondeterministic choices interact. Particularly,
composition oriented versions of MDPs like probabilistic automata [19] or prob-
abilistic modules [12] are specially suitable to model concurrent systems such
as distributed systems. MDPs can be automatically analysed using quantitative
model checkers such as PRISM [17] or LiQuor [8].

Since nondeterminism is involved, analysis techniques for MDPs require to
consider the resolution of all nondeterministic choices in order to obtain the
desired result. The resolution of such nondeterminism is given by the so called
schedulers (called also adversaries or policies, see e.g. [4,19]). So, a quantita-
tive model checker can be used to find out the best/worst probability value of
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reaching a goal under any possible scheduler (a concrete instance being “the
probability of arrival of a package is above the bound 0.95”).

Partial order reduction (POR, [16,9]) is a well-known technique to cope with
the state explosion problem. The works [1,10] introduce partial order reduc-
tion for model checking of LTL properties on MDPs. In this paper, we explain
that POR for probabilistic systems can be improved in case the schedulers are
assumed to be distributed. Such assumption has been proven to be useful in pre-
vious literature, since it allows to calculate more realistic bounds on worst-case
probabilities and it allows some restricted forms of compositional reasoning [11,
12,7]. Our variants of POR can be used to reduce the state space more ef-
ficiently than according to [1,10]. In addition, for some systems, our variants
allow to calculate more realistic bounds on worst-case probabilities.

In the traditional MDP setting, in which the schedulers are not assumed
to be distributed, a scheduler is a function mapping paths to transitions (or,
in the more general case, paths to distributions on transitions). Given that the
execution up to some state s is known (namely, the history path), the scheduler
“chooses” to perform one transition out of all transitions enabled in state s.
Quantitative model checkers such as [17, 8] are based on the technique introduced
in [4], in which calculations are performed considering the set of all possible
schedulers. However, considering all the schedulers may yield unexpected results.

The following example illustrates distributed schedulers, and also shows why
it is convenient to consider only these schedulers when calculating worst-case
probabilities. A man tosses a coin and another one has to guess heads or tails.
Fig. 1 depicts the models of these men in terms of MDPs. Man T', who tosses
the coin, has only one transition which represents the toss of the coin: with
probability % he moves to state headsy and with probability % he moves to state
tailsp. Instead, man G has two possible transitions, each one representing his
choice: headsg or tailsg. An almighty scheduler for this system may let G guess
the correct answer with probability 1 according to the following sequence: first,
it lets T toss the coin, and then it chooses for G the transition leading to heads if
T tossed a head or the transition leading to tails if 7" tossed a tail. Therefore, the
maximum probability of guessing obtained by quantifying over these almighty
schedulers is 1, even if T is a smart player that always hides the outcome until
G reveals his choice. So, quantitative model checkers based on [4], though safe,
yield an overestimation of the correct value. In this example, in which 7" and G
do not share all information, we would like the maximum probability of guessing
(i.e., of reaching any of the states (headst, headsc) or (tailst, tailsc)) to be 4.

This observation is fundamental in distributed systems in which components
share little information with each other, as well as in anonymity protocols, where



the possibility of information hiding is a fundamental assumption (a well-known
example of these systems being the dining cryptographers problem [6]). The
phenomenon we illustrated has been first observed in [19] from the point of
view of compositionality, and has been studied later in other settings [11,12,7].

In order to avoid considering the unrealistic behaviours we illustrated, dis-
tributed schedulers were proposed in previous literature. Local schedulers for each
component of the system are defined in the usual way (that is, the choices are
based on the complete history of the component) and the distributed schedulers
are defined to be the schedulers that can be obtained by composing these local
schedulers. Distributed schedulers have been studied in [12] in a synchronous
setting and in [7] in an asynchronous setting. In addition, distributed schedulers
are related to the partial-information policies of [11].

We remark that the “almighty” scheduler of the example would not be a valid
scheduler in this new setting since the choice for G depends only on information
which is external to (and not observable by) G. Then, a local scheduler for G
takes the decision having no information about the actual state of T', and so the
choice cannot be changed according to the outcome of T'.

The first work to focus on model checking techniques when schedulers are
restricted to be distributed is [13]. Unfortunately, in [13] we showed that the
bounds for the probability of properties cannot be calculated nor even approxi-
mated if the schedulers are restricted to be distributed. Actually, the framework
in [13] is the same synchronous setting of [12].

Since we focus on distributed systems, in this paper we work on an asyn-
chronous setting based on [7] (however, the order in which the components ex-
ecute is not restricted by the token structure in [7], and so our interleaving
mechanism is more general). In Sec. 2 we present this setting and the first ver-
sion of schedulers, that we call distributed schedulers. These schedulers focus on
preserving the behaviour of a component hidden from other components (unless,
of course, the component reveals it), thus ruling out the “almighty” schedulers
as the one explained before. We will show later that this class of schedulers
may still peek at some hidden information producing an undesired global result.
Therefore, in Sec. 3 we go further restricting this set to what we call strongly
distributed schedulers. The undecidability of the model checking problem for
distributed schedulers is proven in [13]. Here, we show that the restriction we
impose to strongly distributed schedulers also leads to undecidability. In addi-
tion, we present new undecidability results related to qualitative properties for
both distributed and strongly distributed schedulers.

In Sec. 4 we present two variants of POR, corresponding to distributed and
strongly distributed schedulers, respectively. Although we use Probabilistic I/O
Automata as our underlying theoretical framework, one of the variants of POR
we present (the more powerful one, corresponding to strongly distributed sched-
ulers) can be applied directly to MDP models without input/output restrictions
as the PRISM language [17]. With respect to the other variant, we show how
can it be applied in case the model has no input/output distinctions. Finally,
in Sec. 5 we explain that the two variants we present are obtained from a general
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theorem, thus leaving open the question of whether there are other “natural”
classes of schedulers for which POR variants can be developed.

2 Interleaved Probabilistic Input/Output Automata

We present a framework based on the Switched PIOA [7]. It uses reactive and
generative structures (see [15]). For a finite set S, we denote by DiscDist(S) the
set of all discrete probability distributions over the set S. Given a set ActlLab
of action labels and a set S of states, the set of generative transitions T on
(S,ActlLab) is DiscDist(S x ActLab), and the set Tr of reactive transitions is
DiscDist(S). A generative structure on (S, ActLab) is a function G : S — P(T¢)
and a reactive structure on (S, ActLab) is a function R : S x ActLab — P(Tg).
Figure 2 depicts an example of these structures. Generative transitions model
both communication and state change. The component executing a generative
transition chooses both a label a to output (the ! in the figure represents output)
and a new state s according to a given distribution. Reactive transitions specify
how a component reacts to a given input (the ? in the figure represents input).
Since the input is not chosen, reactive transitions are simply distributions on
states.

In our framework, a system is obtained by composing several probabilistic
I/0 atoms. Each atom is a probabilistic automata having reactive and generative
transitions.

Definition 1. A probabilistic I/O atom is a 5-tuple (S, ActLab, G, R, init), where
S is a finite set of states, ActlLab is a finite set of actions labels, and G (R, resp.)
is a generative (reactive, resp.) structure in (S,Actlab). init € S is the initial
state. We require the atoms to be input-enabled, so R(s,a) # 0 for every s € S,
a € ActLab. We often write S; to denote the set of states of an atom A; and
similarly for the other elements of the 5-tuple. In addition, we write Tg, (Tg,,
resp.) for the set of generative (reactive, resp.) transitions on (S;, ActLab;).

An interleaved probabilistic I/O system P is a set Atoms(P) of probabilistic
I/O atoms Ay, ---, Ay. The set of states of the system is []; S;, and the initial
state of the system is init = (inity, - ,inity).

In order to define how the system evolves, we define compound transitions,
which are the transitions performed by the system as a whole. In such compound
transitions, all the atoms having the same action label in their alphabet must
synchronize and ezactly one of them must participate with an output (genera-
tive) transition (thus modelling multicasting). Formally, a compound transition
is a tuple (g;, a,7j,,- -+ ,7j, ) (we require i # ji and ji # jis for all k # k) where



gi is a generative transition in the atom A; (the active atom), a € Actlab; is
an action label, the r;, are reactive transitions in the atoms Aj;, (the reactive
atoms) and {4;, A;,,---, A, 1} is the set of all the atoms such that a € ActLab,.
We say that A;, Aj,, ..., A;,, are the atoms involved in the compound tran-
sition. A compound transition (g;,a,7;,,---,7j, ) is enabled in a given state
(s1,---,sn) if gi € Gi(s;) and 1}, € R}, (8j,,a). The action label a of a com-
pound transition ¢ is indicated by label(c). The probability ¢(s, s’) of reaching a
state s’ = (s}, -+, ) from a state s = (s1,---,sy) using a compound transi-
tion ¢ = (gi, a, 75, ,75,,) 18 gi(si,a) - [Tjey 75, (8], ) if s¢ = s} for every atom
not involved in the transition. Otherwise, ¢(s,s’) = 0.

In order to ease some definitions, we introduce a fictitious “stutter” com-
pound transition ¢. Intuitively, this transition is executed iff the system has
reached a state in which no atom is able to generate a transition. The probabil-
ity <(s,s’) of reaching s’ from s using ¢ is 1, if s = &', or 0, otherwise.

A path o of P is a sequence of the form si.ci.s5.¢o + -+ ¢,_1.8, where each
s; is a (compound) state and each ¢; is a compound transition. A path can be
finite or infinite. For a finite path o as before, the set [o] contains all the infinite
paths starting with o. We define last(o) = s, and len(o) = n.

In the following, we suppose that input-enabled atoms Ay, ..., Ay are given,
and we are considering the system P comprising all the atoms A;. We call this
system “the compound system”. The states (paths, resp.) of the compound sys-
tem are called global states (global paths, resp.) and the states (paths, resp.) of
each atom are called local states (local paths, resp.).

The probability of a set of executions depends on how the nondeterminism is
resolved. A scheduler transforms a nondeterministic choice into a probabilistic
choice by assigning probabilities to the available transitions. Given a system and
a scheduler, the probability of a set of executions is completely determined.

Usually, schedulers assign probabilities to the available transitions taking into
account the complete history of the system. So, arbitrary schedulers are defined
as functions mapping paths to distributions on transitions. As we have seen, it
may be unrealistic to assume that the schedulers are able to see the full history
of all the components in the system. In the following, we define restricted classes
of schedulers in order to avoid considering unrealistic behaviours.

Distributed schedulers. In a distributed setting as the one we are introducing,
different kinds of nondeterministic choices need to be resolved. An atom needs
a corresponding output scheduler to choose the next generative transition. In
addition, it may be the case that many reactive transitions are enabled for a
single label in the same atom. So, for each atom we need an input scheduler in
order to choose a reactive transition for each previous history and for each label.
Output and input schedulers are able to make their decisions based only on the
local history of the atom. So, we need the notion of projection.

Given a path o, the projection o[i] of the path o over an atom A; is defined
inductively as follows: (1) (inity,--- ,inity)[] = init; , (2) o.c.s[i] = oi] if A;
is not involved in ¢, and (3) o.c.s[i] = oli] .label(c).m;(s) (where m; is the usual



projection on tuples), otherwise. The set of all the projections of paths over an
atom A; is denoted by Proj,(P).

An output scheduler for the atom A; is a function ©; : Proj;(P) — DiscDist(T¢;)
such that, if G;(last(c)) # 0 then O;(cli])(g) > 0 = g € G;(last(oi])).
An input scheduler for an atom A; is a function 1; : Proj;(P) x ActLab; —
DiscDist(Tr,) s.t. Yi(oli] ,a)(r) > 0 = r € R;(last(c]i]),a). Note that, if the
output scheduler ©; fixes a generative transition for a given local path o[é], then
the actions in the generative transition can be executed in every global path ¢’
s.t. o'[i] = o[i], since we require the atoms to be input-enabled.

An important modification with respect to the framework in [7] is the addi-
tion of an interleaving scheduler that chooses the next component to perform an
output. We compare previous approaches to interleaving in Sec. 5.

An interleaving scheduler is a map that, for a given (global) history, (prob-
abilistically) chooses an active atom that will be the next to execute an output
transition (according to its output scheduler). Formally, an interleaving sched-
uler is a function 7 : Paths(P) — DiscDist({1,--- , N}) such that, if there exists
i such that G;(last(o[i])) > 0 (that is, if there is some atom being able to gen-
erate a transition) then Z(o)(i) > 0 = G;(last(c[i])) # 0. Note that, even if
interleaving schedulers are unrestricted, compound schedulers for the compound
system are still restricted, since the local schedulers can only see the portion of
the history corresponding to the component.

A scheduler for the compound system results by the appropriate composition
of the interleaving scheduler and the output and input schedulers of each atom.

Given an interleaving scheduler Z, input schedulers 7; and output schedulers
O, for each atom i, the distributed scheduler 17 obtained by composing Z, ©; and
T; is defined as:

77(0)(91'7 A, Tjrs s ij) = I(J)(Z) : 92(0[7’])(91) : H;cnzl Tjk (O—[Jk} 7a)(rjk) )
where Aj, are all the atoms such that a € Actlabj,. The set of distributed
schedulers of P is denoted by Dist(P).

Usually, schedulers are defined to map into distributions on transitions. How-
ever, it may be the case that ) _7(c)(c) > 1 for a distributed scheduler 7. This
is because action labels are not chosen by the scheduler (they are chosen by the
generative transition). However, for every label a, } ¢ aper(c)=ay 1()(c) = 1.

The probability of the extension sets [o] is inductively defined as follows:
the probability Pr”([init]) of the extensions of the initial state is 1. If there is
i s.t. Gi(last(c[i])) # 0, then the probability Pr’([o.c.s]) is Pr"(c) - n(o)(c) -
c(last(c), s). If there is no such i, then the system cannot generate any transition.
In this case, we let Pr”([o.c.s]) = Pr'([o]) if ¢ = ¢ and s = last(0), or 0 otherwise.

Note that, if ¢ = (g;,a,rj,, -+ ,75,.), then n(o)(c) - c(s, s’) is

Z(o)) - Oi(ali) ) - T Ty (olin) )(rs) - 1) - Ty (55,
which implies ). ., n(co)(c) - ¢(last(o), s’) = 1. This probability can be extended
to the least o-field containing all the extension sets in the standard way.
Undecidability for distributed schedulers. In [13] we have proven (in a

similar setting, but the proof strategy applies as well) that the maximum prob-
ability that some of the states in a given set are reached cannot be calculated
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nor even approximated. A new result in this direction is that it cannot be de-
cided whether or not there exists a scheduler reaching some of the states in a
given set with probability 1. Note that this is a result of a more “qualitative”
nature. The proof of this result differs from that of [13], and uses a reduction of
the Post correspondence problem. For a formal statement and the proof of the
qualitative result, see the Appendix.

3 Strongly distributed schedulers

Distributed schedulers model the fact that components can only look at their
local history to choose the next transition to perform. However, under distributed
schedulers, it is still possible that the hidden state of a component affects the
behaviour of an unrelated group of components.

We explain how this leak of information occurs using atoms depicted in Fig. 3.
Consider the system P having atoms T, Z, A, B. In this system, T" is a process
that tosses a coin. For the labels h! and t! corresponding to heads and tails,
we have h!,t! ¢ ActlLabyz UActLaby UActlLabg. So, according to this model, T
keeps the outcome as a secret (coins whose output are assumed to be secrets can
be found in probabilistic security protocols such as the solution to the dining
cryptographers problem, see [6]). Atom Z models an attacker trying to guess the
outcome of the coin. Atoms A and B are two process that Z is able to observe.

Consider the maximum probability that attacker Z guesses the outcome (i.e.
the probability that a state of the form (headsr, headsyz, - - - ) or (tailsp, tailsz, - - -)
is reached). Since the attacker is able to to see only the actions of A and B (and
these atoms cannot, in turn, see the outcome of T') the attacker has no informa-
tion about 7', and so the maximum probability should be 1/2. Unfortunately,
there exists a distributed scheduler that yields probability 1: the interleaving
scheduler chooses T' in the first place, and then it chooses either (A and then
B) or (B and then A), according to the outcome of the probabilistic transition.
Finally, the interleaving scheduler chooses A. The order in which a! and b! were
output is part of the local history of Z, so the output scheduler for Z can always
choose the transition agreeing with the outcome of the coin.

Note that the leak of information arises from the fact that the interleaving
scheduler can look at the complete history of the system. In the following we
derive restrictions on interleaving schedulers that prevent the leak presented
above. Then, strongly distributed schedulers are defined as distributed schedulers
whose interleaving scheduler complies with such condition.

In the example above, the state of T" affects the execution of atoms A and
B. Distributed schedulers were defined in such a way that the state of an atom



cannot affect the execution of another atom. Note that, if we regard A and B as
a single component AB, we end up in a situation very similar to the one depicted
in Fig. 1: in the case in which the coin lands heads AB chooses to perform the
transition a!, while in the other case it chooses to perform the transition b!. In
fact, if we consider the system P’ such that Atoms(P’) = {T, Z, AB}, no output
scheduler for AB can be defined in such a way that the order of execution of a!
and b! depends on the outcome of T' (since the outcome of 7' does not affect the
state of AB). Then, there is no distributed scheduler for P’ that can simulate
the behaviour in P explained in the previous paragraph. Therefore, we would
like that the new scheduler works just like distributed schedulers would do when
A and B are considered as a single atom.

Let P be a compound system containing atoms A and B. Let AB be a single
atom representing the composition of A and B and P’ another compound system
such that Atoms(P’) = (Atoms(P)\ {4, B} ) U{AB}. In general, we want to
restrict interleaving schedulers such that, for every distributed scheduler n on
P complying to such restriction, there is a distributed scheduler 1" on P’ that
defines the same probabilistic behaviour.

To motivate the restriction, consider a scheduler for the system P with 7', A
and B in Fig. 3. Consider a distributed scheduler 7 whose interleaving scheduler
complies Z(init) = (37 4+ 2A + $B). We seek for a restriction on T s.t. it is
possible to find a distributed scheduler for P’ containing atoms 7" and AB in
Fig. 3. When AB is in state (inita,initg), the output scheduler @45 chooses
a distribution on {a!,b!}. To respect the choice of Z in P, it must hold that
Oap(initap)(al) = 2-Op(initap)(b!), since, according to Z, the probability of
executing a! is twice the probability of executing b!. So,

@AB(initAB)(a!) = % and @AB(initAB)(b!) = % . (1)

Suppose (initr, inita,initg) R (headsr, init4,initp) in P. The corresponding path
in P’ is (inity,initap) L (headsr, initag). Call both these paths 0j0,4s (ambigu-
ity is resolved according to whether it is used in the context of P or P’).

Since opeadslAB] = initap = (inity, initap)[AB], we have that

QAB((initT, initAB)[AB])(a!) = Oup (Uheads[AB])(a!) = QAB(initAB)(a!) = %
and similarly for bl. Therefore ©Ag(0peads[AB])(a!) = 20 4B (0 heads AB]) (D).
This relation has to be maintained in P by Z(0peads)- That is, whichever is the
probabilistic choice in Z(0 ppa4s) W-I-t. other atoms, the relation Z(oppa4¢)(al) =
2 - Z(0heads) (b!) has to be maintained.

This suggests that, in the general case, for two executions that cannot be
distinguished by any of two atoms A and B, the relative probabilities of choosing
A over B (or B over A) should be the same. Or better stated: conditioned to the
fact that the choice is between atoms A and B, the probability should be the
same in two executions that cannot be distinguished by any of the two atoms.

Formally, given any two atoms A, B of a system P, for all o, ¢/ s.t. 0[A] =
o'[A] and o[B] = ¢’[B], it must hold that

Z(0)(4) _ Z(o")(A) @)
Z(o)(A) +Z(0)(B)  Z(o')(A) +Z(o")(B)




provided that Z(¢)(A) +Z(o)(B) # 0 and Z(o’)(A) + Z(o")(B) # 0.

Definition 2. A scheduler n is strongly distributed iff n is distributed and equa-
tion (2) holds on the interleaving scheduler T that defines n. The set of strongly
distributed schedulers of P is denoted by SDist(P).

We emphasize that strongly distributed schedulers are useful depending on
the particular model under consideration. In case we are analysing an agreement
protocol and each atom models an independent node in a network, then the
order in which nodes A and B execute cannot depend on information not avail-
able to none of them, and so strongly distributed schedulers give more realistic
worst-case probabilities. However, in case the interleaving scheduler represents
an entity that is able to look at the whole state of the atoms (for instance, if the
atoms represent processes running on the same computer, and the interleaving
scheduler plays the role of the kernel scheduler), then the restriction above may
rule out valid behaviours, and so distributed schedulers should be considered.

The following theorem is the generalization of the fact that, for every strongly
distributed scheduler n on P = {T,Z, A, B} as in Fig. 3 there is a distributed
scheduler " on P’ = {T, Z, AB} that defines the same probabilistic behaviour.

Theorem 1. Let P be a system such that A, B € Atoms(P). Consider the sys-
tem P’ such that Atoms(P') = (Atoms(P) \ {A,B} ) U {AB}, where AB is
the usual cross-product of A and B (as in, for instance, [7, p. 99]). Then, for
every strongly distributed scheduler n for P, there exists a strongly distributed
scheduler ' for P’ yielding the same probability distribution on paths as 7.

One may wonder what happens if, instead of considering two atoms A and
B in (2), two disjoint sets A, B of atoms are considered. The (apparently more
general) condition on sets holds whenever condition (2) on atom holds (see the
Appendix for a formal statement and proofs).

Undecidability for strongly distributed schedulers. We obtained unde-
cidability results similar to the case of distributed schedulers. In addition, we
proved that neither quantitative nor qualitative model checking can be performed
in case there is no nondeterministic choices internal to the components. That is,
the condition on strongly distributed schedulers suffices to introduce undecid-
ability, regardless of the undecidability introduced by input/output schedulers.
Proofs for the case of distributed schedulers must be adapted to these schedulers
(see the Appendix).

4 Partial order reduction under distributed schedulers

In this section, we develop two variants of POR, for probabilistic systems (each
variant corresponding to a class of schedulers) using the ample sets in [9]. Such
variants exploit the distributedness assumptions on schedulers in order to im-
prove the reduction.



Our variants allow to construct an MDP that can be analysed using the well-
known model checking algorithm in [4]. The results obtained in this analysis are
safe bounds on the probability of LTL_ ,ext properties under the corresponding
class. We also explain how our technique can be used in languages without
input/output restrictions such as the PRISM language.

4.1 From Interleaved PIOA to MDPs

Since probabilistic model checkers are based on MDPs we explain our technique
in this setting and formally interpret interleaved PIOAs in terms of MDPs.

Definition 3 (MDP). An MDP is tuple M = (S, Actions, P, init), where S is a
finite set of states, Actions is a finite set of actions identifiers, P : (S x Actions x
S) — [0,1] is the (three-dimensional) probability matriz, init € S is the initial
state. Actions(s) denotes the set of actions enabled in state s, i.e. the set of ac-
tions a such that P(s,a,t) > 0 for somet € S. For every state s € S, we require
that Actions(s) # 0 and 3, .sP(s,a,s") = 1 for every action o € Actions(s).
(In particular, we assume that M does not have terminal states.)

Given an Interleaved PIOA we can construct an equivalent MDP as follows.
Since MDPs have no concept of action labels, we encode the last action label as
part of the state. So, the set of states of the MDP is S = (ActLab U{amit }) %], S;,
where ayis is a fictitious label introduced because the initial state has no pre-
vious label. Each action in the MDP specifies a generative transition and, in
addition, it specifies how the other atoms react to the generative transition. So,

each element in Actions is of the form (g;, f1, -, fi—1, fix1, -, [n), where g;
is a generative transition of the atom 4 and f; : ActLab; — Tg; (recall Def. 1).
Each action of the form (g;, f1,---, fi—1, fi+1, -+, fn) corresponds to several

compound transitions: namely, there is one compound transition for each label
in ActLab;. Given an action as before and a label a, we obtain the compound
transition (g;,a, fr, (a), -+, fr.(a)), where r1,--- ,ry are the atoms that react
to a. An action « in the MDP is enabled in s iff the corresponding compound
transitions are enabled in the Interleaved PIOA. The probability matrix is de-
fined as P((a, s),a, (a’,s")) = c(s,s"), where a = (gi, f1,-+ , fi—1, fit1, 5 IN)
and ¢ = (g;,d', fry (@), -+, fr.(a’)). The initial state is (armit, init), where init is
the initial state of the Interleaved PIOA.

Schedulers for MDPs map paths to probability distributions on Actions. The
probability Pr”(c) of a path 0 = s9 23 51 --- %3 s, is defined inductively: the
probability of the initial state is 1. The probability of a path o3 s,, is Pr"(o) -
n(ow,) - P(last(o), o, s,). The set of schedulers of M is denoted by Sched(M).

4.2 Partial order reduction for LTL_ jext

Given a system under verification, the technique of partial order reduction yields
another system with less transitions. The reduced system must respect certain
restrictions so that it satisfies exactly the same set of properties as the original



system. When probabilities come into play, an extra restriction on the reduced
system is needed. For the example in Fig. 1, the extra restriction prevents the
reduction in which the probabilistic choice is eliminated from the initial state,
because this reduction does not preserve the behaviour in which the nondeter-
ministic choice is resolved according to the outcome of the probabilistic choice.
However, our technique allows this reduction: although the described behaviour
is not preserved, such behaviour corresponds to a scheduler that is not dis-
tributed. So, the variants of POR we present prevent more behaviours than the
POR in [1, 10] does. From our correctness proof, it is inferred that all the elimi-
nated behaviours are unrealistic behaviours corresponding to schedulers that do
not comply with the distributedness assumption. So, if the POR eliminates unre-
alistic behaviours that are significant to the bounds to be obtained, the analysis
of the reduced system yields more realistic results than the ones obtained by
analysing the original system.

A description of the temporal logic LTL can be found in [9]. Given a set AP
of atomic propositions and an LTL formula ¢, the validity of ¢ depends on a
function L : S — 2AP that indicates the set of atomic propositions that are valid
in each state. We use Satyg to denote the set of all paths satisfying ¢.

The set of transitions enabled at some state s in the reduced system is called
the ample set of s and is denoted by ample(s). Restrictions to the ample sets are
based on the notion of independence. In the following, Inv(«) denotes the set of
all the atoms that may be involved in the execution of a. If g; is the generative
transition in «, Inv(a) = {A | Ja,s: gi(s,a) > 0Aa € ActLaby}.

We say that two actions a, 3 are independent iff (3s : {«, 8} € Actions(s)) =
Inv(a) N Inv(B) = 0.

So, two actions are independent only if the execution of one of them does not
interfere with the execution of the other one. Note that the order of execution
is irrelevant and that neither of them can disable the other. This definition
of independence is widely used in practice, and, in fact, it is suggested as a
practical criterion in [16, p. 28]. However, using the general theorem upon
which Theorem 2 and Theorem 3 rely (see Sec. 5), we also obtain improvements
using the definition of independence in [1, 10] (see the Appendix).

We need some additional definitions before presenting the restrictions for
POR. A path so=8s;--- is possible iff P(si, i, 8i41) > 0 for all i. An action «
is stutter iff P(s,«,s’) = 0 for all s’ such that L(s) # L(s"). An end component
(EC) is a pair (T, A) where A : T — P(Actions) and T is a set of states such
that: (1) @ # A(s) C Actions(s) for all s € T, (2) P(s,«,t) > 0 implies ¢t € T,
for all seT, a€ A (3) for every s,t € T there exists a possible path from s to t.

The restrictions for the ample sets to preserve LTL- joxt properties under
unrestricted full-history dependent schedulers are listed below. S denotes the set
of reachable states in the reduced system M , which is constructed by taking
ample(s) to be the set of enabled actions in s € S.

(A1) For all states s € S, () # ample(s) C Actlab(s),
(A2) If s € S and ample(s) # Actions(s) each o € ample(s) is a stutter action,



(A3) For each path 0 = s 2513 ... % s, Lo in M where s € S and ~ is
dependent on ample(s) there exists an index 1 < i < n such that o; € ample(s),
(A4) If (T, A) is an EC in M and o € (), A(t), then o € ;o ample(t)

(AB) If s B 51 B sy--- s, NN Sna1 18 a possible path in M where s € é,
ay, -, ap,y € ample(s) and v is probabilistic (i.e. 0 < P(s',7,t') <1 for some
§',t') then |ample(s)| = 1.

In case we assume that the schedulers are distributed, we can replace A5
by (A5') If s Mg By g, L Sn+1 is a possible path in M where s € S,

1, e,y €ample(s) and v is probabilistic then all the outputs in ample(s) are
generated by the same atom A

as formalized in the following theorem.

Theorem 2. Let ¢ be an LTL_ ox¢ formula, M be the MDP corresponding
to a given Interleaved PIOA P, and let M be the system obtained by reduc-
ing M according to conditions A1-A4, A5'. Then, sup,cpis(p) Pr"(Sats) <
SUP, ¢ Sched( 1) Pr(Satg).

In case we assume strongly distributed schedulers, A5 can be disregarded *.

Theorem 3. Let ¢, M and P be as in Theorem 2. Let M be the system obtained
by reducing M according to conditions A1-Ad4. Then, sup, cspis(p) Pr"(Sate) <

SUD, 5 ched(17) Pr(Satg).

As an example, suppose that we are interested in finding the supremum
probability that a system fails under strongly distributed schedulers. Since the
restrictions on the ample set for strongly distributed schedulers do not consider
input/output distinctions, the model P can be written in a language without
such distinctions (such as the PRISM or LiQuor language). P can be seen as an
Interleaved PIOA P, for which the I/O distinctions were eliminated, since the re-
duction algorithm do not consider them. In this case, the corresponding MDP M
is equivalent to P. Suppose that 0.1 is the highest probability of failure allowed
by the specification. Moreover, suppose that, by using the model checking algo-
rithm in [4], we calculate that the supremum probability of a failure quantifying
over all schedulers is 0.15. According to this analysis, the system would not meet
the specification. However, the schedulers yielding probabilities greater than 0.1
might be “unrealistic” schedulers as the ones explained in the introduction and
Sec. 3. Suppose that we construct M as described above. Then, we can use the
algorithm in [4] to calculate S = SUD, S ched(N1) Pr"(Satryye urail)- If S = 0.05,
then the theorem above ensures that sup, cpis(p,) Pr"(Satmyue urail) < 0.05, and
so the system meets the specification. In this sense, the bounds are safe with
respect to Dist(P) (strictly speaking they are safe for every Py such that, by

! In the Appendix, we illustrate the need of A5’ under distributed schedulers, and the
impact of its elimination in favour of strongly distributed schedulers.



eliminating the I/O distinctions, Py becomes P 2). Note that, in this case, the
reduction has prevented some schedulers that are not strongly distributed and
so the verification on M is more accurate than the verification on P.

With respect to distributed schedulers, the restriction A5’ relies on the in-
put/output distinctions. In case the model is written in a language that does not
have such distinctions, one may think that every transition in the model can play
the role of an output and also the role of an input. Then, one can obtain restric-
tions that imply A5’. One of such restrictions being: if ample(s) # Actions(s),
then either the ample set has a single action, or all actions in the ample set
correspond to internal transitions (i.e., transitions without synchronization) in
the same atom.

Reduction of the state space and transitions. In order to compare our
approach to POR against the existing one, we reduced the model of the din-
ing philosophers problem in [3]. Our reduced model is generated by a program
written ad hoc for this problem. The program inserts additional conditions that
disallow transitions not present in the ample sets. Table (a) below compares
the ratio of reduction (that is, # in the reduced system / # in the original
system): (1) assuming strongly distributed schedulers, (2) reported in [1] (in
which the reduction is also not automated), and (3) reported in [3] (obtained
using LiQuor). N indicates the amount of philosophers. Our approach clearly
improves the results in [1]. With respect to the states, our results are similar to
the ones in [3]. However, with respect to the transitions, we obtain a significant
improvement. The amount of transitions is also important, since it heavily in-
fluences the time spent by the algorithms to analyse MDPs. So, our approach
improves not only the results in [1], but also the results obtained with a fully
functional tool in [3].

(1) (2) (3)
N States Transitions States States Transitions m|pm (1)[pm (2)
3 0.42 0.24 0.76 0.70 0.40 9| 0.11 1.00
4 0.36 0.20 0.68 0.36 0.36 13| 0.01 0.78
5 0.36 0.21 0.66 0.33 0.31 17| 0.00 0.05

(a) (b)

Tables: Experimental results

The Appendix contains details on the experiments, as well as a description
of ample sets that are only possible using our approach.

Improving the bounds. For the example shown in the introduction, both
of our variants allow the reduction in which the ample set for the initial state
does not have the probabilistic transition. Using this reduction, the maximum
probability of guessing is 1/2, as expected.

Using this kind of “smart” reductions, one can obtain tighter bounds on
worst-case probabilities. We used ad hoc reductions in order to analyse a simple

2 In particular, the bounds are safe for the Interleaved PIOA that has both an output
and an input transition for each transition in P. Such Interleaved PIOA covers all
possibilities of input/output interaction.



protocol for anonymous fair service. The protocol is described in the Appendix,
and here we give a brief description. A server must serve two clients in a fair
fashion regardless of the rates at which they ask for service. In addition, the
clients cannot be identified, and so the server cannot simply count how much
times it has served each of the clients. The protocol tosses a coin in order to
choose the order in which incoming requests are served. If the clients were allowed
to see the outcome of the coin, they would be able to ask for service in such a
way that one of them is served more times than the other one.

Since we focus on reachability properties (and we are still not able to verify
long-run properties), we modelled the system so that it stops after one of the
clients is served 20 times. Then, we used PRISM to calculate the maximum
probability p,, that, at any point of execution, the amount n; of replies to client
1 is greater than or equal to no + m, where ns is the amount of replies to client
2 and m is a parameter of the property.

Table (b) shows the values of p,, for m =9,13,17 both for (1) the reduced
system and (2) the original system under unrestricted schedulers.

5 Discussion and further work

Related work. In the existing frameworks which are similar to our, there is
no explicit nondeterminism as a consequence of interleaving. In [11], there is no
treatment of composition, so nondeterminism is treated abstractly without ex-
plicit relation to interleaving. In this work schedulers are restricted in a way they
are only allowed to partially observe a state along history (so different states may
be observed as equivalent), and are thus related to partially observable Markov
decision processes (POMDPs). A valuable source of information on POMDPs
is [5]. The framework in [12] is synchronous: a step of the whole system is ob-
tained by taking a step in every component, so, there is no interleaving at all.
Closest to our work is [7] in which a token is used to decide the next component
to execute. Since the behaviour of the token is specified by the components them-
selves, there is no explicit interleaving nondeterminism. Instead, we presented
a framework in which the interleaving nondeterminism is made explicit in the
usual way as a consequence of composition. This framework is the basis of the
study of distributed probabilistic systems in a more realistic setting than usual.
We restricted the set of valid schedulers to what we think is an adequate inter-
pretation of distributed behaviour so that bounds of the maximum/minimum
probabilities that a property holds are realistic.

Generality of our result. Theorems 2 and 3 are proven using a more general
theorem. For a formal statement and a proof of such theorem, see the Appendix.
Here, we present an overview. Given a class S of deterministic (also called non-
randomized) schedulers complying with certain conditions, the general theorem
states that A1-A4, A5" is a set of valid restrictions on ample sets, where A5*
is defined as follows:

(A5*) For every scheduler n € S,



/

(nlos®s1 sy Ms,) = B AnlosDs Bsh- = s,) =) = B=4,
where os is a path whose last state is s, a;, o) ¢ ample(s), B, " € ample(s).

Theorem 2 is thus obtained by specializing A5* for the case in which S is
the set of deterministic distributed schedulers (deterministic distributed sched-
ulers are as powerful as general distributed schedulers). Theorem 3 is proven by
obtaining a superset ) of deterministic strongly distributed schedulers (consider-
ing this superset is necessary, since deterministic strongly distributed schedulers
are not sufficiently powerful). Then, the general theorem is specialized for @,
yielding Theorem 3.

One important question is to which extent there exist other “natural” classes
of schedulers for which better bounds and/or smaller systems can be obtained
using POR.
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Appendix

1 Deterministic schedulers

In this section, we consider deterministic (also called nonrandomized) schedulers and prove some
results that will be used in later sections.

We defined schedulers so that they map into distributions on transitions. We say that a
scheduler (distributed or strongly distributed) is deterministic if all the choices in all the input
(output, interleaving, resp.) schedulers choose a reactive transition (generative transition, atom,
resp.) with probability 1.

Let DetDist(P) be the subset of all deterministic distributed schedulers of P. Similarly, let
DetSDist(P) be the set of all deterministic strongly distributed schedulers of a system P, respec-
tively.

Fortunately, for every system P, the class of deterministic distributed schedulers (denoted by
DetDist(P)) is equally expressive as the class of all distributed schedulers (denoted by Dist(P)) if
we aim to find the maximum (or minimum) probability of a given measurable set of infinite paths.

Theorem 4. For any set S of infinite traces, S being measurable, we have that

sup  Pr(S)= sup Pr"(S)
né€DetDist(P) neDist(P)
The proof of this theorem is very long and so we split it in several lemmata.
First, we need some elements from probability theory. These definitions and the proofs not
given here can be found at [21].

Definition. Given a set X, a semi-ring is a set S C P(X) complying:
e eS8,
e A BeS — ANBeS,
e AABeS = In>0,34, € S: A\B=,_, A,
A ring is a set R C P(X) complying:
e R,
e ABER = AUBES,
e ABeS — A\BeS.
The ring R(S) generated by a semi-ring S is the least ring containing S.

It can be proven that each element in the ring generated by a semi-ring S is of the form |4, A4;
with A; € S. The set of whose elements are all the sets [0] forms a semi-ring. In the following,
we denote this semi-ring by S.

The following lemma states that the probability of any measurable set can be approximated
as the probability of a countable disjoint union of sets of extensions.

Lemma 1. Let C¥ be the set
{{Az}fil |VZ,],Z7£j o A; GS/\AZ'QA]‘ :0)}

For every measurable set of infinite paths S, we have

Pr7(S) = inf Pr'(A) .

{CeCv1SCWacc At 15

Proof. An R-cover of a set S is a set {B;}°, where B; € R and S C |J,—, B;. Let P(S) be the
set of all the R-covers of S. The probability of a measurable set .S in the o-algebra generated by

the semi-ring S can be defined as

o0
inf Pr"(B;
{Bi}2,€P(9) Zz:; (B:)
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(see [21]) Given an R-cover {B;} for S where each B; is of the form [, , A%, we define an element
C in C¥ as follows: A € C' iff A= AL for some i,k and there is no A%, such that Ai C A%,. Since
our semi-ring is the set of extension sets, in the construction of C' we dropped the extensions [¢”]
such that there exists [¢] with o being a prefix of ¢’.

Then, we have
[’} 0o My
S OPr(Bn) = > Pri(A}) > > Pr(A)
n=1 i=1 k=0 AeC
In addition, C'is an R-cover of S, since in the construction of C' we only dropped sets of extensions
included in other sets of extensions.
So, for each R-cover we found another R-cover in C* yielding less or equal probability, thus
completing the proof. O

The following lemma concerns the infimum probability of “finite-horizon” properties of the
form [, [0;]. Note that the only choices affecting such probability are the choices for the paths
having length less than N = max;{len(c;)}.

Lemma 2. For all sequences of finite paths {o;}I'_y such that [o;] N [o;] =0 for all i # j, there
exists a deterministic distributed scheduler n® such that

n n

Pr (o) = inf  Pri([Hoi]) -

Dist(P
i—1 n€Dist(P) i=1

Proof. Similarly as in Lemma 3 in [13], given any distributed scheduler 7 and any local path
o* we obtain a deterministic distributed scheduler det(n,o*) such that 7 chooses deterministi-
cally for o* and det(n,o*) yields less probability than 1. In order to obtain the determinis-
tic scheduler n?, we successively transform 7 to choose deterministically for all the local paths
whose length is less than N, where N = max;{len(c;)}. That is, we consider the scheduler
7N = det(det(---det(n, o), ), o), where o - - - o are all the local paths whose length is less
than N. Given the scheduler v, we consider each local path of length greater than or equal to
N, and for these paths we define the new scheduler n to deterministically choose a transition (the
particular transition chosen is not relevant, since the choices for paths of length greater than or

equal to NV do not affect the value of Pr”d(bjyzl[ai])‘

The existence of such n¢ ensures that the infimum quantifying over deterministic schedulers
is less than or equal to the infimum quantifying over possibly nondeterministic schedulers. In
addition, we conclude that there exists a scheduler yielding the infimum probability, since there
are only finitely many combinations of deterministic choices for the paths of length less than N.

With respect to the construction, the only difference with respect to the proof in [13] is that the
choices must be made deterministic for every local path and for every input and output scheduler.
In addition, the choices must be made deterministic for the interleaving scheduler, by considering
every global path.

In order to show that our input/output mechanism does not introduce any issue compromising
the construction, we illustrate how to transform the choices for the input schedulers, by mimicking
the proof in [13]. In the proof, we manipulate finite paths. In order to do this, for a path
0 = 81.C1. " .Cp_1.8, we define o(i) = s; and o(i) = ¢;. In addition ol;= s1.¢1 -+ ¢;—1.8;,
last(o) = s, and len(o) = n.

Let o* be a path of an atom A; and let a € ActLab;. We show how to make the choice
deterministic for the input scheduler of A; when a occurs in o*. Let r,+ be the set of all the
paths in {o;}7; such that “a occurs in ¢*”, that is, there exists k, such that ol [A4;] = o and
label(o(ky)) = a. The probabilities of the paths in r,+ are the only ones to be changed, since we
are only changing Y;(c*,a). So, we show only that, for this set, the scheduler in which the choice
is deterministic yields a probability less than or equal to the probability yielded by the original
scheduler.

Let A, be the atom that generates the output a in o], and g be the corresponding generative
transition. Let 77 be the reactive transition executed by A; when a occurs in ¢ in the ky-th step.
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We will focus on T;(c*,a). The probability of a path ¢ in 7.+ is YT;(c*,a) - r7(c(ks + 1)) - Qo,
where

QU = Prn([alka]) : I(o’lkg)(Aga) . @ga (Oiko [ga])(gg) : HwG{l,--' mA\{i} Tjw (Oikg[ 'w] 704)(7‘;-2))
9° (7, (0(ko +1)),0) - Tlweqr e mpgiy 75 (Tiw (0 (ko + 1))
170 (ol Xo(t)) - ot)o(t), ot + 1))

Now, we calculate,

ZO‘E’I”G* Prn([a])
= {Definition of probabilities for extensions}
ZO‘GTG* rf(ﬂ—i(o—(kﬂ' + 1))) T’L(O—*)(T;,T) QU
= {Rearrange sums}
Z’NL ZS Z{UGTU*|ri”:ri/\7ri(a(ka+1)) s} i ( 1<U(k0 + 1))) Ti(g*>(r%’) QU
= {Rearrange sums}
2o 2o Z{aem* 7o =riAmi(o(ko+1))=s} ri(s) Ti(o™")(ri) Qo
= Zn Tl(a*)(rz) Zs T’i(S) Z{a@"g* [r?=riAmi(o(ks+1))=s} QO’

Let
r* = arg Hgn Yi(o")(r;) Zrz(s) Z Qo -

s {o€ry«|rf=riAmi(o(ks+1))=s}

Since >, Ti(o*)(r;) = 1, we have

> Pr([o)) = Ti(e) () Y1 (s) > Qo

OET,* s {oery«|rf=r*Ami(c(ks+1))=s}

which is the probability using the scheduler det(n) that mimics n excepting for Y;. Now, Y/ (c*, a)(r*) =
1.

The choices for the output schedulers can be made deterministic in an easier way (since labels
need not to be considered).

With respect to the interleaving scheduler, let o* be a path of the system of length less than
N. Let ro« be the set of all the paths o; having o* as suffix. Let k = len(c*). As before, for every
0 € 7o+, let g, be the atom that performs an output in the k-th step, and ¢” be the corresponding
generative transition. Moreover, let a, be the label after the k-th step in o and let 7; be the
reactive transition executed by A; after the k-th step. Let

Qo =Pr'([ols]) - Iluweqi o my Yiw(olr, lw],a)(r;,)
Mae(io my i (T3, (0 (ke +1))
T (ol ott)) oft)o(t), o(t + 1))

Then, we proceed similarly as before:

ZO’E’I‘”* PI‘T,([J])
Yoer,. L(07)(Ag,) Og, (alklgs])(97) 97 (ma,, (0(k+1)),a0) Qo

ZA'i Zm‘,gi ZSMI
{o€rex|Ag, =AiNdii|=0iATa, (0(k+1))=siAg" =giNas=a}

I(0*)(Ag,) Oy, (alk[Ag,1)(97) 97 (7a,, (o(k+1)),a0) Qo
ZAi Zﬂmgi Zsi,a

{o€rs«|Ag, =AiNdi[i]=0; AT A, (0(k+1))=siNg7=giNac=a}

T(0*)(As) Oy, (olk[A])(9i) 9i(ma,(5),a) Qo
doa, L) (Ai) 2oy, 4, ©il0i)(9i) D, 4 9i(si5a)

Z{G‘GT‘U* [Ag, =AiNdrli]=0iATa, (0(k+1))=siAg7=giNac=a} QU
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As before, we take

A = arg miinI(o*)(i) Z Oi(0i)(9) Zgi(sia a) Z Qo

0i,9i Si,a {o€r,x|go=iNdi[i]=0i ATy, (0 (k+1))=5;Ag° =giNas=a}
and we define Z7(0) = A;». O

Notation 1. According to our convenience, we may denote a deterministic scheduler n as a
function mapping global paths to n-tuples of the form (g;, f1,---, fn), where f; : ActLab; — Tg,
(recall Def. 1). Each n-tuple of the form (g;, f1, -+, fi—1, fi+1, -, fv) corresponds to several
compound transitions: namely, there is one compound transition for each label in ActLab;. Given
an n-tuple as before and a label a, we obtain the compound transition (g;, a, fr,(a), -, fr.(a)),
where r1,--- , 7 are the atoms that react to a. So, if  is obtained by composing Z,01,--- ,On,
Ty, -, Ty we write n(o) = (9i, f1,- -, fic1, fix1, -, fn) iff Z(o) = i and ©;(oli]) = ¢; and
T,(olj],a) = fj(a) for all atom j, for all a € ActLab,.

Note that a function 17 mapping histories to n-tuples is not necessarily a distributed scheduler.
In general, we call to these functions arbitrary schedulers. Given an arbitrary scheduler 7, 7 is a
distributed scheduler iff for all i, o, o’ s.t. ofi] = o’[i], (1) n(o) = (gi, f1,- -+, fn) implies that
n(o’) is of the form (g;, f{, -, fn) and (2) n(o) = (gj,--- , fi, - -) implies that n(c’) is of the
form (g;/7 <+ fi,-++). Since we focus on distributed schedulers, schedulers are supposed to be
distributed, except when stated otherwise.

The following lemma concerns “infinite-horizon” properties of the form ;- [0;], and shows
how to construct an optimal scheduler for such properties using optimal schedulers for the “finite-
horizon” approximations of ;- [c;]. This optimal scheduler will be used in the proof of Theo-
rem 4. Our construction resembles the “limit construction” in [7, Sec. 4.3].

Lemma 3. For all sequences of finite paths {o;}2, such that [o;] N [o;] = 0 let Sy be the set
W{[oi] | len(oy) < N}. If there exists a sequence {nn}3%_, of deterministic schedulers such that,
for all N,

Pr'"(Sy) = i%f Pr"(Sy)

then there exists a deterministic arbitrary scheduler n% such that (1) for all N exists N' > N such
that (o) = nn+(c) for all path o s.t. len(c) < N and (2) n? = inf, Pr"(l4,[0;]).

Proof. In order to construct n¢, we will construct a sequence of schedulers {n™}3_,. Then, we
simply define n%(c) = 7'**(?)(5). The idea behind the construction of the schedulers 5™ is that
7™ must comply the following property: there exists a sequence {Z¥}2°, such that

7™ (o) = 75 (0) (3)

for all o having length less than or equal to IV, for all i.

The scheduler 7" is simply 7;. The sequence {Z?} is the sequence {i}3°,. It trivially complies
with (3), since there are no paths of length 0.

In order to construct the scheduler n”V from the scheduler n , we define schedulers n
where @ is a set of paths of length N. In addition, each scheduler V1% has a corresponding
sequence {ZiN_l’Q}ioil. Once this schedulers are defined, we define n = nN=19~ and ZN =
ZN-LEN where Qy is the set of all paths of length N. We will construct the schedulers n™¥ =1
in such a way that n™@(c) = 1,~.o(0) for all o such that o € Q or len(c) < N —1. The scheduler

N-1 N-1,Q
Y

N is V=1, Now, we show how to construct n™@U1e™} from n™N-@.
We consider the sequence {1, ~.¢(0*)}2;. In this sequence, at least one element a* is repeated

infinitely many times. We let n™-QU{o }(5*) = a*, and let ZN-@U{"} be the infinite subsequence
of ZN:Q complying 1,~.quio=} (0*) = a* (this infinite subsequence is ensured to exist since a*
appears infinitely many times in {n,~.c(c*)}52,).

Now, we prove the properties for 7 enunciated in the theorem.
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1. Given any N, we take any N’ in the sequence ZV such that N’ > N. So, the property for
n? is implied by the property (3) for n".

2. Suppose, towards a contradiction, that Pr"d(bji o;) > inf, Pr(l4), 0;). Since P (W, 04) =
> P’ (0;), there exists N such that

P (lo] [ len(o) < N} > _inf | Pr(4] o) (4)

3

Let N’ > N such that n¢(c) = /(o) for all paths o such that len(c) < N (its existence

is ensured by the previous property) and let 7™ be such that Py (W), 00) < Pr”d(@i{[ai] |
len(o;) < N}) (its existence is ensured because of (4)). Now, we reason

P’ (1{[o7] | len(o;) < N})
P (W{[o7] | len(oy) < N}) (5)
P ({[o7] | len(o:) < N'}) .

IN I

In addition,

Py (1 {[o] | len(o,) < N})

P (1, o)
Pr™ ({[oi] | len(o) < N'})
{Optimality condition for ny- (see theorem statement)}

P ([4{[o;] | len(o;) < N'}) .

VIV Vv

This contradicts (5).
O

The following lemma simply combines Lemma 2 and Lemma 3 in order to show that determin-
istic schedulers are sufficient to obtain the infimum probability of an “infinite-horizon” property
as before.

Lemma 4. For all sequences of finite paths S = {0;}72, s.t. [0;]N[o;] = 0 for alli # j, there exists
a deterministic distributed scheduler n* such that Pr" (Wiresylo]) = infyepis(p) Pr' (W ,es10])-
Proof. For each n, Lemma 2 ensures the existence of a deterministic distributed scheduler 7,, such
that P (i, .5, [0]) = inf ycom(p) P10 spiontorr oy [0]) - 50, Lemma 3 ensures the existence

of an arbitrary scheduler n? such that n? = inf,, Pr’ (W, espien(os)<ny [0])-
Now, we prove that this arbitrary scheduler is indeed distributed. Suppose, towards a contra-
diction, that there exist two paths o, ¢’ and an atom A; complying o[i] = ¢'[i] such that

° nd(a) = (gi7f17' o afN) and nd(al) = (ggﬂf{a e af]/\]) with gi # g; Or

° nd(g) — (!]j,"' 7f1,,’...) and nd(gl) _ (g;_’... , 2’7) with f; 7£le
Let M = max{len(c),len(c’)}. Then, by Lemma 3 there exists M’ > M such that ny (o) = n%(o)
and ny (o) = n?(0’). So, nar would not be distributed, contradicting the hypothesis for the
schedulers 7n,,. 0
Proof (of Theorem /). Given e > 0, we will find a deterministic distributed n? such that Sup, epise(p) Pr(S)—
P’ (S) <e.

Let n° be such that sup, cpig(py Pr(5) — Pr" (S) < ¢/2. By Lemma 1 (applied to the set CS),
there exists a sequence {[0;]}22; of disjoint extensions sets such that (CS) C |4;[o;] and

Pr" ([Ho:]) — Pr"" (CS) < ¢/2. (6)

%
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By Lemma 4, there exists a deterministic distributed scheduler 7 such that Pr"d(@i[ai]) =
inf, cpisepy Pr'(l4);[0:]). In particular, Pr”d(bji[ai]) < Pr”S(L{rJi ;). So, from (6) we have

P’ ((H[oi]) — Pr" (CS) < ¢/2.
From which we obtain

1 Pr (ClHlos]) — (1 - P (8)) < /2,
this inequation being equivalent to

Py (S) — Pr""(C Lﬂ[ai]) <e/2. (7)

Since CS C l4),[0;] we have that Cl¢,[o;] € S. So, Pr"d(ﬂ ¥;[o4]) < Pr"d(S). From (7) we obtain
Pr" (S) — Pr""(S) < ¢/2. Then,

sup Pr(S) — Pr""(S) = sup Pr"(S) — Pr"" (S) + Pr" (S) — Pr""(S) < ¢/2 +¢/2 =€ .
n n

O

Unfortunately the property in Theorem 4 is not valid for strongly distributed schedulers. In
the following, we define the set of reinforced strongly distributed schedulers, denoted by RSDist(P).
This set is a superset of SDist(P). The set DetRSDist(P), comprising the deterministic schedulers
in RSDist(P), is as powerful as RSDist(P).

The set RSDist(P) is defined using a notion similar to projections, the wvisible portions of paths.
The visible portions allow the schedulers to see more information than projections do. Intuitively,
you may think that, when two atoms synchronize, each one pass all the information it has to the
other atoms. The visible portion of ¢ is, then, the information an atom A has about o when
information is passed in synchronizations. A visible portion is a sequence

1 1 1 1 1 n—1 n—1 n—1 n n
(Sii7 e 781'}\,1)'(9]‘%?@1,74]‘21; T ’Tjjl\ll). e '(gj?—laan—larjg—la T ’Tj;\l[nl,1 )(Sz?a T 78i%n) .

(Note that projections are visible portions.) We denote the set of visible portions by Visibles. In
order to define the portion [(o)]4 of a path o = s1.¢1. - -+ .cp—1.8, visible to an atom A, we describe
an iterative procedure. In each step, we obtain a prefix of [} 4. Let [(o)] alx be the prefix of [o)] 4
having length k. In the first step, we obtain [(o)]4l1= inita. In the k-th step, we consider the
set K} 4 comprising all atoms A’ such that there exist compound transitions c, Ay G ino
complying
) k—1<kd <-- < k;;‘l (it may be the case that there exist a single compound transition. In
this case, p =1 and hence it is possible that k — 1 = kf‘/ = k:;‘/), and
(2) label(k{) € ActLaby/, and
(3) label(k}") € ActLab, and
(4) there exist atoms A4, - - 7A;;‘L1 such that for all 1 < ¢ < p, label(ckg,/) € A;;‘l N Aﬁl, where
A" = A and AY = A
Note that it may be the case that A € Kj 4. In particular, label(cy—1) = A = A € Ky a,
since we can take k —1 = kf* = k. If Ky a = 0, then we let [o)alp= [o)]alr—1. Note
that, if Kj 4 # (), then the atom A, that generates the output in cp—q is in Ky 4 (we can take
k—1= kf” = k;‘g). If Kpa={mi, - ,mye}, wlo.g. we assume A, = my. Then, let
KoNale= Kol alk—1 -(gmi,>asrms, - 7Tme)'(sm17 oy SNk)-
We define RSDist(P) as the set of schedulers such that condition Eqn. (2) holds on the inter-
leaving schedulers, when projections are replaced by visible portions.
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The following lemma is useful to give an alternative characterisation of RSDist(P). Roughly
speaking, this lemma states that, if 04 and op are together in a global path ¢ (and the interleaving
scheduler assigns positive probability to A), and op and o are together in a global path ¢’, then
oa, op and o¢ are together in a path ¢, in which all the other local paths are as in o.

Lemma. If Pr'"([o]) > 0, Pr"([0']) > 0, o)z = [o')|B, Z(0)(A) > 0, then there exists o such
that (o"r = (o)1 for every T # C, ("¢ = [o)c.

Proof. This lemma can be proven by induction on len(c) = len(c”’). O

Lemma. Ifn € RSDist(P), then for every atom there exist a function ratey : Visibles — R>¢ such

that ratea(oca) > 0 iff A has generative transitions enabled in last(ca[A]) and for every o there
exists a set S, C Atoms(P) such that Z(o)(A) = %

Then, the analogous to Lemma 2 can be proven as Lemma 2 in [14].

Lemma 5. For all sequences of finite paths {o;}}'_, such that [o;] N [o;] =0 for all i # j, there
exists n% € DetRSDist(P) such that

n n

P (o) = inf  Pr(|H[oi]) -

et nERSDist(P) =

The same argument as in the case of distributed schedulers allows to conclude the following
theorem from Lemma 5.

Theorem 5. For any set S of infinite traces, S being measurable, we have that

sup Pr"(S)= sup Pr(9)
n€DetRSDist(P) nERSDist(P)

2 Undecidability results for distributed schedulers

Given a set of states U, we denote by Pr'(reach(U)) the probability Pr"({p | In e p(n) € U}) of
reaching any of the states in U.

Theorem 6. There are no algorithms that, given a set of states U and € > 0, (1) calculate r such
that || sup, epispy Pr"(veach(U)) — || < € nor (2) whether or not sup, cpist(py P (veach(U)) = 1
nor (8) whether or not there exists n € Dist(P) such that Pr"(reach(U)) = 1.

Proof. With respect to (1), the proof is the same as in [13]. Indeed, in Sec. 5 in [13] it is explained
how the proof strategy can be used for the Switched PIOA in [7]. Since only one of the two atoms
in the reduction has generative transitions, the same strategy applies here as well.

With respect to (2) and (3), our proof strategy is similar to the ones in [20]: we reduce the
Post correspondence problem (PCP), which is known to be undecidable.

The PCP problem can be stated as follows: given words ui,...,u, and v1,...,v, over an
alphabet S. Is there a finite non-empty sequence of indices k = ky - - - k,,, such that ug, - - - uy
U, - U, ?

Intuitively, we can think that we are given n blocks with two words, as shown in the following
example:

m
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In this example, the sequence of indices 1 2 is a solution of the problem.

We say that (w, k) is an upper pair iff w = ug, - --ug,. We say that (w, k) is a lower pair iff
w = vk, -V, . Note that a word w can appear in an upper pair (in this case, we say that the
word is an upper word) iff w is in the regular language (u; + ...+ u,)* (which we call the upper
language), and similarly for the words that can appear in a lower pair.

Then, an instance of the PCP problem has a solution iff there exists an upper pair (w, k) such
that (w, k) is also a lower pair.

Given a PCP instance uy,...,uy, v1,...,0,, we construct three atoms W, S, I. Roughly
speaking, W chooses either “upper” or “lower”. If W chooses “upper”, then W probabilistically
chooses an upper word w , communicating the symbols in w to S and the indices k; to I (and
similarly if W chooses “lower”). Once w ends (the end of w is also decided probabilistically,
then W outputs stop. After stop, I is able to output any sequence of indices to S (some of the
behaviours we will be interested in are the behaviours in which I communicates the indices it has
received from W). Then, S has to guess whether W has chosen either “upper” or “lower”. The
set of states U is the set in which S has guessed correctly.

The set ActLabyy is SU{L,--- ,n} U {stop, 7w }. The behaviour of W is as follows: W has no

nondeterministic choices. In the initial state there is a probabilistic transition (% v, initUp +
% L initLo ). The states initUp and initLo represent the fact that W has chosen “upper” or
“lower” respectively. In initUp there is a probabilistic transition (% 1—!>startU1 +-- '—i-% o, startUy,,).
The states startU; represent the fact that the word w will start with w;. Similarly, the states
startL; represent the fact that word w will start with v;. In each state startU; there is a transition
!
(1 2a, Ui, ), where u;, is the first symbol in u; ! and U;, represents the fact that the first symbol in
U; has been output. From each state U;; with j < len(u;) —1 there is a transition (1 7 Uijpr)-

) |
1 Yiten(w)”

In the state Uy, , ,, there is a transition (3 ————initUp+ % stop, endWU). The state end WU
indicates that the upper word has ended (similar definitions must be done in case W chooses
“lower”, where we have the state endLU). Since W must be input-enabled, each state has input
transitions for each | € ActLaby,. However, because of the definition of the atoms, the paths
in which the labels are output by other atoms have probability 0 for all schedulers, and so the
definitions of the input transitions are irrelevant.

The set ActlLaby is SU{1, - ,n}U{l’,--- ,n'}U{stop, stop’}. The labels {1’,---n'} are indices
to be communicated to S. However, such labels must be different from the labels {1,--- ,n} output
by W, since S is not allowed to see such labels. The label stop’ simplifies the construction for

similar reasons. In the initial state init; there are input transitions (1 =, init;) for each 1 <i<mn
. - top? . - .
and also an input transition (125 outputl). Other input transitions are irrelevant. In the state

outputl there are transitions (1 a, outputl) for each 1 < i < n, and also a transition (1 stor, endI).

The set ActLabg is SU{1’,--- ,n'} U{stop’, 7s}. In the initial state there are input transitions
(1 2, initg) for every I € SU{1l’,--- ,n’} and transition (1 M>guessS). In guessS there are two
transitions: (1 LEIN tryUp) and (1 st tryLo).

So, the set U to be reached is {(endWU, endl, tryUp), (endWL, endl, tryLo)}. We prove the
following: there exists a distributed scheduler such that Pr”(reach(U)) = 1 iff the PCP problem
has not a solution. In addition, sup,¢pispy Pr”(reach(U)) = 1 iff the PCP problem has not a
solution.

Suppose that the problem has no solution. Then every pair (w, k) can be an upper or a lower
pair, but it cannot be both. We can construct the following distributed scheduler for P: input and
output schedulers for W are uniquely defined (there are no nondeterministic choices). The output
scheduler for I chooses the transitions that output the indices in order as they were output by W.
The output scheduler for S has to decide only between going to tryUp or going tryLo. The only

1For simplicity, we omitted the case in which some of the words uy (v, resp.) are empty. In this case, when
the index k is output in the state initUp, W returns to initUp instead of moving to startUy,.
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paths with probability greater than 0 in which this choice is performed have a sequence of action
labels of the form aj ---agky - - - kpstop’. If (a1 ---aq, k1--- k) is an upper pair, then the output
scheduler chooses tryUp, otherwise it chooses tryLo. If the path has positive probability, and
ay - --arky - - - kg is an upper pair, then, by construction of W, W is in state endWU. Conversely,
if ay---apky - kq is a lower pair, then W is in state end WL, and so the scheduler we constructed
reaches U with probability 1.

Now assume that the PCP problem has a solution. Suppose (towards a contradiction) that
sup, epise(p) P (reach(U)) = 1 (to get (3), suppose that there exists 7 € Dist(P) such that
Pr"(reach(U)) = 1). Then, by Theorem 4 for every € > 0 there exists a deterministic distributed
scheduler 7, such that Pr (reach(U)) > 1 —e.

Since the PCP problem has a solution, let (w,k = k1 ---k,) be an upper pair that is also a
lower pair. Let € be %(%%)"‘H. Then, there exists a two paths o, ¢/ whose projection to I is of
the form kq --- k.stop and, in one of them W has chosen “upper” while in the other one it has
chosen “lower”. For both o and ¢’, the output scheduler for I starts to choose transitions in such
a way that a sequence [y - -, stop’ is output (if stop’ is never output, then a state in U cannot
be reached and so the scheduler yields a probability less than or equal than 1 — €). Then, in both
o, o’ the projection to S is wly - - - I, stop’. So, if the scheduler for W chooses “upper” in o, then
it also chooses “upper” in ¢’ (and so the scheduler reaches U with probability less than or equal
than 1 — ¢) and the same happens in case it chooses “lower”.

Therefore, every deterministic scheduler reaches U with probability less than or equal to 1 —,
thus contradicting Theorem 4. O

3 Strongly distributed schedulers

Theorem. Let P be a system such that A, B € Atoms(P). Consider the system P’ such that
Atoms(P') = (Atoms(P)\ {4, B} ) U{AB}, where AB is the usual cross-product of A and B (as
in, for instance, [7, p. 99]). Then, for every strongly distributed scheduler n for P, there exists a
strongly distributed scheduler ' for P' yielding the same probability distribution on paths as 7.

Proof. We show that the condition imposed to the interleaving scheduler is sufficient to define an
output scheduler for AB. Let o045 be a local path on AB, and let ¢ be a global path ¢ such that
0|AB] = o sp. Define

Z(o)(A)
Z(0)(A) +Z(o)(B)

©ap(oan)(ga) = Oa(o[4]) .

Note that the condition imposed to Z ensures that the particular o chosen is not relevant. Let Z’
be the interleaving scheduler for P4p such that Z’(0)(AB) = Z(0)(A) + Z(0)(B) and Z'(c)(C) =
Z(0)(C) for any other atom C. We have to prove that the scheduler 1’ for P4p obtained from
7' as interleaving scheduler and © 45 as output scheduler for AB yields the same behaviour as
the original scheduler n for P. To see this, note that for a path o, the probability assigned to
a generative transition g4 of A is py 4, = Z(0)(A) - Oa(c[A])(ga). Multiplying and dividing by
Z(o)(A) + Z(0)(B) yields

poas = @A) + OB ( girin 2 gy 04D E))

which equals to Z'(0)(AB) - © ap(c[AB])(ga), that is, the probability of p, 4, in 7’. The same
reasoning allows to conclude a similar equality if atom B is considered instead of A. The input,
output, and interleaving schedulers do not change in all other cases. O

Theorem 7. Let A = {Ay,--- ,An}, B = {By, -+, B} be disjoint sets of atoms. Then, if

> Z(o)(Ai) _ > Z(0)(Ad) _
Eqn. (2) holds, then ST AT, @B = ST A TS, T (B;) holds whenever o[A] =

o'[A] for all A€ AUB and >, I(0")(Ai) + >, Z(0")(B;) # 0.




Appendix (for reviewers only) 10

Proof. By induction on n. We prove the base case n = 1 by induction on m. If m = 1, the
statement becomes Eqn. (2). For the inductive step, we need a preliminary equality. Note that, if
Z(o)(A) # 0 and Z(0")(A) # 0 in Eqn. (2), then simple arithmetic gives

Z(o)(B) _ Z(o')(B) (8)
Z(o)(A) ~ Z(o")(A)

The inductive step is

Z(o)(A1) _ Z(o")(A1)
Z(0)(A1) + 22, Z(0)(B))  Z(0")(Ar) + 32, Z(o')(B;) -

First, we prove the case Z(0)(A4;) = 0. In this case, either Z(o)(B;) = 0 for all j (in this case
the condition Z(c)(A41) + >, Z(0)(B;) # 0 is false, then the equation is not required to hold)
or Z(0’)(A1) = 0. To see this, suppose towards the contradiction that Z(¢")(Ay) # 0. Then, by
Eqn. (2) it must be

Z(o)(A1) Z(0") (A1)
Z(0) (A1) + Z(0)(B;) — Z(o)(Ar) + Z(o")(B;-)

)
where j* is an index such that Z(o)(Bj+) > 0 (we don’t need Z(o”)(B,~) # 0, since Z(c”)(A1) # 0).
So, since Z(0)(A;) = 0 then it must be Z(¢')(A1) = 0, thus reaching a contradiction. So, the
inductive step holds in case Z(0)(A;) = 0.
If Z(0)(A1) # 0, then either Z(¢o")(A1) = 0 and Z(0’)(B;) = 0 for all j (and so the condition
is not required to hold) or Z(¢")(Ay) # 0, and so we can use Eqn. (8) in the following calculation.

Z(o)(A1)
Z(0)(A)+22; Z(0)(By)
= {Arithmetics}

Z(0)(Bu) Z(o)(AD)+3) " Z(0)(By)
Z(o) (A1) Z(0) (A1)
= {Equation (8)}

I(o')(Bw) , T@)AN+ETS" T(o )(Bj)>_

Z@)Ay T (o) (A1)
= {Inductive hypothesis}

1) (Ba) | ZONADFTI T (E)
Z(o")(A1) (o) (A1)
= {Arithmetics}

Z(o")(A1)
Z(o")(A1)+>2; Z(o")(B;)

Then, the statement holds for n = 1. For the remaining inductive step, we calculate:

> Z(o)(Aq)
> Z(0)(A)+32, Z(0)(B))
— S () (ADHT(0) (An)
T T(0)(A)+T(0) (An)+32, T(0) (B;)
_ > Z(0)(A) (o) (An)
SIS Z()(AD)HI(0)(An)+E; I(U)(B) Z” 1 Z(0)(A)+Z(0)(An)+32; Z(0)(B))
= {Inductive hypothesis for {A;}7=', A, U {B; it
S (0 (A) Z(0)(An)
SIS Z(0)(ADHI (") (An)+22; Z(0")(B)) EZL 111(0)(A )+Z(0)(An)+32; Z(0)(B;)
= {Base case with {4,}, {B v {A
Yo T()(Ad) Z(o')(An)
SIS Z(0)(ADHI (o) (An)+3; Z(o7)(B)) t S TN (AT (A, )+, Z(07)(B))
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4 Undecidability results for strongly distributed schedulers

4.1 Qualitative undecidability

In order to prove the qualitative result, we reduce the supremum acceptance problem for proba-
bilistic finite-state automata (PFA) to the supremum reachability problem for strongly distributed
schedulers. The supremum acceptance problem for PFA was proven undecidable in [18]. This re-
duction is used also in [13].

A PFA is a quintuple (Q,%,1,q;, qr) where Q is a finite set of states with ¢;, ¢y € Q being the
initial and accepting state respectively, X is the input alphabet, and I : ¥ x Q — (Q — [0, 1]) is the
transition function s.t. l(«, q) is a distribution for all &« € ¥ and ¢ € Q. A word w is an infinite
sequence of symbols from . The probability Pr(accept(w)) of accepting a word is the probability
of reaching gy by starting from ¢; and succesively choosing the next state according to [ and the
next symbol in w.

Given a PFA F'| we can construct an atom Ap having only reactive transitions. Such atom
Ap is defined as follows: Sp = Q, Actlabrp = X, Gr(s) = 0 for all s, Rp(s,a) = {l(a,s)} and
initF = ;-

In our reduction, in addition to Ar we consider atoms A, one for each o € ¥. The atom
A, is defined as follows: S4, = {init,}, ActLabp = {a}, Gr(inity) = {ga} where g, (init,a) =1
and R, (init, ) = {r,} where r,(init) = 1 (although r, is not used, it is required by the input-
enabledness condition).

As in [14] (Proof of Theorem 1), it can be proven that, for the system having atoms Ap,
{4, | @ € ¥}, deterministic strongly distributed schedulers have the same power as strongly
distributed schedulers.

Each deterministic strongly distributed scheduler defines a word for w. Then, since there is no
algorithm to calculate not approximate sup,, Pr(accept(w)), there is no algorithm to calculate nor
approximate sup, cpespist(p) L1 (reach(U)), where U is the set of global states in which the local
state of Ap corresponds to an accepting state in F'.

4.2 Quantitative undecidability

We use the same idea as in the case of distributed schedulers. When proving such result, we
defined three atoms W, S and I. Here, we reuse the atom W, excepting for a little modification
explained later. The atom S is replaced by two atoms SUp7 ST,0, each one of them behaves as
S, until the point in which S decides, i.e. at the state guessS. In this state, S Up has enabled the

transition (1 , tryUp), and ST, has enabled the transition (1 LR tryLo). In W, the state end WU
has the following input transitions: (1 i>good) and (1 =, bad). The state endLU has the following

transitions (1 v, bad) and (1 i>good). Then, the state good is reached in the cases in which “the
set of atoms {S Up» ST}’ guesses correctly “upper” or “lower”.
The atom I is replaced by a set of atoms {I;}}_; U{Isp}. Each I; has all the input transitions

. '
in I. In addition, in the initial state there is an input transition (1 ﬂj—%emdh). The atom Itop

has all the input transitions in I, and only one output transition (1 Sto—p/!> endlstop). S0, once Igiop
decides to stop, all the I, reach the state endI;. Each atom I; has enabled the output transition
(1 Ltinit;).

Note that the set of atoms in this new reduction can be partitioned into the subsets {WW},
{5}y U{Lstop} and {Syp,, S} At every point of the execution, all the atoms in exactly one
of these sets have an output transition enabled. This property can be used to prove that, for
this particular system, deterministic strongly distributed schedulers are as powerful as strongly
distributed schedulers.

Then, we can repeat the argument in the proof for distributed schedulers in order to prove
that the supremum probability of reaching good is 1 iff the PCP problem has no solution.
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Figure 4: Correspondence between paths in 1 and n[o™* «— ]

5 The POR technique

5.1 Condition on the classes S for the general theorem

In the nonprobabilistic case, the correctness of POR is proven by showing that each execution
in the original system can be simulated by an equivalent execution in the reduced system. The
execution in the reduced system is obtained by exchanging the order of independent actions.

In the probabilistic case, each execution is a probabilistic tree (corresponding to a scheduler),
and so it not obvious what it means to exchange the order of independent actions. The condition
we impose to S in our general theorem is related to the way in which independent actions are
moved in a probabilistic tree.

In the following we consider MDPs obtained from Interleaved PIOAs. The “actions” we con-
sider are the actions identifiers in Def. 3. Given a deterministic scheduler 7, a path ¢* ending in
the state s and 3 € ample(s) such that for all a; & ample(s),

(n(o* 58128y s, ) =0 = =0 (9)

we define the scheduler no* « 3] in which 3 is moved right after o* (that is n(c*) = 3). Note
that Eqn. (9) does not ensure that a path such that n(c* % sy 22 59 --- 2% 5,,) = 3 exists. In
this case, 3 can also be inserted after o*.

Figure 4 illustrates the transformation from 7 to no* «— (]. Note that, because of the POR
restrictions, the atoms Inv(3) whose state may be changed by [ are disjoint of the atoms changed
by the «;. Dashed and dotted lines represent the projections of paths over Inv((3). Lines made
up of x, o and + represent the projections of paths over Atoms(P) \ Inv(5). An arrow relating a
path in 7 to path(s) in n[o* < 3] indicate that the (sets of) path(s) in n[o* < (3] has the same
probability as the path in 7.

Next, we define n[o* «— (]. We let n[o* «— f](cs) = 3. For every o such that o is not a prefix
of o* (and o # o*), we let njo* « [](c) = n(c*). We need several definitions before presenting
the case in which o* is a prefix of o.

In the following, we write a state s’ as product (s, s'7#), where 5’7 € [Licinvg) Si and s'he
[Tigiov() Si- In particular, last(c*) = s = (s8,579).

First, we need to relate the paths in the original system to the paths in the reduced system as
shown in Fig. 4. For each finite path o such that o* is a prefix of o and Pr""5 (o) > 0, we define a
set of corresponding paths C(o). This correspondence will be used to define n[o* « ], as well as
to prove that the probabilities of any stuttering invariant language coincide both for the original
and the reduced system.

The correspondence is defined according to the actions in o.
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1. If o is of the form

a*a—1>(sf,s; )&‘a(sg,s;ﬁ) Qo>

and «y & ample(s) for all k, then sf = s” for all k, since the actions «j, are independent

from [ and [ is enabled in all the states si. So, o is of the form
U*&(sﬁ,sfﬁ)n-a—%(sﬂ,szﬁ).
For such a o, we define
Cl0) = {0" 2 (s, 57%) M (9, 57%) - 2 (59, %) | P(5, 8. (5%, 57%)) > 0} .
We consider the case in which o = ¢* as a corner case of this one. So,
Clo*) = {o* L (s, 57%) | P(5,8,(s%,577)) > 0.
In the following, we write o0 ~ <a> to denote that o has the form of the path marked with
<ar> above.

2. If o is of the form

0" S (s 577 2 (58, 500) D (578, 578 qa f

and ay, ¢ ample(s) for all k, then we have sfj = s for all k as before. In addition, s’ = s,5.

So, o is of the form
o L (sﬁa 8;5) S (Sﬁ’ S’I"L‘B) i (S/ﬂ? S:zg) :
For such a o, we define
C(o) = {o" (577, 577) 20 (577, 577) - 2 (8, 5,0))

(Note that, in this case, C(o) is a singleton set.)

In the following, we write o ~ <a (> to denote that ¢ has the form of the path marked with
<a B> above.

3. If o is of the form

o 2L (52, s7P) - om0 Sﬁﬁ)i(s/ﬁ7shﬁ)‘*_l)(sflﬁ’s’;ﬁ)...VL’)(S’B s ca By

n’°on n’’“n’

and ay, € ample(s) for all k, we have that o is of the form

0" 2 (75, 7) e 2 (5,00 B (5,5, P) 2 (s ) o 2 (s )

1y Ont

For such a o, we define

Clo) = {o" (57,577 2 (577,57 7) o 2 (7,50 I (s 8 7) - 2 (51 50000

(Again, C(o) is a singleton set.)

In the following, we write 0 ~ <a 3> to denote that ¢ has the form of the path marked
with <« G~ above.
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4. If o* is not a prefix of o (and o # ¢*), we define C(0) = {o}.

In the following, we write o ~ <—c*> to denote that ¢* is not a prefix of o.

Prior to the definition of n[c* < (] in terms of C, we need to discuss some properties of C. Note
that, if ¢’ is not of the form <« B>, we have C(¢’) N C(c”) = ) whenever ¢’ # ¢”. In fact, the
following lemma holds by definition of C.

Lemma 6. C(c")NC(c") # 0 implies o' ~ <ar> and ¢” = PR (s'8,5,8) for some s'°. (Note that

o ~ qaf>.) For such o', 0", we have C(c’) NC(c") = C(a").

So far, we have defined njo* < F](c*) = 5 (note that in Fig. 4, the rightmost tree has the
action § after o) and n[o* < G](c) = n(o) for all o such that ¢* is not a prefix of 0. We define

nlo* — p](c* E>s’) =n(c*) (note that, in Fig. 4, the rightmost tree has the action «; after 8 in
all the states). For the other paths o having o* as a prefix, we define n[c* <« S](¢) depending
on the amount of ¢’ such that o € C(¢’). According to Lemma 6, we have three possible cases:
(1) We have just one such a ¢’. In this case, n[c* < S](c) = n(c’). (2) We have two such o’.
Let ¢’ be the path of the form < > such that o € C(¢”). We let njo* «— £](c) =n(c”). As an
example, let ¢ be the path in Fig. 4 whose actions are 3,a3,- -+ ,a,. For this o, ¢” is the path
whose actions are vy, -+, a,, 3 (note that the path o’ whose actions are «a, - - , «, also maps to
o, but n(o’) = 4, and 8 was already executed in o). (3) We have no such o’. In this case, because
of the previous cases, n[c* <+ (](c) = 0. Since we will use this property later, we state is as a
lemma.

Lemma 7. If Pr"" P([5]) > 0 then there exists o’ such that o € C(o”) and Pr"([o"]) > 0. 2

Proof. If o* is not a prefix of ¢ or o* = o, we have Pr'"([o]) = Pr"” ?l([4]). So, in this case, we
take o/ = 0.
If o* is a prefix of o, we proceed by induction on len(o) — len(o™*).

If len(o) — len(c*) = 1, we have 0 = o* B, s for some s (because Pr"l® Al(g) > 0 and
nlo* — B](c*) = B). In this case, we can take o/ = o*.

If len(o) — len(c*) = n + 1, let’s drop the last state (and the last action) from o to obtain
the path o] 1. Let v and s’ be the last action and the last state in o (resp.). So, al_lL s =o.
Since Pr7lo 4l (o) > 0, we have that pyle” Al (al—1) > 0. By inductive hypothesis, there exists
at least one o’ ; such that o] _1€ C(¢’ ;) and Pr"([c"4]) > 0.

If case o’ is of the form < 3>, by definition of n[o* < (] we have njo* «— ](a]l_1) = n(o’;)
(note that Lemma 6 ensures that ¢’ ; is uniquely determined, since ¢’ ; ~ <a G~v>). We know
that n[o* «— B](al_1) =~. So, n(¢’_;) = v and the path ¢’ ; - 5" has probability greater than 0
in n. <afB~vy>. Taking into account the definition of C for the paths of the form <a ~> and the
fact that o] 1€ C(0” ), we have 0 = ] 15" € C(a’_; L s). So, we can take ¢/ = ¢’ | 5.

In case 0’ 4 is of the form <« B>, we have n[o* « B](ol—1) = n(o’_ ;) (even if there are another
path such o, such that o/ _1€ C(0,), the definition of n[c* « ] uses ¢’ ;). Again, n(c’ ;) =~
and the path o’ | 1§’ has probability greater than 0 in . Note that o/ | s ~ <a S+>. So, we
are in the same case as before and we can take o’ = o’ | 55’

In the remaining case, ¢’ ; is uniquely determined and is of the form <a>. Again, we have

nlo* — Bl(al_1) = n(o’;). So, n(¢’_,) =~ and the path ¢’ | % s’ has probability greater than 0
in 7. If o  ample(s), then o’ ;| 5 is of the form <a> and so o € C(o” | L '), since C(0” | - )

is obtained by appending - s’ to all the paths in C(o” ;). So, if v & ample(s), we can take

2Note that we use n[o* « ] as a scheduler without having proven that it is indeed a valid scheduler. We do
so in order to avoid new definitions for probabilities, etc. However, in our proof we use only the “valid” inputs for
the schedulers. An alternative construction could be done by defining the set of all the schedulers complying with
the cases above. In this construction, our proof implies that all the schedulers in the set are equivalent, since they
differ only in the paths having probability 0. So, any scheduler in the set can be taken to be njc* «— f].
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o' =o' | Ls'. If y € ample(s), then v = § and o is of the form <a B>. In this case, o € C(o” ;).
So, we can take o’ =o' ;.

Note that, during the proof, we only evaluate the scheduler n[o* <« ] in the path o/ _;. The
scheduler is well-defined for o] _; because of the existence of ¢’ ; (which, in turn, is ensured by
the inductive hypothesis). O

Before we present the condition on the class S, we need an auxiliar definition. Given a scheduler
1 and a path o, we define post(n, o) as the scheduler such that post(n,o)(c’) = n(o-o’), for every
o’ such that last(o) = first(o’), where o - ¢’ denotes the concatenation of o and ¢’. Note that
post(n, o) is a scheduler for the system M’ that coincides for M excepting for the initial state (the
initial state of P’ being last(o)).

Definition 4. A class S of deterministic schedulers is valid for POR iff for all n € S, ¢*, 3 such

that nlo* < f] is defined, we have post(n[c* — 3], o* is) € S for all s.

The following lemma can be proven using the definition of njo* « f].

Lemma 8. The classes DetDist(P) and DetRSDist(P) are valid for POR.

5.2 Proof of correctness

Theorem 8. Let S be a class of schedulers valid for POR. Given M, let M be a system such that
For every LTL next formula ¢ and for every scheduler n € S there exists a scheduler 7) for M such
that Pr"(Sats) = Pr”(Sat,).

For the proof, we will use the following result.

Lemma 9. Let {S;}°, be a sequence of measurable sets such that Siz1 C S; for all i. Then,

Pri((1) i) = lim Pr(S,).

! n— oo
=0

Proof. Since Sy = i ,(Si \ Sit1) ¥ Niey Si, we have

Pr7(Sp) = Pr(S; \ Si1) + Pr([) Si) - (10)
=0 =0

Then, for every € there exists N, such that Y372 Pr'(S; \ Sip1) <e.
Equation (10), can be generalized to S, = W,_,,(Si \ Sit1) ¥ ;=g Si for all n. Then, for
every n > N, we have

Pr(S,) = Pr([) i) = Y Pr(Si\ Sip1) <e.
i=0

O

To prove the theorem, we use the same argument as in [1]. The proof in [1] relies on the
concept of cylinder. Given n labels ¢; € 2AP such that £; # £, 1, Cyl({],--- ,£}) is defined as the
set of infinite paths p such that p has a finite prefix o such that trace(o) = ¢y ... 01 Cp ... 0y
(each label must occur at least once in o).

As in [1], we show how to construct schedulers 7; such that n;(c) € ample(last(c)) for all o
such that len(o) < i. In addition, Pr?(Cyl(¢],--- , 1)) = Pr" (Cyl(¢],--- ,4;1)), for any cylinder
Cyl(¢f,--- ,4F). We also require post(n;,0) € S for every o s.t. len(o) < i+ 1. Once we
have constructed these schedulers, we define a scheduler n*(0) = 7ien(s)(0). Note that n*(0) €
ample(last(o)) for all o, because of the corresponding property for the schedulers ;. Using the same
argument as in [1], we show that Pr"(Cyl(¢], -+, £])) = Pr*(Cyl(¢], -+, £})) for any cylinder
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Cyl(¢f, -+ ,€F). Then, by fundamental results of measure theory, we have that Pr”(Saty) =
Pr (Satg), since Pr"(L) = Pr" (L) for any stuttering insentitive language L.

So, the only difference with respect to the proof in [1] is the construction of the schedulers 7;.

The scheduler 7 is simply 1. The scheduler 7,41 is constructed using n;. In order to construct
ni+1, we will construct schedulers 7; s, where S is a set of paths of length i +1. We let ;11 1y = ;.
Given a set S of paths of length i + 1, a scheduler 7; g and a path ¢* € S s.t. len(c*) =i+ 1 we
will show how to construct 7; su(o+} from 7; s. Then, we take 1;11 = 1; s,, where S; is the set of
all paths of length ¢ + 1.

In the following, we define 7; su{,+} and prove that

Prs (Cyl(Ly -+, £F)) = Prseley (Cyl(ef - ) - (11)

n

If n;,s(c*) € ample(last(c*)), we define 7; sugo+y = 7i,5. In this case, Eqn. (11) holds trivially.
Let s = last(c*). First, assume that there exists a path ¢’ = o* 2 g 22 gy 2 g, such
that Pr'7"5(c’) > 0, o & ample(s) for all k£ and n(c’) = § for some § € ample(s). Note that,
since it holds that post(n,c*) € S and we require A5*, if such a 3 exists, then it is unique no
matter the particular o’ choosen. If no such o’ exists, we take any § € ample(s). We define

1i,s50{o=}(07) = nlo™ < f].

Lemma 10.
Pre(o]) = Y0 Preue (o)
o’eC(o)
Proof. For brevity, we write «(s,s’) for P(s, «, s).
First, we consider the case in which o is of the form <a F~>. We have

Pr's([o])
= {0 is of the form <a >}
Prts ([0 20 (58, 570) - 2n (58, 578) Do (78, 78) 2 (/8 7By L D (o8 5108
{Pr""#([o]) > 0, ;.5 is deterministic, let 555 =sP, SIOB =%, and Sf)ﬁﬁ = 5,7}
Prs(o7) - Il an( (5% 52%), (57,57) ) - B(s7,53%), (5°%,52%) )

Hk R (Sk 1751@51) (Skﬁvs;:ﬁ))
{Rearrange product}

Pries (o) - B((s7,5,7), (57, 8,%) )+ Tl ol (s%,5:70), (s7,57%))
Hk 1716( (Sk} 17Sk;61)7 (S;gﬂz ;;6))
{ar((t2,£7P) (18, 470)) = ay (WP, ¢7P) , (uP,#7F)) and similarly for 5. Let s;” = s77}
Pries(®) - BU(057%), (5757)) - Ty el (7, %0), (57 57) )
Hk 1%((519 1sia)s (81580 7))
= {Definition of C (recall that, in this case, C(o) is a singleton set)}
Yorec(o) PTTE ([07])

The case in which o is of the form <o 8> is a particular case of the one above, with n’ = 0.
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Below, we study the case in which o is of the form <ar.
Pr"5 ([o])
Py ([o* La, (57, 8;5) .. O‘_">(

$,7)
Prs([o*]) - TTh_y ow((s”,s,” 1) (s%,5))
_ {Z{s’ﬁw((sgﬁsﬁﬁ)’(S/B’Sﬁﬁ))>0} ﬁ((867sﬁ5)? (S/ﬁ,sﬁﬁ)) = 1}

Do (e818((s5-7) , (517,50 >0y BU(87,570) (s77,570)) -+ Pro([o])
: HZ:l O‘k((sﬁasggl)v (Sﬂa‘s;ﬁ))

Z{S/ﬂ‘ﬁ((‘g/ﬂsﬁﬂ)’(S'ﬁ75ﬁﬁ))>0} B((s7,577), (s%,s77)) - Pr"5([0*])
iz (57570, (57, 5,7)

i * B - @ - Otn -
Y (w78 3((s5 a5) (75 48y 50y PITS ([0% = (877, 570) S (578, 577) o 20 (578, 508)])
) Pr7i.50(e"} (o)

)

o'eC(o

U
In the following, we prove that Prsute*}(Cyl(¢f,--- £F)) = Pr"s(Cyl(¢f,--- ,41)) for
any cylinder Cyl(¢],--- ,Ej{) In the following, we write trace(cr) ~ 05, £F to denote that
trace(o) =40y ... 4y Uy . Given a cylinder Cyl({{,--- ,4}), for any o such that trace(o) ~
e, 0f |, we define Z(a) ={o s sy B VkL(sk) = /,}. Now, we note that

Cyl(¢f,--- ,£}) can be written as a disjoint union

Cyl(€1~_7 e ’gj;) = Lﬂ{cﬂtrace(a)w[f,m ,EIZ’ A Lp#0} [O-]

Lﬂ Lﬂ{(ﬂtrace(a)wff,'“ ,ez,l} Z(G)

We denote the set of all the sets in the disjoint union by U. So, Cyl(¢f,--- ,4F) = Wy U We

have,
Pr(Cyl(tf, -+, 4})) = Z{Gltrace(o)df,»--,em/ ntnzey Pr((0])
+ Z{<7|trac::e(a)r\/£1+7... 7gi71} PTW(Z(U)) .

We prove that Pr'5(Cyl(¢],--- ,6})) = Prsute™y (Cyl(¢F,- -+ £F)) by showing that the sum-
mands in Eqn. (12) when = Pr"79 (Cyl(¢],--- ,£;)) can be rearranged and grouped as to coincide
with the summands in Eqn. (12). To this end, we define a mapping M : (U U {[o] | Pr"*5([0]) >

0}) = P(U U {[o]}) such that:

(1) M is defined for all U € U such that Pr'7"5(U) > 0 and for every [o] such that Pr'7"%([o]) > 0
and

(2) Prs5(U) £0AP"5(U) A0NU eUNU eUNMNMU)NMU') #0 = U =U" and
(3) Pr"s(U) = ZU,GM(U) Pr'-sute*3 (U') and

(12)

(4) for all U’ such that Pr'7:svto*3(U’") > 0 there exists U such that Pr"*(U) > 0 and U’ €
M(U).

These properties for M ensure that the probabilities for 7; s and 7; su(,+} agree, since the sum

in Eqn. (12) converges absolutely and, because of the properties for M above, we can rearrange

the nonzero terms of Eqn. (12) with 1 = 7, suf,+} to make them coincide with the nonzero terms

of Eqn. (12) with n = n; s. With respect to the rearrangement, we only evaluate M in elements

in Y. However, the definition of M([o]) for every [o] will be useful in other parts of the proof.
The mapping M is defined as follows:

e M([o]) = {[o'] | ¢/ € C(o)} for all o such that Pr"5(U) > 0 and trace(o) is of the form
0, 00 and £, # ¢' (Note that o cannot be of the form <a 3>)
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e M(Z(0))={2(c")| 0’ € C(0)} for all o such that Pr"5(U) > 0 and trace(o) is of the form

ot

We prove the properties for M enounced above.

(1) M is defined for all U € U such that Pr""5(U) > 0, since every U € U is either of the
form [o] or of the form Z(o). If Pr"*5(Z(c)) > 0, then Pr"%([o]) > 0. So, the second case in the
definition of M covers all the elements in U of the form Z(o).

(2) Suppose, towards a contradiction, that M(U)NM(U’) # 0, Pr""5(U) # 0, Pr"5(U") # 0,
and U # U’. Then, by definition of M, it must be either (U = [0] and U’ = [0']) or (U = Z(0)
and U’ = Z(0’)). In the first case, 0 = ¢’ by Lemma 6, since neither o nor ¢’ can be of the

form <a B> (because trace(o) ~ £f,--- ¢ with ¢, # '). In the second case, it must be
C(0)NC(a”") # 0. By definition of C, it is possible only if o = o* 25 (s, s77) - 22 (52, 579 and
o =al (s'8,5'P) for some ay, s, (Of course, it may be the case that o is the path that finishes
with 3). However, since Pr'5(g’) > 0, we have that n; s(0* ** (s7,s7%) - 2 (58, 578)) = 3.
However, L((s?, s;ﬂ)) =lp_1 (see the definition of U above) and, since 3 is stutter, the paths

of the form o* <5 (87, s77) - 2% (58, 570) D, o with L(s") = £, have probability 0. Then,
Pr"s(U) = 0.

(3) Next, we prove that Pr"<(U) = > ¢ ) Pr'527 (U7).

If U = [o], the claim becomes Lemma 10. So, we need to prove the claim when U = Z(0).

For all m > len(o), let Zy, = {051 -+ Msm_len(a) Omolen()1 IV 1en(o)|_( 8 =

lp}. Then, U = ﬂfnozlcn(g)ﬂ Zm, which implies Pr"(U) = lim,,, o Pr"(Z,,) for all n (by virtue
of Lemma 9). Let F,, = {0z | 0z ~ 0 o, S1--- Smlen() Sm—len(o) /\VZ1 1len( )L(sk) =tl, A
Pr"5([oz]) # 0}. Then,
Py (Zy) = > Pr’s(loz]). (13)
ozE€E,,

X —len(o!) X —len(o/)+1
_meeme T

Similarly, for M(U) we define Z},, = ¥, cc(r {0’ s T s en(on)
Y len(” )L(sk) ={,} forallm > len(o)+1. As again, Pr”(LﬂU’eM(U) [U']) = limy, o0 Pr"(Z],)

Qo

forall n, B/, = {oz | o7 ~ o’ ol gy oD, Sm—ten(or) N0’ € Cloz) A V;n:_llcn(g )L(sk) =

Ly NPr"591 ) ([o4]) # 0} (note that all the paths in E/, have length m) and

Prli.suio} Z/ Z Prisute*} ([o41]) . (14)

oz €E],

Next, we show that

Z Pri su{a*} UZ’ Z P S UZ’ Z Prm,SU{U*}([O_Z/]) ) (15)

o €E azEEm UZ/EE‘

m

By Eqn. (13)3011d Eqn. (14), this inequality implies Eor"ivSU{"*} (2} 1) < P1"5(Zy,) < Prliseiey (Z] ).
Since U =, Zjen(oy+1 Zm and Worepqy U = Ncien(o)+2 Zm> Lemma 9 implies

Prni’S(U) _ Z Prm,su{a*}(U’) ,
U'eM(U)

which is what we want to prove.

First, we consider the inequality }_, .p Pr"(loz]) <3, cp Pr’5 ([oz/]). To this
end, we explore how FE,, relates to E/ . Let’s take oz € E,,,. If 07 is of the form <« > or of the
form <S>, then C(oz) C E/, (recall that, in these cases, C(oz) is a singleton set). If oz is of
the form <ar>, then C(oz) C E;, . (since, in this case, C inserts 3 in 0z) and, in addition, if we
drop the last state (and the last action) of a path in C(oz), we obtain a path in E/, . By dropping
the last state of every path in J C(oz) we obtain a set of paths I C E/, such that

oz EE,Noz~ dab>
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Wozer, roym aas wazlec(az)[az’] C HUZIEI[JZ']' In addition I NC(oz) = 0 for all oz of the form
da B> or <o B>, To see this, suppose that C(oz) = {0z} and oz € I. Since oy € I, we know
that oz is obtained by dropping the last state of a path o/, such that ¢/, € C(0,) for some o, of
the form <a>. Let 0,1 be o, without the last state. Since o/, € C(04), 04 is of the form <a>
and oz = ol _1, we have oz € C(0sl—-1). In addition, since C(oz) NC(oal-1) = {02/}, it must
be o7 = aal,li s’ for some s’. However, n(c.l_1) & ample(s) (because o, is of the form <a>).
So Pr'""5(07) = 0, which implies oz & Fy,.

Note that, since in E,,, we cannot have two paths o and o LN s, Lemma 6 ensures that C maps
distinct paths in E,, to disjoint set of paths. These observations allow the following calculation:

ZO’zEEm Pr"5([oz])
= {Split sum}
ZUzEEm/\UZ'Vq—‘U*D Prm’s([az])

+ ZO’ZEEWL/\(O'ZNQO( B> Voz~<daaBy>) Prm’s([az]) + ZO’ZEE"L/\UZNQOLD Prm,s([o.z])
= {Lemma 10}

ZG’ZGEm/\UZNq_‘D'*D Prm’SU{U*}(C(JZv))
+ ZUZEEm/\(UZNdaﬁbVazwdaﬁ'yb)P'rm‘SU{U }([C(O-Z)])
+ ZUZeEm/\UZNQOéD o, €C(0z) Prsote }([JZ’D

< {Existence of the set I (see above)}
ZazeEm/\az~<ha*> Prni’su{a*}(C(Uz)) .
T 2o, el Adogefog)=Clon) PT T [02]) + 22, o P70 ([o2])
< {Since INC(oz) =0 for all oz of the form <a > or <« S~> (see above)}

Yoo, emy, Pr1sv ) ([oz])

Next, we consider the inequation >, .p Pr"S([oz]) = >, cp . Pr’=2t"i(joz/]). For
the proof, we need to show that for all oz € Ej, ,, either (a) there exists oz € E,,11 such
that {0z} = C(oz) and (07 ~ <a B> or oz ~ <aG~y>) or (b) there exists oz € E,, such that
oz € C(ogz), oz ~ <ar> and 1; s(0z). In order to prove this claim, note that Pr"59=* (gz/) # 0
(since oz € EJ,)). So, Lemma 7 ensures the existence of some oz with nonzero probability such
that o0z € C(oz). Since the changes introduced by C yield a stuttering equivalent labelling, and
C can insert one action, we have that oz € F,, U E,; 1.

Ifoy € Epyr, and 0z € C(oyz), we conclude that oz ~ < B> or oz ~ <a B>, and the case
(a) above holds.

If o7 € Eypy, then oz ~ <. If n; g(0z) = 3, we have a path ¢” € E,, 41 of the form Uzisl
such that oz € C(c”). So, if n;,5(cz) = 3, the case (a) above holds. If n; s(oz) # [, the case
(b) above holds.
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Now, we are able to prove the inequality.

20sem, P17 ([02])

> {Split sum}
YoseBmrozmamows DT ([02])
+ ZazeEm,A(az~<1aB>vUzwqaﬁw) P15 ([o7])
+ ZazeEm/\o’ZNqabAni,S(az):B Prm‘s([az])
+ erzeEm/\rrz~<1a> Ani.s(oz)#B Pr%([oz])
> {Set inclusion}
Zo’zEEm/\UZNd—'U*D Prm’SU{U*} (C(O'Z))
+ ZazeEm,+1/\az~<lo¢5'yl> Prmys([UZD
+ ZazeEm_H/\azwqozﬁb Prm’s([o—zb
+ ZO’ZGEm/\O'ZNQDLDAni,S(Uz);éﬁ Pr'ﬂi,s([az])
= {Lemma 10}
Zo’zEEm/\o'szﬁo'*D Prm,su{a*}(c(gz))
+ ZazeEerl/\(o'ZN da B> Vo gz~ da By>) Prlisotery ([C(OZ)])
+ ZO’ZeE"L/\O'ZNQQD Ani,s(oz)#B ZO’ZIEC(O'Z) Pr'tisoters ([O'Z’])
> {Rewrite}
ZazeEm,/\azwq—\a*b Prni"SU{G*}(C(O—Z))
+ 04 €B, Aoz 0 {05 }=Cla2)N oz~ <a B Voyz~ <a Bro) Prlistem} ([o7:])

+ ZO’Z/ EE],  NJoz oz~ <da> Ani,s(0z)#B priesuten) ([OZ’])

= {See explanation above}
2iopen, ,, LT ([07])

So, we have proven Eqn. (15). Above, we explained that Eqn. (15) implies

Pr7s(U)= Y Prlesute(U) .
U'eM(U)

It remains to prove the property (4) for M.

(4) If U’ = [0], the claim becomes Lemma 7.

With respect to the case in which U’ = Z(o0’), since Pr"»s5vt"} (¢') > 0, there exists o such
that o’ € C(o) and Pr"%([o]) > 0. Then, U’ € M(Z(0)). Because of the property (3) for M
proven above, we have the inequality

0<Prlsvt(U) < Y Prlesute (U) = Pr$(Z(0)) .
U"eC(Z(0))

So, we can take U = Z(0).

We have proven that Pr"-s(Cyl(¢f,--- ,£})) = Pr'suie*} This is the inductive step that
allows to conclude that, for all 4, there exists a scheduler n; such that (1) Pr™ (Cyl(¢],--- ,£})) =
Pr"(Cyl(¢f,--- , 1)) and (2) n;(0) € ample(last(o)) for all o such that len(o) < i.

As pointed out in [1], the properties for 7; we proved are not sufficient to conclude that
Pr" (Cyl(LF, -+, 65)) = Pr'(Cyl(£F,--- ,£;)). Here, we simply recall the arguments in [1]. Con-
sider the atoms in Fig. 5 and the formula ¢ = true U smile, where the atomic proposition smile
holds iff the atom A is in the “smiling” state. If n(sinit) = a (recall that init is the initial state)
and ample(smit) = {B}, then the scheduler n* chooses § for all the paths, and so Pr”(Sats) = 1,
while Pr" (Saty) = 0. However, the ample set {3} violates condition (A4), since init and a form

an end component and (3 is enabled in init. Note that, in this case, the path initﬂ initi -+ has
positive probability in n*.

We explain the case in which (A4) holds using Fig. 6. For the atoms in the figure, {3} is a
valid ample set for init. Suppose that o € ample(s’), where s’ is the state reached when 3 does
not lead to init. Again, consider a scheduler such that n(init) = «. So, for the path o such that
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Figure 5: Example showing the need for (A4).
1/2
I
©)
A B

Figure 6: Another example showing the need for (A4)

Pr"(o) = 1 we have the paths o} = init RPN smile, o) = init Dinit 2 ¢ 2 smile,--- and
%, Pr7 ([07]) = Pr"(0). In addition, Pr"" (init S init L. .. ) = 0.

In general, (A4) ensures that all the infinite paths in * “ending” in an end component have
corresponding paths in 7. It is a well-known result that the set of paths that do not “end”
in an end component has probability 0 (see [1]). This ensures that, if (A4) holds, we have
Pr’(Cyl(tf, -+, 65)) = P (Cyl(¢f,- - ,£5)) for any cylinder Cyl(¢F,---,£F), which in turn
implies

Pr(Saty) = pr (Satg)

for any LTL_ ext formula ¢.

5.3 Theorem 2: Distributed schedulers

Let Gen(A) be the set of all actions generated by atom A, that is, all actions of the form (ga,---).
For every atom A such that 3,5’ € ample(s) and 3,5’ € Gen(A), all the actions «;, o} as in
A5* we know that the atoms involved in 3,3 are neither involved in «; nor in o) (otherwise,
a; —or o/~ should be dependent on ample(s) for some 7). So, g5t 5; 2ssy---—"s5,[B] =

os sl 22l . 22 ¢! [B] for all B € Inv(d).
So, if 7 € DetDist(P) we have 1(cs ~5 51 <% s9--- 2% 5,) = 3 implies (s —5 &} —2

8/2...""4)8;1/):5.

Then, in case S = DetDist(P), A5’ implies A5*.
So, Theorem 4, Lemma 8 and Theorem 8 imply Theorem 2.

5.4 Theorem 3: Strongly distributed schedulers

Let A (A’ resp.) be the atom that generates 5 (4, resp.) in A5*. Suppose that the scheduler 7
in A5* is reinforced strongly distributed. Then A and A" are not involved in actions «; or of. So,
the portions visible to A and A’ of the path in which 3 is chosen agree with the portions of the
path in which 3 is chosen. Since the scheduler is reinforced strongly distributed and deterministic,
A = A’. In addition, since the input/output schedulers in n are evaluated in the same projection
in both paths, the same argument as in the case of distributed schedulers allows to conclude that
p=p.
Since SDist(P) C RSDist(P), Theorem 3 is implied by Theorem 5, Lemma 8 and Theorem 8.
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5.5 The notion of independence in previous works

We presented our results using a structural notion of independence. In [1], independence is defined
as follows:

Two actions «, @ are independent iff for all states s € S with {a, 8} C Actions(s) we have:
(1) P(s,a,t) > 0 implies 3 € Actions(t), (2) P(s,8,u) > 0 implies o € Actions(u), (3) for all
states w € St ), g P(s,a,t) - P(t, B,w) =3 s P(s, B,u) - P(u, o, w).

Here, to avoid confusion, we say that actions « and § complying such condition are weakly
independent.

Intuitively, if 5 € ample(s), suppose that an action « occurs before [ in some path o. Then,
if @ and (8 are weakly independent, it means that the probabilistic behaviour is not modified if
we exchange the order of o and 3. However, if these actions are weakly independent but not
independent, o may give information to the atom B that outputs §, and so it may be the case
that B does not execute 3 in another path starting from s. In this case, 3 cannot be moved right
after s. So, we must prevent B to choose another action 3. This is the fact that motivates A5 in
in [1, 10].

Let A3’ be the restriction A3 substituting “weakly dependent” for “dependent” (so, A1, A2, A3’ A4
are the same restrictions as in [1, 10]). For a given s, if there exists a path s L, lsn_H,
where some of the «a; is not independent of ample(s) and ~ is probabilistic (note that, by A3/,
they are required to be weakly independent), in this case we must require the same restrictions as
in [1, 10]. Otherwise, we can require the restrictions in Theorem 2 or Theorem 3 (according, of
course, to the class of schedulers under consideration).

So, this criterion allows more reductions than the ones in [1, 10].

5.6 The need for A5 under distributed schedulers

The introductory example of Fig. 1 clearly shows that A5 is unnecesarily strong if we only want to
preserve the probabilities of properties under the class of distributed schedulers. In the following,
we discuss the need of A5’ for POR under distributed schedulers.

initr initap
1/2 1/2 init 5 initpg
h! t!
a! b!
c! c!
T A B

Figure 7: Distributed schedulers vs strongly distributed schedulers.

Consider atoms T, A, B and R in Fig. 7. Intuitively, atom R “remembers”, the order in which
a! and b! were executed. We aim to maximize the probability to reach a state in which either T’
and R are both in a circle, or T" and R are both in a square (in the following, we say that they
reach “an agreement”). That is, we would like to know the maximum probability that R guesses
the outcome in T by only inspecting atoms A and B.

Notice that it is possible to find a distributed scheduler such that the composed system reaches
an agreement with probability 1. Such scheduler lets T execute first and then selects atom A or
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B according the outcome of T'. This is the same situation that motivated the introduction of
strongly distributed schedulers (see explanation of Fig. 3) since atom 7' is completely independent
of all other components.

Condition A5’ only admits two possible ample sets at the initial state: (1) the set of all actions

enabled at initial state, and (2) the singleton containing action (3 2, +3 i>) of T'. Both of them
yield maximum probability of 1 in the reduced system since they contain the scheduler described
above.

Of course, this maximum probability value is still unrealistic if we we consider strongly dis-
tributed schedulers. Notice that the proposed scheduler, though distributed, it is not strongly
distributed. So a POR under the class of strongly distributed schedulers may allow to cut away
such beheviour. Therefore, it drops A5’ and allows also the ample set {a, b} at the initial state.
Notice that this choice is not possible under A5’ since a and b are generated by two different
atoms (and besides they are not independent). A possible reduction with the choice of this ample
set is depicted in Fig. 7. Precisely this reduction yields a maximum probability of % of reaching
an agreement.

6 Experimental results

6.1 Dining philosophers

We translated the dining philosophers model in [3] to the PRISM language. We used a program in
order to obtain a model for N philosophers given a single philosopher. Another program generates
a reduced version. The reduced version is obtained by adding extra conditions to the guards. Such
conditions allow only the actions in the ample set. The calculation of the ample sets is not done
by the program, since the program simply add the conditions according to ample sets we deduced.

An example of the deductions we used to discover ample sets is the following: suppose that the
philosophers are A - - - Ay, and suppose this is the order in which they are arranged (that is: Aj is
at the left of As, As is at left of A3 and Ay is at the left of Ay). Suppose that philosopher A; has
its left fork and philosopher A; has its right fork, with ¢ < j. The only actions of the philosophers
in the set {A;---A;,_1A; 11 Ax} that are dependent on the actions of the philosophers in the set
{A;---A;} are the actions in which A;_; or A, takes or leaves its right fork (in the case of
A;_1) or its left fork (in the case of A;.1). However, since these forks are being held by A; and
A;, these actions cannot be executed, and so the set {A;--- A;} complies with restriction A3.

The ample described above can be used in several states. Note that this ample set is not
possible using the current techniques, since, given that A5 is hard to calculate, the ample sets
have either a single action or all the actions when reduced according to [1, 10] (see [2]).

In cs.famaf.unc.edu.ar/~sgiro/diningPhil.tar.gz the following files are available:

e preprocBaier: program to generate the full model. It takes as arguments the name of the
model for a single philosopher and the amount of philosophers

e preprocRedBaier: program to generate the reduced model. It takes the same arguments as
preprocBaier

e philModelBaier.nm: model for a single philosopher

e stopGenEnsure.ml: program used by preprocBaier and preprocRedBaier. It must be
compiled using ocamlc

6.2 Anonymous fair service

A server must serve two clients in a fair fashion regardless of the rates at which they ask for service.
In addition, the clients cannot be identified, so the server cannot simply count how much times
it has served each of the clients. The protocol to solve the problem is the following: the server
keeps track of the order in which requests were received. At most two requests may be pending,
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since we assume that clients cannot perform requests while waiting 2. So, once two requests were
received, a coin is tossed in order to decide which of the requests is replied: in case the coin lands
heads, the first request is replied. Otherwise, the server replies the second request. Then, the coin
is tossed again.

A model is available at cs.famaf.unc.edu.ar/~sgiro/fair_server.tar.gz. The file also
contains a reduced model fair_server_red.nm. The command prism filename fair_server.pctl
can be used to check the probabilities p,,.
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