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REPRESENTATIONS OF TENSOR CATEGORIES COMING
FROM QUANTUM LINEAR SPACES

MARTIN MOMBELLI

ABSTRACT. Exact indecomposable module categories over the tensor
category of representations of Hopf algebras that are liftings of quantum
linear spaces are classified.

1. INTRODUCTION

Given a tensor category C, a very natural object to consider is the family
of its representations, or module categories. A module category over a ten-
sor category C is an Abelian category M equipped with an exact functor
C x M — M subject to natural associativity and unity axioms. In some
sense the notion of module category over a tensor category is the categorical
version of the notion of module over an algebra. In some works the concept
of module category over the tensor category of representations of a quantum
group is treated as an idea more closely related to the notion of quantum
subgroup [Ocl, [KO].

The language of module categories has proven to be a useful tool in di-
fferent contexts, for example in the theory of fusion categories, see [ENO1],
[ENO2], in the theory of weak Hopf algebras [O1], in describing some prop-
erties of semisimple Hopf algebras [N] and in relation with dynamical twists
over Hopf algebras [M1] inspired by ideas of V. Ostrik.

Despite the fact that the notion of module category seems very general,
it is implicitly present in diverse areas of mathematics and mathematical
physics such as subfactor theory [BEK], affine Hecke algebras [BO], exten-
sions of vertex algebras [KO] and conformal field theory, see for example

[BFRS], [FS], [CS1], [CS2].

In [EO1] Etingof and Ostrik propose a class of module categories, called
exact, and as an interesting problem the classification of such module cat-
egories over a given finite tensor category. The first classification results
were obtained in [KO], [EO2], where the authors classify semisimple mod-
ule categories over the semisimple part of the category of representations
of Uy(sl(2)) for a root of unity ¢, over the category of corepresentations of
SL4(2) in the case ¢ is not a root of unity and over the fusion category
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2 MOMBELLI

obtained as a semisimple subquotient of the same category in the case ¢ is a
root of unity. The main result in those papers is the classification in terms
of ADE type Dynkin diagrams, which can be interpreted as a quantum ana-
logue of the McKay’s correspondence. The classification for the category
of corepresentations of SL,(2) in the case ¢ is a root of unity was obtained
later in [O3] where the results were quite similar as in the semisimple case.

In the case when C = Rep(H) is the category of representations of a finite-
dimensional Hopf algebra H the first results obtained in the classification of
module categories were when the Hopf algebra H = kG is the group algebra
of a finite group G, see [O1], and in the case when H = D(G) is the Drinfeld’s
double of a finite-group G, see [02]. Moreover, in loc. cit. the author classify
semisimple module categories over any group-theoretical fusion category. In
[EO1] module categories were classify in the case where H = Ty is the
Taft Hopf algebra, and also for tensor categories of representations of finite
supergroups.

In [AM], [M2] the authors give the first steps towards the understanding
of exact module categories over the representation categories of an arbitrary
finite-dimensional Hopf algebra. In [M2] the author present a technique
to classify module categories over Rep(H) when H is a finite-dimensional
pointed Hopf algebra inspired by the classification results obtained in [EO1].
In particular a classification is obtained when H = r, is the Radford Hopf
algebra and when H = ugy(sly) is the Frobenius-Lusztig kernel associated to
5[2.

The main goal of this paper is the application of the technique presented
in [M2] to classify exact indecomposable module categories over representa-
tion categories of finite-dimensional pointed Hopf algebras constructed from
quantum linear spaces.

Namely, let I' be a finite Abelian group and V a quantum linear space
in KLYD, U = B(V)#kI the Hopf algebra obtained by bosonization of
the Nichols algebra B(V') and kI'. Then if M is an exact indecomposable
module category over Rep(U) there exists

e a subgroup F' C T,

e a normalized 2-cocycle ¢ € H?(F,k*),

e a kI'-subcomodule W C V invariant under the action of F',
e scalars £ = (&), a = (ay;) compatible with V', ¢, and F,

such that M >~ gy Fye.a)M is the category of left modules over the left
U-comodule algebra A(W, F,1, &, «) associated to these data. We also
show that module categories A, ruy.ca)M, AW’ Fr e oM are equiv-
alent as module categories over Rep(U) if and only if (W, F,¢,&,a) =
(W’,F/,T/J/,él, a/).

If H is alifting of U, that is a Hopf algebra such that the associated graded
Hopf algebra gr H is isomorphic to U, then H is a cocycle deformation of U,
implying that the categories Rep(H*) and Rep(U*) are tensor equivalent.
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Thus exact indecomposable module categories over Rep(H) are described
by the same data as above.

The organization of the paper is as follows. In Section 2 we recall the
definitions of quantum linear spaces and the construction of Andruskiewitsch
and Schneider of liftings over quantum linear spaces. In Section 3 we recall
the definitions of exact module categories and the description of module
categories over finite-dimensional Hopf algebras.

In subsection 3.3 we explain the technique developed in [M2] to describe
exact indecomposable module categories over Rep(H) where H is a finite-
dimensional pointed Hopf algebra. The main result is stated as Theorem
3.3.

In section 4 we present a family of module categories constructed explic-
itly over the representation category of a Hopf algebra constructed from
bosonization of a quantum linear space and a group algebra. Then in The-
orem 4.6 we show that any module category is equivalent to one of this
family. Proposition 4.1 is a key result to the proof of the main result of this
section. In subsection 4.1 we prove that any two of those module categories
are nonequivalent.

Finally, in section 5 we show an explicit correspondence of comodule al-
gebras over cocycle equivalent Hopf algebras. Since any lifting of a quantum
linear space is a cocycle deformation to the Hopf algebra constructed from
this quantum linear space, this is Proposition 5.2, the results obtained in
Section 4 allows to describe also exact module categories over those liftings.

Acknowledgments. The author thanks César Galindo for pointing out
some errors in a previous version of this paper and for some enjoyable and
interesting conversations. He also thanks the referee for his constructive
comments.

1.1. Preliminaries and notation. We shall denote by k an algebraically
closed field of characteristic zero. All vector spaces, algebras and categories
will be considered over k. For any algebra A, 4 M will denote the category
of finite-dimensional left A-modules.

If T is a finite Abelian group and 1 € Z?(I',k*) is a 2-cocycle, we shall
denote by v, the map defined by

¢g(h) = w(h‘v 9)1/1(97 h)_17
for any g, h € I'. Hereafter we shall assume that any 2-cocycle v is normal-
ized and satisfies (g~ !,g) =1 for all g € T.

If A is an H-comodule algebra via A : A — H®gA, we shall say that a
(right) ideal J is H-costable if A(J) C H®yJ. We shall say that A is (right)
H-simple, if there is no nontrivial (right) ideal H-costable in A.

If H is a finite-dimensional Hopf algebra then Hy C H; C---C H,, = H

will denote the coradical filtration. When Hy C H is a Hopf subalgebra then
the associated graded algebra gr H is a coradically graded Hopf algebra. If
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(A, \) is a left H-comodule algebra, the coradical filtration on H induces a
filtration on A, given by A, = A~!(H,®yA). This filtration is called the
Loewy series on A.

Let U = @",U(%) be a coradically graded Hopf algebra. We shall say
that a left U-comodule algebra G, with comodule structure given by A : G —
U®yG, graded as an algebra G = &7 ,G(i) is a graded comodule algebra if
foreach 0 <n<m

NGm) € BUM)©G(n —i).
i=0
A graded comodule algebra G = @2 ,G(i) is Loewy-graded if the Loewy
series is given by G,, = ®}_,G(7) for any 0 < n < m.

If A is a left H-comodule algebra the graded algebra gr A obtained from
the Loewy series is a Loewy-graded left gr H-comodule algebra. For more
details see [M2].

We shall need the following result. Let U = @]” U (i) be a coradically
graded Hopf algebra.

Lemma 1.1. Let (A, \) be a left U-comodule algebra with an algebra filtra-
tion AY C A1 C ... C A™ = A such that Ay is semisimple and

(1.1) AA™) C > U@ A",
=0
and such that the graded algebra associated to this filtration gr’A is Loewy-

graded. Then the Loewy filtration on A is equal to this given filtration, that
is A" = A, for alln=0,...,m.

Proof. Straightforward. O

We shall need the following important theorem due to Skryabin. The
statement does not appear explicitly in [Sk] but is contained in the proof of
[Sk, Theorem 3.5]. Let H be a finite dimensional Hopf algebra.

Theorem 1.2. If A is a finite dimensional H-simple left H-comodule al-
gebra and M € M4, then there exists t € N such that M? is a free A-
module. O

The following Lemma will be useful to distinguish equivalence classes of
module categories. Let 0 : H ® H — k be a Hopf 2-cocycle and K be a left
H-comodule algebra.

Lemma 1.3. There is an equivalence of categories "My ~ 1" My . In
particular if K C H is a left coideal subalgebra, @ = H/HK™ and o is
cocentral then the categories HM Ko» QM are equivalent.

Proof. See [M2, Lemma 2.1]. O
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2. LIFTINGS OF QUANTUM LINEAR SPACES

In this section we recall some results from [AS1]. More precisely, we shall
recall the definition of a certain family of finite-dimensional Hopf algebras
such that the associated graded Hopf algebras are the bosonization of a
quantum linear space and a group algebra of an Abelian group.

2.1. Quantum linear spaces. We shall use the notation from [AS1], [AS2].
Let 6 € N and I' be a finite Abelian group. A datum Ior a quantum linear

space consists of elements g1,...,99 € I', x1,...,xs € I' such that
(2.1) qi = xi(g:) # 1, for all 1,
(2.2) Xi(95)x;(g:) = 1, for all i # j.

Let us denote ¢;; = x;(g;) and for any i let N; > 1 denote the order of
gi- Denote V. = V(g1,...,99,X1,---,Xx0) the Yetter-Drinfeld module over
kI' generated as a vector space by z1,..., Ty with structure given by

(2.3) (5(.73@) = g;Qx;, h-x; = Xi(h) Tj,
for all i = 1,...,0, h € I'. The associated Nichols algebra B(V) is the

graded braided Hopf algebra generated by elements x1,...,xs subject to
relations

(2.4) xivl = 0, acz-xj = qij szvi if ¢ # j
This algebra is called the quantum linear space associated to V, or to

(91,---,90,X1s---,Xxp) and it is denoted by R = R(g1,...,90, X1,---5X0)-
The gradation on R = &, R(n) is given as follows. If n € N then

R(n) =< {7 ... 2} cri+- +rg=n} >

Remark 2.1. The space V decomposes as V = @leVgi, where V,, = {v €
v:d(v) = g;®v} is the isotypic component of type g;. Since it can happen
that for some k # [, gi, = ¢, then dimV,, > 1. If dim V}, > 2 for some k
then there are at least two g.s equal to g;. Using equation (2.2) this implies
that q,% =1, hence N = 2.

Remark 2.2. If g,h € T'and v € V,;, w € V}, then there exists a scalar g, 4 € k
that only depends on g and h such that wv = g5 g vw. Indeed it is enough
to prove that if z;, 2, € V; and x;,2; € V}, then ¢;; = q. Since g = g; = gi.
then g;; = qi;, and since h = g; = g; then gj; = q. Using that g¢;;q;; = 1
we deduce that ¢;; = gy

Let us denote U = R#KI" the Hopf algebra obtained by bosonization. The
Hopf algebra U is coradically graded with gradation given by U = @, U(n),
U(n) = R(n)#kT, see for example [AS1, Lemma 3.4]. Next we will describe
a family of Loewy-graded U-comodule algebras.

Definition 2.3. If W C V is a kI'-subcomodule, we shall denote by (W)
the subalgebra of R generated by elements {w : w € W}. Clearly (W) is
a left coideal subalgebra of U.
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Let ' C T be a subgroup, ¢ € Z2(F,k*) a 2-cocycle and W C
a kI'-subcomodule invariant under the action of F. Set K(W, 1, F)
K(W)®kky F with product and left U-comodule structure A : (W, 9, F)
UagK(W, 4, F) given as follows. If g € G, w € Wy, v,v' € W and f, f' € F,
then

<

—

(N )(W'Rf) =vf -&Y(f, f) L,
ANwef) = (wiflolef + (1#gf)ows f.

There is a natural inclusion of vector spaces K(W,¢,F) — U. Using
this inclusion the coaction A coincides with the coproduct of U. Clearly
K(W,1, F) is a coideal subalgebra of U. For any n € N set (W, ¢, F')(n) =
KWy, F)NU(n).

Lemma 2.4. With the above given gradation the algebra K(W, 1, F) is a
Loewy-graded U -comodule algebra.

Proof. Let be x € K(W,4, F'), then x = ), x;, where each z; € U(i). Since
the coproduct of U coincides with the coaction A and U is a graded Hopf
algebra, then
M) € P UG)enU (i — 5) N UKW, 4, F).
j=0
Applying € to the first tensorand we obtain that
z; = (e®id )A\(z;) € U(G) NK(W, 9, F),

thus for any i, z; € K(W,4, F)(i), hence we conclude that K(W, ¢, F) =
O (W,p, F)(i). Tt is straightforward to prove that this gradation is an
algebra gradation and since U is coradically graded then IC(W,, F) is a
Loewy-graded U-comodule algebra. [l

2.2. Liftings of quantum linear spaces. Given a datum for a quantum
linear space R = R(g1,..-,90,X1,---,xo) for the group I, a compatible
datum for R and T' is a pair D = (u, A\) where p = (p;), ni € {0,1} for
i=1...0and A = (\;;) where \;; € k for 1 <1i < j <, satisfying

(1) p; is arbitrary if gzNi # 1 and XlNi =1, and p; = 0 otherwise.
(2) Ayj is arbitrary if g;9; # 1 and x;x; = 1, and 0 otherwise.

The algebra A(T', R, D) is generated by I' and elements a;, i = 1...6
subject to relations

(2.5) ga; = xi(9) aig, a) = pi(1—gl), i=1...9,

(2.6) aia; = X;(9:) ajai + Aij(1 — gigj), 1 < i <j < 0.
The following result is [AS1, Lemma 5.1, Thm. 5.5].
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Theorem 2.5. The algebra A(T',R, D) has a Hopf algebra structure with
coproduct determined by

Alg) = 9®g, Aa;) = a;®1 + ¢;®a;,

forany g e, i =1,...,0. It is a pointed Hopf algebra with coradical kI
and the associated graded Hopf algebra with respect to the coradical filtration
gr A(T', R, D) is isomorphic to RAKT. O

3. REPRESENTATIONS OF TENSOR CATEGORIES

We shall recall the basic definitions of exact module categories over a
tensor category and we shall describe the strategy to classify exact module
categories over the tensor category of representations of a finite-dimensional
pointed Hopf algebra.

3.1. Exact module categories. Given C = (C,®,a,1) a tensor category
a module category over C is an abelian category M equipped with an exact
bifunctor ® : C x M — M and natural associativity and unit isomorphisms
mxym: (XQY)M - X®@ (Y ®@M), {y : 1@ M — M satisfying
natural associativity and unit axioms, see [EO1], [O1]. We shall assume, as
in [EO1], that all module categories have only finitely many isomorphism
classes of simple objects.

A module category is indecomposable if it is not equivalent to a direct
sum of two non trivial module categories. A module category M over a
finite tensor category C is exact ([EO1]) if for any projective P € C and any
M € M, the object PRM is again projective in M.

3.2. Exact module categories over Hopf algebras. We shall give a
brief account of the results obtained in [AM] on exact module categories
over the category Rep(H ), where H is a finite-dimensional Hopf algebra.

If XN: A — H®A is a left H-comodule algebra the category 4 M is
a module category over Rep(H). When A is right H-simple then s M is
an indecomposable exact module category [AM, Prop 1.20]. Moreover any
module category is of this form.

Theorem 3.1. [AM, Theorem 3.3] If M is an exact idecomposable module
category over Rep(H) then M ~ 4 M for some right H-simple left comodule
algebra A with A°H =k. O

The proof of this result uses in a significant way the results of [EO1], [O1].
The main ingredient here is the H-simplicity of the comodule algebra that
helps in the classification results.

Two left H-comodule algebras A and B are equivariantly Morita equiva-
lent, and we shall denote it by A ~j; B, if the module categories 4 M, g M
are equivalent as module categories over Rep(H ).
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Proposition 3.2. [AM, Prop. 1.24] The algebras A and B are Morita
equivariant equivalent if and only if there exists P € HMp such that A ~
Endp(P) as H-comodule algebras. O

The left H-comodule structure on Endp(P) is given by A : Endg(P) —
H®ygEndp(P), N(T) = T(_1)®T(0) where

(3.1) (a, T(—1y) To(p) = (o, T(poy) (-1)S ™ (p=1))) T (P(0)) (0)

forany o € H*, T € Endg(P), p € P. It is easy to prove that Endg(P)*°H =
EndZ (P).

3.3. Exact module categories over pointed Hopf algebras. We shall
explain the technique developed in [M2] to compute explicitly exact inde-
composable module categories over some families of pointed Hopf algebras.

Let H be a finite-dimensional Hopf algebra. Denote by Hy C H; C --- C
H,, = H the coradical filtration. Let us assume that Hy = kI', where I is a
finite Abelian group, and that the associated graded Hopf algebra U = gr H.
We shall further assume that U = B(V)#kI[", where V is a Yetter-Drinfeld
module over kI' with coaction given by 6 : V' — kI'®xV, and B(V) is the
Nichols algebra associated to V.

The technique presented in [M2] to find all right H-simple left H-comodule
algebras is the following. Let A : A — H®iA be a right H-simple left H-
comodule algebra with trivial coinvariants. Consider the Loewy filtration
Ag C --- C A,, = A and the associated right U-simple left U-comodule
graded algebra gr A.

There is an isomorphism gr A ~ B s# Ay of U-comodule algebras, where
B4 C grAis a certain U-subcomodule algebra, and Ay happens to be a
right Hy-simple left Hyp-comodule algebra.

Since Hy = kI' then Ag = kyF where F' C I' is a subgroup and ¢ ¢
Z%(F,k*) is a 2-cocycle. The algebra B4 can be seen as a subalgebra in
C B(V) and under this identification B 4 is an homogeneous left U-coideal
subalgebra.

In conclusion, to determine all possible right H-simple left H-comodule
algebras we have to, first, find all homogeneous left U-coideal subalgebras
K inside the Nichols algebra B(V'), and then all liftings of K#k,F', that is
all left H-comodule algebras A such that gr A ~ K+#k,F.

The problem of finding coideal subalgebras can be a very difficult one.
Some work has been done in this direction for the small quantum groups
ug(sly) [KL] and for U,f (s02n41) [K] also very beautiful results are obtained
for right coideal subalgebras inside Nichols algebras [HS| and for the Borel
part of a quantized enveloping algebra [HK].
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The following result summarizes what we have explained before.

Theorem 3.3. Under the above assumptions there exists a graded subal-
gebra By = B Ba(i) C B(V), a subgroup F C I', and a 2-cocycle
Y € Z2(F,k*) such that

1. BA(0) =k, Ba(i) CBY(V) foralli=0,...,m,

2. B4(1) CV is a kI'-subcomodule stable under the action of F,

3. foranyn=1,...,m, A(Ba(n)) C @' U@)@kBa(n —1i),

4. gr A ~ B a# kyF as left U-comodule algebras.

Proof. The proof of [M2, Proposition 7.3] extends mutatis mutandis to the
case when the group F' is arbitrary. ([

The algebra structure and the left U-comodule structure of B s# ky F is
given as follows. If z,y € K, f,g € F then

(z#9)(y#f) = z(9 - y)#Y(9, f) 9f,
Mx#g) = (21)9)@(T(2)#9),

where the action of F' on B 4 is the restriction of the action of I on ®B(V) as
an object in LY D. Observe that if B4 = (W) for some kI'-subcomodule
W of V invariant under the action of F, then B# kyF = K(W, v, F).

Lemma 3.4 below will be useful to find liftings of comodule algebras over
Hopf algebras coming from quantum linear spaces.

Let us further assume that there is a basis {z1,...,2¢} of V such that
there are elements g; € I' and characters x; € f, 1 = 1,...,0 such that
g-x; = Xi(g) xi, 0(z;) = ¢;@z; foralli =1,...,0.

Let (G, \g) be a Loewy-graded U-comodule algebra with grading G =
@7 ,G(i) such that G(1) ~ V#ky F under the isomorphism in Theorem 3.3
(4) and there is a subgroup F' C I' such that G(0) ~ kyF' as U-comodules,
that is there is a basis {ef : f € F'} of G(0) such that

efehzw(f,h) €fh, AO(ef):f@)ef’

for all f,h € F, and there are elements y; € G(1) such that \o(yi) =
;1 + ¢;Qy; for any i = 1,...,0. Alsolet A : A — H®rA be a left H-
comodule algebra such that gr A = G.

Lemma 3.4. Under the above assumptions for any i = 1,...,0 there are
elements v; € Ay such that the class of v; in A1/Ayg = G(1) is v; = y; and
(3.2) Mvi) = 2i®1 + g;®v;,  epv; = xi(f) viey,

foranyi=1,...,0 and any f € F.

Proof. The existence of elements v; such that A(v;) = 2;®1 + ¢;®v; is [M2,
Lemma 5.5]. For any ¢ = 1,...,0 and any f € F set

Pip={y € A1 : \Ny) = p fr;Qey + gi®y, p €k}
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The sets P; y are non-zero vector spaces since efv; € P; ¢, thus dimP; p > 1.
It is evident that if (¢, f) # (¢, f’) then P; f NPy g = {0}. Since dim A; =
dim G(0) +dim G(1) =| F' | (14 0) this forces to dimP; ; = 1. Hence, since
efviep-1,v; € P;y there exists v € k such that efviep-1 = v v;, but this
scalar must be equal to x;(f). O

4. MODULE CATEGORIES OVER QUANTUM LINEAR SPACES

In this section we shall apply the technique explained above to describe
exact module categories over Hopf algebras coming from quantum linear
spaces. Let # € N and I" be a finite Abelian group, (g1,.-.,90, X1,---,X0)
be a datum of a quantum linear space, V = V(g1,...,90,X1,---,X0) the
Yetter-Drinfeld module over kI' and R = B(V) its Nichols algebra. Let
U = R#KI denote the bosonization. Elements in U will be denoted by v#g
instead of v®g to emphasize the presence of the semidirect product.

To describe all exact indecomposable module categories over Rep(U) we
will describe all possible right U-simple left U-comodule algebras. For this
description we shall need first the following crucial result which essentially
says that such comodule algebras are generated in degree 1.

Proposition 4.1. Let K = @ (K (i) € R be a graded subalgebra such that

1. for alli=0,...,m, K(i) C R(3),
2. K(1) =W CV is a kI'-subcomodule,
3. A(K(n)) Cal U(l)@xK(n —1).

Then K is generated as an algebra by K (1), in another words K ~ IC(W).

Proof. Let n € N, 0 < n < m. Since W is a kI'-subcomodule then W =
®?_ W,,. Let z € K(n) be a nonzero element and let 1 < d < 6 be the
number of zls appearing in z with non-zero coefficient. We shall prove
by induction on n + d that z € IC(W). If n 4+ d = 2 there is nothing
to prove because in that case d = 1 and n = 1, so assume that every
time that y € K(n) is an element with d different variables and n +d < [
then y € K(W). We shall use the following claim as the main tool for the
induction.

Claim 4.1. If2 < n and z € K(n), z = 27;11 wlyj, where w € Wy, for
some h € I and for any j = 1,...,n — 1 the elements y; € R(n — j) are
such that the xs appearing in the decomposition of y; does not appear in w.
Then y; € K(n—j) forany j=1,...,n—1.

Proof of Claim. Let z € K(n) such that z = Z?:_ll w’y;, as above. Let
p: U — U(1) be the linear map defined by: p(wg) = wg for any g € I and
p(z) =0if z ¢<wg:g €T >
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Using (3) we obtain that (p®id)A(z) € U(1)®@K(n — 1) and using that
A(w) = w®1 + h®w, a simple computation shows that

n—1
(p@id)A(2) = Y wjeuw 'y,
j=1

for some 3; € kI'. The second equality follows because p(y;) = 0 for any
j=1,...,n—1. Therefore the element Z?;l w/~ty; € K(n—1). Repeating
this process we deduce that y,—1 € K(n — 1) and arguing inductively we
conclude that each y; € K(n —j) forany j=1,...,n—1. O

Let z € K(n) be a nonzero element and let 1 < d < # be the number
of x}s appearing in z with non-zero coefficient. Assume that n +d = I.
Since R(n) is generated by the monomials {z" ... xl; 2l + -+ 1lp = n},
and K(n) C R(n) we can write z = ZZIJF.,,HFTL Qo :L‘ll1 ...:L‘leg where
ar,,.. 1, €kand 0 <1; < N;. There is no harm to assume that the monomial
x1 appears, that is there exists [1,...,lp with 0 < [; such that ag, _;, # 0,
since otherwise we can repeat the argument with x5 or x3 and so on.

Under this mild assumption the space Wy, is not zero. Moreover there
is an element 0 # w € W,, where w = Zle a;x; and a; # 0. Indeed,
it #: U — Vj, denotes the canonical projection, the quantum binomial
formula implies that for any j =1,...,6

(4.1) Az¥) = ki:o (éf])

where (ﬁﬂ ) denotes the quantum Gaussian coefficients. Using (3) we know
J q;

that (id®@m)A(2) € H(n — 1)@ W,, and equals to

lj -1

J l l

E Qo <1 x7 .. .mj] gj ... Ty Rx;.
0 q

7j=1,..., J
l1+~--+l9:m

Since there exists l1,...,lg such that l1 +---+lpg =mand 0 < Iy, oy, .. 4, # 0

then (id ®7)A(z) = > hj®w; where at least one w; # 0 written in the basis
{z1,...,x¢} has positive coefficient in ;.

li—k; k; k;
xj 9; ®xj ,
qj

Up to reordering the variables we can assume that g1 = g2 = -+ = g,
and if r1 < j then g; # ¢g1. In this case dimVy, = 7. We shall treat
separately the following three cases: Case (A) r; = 1, Case (B) r; = 2, Case
(C) ry > 2.

Since W C V is a kI'-subcomodule, in case (A) W,, = {0} or Wy, =V,,.
We have proven that W, is not zero, hence Wy, = V. Let us write
z= ZZN;() zty;, where y; € R(n — i), and x1 does not appear in any factor
of y;, that is, for any ¢ = 0,..., Ny

— E % l2 lg
Yi = leQ,...,lg x2 e x@ ’
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for some 7}2’.”719 € k. The projection V' — V' that maps V,, to zero, extends
to an algebra map ¢ : R — R. Using (3) we get that (¢®q)A(z) = A(yo),
thus yo € K(n), and therefore z — yo = ZZV:11 zty; € K(n). Using Claim
4.1 we deduce that for any ¢ = 1,..., Ny the element y; € K(n — i) and by
inductive hypothesis each y; € (W) for all : =0, ..., Ny.

Now we proceed to the case (B). In this case Vj, has basis {x1, 22}, and
Wy = 0, dimW, = 1 or W, = V. The first case is impossible. If
Wy, =V, then z1 € W,, and we proceed as in case (A). Let us assume that
dim Wy, = 1, that is Wy, is generated by an element ax1 + bza, for some
a,b € k, where we can assume that b # 0 because otherwise x; € Wy, .

Let p : K — V,, be the canonical projection. Follows from (4.1) that
(id ®p)A(z) equals to

h -1 1 !
Z Qly, <1 SL‘ll 91:1322 - 3399®SL‘1+
q1

l1+-+lg=n

ly Lolo—1 1 !

+ Z allv“'vle (1 x11x22 gzx33 e x09®:1:2
li+-+lg=n 92

Using (3) we obtain that (id ®p)A(z) € H(n — 1)®@Wy,, hence there exists
an element v € H(n — 1) such that (id ®p)A(z) = av®@z1 + bv@x2, thus

L -1 !
av = Z Qo (1 ' Ty .1y,
q1

li++lg=n
by = l2 11 la—1 I3 lg
v = E (7P 1 T Tq g2xs ... 1'9 .
l1+-+lpg=n q2

Comparing coefficients from the above equations and using that g1 = g9,
ToT1 = q1 T1T2, G171 = q1 T1G1, 1%2 = ¢; | T2g1 we obtain that
lo+1
a g’ —1
(42) QL 410y, Dy = 7 qlll'i‘li_l ALy la+1,13,...,0g
For any m € N set ;" lp = C0,ml3,....lp> then if I; + I3 = m we deduce from
equation (4.2) that

m Vg
_ l -1 35050
(4.3) al17127...,l9 - <ll>q1a 1bm 1 7bm .

Then we can write the element z as

l l
Z Z Qapy ol T Ty =

m2>013+-+lp=n—m

l1+lo=m
! le l 10
= E E Qpyly T - Ty + E Q00,l5,..0g T3 -+ Ty -
m2>1  li+le=m I3+-+lpg=n

I3+-+lp=n—m
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Using the same argument as before and the inductive hypothesis we deduce
I !

that the element yg = ZZSJF__HFH Q0,0,13,...,1p T3 --- T4 € K(W)and z—yo €

K (n). From (4.3) we conclude that

Vi 1 l l
zZ— 1y = E Z bT(axl—l—bxg)mng...xe",
m2>113+--+lg=n—m

hence by Claim (4.1) z — yp € K(W) thus z € K(W). Case (C) can be
treated in a similar way as case (B). O

Remark 4.2. The above result uses in an essential way the structure of R
and it is no longer true for arbitrary Nichols algebras. It is worth to mention
that this is one of the main difficulties to classify module categories over,
for example, Rep(uq(sl3)), since there are homogeneous coideal subalgebras
that are not generated in degree 1.

Let us define now a family of right U-simple left U-comodule algebras.
Let F C T be a subgroup, ¥ € Z?(F,k*) a 2-cocycle and ¢ = (&)i=1..0,
a = (a4j)1<icj<o be two families of elements in k satisfying

(4.4) &=0if g ¢ For x"(f) # vn(f),

(4.5) ai; =0 if gig; & F or xiX;j(f) # Vgig; (f),

for all f € F. In this case we shall say that the pair (£, «) is compatible
comodule algebra datum with respect to the quantum linear space ‘R, the
2-cocycle ¥ and the group F.

Definition 4.3. The algebra A(V, F,1¢,&, «) is the algebra generated by
elements in {v; : i =1...6}, {ef : f € F'} subject to relations

(4.6) ereg =U(f,9) erg,  epvi = xi(f) viey,
Qij €g.g;  if gig; € F
4.7 e s ey — j
(4.7) vits T i Vi {0 otherwise,
.o N;
(4.8) D L A
! 0 otherwise,

for any 1 < i < j < 6. Observe that we are abusing of the notation since
we are changing the name of the variables x; by v; to emphasize that the
elements no longer belong to U. If W C V is a klI-subcomodule invari-
ant under the action of F', we define A(W, F,,{, ) as the subalgebra of
A(V,F,4,&, o) generated by W and {ey : f € F'}.

The algebra A(V, F,9,£,a) is a left U-comodule algebra with structure
map A : A(V, 1, €, a) — UL A(V, F,9,€,a) given by:

Av) = ;@1 + g;®v;,  Aey) = f®ey,
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It is clear that the map X is well defined and is an algebra morphism and
that the subalgebra A(W, F, 1, &, «) is a U-subcomodule.

Remark 4.4. 1. The algebra A(W, F,1,&, ) does not depend on the
class of the 2-cocycle .
2. If W =0 then AW, F,4¢,&,a) =kyF.

Proposition 4.5. Under the above assumptions the following assertions
hold.
(1) For any 2-cocycle v of T' and any compatible comodule algebra datum
(&, a) the algebra A(V,T', v, &, «) is a Hopf-Galois extension over the
field k.
(2) The Loewy filtration on A = A(V, F,1, &, «) is given as follows

(4.9) Ap =<{epv*..vf i+ +rg=m:m<n,feF}>.
(3) The graded algebra gr A(W, F, 1, &, «) is isomorphic to K(W, 1, F).

Proof. The proof of (1) is standard. One must show that the canonical
map /6 : A(‘/a G7 wa 67 a)®kA(Vv7 G7 1/}7 57 Oé) - U®k'/4(‘/7 G7 ¢7 57 a)? 6(a®b) =
a(—1)®a(g)b is bijective. For this it is enough to show that the elements g®1
and z;®1 are in the image of 8 for all g € G, i = 1,...,0, and this follows
because ((e,®e,-1) = g1, B(v;®1 — ehi®eh;1vi) = z;®1.

The filtration on A = A(V, F, 1, ¢, «) defined by (4.9) satisfies the hy-
pothesis in Lemma 1.1, hence it coincides with the Loewy filtration. This
proves (2).

The algebra gr A(W, F, 1, £, «) is a Loewy-graded U-comodule algebra
satisfying

gr AW, F,4,€,a)(0) =kyF, gr AW, F,¢,§ a)(l) = WegkF.
Thus (3) follows from Theorem 3.3 and Proposition 4.1. O
Now we can state the main result of this section.

Theorem 4.6. Let 0 € N, I' be a finite Abelian group, g1,...,99 € T,
X1,---,X0 € T be a datum for a quantum linear space, with associated Yetter-
Drinfeld module over kKI' V.=V (g1,...,90, X1,---,Xo) and U = B(V)#KkIL.

If M is an ezxact indecomposable module category over Rep(U) then there
exists a subgroup F C T, a 2-cocycle ¢ € Z%*(F,k*), a compatible datum
(&, a) and W CV a subcomodule invariant under the action of F' such that
M >~ qw,Fap.,0)0M as module categories.

Proof. By Theorem 3.1 there exists a right U-simple left U-comodule algebra
A A — HQgA with trivial coinvariants such that M ~ 4M as module
categories over Rep(U). Since Uy = kI', and Ay is a right Up-simple left Up-
comodule algebra [M2, Proposition 4.4] then Ay = kyF' for some subgroup
F C G and a 2-cocycle v € Z%(F,k*). Thus we may assume that A # Aj.
By Theorem 3.3 there exists an homogeneous coideal subalgebra 6,4 C R
such that gr A ~ B#kyF. Proposition 4.1 implies that B4 = K(W)
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for some kI'-subcomodule W C V invariant under the action of F', thus
gr A~ KC(W,4, F). Since A # Ay the space W is not zero.

Let us assume first that gr A ~ IC(V,4, F). By Lemma 3.4, there are
elements {v; : i =1...0} in A such that for all f € F

Avy) = ;@1 + g;®v;,  epv; = xi(f) viey.
Since gr A is generated as an algebra by V' and ky F' then A is generated as
an algebra by the elements {v; : 7 =1...60} and ky F'. Since z;®1 and g;®v;
g;-commute then the quantum binomial formula implies that
SCADE AR

; 7
thus U;»Ni € Ap and there exists & € k such that va" =¢ €, Ni if gfvi € F, oth-

erwise UZN’ = 0. If i # j then A(viv; — qij vjvi) = 6i9;®(viv; — qij vjv;). Hence
vV —qi; vjv; € Ag, and therefore v;v; —¢q;; vv; = ZfeF ¢rey. Thus we con-
clude that if g;g; € F' then there exists o;; € k such v;v;—¢q;; vjv; = oy €gig;»
and if g;g; ¢ F then v;v; — ¢;; vju; = 0. It is clear that (£, a) is compat-
ible with the quantum linear space and v, therefore there is a projection
A(V,G,,&,a) - A of U-comodule algebras, but both algebras have the
same dimension, since by Proposition 4.5 (3) gr A ~ gr A(V, G, ¢, , ), thus
they are isomorphic.

If gr A ~ (W, 4, F) for some kI'-subcomodule W C V invariant under
the action of F' we proceed as follows. We shall define an U-comodule algebra
D such that gr D = IC(V, 4, F') such that A is a U-subcomodule algebra of D,
and this will finish the proof of the theorem since D ~ A(V, F, 4, £, a) and
by definition A(W, F,,, «) is the subcomodule algebra of A(V, F, v, &, a)
generated by W and kF.

Using again Lemma 3.4 there is an injective map W < A; such that for

any hel', we W,
AMw) = w#1R1 + 1#hQw.

Observe that here we are abusing of the notation since the element w also de-
notes the element in .4; under the above inclusion. Using this identification
A is generated as an algebra by W and kF'.

Let W' C V be a kI-subcomodule and an F-submodule such that V =
W' @ W. Set D = K(W')®kA, with algebra structure determined by

(1®a)(1®b) = 1®ab, (z®1)(y®1) = zy®l, (2®1)(1®a) = z®a,

(1®ep)(v@1) = f-v@er, (1Qw)(v®1) = g 4(vOW),
for any a,b € A, z,y € K(W'), f € F, h,g € T, w € W}, v € W,,. Here
the scalar g 4 € k is determined by the equation in U: wv = g 4 vw, see
Remark 2.2. Let us define A : D — U®yD the coaction by:

Az®a) = z(_1ya-1)QT(0)Da (),
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for all @ € A, x € K(W'). By a direct computation one can see that
A is an algebra map. It is not difficult to see that Dy = kyF' and that
grD(1) = VegkF, thus grD ~ K(V, 9, F). O

Example 4.7. This example is a particular case of a classification result
obtained in [EO1, §4.2] for the representation category of finite supergroups.

Let & € N, I be an Abelian group and u € I' be an element of order 2.
Set g1 = -+ = g9 = v and for any ¢ = 1,...,60 let x; € T be characters
such that y;(u) = —1. If V.=V (¢1,...,90, X1, -- -, xo) then the associated
quantum linear space is the exterior algebra AV. In this case U = AV #KI'.

Let F C T be a subgroup and ¢ € Z2(F,k*) a 2-cocycle. A compatible
comodule algebra datum in this case is a pair (£, «) satisfying

(4.10) & =0 if X2(f) #1, =0 if x;x;(f) #1, forall f € F.

If W C V is a subspace stable under the action of F' the algebra A(W, F, ¢, £, «)
is isomorphic to the semidirect product CI(W, 3)#kyF where CI(W, ) is
the Clifford algebra associated to the symmetric bilinear form 6 : V xV — k
invariant under F' defined by

BN e Ry
(4.11) ﬁ(vl,m—{gf i

Reciprocally, if W C V is a F-submodule, any symmetric bilinear form
B8 : W x W — k invariant under F defines a comodule algebra datum
(&, ). Indeed, take U C V a F-submodule such that V.= W & U and
define B: V x V — k such that B(wl,wg) = B(wy,we) if w1, we € W and

B(v,u) = 0 for any v € V, u € U. Follows that the pair (£, ) defined by
equation (4.11) using 3 gives a compatible comodule algebra datum.

Remark 4.8. It would be interesting to give an explicit description of data
(W, F,4, &, ) such that the algebra A(W, F, 1, &, «) is simple. This would
give a description of twists over U, i.e. fiber functors for Rep(U).

4.1. Equivariant equivalence classes of algebras A(W, F,¢,{, ). In
this section we shall distinguish equivalence classes of module categories of
Theorem 4.6, that is equivariant Morita equivalence classes of the algebras
AW, F,,€,a).

Let U be the Hopf algebra as in the previous section. Let W, W' C
V be subcomodules, F,F’ C T' be two subgroups, v € Z%(F,k*), ¢/ €
Z2(F' k*) 2-cocycles and (&, a), (&', @) compatible comodule algebra datum
with respect to the quantum linear space R, the 2-cocycles 1, ¢’ and the
groups F, F’ respectively.

Theorem 4.9. The associated right simple left U -comodule algebras to these
data AW, F, 1, &, ), AW', F' o' & o) are equivariantly Morita equiva-
lent if and only if (W, F,v,&,a) = (W', F',4/, €', o).

We shall need first the following result.
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Lemma 4.10. The algebras AW, F,,&, ), AW', F' 4 ¢ a) are iso-
morphic as left U-comodule algebras if and only if W = W', F = F' ¢ =/,
E=¢ anda=d.

Proof. Let ® : AW, F,¢,&, ) — AW/, F' ¢/, &', a’) be an isomorphism of
U-comodule algebras. The map ® induces an isomorphism between kI’
and kg F’ that must be the identity, thus F' is equal to F” and ¢ = ¢’ in
H?(F, k).

Let W € Hg;./\/l be a complement of W in V', that is V =W & W. Let us
define a map @ : AV, F, ¢, & a) — AV, F,4, &', o) such that CAI5(a) = ®(a)
whenever a € A(W, F,¢,§, ).

It is enough to define ® on V and {ef : f € F} since A(V,F,7,€, ) is
generated as an algebra by these elements. Set

b(w) = d(w), D) =u, Dley)=D(ef),

for any w € W, u € W, f € F. It is straightforward to prove that ® is an
U-comodule algebra map, and necessarily ® is the identity map, whence ®
is the identity and the Lemma follows. ([

Proof of Theorem 4.9. Let us assume that A = A(W, F,v¢,¢,«) and A’ =
AW’ F' 4 € o) are equivariantly Morita equivalent. Thus there exists an
equivariant Morita context (P, Q, f,g), see [AM]. That is P € Z,M 4, Q€
%./\/l w and f: Po4Q — A, g: QP — A are bimodule isomorphisms
and A’ ~ End 4(P) as comodule algebras, where the comodule structure on
End4(P) is given in (3.1).

Let us denote by d : P — U®yP the coaction. Consider the filtration on P
given by P; = 6~ 1(U;®yP) for any i = 0...m. This filtration is compatible
with the Loewy filtration on A, that is P; - A; C P4, for any ,j and for
any n =0...m, (S(Pn) - E?:O U, Pp_;.

The space Py - A is a subobject of P in the category U M 4, thus we can
consider the quotient P = P/P, - A. Let us denote by § the coaction of P.
Clearly Py = 0, therefore P = 0. Indeed, if P # 0 there exists an element
q € P, such that ¢ ¢ P,_1, but 6(¢q) C >t Ui®kPp—;. Since Py = 0 then
6(q) € U,_1®, P which contradicts the assumption. Hence P = P - A.

Since Py € kFMka then by Lemma 1.3 there exists an object N € “ M,
C = kI'/kL'(kF)" such that Py ~ N@ykyF as objects in kFMﬂ%F. The
right ky, F-module structure on N®ky F' is the regular action on the second
tensorand and the left kI'-comodule structure is given by ¢ : N®ykyF —
kF@kN(@kka, 5(U®6f) = v(_l)f@)v(o)@ef, v e N, f € F. Here we are
identifying the quotient C' with kI'/F. Observe that P = (N®1) - A. It
is not difficult to prove that the action (N®1)®A — P is injective, thus
dimP = dim N dim.A. In a similar way one may prove that dim@Q =
s dim A’ for some s € N.
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If dim V = 1 then there exists an element g € I' and a non-zero element
v such that §(v) = g®v and P ~ v - A, where the left U-comodule structure
is given by d(v - a) = ga(_1)®@v - a(g), for all a € A. In this case the map
¢ : gAg~! — End4(P) given by

o(gag™")(v-b) = v - ab,

for all a,b € A is an isomorphism of U-comodule algebras. Hence A’ ~ A.
Thus, the proof of the Theorem follows from Lemma 4.10 once we prove
that dim N = 1.

Using Theorem 1.2 there exists t,s € N such that P! is a free right A-
module, i.e. there is a vector space M such that P ~ M®y.A, hence

(4.12) t dim N = dim M.

Since PR 4Q ~ A’ then P'®4Q ~ M®iQ ~ A", then dim M dimQ =
s A'dim M = tdim A" and using (4.12) we obtain that s dim N = 1 whence
dim N = 1 and the Theorem follows. ([

5. A CORRESPONDENCE FOR TWIST EQUIVALENT HOPF ALGEBRAS

We shall present an explicit correspondence between module categories
over twist equivalent Hopf algebras. For this we shall use the notion of
biGalois extension. A (L, H)-biGalois extension B, for two Hopf algebras
L, H is a right H-Galois structure and a left L-Galois structure on B such
that the coactions make B an (L, H)-bicomodule. For more details on this
subject we refer to [Sch].

Let L, H be finite-dimensional Hopf algebras and B a (L, H)-biGalois
extension. We denote by B the (H, L)-biGalois extension with underlying
algebra B°P, and comodule structure given as in [Sch, Theorem 4.3]. This
new biGalois extension satisfies that By B ~ L as (L, L)-biGalois exten-

sions and By B ~ H as (H, H)-biGalois extensions. Here Oy denotes the
cotensor product over H.

Let us recall that a Hopf 2-cocycle for H is a map ¢ : HRxH — k,
invertible with respect to convolution, such that for all x,y,z € H

(5.1) o(z1),y1))o (@)Y 2)2) = oY), 21)0 (T, Y2)22))
(5.2) o(z,1) =e(x) =o(1,x).

Using this cocycle there is a new Hopf algebra structure constructed over
the same coalgebra H with the product described by

Ty = 0(z)y1))o (2 Ye) TeYe), Ty € H.

This new Hopf algebra is denoted by H?. If K is a left H-comodule algebra,
then we can define a new product in K by

(5.3) a.ob = a(a(_l), b(—l)) a(o).b(o),
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a,b € K. We shall denote by K, this new left comodule algebra. We
shall say that the cocycle o is compatible with K if for any a,b € K,
a(ae),be)) ambay € K. In that case we shall denote by ;K the left co-
module algebra with underlying space K and algebra structure given by

(5.4) ag.b = O'(a(_l), b(—l)) a(o).b(o) a,be K.

The algebra H, is a left H-comodule algebra with coaction given by the
coproduct of H and it is a (H?, H)-biGalois extension and ,H is a (H, H?)-
biGalois extension.

If\: A— H®rA is a left H-comodule algebra then BOgxA is a left
L-comodule algebra. The left coaction is the induced by the left coaction
on B with the following algebra structure, if Y z®a, > y®b € BOyA then

(Z x®a)(z yRb) := Z ryRab.

A direct computation shows that By A is a left L-comodule algebra.

Proposition 5.1. The following assertions hold.

1. If A is right H-simple, then BOy A is right L-simple.

2. If A~y A then By A~y BOgA'.

3. If o : HRxH — k is an invertible 2-cocycle and L = H?, B = H,
then BUg A~ A,.

4. If K C H 1is a left coideal subalgebra, 7 : HQH — k is an invertible
2-cocycle compatible with K, o : HRH — k is an invertible 2-
cocycle and B = H, then BDH(TK) ~ (TK)U'

As a consequence we obtain that the application A — BUgA gives a ex-
plicit bijective correspondence between indecomposable exact module cate-
gories over Rep(H) and over Rep(L).

Proof. 1. If I C A is a right ideal H-costable then By is a right ideal
L-costable of By A.

2. Let P € M4 such that A’ ~ End4(P) as comodule algebras. The
object By P belongs to the category LM BOyA- The result follows since
there is a natural isomorphism BOy End 4(P) ~ Endpn, 4(BOgP).

3. and 4. follow by a straightforward computation. O

5.1. BiGalois extensions for quantum linear spaces. Let 0 € N and I’
be a finite Abelian group, (g1,...,99, X1,---,Xs) be a datum of a quantum
linear space, V.=V (g1,...,99,X1,---,Xo) and R the quantum linear space
associated to this data. Let U = R#kI.

Let D = (p1, A) be a compatible datum for R and I', and H = A(I',%R, D)
be the Hopf algebra as described in section 2.2. We shall present a (H,U)-
biGalois object.

The pair (—u, —A) is a compatible comodule algebra datum with respect
to R and the trivial 2-cocycle. In this case the left U-comodule algebra
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AV, T, 1, —u,—A) is also a right H-comodule algebra with structure p :
AV, T, 1, —pu, —A) — AV, T, 1, —u, —A\)®k H determined by

P(eg) = €g®ga p(vz) = U’L®1 + egz‘@ai) g € Fa 1= ]-7 s ’9'

The following result seems to be part of the folklore.

Proposition 5.2. The algebra A(V,T', 1, —u, —\) with the above coactions
is a (H,U)-biGalois object.

Proof.

[AM]
[AS1]

[AS2]

(Be]

[BEK]

[CS2]

[EN]
[EO1]
[EO2]
[ENO1]
[ENOZ2]

[FS]

Straightforward. ([l
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