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FAMILIES OF FINITE-DIMENSIONAL HOPF ALGEBRAS
WITH THE CHEVALLEY PROPERTY

MARTIN MOMBELLI

ABSTRACT. We introduce and study new families of finite-dimensional
Hopf algebras with the Chevalley property that are not pointed nor
semisimple arising as twistings of quantum linear spaces. These Hopf
algebras generalize the examples introduced in [AEG], [EG1], [EG2].

1. INTRODUCTION

A Drinfeld’s twist, or simply a twist, for a Hopf algebra H is an invertible
element J € H®H satisfying a certain non-linear equation, which in some
sense is dual to the notion of a 2-cocycle. Any twist gives rise to a new Hopf
algebra H” constructed over the same underlying algebra H such that if R
is a quasitriangular structure for H then R’ = Jo; RJ ! is a quasitriangular
structure for H”. The twisting procedure is a very powerful tool to construct
new examples of (quasitriangular) Hopf algebras from old and well-known
ones.

It has been used in [N], [GN1] to construct simple Hopf algebras by twist-
ing group algebras, see also [GN2]. In [AEG] the authors introduce some
families of triangular Hopf algebras by twisting finite supergroups. The idea
of the construction is roughly the following. They begin with a finite group
G with a central element of order two u € G, V' a finite-dimensional rep-
resentation of G where u acts as —1 and B € S%(V). The tensor product
of the exterior algebra A(V) and the group algebra kG is a braided Hopf
algebra in the category of Yetter-Drinfeld modules over Zs. The twisting of
A(V)®KG by the exponential e” of the symmetric element B gives a new
braided Hopf algebra and by bosonization a (usual) Hopf algebra.

This idea was developed further in a series of papers [EG2], [EG3], [EG4]
culminating in the classification of finite-dimensional triangular Hopf alge-
bras. Also in [EG1] further properties of this family have been studied.

The main goal of this paper is generalize this construction replacing the
group Zo by an arbitrary finite Abelian group I' and V' by a quantum linear
space over (¢ such that I' is in the center of G. As expected, the role of the
exterior algebra is played by the corresponding Nichols algebra %(V'). This

Date: September 1, 2011.
2000 Mathematics Subject Classification. 16W30, 18D10, 19D23.
This work was partially supported by Ministerio de Ciencia y Tecnologia (Cérdoba),
Secyt (UNC), CONICET, Argentina.
1



2 MOMBELLI

construction gives in some cases new examples of finite-dimensional Hopf
algebras.

The contents of the paper are the following. In section 3 we briefly recall
the definition of quantum linear space over a finite group and the definition
of twist over a braided Hopf algebra. We associate to any twist over a
braided Hopf algebra a twist over the corresponding bosonization. For any
quantum linear space V' we construct families of twists in B(V') using the
quantum version of the exponential map.

In section 4 for any quantum linear space V' over a finite group G and a
subspace W C V', a subgroup F' C G and a twist J for the group algebra
kF' we introduce the definition of the Hopf algebras A(V, G, W, F, J, D) and
we study the particular class of these Hopf algebras when V =W, k6 F =T,
J = 1®1, that we denote by A(V, G, D). In the non-trivial cases these finite-
dimensional Hopf algebras are new. We describe some isomorphisms of the
Hopf algebras A(V, G, D) and we study the algebra structure of A(V, G, D)*
from which we give necessary and sufficient conditions for the Hopf algebra
A(V,G, D) to be pointed.

Acknowledgments. This work was mainly done during a visit to the ICB,
Universidad de Cuyo, Mendoza, Argentina. I would like to express my
gratitude to S. Simondi and Y. Gonzalez for the warm hospitality. I also
want to thank N. Andruskiewitsch for his interest in this work and for his
comments that led to a better presentation of the paper.

2. PRELIMINARIES AND NOTATION

Throughout the paper k will denote an algebraically closed field of char-
acteristic 0 and all vector spaces and algebras are assumed to be over k.

If G is a group and (V,§) is a left G-comodule we shall denote V; = {v €
V :é(v) = gov} for all g € G.

If ¢ € k,n € Ndenote (n), = 1+q+---+¢" ! and as usual the g-factorial

numbers: nl; = (1)4(2)4...(n)q. The quantum Gaussian coefficients are

defined for 0 < k <n by
n\ nly
k q_ (n—k)lg kg

The following technical result will be needed later.

Lemma 2.1. Let a,i,j5,N € N, ¢ € k such that ¢ =1, 1 < N. If
0<a,i,j <N andi+j= N + a, then

o S ),

Proof. Let x,y be elements in an algebra such that yz = ¢ xy. Equation (2.1)
follows by using the quantum binomial formula to expand (z 4 3)%(x + 3)
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and (x + y) ‘(z +y)?, and then compute the corresponding coefficient of the
term 2%y, ([l

If  is an element in an algebra such that 2 = 0 and ¢ € k, the ¢-
exponential map [K] is defined by

2

equ

O

The element exp,(r) is invertible, see [K Prop. IV.2.6], and the inverse is
given by
n n(n 1)/2

N—
equ = Z fI,'n .
n=0

We shall need the following result.

Lemma 2.2. [W, Lemma 3.2] If ¢ is a N-th root of 1, xy = qyz and

2yN =0 for any i =0...N then exp, (7 +y) = exp, () exp,(y)- O

3. TWiISTS IN QUANTUM LINEAR SPACES

We shall describe some families of twists over quantum linear spaces and
describe twists for some (usual) Hopf algebras constructed from braided
Hopf algebras.

3.1. Quantum linear spaces. We shall recall the definition of quantum
linear spaces introduced in [AS1]. Let G be a finite group and 6 € N. Let
gi,---,99 € G, x1,-..,x0 € G. Denote ¢;; = x;(9i), ¢ = gii, for any
1,7 =1,...,0. Let N; be the order of ¢; which is assumed to be finite and
N; > 1. The collection (g1,-.-,99,X1,---,Xx0) is a datum for a quantum
linear space if

(3.1) gih = hgi, xixj = xjxi forall i,7, and all h € G,
(3.2) ¢ijq;i =1 for all i# j.

We shall denote by I' the Abelian group generated by {g; : i =1,...,0}.
Let V' be the vector space with basis {z1,...,z¢}. With the following maps
V is an object in 8))D:

0(z) = gi®xi, h-x;=xi(h)x

We shall denote V' =V (g1,...,90, X1,---,Xp). The associated Nichols alge-
bra [AS2] B(V) is the algebra generated by elements {x1,...,xp} subject
to relations

B(V) is a braided Hopf algebra in gyD with coproduct determined by
A(x;) = ;@1 + 1®x; for all i = 1,...,60. The braided Hopf algebra B(V)

is called a quantum linear space.
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Using the quantum binomial formula we get that for any i,n
" /n
k —k
A(z}) = Z <k> ;@ ",
k=0 i

There is an isomorphism B(V)* ~ B(V*) of braided Hopf algebras. For
any ¢ = 1,...,0 and 0 < r; < N; define X" ... X,” the element in B(V)*
determined by

H?:l (ri)lg, if ri=ws;, foralli=1,...,0

X Xre sl =
< ! 071 0> 0 otherwise.

The braided Hopf algebra B(V)* is generated by elements Xi,..., Xy
subject to relations (3.3). The coproduct is determined by A(X;) = X;®1+
1®X; foralli=1,...,6.

3.2. Twists in braided Hopf algebras. Let H be a braided Hopf algebra
in the category gyD. A twist for H is an invertible element J € H®H such
that §(J) = 1®J and

(3.4) (A®id)(J)(J@1) = ([d®A)(J)(1J), (exid)(J]) =1 = (id ®e)(.J).

Here § : HOH — kGRQHRH is the coaction of HRH in the category gyD.
As for usual Hopf algebras there is a new braided Hopf algebra structure
on the vector space H with the same algebra structure and coproduct given
by A7(h) = JYA(h)J, for all h € H. This new braided Hopf algebra is
denoted by H”’. See [AEG].

Two twists J,J € H are gauge equivalent if there exists an invertible
element ¢ € H such that e(c) =1, §(c) = 1®¢, g- ¢ = c for all g € G and

J = Ae)J (¢ '@e™h).

In this case the map ¢ : H H’, ¢(h) = chc™! is an isomorphism of
braided Hopf algebras.

Remark 3.1. The product of elements in HQ®H or in HOH®H, as in equa-
tion (3.4), is the product in the tensor product algebra as an object in the
corresponding braided tensor category.

The following technical Lemma will be of great use later, the proof is
straightforward.

Lemma 3.2. Let J,J' be twists for H. Assume that

(3.5) (1eJ)(id @A) (J") = (d @A) (J)(1eJ),

(3.6) (Jo1)(Aid ) (J') = (Axid )(J")(J®1).

Then the product JJ' is a twist for H. O
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For any element J € H®H we shall denote by 7-[( 7 the vector space H*
with product given by

(3.7) (X Y, h) = (X, hay(h@) (1) - I WY, (h2)) 0) )
forall X, Y e H, h € H.

Lemma 3.3. The above product in HTJ) 1 associative if and only if J
satisfies

(Awid)(J)(Jo1) = (id 9A)(J)(10.]).

In particular ’sz) s an algebra with unit € in the category g)}D if and only
if J is a twist for H. O

Let us mention some applications of Lemma 3.3. Denote W the 1-
dimensional vector space generated by x. The space W is a Yetter-Drinfeld
module over G with structure maps given by

6(z) =gox, f-z=x(f)=,

where g € G, y € G, and ¢ = X(g). Assume that ¢ has order N > 1 and
that g™ = 1. Thus B(W) = k[z]/(2). For any ¢ € k denote

N-1
f Nk o k
k=1

Proposition 3.4. J¢ is a twist for B(W).

Proof. Clearly J¢ is invertible with inverse given by J_¢, also (e®id )(J¢) =
1 = (id®e)(J¢). Let us prove that %(W)Z‘Jg) with the product (3.7) is as-
sociative. The vector space B(W)* has a basis consisting of elements {X ¥
i=0,...,N —1}, where (X", 27) = §;; (i!)4 for any 4,5 € {1,...,N — 1}.
For any 0 <14,j5 < N we have that

(3.9) X4 X9 = {XM fitj<N

€X% ifi+j=N+a,0<a<N.

Hence X % (Xk * Xj) = (Xi * Xk) * X7 for any i, 7,k and the product
is associative. Let us prove that X% X7 = £ X® when i + j = N + a, the
other case is straightforward. By definition if h € B(W) then (X’ * X7, h)
is equal to

N-1

i i N—ky/ xJ K
(X", b)) +Z N = Wk, (X" by (-1 )X gy 0)2™)-
k=1
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Thus it is clear that if h # 2 then <X’ * Xj, h) = 0. We have also that
(X% (") ) (X7, (%) (2)) = 0, then (X* x X7 2%) is equal to

N-1

D

k=
N—

B

a 3 i a—l 1 k\vi ol N—k
e (X", 2% g 2 (X 2T
<l>qUV——kﬂqu )

(). SO (i gty V)
q

=0

o |l

—_ =

1), (N = k) K,

k=1 1=0

<a> Sql(i+l—a) i!q ]'q
2 \1) (N—i— T+ a),i+1-a),

a » . /L
aly ql(l ) <‘Z> ( - l> =£&aly.
=0 q a q

The last equality follows from (2.1). O

S

~
[e=]

Iy

Let V = V(g1, g2) be the 2-dimensional Yetter-Drinfeld module for some
datum of a quantum linear space. Assume that gigo = 1 and that N; =
N=Nsy,qg=q= q2_1 is a N-th primitive root of unity. Then B(V) is the
algebra generated by x,y subject to relations

N =0=y", zy=qyar

For any a € k set B = a z®y and J, = exp,(B). It follows by a straightfor-
ward computation that (1®B)(B®1) = (B®1)(1®B), hence the exponen-
tials commute exp, (10 B) exp,(B®1) = exp,(B®1) exp,(1®B).

Proposition 3.5. J, is a twist for B(V) in the category LY D.

Proof. The proof goes in a similar way to the proof of [W, Thm. 3.3]. It is
immediate to verify that (e®id)(J,) = 1 = (id ®e)(J,). First note that

(A®id ) (exp,(B)) = exp,((A®id)(B)), exp,(B)®1 = exp,(Bo1)
and
(id @A) (exp,y(B)) = exp,((id ®A)(B)), 1®exp,(B) = exp,(12B).
Let us denote C' = a(z®1®y), then
(A®id)(B) = C +1®B, (id®A)(B) = C + B®1.

It follows easily that ¢ (B®1)C' = C(B®1), (18 B)C = q C(1®B) and for
any k = 0...N we have that C*(Be1)N=* = C*(1®B)N~* = 0. Then
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using Lemma 2.2 we get that
(A®id )(J4)(Ja®1) = exp,((A®id )(B)) exp,(B®1)
= exp,(C + (1®B)) exp,(B®1)
= exp,(C) exp,(1®B) exp,(B®1)
= exp,(C) exp,(B®1) exp, (10 B)
= exp,(C + B®1) exp,(10B)
= exp,((Id®A)(B)) exp,(10B) = (id ®A)(Ja)(10J,).
O
3.3. A Hopf algebra associated to a braided Hopf algebra. Let I" be
a finite Abelian group and # € LY D such that I is a subgroup of the group-
like elements in H and for any g € T, 6(9) = 1®g. Here § : H — kI'®@H is

the coaction. Inspired by [AEG]| we shall construct a Hopf algebra H such
that the tensor categories of representations of H and H are equivalent.

Consider the bosonization H#kI. The ideal I generated by elements
h#1 — 14#h for all h € T" is a Hopf ideal. Define H = H#KkI'/I. The class of
an element z®g € H#kI in the quotient H will be denoted by x®g.

If J € HRH is a twist, define
(3.10) J = (1d®5)(j)#1 = jl#j2(,1)®j2(0)#1.
We shall use the notation J = J'®72 = j1®j2.

Theorem 3.6. The element J € HRH is a twist. If J is I'-invariant, that
isg-J=J forall g €T, then HI#KI' /T ~ H”.

Proof. Clearly J is invertible with inverse J~! = (id ®6)(J~1)#1. Applying
(id ®I®4) to (A®id )(JT)(T®1) we obtain

T (T @I 2) 50T @it n®
®J (2)(0)32(—1)' 20T (-1)®T % )

Applying to this element (id ®id ®id ®A®id ), multiplying the fourth and
second tensorands and using the cocommutativity of kI with obtain

T (T @ T 0) 30T @) T —9i° )@
T (20T (-2 - (0BT (-1y®T (o)
On the other hand, applying (id ®5®5) to (id ®A)(j)(1®j) we obtain
T'OT* 1) =nd" BT 10T @)(-2) I 0BT @) -1 )BT 2)0)3% 0)-

Again, applying to this element (id ®id ®1d ®A®Id) and mul‘mplylng the
fourth and second tensorands we obtain

ToT* 1y @2 00T 00T @) I ®
2 2 -2
®J (2)(4)3 2C0@9T% @))% 0)-

(3.11)
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Using the cocommutativity of kI and that §(J) = 1®J then the above
element is equal to

T'oT* 1) (-T2 92T )0 T @)(-2) i 0@
0T )15 (-1)@T X2 )5 0);

and since the coproduct is a morphism of kI'-comodules the above element
is equal to

3.12
( 51)@9»72<1>®J2<0><1>J2<o>(2><—2> 3 0@T 0@ -1 )BT 205 0):

The element (A®id )(J)(J®1) is equal to

(Aeid )(TT#T? —1)@T* (0 #1)(J®1) =
=T'0)(T' @2 %) IH#HT @) T (33 1)@
DT %20 *(~2) - P #T () @T ) #1,

and (id ®A)(J)(1®J) equals

(id @A) T #T?* —1)@T* (0 #1)(1eJ) =

= T'#T? 00T 01T 0)@) (-2 I 0#T 0@ i -n®
®T?(2)(0)J* (0)#1-

Since J is a twist then equations (3.11), (3.12) are equal, hence we con-
clude that (A®id)(J)(J®1) = (iId®A)(J)(1®J). It follows easily that the
coproduct of H7#kI'/I coincides with the coproduct of H. ([l

3.4. The exponential map in quantum linear spaces. Let G be a finite
group and 0 € N, (g1,...,90,X1,---,Xps) be a datum for a quantum linear
space and V =V (g1,..., 90, X1,---,X0)-

Let D={a;; €k:1<4,5<60,i#j}U{& ek:1<1i<0} bea family of
62 scalars. We shall say that D is compatible with the quantum linear space
Vif
(3.13) a; =0 if gigi #1, & =0 if g™ #1.

Let FF C G be a subset. We shall say that the family of scalars D is
F-invariant if
(3.14) xi(9)x;(9) aij = aij,

(3.15) Xf-v" ()¢ =¢& forallgeF.

In particular if D is compatible with V then it is I'-invariant, which
amounts to

(3.16) a;j =0 if gipqjr # 1 for some k=1,...,0,
(3.17) &=0 if qg"#lfor some j =1,...,0.
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IfgeGand Dy ={a;; €k :1<4,5<6,i#jU{&Eek:1<qi<6},
Dy={aj; €k:1<i,j<0,i#jtU{{ ek:1<i<0} are two families of
scalars we will denote

Dy + Dy = {aij +aj; ek} U{& + & ek:1<i<0},

9-D1 = {xi(9)xj(9) aij €K} U{x;"(9) & ek:1<i <0}
We shall say that a family of scalars D is ¢-symmetric if a;; = —q;;a;; for
any 1 <i,5 <6,i# j. We shall denote
D={bjek:1<i<j<0i#jlU{&ek:1<i<b}
where b;; = ¢;ja;; — a;;. Clearly Dis g-symmetric.

Define B;j = aij x;®@xj, Je, = 11 + Z{jgl m :rf-v"_k®xf and

0

=1 1<i,j<0,i#]

Theorem 3.7. Let D be a compatible family of scalars with V. Then Jp is
a twist for B(V) in the category LY D.

Proof. Follows by (3.16) that
(1®Bi;)(id ®A(B)) = (id ®A(Bg))(1©Bj)),

(Bij@1)(A(By)®id ) = (A(Bg)®id ) (By;@1),
thus

(1®exp, (Bij))(id ®A(expg,, (Bri))) = (id ® expg, , (Br)) (1® expg, (Bij)),

(expy,; (Bij)@1)(A(expy,, (Brr))®id ) = (A(expy,, (Br))@id ) (expy,; (Bij)®1).
Using Lemma 3.2 we obtain that J[;.; ;< exp,, (Bi;) is a twist. It follows
from (3.17) that

1ozl Fek) (id©A) ()7 *0rl) = (id ®A)(z

Nj—a
A J )

o)) (1o o),

thus by Lemma 3.2 we conclude that H?:l J¢, is a twist.

It follows from (3.17) that (a:fvi*k®xf)(a:l®xj) = (ml®xj)(xf-vﬁk®xf),

thus equlj(Blj) and J¢, commute. Let 7,5,k =1,...,0, 1 < a < Ny, then
(1®a?kN’“_a®xZ)(xi®1®xj + 2;®x;®1) equals to
= xi®xff’“7“®xzmj + g xi®x£]’“famj®xg

Np—a N, Np—a
= iy Ti®T QT Ty + qkj’“ Ti®r;x, " Ry,

On the other hand (z;®1®x; + xi®azj®1)(1®ackN’“_a®x%) equals to
qjv’“_a ri@ay @ al + vyt Q.

Using (3.17) follows that (1®:1:,]€V’“_a®x%) and (id ®A)(z;®x;) commute, hence
(1®Jg,) and (id @A)(expg, (Bi;)) commute. Similarly we can prove that
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(Jg,®1) and (A®id )(expy, (By;)) commute. Using again Lemma 3.2 follows
that Jp is a twist. O
Remark 3.8. For any 1 < k,[,s,t < 0 we have that

exp,,, (Bri) exp,,, (Bst) = exp,,, (Bst) expg,, (Br),

eXkal(Bkl)‘]Ej = Jﬁj eXkal(Bkl)7 Jﬁj Je, = Jg, Jﬁj'

Remark 3.9. It would be interesting to study the exponential map for other
types of Nichols algebras.

4. Hopr ALGEBRAS A(V,G,W, F, J, D)

Let G be a finite group and 6 € N, (¢1,...,90, X1,-- -, Xo) be a datum for
a quantum linear space and V' = V(g1,...,99,X1,---,Xp)- As before I is
the Abelian group generated by {g; : i = 1,...,0}. Note that I" is contained
in the center of G. Using ideas contained in [AEG] we shall construct Hopf
algebras coming from twisting B(V)#kG.

By restriction V is an object in LYD. The vector space B(V)@kkG
has a structure of braided Hopf algebra in ;yD as follows. The coaction
o : %(V)@]kkG — kF@k‘B(V)@)kkG and the action - : F®k‘B(V)®kkG —
B(V)@kkG are determined by

d(v®g) = v_BV(RY, h-(v®g) = h- vy,

for all v € B(V), g € G, h € T. The product and coproduct in B(V)@ikG
are given by

(vRY)(V'®g') = vg - V'Rgg,  A(v®g) = v1)RgRV(2 Ry,
for all v,v' € B(V), g,¢" € G.

Let F' be a subgroup of G such that I' < F, let W C V be a subspace
stable under the action of F' and W, C V, for all g € F. In this case we
can consider the braided Hopf algebra B (W )®kF'. Let D be an F-invariant
family of scalars for the quantum linear space W and let J be a twist of kF'.

Lemma 4.1. The element Jé®J1®J%®J2 18 a twist for the braided Hopf
algebra B(W)QKF in the category LY D.

Proof. Both elements J%®1®J%®l, 1®J'®1®J?% are twists. Note that for
any g € I’ we have that g - Jp = J,.p, hence

(1g1Rg)(JpR1RJHR1) = J; pRgRJ; p®yg.

Since D is F-invariant follows that equations (3.5) and (3.6) are satisfied
and by Lemma 3.2 Jé®J1®J%®J2 is a twist. [l

Abusing the notation we shall denote by JpJ the twist J%)®J 1®J12)®J 2,
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Definition 4.2. Under the above assumptions we define the braided Hopf
algebra
A(V,G, W, F, J,D) = (B(V)2kG)'?’

in the category ;yD. Using the bosonization procedure we construct the
Hopf algebra A(V,G, W, F,J,D)#kI['. The bilateral ideal I generated by
elements 1@h#1 — 1®1#h for all h € I' is a Hopf ideal. Thus we define the
Hopf algebra A(V,G, W, F, J, D) as the quotient A(V,G, W, F, J, D)#kI'/I.

fV =W, F =G and J = 1®1 we shall denote the Hopf algebra
A(V,G,V,T', J, D) simply by A(V,G, D).

Remark 4.3. Note that if D = 0, that isif a;; =0=¢ for all 1 <i,5 <0,
then Jp = 1®1 and A(V,G,0) = B(V)#kG.

Corollary 4.4. A(V,G,W, F, J, D) is twist equivalent to B(V)#kG.
Proof. 1t follows from Theorem 3.6. ([

Definition 4.5. [AEG] A tensor category is said to have the Chevalley
property if the tensor product of simple objects is semisimple. A Hopf
algebra H has the Chevalley property if the category of left H-modules
does.

If H is a Hopf algebra with the Chevalley property and J € H®RH is
a twist then H” has the Chevalley property. Hence the families of Hopf
algebras A(V, G, W, F, J, D) have the Chevalley property.

Example 4.6. [AEG] Let G be a finite group and u € G be a central
element of order 2. Let V be a G-module such that u-v = —v for allv € V.
The space V is a Yetter-Drinfeld module over G by declaring V' = V,,, thus
I' =Zy. Let {z1,...,29} be a basis of V. In this case g;; = —1 = ¢;; for all
1 <4,j < 6 and the Nichols algebra B(V) is the exterior algebra AV

Let D={a;; €k:1<i,j<6,i#jU{&{ ek:1<i<0} bea family
of scalars. Note that D is automatically Zg-invariant. Define

0
B = Z Q5 T, QT + Z &riRr; € VRV,
i#j i=1
Since ¢;; = —1 then Jp = eP. Our definition of A(V,G,D) coincides with
the definition given in [AEG], see also [EG1], where this algebra is denoted
by A(V,G, B). Note, however, that in loc. cit. the authors assume that the
element B is symmetric, that is B € S%(V).

Let us develop a more particular example. Assume that V' has a basis
{z,y}. If a € k denote B, = a z®y — a yRx. In this case the twist
ePa is gauge equivalent to the trivial twist 1®1. Indeed if ¢ = e®*¥ then
ePa = A(c)(c t@c™h). Thus A(V,G, B,) ~ AV#kG. The isomorphism is
given by conjugation by ¢, thus one can not expect to apply [EG1, Prop.
2.1] in the general situation. Also A(V,G, B,) is super cocommutative but
B, is not G-invariant hence [EG1, Corollary 5.3] is no longer true when B
is not symmetric.
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Example 4.7. Let G be a finite group with a character x : G — k*. Let be
n € Nand £ € k. Let u € G be a central element of order n and x(u) = g be
a n-th primitive root of unity. Let V be the one-dimensional vector space
generated by x with structure of Yetter-Drinfeld module over G given by

§(z) =u®zr, g-xz=x(g9)z, foral ged.

The Nichols algebra of V' is isomorphic to k[z]/(z"). If D¢ = {£{} then
A(V,G, D¢) is isomorphic to the algebra generated by elements {z,g : g € G}
subject to relations

=0, gr=x(g9)zg, forall g €q.

The twist in this case is J¢ = 1®1 + 22;11 m 2" *@zk and the
coproduct is given by formulas
n—1 (Xn
Az) = 2®1 + u®z, Ag —g®g+z n—kz'k' a:" Fukgoxky.

=1

We shall prove later that if £ # 0 and x™ # 1 then A(V,G,D¢) is not a
pointed Hopf algebra and (unfortunately) A(V,G,D¢) ~ A(V,G, D).

4.1. Some isomorphisms of A(V,G, D). In this section we shall present
some isomorphisms of Hopf algebras A(V, G, D) in a similar way as in [EG1,
Prop. 2.1].

Remark 4.8. The coproduct of the braided Hopf algebra B (V)®kG is given
by:

AP (veg) = J5' A(v@l)(1ege1Rg)Jp = Jp' JppA(v®g),
forall g € G,v € B(V). This equation follows since JpA(v®1) = A(v®1)Jp

for all v € B(V). This implies that if D is G-invariant then A(V,G,D) ~
B(V)#kG. In particular if G =T then A(V,G, D) ~ B(V)#kG.

Let G, G’ be finite groups, V, V'’ be quantum linear spaces over I and I
respectively with basis {z1,...,2¢} and {2}, ..., 2y} respectively. Let D, D’
be families of scalars such that D is I'-invariant and D’ is I''-invariant.
Proposition 4.9. The Hopf algebras A(V,G, D), A(V',G',D') are isomor-
phic provided there is a group isomorphism ¢ : G — G’ such that ¢(T') =T"
and a isomorhism n : V. — ¢*(V') of Yetter-Drinfeld modules over G such
that (n®@n)(Jp) = JprJz where D is G-invariant.

Proof. We shall prove that the braided Hopf algebras B(V)®kG, B(V')RkG’
are isomorphic. The map 7 can be extended to an algebra map n: B(V) —
B(V’). Define ¢ : B(V)QkG — B(V')QkG’ by

Y(v®g) = n(v)®e(g), for all v e B(V),g € G.
Clearly 1 is a bijective algebra morphism. If v € B(V), g € G then

AP (P(v@Rg)) = Jpt Ty A (v®g)).
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On the other hand
(Y&p) AP (v&g) = (n@n)(Jp' Jop) (P&P) A(veyg)
= Jpi I o) D Sy BV A(v&g)
= Jpt Jotgy oI5 T (@) Avgg)
= Il Iy A((v2g)).
The third equation follows from remark 4.8. O

4.2. The algebra structure of A(V,G,D)*. In this section we shall de-
scribe the algebra structure of A(V,G,D)* following very closely the proof
given in [EG1]. As a consequence we shall give necessary and sufficient
conditions for the Hopf algebra A(V,G,D) to be pointed.

We shall keep the notation of the previous section. Let S C G be a set of

representative classes of G/I, that is G = |J,c g sI'. For any s € S define
Ag ={v@g#1:v e B(V),g € sI'}.

IED={djek:1<i4,j<0i#jtu{{Eek:1<i<0}isa
family of scalars then we define R(D, ") as the algebra generated by elements
Xq,...,Xp,v € I' subject to relations

Vi =xi(N Xy, XV =61, XX — i XX = dyl.

The following result seems to be well-known.

Lemma 4.10. The algebra R(D,T") is basic if and only if d;j = 0 = & for
all 0<i,j<6. O

The following result generalizes [EG1, Thm. 5.2].

Proposition 4.11. The following hold:

1. For any s € S the space A is a subcoalgebra,
2. A(‘/, G, D) = @sES AS}
3. there is an isomorphism of algebras A% ~R(D —s-D,T').
Proof. 1. Tt follows from the definition of the coproduct of A(V,G,D) and

the fact that the twist Jp € B(V)B(V).
3. The product in A? is described as follows. If X, Y € A% h € Ay then

(4.1) (X xY,h) = (X, J thi ) (Y, J2hj?),

where J = j'®j% = Jé@l#l@ﬁ;@l#l, Jl®J72 = J7 1. A base of A is
given by {z7" ... 2,/ @sy#1:1 <r; < N;, 1 <i< 6,7 €T} A base for the
dual space A} is given by the family {X]*... X%y :1<r; < N;j,1 <i <
0,9 € T'} where

Hf:1 (ri)lg; (g™, ) if 7 = s;Vi,

XU X%, 25 @sy#L) =
(Xj 0971 o ®51#1) 0 otherwise.
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Here (g*,9;) = xi(g), for all g; € T'. It is not difficult to verify that using
the product (4.1) the following equations hold:

g xf =(9f)", ¢xXi = xi(g) Xig", XixX; = XiX;+((xix;(s) —1ag )1,

Xix XN = (g = \Ni(s)en1, Xlx XF=XMlforall k+1< N, -1,

forall g,f e I', 1 < 4,5 < 0. We shall give the proof of third equality,
the proofs of the other equations are done in a completely similar way. Let
g € I" then

(X * X5, 1@sg#1) = (Xi, Jp ' L p®@sg#1)(X;, Jp 2 p@sg#1)
= —a;;{Xi, 1;Q@sg#1)(Xj, 1;@s9#1)+
+ xix;(8)aij (Xi, 2, @sg#1) (X, x;Qsg#1)
= —aij + XiX;j(5)ij-

For the second equation we are using that the coefficient of the term x;®x; of

€XPy,; (Bij)il Is —a;;. Since <X¢*Xj, xzx]®1#l> = 1land <Xi*Xj, VR1#1) =

0 for any v € B(V) different from 1 and x;z; then the result follows.
Observe that since X;X; = ¢;; X;X; then

Xix Xj — qij Xj* Xi = (qijaji — aij + Xix;(8)aji — qijxix;(s)aiz)1.

Whence there is a well-defined projection i)%(ﬁ —5- 73, I') — A} and since
both algebras have the same dimension they must be isomorphic. ([

We can generalize [EG1, Corollary 5.3].

Corollary 4.12. The Hopf algebra A(V,G, D) is pointed if and only ifﬁ 18
G-invariant. In particular if D is q-symmetric then A(V,G, D) is pointed if
and only if D is G-invariant if and only if A(V,G,D) ~ B(V)#kG.

Proof. A(V,G,D) is pointed if and only if A, is pointed for all s € S if and
only if A} is basic for all s € S if and only if 9%(13 -5 13, I, s) is basic for
all s € S if and only if D is s-invariant for all s € S.

If D is g-symmetric then a;; — ¢;ja;; = 2a;; thus D is G-invariant if and
only if D is G-invariant. If D is G-invariant then by Remark 4.8 A(V, G, D) ~
B(V)#kG thus A(V, G, D) is pointed.

O

Question 4.1. If D is G-invariant then A(V,G,D) ~ B(V)#kG ?

As alast remark I would like to point out that the dual of the Hopf algebra
A(V,G,W, F, J,D) has coradical k& and this family could be helpful to the
study of Hopf algebras with coradical a Hopf subalgebra that has recently
began in [AV].



FAMILIES OF HOPF ALGEBRAS WITH THE CHEVALLEY PROPERTY 15

REFERENCES

[AEG] N. ANDRUSKIEWITSCH, P. ETINGOF and S. GELAKI, Triangular Hopf algebras with
the Chevalley property, Michigan Math. J. Volume 49, Issue 2 (2001), 277-298.

[AS1] N. ANDRUSKIEWITSCH and H.-J. SCHNEIDER, Lifting of quantum linear spaces
and pointed Hopf algebras of order p*, J. Algebra 209 (1998), 658-691.

[AS2] N. ANDRUSKIEWITSCH and H.-J. SCHNEIDER, Pointed Hopf Algebras, in New
directions in Hopf algebras, 1-68, Math. Sci. Res. Inst. Publ. 43, Cambridge Univ.
Press, Cambridge, 2002.

[AV] N. ANDRUSKIEWITSCH and C. VAY, Finite dimensional Hopf algebras over the dual
group algebra of the symmetric group in three letters, preprint arXiv:1010.5953.

[EG1] P. EtTiNGOF and S. GELAKI, On families of triangular Hopf algebras, Int. Math.
Res. Not. 14 volume (2002) 757-768.

[EG2] P. ETINGOF and S. GELAKI, Classification of finite-dimensional triangular Hopf
algebras with the Chevalley property, Math. Res. Lett. 8 (2001), 249-255.

[EG3] P. ETINGOF and S. GELAKI, The classification of triangular semisimple and
cosemisimple Hopf algebras over an algebraically closed field, Int. Math. Res. Not.
5 (2000), 223-234.

[EG4] P. ETINGOF and S. GELAKI, The classification of finite-dimensional triangular
Hopf algebras over an algebraically closed field of characteristic 0, Mosc. Math. J.
3 (2003) 37-43.

[GN1] C. GALINDO and S. NATALE, Simple Hopf algebras and deformations of finite
groups, Math. Res. Lett. 14 (5-6) (2007) 943-954.

[GN2] C. GALINDO and S. NATALE, Normal Hopf subalgebras in cocycle deformations of
finite groups, Manuscripta Math. 125 (2008), 501-514.

K] C. KASSEL, Quantum groups, vol. 155 Graduate texts in mahtematics, Springer-
Verlag (1995).
[N] D. NIKSHYCH, Ko-rings and twisting of finite dimensional semisimple Hopf alge-

bras, Comm. Algebra 26, Issue 1, (1998) 321-342.
[W] S. WITHERSPOON, Skew derivations and deformations of a family of group crossed
products, Comm. Algebra 34 (2006), no. 11, 4187-4206.

FAMAF-CIEM (CONICET), UNIVERSIDAD NACIONAL DE CORDOBA,
MEDINA ALLENDE S/N, (5000) CIUDAD UNIVERSITARIA, CORDOBA, ARGENTINA

E-mail address: mombelli@mate.uncor.edu, martini0090@gmail.com

URL: http://www.mate.uncor.edu/~mombelli



