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Abstract

We obtain a presentation by generators and relations of any Nichols algebra of
diagonal type with finite root system. We prove that the defining ideal is finitely gen-
erated. The proof is based in Kharchenko’s theory of PBW basis of Lyndon words.
We prove that the lexicographic order on Lyndon words is convex for such PBW
generators and so the PBW basis is orthogonal with respect to the canonical non-
degenerate form associated to the Nichols algebra.

Keywords. quantized enveloping algebras, Nichols algebras, pointed Hopf algebras.

1 Introduction

The consideration of pointed Hopf algebras has grown since the appearance of quantized
enveloping algebras [Dr, Ji]. The finite-dimensional analogues, the so-called small quan-
tum groups, were introduced and described by Lusztig [L.1, L2].

The Lifting Method of Andruskiewitsch and Schneider is the leading method for the
classification of finite-dimensional pointed Hopf algebras. Such method depends on the

answers to some questions, including the following one:

Question 1.1. [And, Question 5.9]: Given a braided vector space of diagonal type, deter-
mine if the associated Nichols algebra is finite-dimensional, and in such case compute its
dimension. Give a nice presentation by generators and relations.
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The first part of this question has been answered by Heckenberger in [H2], where the
author gives a list of all diagonal braidings whose associated Nichols algebra has a finite
root system, but neither an explicit formula for the dimension nor a finite set of defining
relations are given. Some of them are Lusztig’s examples, which are associated with the
so-called Cartan braidings and for which the dimension and a presentation by generators
and relations are known. Standard braidings were introduced in [AA] and they consti-
tute a family which includes properly the family of Cartan braidings. Nichols algebras
with standard braidings have been presented by generators and relations in [Ang], where
also an explicit formula for the dimension has been given. Another result about presen-
tation of Nichols algebras is given in [Y] for quantized enveloping algebras associated
with semisimple Lie superalgebras, and for quantized enveloping algebras of Lie algebras
[K1]. Some other preliminaries considerations on the relations of a Nichols algebra of
diagonal type appear in [He], and in [H3] for the rank-two case.

Andruskiewitsch and Schneider [AS3] have classified finite-dimensional pointed Hopf
algebras whose group of group-like elements is abelian of order not divisible by some
small primes using the Lifting method; all the possible such braidings are of finite Cartan
type. They answered positively the following conjecture for Hy = kI, I" an abelian group
as above:

Conjecture 1.2. [AS]1, Conj. 1.4] Let H be a finite-dimensional pointed Hopf algebra
over k. Then H is generated by group-like and skew-primitive elements.

This result was proved as a previous step of the main Theorem in [AS3] using the
presentation by generators and relations. The conjecture was recently proved in a more
general context [AnGa], when the braiding is of standard type. The proof follows also
using the presentation by generators and relations.

Because of the braidings of Cartan type we see that there exists a close relation be-
tween pointed Hopf algebras and the classical Lie theory. In such direction the definition
of the Weyl groupoid and the root system [H1, HS, HY] associated to a Nichols algebra
B(V') of diagonal type has shown to be a good extension of the idea of root systems
and Weyl groups associated to semisimple Lie algebras. Such root system is obtained as
the set of degrees of the generators of any PBW basis, and controls coideal subalgebras
between other structures associated to 28(1") [HS].

In the classical case, convex orders over the root system were described in order to
characterize quantized enveloping algebras U, (g) for g semisimple [KhT, Le, R2], and to
obtain Lusztig isomorphisms in the affine case [Be]. This kind of orders was first intro-
duced in [Z]. The characterization of convex orders is in consequence necessary, and it
has been done for finite [P] and affine [I] root systems.

Our main result is Theorem 4.9: we obtain a presentation by generators and relations
for any Nichols algebra of diagonal type whose root system is finite. We obtain two kind of
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relations that are enough to present B(V'): powers of root vectors (generators of a PBW
basis), and some generalizations of quantum Serre relations which express the braided
bracket of two root vectors as a linear combination of other root vectors in an explicit
way, see Lemmata 4.7, 4.5.

Theorem 4.9 follows by consideration of PBW bases as in [K1]. Such PBW bases
consist of homogeneous polynomials associated to Lyndon letters (which are called hy-
perletters) and inherit the lexicographical order. Another important element is the charac-
terization of convex orders for generalized root systems. Such convex orders are related
with reduced expressions of elements of the Weyl groupoid. These reduced expressions
characterize also right coideal subalgebras of Nichols algebras, so we can relate convex
orders and coideal subalgebras. In particular, the following result holds by Theorem 4.9:

Theorem 1.3. Let V' be a braided vector space of diagonal type whose associated root
system in finite, and let I(V') be the ideal of T(V') such that B(V') = T(V)/I(V'). Then
I(V') is finitely generated.

Theorem 4.9 extends the presentation by generators and relations of Nichols algebras
of standard type, see Remark 5.4, and then gives a new proof for braidings of Cartan
type. In particular we obtain the classical presentation of quantized enveloping algebras
U,(g) and Lusztig’s small quantum groups u,(g), with a different proof. We hope that
this presentation helps to prove Conjecture 1.2 when the group of group-like elements is
abelian, see Remark 5.3.

The plan of this article is the following. In Section 2 we recall the definition of Nichols
algebra. We also consider results from [K1, R2] concerning a PBW basis for Nichols
algebras of diagonal type.

In Section 3 we deal with root systems and coideal subalgebras of Nichols algebras of
diagonal type. In Subsection 3.1 we recall the notion of Weyl groupoid and root system,
and give some properties of these objects. In Subsection 3.2 we characterize convex orders
on finite root systems generalizing the results in [P]. In Subsection 3.3 we recall some
results from [HS] involving coideal subalgebras of Nichols algebras of diagonal type with
finite root systems and use these results to characterize PBW bases of hyperletters. In
particular we obtain that the lexicograpical order on the hyperletters is convex.

In Section 4 we obtain the desired presentation by generators and relations. First we
prove that the Kharchenko’s PBW basis is orthogonal for the canonical non-degenerate
bilinear form as in Proposition 2.1 when the braiding matrix is symmetric. Power root
vector relations hold in ®B(V) by Lemma 4.7 and generalized quantum Serre relations
hold by Lemma 4.5. These two sets of relations are enough to give the presentation. We
show in Section 5 how the main theorem allows to obtain explicitly the presentation of
some Nichols algebras in some examples.
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Notation. N denotes the set of positive integers, and Ny the set of non-negative inte-
gers.

We fix an algebraically closed field k of characteristic 0; all vector spaces, Hopf alge-
bras and tensor products are considered over k.

For each N > 0, Gy denotes the group of N-th roots of 1 in k.

Given n € N, we set the following polynomials in g:

T
L

(?) mi—)—k) where (n)y! = ] [(k)y, and (), = > ¢’

J

<.
Il
o

2 Preliminaries

We recall some definitions and results that we shall need in the subsequent sections. They
are related with characterizations of Nichols algebras of diagonal type and PBW bases of
such algebras.

Recall that a braided vector space is a pair (V,c), where V' is a vector space and
c € Aut(V®V) is a solution of the braid equation:

(c®id)(id®c)(c®id) = ([d ® ¢)(c ®id)(id @ ¢).

A braided vector space (V,c) is of diagonal type if there exists a basis x1,...xy and
scalars ¢;; € k™ such that

Following [K1] we describe an appropriate PBW-basis of a braided graded Hopf algebra
B = Pren®B” such that B! = V, where (V,c) is of diagonal type. In particular we
obtain PBW bases for Nichols algebras 28 (1") of diagonal type. This construction is based
in the notion of Lyndon words. Each Lyndon word has a canonical decomposition as a
product of a pair of smaller Lyndon words, called the Shirshov decomposition. Using
such decomposition and the braided bracket, we define inductively a set of hyperwords,
which are the elements of a PBW basis for braided graded Hopf algebras of diagonal type.
We recall also some properties of this PBW basis.

2.1 Braided vector spaces of diagonal type and Nichols algebras

Given a braided vector space (V, ¢), this braiding can be extended to ¢ : T'(V)®T(V) —
T(V)®T (V') canonically, see (2.3) for the diagonal case. We define for each pair =,y €
T(V') the braided commutator as follows:

[z, y]. := multiplication o (id — ¢) (z®y) . (2.2)
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Fix a braided vector space of diagonal type (V, ¢) and an ordered basis X = {z1,..., x4}
of V asin (2.1). Let X be the corresponding vocabulary (the set of words with letters in
X) and consider the lexicographical order on X. We will identify the vector space kX
with T'(V'). We shall consider two different gradings of the algebra 7'(V'). First, the usual
No-grading T'(V') = @,>07" (V). If we denote by ¢ the length of a word in X, then
T”(V) = @xexyz(x):nkm.

Second, let oy, . . . , ag be the canonical basis of Z?. Then T (V)is Ze—graded, where the
degree is given by deg z; = a;, 1 < i < 6. Consider the bilinear form x : Z% x Z% — k*
given by x (o, ;) = ¢ij, 1 < 4,7 < 6. Then

c(u®v) = gy ,v@u, u,v € X, (2.3)

where ¢, , = x(degu,degv) € k*. The braided commutator satisfies a “braided” deriva-

tion equation which gives place to a “braided” Jacobi identity, namely

[[u, 0], w], = [u, [v,w].], = x(a, B)v [u,w], + x(B,7) [u,w], v, (2.4)
[u, v w], = [u,v], w+ x(o, Bv [u,w],, (2.5)
wv,w], =x(8,7) [u,w], v+u [v,w],, (2.6)

for any homogeneous u, v, w € T(V), of degrees «, 3,y € N, respectively.

We denote by ZYD the category of Yetter-Drinfeld modules over H, where H is a
Hopf algebra with bijective antipode. Any V' € ZYD becomes a braided vector space
[Mo, Section 10.6]. If H = kT', where T is a finite abelian group, then any V € #YD is a
braided vector space of diagonal type: if V, = {v € V | §(v) = g@v}, VX ={v e V|
g-v=x(gvforallg € '} and V¥ = VXNV, thenV = & . V. In this setting
the braiding is given by

c(z®@y) =x(9)y @z, reV, gel,yeVX, yel.

Reciprocally, any braided vector space of diagonal type can be realized as a Yetter-
Drinfeld module over the group algebra of many abelian groups. For example let (V ¢)
be a braided vector space of diagonal type. Call I" the free abelian group of rank 6, with
basis g1, ..., gs, and define the characters 1, ..., xp of I' by

Xi(9i) = @i, 1<, <6,
We can consider V' as a Yetter-Drinfeld module over kI' for which z; € V;}X

Given V € 2D, the tensor algebra T'(V') admits a unique structure of graded braided
Hopf algebra in £ )D such that the elements of V' are primitive. As in [AS2], we define the
Nichols algebra B(V') associated to V' as the quotient of 7'(1') by the maximal element
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I(V) of the family & of all the homogeneous two-sided ideals I C @,,>27'(V') such that
I is a Yetter-Drinfeld submodule of 7'(V') and a Hopf ideal: A(/) C IQT(V)+T(V)®1.

The following proposition characterizes the Nichols algebra associated to V' in a very
interesting way.

Proposition 2.1. /L2, Prop. 1.2.3], [AS2, Prop. 2.10]. Given scalars ay,...,a9 € k*,
there exists a unique bilinear form (|) : T(V') x T(V') — k such that (1|1) = 1, and:

(zlyy) = (zely)(zely), foralzyy € T(V); (2.7)
(.%'I/’y) - (x’y(l))(x/|y(2))7 fOl" all x, xla Yy e T(V), (28)
(xilxj) = dija;, foralli,j. (2.9)

This form is symmetric and satisfies
(zly) =0, forallz €T(V),, yeT(V)n, g, h €T, g#h. (2.10)

The radical of this form {x € T(V) : (z|y) =0, Yy € T(V)} is [(V'), so (+|-) induces
a non degenerate bilinear form on B (V') denoted by the same name. [

In consequence, if (V, ¢) is of diagonal type, then the ideal (V') is Z’-homogeneous
and B (V) is 7Z8-graded, see [AS2, Prop. 2.10].

2.2 Lyndon words and PBW basis of braided graded Hopf algebras
generated in degree zero and one

A word u € X, u # 1, is Lyndon if u is smaller than any of its proper ends; that is, for
any decomposition © = vw, v,w € X — {1}, we have u < w. We denote by L the set of
Lyndon words, see [Lo, Chapter 5]

Note that X C L, and any Lyndon word begins by its smallest letter. They also satisfy
the following properties.

1. Letw € X — X. Then w is Lyndon if and only if for any decomposition © = vw,
v,w € X — {1}, it satisfies vw = u < wo.

2. Ifv,w e L,v < w,thenvw € L.

3. Letu € X — X. Then v € L if and only if there exist v, w € L with v < w such
that v = vw.

Definition 2.2. Let w € L — X. The Shirshov decomposition of u is the decomposition
u = vw, with v,w € L such that w is the smallest end among those proper non-empty
ends of u, see [Lo]. Following [He], we denote it by Sh(u) = (v, w) € L x L. It satisfies
that w is the longest end between the ends that are Lyndon words.
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Given u,v,w € L be such that u = vw, u # 1, then Sh(u) = (v, w) if and only if
either v € X, or else Sh(v) = (v, ve) satisfies w < vs.

Lyndon Theorem says that any word v € X admits a unique decomposition u =
lily .. .1l., as a product of non-increasing Lyndon words: [; € L, [, < --- < ly; see [Lo,
Thm. 5.1.5]. This is called the Lyndon decomposition of u € X; we call Lyndon letters of
u to any [; € L appearing in such decomposition.

We recall the endomorphism [—]_, see [K1], defined inductively on kX using Shirshov
and Lyndon decomposition:

u, ifu=1orue X,
[v],,[w]]e, ifue L, l(u)>1and Sh(u) = (v, w);
(], ... [w),, fueX—-L

with Lyndon decomposition v = u; . . . u.

[ul, =

Definition 2.3. [K1]. The hyperletter corresponding to [ € L is [l|.. A hyperword is a

m

word in hyperletters, and a monotone hyperword is a hyperword [u1]** . . . [u,,]*" such

that u; > -+ > u,,.

Note that for any u € L, [u], is a homogeneous polynomial with coefficients in the

subring Z [g;;] and [u], € u + Z[g;;] X2

The hyperletters inherit the order from the Lyndon words; this induces in turn an or-
dering in the hyperwords (the lexicographical order on the hyperletters). We describe now
the braided commutator of hyperwords.

Theorem 2.4. [R2, Thm. 10]. Let m,n € L, with m < n. Then [[m]_, [n] ] is a Z [q;;]-
linear combination of monotone hyperwords [l1],. . .[l;]. i € L, such that the hyperlet-
ters of those hyperwords satisfy n > [; > mn.

Moreover, [mn], appears in the expansion with non-zero coefficient, and for any hy-

perword of this decomposition, deg(l; . ..l.) = deg(mn). O
The coproduct of T'(V') can be described also in the basis of hyperwords.

Lemma 2.5. [R2]. Letu € X, andu=uy ... u, 0™, v,u; € L.v <u, <--- < uy be the
Lyndon decomposition of u. Then

Al = 180+ Y () e ful o

+ > 2P el )
12>--2>lp>v, L;EL
0<<m

)

...........

where each :El(f
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We have then the following result from [R2].
Lemma 2.6. For eachl € L call W, the subspace of T'(V') generated by

l)ellole - [li)es kENg LEL L > .. >0 >1. 2.11)
Then W is a right coideal subalgebra of T'(V).
Proof. 1t follows from Theorem 2.4 and Lemma 2.5. ]

We consider as in [U] and [K1] another order in X. Given u, v € X, we say that u > v
if and only if either ¢(u) < ¢(v), or else {(u) = ¢(v) and u > v for the lexicographical
order. We call > the deg-lex order, which is a total order. The empty word 1 is the maximal
element for >, and this order is invariant by right and left multiplication.

Let I be a proper ideal of T'(V'), and set R = T(V)/I. Let m : T(V) — R be the
canonical projection. Let us consider the subset of X:

Gr={veX:u¢kX_,+1}.
Such set satisfies:

(a) If u € G; and u = vw, then v, w € G.

(b) Any u € G factorizes uniquely as a non-increasing product of Lyndon words in

Gr.
Proposition 2.7. [K1, R2]. The set 7(G) is a basis of R. O
In what follows, we assume that / is a Hopf ideal. Consider now
Sr:=GrNL. (2.12)
We then define the height function by : S; — {2,3,...} U {oco} by
hi(u) :=min{t e N:u' € kX o + I} (2.13)

One can find a PBW-basis by hyperwords of the quotient R of 7'(V') using the set S; and
the height previously defined.

Theorem 2.8. [K1]. The following set is a PBW-basis of R =T(V)/I:
{Jug)™ - Jug)™ : k€ No, ug > ... > ug, € Sp, 0 <y < hr(uy)}. O

Proofs are in [K1], where the next consequences are also considered.

Proposition 2.9. For any v € Sy such that h;(v) < 00, gy, Is a root of unity, whose order
coincides with hy(v). O

Corollary 2.10. A word u does not belong to G| if and only if the associated hyperlet-

ter [u], is a linear combination, modulo I, of hyperwords [w|, w > u, where all the

hyperwords have their hyperletters in Sy.
Moreover, if h(v) :== h < oo, then [v]" is a linear combination of hyperwords [w],

w = vl ]
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3 Root systems and coideal subalgebras

In this section we recall the definition of Weyl groupoid and the associated generalized
root system given in [CH1] and [HY]. We recall also some properties of these objects
that we shall use in the subsequent sections, and the relation with Nichols algebras of
diagonal type. After that, we describe convex orders for subsets of the root systems as
a generalization of Papi’s results in [P] for Weyl groups. We consider then a family of
coideal subalgebras of a Nichols algebra of diagonal type with finite root system in order
to prove that the ordering on the Lyndon words of a PBW basis as in Section 2.2 is convex.
For the proof of the convexity we use the characterization of coideal subalgebras given in
[HS].

3.1 Weyl groupoid and root systems

The notation used here is the same as in [CH1].

Fix a non-empty set X, a non-empty finite set / and call {«;};c; the canonical basis
of Z!. For each i € I consider amap r; : X — X, and for each X € X a generalized
Cartan matrix AX = (a;}); je; in the sense of [Kal.

Definition 3.1. [HY, CH1] The quadruple C := C(I, X, (r;)ic1, (A%) xec) is a Cartan

scheme if

e foralli € I,r? = id, and

o forall X € X andi,j € I: af = al}

For each i € [ and X € X denote by s;* the automorphism of Z! given by

sf((ozj):aj—af;ai, j€el.

The Weyl groupoid of C is the groupoid W(C) whose set of objects is X and whose
morphisms are generated by s, where we consider s;* € Hom(X,r;(X)),i € I, X € X.

In general we shall denote W(C) simply by W, and for any X € X"

Hom(W, X) := UyexHom(Y, X), (3.1)
A* " = {w(a;) s i € I, w e Hom(W, X)}. (3.2)

AX 7 is the set of real roots of X. Each w € Hom(W, X) can be written as a product

sfflsfgz -+-sim where X; =1y, -+ 1, (X1), 7 > 2. We denote w = idx, s;, - - 8;,,: this
means that w € Hom(W, X1), because the elements X j € X are univocally determined.

The length of w is defined by

l(w) =min{n € Ny : Jiy,...,i, € [ suchthatw =idxs;, ---s;, }.
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In what follows we will assume that W is a connected groupoid:
Hom(Y, X) #0, VX,Y € X.

Definition 3.2. [HY, CH1] Fix a Cartan scheme C, and for each X € X aset AX C Z'.
R = R(C, (AX)xex) is a root system of type C if

1. forall X € X, A = (AXNN)) U —(A¥NN}),
2. foreachi € I and each X € X, AX N Za; = {+a;},
3. foreachi € [ and each X € X, s (AX) = A™(X),

4. if mjk == |AY N (Noow + Nooy)|, then (n-rj)mg(X) = (X) foralli # j € [ and
all X € X.

We call A := A* C N{ the set of positive roots, and A* := —A< the set of negative

roots.

By (3) we have that w(A*) = AY for any w € Hom(Y, X).
We say that R is finite if A% is finite for some X € X. By [CHI, Lemma 2.11], this
is equivalent to the fact that the sets A~ are finite, for all X € X, and that WV is finite.

The following result plays a fundamental role for our purposes in the next subsection.

Theorem 3.3. [CH2, Thm. 2.10] Let o« € AY \ {c; : i =1,...0}. There exist 3,y € A
such that « = [ + 7. O

Now we recall some results involving real roots and the length of the elements in WV.

Lemma 3.4. [HY, Cor. 3] Let m € N, X|Y € X and i1,...,1,] € 1. Call w =
idxs;, -+ s, € Hom(Y, X), and assume that {(w) = m. Then,

o ((ws;) =m+ Lifand only if w(c;) € AY,
o ((ws;) =m — lifand only if w(a;) € AX.
O]

Proposition 3.5. [CHI, Prop. 2.12] For each w = idxs;, - - - s;,, such that {(w) = m, the
roots 3; = s;, -+ si,_, (ow,) € AN are positive and pairwise different. If w is an element
of maximal length and R is finite, then {f;} = Af . In consequence, all the roots are real:

i.e., for each o € Aff there exist iy, ..., i, j € I such that o = s;, - - - s;, (). O
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As in [HS], consider for X € X, m € Nand (i1, ...,4,) € I"™ the sets:

A Gy, yig) = { B i=1dxs, - si,1(ag,) 0 1<k <m} C AY, (3.3)
A (i1, oovip) ={B €AY {ke{l,...,m}: B =£B} is odd}. (3.4)

By [HS, Prop. 1.9], given other elements ji, ..., j, € I, we have
Af(il, Ce ,im) = Af(]l, . ,]n) <~ idxsil c S, = id$sj1 TS5,

and moreover,
AL (iry o yim)| = L(idysi, - 80,,)- (3.5)

In this way, if w = idxs;, - -+ s, is any expression of w € Hom(W), X'), we can define
Af(w) == A (i oo i)

3.2 Convex orders on root systems

Now we characterize convex orders on subsets of root systems of finite Weyl groupoids,
extending the results given in [P] for Weyl groups.

Definition 3.6. Consider a root system A< with a fixed total order <. We say that it is
e convex if for each o, 5 € A* such that o < S and o + 5 € AT, then

a<a+f<p.
e sub-convex if for each o, f € A" such that « < fand a + 3 € AT, then
a<a+ .

e strongly convex if for each ordered subset a; < ... < «; of AT such that o :=
Y a; € At then o < o < ..

Definition 3.7. Let L = {f,..., 8} be an ordered subset of A¥. We say that L is
associated to w € Hom(W, X) if there exists a reduced expression w = idxs;, - - s;
such that

szsil'”sij—1(aij)7 V1 <j<m.
Compare this with [P]. For any w € Hom(Y, X') define
R, :={a e AY :w ' (a) e AY}.

Now we generalize some results about Weyl groups to the context of Weyl groupoids.
First we consider the analogue of a result in [Bo].
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Proposition 3.8. For any ordered set L associated to w, we have L = R,,. In conse-

quence, |R,,| = {(w) and two ordered sets associated to the same w differ at most by the

ordering.
Proof. Note that for any 3; = s;, -~ s;,_, (),
w_l(ﬁj) = = Siy, Sij+1(aj)'

Sim " Sije Si; 18 a reduced expression because it is contained in a reduced expression, so
we have w!(3;) € AY by Lemma 3.4. Therefore L C R,,.

Reciprocally, let & € R,,. Asw™'(a) € AY and s;, - -+ 55, (w™ (@) = a € A%, con-

w™!(a)

is negative, o s;, - -+ 5;, w™ (@) = o, and then oy, = s;, -+~ 5;, w ' (a); that is, v =

84 -+ 54, () € L. O

sider the greatest j such that s;, - - - s;, w™" () is positive. Therefore s;,_, - s;

m

m Sim

Second, we relate our sets R,, with the ones in [HS], see (3.4). Although the sets are
equal, our definition is more comfortable to prove statements about convexity.

Lemma 3.9. For each w € Hom(W, X), R,, = A (w).

Proof. Fix areduced expression w = idxs;, - - - 5;,,,80 3 = i, -+ 54,_, () is a positive
root, and o € A7 is equal to £03; if and only if @ = f3;. Therefore A (w) = L. O

Now we extend another result from [P]. Note that condition (a) in our result is weaker
than the one in [P], but the proof is very similar. This weaker condition shall simplify
some proofs in what follows.

Theorem 3.10. Let L be an ordered subset of A7 There exists w € Hom(W, X) such
that L is associated to w if and only if the following conditions are satisfied:

(a) For each pair X < j € L such that X + i € A, then A+ € L and X < \ + .

(b) If \+ 1 € Land \, ;1 € A, then at least one of them belongs to L and precedes
A+ p.

Proof. Assume that L is associated to w = idxs;, -+ s;, for some w € Hom(Y, X).
If A = s 54, (o) and g = 54 ---8;;_,(a;) are such that 1 < & < j < m and
A+ p € A, wehave A + u € L = R, because

w A+ p) = w T A) Fw T () € AL

Suppose that A + ;o < A. Then A + p = s, ---s;,_, () for some 1 < [ < k, so
Sil e Sil ()\ + /J,) = —q c A”l"'”l(X)

.Butas/ < k < j, we have

'r'il "'7'1'1 (X)

Sip e 'Si1<>‘)’ Sip e 'Sil(:u) SAN )
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which is a contradiction. Therefore A < A + u, and L satisfies (a).

For (b), suppose that A + p € L,but A\, o & L: w™ (N),w ' (n) € AY, sow™ (A + p)
is positive, which is a contradiction to the fact that A + u € R,. If both \,u € L, a
similar proof to (a) gives that one of them precedes A + u. In consequence, suppose that
A€ L,pu¢ Land A+ p < A Ifl < kissuchthat A+ pu = s;, -+ -85, (o), we have
i+ Sy (A) € AT and

Sil PPN Sil()\) + S’il N Sil(ﬂ) — Sil N S’il()\ _|_ M) =—q c A’rjl“-?”n(X)’

S0 55, -8, (1) € AT"”T”(X), and then p € Riays, s, C Ridys,,-si,, = L a contradic-
tion.

Reciprocally, we prove that an ordered set L satisfying (a) and (b) is associated to
some w by induction on m := |L|. If m = 1, let « € L. If we suppose that « is not
simple, by Theorem 3.3, o« = 3 + -y for some positive roots (3, v, and by condition (b) one
of them belongs to L, so m > 2, which is a contradiction. Therefore L = {a;} = R, for
some 1 < j <4.

Now assume m > 1 and call 5; < ... < (3, the elements of L. Notice that L/ =
{1, ..., Pm_1} verifies conditions (a) and (b), so by inductive hypothesis there exists a
reduced expression v = idxs;, - - - s; . _, such that

B = ay,, Bi=si -85 (i), j=2,....,m—1

Let Z =1y, , -7 (X). Then v~ '(5,,) € AZ because 3,, ¢ L' = R,. Suppose that
v™!(By) is not simple. Then there exist o, 3 € AZ such that a + 8 = v7!(8,,); ie.
Bm = o + [, where o/ = v(a), 8/ = v(3) € AX. Therefore o' € A or §' € AZ.
On the other hand, if both are positive then one of them is [, for some £ < m; assume
o = B, but then o = v~1(3,) € AZ, a contradiction. In consequence, we can consider
o € A and 8/ € AX. For this case, o/ ¢ R, = L' and -’ € R, = L' C L. As
o' = B, + (—p'), hypothesis (a) on the set L implies that o/ € L,soa/ = ,, € L—L',a
contradiction. Therefore, v=!(3,,) = «;,, for some i,,, € I, w = vs;,, € Hom(r;, (Z), X)
is a reduced expression by Lemma 3.4, and L = R,,. ]

Theorem 3.11. Given an order on A<, the following statements are equivalent:
1. the order is associated with a reduced expression of the longest element,
2. the order is strongly convex,

3. the order is convex.

Proof. (1)= (2).Letw = idxs;, - - s;,, be an element of maximal length in Hom(W, X).
By Proposition 3.5, m = |A%| and

B = 3i1"'3ik—1(aik)> k=1,...,m,
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are all different, so {5;} = AZ. In consequence, it induces an order on A

fr < <P

To prove that this order is strongly convex, consider 3, S, , ..., B, € AZ such that
ky < -+ < kand § = B + --- + B, Suppose that 3 = [, with k& < k;. Then
satisfies /(u) = k, f € R, but 3, ¢ R, forall j = 1,...,[, which is

a contradiction because u(3) € A”* " should be the sum of the positive roots u(;3;).

u =idxs;, -85,

We obtain a similar contradiction if we assume k > k;. Therefore k; < k < k;.

(2) = (3) is clear.

(3) = (1). Assume that a given order on Af is convex; i.e. it satisfies trivially condition
(a) of Theorem 3.10 because we consider L = Af . Therefore it satisfies also condition

(b) by the convexity, so the order is associated to some w. As {(w) = |AZ| by Proposition
3.8, it should be the element of maximal length. L

3.3 Coideal subalgebras and convex orders for PBW bases

Now we recall a description of coideal subalgebras of Nichols algebras with finite root
system given in [HS]. We will use this result to prove that the lexicographical order on the
PBW generators of Kharchenko’s basis is convex. Before to prove it, we recall the results
about the Weyl groupoid attached to a braided vector space of diagonal type. Given a
braided vector space (V, ¢) of diagonal type, fix a basis {x1, ..., xp} and scalars ¢;; € k*
as in (2.1), and the bilinear form as in (2.3). We set as in [H1], AK the set of degrees of
a PBW basis of B(1/), counted with their multiplicities. Such set does not depend on the
PBW basis, as it is remarked in [H1] and proved in [AA].

In what follows, we fix a braided vector space (V, ¢) of diagonal type and assume
that the root system AK is finite. In such case we can attach a Cartan scheme C, a
Weyl groupoid W and the corresponding root system R, see [HS, Thms. 6.2, 6.9] and the
references therein, which coincides with the Weyl groupoid defined in [H1] for braided
vector space of diagonal type. Such Weyl groupoid can be built as follows, see [AA]. Set
X the set of ordered bases of Z%, and for each F' = {fy,..., fo} € X, set ¢;; = x(f3, f;)-
Define foreach 1 < i # j < 4,

mq;(F) :=min{n € No : (n + 1)z, (1 — §5¢55¢:) = 0}, (3.6)

and set s; r € Aut(Z) such that s; p(f;) = f; + mi;(F) fi. Here my; = —2.
Note that G = Aut(Z%) x X is a groupoid whose set of objets is X and whose mor-
phisms are:

z Y g(x).
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The Weyl Groupoid W (x) of x is the least subgroupoid of G such that

o if (id, F') € W(x) and s, p is defined, then (s; r, F') € W ().

Recall that the (right) Duflo order on Hom(W, X)) is defined as follows: if = €
Hom(Y, X) and y € Hom(Z,Y), then = <p xy iff {(zy) = ((z) + {(y); see [HS,
Defn. 1.11]. By [HS, Thm. 1.13], given v, w € Hom(W, X) we have v <p w if and only
if A (v) C A (w).

Remark 3.12. Let wy <p wy <p .-+ <p wy be a maximal chain in Hom(W, X).
Then there exist a reduced expression idxs;, - - - s;, for some 4,...,% € I such that
w; = idxs;, - si;, foreach1 < j < k.

In particular, a chain w; <p wy <p - -+ <p w; has maximal length iff it is associated

to a reduced expression of the longest element in Hom (W, X)), and in consequence k =
A
+

We recall now some results from [HS] about the classification of coideal subalgebras
of B(V). As in loc. cit., we denote by K(V') the set of all the N§-graded left coideal
subalgebras of B(1). We rewrite these results in the context of diagonal braidings (in
[HS] the authors work in a more general context).

First results about the classification of coideal subalgebras were obtained in [K3, KL,
Po] for quantized enveloping algebras U,(g) of type A,,, B,, and G, respectively, where
it was proved that coideal subalgebras admit a PBW basis and these subalgebras were

classified.
Given n = (ny,...,ng) € Ni, we set X" = X" -+ X in k[[z1, ..., z4]]. We also
set
th— 1 1 .
an(t) == — €Kt heN;  qu(t) == ;)ts e k[[t]].

For each Nj-graded k-vector space W = Daeng W, we denote its Hilbert series by
Hw = > (dim W)X € K[[z1, ..., z]].
aENg

For any a € NY, we set do = X(a, @), where y is the bicharacter over Z? as in (2.3),
and N, = ordq,, where N, = o if ¢, is not a root of unity.

Theorem 3.13. [HS] For each w € Hom(W, V') there exists a unique left coideal subal-
gebra F'(w) € K(V') such that its Hilbert series is

Hrw = [ aw,(X7). 3.7)

BEAY (w)
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Moreover, the correspondence w +— F(w) gives an order preserving and order re-
flecting bijection between Hom(W, V') and K(V'), where we consider the Duflo order
over Hom(W, V') and the inclusion order over K(V'); i.e.

wy <p Wy & F(wl) C F(wg)

Proof. Note that in [HS] the authors classify right coideal subalgebras, but that £ is a

right coideal subalgebras if and only if S(F) is a left coideal subalgebra, where S denotes

the antipode of B(V). Moreover, if they are Na—graded, then Hrp = Hs(k), because S

is N?-graded, and the order given by inclusion on the family of left coideal subalgebras

corresponds with the one on the family of right coideal subalgebras because S is bijective.

In this context we define F'(w) = S(EY (w)), where EY (w) is as in [HS, Thm. 6.12].
By [HS, Lemma 6.11], we have an isomorphism of N}-graded spaces

F(w) = ®gepvw)B(Vs),

where V3 corresponds to N of [HS, Defn. 6.5]. In this way Vj is a 1-dimensional braided
vector space of diagonal type generated by a non-zero vector vg, such that c(v®@uvg) =
qp v3®vg. Therefore, Hay(v,) = qn, (X?), and equation (3.7) follows.

The uniqueness of a coideal subalgebra with a given Hilbert series follows from [HS,
Lemma 6.4]. The map Hom(WW, V') — IC(V') is bijective and preserves the order in both
directions by [HS, Thms. 6.12, 6.15] (note that we can apply these Theorems because we
assume that V' has diagonal braiding and AK is finite). ]

Consider the PBW basis of Lyndon words given in Theorem 2.8 for the fixed basis
{z1,...,29} of V. We assume that AY is finite, so all the roots are real and have multi-
plicity one. In this way, we can label the PBW generators by the elements 5 € AK: they
are vg = [lg]. for some Lyndon word I3 of degree . It induces a total order on the roots:
if lg, < lg, < --- <lg,, are ordered lexicographically, we consider 8; < [ < -+ < B,
where M = |AY| and in particular l5, = x1, lg,, = x¢. Call B the basis of B(V') consist-
ing of hyperwords as above.

Letm: T(V) — B(V)=T(V)/I(V) be the canonical projection. Recall the defini-
tion of the coideal subalgebras WV, 5 in Lemma 2.6, and call

Wy :=n(Wi,), Be A

Remark 3.14. ;s is a left coideal subalgebra of B(V'), because 7 is a morphism of
braided Hopf algebras and W, is a left coideal subalgebra of T'(V'). Also W, C Wp, if
1 < jand

Wp, = %(V)v Ws,, = k<$9>
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Lemma 3.15. With the notation above, xg, ¢ Wpg, ifi < j.
In consequence, B(V) = Wpg, D Ws, D --- D Wp,,.

=

Proof. Suppose that x5, € W3, with i < j. Then x5, € Gy is a linear combination of
hyperwords greater or equal that x4, in B(V"), which is a contradiction to Corollary 2.10.
Therefore x5, ¢ Wj,. Then the second statement of the lemma follows from Remark
3.14. []

We prove now the main result of this section.

Theorem 3.16. Keep the notation above. The order 1 < [y < -+ < [y on AK is
convex.

Proof. Each Wj, corresponds with one F'(w;). As we have a chain as in previous lemma,
by Theorem 3.13 we have wy >p ws >p ... >p wyy.

As the w;’s are pairwise different, we have a chain of maximal length, and by Remark
3.12 there exists a reduced expression of the longest element w" = idys;,, - - - 5;, such
that wy, = idys;,, - -+ s;, foreach 1 < k < M.

We will prove by induction (descending on j) that 3; = s;,, - -~ 54,,, (). If so, we
conclude the proof because of Theorem 3.11. For the first step, notice that H,,, =
N, (x9) by Theorem 3.13, and by Remark 3.14 we have i,, = 6, so we have the ini-
tial step.

Assume now that k < M and 3; = s;,,---si,, (o) for j = k+1,---, M. Call
Y = Sip """ Sipy, (), 50 by inductive hypothesis we have

Wﬁk+1 H qN XB] 7 ,HW[jk - qu X’7 ( H qNB] Xﬂj ) .

j=k+1 j=k+1

On the other hand, {ngé . xg: : 0 < nj < Npg,}is alinearly independent set of Wp,,

M
Hiws, = ] [ ans, (X7,
j=k

where the inequality between the series means that the inequality holds for all the cor-

SO

responding coefficients. Looking at the coefficient of X% we obtain that there exists an
expression

M
Br =ny+ Z n;f;, n € N,n; € Ny.
j=k+1
Note that R, = AY = {7, Bit1,...Bu}, so if we apply wy, to the last equality, we

obtain that w; ' (8;,) € A mV) Therefore 3, € R,,,and as 8y # (3; forall j > k, we
conclude [ = 7. [
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The next result is analogous to the one for the positive part of quantized enveloping
algebras U,(g) given in [Le], and gives an inductive way to obtain the words /3 for 5 €
AV,

Corollary 3.17. Foreach 3 € AY, B # ay,...,ap,
ls = max{lsls, : 61,00 € AY, 61+ 0y = B, ls, <ls,}. (3.8)

Proof. Any factor of an element of G'7(y) is in G7(y) (see Subsection 2.2). If I3 = uwv is the
Shirshov decomposition of g, then there exist 1,72 € AY such thatu = 1,, <v =1,
and 8 = 71 + 2.

On the other hand, let §;,d, € AY be such that §; + 6, = 3 and l5, < l5,. By the
previous theorem, 5, < lg < l5,. If [3 does not begin with [s,, then [5,u < I3 for every
word u, so in particular 5, {5, < lg. If [5 begins with [5,, then [3 = [5,u, where u has
degree 0. Let u = [)[,_; - - - [; be its Lyndon decomposition. Therefore each ; € Gy,
sou = g .- I3 for some n; € No. Let k = max{j : n; # 0}. As the order is strongly
convex, Tg, > Ts,;1.e.lg > l5,, s0u > l5, and then lg = l5,u > 5 15,. In any case,
lg = ls,u > ls,s,. O

Another consequence shows that the family of coideal subalgebras 115 (which are in
particular left 28 (1")-comodules) behaves as a kind of modules of highest weight.

Theorem 3.18. The set By, = {z}," - --x};* : 0 < nj < Np, } is abasis of Wg,.. Moreover,
if Ws, = @aengWs, (@) denotes the decomposition in the NJ homogeneous components,
then dim W, (5;) = 1.

Proof. The first statement follows because By, is included in Wj,, it is linearly indepen-
dent and the Hilbert series of the k-linear subspace spanned by By coincides with the
Hilbert series of Wp, .

For the second statement, if Zf\il n;3; = B for some n; € Ny, then n; = d;, or there
exists ¢ < k such that n; > 0, by Theorem 3.11. ]

The first consequence of the description of coideal subalgebras W, as in previous
theorem is a new expression of the coproduct of hyperwords which we will use in next
section. We set

Ci = {xZ’;ngj cexgt s 0<ny < Ng, b, (3.9)
Dy :={agt a0 <ny < Ng;, 3j > k such that n; # 0}. (3.10)

Lemma 3.19. Leta € B, — {1}, b € B), | < k. Then ab = 0 or ab is spanned by elements
OfBl N Dk
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Proof. If | = k, it follows directly. Assume then [ < k and write b = b,b, with b; € By,
and by € Ci_1 N By (possibly b; = 1). Then ab; € Wjp,, because Wp, is a subalgebra, so
it is spanned by By. To end, just note that if ¢ € By, then cb, € B; N Dy. ]

We set also ht(u) := Y n;, if u =Mo" - .

Lemma 3.20. Let v = xg’; - xgll € B; — Dy1, | < k, be such that ny,, n; # 0. Then,

A(u)g( P kv@w)@( @Dkkv@@w).

veEB, weDNB; vEDy, wEB)

Proof. We prove it by induction on the height. If ht(u) = 1, u = x, for some i. Then,
Au) € u®l + 1@u + B(V)®@Ws,, so the result follows.

Assume it holds for ht(w) < n, and u = x" - - -2y is such that ht(u) = n. Write
u = xg,w, so by inductive hypothesis,

Au) € ( @ k v®w> @ ( @ k v®w> ,
vEB, weDsNB; vEDs, wEB;—Dg

where s = k—1if ny = 1, or s = k if n,, > 1. We calculate A(u) = A(xg, )A(w). Using

that the braiding is diagonal and Lemma 3.19 we conclude that

(A(x/?’k> - x5k®1)A<w) € @ k v@uw.

veEB, weDNB,

Also, for any v € B we have xg,v € Dy, because if v € B, then xg v € Wjs, and if
v € B; for ¢ < k then we apply Lemma 3.19 again, and we conclude the proof. ]

4 Presentation by generators and relations of Nichols al-
gebras of diagonal type

In this section we use the convex order of a PBW basis of hyperletters to prove that,
when the diagonal braiding is symmetric, such PBW basis is orthogonal with respect
to the bilinear form of Proposition 2.1. This fact gives a way to obtain relations which
holds in the Nichols algebras, even when the braiding is not symmetric. We obtain then a
presentation by generators and relations for any Nichols algebras of diagonal type whose
root system is finite considering a suitable set of relations.
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4.1 A general presentation

We continue with the setting fixed in Subsection 3.3. To begin with, we prove the or-
thogonality of the PBW basis with respect to the bilinear form in Proposition 2.1. This
result extends [Ang, Prop. 5.1], and the proof is very similar; anyway we rewrite it in this
general setting.

Proposition 4.1. Consider a PBW basis of *B(V') as above given by Lyndon words, and
assume that the braiding matrix is symmetric. Then the PBW basis is orthogonal with

respect to the bilinear form in Proposition 2.1.

Proof. We prove by induction on k = ¢(u)+¢(v) that (u|v) = 0, where u # v are ordered
products of PBW generators. If £ = 1, thenu = 1, v = z; or v = x;, v = 1, for some
i,j €{1,...,0},and (1]z;) = (x;]1) = 0.

Suppose the statement is valid when ¢(u) + ¢(v) < k, and let u # v be hyperwords
such that £(u)+£(v) = k. If both are hyperletters, they have different degrees oo # 3 € Z°,
SO U = T, U = g, and (z,|zg) = 0, since the homogeneous components are orthogonal
for (+|-).

Suppose that u = z, and v = xgl’ij:j .. xgl, forsome 1 < ¢ < k < M (we
consider hy, h; # 0). If they have different Z’-degree, they are orthogonal. Then, we
assume that o = Zf:z h;B;, so B; < o« because the ordered root system is strongly
convex by Theorem 3.16. Using Lemma 2.5 and (2.1),

(ufv) =(zolw)(A]zs,) + (Hw)(zalzs,)
Y (gl les)

11> >lp>la, LEL
where v = wxg,. Note that (1|z5,) = (1|lw) = 0. Also, [l1].- - - [l,]. is a linear combi-
nation of greater hyperwords of the same degree and an element of I(1'), so by induc-
tive hypothesis and the fact that (V") is the radical of the bilinear form, we conclude
([t)e - - - [lp)elxs,) = 0. Therefore (u|v) = 0.

For the final case, we consider

h R . f f;
u=2ag ... x5, 1 <i< k<M, U:xﬁz...xﬁ’;, 1<p<qg< M.

The bilinear form is symmetric, so we can assume ¢ < p. By Lemma 2.5 and (2.7),

fr )
(ulv) = (w|1)(zg,v) + > (J;p) (w|x£f; . xé’;:lxjﬁp)(xﬁimgzﬂ)
§=0

a8,

+ > )@ [, 7))

li22l>lg,, ls€L
0<j<fp
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where u = wxpg,. Note that (w|1) = 0, and [,4],. .. [lp]cxép is a combination of hyper-
words of the PBW basis greater or equal than it and an element of /(1"). Using induction
hypothesis and the fact that /(1) is the radical of this bilinear form, we conclude that
(wg,| 1], - L), xép) = 0. As also z,, xg’; 7 are different elements of the PBW basis for
fp —J # 1, we have that

fq fo—1, . fp—1
(ulo) = (), (0l 2l (s, @

Then it is zero if ¢ < p, but also if 7« = p, because in that case w # xgz o mg‘l’: xg’;_l and

we use induction hypothesis. ]

Corollary 4.2. Ifu = :Egjg .- xgi, where 0 < n; < Npg,, then

M

Cy = (uju) = jl:[lnj!qﬁj cggg_ # 0. 4.2)

Proof. We check the equality by induction on ht(w). If ht(w) = 1, w is an hyperletter. If

we assume it holds for ht(w) < k, and ht(u) = k, we use the orthogonality of the PBW
basis and a calculation as (4.1) for v = u to deduce (4.2) from the inductive hypothesis.

Such scalar is not zero because u ¢ I(V') and the PBW basis generates a k-linear

complement to /(1'), the radical of this bilinear form. O

Remark 4.3. Note that:

(g8, [u) = (w5 |uw) (2g, [u@) = dijcay, oy,

where d; ; is the coefficient of 25,®x, in the expression of A(u) as a linear combination
of elements of the PBW basis in both sides of the tensor product.

We return to the general case where the braiding matrix is not necessarily symmetric.
We obtain some relations and prove then the presentation of Nichols algebras by gener-
ators and relations. To obtain these relations is the key step to find the presentation in
Theorem 4.9. Note that B; N C; is the set of monotone hyperwords whose hyperletters are
between xg, and z;,see Theorem 3.18 and the definition of C; in Subsection 3.3.

Let (W, d) be a braided vector space of diagonal type, 1, ..., Ty a basis of W and
¢i; € k* such that d(%; ® &;) = §;;Z; ® &;. Assume that §;; = ¢;; forall 1 <4, 5 <6, and
that (V, ¢) and (W, d) are twist equivalent:

@i = 4iiQi i = Qi 1<i#j<0.

We define 23 = [lg]q: that is, the corresponding hyperletter to /g, but where we change
the braiding c by d. By Corollary 3.17 and the invariance of the root system under twist
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equivalence, the set of all the 25, 8 € AK = AE’FV, is a set of generators of a PBW basis

as in Kharchenko’s Theorem. If u = ;™ - - - 2";*, then we denote @ = M - .- 27!,
Bm B1 Bum B1

Let o : Z% x Z% — k* the bilinear form given by

~ —1 . .
179, S
(g, 9;) = { 194 z>§' (4.3)

By [AS2, Prop. 3.9, Rem. 3.10] there exists a linear isomorphism ¥ : B(W) — B(V)
such that (#;) = x; and for any z € B(W ).,y € B(W)s, a, 8 € N§,

U(zy) = ola, B)¥(z)¥(y), (4.4)
V([z, yla) = o(a, B)[¥(x), ¥(y)]a (4.5)

Define t,, = 1 forall 1 <7 < 6, and inductively

t,@ - U(Bh 62)t51t527 Sh(lﬁ) - (lﬁu l,32)'

Also for any u = x" - - - 7' define

fw= T o@ns) s I o660, (4.6)

1<i<j<M 1<i<M
Lemma 4.4. Foranyu =z ---xp, ¥(i) = f(u)u.

Proof. We prove first by induction on £(I3), 8 € AY, that ¥ (&) = tg x4. It follows by

definition when ¢(lg) = 1, i.e. when /5 = «; for some 1 < i < . Now assume it holds for
((l,) < k, and consider 5 € AY such that £(lg) = k. Let Sh(l3) = (51, 82). Then,

U(2g) = W([26,, p,]a) = (B, B2)[¥(Ep,), V(2g,)]c
= J(Bl? 52)t51tﬂ2 [xﬁnmﬁz}c =tg g,
by (4.5) and inductive hypothesis.
Now we prove that U(4) = f(u)u by induction on ht(u). Note that if ht(u) = 1

it reduces to ¥(2g) = tz x3. Assume now that it holds for ht(v) < N, and consider
u =z - x}" such that ht(u) = N and ny, > 0. Call v = 2" - - -xg’“fl. Then,
M k M k

(i) =0 ((nk — DB+ Y nzﬂi,ﬂk> U(0)¥(zg,)

i=k+1

- ( H U(ﬁzaﬁk)nz) U(Bka ﬁk)nkilf@})v tﬁkmﬁk = f(“)”?

i=k+1

by (4.4) and inductive hypothesis. [
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We define for 1 <i < j <fandu =z --- 2!,
Bm B1

) iy )

W U(ﬁh ﬁj)tﬁitﬁj Ca ’

4.7)

where (-|-) denotes the bilinear form associated to (W, d), and ¢, is computed as in Corol-
lary 4.2. Note that if (¢;;) is symmetric and we consider ¢;; = ¢;;, then o(«, ) = 1 for
all a, 3 € Z° and then f(u) = 1 for any u. In consequence, c}'; = (5,25, |u)c, .

We obtain a first set of relations for our presentation.

Lemma 4.5. Let 1 < i < j < M be such that lg,l3, # lg, for all k, and Sh(lg,ls,) =
(I5,,15;), and c}'; € k as above. Then,

25, xgj}c = Z Cij U (4.8)

uEBiﬂij{xBj Iﬁi}: deg u=ﬁi+ﬁj

Proof. Assume that the braiding is symmetric. As lg 13, # I3, for all k, and Sh(ls,1s,) =
(Ig;» 13,), g lg,)e = (28, 28,]e = waw8, — X(Bi, Bj)Ts,2s, is a linear combination of
greater monotone hyperwords by Corollary 2.10.

As wgxs, € Wy, it is a linear combination of elements in B; by Theorem 3.18.
Also, B(V) is N§-graded, so this linear combination is over elements of B; of the degree
Bi+B;. Moreover, if ¢ ; # 0 foru = x" - - - 23!, 1 < k, such that ng, n; # 0, then z5,®15,
appears in the expression of A(u) by Remark 4.3. Note that 73,®x, ¢ Dp®(B; — D),
because i < j. By Lemma 3.20, we have x5, € By, s0 j > k,and u € Cj.

The explicit formula of the coefficients comes from Proposition 4.1.

Bi

If we want to compute sz‘j , we have to calculate the coefficient of x5 ®zxs, in
A(xg;x,), because of Remark 4.3 and the formula Caa;wa; = Can,Caq,- This coefficient
is x(B;, 5;), but as the braiding matrix is symmetric, x(5;, 5;) = x(0i, 5;). Therefore we
conclude the proof when the matrix braiding is symmetric.

When the braiding is not symmetric, we use the linear isomorphism ¥ considered

previously to reduce the computation to the symmetric case. Then,
0 =W ([a5,05],~ 3 (@nisli)e;" @)
= U(ﬁh ﬁj)tﬁitﬁj [xﬁw xﬁj]c - Z(iﬁr@ﬁj ‘7:061;1]0(“)“7
by (4.5) and Lemma 4.4, so (4.8) holds in B (V). H

Corollary 4.6. Assume that i, j are as in Lemma 4.5, and 3; + [3; = Efcm Nk Bk, i € Ny
ifand only if n; = n; = 1, n, = 0 for k # 1, j. Then,

[l’ﬁi,xgj]c =0. (49)
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Proof. It follows from the previous proposition. ]
Now we extend [Ang, Cor. 5.2]. Recall that N3 = ord(gg) = h(zs).

Lemma 4.7. If § € AY and Ny is finite, then

N, .

xﬁﬁ =0, inB(V). (4.10)
Proof. Assume first that (g;;) is symmetric. Consider w = wz}', where 3 € A™ and w is
a non-increasing product of hyperletters z.,, vy € AT,y > forw =1.1If § > a,

() = (0o + 3 () (el ol

+ > (@Yo Yl (x| 1], .- - D), ah) =0,

l12->lp>2g,0<5<m

where we use that (2] 1) = (z4|2} ") = (zal [l], . .- [lp]cxé) = 0 by the orthogo-
nality of the PBW basis.
If p < a, then

N,
~ _m— - Na T M —1
() = g el + 3 () (g
i=1

qa

+ 3 (@ oY ([, - - [1), 2 zs)

12 2lp>2a,0<j<Na

where we use that g, € Gy, the orthogonality of the PBW basis and the fact that N5 ¢
ATif N > 1 (so (x)e|zg) = 0).

Therefore (z*|v) = 0 for all v in the PBW basis. Also (I(V)|z)~) = 0, because it is
the radical of this bilinear form, so (T'(V)|zY~) = 0, and then Y~ € I(V). That is, we
have 2> = 0in B(V).

For the general case, we recall that a diagonal braiding is twist equivalent to a braiding
with a symmetric matrix, see [AS2, Theorem 4.5]. Also, there exists a linear isomorphism
between the corresponding Nichols algebras. The corresponding x,, are related by a non-
zero scalar, because they are an iteration of braided commutators between the hyperwords.

[]

Before proving the main result of this section, we need another technical lemma.

Lemma 4.8. Let B be a quotient of T (V') such that relations (4.8) hold. Then for any
i < J, g,xp; can be written as a linear combination of monotone hyperwords greater

than xg,, whose hyperletters are xg,, i < k < j.
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Proof. 1t is similar to the proof of Theorem 2.4, see [R2, Thm. 10]. Set for each n > 2,

Ly = {(wg,,25;) : 1 < j, L(lg,) +L(lg;) = n}.
We order Ly, as follows: (2, 25,) < (73,,7s,,) if l3lp,) <ls,lg,,.0rlgls, =131, and
lg, < la,.

We prove the statement by induction on n = £(zg,) +{(z, ), and then by induction on
the previous order on L,,. When n = 2, then 3;, 5, are simple, and [, xj]c = Ta;ta; OF
[z, xj]. = 0 in B.

Fix then a pair (2g,,25,) € L, and assume that the statement holds for (zg,,zg,,) €
Ly, (xg,,28,) > (v8,,73,), and for (zg,,24,) € Ly, n" < n.If Sh(lgls,) = (Ig,,13,)
then the assertion holds because

o if 515, = lg, for some k, necessarily (by the definition of the order) ¢ < k£ < j and

[«T,B”xﬁj]c = TLBy>»
e if not, it holds because we assume (4.8).

If Sh(l@ilgj) =+ (lﬁia lgj), let Sh(lﬁz) = (lﬁp, lgq), SO g, = [$5P,$5q]c. Therefore lgq < lgj
(see Subsection 2.2). By (2.4),

(25, 5,]c = [8,, (2, Ts,]ele = X(Bp, Bo)xs, 78, 78,]c + X(Bq, By) |25, T3, ]c s,
We apply induction hypothesis and express [2g,, 24,]. as a linear combination of mono-
tone hyperwords whose hyperletters are between x5, and ;. By (2.5) and inductive hy-
pothesis, we express [2g,, [73,,73,]c|. as a linear combination of monotone hyperwords
whose letters are between x5, and ;. It is important here the order in L,,, because in such
linear combination can appear a single hyperletter xg,, which by hypothesis is between
wp, and g, and so (g, l3,) > (Ig,,13,).

We use also inductive hypothesis to express [zg,, 73, as a linear combination of hy-
perwords whose hyperletters are between x5, and ;. As in the previous step we can re-
order the hyperletters in order to find the desired expression by inductive hypothesis. []

Now we are ready to prove the main result of this work.
Theorem 4.9. Let (V,c) be a finite-dimensional braided vector space of diagonal type
such that AY is finite. Let x1,- -,z be a basis of V such that ¢(z;Qx;) = gijx;Qu;,
where (q;;) € (k*)?*Y is the braiding matrix, and let {x s, }BkGAX be the associated set of

hyperletters.
Then B(V') is presented by generators x4, . . . , Ty, and relations
zy" =0,  BeA ord(gs) = Ns < o0, 4.11)
(w50, 5,], = ) cty u. (4.12)

u€BiNCj—{wp;zp,}: degu=Pi+p;

l<i<j< M, Sh(lﬁilﬁj) = (lﬁivlﬁj)7 lﬁilﬁj # lﬁk7Vk>



26 Ivan Ezequiel Angiono

where ci'; are as in (4.7). Moreover, {x3}! - - - st + 0 < n; < Ng,} is a basis of B(V).

Proof. The statement about the basis follows by Kharchenko’s theory on PBW bases (see
Subsection 2.2) and the definition of AK (see Subsection 3.1), where the hyperletters x,
are univocaly determined by Corollary 3.17.

Let B := T'(V')/I, where I is the ideal of T'(V') generated by (4.11), (4.12): by Lem-
mata 4.5 and 4.7, I C I(V), so the projection 7 : T'(V') — B(V') induces canonically a
projection 7' : B — B(V'). Let W be the subspace of B spanned by B, where B is the
PBW basis of B(V); 1 € W. For each pair 1 < i < j < M, we set IV, ; the subspace of
W spanned by B; N C;.

We assert that

25, Wi; C Wiin{i,k},max{jk}- (4.13)

We shall prove it by induction on k. When k£ = M, fix ¢ < j. For each w € B; N C}, we
have that xg,,w € B, N Cy; = B;, or xg,,w = 0if j = M, Nj; < oo and w begins with
w5 s0 w5, Wij C Wi,

Now assume that (4.13) holds for all [ > k and all 7 < j. We argue by induction on
j. If i < j <k, foreachw € B; N Cj, we have that xgw € B; N Cj, or zg,w = 0 as
in the initial step, so xg, W, ; C W, ;. Now assume j > k, and consider w € B; N C};
it is enough to prove that x5, w € Wi y,;. Moreover, we can assume w = xg,w' for
some monotone hyperword w’ in W; ; (if w begins with another hyperletter zg,, [ < j, we
consider w € Wy; C W ;). By Lemma 4.8, we can write g, ¥, as a linear combination of
monotone hyperwords whose hyperletters belong to B, N C';. Therefore the result follows
by the inductive hypothesis: any of these hyperwords has no letters z,’s and we use the
first inductive hypothesis (it holds for all [ > k), or it ends with hyperletters z,’s and
we write xg,w’ as a linear combination of hyperwords in Bying;xy N C; by the second
inductive hypothesis.

In this way we prove that W is a left ideal which contains 1, so W = ‘5. But then the
projection 7’ is an isomorphism, and B = B (V). [

Remark 4.10. Recall that we have defined for i, j € {1,...,0},
my; = max{m : (ad. x;)"x; # 0},

see (3.6), and then ma; + a; € AK iff 0 < m < m;;. Moreover assume ¢ < j. Then
Tima;+a; = (ade ;)™ 2, and a pair as in Corollary 4.6 is (1, x; " x;), so such corollary
implies the well-known quantum Serre relation in B(V): (ad. x;)™ z; = 0. 1f i > j,
then the pair changes to (z;x]", z;), but then 0 = [Tmaita; Tile = a(ad. x;)™ii g for
some a € k*. In any case we have (ad, z;)" z; = 0.

This shows that the set of relations (4.8), (4.10) is not minimal: if ordg;; = m;; + 1,

"t is one of the relations (4.10), and then (ad, x;)™ii 1 x; belongs to the ideal
mg;+1

i

then =
generated by x
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S Explicit presentations by generators and relations of
some Nichols algebras of diagonal type

We shall apply the previous theory about how to obtain a PBW basis (Corollary 3.17)
and a presentation of the corresponding Nichols algebra (Theorem 4.9) in some concrete
examples.

5.1 Examples when dim V' = 3

We consider the Weyl equivalence classes 9, 10, 11 in [H2, Table 2]. We fix the following
notation: let ¢,7, s € k™ be such that grs = 1. Set M, N, P € N as the orders of these
scalars, if they are finite. Such Weyl equivalence class includes the following generalized

Dynkin diagrams:
o of i o1 o",
o of v o1 el o®,
o O r ot s o

° oL .
2N
L E—C

Notice that 10, 11 are particular cases of 9 when ¢ = r, ¢ = r = s € (g, respectively.
Also the second and the third diagrams are analogous to the first one, so it is enough to
obtain the presentation for the first and the last braidings.

Ifi < j,la;+a; = TiTj, SO Ta, o, = [T, Tj]. = (ade z;)7;. Also,

; | mmpzsif (ade )23 = 00 Zaytantas = [T15 Tastas)es
a1+az+as : . — .
! 12379 if (adc l‘l)fs #0: Loy +astag — [Ia1+a37 Iz]m

When (ad. z1)x3 = 0, we have also
la1+2012+043 = T1T2T37T2 : Loy +200+az = [xa1+a2+a37x2]8

Proposition 5.1. Let (V,c) be a braided vector space such that diimV = 3, and the
corresponding generalized Dynkin diagram is
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Then B (V') is presented by generators x1, x5, x3, and relations

oyt =13 =) =2l s 0, =0, (5.1)
(ade z1)’ws = (ade x3)°zs = (ade z1)23 = 0, (5.2)
[xa1+a2, xa1+a2+o¢3]c - [xa1+a2+a3, xa2+a3]c =0. (53)

Moreover, B(V') has a PBW basis as follows:

n3 ,.n23 n2 ,.1n1232 ni23 ni2 ni .
{x3 Lagtasz L27 Loy +2a0+a3 Tajtas+asz Laj+as L1 -

0<n; <M, 0<ny <N, 0<njass < P, nia,nio3,n9,M93 € {0,1}}.
IfM,N, P < oo, then dim B(V) = 16 M N P.
Proof. For this case,
AK = {as, as + az, as, a1 + 200 + a3, 1 + g + vz, 1 + g, 0 }.

Therefore we obtain [, 3 € AK, easily from Corollary 3.17.
By Remark 4.10, we consider the relations

(adc ZEl)QlL’Q = (adc I3)2I2 = (adc (L’1>ZE3 = 07

because (ad, z2)?z1, (ad. 3)%z3 follows from z3 = 0.
We have the following decompositions:

Sh(la1+a2la1+a2+a3) = (la1+a2, la1+a2+a3)7
Sh(lal+a2+a3la2+a3) = (la1+a2+0637 la2+043)'

Relations (5.3) then follows by Corollary 4.6.

Also Sh<la1 la1+az+a3) - (loéw la1+a2+043)’ SO
[xh $a1+a2+a3]0 = 0.

Note that To, 1ay+05 = [Taitass T3)e DY (ad.z1)x3 = 0 and the identity (2.4). There-
fore, this relation is redundant because of (2.4), z7 = 0. The same holds for relation
[Ty tastas, T3le = 0, coming from the decomposition Sh(l, +astaslas) = (lay+astass las)-

Also Sh(la, lay+2a0+as) = (lays lay+20s+as ), SO by Lemma 4.5 there exists @ € k such
that:

[3317 xa1+2a2+a3]c = a4 Tay+astazlai+az-

This relation is also redundant:

[[I)1, xa1+2a2+a3]c :Hxlv xoal—i-az—&—ag]ca x?]c + q11q12q13$a1+a2+a3xa1+a2
— 412422432T o1 +as Loy +as+as

=q11qi12¢13(1 — 3)%1+a2+a3%1+a2-



A presentation of Nichols algebras of diagonal type 29

where we use (2.4) and the previous relations.
We have finally

Sh(la1+042la1+2a2+043) = (la1+a2> la1+2a2+as)7
Sh<la1+a2+asla1+2a2+a3) = (loz1+a2+a37 la1+2a2+a3)7

which give place to the following relations:

[xal-&-azv xa1+2a2+043]0 = [xoé1+012+0437 $a1+2a2+a3]6 =0

These relations also follow by the previous ones using (2.4).
We can prove in the same way that

2 2 2

'ra1+a2 ) xa2+a3 ) xa1+a2+a3

are redundant relations too. The proposition follows then by Theorem 4.9, where we omit
some redundant relations. []

Proposition 5.2. Let (V,c) be a braided vector space such that dimV = 3, and the
corresponding generalized Dynkin diagram is

T =05 = T3 = 05 payray = 0, (5.4)
M N P

xal+a2 = "L‘Oé2+a3 = xa1+a3 = 0’ (55)

[Ia,‘-‘y—ajv xai+ak]c =0, {i)jv k} - {]-a 2, 3} (5.6)
1—s

[xlv xaeras]c = m$a1+az+a3 + qu2(1 — 5)x2xa1+a3' (5.7)

Moreover, B(V') has a PBW basis as follows:

n3 n23 n2 ni3 ni123 ni2 ni .
{$3 Laztasz L2" Tajtasz Taj+as+as Tajtas L1 -

0<nip <M, 0<ny <N, 0<n3 <P, ni,nis,ne,ns €{0,1}}.
If M,N, P < oo, then dim*B(V') = 16 M N P.
Proof. Again we obtain lg, 3 € AY, easily from Corollary 3.17, because

1%
AL ={as, as + a3, a9, 01 + az, 01 + @y + ag, a1 + az, a1}
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By Remark 4.10, all the quantum Serre relations (ad. x;)*z; = 0, i # j, follow from
22=0,i=1,23.
We have the decompositions:

Sh(la1+a2la1+a3) = (lal-i-az’ lOél—i-Oég)a
Sh(la1+a2la2+a3) = (l0¢1+0427 lOc2+Oz3)a

Sh(la1+a3la2+a3) = (l0¢1+a37 loc2+a3)a

which give place to relations (5.6) by Corollary 4.6.

The decomposition Sh(la,laytas) = (lays lagtas) tell us that [21, Taytasle 1S @ linear
combination of Zy, +ay+as aNd T22 4, 14, by Lemma 4.5, and we calculate the correspond-
ing coefficients using Lemma 4.4.

Also Sh(lal la1+a2+a3) = (lOcU la1+a2+063)’ SO
[xl’ $a1+a2+a3]0 = 0.

This relation is again redundant because of (2.4), 2 = 0 and the first relation in (5.6).
The same holds for the relation [Z4,tay+as, 22]c = 0, coming from the decomposition
Sh<la1+a2+asla2> = (la1+a2+a37 laz)'

Also Sh(la, vanlaytastas) = (lagtass laytastas)s SO

[$a1+a27 xa1+a2+a3]6 =0.

This relation is also redundant by the previous relations and (2.4). In the same way,
[Zay tantass Tartasle = [Taitastas, Lastas]e = 0 are redundant. The proposition follows
by Theorem 4.9. U

Remark 5.3. We can prove that if (V| ¢) is a braided vector space as in Proposition 5.1
or Proposition 5.2, and R = @®,,>¢RR,, s a finite-dimensional graded braided Hopf algebra
such that Ry = kl and R; = V as braided vector spaces, then R is generated by R; as an
algebra. The proof is exactly as in [AnGa, Thm. 2.7], using the corresponding presentation
by generators and relations.

Remark 5.4. When the braiding is of standard type, we obtain the presentation by gen-
erators and relations given in [Ang, Section 5]. In fact, Corollary 3.17 gives the set of
Lyndon words obtained in [Ang, Section 4B]. Then we obtain a set of relations as in The-
orem 4.9, where the set of relations (4.12) includes the ones [Ang, Theorems 5.14, 5.19,
5.22, 5.25] which are not root vectors powers. Then we can reduce this set of relations
because of (2.4) as in such paper, in order to obtain a minimal set of relations.
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