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1 INTRODUCTION

Robust inference techniques appear in a diversity of contexts and applications, though the terms “robust” and “ro-
bustness” are quite freely used in the image processing and computer vision literature, not necessarily with the usual
statistical meaning.

The median and similar order-based filters are basic tools in image processing (Aysal and Barner (2006); Huang and
Lee (2006); Palenichka et al. (2000), (1998)), and in some cases particular attention has been devoted to obtain the
distribution of those estimators (Steland (2005)). Frery et al. (1997) derived a family of robust estimators for a class
of low signal-to-noise ratio images, while Vallejos and Mardesic (2004) proposed the robust estimation of structural
parameters for their restoration.

Other resistant approaches have proved being successfull in image restoration (see, for instance, Ben Hamza and
Krim (2001); Chu et al. (1998); Koivunen (1995); Marroquin et al. (1998); Rabie (2005); Tarel et al. (2002);
Voloshynovskiy et al. (2000); Zervakis and Kwon (1992)). A common challenge in these applications is that the
number of observations is reduced to a few, typically less than a hundred points.

When it comes to image analysis, many robust techniques have been proposed. In this case, the sample size is
usually larger than the one available in filters and, frequently, structure and topology do not impose heavy requirements
or constraints. In some cases, strong hypothesis are made on the laws governing the observed process (Allende and
Pizarro (2003); Brunelli and Messelodi (1995); Bustos et al. (2002); Butler (1998); Dryden et al. (2002); Van de Weijer
and Van den Boomgaard (2005)); other approaches can be seen in the works by Bouzouba and Radouane (2000);
Brandle et al. (2003); Nirel et al. (1998); Sim et al. (2004); Tohka et al. (2004); Xu (2005) and Zervakis et al. (1995).

High-level image analysis, or vision, also benefits from the use of robust estimation techniques, as can be seen in
Black and Rangarajan (1996), Black et al. (1997), Chen et al. (2003), Comport et al. (2006), Glendinning (1999),
Gottardo et al. (2006), Hasler et al. (2003), Kim and Han (2006), Li et al. (1998), Meer et al. (1991), Mirza and
Boyer (1993), Prastawa et al. (2004), Roth (2006), Singh et al. (2004), Stewart (1999), Torr and Zisserman (2000)
and Wang and Suter (2004a,b).

In a wide variety of situations such as image analysis, remote sensing and agricultural field trials, observations are
obtained on two-dimensional lattices or grids. A class of two-dimensional autoregressive processes has been suggested
(Whittle (1954)) as a source of models for the spatial correlation in such data (Tjostheim (1978)). These models are
natural extensions of the autoregressive processes used in time series analysis (Basu and Reinsel (1993)).

Most robust techniques developed for parametric models in time series have been implemented for spatial parametric
models when the process has been contaminated with innovation or additive outliers (Kashyap and Eom (1988)). Since
a single outlier can produce bias and a large variance in the estimators, most of those proposals aim at providing
estimators that are more resistant to the presence of contamination.

There are at least three classes of robust estimators that have been studied in this context, namely, the M, GM and
RA estimators. Kashyap and Eom (1988) introduced M estimators for two-dimensional autoregressive models, and a
recursive image restoration algorithm was implemented using a robust M estimators. Allende et al. (1998) studied
the implementation of Generalized M (GM) estimators for the same class of models. The image restoration algorithm
previously developed by Kashyap and Eom (1988) was generalized by Allende et al. (2001).

Robust Residual Autocovariance (RA) estimators were introduced by Bustos and Yohai (1986) in the context of
time series. They are based on “cleaning” the residuals by the application of a robustifying ¢ function in the recursive
estimation procedure. Ojeda (1999) studied the extension of the RA estimators for spatial unilateral autoregressive
models. The computational implications of that extension have been studied by Ojeda et al. (2002) and Vallejos et
al. (2006). Monte Carlo simulation studies show that the performance of the RA estimators is better than the M
estimators and slightly better than the GM estimators when the model has been contaminated with additive outliers.

Although the performance of the M and GM estimators is reasonable under innovation outliers, the asymptotic
properties are still open problems.

In this paper we study the asymptotic behavior of the RA estimators for unilateral autoregressive spatial processes,
generalizing the results for one-dimensional time series asymptotic behavior established by Bustos et al. (1984). We
give precise conditions for the consistency and asymptotic normality of the RA estimators.

The paper is organized as follows. In Section 2, the model and some preliminary notation are established. In
Section 3 the RA estimators of a two-dimensional autoregressive process is introduced. Section 4 establishes the
Strong Consistency of the RA estimators, while Section 5 proves its Asymptotic Normality. The proofs of the results
are organized in two subsections of the Appendix (Section 6). The paper concludes in Section 7 with some final remarks
and directions for future work.



2 AR-2D MODELS

Throughout this paper we assume that the random variables are defined on the same probability space (2, F, P).
If m = (mqy,me) and k = (ky, k2)' € Z2, we write m < k if m; < k; for i = 1,2. Let

Iy={meZ*: 0<mand m#0=(0,0)},
and let
T= {lla cee 7iL} = {(t1,15t1,2)/7 ceey (tL,lvtL,Q)/} C 107

be a finite and not empty set.
Consider ¢ = (g1, - --,doz) € RY such that

1
o {Jonl} < 1. o

1<p

and let Py be a polynomial defined over C? as follows

L
Py, (z,w) =1 — Zgbopztp’lwtﬂ. (2)
p=1

For each m € Z? let X,, : Q — R be a random variable such that X = (Xm)mEZQ is a AR(Pg,,€) process; that is,
for each w €  and m € Z?, X,, satisfies

L
Xm(w) =H + Z ¢0pXm—§p (w) + 5&(“)’ (3)

p=1

where € = (em) is a white noise, i.e., the components of € are independent and identically distributed random

meZ?
variables with common distribution function F. (not necessarily Gaussian), zero mean and finite variance o2 > 0.
Whenever possible we will drop the argument w.

The following condition is required:

Assumption 1. The distribution function of the errors, F., is absolutely continuous with density f..

Our interest is the estimation of the coefficients ¢, from the observed values of )~(, so we assume in this paper that
1 and o are known and without loss of generality we take p = 0. If the position p and the scale o. are unknown they
can be estimated using (possibly robust) estimators.

Example 1. In practice, typical values for L are 1, 2 or at most 3. The following case has been frequently found in
recent applications (see Ojeda et al. (2002)): consider T = {(1,0)’,(1,1)",(0,1)'} and set t; = (1,0)', t, = (1,1)" and
ts = (0,1)". So, the polynomial in (2) is given by
Py (z,w0) =1 — ¢g12 — dpo2w — gpzw.
Hence, the model is described by
X(m,1,'rn2)/ = ¢01X(m1—1,m2)’ + ¢02X(m1—1,m2—1)/ + ¢03X(m1,m2—1)/ + E(my,ma) -

We will now show an important characterization of X. Assuming that X, € L*(Q,F, P) with

||Xm||iz = Variance of X,,, = %,
E(X,,) = 0,

(see Guyon (1993), Chapter 1) , we have that, for each m, X,, can be expressed as a series of terms of (6ﬂ)n ¢z in the
L?(Q,F, P) space.



Indeed, for each w € ) and m € Z2, after one iteration in (3), X,,(w) can be written as

L
Xm(w) = Z ¢0k1meL€l (W) + em(w)

ki1=1

L L
Z ¢0k1 Z ¢0k2 metkl 75‘2 (w> + gmfﬁkl + Eﬂ(w)

ki=1 ko=1

L L
> Dok, Dok, Xm—t,, —t,, (@) + > Pok, Em—t,,, + Em(W);

k1,ko=1 k=1
now, if we iterate twice we have
L
Xm(w) = E Doty Poks Pokg Xty —ty, 1, (W) +
k1,k2,k3=1

L L
Z ¢0k‘1 ¢0k‘2€ﬂ_§kl _ﬁkz + Z ¢0k1 6ﬂ_§kl + 6ﬂ(w)

k1 ko=1 k=1
So, after h — 1 > 2 iterations, we arrive to the following expression:
h—1
Xm(w) = Z Ih,;(%)Xm,s(h}g)(w) + Z Z Ij,ﬂ((z)O)Emfs(j’E)(w) +em(w),
kel J=1 keLi

where L = {1,2,..., L}, for eachjGNandE:(kl,...,kj)’e]Lj

J
8(],1{) = Ztki’
i=1

and [, £: © — R is the function defined on

/ 1
0 ={6 =100 € B swp [, <1 ). (@)

1<p

such that
I, (@) = by, .. 4,V € ©.

Considering that

L h
Z IIL,E(d)O)Xm—s(h,ﬁ) S Z ‘Ih,ﬁ(d)O)‘ 0Xx =0X (Z |¢0p|> ’
p=1

keLh 2 keLh
h
and that, by (1), limp_ o (Eﬁ:l ‘(bOpD = 0, the following proposition is valid.
Proposition 1. For all m € Z? holds that
o0
Xm =em+ 3 D L(P0)em iy (5)
J=lkeLs

where the series converges in the L?(Q,F, P) space.

3 ESTIMATORS OF POLYNOMIAL COEFFICIENTS ¢,

In order to define the estimators of ¢, we need to introduce some general notation. Let H: © — RL be a differentiable

function and, for each 1 < p < L, let H,: © — R be its p-th component; that is, H,(¢) = (H(qb))p. Denote the



derivative of H by DH and, for each 1 < p,q < L, let D,(H,)(¢) be the partial derivative with respect to the ¢g-th
component of the function Hy, evaluated at ¢. Similarly, if h: © — R is a differentiable function, Dy(h)(¢) and Vh(¢p)
denote the partial derivative with respect to the g-th component and the gradient of h evaluated at ¢, respectively.

Let X be the set of all possible realizations of the random variables X,,,, m € Io. Since for all m € Z?, E(X,,) = 0,
and for convenience (it will be clear in the notation introduced below) we assume in this section that

Xm(w)=0if m ¢ Iy, for all w € Q. (6)

For each m € Z?, let ry,,: © x © — R be a function defined as follows:

rm(w, §) = Z¢th

Then, by (3) and (6), for every ¢ €O, the residual with respect to ¢, r, (@), is
rm(®0) = em if (m—t) €l V1<p<L,
rw(@) = 0, ifmé k. (7)
For each positive integer M let us define the square window of M order as
Wy ={m € Iy : m < (M, M)},

and

X = (X)) mewns s

denotes the observed process in Wj,.

Remark 1. We assume that M is large enough to have a well defined estimation problem; for example, consider
M > My=inf{M': T C Wy }.

Now we introduce the classical definition of least squares estimator as follows:

Definition 1. The least squares estimator of ¢, based on iM, with domain Qup C Q s defined as the function
dar: Qar — O such that

Y (ruldu @) € Y (rm.9)’,

meWy meWn
for allw € (AZM and ¢ € ©.

Considering that, for each w € Qu and m € Z2 the function ¢ 71y, (w, @) is continuously differentiable, then a& M

satisfies R R
> (e @ar @) - 7 (rileor by (@) = 0,

meWn

for all w € Qu. Equivalently, by (7),

meWnm

foralll<p<Landwe Qs But, by Proposition 1, (6) and (7),

M—-1

Xm—ip(w) = Tm— i, w ¢O Z Z ip_s(j,ﬂ)(wa(ﬁo)a

j=1 ke[LJ

for all w € Q) M- Replacing this expression in (8), the following equality holds:

M—
> v (@ Bar @) rane, () + Z R (G0, bar (@), @ ®0) p =0, (9)

meWn J=1 KeLi



foralll<p< Landw € Q M- Now, replacing the parameter by its estimator in (9) we have the following definition:

Definition 2. The least squares estimator of ¢, based on the covariance of the residuals corresponding to the obser-
vations Xy, with domain Qyrg v C §2 is defined as the function qﬁQ’M: Qprrg,m — © such that

Z (Xm,M (% %,M (@))p =0,

meWn

Jorall1 <p <L and w € Qpq,m, where x,, y: 2 X O — RE is given by

(XQ,N(wv ¢))p = Tﬂ(w’ ¢)-Tﬁ—§p (wa ¢)+

N-1
Z Z Ij7ﬂ(¢)rﬂ(w7¢)'7‘ﬂ,§pfs(j)§)(w, d))7

J=1 keLi
1<N,weW,neZ?, ¢cO®andl <p<L.

Remark 2. If we assume that X = (Xm)m622 is a AR(Pg,,€) Gaussian process, then the asymptotic properties of
this estimator can be derived from more general results as in Guyon (1993), Chapter 3.

It is a well known fact that least squares estimator based on the covariances are not robust. Hence, the idea is to
make them robust using adequate continuous and bounded score functions.

Definition 3. The RA estimator of ¢, based on the observations iM with domain Qra nm C § is defined as the

~RA
function ¢y 2 Qram — O, such that

0= 3 (xhule by @) .

meWn

foralll <p <L andw € Qra n, where XZ,N: 0 x © — RE is given by

(ant ) = n(rmee)rn, @)+
N—-1

S 1@ (a0, ()
1 keLi

j=
and
Tz(w’ (b) = Tﬂ(w7¢)/057
1<N, weQneZ’,¢e0 1<p<Landn:R* =R is a score function.

Score functions can be chosen from several families or types (see Bustos and Yohai (1986)). The Mallows type score
functions are defined as 7,,(u,v) = ¥, (u)4(v), while the Hampel type is 75 (u, v) = ¥ (uwv), where the ¢ functions are
continuous and odd, and they may be chosen, for example, from the Huber family:

Y1 () = sgn(u) - min(|ul , k),
where sgn(u) is the sign function and k is a constant; or in a redescending familiy, for example the bisquare family
defined by
U
wB,k(u) =k-¢Yp (%) )

where k is a constant and

2
. u(l—uQ) , 0<ul<1
Vo) _{ 0, u| > 1.

Note that if n(u,v) = uv then the RA estimator defined above coincides with the previously defined least squares
estimator of ¢, based on the covariance of the residuals.



Continuation of Example 1. Let © = {(¢;, ¢4, ¢3)" € R : SUP; < <3 {|¢p}} < 1/3}. The RA estimator of ¢,
RA  ~RA ~RA ~R
based on the observations X, is the random vector ¢M = (Apr.15 Par2s Par3)’ € ©, such that

0 = 3 0 (ra@u )iy, @) +
meWy
Z %ZJ:XH: (ARA) (Aﬁ;) (aﬁﬁi)u ( Tm ((/}SJ\R/IA) 7Tm t,—(v+j—u,u—v)’ (&ZA>) )

meW j=1 u=0v=0

for all p=1,2,3.

4 CONSISTENCY OF RA ESTIMATORS

In order to study the asymptotic behavior of RA estimator we will introduce some changes in the previous definitions.
First, we eliminate the condition (6) and we assume that the process X is observed in Z2. Now we redefine the residuals
as follows

Definition 4. For all m € Z?, the residual with respect to ¢ is the function Ry: Q x © — R defined as

with w € Q and ¢ € O.
Note that Ry, (¢) is 5, (¢) as given in Definition 3 when (m — ﬁp) €lpforalll <p<L. Also
R, (@) = em/0e, for all m. (10)

Definition 5. The RA estimator of ¢, based on the observations (Xom)m<(n,ary with domain Qp 4 3 C Q is defined

~RA
as the function ¢y @ Qg4 5 — ©, such that
~RA
Z L0 v(w ¢y (@) =0, (11)
mEWM

for allw € Qpy 3y, and T} v QA X O — RE s given by

(P v ®) =0 (Ra(w.0)Ramt, (@.0)) + NZ Z ) 0 (Fulw. 9).By , i@ ®)).
J=1 keLi

where ) is a score function, 1l < N<oo,n€Z?, weQ ,peO andl1 <p< L.

Remark 3.

(a) For N = oo the convergence of the series involved in the definition of I’} o is granted because of the definition of © and
the assumptions about the n function that we describe below.

(b) As we mention before, when oe is unknown, the computation of Rm(¢,) can be done by plugging in (10) a robust estimator
of the scale of F.

Let us consider the following assumptions about #:

Assumption 2.



(i) n: R? — R is a continuously differentiable function satisfying

n(0,v) 0,
n(u,0) = 0,
In(u,v)] < Ky,

for some constant K, < oo and for all (u,v) € R%.

(i) Let ny (u,v) = Din (u,v) and 0y (u,v) = Dan (u,v) the partial derivatives of n with respect to the first and second
components respectively. One of the two following conditions is satisfied:

(a) There are constants K1, Ko such that

‘771 (U, U)| < K17
na (u,0)] < K,
for all (u,v) in R2.
(b) There ezists a constant 0 < K3 < 00, such that
Im (w,0)] < Kzl
s (u,0)] < Kslul.

(iii)

E <77 (5’“"5’”)) —0ifm#m,
O O¢

where e, and €y, are independent random variables with distribution F.

(iv)

E (771 <€m5m> 5m’> #0 if m #m/,

O¢ O¢

where €, and €,y are independent random variables with distribution Fr.

Now, we state the main result of this section:

Theorem 1 (Existence and Consistency of the RA Estimator). Given My < oo, there exists Q' C Q with P(Q") =1
such that

Q" c Q" ={weQ: there exists N > My such that

~RA 1 ~
M>N =13 w) € O with ———— 7 (w,
¢M ( ) #(WM) Z m,]\/f( ¢

RA . ~RA
v W) =0, and N}linoo oy (W) = ¢0}~
meWn

The proof of this Theorem is given in the Subsection 6.1 of the Appendix.

5 ASYMPTOTIC NORMALITY OF RA ESTIMATORS

We will prove in the appendix that the covariance matrix of X say ¥ (Xr), is a positive definite matrix. More precisely,
¥ (Xr) is given by ¥ (X7) = 021 () (see Lemma 1 in Subsection 6.1) where I (¢,) is defined as follows.
Let

T-T={t—s:tand sinT}, (12)
and, for each v € T — T, let
(T-7), ) = {(;K):j>1keli and s(j,k) = v},
(T -T),@) = {(j,E,l,fl):j,lz1,E€}Lj,l~1€ILlands(j,ﬂ)fs(l,’ﬁ):g}.



Note that
v lo= (T'=T), (v)=0. (13)

So, I (¢py) is the L x L matrix given by
Loo(o)pp = 1 + > I 5(60) 1, 5 (o), (14)
(jk,L,h)€(T—T),(0)
forall 1 <p <L, and
Lo, = Y L+ Y Lo+ (15)
(G K)E(T=T), (t,—1,) GRE(T=T),(t,—t,)

Z ijﬂ(¢0)Il,ﬁ(¢O)7

(jvivlvﬁ) G(TfT)Q (Ep 72{1)

forallp#q,1<p,qg<L.
Now, in addition to the conditions given in Assumption 2 we need to introduce the following restriction on the

score function.
e ¢ e ¢&" e ¢ e’ €
p((n) o (55) =2 (50 () o
Os O O O Oz O¢ O¢ O¢

where €, € and " are independent random variables with distribution function F.

Assumption 3.

We now state the asymptotic distribution of the RA estimator.

~RA
Theorem 2 (Asymptotic Normality of the RA Estimator). Let (d)M ) be a sequence of random variables in ©

M>M,
such that
1 ~RA P
%% B r’ — 0, as M — oo, 16
m M

and

~RA p

O — ¢y as M — oc.
Then

V #(WM) (E)ZA - d)O) R)N (070?4) , as M — 00,

where the asymptotic variance is given by

with €, € are independent random variables with distribution function F.
The proof of Theorem 2 is given in the Subsection 6.2 of the Appendix.

Remark 4. Theorem 2 gives the asymptotic distribution of the least squares estimator of ¢, based on the covariance
of the residuals (LS estimator) when n(u,v) = uv. Hence, the efficiency of the RA estimator with respect to the LS
estimator is given by

1
o (0 )
o (2 )

So, as discussed by in Bustos and Yohai (1986), the constants involved in the definition of the n function can be tuned.

10



6 APPENDIX: PROOFS

In order to simplify the presentation we introduce some additional notation and considerations. Let

1 ,
G , (w?¢) = I‘;iz (w,qb),
e #(WM) mEZWM e
gv(@) = E(Ily(9)). (17)
Fuw¢) = Guuw ),
f(¢) = g(9),

where 1 < N < 00, My < M < oo,w € 2 and ¢ € ©. Note that from (10), and (i) and (iii) of Assumption 2, it follows
that

f(¢hy) = 0. (18)

Since 7 is continuously differentiable, for each w € Q the function ¢ — Fj;(w, ¢) is continuously differentiable on O,
for every M.
Let §o > 0 such that A = {¢ €0: |p—¢py| < do} C O; hence by (4), we have that

bsup{L sup || : ¢€A}<1. (19)
1<p<L
Remark 5. Let ¢ € A. Then

Z Z Li(@)| < ij'
j=0

J=0keLs

o0 oo o0 ] (o9} j 3
n fact, |52 Sgers [(9)] € 5% Liers [L(0)] = 520 (Shi [6,]) < X520 67, Consider also 0 < 6y <
(50, and letC:B’(51)={¢)€RL: |¢)—¢0| §51}

6.1 Proof of the Consistency of the RA estimator

The following lemmas and propositions are necessary to prove Theorem 1. This proof is given at the end of this
subsection.

Lemma 1. Let Io(¢y) be as in (14) and (15) and let X2 (X1) be the covariance matriz of Xp = (Xq,, ... ,Xh)/. Then
¥ (Xr) is positive definite and
b (XT) = O'gloo((bo)'

Let us prove that the covariance matrix is positive definite. Note first that, since E(Xép) =0,foralll1 <p< L,
then

2 (Xr) = [B(Xe, Xe )] o) yer

As ¥ (Xr) is non negative definite, by contradiction we suppose that 3 (Xr) is not positive definite. Then there exists
a vector a = (ay,...,ar) # (0,...0) such that

L L 2
0=a%(Xp)a = > a,a,B(Xy X; ) =YY (apX; ;00X ), = || apXy
p=1q=1 p=1qg=1 p=1 L2
Hence
L
> apX =0, (20)
p=1

in L?. Without loss of generality we may assume that the set T'= {¢,,...,t; } satisfies

{tp,lth,l 1<p<q<L

tp.,2 > tq,g if tp,l = tq,la 1<p<q< L. (21)

11



Considering that a is different from the null vector and (20) then there exists
1<p1<---<p, <L, 2<r<L, (22)

such that
ap, #0, foralli=1,...,7 (23)

For every U C L*(Q, F, P) we denote with H(U) the closed vector subspace of L?(Q, F, P) generated by U. So, using
Proposition 1, we have that

X, e H ({5m} U {amis(j’ﬂ) 1) > 1,E S ]Lj}> , for all m € Z2.

Then, by (20), (22) and (23) we conclude that

e, €H <{5t,,27 e ,Eim} U {5%5(]‘1) 1<i<rj>1lke ]Lj}> . (24)

Now, using (21), (22) and the definition of s(j, E), j>1, ke L7, we establish that

Eﬁpl ¢ ({Etpz7.-. ’gzpr} Y {Etp.s(jiﬂ) o1 < ‘ < T,j = 17E € LJ}) ’

Since € = (sm) , 1s a white noise, (24) is impossible. By this contradiction we conclude that the covariance matrix
I mel
is positive definite.
The equality ¥ (X7) = 021oo(¢p,) follows from a straightforward calculation.

Lemma 2. For each m € Z2, let Z,, be the random vector with values in REF given by
!/
Z = (X Xon—t, o Xmt, )

Let cg: A — R be a continuous function. For each j > 1 and kel let ¢k A — R be a continuous function.
Assume that

c0) There exists a sequence of positive real numbers, (b;) such that

Jj=07

oo

Z bj < 00,

=0
sup |eo (¢)] < by, and
PEA

sup

¢r(9)] <07 =1

Let W : REFL x REFL x A — R be a function satisfying the following assumptions:

w1) There exists Ky < oo such that for each (x,y) € REFTL x REFL

sup |W(X7y7¢)| < Kw ‘p (Xa Y)| ’
peEA

where p is the function p: RETY x RETY — R such that there exists a constant k satisfying
E(|p(Zm.Z,)[) < HXQHL2 ’ (25)
for allm, n € Z2.

w2) Given K C R 4 compact set and d > 0, there exists d' > 0 such that

¢ —¢"| <d ¢ and ¢" € A = [W(x,y,¢)-W(x,y,¢")| < d, for alx,y €K

12



Let n, € Z2. For each 1 < N integer and n € Z? let U, n: Q2 xA— R be given by

N—-1
Wy (@, 0) = 0 () W (Zn(), B, () 8) + D D0 ¢ (@)W (Zu(@)Zy 5 (@), 9)

J=1 keLJ

Then
1) (Yo,n(9)) -, converges uniformly on ¢ € A in L*(,F, P).
Let us denote the limit as

W o0 (@, @) = co (D) W (Zo(w), Zon, (W), D) + Y D ¢, (@)W (Zg(w)a Zy p,—s(iioW) d)) :

J=lkeLs

2) Writing

Z \Iijwd)

mEWM

TN (w, @) =

there exists a strictly increasing sequence (J(N))y such that for all N there exists Qn C Q with P (Qn) =1
satisfying

7

=z~

limsup sup |TM,M(UJ,¢)) —F (\119700 )| < lim sup sup |TM gy (W, @) — (\I]Q7J(N)(¢))| +
M — o0 peC M — o0 peC

ifw cQn.

3) For each N there exists Yy with P(Qy) = 1, satisfying limy oo SUP 4 ‘TM,N(w,QS) - F (\I/Q7N(¢)))| =04
we y.

4) There exists a subset Qg of Q with P(Q) = 1, such that

Z Ui 1 (w, @) = B (Yo,00(¢)) | =0

meWnr

Qo CweN: lim sup
M~>oo¢,ec

PROOF: The proof of 1) is an inmediate consequence of c0), wl) and (25). To prove 2), let J(N) be the minimum
positive integer such that for each N,

= 1
Ky .k. ||XQ||L2 - Z bj < ﬁ
J=J(N)
Then
(o)
Elswp > > e (¢)W(Z97 Zg—ul—s(j,ﬂw‘f’)‘
#e0 ;= =J(N) kel
<Kwosw >3 ez (@) B (|0 (Zo). 2y, @)])
PECj=I(N) keLs
< Kw .K. ||X0||L2 bup Z Z Cik ‘
Cj= J(N) keLi
< Kw.k. || Xo| . Z b
j=J(N)
1
< ON

13



Hence, for each w € Q and M > J(N),
sup | Tar,n (w, @) — E (Vo006 ()) |
PeC
< sup [T, g vy (w, @) — E (Yo, 5n) (@)
peC

* i | s 3 S [ W (207, i0@09)]

mewy \$€C J=J(N) keLi

up C. k 0, 0-—n,—s ,7~7
° Z Z‘ (Z Z (4,k) ¢)‘

eC .
PEC = J(N) keLi

By the ergodicity, there exists Qn C Q with P (Qx) = 1, such that if w € Qu, then

limsup ——— (WM) Z sup i Z ’ Cik (o) W (Zm(w)’zm—gl—s(j,ﬁ)(w)’¢)’

M—o0 # meWns ¢>€CJ J(N) kels
- Zlég S e @W (202, i ®))|
=J(N) keLJ

Thus, for each w € Qx we have that

1
li T Up ool <l T ) — E (¥ 2
E\anip 2161[5| v (w, @) — ( 0, )| l]\gljip ZUP ‘ M,J(N (w ®) ( QJ(N) )‘ + (QN)

Let us prove 3). Consider N > 1 and, for each ¢ € C, let Q% (¢p) with P (Q%(¢)) = 1, such that
Q% (¢) C {w € lim T n (w, @) — E (Po,n ()| = 0}~

Let n > 1. Since ‘p (ZQ7 Z is integrable for all ke L7,1 < j < N —1, there exists 0 < Ky < 00, such

that

Q*ﬂI*S(j,E))

1
~ sup (E( p(Zo,Zo-n,)|) E (1A(KN,n)c P(ZQ’ Zo—nl—s(j,ﬁ))m < oo (29
keLi, 1<j<N-1 - 6nKy (Zj:O bj)
where
A(KNJL):{oJEQ sup ‘Z | KN,W}7
sESN

SN:{Q,Q*ﬂl}U{Q*m*S(j,E):EG]Lj,lgjngl}.

Let ¢ € C. Considering that the functions ¢y and ¢ ke L7,1 < j < N — 1, are continuous and also c0), wl), w2),

3.k

14



the definition of A(Kn ,) and (26) we conclude that there exists a neighborhood, Vi ,, , of ¢ contained in A such that:

$*€CNVp

E( sup |\I'0,N(¢*)\IJ07N(¢)}>

*ECﬁVqs,n

+F sup Vo n (") 1a(ryye — Yo N (D)L aky.)e
P eCNVyg n

)

) B (W0 (@) Lagry -

<E <¢ sup o N (P ) aky.) — ‘I’O,N(¢)1A(KN,")|>
<

<E sup Vo n(d")a(rey,) — WO,N(d))lA(KN,n)‘)

*Ecﬂvqs’n

)

P*eCNVy n
S U S
6n  6n  6n 2n

+E< sup  [Wo N (") aky,)e

Now, for each w € Q,

sup  |Tan(w, @") — E (¥on(¢))]
¢)*ECQV¢,“

< Tun(w, ¢) — E (Yon(9)]

1
+ sup \Ilm,N(Wa qb*)_\Ilm,N(wa ¢)
#War) mgf:VM $*€CNVg 0 | |
+ sup B (Ton(97)) — B (Yon(e))]- (27)
d*eCNVgp n
Also,
* * * 1
sup | E (Yo (¢7)) — B (Yon(e)| < E < sup  |Wo,n(¢") — Yon (9 )|> <5 (28)
¢*eCNVy d*ECNVy p n
Because of the definition of Q% (¢), it follows that for all w € Q% (¢):
Jim (T v (w, @) = B (W, (9))| = 0. (29)

By ergodicity, there exists Qn (¢, n) C Q% (¢) with P (Qn(¢,n)) = 1 such that, if w € Qn (¢, n), then

1 1
lim su P, v(w,d") =T, n(w, =FE su Uy, ") — Wy, < —.
M=o | #(War) m;VM ¢*ec£v¢,n| w87 = (2, )] <¢*e0r?v¢,n| on(97) ON(¢)|> 2n
Hence, by (27), (28), (29) and (6.1),
limsup  sup  |Tan(w,@") — E (Yo n(¢%))] < =, (30)
M—oo ¢*eCNVy n

for all w € Qn (¢, n).

Since C' is a compact set, there exists a finite set {¢, ..., @, } contained in C such that

C= (O N qui,n) .

1

T

%

15



Thus, if we define Uy (n) = N;_; Qn(P;,n), then P(Qy(n)) = 1. By (30),

limsup sup |TM7N(w,d) )—F (\I/QJV((;& ))| < -, (31)
M—oo ¢*eC n
for all w € Q) (n). Setting Uy =, —; Xy (n), then P () = 1, and because of (31) we have that
lim sup [T n(w,¢") — E (¥o,n(¢"))] =0, (32)

M gprec
for all w € Q. The proof of 3) is completed. To prove 4), it is enough to set Qp = (\y>; (v N Q) .M
Next lemma recalls a well known result and useful result in robustness. B

Lemma 3 (The Zeros Lemma (Ruskin (1978)). Let U C R be an open set, Ao € U, for each n = 1,2,... let
qn: U — RF¥ and q: U — R¥ be continuously differentiable functions. Assume that

1) q(Ao) = 0.
2) Dqa(Xo) is not zero.

3) There exists v > 0 such that (qy), and (Dq,), converge uniformly to q and Dq respectively on B(Xo,v) =
{)\ € R*: SUPy << [Ai = Aoi] < 'y}.

Then, there exist ng > 1 and a sequence (An),s,, in B(Xo,7) such that (Ay),, converges to Ao and qn(A,) = 0,
for all n > nyg. B

Proposition 2. Let f be as in (17). Then f is continuously differentiable on A and satisfies
1) For each 1 < p,q < L and for each ¢ € A:

Dy ((£(8)),) = Alpg(@) + A2,4(0) + D " (43,407, k &) + A4y, (. K, &) + 45,4 k. )

=1 ke
where
Alyy(@) = =2 F (n (Ra(@).Ros, (@) X, )
2,,(8) = == F (n; (Rol9). B, (@) X1, 1)
43,k ®) = Dy (Lx(9)) B (n(Ro(@)1R_, ,50(@))
AR 8) =~ L@ (1 (Ra(@)R_y (@) X-r,)
05,0.5,8) =~ L@ (m: (R@WR_, (@) X, i)

2) Df(¢,) = —U%E (771 (0%,5—;) 5’) Io(¢y), where e and €' are independent random variables with distribution Fy,
and Df(¢p,) is not zero.

PROOF: First we will prove that
(gn)y converges uniformly to f on A. (33)
In fact, for any ¢ € A, 1 <p < L and N we have
(£6)), — (&n(@),| = 3 > LB (|n (Ro(@)R_, i5(@)]) <Ky D0/,
J=N keLi j=N

being b as in (19), this implies (33). Then, by a classical result in analysis, to prove 1) in Proposition 2, it is enough
to show that
(Dq ((gN(¢))p))N converges uniformly on A. (34)

16



Notice that for each ¢ € A
N—
Dy ((8n(9)),) = Alpa(®) + A2,.4(¢ Z Z (435,07, K, @) + ALy (. K, 8) + 45,4(5, K. 6))
J=1 kelLi

To prove (34), it is enough to show that for each d > 0, there exists a positive integer N such that for all positive
integer n

sup [ Dy ((gvn(6)),) = D ((3(@)), )| < (35)
Now, B
‘A?’pyq(jvk, ¢)‘ = Kn Dq (Iji((ﬁ))‘ .
Then
> |43,k 0)] < £, 37 Dy (5,(9))] (36)
kelj kclLi
Since
I h
> Luk(@) = (Z %) ! (37)
kelLh p=1
we have that
L J L It
> D (L@) =Dy | [ X0 | | =3 | X o
keLi p'=1 p'=1
Then, by (36), it follows that
j—1
> 48,00,k 9)| < Ky ( ) < Kyj () (38)
kelLi

Assume that (a) of Assumption 2-(ii) holds. Then

44,47, k,0)] < Ui L5(0) K0 B (%))

Z ‘A5P’Q(jaﬁ7¢)‘ 7K2E ‘XO Z |¢ | )
kel
for all j.
Thus, for each N, n positive integers and ¢ € A we have

D, (v 4n(9)),) = Dy (&3 (@), )]

= Nf:n > (’A?’P»q(j’ﬁ’ ‘75)’ + ’A4p,q(j, k, ¢)’ + ‘A5p7q(ja k, ¢)D
j=N Ee[{_,j
N+n

, 1 1 .
< Z ( n-d (0 1+J€K1E(IX0D”’+UEK2E(|X0|)5]>-

Hence (35) is satisfied. Now, let us consider (b) of Assumption 2-(ii) instead of (a). By the Cauchy- Schwartz inequality

44,5 9)| < 22 |1, 5(9) S 1oy B (|%[).
€ =1

17



Hence

N+n K ) N+n L g+l
.~ 3
Z Z ’A4p,q(3aka ¢)’ < ?E (\XQ| ) Z Z Wp’ ’
J=N keli € j=N \p'=1
for all N.
Similarly, considering (b) of Assumption 2-(ii) instead of (a) of that assumption:
N+n K 9 N+n L A
.~ 3
Z Z ’A5p,q(3aka Qb)‘ < UiE (}XQ‘ ) Z Z ‘¢p’ ’
€

J=N keLi j=N \p'=1
for all N. Thus, using (38), (39) and (40), we have that

N4+n

< Z]:V <Knj (b)Y + 2%]5 (|XQ;2) bj> .

j=

1D, ((&xn(@)),) — D ((en(9)),)

Hence the proof of (35) is completed. This finishes the proof of 1) in Proposition 2.
Now, let us prove 2) in Proposition 2.

2
-
S
=Y
ol
s
()
=
<
N———

Alpq(Pg) = *iE (771 (R

- ‘JLE g (59’5*%) e, T D Lo, i

=y
Then
A1,4(90) b (55)9) =g
1p7q N — ,6 5 5 ' ,
~5: B (771 (7?> 8/) 2 Be-1), 1,1, LiE(®0) HpFq

where ¢ and ¢’ are independent random variables with distribution Fy.
1
A42,(90) =~ (na (Rol0). R, (#0)) X4, )

1

= S E(m (69’5—%) etymt, T D Lo, iy | | =0

J=1lkeLi

Now

A3y (4, E» ¢0) = D (Ij,ﬁ(¢0)) E <77 (RQ(¢O)3R_£p_s(j7E)(¢0))>

g0 S—t,—s(ik)
Dq (Ij,ﬁ(%)) E (77 (%’%)) =0,

by Assumption 2-(iii). Consider now
. 1
A5y ko) = L (@0)E (m2 (Ro(bo)-B_y _i0(90)) X, i)

1 gg -t,~s(i.k)
= _Elj,ﬂ(ﬁbo)E (772 (cr’ag) tis(j,ﬂ)tq> :

g

Now, since ¢, # 0 and (5) we have that g, €t —s(i ) and Xfipfs(j,ﬁ)fzq are independent. Then, since F (Xi,ﬁs(j,

0, it follows that B
Adp.q(J, K, ) = 0.

18
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Finally,

~ 1
Ay (il b) = =L (@0) B (m (Ro(do).B_, i (@0)) X, )
1 go —t,~s(j.k)
= _;I],E(QSO)E (771 (0_270_6]> ) +;}§E jak7l7h )
e 1

where ) c _
LT €0 “—t,—s(i.k)
F(]7kal7h) = _;Ij7ﬂ(¢0)ll7}~1(¢0)E (771 <5 ) 8tqs(l7ﬂ)) :
13

O¢ O¢

Now, if ¢, — s(J, K) # —t, — s(1,h), then

Therefore

o0 . 1 /
DD Mk g) =B (771 (jj) ) Agx (45)

J=1keLs

where ¢ and &’ are independent random variables with distribution F, and

ALy = Z Ij,E(¢0) + Z Ij,ﬂ((ﬁo)fl,ﬁ((ﬁo)

(GK)ET-T),(t,~t,) Gk, Lh)E(T—T),(t,—t,)

By (41), (42), (43), (44), (45) and by the definition of I, (¢y) it follows that

Df(¢o) = —E (m (;j) a’) Lo(o),

where ¢ and &’ are independent random variables with distribution Fy.
Now, by the Lemmas 1 and Assumption 2-(iv), Df(¢,), with the exception of a non zero constant, is equal to the
covariance matrix of (X,,)mer and, hence, it is invertible. This finishes the proof of the Proposition 2. l

Proposition 3. There exists a subset Qo of Q with P(y) = 1, such that

Qo Cwe: lim sup |Fpy(w, @) —f(p)| =0 and hm sup |DF ps(w, @) — Df(¢p)| =0 » .
M—>oo¢,ec —>oo¢,ec

PROOF: It is divided into two stages, a) and b).
a) There exists a subset Qg1 of Q with P(Q1) = 1, such that

Qo1 C {w €Q: lim sup|Fy(w,¢)—f(d)| = 0}.

M—oo ¢peC

For all 1 < p < L, it is enough to apply Lemma 2 under the following setup
(@) =1, ¢;5(d) =13 (),

foralljZl,KeLjand(ﬁeA.

Wx,y, ¢) =

b
O¢ O¢

L L
) ( R DAY WIS e ¢y>
b

p(x,y) L, (47)
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(¢1a .. .7¢L)/'

n, :ﬁp-

with z = (xl,...,:vLH)/, y=(y1,... ,yLH)/ and ¢ =

b) There exists a subset Qgz of Q with P(Qg2) = 1, such that

lim sup |DF y (w, ¢)

Qo CLweN:
M~>00¢€C

For all 1 < p,q < L, the following notation will be used

1

@hW¢MW:=—;m(Mw@ Ry 1, (@, ) Xo

(0200 8)),, = o (Ralie, ) R, (0.9) Xa
3p k(W @ >p7q = Dy (Ij,ﬁ(¢)) n (Rﬂ(w7¢)7R
mkw¢hﬂ==—ihﬂ®m@%w¢)ntﬂ

(5. 9) = =L@, (Rulwr 6LR,

where w € Q, n € Z2, j is a positive integer ke L7, ¢ € A. Then

75

Finally, set

(48)

—wwwnzo}

1, (W),

—t,—t, (w),

t —s(j,k) (wv ¢)> )

(@, 8)) Xn-r, (@),
(w d))) n—t,—s(j.k)—t (w),

-q

1 1
D ]D)F = m ) 3
o (DF 3w, 9),) #(WM)MEV;M (alp(w. ), + #(Wmm;m (2w, 8))

+ ! Mz_:l Z (a3 ,~(w,¢)) + - bS! (a4 .~(w,¢))

#(War) e m,j.k v #(War) T m,jk -
1 M-1
5~ (w,
+ #(W) S = = (a e (@ ¢))M

Thus, to prove b) it is enough to show the following five statements:

bl) There exists a subset Qg of Q with P(Qg) = 1, such that for all 1 < p,q < L, Q¢ is contained in G, where

G=we:

p7q(¢) =0

lim sup
M —o0 peC

1
v 2 (@

meWn

m(w, ¢))p’q — Al

b2) There exists a subset Qg of Q with P(Qy) = 1, such that for each s, ¢ € T, Qg is contained in H, where

H= D),

weN:

p7q(¢) =0

lim sup
M—o0 peC

1
#(Wr) Z (42w

meWn

b3) There exists a subset Q4 of Q with P(24) = 1, such that for each s, t € T, Q4 is included in A, where

Y Y Y (e9) Y AR -

mEWM J=1 keLi J=1kelLi

A=<qwe:

lim sup
M —oco PeC
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b4) There exists a subset Qp of Q with P(Qp) = 1, such that for each s, t € T, Qp is included in B, where

B=qweQ: lim sup
]\4~>oo¢ec

B 5 35 D (TR, B ) pETIRIA¥3

mEWM J=1 KeLi ’ J=1KkeLi

b5) There exists a subset Qp of Q with P(Q2p) = 1, such that for each s, t € T, Qp is included in I, where

S T Y () Y Y A0k -

meWM J=1 KkeLs Y i=lkeLs

D=qwe: lim sup
M—o0 PpeC

Proof of bl). If we suppose that (a) of Assumption 2-(ii) holds then we apply Lemma 2 under the following setup

co(¢) =1, c;z(9) =0,¥j > 1, ke, ¢ €A, (49)

1 — Zﬁ’:l ¢p/mpl+1 Y1 — Z;‘”:l ¢p”yp”+1
W(X7 v ¢) —h oz ’ o Lg+1, (50)
pLey) =t (51)

with z = (z1,...,2241) s ¥y = (y1,...,yr+1) and ¢ = (¢y,...,¢;)". Finally, n, is considered as in (48). Suppose now
that (b) of Assumption 2-(ii), then we replace (51) by

NS
Oc L

p'=1

Yp'+1
P (XY) = |Tg11 Tg+1 1; . (52)

&€

Proof of b2). Suppose that (a) of Assumption 2-(ii) holds. The proof consists of applying Lemma 2 under the
following setup: ¢o and ¢; i as in (49),

L L
Ty — Z r—1 ) ' Tp'4+1 Y1 — Z 11 ) 1 Yp'' 41
W(X7y7 ¢) =T ( po_ L ) £ P L Yq+1, (53)
13 1>
p(X,¥) = Yg+1, (54)

with z = (21,...,241), vy = (y1,...,yr+1) and ¢ = (éy,...,¢.)". Finally, n, is considered as in (48).
The proof is complete if we suppose that (b) of Assumption 2-(ii) holds, and change (54) by

L

T 1
yq+106’+ i3 Z

p'=1

xp +1

p(xy) = Yg+1

Proof of b3). The proof consists in applying Lemma 2 under the following setup: ¢y (¢p) =0 ¢, () =D,(I. (o)),

j>1,keld and ¢ € A, W(z,y, ) as in (46), p as in (47) and n, as in (48).
Proof of b4). Suppose that (a) of Assumption 2-(ii) holds. Then we apply Lemma 2 for

€o (¢) =0, Cj,ﬂ (¢) = 7]].& (¢) ) (56)

forall j > 1,k e/ and ¢ € A, W(z,y,$) as in (50), p as in (51) and n, as in (48). Suppose that (b) of Assumption
2-(ii) holds then consider p as in (52).

Proof of b5). Suppose (a) of Assumption 2-(ii) holds. Similarly, we apply Lemma 2 under the following conditions:
co and ¢ as in (56), W(z,y, ¢) as in (53), p as in (54). Consider n, as in (48). To complete the proof, under (b) of
Assumption 2-(ii), consider p as in (55). This completes the proof of Proposition 3. B

PROOF OF THEOREM 1

Let Qg be as in Proposition 3. Let w € Qy. We consider the Zeros Lemma (Lemma 3) under the following conditions:
U = C° (the interior of C), Ag = ¢, for all M, qus is the function ¢ — Fps(w, ¢), q is the function f defined in (17).
Then, 1) in the Zeros Lemma follows from (18). 2) in the Zeros Lemma follows from 2) in Proposition 2. Finally, 3) in
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Zeros Lemma, follows from Proposition 3. Hence w € Q. Setting Q" = Qq, the proof of the Theorem 1 is completed.
|

6.2 Proofs of the Asymptotic Normality of the RA Estimator

We will start introducing some additional notation.
Consider 1 < M, N < oo integers, n,m € Z2, w € Q, ¢ € A and 1 < p < L. Denoting

(rin.e) = iZIj;(d))n(Rg<w,¢>,Rﬂ_%_s(j;)<w,¢>>),

J=N keLi
1

YM,N(W?(b) = #(WM) Z T;,N(wa(ﬁ)a
meWy

one has
VHWr)GM o (@) = VH#WM)Gu N (@) + VH#EWM)Y N (@) - (57)
In particular,

VEW G (B3 ) = VEAFr (Ba1 ) + VAT Yarar (G ) (58)

For each N > 2 integer, let Gy be the L x L matrix given by

I\ 2
Gy =1In(9y) - E (77 (;7§> >7

where In(¢,) is the L x L matrix given by

In(Bo)pp = 1 + > I, (60)1, 5 (60);

(G.kLh)E(T-T)Y (0)

forall 1 <p< L,

Iv(9o)y., = Z IJ}E(%) + Z Ij,ﬁ(%)
(GR)E(T-T)Y (t,-t,) GREe(T-T)N(t,~t,)
+ > 1, 5(60)-1, 5(90),

(kLR E(T-T)Y (t,—t,)

for p # q with 1 < p,q < L, where

-1 @) = {GK:N-12j>1kel/ ands(jk) = v},
T -7 () = {(j,E,z,ﬁ);N—1zj,zz1,iew,ﬁem ands(j,ﬂ)—s(z,ﬁ):g},

withv € (T —T) and (T —T) as in (12).
Using the mean value theorem we have that

VEWGoreo (D01 ) = VEWGoto (30) + DGt (D1 VEW) (b1 — 0 (59)

~ ~RA
where, for each M, d)jw is a random vector belonging to the segment in R” that connects ¢,, and ¢,.
The following lemmas and propositions are necessary to prove Theorem 2, which is proved at the end of this
subsection.

Lemma 4. Let 1 < M, N 1integers. For all 1 <p < L we have that

lim lim sup (\/MYM,N (¢o)) =0,

N—oco M—oo
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i probability.
PROOF: Let M > 1 be an integer and § > 0. By Chebyshev’s inequality

p(vmmmases) [20) = r(|( i 5 Teae) |20)

< 62#(1VVM)VULT Z (TUm,N(gbO))p

meWn

Considering that,

(r”m,N(qbo))p = iZIj’E(%).n(Rm(%) o (¢0))

J=N keTi

Z Z 77 (sm 67"«—75;—5@712)) 7
O¢ €

J=N kelLi

5 ((rzio) ) o

we have that

and, therefore,

Var( Z (Tnmﬁzv(ﬁbo))p) = B (Z (TUm’N(d)O))p)

meWn meWn

> 5 B((xhaton), (Thon(@) ).

meWn m’ eéWypy

If m # m/, by the Assumption 3, it follows that

t <(T%7N(¢0>) (Tin(90) ) =

J1=N K, eLit j2=N K,eLi2
= 0.

Hence, for any m

E (((r”m,N(%))p)Q) -

mt, s k) Em Em—t,—s(j2.k2)
ST S T s (o (G (e

J1=N ¥, eLi1 J2=N kyclLi2

< Em_tl’_s(jl’ﬁl) € gm—i,,—s(b,ﬁﬂ
- Z Ijl,ih (¢0)Ij2,ﬂg(¢o)E (77 (m,) n <m7

(j1,K1,j2,K2)€(T—T) 5> (0)

where
(T - T);V’OO (0) = {(j1>k17j2,k2) 2j1,J2 > N, ki € L7t ko € 7%, 5(j1, k1) = 8(j2,k2)}-
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So,

Var [ Y (r”mw(%))p

meWn
e € 2
e Y geinaer(s(20))
(j1,k1,52,k2)€(T=T)Y>(0)

where € and €’ are independent random variables with distribution F..
Using this expression for the variance and taking lim sup in the Chebyshev inequality, we have that

lim sup P

M —o0 \/ mEZVVM )
1 I\ 2
< 52 Z Ijl,ii1 (¢0)Ij2,§2(¢0)E (77 (57 E) ) .

L~ N.oo O¢ O¢
(J1,k1,J2,k2)€(T=T)5 " (0)

>0

Notice that (T'— T)Noo( ) (T'-1T),(0), (T - T)N’°o (0))n is a decreasing sequence of subsets of (7' —T), (0)
such that (\ys, (T — )™ (0) = (7) and that |32 5er_m), 0 1k(®0)- 1 5(d)| < oo. Then, one has that
2 (1 K gk e (@11 =(0) Ly & (Do), &, (€0) = 0. Thus,

lim limsup P

TEW > =01
Moo M—oo MEZVVM

P

The following Central Limit Theorem for Random Fields is needed. The proof can be found in Guyon (1993), page
99.

Lemma 5 (Central Limit Theorem for Random Fields). Let X = {X;: i € Z%} be a real valued random field such that
E(X;) =0, for alli € Z°. For eachS C Z¢, let F(X,S) be the o-algebra generated by { X; ' (C): C is a Borel set ,i € S}
for each k, 1 € NU{oo} and n €N let

ag,(n) =sup{|P(ANB) — P(A)P(B)|: A,B € Cy (n)}
where
Cri(n) ={A € F(X,$1),B € F(X,S2): #(S1) <k, #(S2) < ,dist (S1,S2) > n}.

Let (Dy,),,~, be a decreasing sequence of finite subsets of 74 and S, = ZieD X; with variance o2. If the following
two conditions hold

1 ma oy (m) < oo if k+1 <4 and a1 o (m) = o(m™%);
m>1 s s

)

(i) there exists § > 0 such that sup; | Xils,o < 00 and Y, <y m! (a1,1(m))* < oo, then

7

1
lim sup ——— Z |Cov(X;, X;)| < 0.
P ED) 2
If, further, we assume that
(iii)
1

lim inf o? 5 >0,
R D

then
o 18, N(0,1).
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If, for each i € 79, X; takes values in RP and if (i) is replaced by

1
liminf ———%,, > Iy > 0,
n—oo #(Dn) 0

with Iy a symmetric and positive definite matriz, then
27:1/2Sn£’N(0a L),
where X, is the covariance matriz of Sy, and I, is the identity matriz of order p.
Lemma 6. There exists Ny such that, for each N > Ny, \/#War)Gr,n (d) L, N (0,Gpy), as M — oo.

PROOF: Let N > 2. For each M > 1, let us define

Su,N = #Wun)Gu,n (o) = Z L v (o). (61)

meWn

For each m € Z2, let )
Th, (@) = (T n(80)) o (T (@0)) )

with

(Thn(@0) = 0 (Bu(@0) Ruses, (0)) + NZ Z 01 (R (00): Ry 5 (90))
J=1 keLi
() £ Bl =)

J=1 keLs

We will apply Lemma 5 to the R-valued random field (I‘LN(QSO))mGZQ. Since (g(m))mezz is a white noise, it is
straightforward to verify that (T} (o)), <72 satisfies the conditions (i) and (ii) of this lemma.

Now, let us compute the covariance matrix of Sysn, X (Sas,n). Since E (Sp,n) = 0, then ¥ (Syy,n) is the L x L
matrix given by

> % p((thaten), (Thaten) )

meWn m/ eWr 1<p,g<L
R ZUAS

By the Assumption 3, if m # m/, then F ((I‘:’n N(¢0)> (I‘fn, N(¢O)> > = 0, for any p and ¢ such that 1 < p,q < L.
- pN T q
Hence
SSun)=| Y B ((F’Jn,mo))p (F?n,mo))q) : (62)
mEWar 1<pg<L

Using Assumption 3, a simple calculation shows that

2 ((rton), (mvion) )] o

for all m € Wyy. Therefore, by (62)
1

#(War)

Now, In(¢g) = Nooo Ieo(¢pg) and I (¢py) is positive definite. Then, there exists Ng such that for each N > Ny In(¢y)
is positive definite. Hence, by (63), for each N > Ny (iii) of Lemma 5 is satisfied with Dys = Wjy; hence

2 (Su.n) = Gu. (63)

(2 (Sav) 2 Surn —are N(0.I1), (64)
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where I, is the L x L identity matrix. Therefore by (63) and (61),

(S (Saw) M Sun = (Gn) 2 #Wan)Garn (¢0) = (Gn) > VHEW)Gorv (¢)

#(Whr)
for all M and N > Ny. Consequently, by (64) the proof is completed. B

Lemma 7.

DG ar, o0 (aM) = DE(¢y), as M — oo,
where &j\/l is as in (59).
PROOF: Let § and §' be any positive numbers. From the proof of Proposition 3, we see that

sup | DG as.o0 () — DE(h)| == 0, as M — oo.
peC

Then, there exists M; such that
M > M, = P (Q(6/2)) >1—6/2,

where
Qn(6/2) = {w €Q: sup |DGu,o0 (w, @) — DE()| < 5/2} :
¢peC

Hence, for each w € Q;(6/2) and M > M,

DG (w Bar (@) = DE(@r ()] < 5/2.
Because of the continuity of the function ¢ — Df(¢), there exists §” > 0, such that

¢ — ¢l < 0" = |Df(¢p) — DE()| < 3/2.
By (16) and (6.2), it follows that there exists My such that

M > My = P (Q),(8") >1-4"/2,

with o~

2 (6") = {weq: ‘qu () quo\ <o}
Consequently

0@ {we Qs |DE(Fh (w) ~DE(eo)| < 5/2}
Then, for M > max(M;, M), using (65) and (67) we have that
DG (w0, Bar (@) = DE(o)| < 8, if w € Qs (5/2) N 2s(6).

Thus
P({wea: ‘HDGM,OO (w0 (@) - ]D)f(qﬁo)‘ <é6})z1-9m

Proposition 4.

\/WGM,OO (&IAZA) £, 0, as M — oo.

PROOF: Since (16) and (58) it is enough to show that for each 1 < p < L,

(\/ #(WM)YM,M(ESIAZA))Z) L0088 M — .
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Now, for each w € Q and ¢p € A

‘ (\/ #War)Y m,m (w, ¢>))p'
< m S 5 5@ T (R @R, )]

J=M kelLi meWn

1 S
< 7%#(1/‘/1\4) ];/ij#(WM)KU

_ mez ol = K p VM #z(w ) ];4 Mbi—!

=M

W, > .
< Knbwjgwjb’_l — 0, as M — oo,

2_ .
since \/#](\4WM) = \/(MLI) L= 1+ %, and Y372, jb7 71 is the derivative of bi— 15 with 0 <b < 1.0

Lemma 8 (Theorem 3.2 in Billingsley (1999), page 27)). Suppose that for each N, M € N, (Xn ar, Xar) are random
elements of S x S where (S, p) is a metric space. If for all N

D
XN,M—>ZNa as M — oo

ZN£>X, as N — oo

for alle > 0: lim limsup P [p (Xn,m, Xnm) > €] =0,

N—oco M—oo

then XM£>X as M — oo.

Proposition 5. Let G be the L x L matrix given by

G:Ioo(¢0)-E<(n (;5>>2> (68)

where ¢ and €' are independent random variables with distribution F.. Then \/# (Wi )Gs.0o (P0) N (0,G),as M —
0.

PROOF: Let Ny be as in Lemma 6 and for each N > Ny, let

XNM = \/mGM,N (¢0)
Xm = VHWM)G M0 (¢) -

For each N > Ny, let Zy be a random vector variable with distribution N (0,Gy) and X a random vector variable
with distribution N (0, G). By Lemma 6, for each N > N,

D
XN,M — ZN, as M — oo.

Since Gy — G, as N — oo, then
VAN 2>X, as N — oo.

By (67), Xpr — Xnvm = VH#FWum)Yu,n (¢) and, by Lemma 4,

i timsup (AT Yar () =0

N—co M—so0

So, the assumptions of Lemma 8 are satisfied; hence XMAX as M — oo, that is,
VHEW)G 00 () N (0,G) a8 M — oo
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PROOF OF THEOREM 2: By Lemma 7, (59), Proposition 4, Proposition 5, and Slutzky’s Theorem we have

that
~RA D _ _
M#MWNmJ—%)—Mwamw@1@MMﬁw@MWﬁm. (69)
Now, notice (see (68)) that Df(¢,) = —U%E (771 (o%’%) .s’) T (¢pg), where € and € are independent random variables

with distribution F.. From the results proved in the previous Section and (69) the proof is completed. W

7 CONCLUDING REMARKS

The following comments give a brief summary of the results that we obtained in this paper.

v" Under mild regularity conditions, we established the asymptotic normality and consistency of a class of robust
estimators (the RA estimators) for the parameter ¢ of a two dimensional autoregressive unilateral process.

v' The results we proved extend the asymptotic theory of the RA estimators, available only for one-dimensional
time series (see Bustos et al. (1984)).

v' Although in the literature several reasonable classes of estimators for the parameter ¢ have been proposed, such
as M and GM estimators, their asymptotic behavior are still open problems. Moreover, the advantage of the RA
estimator over the other classes is that they are less sensitive to the presence of additive outliers (see Ojeda et
al. (2002)).

The following proposals outline some directions for future work:

v' The extension of the results proved in this paper to the model with colored noise (that is, with non null autocor-

relation), instead of white noise € = (Em)m cz2» would be of importance in signal and image processing.

v In the case of causal AR-2D processes of order two or three, algorithms for the computation of the RA estimators
have been proposed (see Ojeda (1999), Ojeda et al. (2002) and Vallejos et al. (2006)). It would be important to
develop efficient algorithms when the order of the process is greater than three.

v' To analyze the behaviour of the RA estimator in combination with image restoration techniques.

v' To study properties of RA estimator, in particular, and robust estimators, in general, as alternatives to the least
squares estimators under not causal and semi causal AR-2D.
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