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NICHOLS ALGEBRAS OF UNIDENTIFIED DIAGONAL TYPE

IVAN ANGIONO

ABSTRACT. The Nichols algebras of diagonal type with finite root system are either of
standard, super or (yet) unidentified type. A concrete description of the defining relations
of all those Nichols algebras was given in [A3]. In the present paper we use this result
to give an explicit presentation of all Nichols algebras of unidentified type.

INTRODUCTION

The classification of braidings of diagonal type whose Nichols algebra has a finite
number of roots was given in [H2]. This problem is related with the classification of finite-
dimensional pointed Hopf algebras over abelian groups. The list of Heckenberger can be
split off in three families:

e standard braidings, introduced in [AA];

e braidings of super type, see [AAY];

e a finite list of braidings whose connected components have rank less than eight.
We call them unidentified.

We recall that the Nichols algebra of a braided vector space (V, ¢) is a quotient of its tensor
algebra by a suitable ideal I(V'). A crucial question involving these Nichols algebras is to
obtain a minimal set of relations generating I(V'). Such problem was solved in [A1l] for
the first family, with a formula for the dimension of each Nichols algebra of standard type.
A presentation for the second family was given in [Y] for the generic case, and in [AAY]
for the non-generic case (except by some considerations for small orders on the entries of
the braiding matrix).

A complete answer can be found in [A3], where the main result gives a list of relations
satisfied by the generators of the Nichols algebras, depending on the matrix entries, see
Theorem 1.6 below. This paper depends strongly on [A2], the key point to obtain the
desired presentation. It remains the problem to identify the relations needed for each
one of the braidings. This is instrumental for several important questions concerning
pointed Hopf algebras, among them the explicit determination of all liftings and their
representation theory.

In this paper, we deal with unidentified braidings and give a complete list of relations
generating the defining ideal for the Nichols algebra of each braiding of this kind. For the
small ranks we give also the list of positive roots for each case and the dimension.

The organization of the paper is the following. The first Section includes some notions
about PBW bases and root systems of Nichols algebras of diagonal type, as well as the
presentation by generators and relations from [A3]. The second Section is devoted to give
explicitly the presentation for each diagram. We begin with some unidentified families
in rank 2, 3 or 4, and finally we split the remaining braidings in families by considering
certain similarities on the associated generalized Cartan matrices.
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2 IVAN ANGIONO

Notation. k will denote an algebraically closed field of characteristic zero. For each
N > 1, Gy will denote the group of N-roots of unity in k, and G/ the corresponding
subset of primitive roots of order N.

1. PRELIMINARIES

We will recall all the preliminary results and fix the notation that we will use along
this work. They are related with the theory of PBW bases for braided Hopf algebras of
diagonal type [Kh], the Weyl groupoid of diagonal braided vector spaces [H1] and the
presentation of Nichols algebras by generators and relations [A3].

1.1. PBW bases for Nichols algebras of diagonal type.

We begin with the definition of a Nichols algebra associated to a braided vector space.
To this end, fix a Hopf algebra H with bijective antipode, and denote by gyD the category
of left Yetter-Drinfeld modules over H. Let V' € gyD. The tensor algebra T'(V') admits a
braiding extending ¢: V®V — V ® V', and under such braiding it has a unique structure
of graded braided Hopf algebra in YD such that V C P(V) (i.e. A(z) =2z®1+1®z).

Definition 1.1. [AS3]| Let & be the family of all the homogeneous Hopf ideals of I C T'(V)
such that

e [ is generated by homogeneous elements of degree > 2,
e [ is a Yetter-Drinfeld submodule of T'(V).

The Nichols algebra B(V') associated to V is the quotient of T'(V') by the biggest ideal
I(V) of &.

The definition does not depend on the realization of a braided vector space (V,c) as
a Yetter-Drinfeld module. In particular we will consider braidings of diagonal type; that
is, there exists a basis {z;}ic; of V and a family of non-zero scalars (g;;); jer such that
c(x; ® x5) = qij v @ x;. These braided vector spaces are related with vector spaces over
group algebras of finite abelian groups.

Fix (V,¢) a braided vector space of diagonal type. We will describe, following [Kh],
a particular PBW basis for each graded braided Hopf algebra B = @,,cnB"™ generated by
B! 2V as an algebra.

Assume that V is finite dimensional, and denote § = dimV. Fix a basis X =
{z1,...,2¢} of V as above. X will denote the set of words with letters in X. We consider
the lexicographical order on X. We can identify kX with 7'(V).

T(V) admits a unique Z’-graduation as a braided Hopf algebra such that degz; = a,
where (o;)ier is the canonical basis of Z!. Assume that dimV = 6 < oo. Let x : Z/ xZ% —
k* be the bicharacter determined by the condition

(1) x(as, o) = g5,  for each pair 1 <1i,j <.
Then, for each pair of Z?-homogeneous elements u, v € X,
(2) C(u ® U) = Qup¥ Q U, Quoy = X(deg Uu, deg U) e k.

Note that [AS3, Prop. 2.10] implies that I(V) is a Z%-homogeneous ideal, and then
B(V) is Z%-graded, see also [L, Prop. 1.2.3].

Definition 1.2. v € X — {1} is a Lyndon word if for every decomposition u = wvw,
v,w € X — {1}, it holds that u < w. We will denote the set of all Lyndon words by L.
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We know that any word u € X admits a unique decomposition as a non-increasing
product of Lyndon words:

(3) u=Ily...l, lLieLl.<---<l.

It is called the Lyndon decomposition of u € X, and each [; € L in (3) is called a Lyndon
letter of wu.

For each v € L — X, the Shirshov decomposition of u is the decomposition u = ujus,
u1,us € L, such that us is the smallest end of u between all the possible decompositions
satisfying these conditions (it is easily proved that each Lyndon word admits at least one
of such decompositions).

For a general braided vector space, the braided bracket of x,y € T'(V) is defined by
(4) [z, y]. := multiplication o (id —c¢) (z ® y) .
Using the previous decompositions and the identification of X with a basis of T'(V),
we can define a k-linear endormorphism [—], of T'(V') as follows:
u, ifu=1oruelX;
[u], == 4 [[v],.,[w] e, ifuelL,(u)>1, u=ovwis the Shirshov decomposition;
[u], ... [ug., ifu e X —L and its Lyndon decomposition is v = uy ... u;.

We will obtain PBW bases using this automorphism.

Definition 1.3. The hyperletter corresponding to [ € L is the element [I].. An hyper-

word is a word written in hyperletters; a monotone hyperword is an hyperword W =

[ul]lsl e [um]ff’” such that uy > -+ > uy,.

A different order on X, considered in [U] and used implicitly in [Kh] is the the deg-lex
order, defined as follows. For each pair u,v € X, we say that u > v if {(u) < ¢(v), or
l(u) = £(v) and u > v for the lexicographical order. Such order is total. The empty word
1 is the maximal element for >, and this order is invariant by left and right multiplication.

In what follows I will denote a Hopf ideal, and R = T(V)/I. Let w : T(V) — R be the
canonical projection. We set:

Gr={ueX:u¢kX ,+1}.

Therefore, if v € Gy and v = vw, then v,w € G;. In this way, each u € Gy is a
non-increasing product of Lyndon words of G7.
Consider the set Sy := GrNL, and define hy : St — {2,3,... }U{co} by the condition:

(5) hr(u) :=min{t e N:u' € kX, e +I}.
Following [Kh] we have the following results.
Theorem 1.4. The set
{[ul]lc€1 ... [um]lz’” :m € No,up > ... > U, u; € 51,0 < k; < hr(u;)}

is a PBW basis of H=T(V)/I. O

Corollary 1.5. (1) A word u belongs to Gy if and only if the hyperletter [u],. is not a linear
combination of greater hyperwords [w],, w > u, whose hyperletters are in St, modulo I. [

(it) If v € St is such that hi(v) < oo, then gy, is a root of unity. Moreover, if ord q,, = h,
then hi(v) = h, and [v]" is a linear combination of hyperwords [w],, w = v". O
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Let AY be the set of degrees of a PBW basis of B(V'), counted with their multiplicities
[H1]. We can see that it does not depend on the PBW basis, [H1, AA]. We can attach a
Cartan scheme C, a Weyl groupoid W and a root system R in the sense of [CH, HY], see
[HS, Thms. 6.2, 6.9]. To this end, define for each 1 <1i # j <6,

(6) —aj :=min{n € No : (n+1)¢, (1 - gj3qi3) = 0},

and set a; = 2. The symmetry s; € Aut(Z) is defined by the condition si(ay) = aj—aijay.
Set grs = x(si(aw), si(as)). Let V; be another vector space of the same dimension, and
attach to it the matrix q = (¢,s). By [H1],

AV =5 (AY\ {ey}) U {ai}.
Therefore last equation lets us to define the Weyl groupoid of V', whose root system is
defined by the sets AV’ V' obtained after to apply some reflections to the matrix of V.
Those braided vector spaces obtained after to apply the symmetries s; define the Weyl
equivalence class of V.
When the root system is finite, we can prove that each root is real, and in consequence
it has multiplicity one, see [CH].

1.2. A presentation by generators and relations of Nichols algebras of diagonal
type.

Fix as above a finite-dimensional braided vector space (V,¢) of diagonal type, with
braiding matrix (g;;)1<i j<6, 0 = dim V', and a basis x1,...,x¢ of V such that c(z; ® x;) =
¢ijr; ® x;. Let x be the bicharacter associated to (gi;).

We denote ¢;; = gijq;ji- The generalized Dynkin diagram of a matrix (gij)1<ij<e is a
graph with 6 vertices, labeled with the scalars ¢;;, and an arrow between the vertices ¢ and
J if gi; # 1, labeled with this scalar. For example, given ¢ € k*, the matrices

¢ ¢? 1 P ' q
1 ¢ ¢ ||t & ¢!
1 1 g ! ¢! ¢
. 2 q 2 2 g2
have the diagram: o4 o4 o4

In fact, two braided vector spaces of diagonal type are twist equivalent [AS3] if they
have the same generalized Dynkin diagram.
We denote also

Tivigei = (ade @iy ) - - - (ade @iy, )T, ij € {1,...,0}.
For each m € N, we define the elements (4 1)a;4ma; € U(x) recursively:
o if m =1, 24, 10; := (ade :Ui)ij = Ziij,
® T(m+2)a;+(m+1)a; = [x(m-&-l)ai-l-maj’xij]c'
Call zq, a € AK, the generator of the Kharchenko’s PBW basis. We denote
N, :=ord x(«, @), if x(a, ) is a root of unity.
We give now the main result of [A3].

Theorem 1.6. Assume that the root system AX is finite. Then B(V') admits a presentation
by generators x1,...,x9 and relations:

(7) e, a € O(x);
(8) (ad ;)™ a;, gt £

9) i, i is not a Cartan vertes;
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© ifi,j € {1,...,0} are such that q;; = qi; = qj; = —1, and there exists k # i,j such that
G’ # 1 or g’ #1,

(10) 95@2]‘;

© if i, 5,k € {1,...,0} are such that q;; = —1, i = ¢ijqr; = 1,

(11) [@ijh, 2],
®ifi,j € {1,...,0} are such that q;; = —1, ¢:iqi; € G, and also q;; € Gy or m;; > 3,
(12) [Tiijs Tig],.
® ifi, 5,k € {1,...,0} are such that ¢;; = +q;; € G, qir, = 1, and also —qj; = ¢ijqjx = 1
or ;' = @ij = Gk # —1,
(13) [Tiijhs Tigl, s
© ifi, 5,k € {1,...,0} are such that g, qij, Gji # 1,
(14) Tijk — M [Tk, 25, — 45 (1 — qjk) zjTam;
© ifi,j,k € {1,...,0} are such that one of the following situations
° gii=qj; =1, 4" = G dik =1, or

O%Zij:_l;Qii:—q/ﬁgEGg,(ﬁ//f:l, or

Qe = Gk = 45 = —1, ¢ = —Gij € G, g, = 1, or
@i =1, @ = a;% Gr=—a;" Gk =1, or

Qi = qj5 = qek = —1, £qi; = qjr € G5, qir. = 1,

o

O O

(15) [z, Tijil, > 5] 5
© ifi,j,k € {1,...,0} are such that q;; = q;; = —1, (/]}}3 = @_1, Gk =1,
(16) [[ijs [wis wignl.) . il 3

(;)vifi,j,k,l/ve {1,...,0} are such that q;;q;; = qj;qk = 1, @2 = cjﬁfl =qu, g = —1,
Gik = qu = qj1 =1,

(17) i, 2, @], il s

© ifi,5,k € {1,...,0} are such thatqjj:c}};?:c]jvke([}g, gir =1,

(18) [[ijes il 2], 5

® ifi, 5,k € {1,...,0} are such that q;; :21};3 =qix € G}, qir =1,

(19) [lwagns 2l ws]. )

© ifi,j,k € {1,...,0} are such that ¢;; = q;; = —1, qj; :@_1 #—1, g = 1,
(20) [ijs Tigrl 5

®ifi, 5, ke {1,...,0} are such that g;; = qer = —1, @i = 1, @ij € G, ¢;; = —qx = £aij,
(21) (@i, k) — (U4 63 ax; [igns 23], — (U4 a3 (1 + q35) @i

® ifi,5,k € {1,...,0} are such that g1, = 1, qii = qi; = —aqir € G,

(22) (i, [Tij, Tkl ], + @iktinyi [Tiiks Tig), + ij Tijiin:

® ifi,j,k € {1,...,0} are such that ¢j; = gk, = Gjx = —1, ¢ii = —qi; € G}, Gy = 1,

(23) [Tiijhs Tijhl, ;



6 IVAN ANGIONO

® ifi,j € {1,...,0} are such that —qii, —qj;, ¢i%ij, 45 %; # 1

(24) (1= @i)ais0i [, (235, 251 — (U + @) (1 = ag5@5)235
© ifi,5 € {1,...,0} are such that either m;; € {4,5}, or else q¢;; = —1, m;; = 3 and
qii € G,

— 9
1 — GiGij — G505 4j o i
=\ Liijs

(1 - ququ)QJ’L

(25> [xia x3ai+2aj] c -

® ifi,j € {1,...,0} are such that 4o;+3c; ¢ AX, qj; = —1 ormj; > 2, and also m;; > 3,
or my = 2, q;; € Gy,

(26) Tda;+3a; = [T30:+20;, Tijle;

® ifi,j € {1,...,0} are such that 30y + 205 € AX, 5o + 3 ¢ AX, and G aij, ahai; # 1,
(27) [Tiijs T3a;+20; s

® ifi,5 € {1,...,0} are such that 4a; + 3a; € AX, by + 4a; ¢ AX,

(28) Thoi+4a; = [Tdai+3a;s Tijle;

® ifi,5 € {1,...,0} are such that 5a; + 205 € AX, Tay; + 3a; ¢ AX,

(29) ([@iiig, Tiigl, Tiigles

® ifi,j € {1,...,0} are such that qj; = —1, bay; + 4o € AX,

(30) [xiija$4ai+3aj]c - ( “>( Z;C)g( 3 C “C ) MC x%ai+2a]"
a 4;;9;95;

where ¢ = g, a = (1-C)(1—¢4C*) — (1-¢:i) (14+¢i)qiiC, b= (1-)(1—¢%¢P) —a ¢:i¢. O

2. UNIDENTIFIED NICHOLS ALGEBRAS OF RANK 2

In the following Sections we consider the different Weyl equivalence classes of braided
vector spaces of unidentified type. We divide the work depending on the dimension of
such spaces. We consider in this Section the 2-dimensional unidentified spaces, then some
particular cases in rank three and four, and finally the remaining cases, but dividing the
work in some families, according with the shape of the associated generalized Dynkin
diagram.

The unidentified braided vector spaces in [H2, Table 1] of rank two are those in rows
7,8,9,12, 13, 14, 15 and 16.

We will consider each possible row, describe the root system of each braiding, and
calculate the dimension of the corresponding Nichols algebra.

Remark 2.1. The hyperword associated to a simple root «; is the one associated to the
unique Lyndon word of degree «;: x;. Also, the hyperword associated to a root of the way
may + ag 1S Timayta, = (adez1) ™20,
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Moreover, for the braidings considered in this Subsection we have the following possible
hyperwords:

LTag+2as = ["L‘Oé1+a27$2]ca L3a1+2a0 = [$2a1+a23$a1+a2]ca
Taa14302 = [$3a1+2a27$a1+a2]ca Lsa1+202 = [:E3a1+042a x2a1+a2]ca
T5a1+3ae = [$2&1+a2a x3a1+2a2]c> Ts501+4as = [$4a1+3a23$a1+a2]c,
Tra14+200 = [$4a1+a2a x3a1+a2]ca TTai1+3a2 = [x5a1+20¢2a x2a1+a2]ca
TTay+das = [$2a1+a2a x5a1+3a2]c> T8a1+3ay = [x3a1+a27 $5a1+2a2]ca
T8y +5ap = [$5a1+3a27$3a1+2a2]c .

Remark 2.2. If V., W are two Weyl equivalent braided vector spaces of diagonal type, then
dim B(V') = dim B(W). It follows from the fact

AT = 5 (A {ap}) U {ap}
and that a hyperword of degree o has height ord x(«, «), so we calculate the dimension

computing the number of terms of the PBW basis; i.e. multiplying the orders of the
associated scalars.

Example 2.3. Row 7. These are the first unidentified braided vector spaces, for which
¢ € G, is primitive. The following diagram shows the action of the Weyl groupoid, where
we indicate the vertices 1,2 by o, e, respectively. We omit those symmetries not changing
the Dynkin diagram.

9
O<4 ¢ .CS
S1 59

11 7

oC4 ¢ o ! o1 ¢ .CS
S9 S1

5

oCg < o ! o1 ¢ 049

In this case, O(x) is empty. For each one of these vector spaces V, dim B(V) = 2432 = 144.
9
() o =

¢ . In this case,
Afﬁ = {041,2@1 + o, 01 + ag, a1 + 2a2,a2}.

Considering the corresponding hyperwords from Remark 2.1 and following Theorem 1.6,
B(V') has a presentation by generators x1, 2, and relations

10 7
3 3 ¢P(1 =gz 5
Ty = Ty = [xlvaCl'FQaQ]c - 1— gg arltas — 0.

4—11

(ii) o¢* e~ . The set of positive roots is in this case

A:(_ = {a1,20é1 + a2,3a1 + 20(2,0(1 + CMQ,O[Q} :
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Therefore B(V') has a presentation by generators x1,x2, and relations

3 2
Ty = Tg = [x3a1+2a27 xl?]c =0.

7
(iii) o~! BN . The positive roots are the same as in (ii) exchanging 1 by 2, and
B(V') admits an analogous presentation.

(iv) os? ¢

e~ ! . The positive roots are
AY = {ay,3a1 + 2,201 + ag, a1 + az, aa} .

Therefore B(V') has a presentation by generators x1, 2, and relations
$111 = "L‘% = [1:2041+0427x12]c =0.
5
(v) o7t ERNNS . The set of positive roots is the same as in (iv) exchanging 1 by 2, and
B(V) has an analogous presentation.

Example 2.4. Row 8. Let ¢ € G, be primitive. The roots in O(y) are those such that
go = C°. For each one of these vector spaces V, dim B(V) = 2433 = 432.

(i) of o . Their positive roots are
Azﬁ = {041, 201 + ag, a1 + ag, a1 + 2a0, 042} .
According to the Theorem 1.6, B(V') has a presentation by generators x1, x2, and relations

10 7
3_ .3 _ 12 C"A=¢q2 o
Ty = Ty = Ia1+a2 = [$1,.’Ea1+2a2]c — —1 — <9 a1 tas = O

. s ¢
(ii) of o=l . In this case,

AX = {a1,2a1 + a2, 301 + 209, 1 + ag, a2} .

With the corresponding hyperwords from Remark 2.1, B(V') has a presentation by gener-
ators x1, x2, and relations

3 2 12
1

TY =25 =T, 1oy = [T3a1+202, T12). = 0.

(iii) o C o . The positive roots for this braiding are

Ai = {ala?’al + 042,2061 + Q2,01 + 0627062} '

Therefore B(V') has a presentation by generators x1, x2, and relations

x%Q = x% = (ad. ;1:1)4x2 = [T20,+a9, T12], = 0.
Example 2.5. Row 9. Let ¢ € G{ be primitive. The roots in O(x) are those such that
N, = 18. For each one of these vector spaces V we have dim B(V) = 2436.

7
(i) o=¢ * o¢* . Their positive roots are

AX = {0,201 + az,3a1 + 20, a1 + a2, a1 + 202, a2}

Following Theorem 1.6, B(V') has a presentation by generators 1, z2, and relations

18 _ .3 18 Cl=Oqz o

Ty =2y = :EalJraQ = [ﬂfl)xa1+2a2]c + 71 — <7 a1 +as =0.

8
(ii) o —* 6=l The set of positive roots is the following

Af_ = {1,201 + ag,3a1 + 209,41 + 3, a1 + g, an} .
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Therefore B(V') has a presentation by generators x1,x2, and relations

3 _ .2 _ .18 _ .18 _ —
Ty = Xy = xal—i-ag - x2a1+a2 - [$2a1+042’x3041+2042]c - 0

¢

(iii) o< o~1 . In this case,
Azf_ = {()41,4&1 + a9, 3a1 + a9, 2a1 + o, a1 + o, CKQ} .

Therefore B(V') has a presentation by generators x1, 2, and relations

18 2 18 5
T1° = T3 = Tog, 4o, = (ade 1) T2 = [T204 +ay, T12), = 0.

Example 2.6. Row 12. Let ¢ € G}, be primitive. Notice that the roots in O(x) are those
such that N, = 24. For each one of these vector spaces V', we have dim B(V') = 21034,

11
(i) o =

o¢™ . The set of positive roots is
{a1,301 + a9, 201 + ag, 3 + 202, 4oy + 3ag, a1 + g, a1 + 20, s} .

Considering the associated hyperwords, Theorem 1.6 establishes that B(V') has a presen-
tation by generators 1, z2, and relations

4 3 __ .24 _ .24 _
L1 = T2 = L3ai14as — FTaj4+as — O’

(1 - (11)C4Q21 [331, $a1+2a2]c = (1 - Clg)xil+a2-

(ii) o — % o' The set of positive roots is in this case:

{a1,3a1 + a9, bag + 2a, 201 + a, bag + 3ag, 3o + 20, a + g, ) .

Following Theorem 1.6, B(V') has a presentation by generators x1, x2, and relations

4 24 24 2
T] =T = Top ta, = (ade T2) 21 = [T301 4204, T12], = 0.

5
(iii) off o . The positive roots are in this case

{a1,20q + a9, 51 + 3ag, 3o + 29, 4o + 3o, bag + dag, o + g, s}

Therefore B(V') has a presentation by generators x1, 2, and relations

3 __ .2 _ . 24 _ .24 _
L1 = Lo = Tba4+3as — Laij+as — 0’

[$2a1+a27x4a1+3a2]c = (1 +C4 _’_gﬁ +C11)C10QZ1 L3a1+2az°

19

(iv) of o~ . The set of positive roots is in this case:
{o1,5a1 + az,4a1 + ag, 3a + ag, 501 + 202, 201 + a2, 1 + az, s} .

Therefore B(V') has a presentation by generators x1, 2, and relations

24 2 24 6
Ty = T2 = T5a142a0 — (ade1)’z2 = [932a1+a275012]c =0.

Example 2.7. Row 13. Let ¢ € G} be primitive. The roots in O(x) are those such that
g € {¢,—C3}. For each one of these vector spaces V, we have dim B(V) = 2654,

2
(i) o “ o=l The set of positive roots is in this case:

{al, 3aq + a, 201 + a2, D1 + 3, 3aq + 29, 4oy 4 3, i + i, ag} .

Following Theorem 1.6, B(V') has a presentation by generators x1, z2, and relations

5__,2_ .10 _ .0 _ .10 _ 4 _ _
Ty = Ty = 1:2a1+a2 - x3a1+2a2 - 1"041—{-012 - (adc xl) T2 = [‘r4011+3a27$12]c - 0
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3 ¢

(ii) o—¢ o~! . For this braiding, the positive roots are

{a1,4a1 + a9, 3a1 + a2, bay + 2ai, 21 + aig, 3oy + 20, a1 + 042,042} .

Therefore B(V') has a presentation by generators x1, x2, and relations
0_.2_.5 _ .5 _ .10 _
Ty = Ty = x3a1+a2 - $a1+a2 - $2a1+a2 - O’
5 2
(ade 71)°22 = [T1, T30y +2a2)¢ T 412%30, +an = 0

Example 2.8. Row 14. Let ¢ € G, be primitive. The roots in O(x) are those such
that N, = 20. For each one of these vector spaces V, we have dim B(V) = 2854.

17
(i) of ¢ 1. The set of positive roots is the same as in Example 2.7,(i) . Following
Theorem 1.6, B(V') has a presentation by generators x1, z2, and relations

20 .2 _ .20 _ 4, _
L1 = T2 = T30,+42a5 — (ade 1) wo = [$4a1+3a2,$12]c =0.

7
(ii) o¢" “_ o1 The set of positive roots is again the same as in Example 2.7,(i) .

According to Theorem 1.6, B(V') has a presentation by generators xi, x2, and relations

20 2 20 4
T] = X5 = T3n, 494, = (ade 1) %2 = [T40, 4302, T12]. = 0.

§3

(iii) o o~1 . The set of positive roots is the same as in Example 2.7,(ii) . Following
Theorem 1.6, B(V') has a presentation by generators x1, z2, and relations

51) 2 20 20 (1 - C17)‘I12 2

T] =23 = T30, 40y — Taj+as — [$17$3a1+2a2]6 + 1_742 20140z — 0.

13
(iv) o “ o7l The set of positive roots is again the same as in Example 2.7,(ii) .

According to Theorem 1.6, B(V') has a presentation by generators xj, x2, and relations

7
5_ .2 .20 20 (1-C"aq12 »
T =Ty =T340 — Taj+as — [x17x3041+20¢2]c + 1— CQ ooy +as = 0.

Example 2.9. Row 15. Let ¢ € G/ be primitive. Notice that the roots in O(x) are
those such that N, = 30. For each one of these vector spaces V, we have dim B(V) =
243451 = 30%.

12
(i) o=¢ ¢~ o¢° . The set of positive roots is

{a1,301 + a9, ba + 2a2, 201 + a2, 301 + 20, 1 + g, a1 + 20, s} .

Considering the associated hyperwords, Theorem 1.6 says that B(V) has a presentation
by generators x1, x2, and relations

30 3 30 4
.’1:1 = ‘TQ = x3a1+a2 = (adc$1) T = 07

¢+ ¢M)ar2 s

[x1, xa1+2a2]c + 1+ gm Ty tan = [$3a1+2a2,:€12]c = 0.

(ii) ot = o=¢"" . The set of positive roots is in this case:
{a1,401 + a9, 3a1 + ag, 201 + @, 301 + 200, 4o + 3ag, aq + g, s} .
Following Theorem 1.6, B(V') has a presentation by generators z1, x2, and relations
2] =23’ =230 Lo, = (adca2)?z1 =0,

(1 - CZ)CQQH 2
[z1, $3a1+2a2]c - Tfﬂmﬁm = [934a1+3a2,9512]c = 0.
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_<13

5 _ o . .
(iii) oS o~ . The positive roots are in this case

{051,2041 + a9, bay 4 3, 8y + dag, 3a; + 209, 4oy + 3, ap + 012,012} .

Therefore B(V') has a presentation by generators x1, x2, and relations

3 _ .2 _ 30 _ .30 _ _
Tl = Ty = Log;+as — Lday+3as — [w4041+30427x12]c =0.

)
(iv) o¢* = 6=1 . The set of positive roots is in this case:
{051, 4o + o, 301 + ao, 8 + 3aig, bag + 20, 201 + g, ] + i, 052} .

Therefore B(V') has a presentation by generators x1, x2, and relations

5_ .2 _ 30 _ 30 _ _ _
T] = T3 = Ty tas = Toagtan = [T201+az, T12), = [T501+2a0, T112], = 0.

Example 2.10. Row 16. Let ¢ € G; be primitive. The roots in O(x) are those such
that g € {—(,—¢%}. For each one of these vector spaces V, we have dim B(V) = 21276,

(i) of —

o~! . The set of positive roots is in this case:
AY ={a1,3a1 + 2,200 + az, Tog + 4az, 5ag + 3o, 8ar + bae,

3aq + 2a, Tag + bag, 4oy + 3ae, bag + dag, o + g, s}
Following Theorem 1.6, B(V') has a presentation by generators x1, 9, and relations

2 14_0
- Y

T5 = Tg a = a1, 201 + as, bag + 3as, 3aq + 2a0, 4o + 3o, aq + ao,

(1-¢+3¢"=C)aij 5

(ade 21)* %2 = [T20, 40, Taa; +30;]c — 5+ (T — (3 — (A4 (5 — g ait20; = 0,
(ii) o= ¢’ ¢ o~1 . For this braiding, the positive roots are
AX ={a1,501 + az,doq + ag, Ty + 2az, 301 + g, 8ay + 3az,
Saq + 2ae, Tag + 3ag, 201 + g, 3a + 200, a1 + g, '} .
Therefore B(V') has a presentation by generators x1, 2, and relations
:c% = x}f =0, a = a1,4aq + as, 3aq + as, daq + 29, 2a + aig, ap + Qi

14+ (Mo
(ad. :L‘l)ﬁxz = [x1, x3a1+2a2]c + (1_€)2:r%a1+a2 =0,

3. EXAMPLES IN RANK 3 AND 4

Now we consider three Weyl equivalences classes in rank three and two in rank four,
and make the same work as in the previous Section.

Example 3.1. Rank 3, row 13. In this case we have two different Weyl groupoids,
depending on the order of ¢, with the same root systems (the associated braidings are
different). We analize each case.

1. Let ¢ € G be primitive. The roots in O(x) are those such that ordg, € {3,6}. For
each one of these vector spaces V, dim B(V') = 243663 = 2739,

2
(i) of ¢ ¢S o1 The set of positive roots is the following:
AX ={a1, a2, 03,00 + a2, a9 + a3, 201 + 200 + a3, 01 + a2 + az, a1 + 20 + as,
a1 + 2a9 + 2a3, 2ai0 + ag, a1 + 3as + 2a3, 2aq + 3ag + 2ai3, 20 + 4o + 3043} .
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According to Theorem 1.6, B(V') has a presentation by generators x1, x2, 3, and relations

23 = (adc21)?72 = (ade 71)73 = (ade 22)*71 = [T223, Ta3)e = [[T123, T2)e, 72), = 0,
xi =0, a=aqa1,01 + ag, az, a1 + 209 + 2a3, a1 + 3as + 2a3, 2a1 + 3o + 2ai,
xg:(), a=ay+ az,a; + a2+ az,a; + 20z + as.

s ¢ ¢? —(2 ¢ 1 .
(ii) o o o~" . In this case, we have

AX ={a1, a2, 03,00 + a2, 1 + 202, 201 + 209 + a3, a1 + ag + a3, 201 + das + as,

200 + a3, a0 + a3, a1 + 3 + ag, 2aq + 3as + a3, a1 + 200 + 043} .
Theorem 1.6 says that B(V) is presented by generators x1, z9, r3, and relations

x% = (ad. x1)2x2 = (ad. z1)z3 = (ad,. x2)3x1 = (ad, x2)3x3 =0,
(23, Zog1]e + q21[T301, T2]e + ¢32C%(1 — (B aowsn = 0,
=0, a= 1,01 + ag + as,as + asg, a1 + 2as, a1 + 3as + as, 2a1 + 3as + as,

3

xo{

5=0 = 2

Ty, =V, Oé—O[Q,O[l—FOéQ,Oél—i— a2+a3'

2. Now, let ¢ € Gf be primitive. The roots in O(x) are those such that ordg, = 6. In
this case, dim B(V) = 243365 = 21039,

5 4
(i) of ¢ o1 Theset of positive roots is the same as in 1.(i) . Using Theorem
1.6, we deduce that B(V') has a presentation by generators x1, x2, 3, and relations

x5 = (ad, x1)2m2 = (adcx1)z3 = (ad, x2)2x1 = (ad, x2)3x2 =0,

oo W

xz, =0, a = 1,01 + ag, as, a1 + 2a0 + 2a3, a1 + 3as + 2ai3, 201 + 3 + 2a3.

2
(ii) oS ¢ o~ o1 The positive roots are the same as in 1.(ii) . By Theorem
1.6, B(V) is presented by generators x1,x2, x3, and relations

23 = 23 = (ad. 21)%29 = (ad.21)x3 = [T223, 223)c = 0,

(21, T223]c + q23[T123, T2]c — qrawaz123 = 0,

:Eg =0, a=ai,0] + ar + as, an + az, o] + 20, a + 3as + as, 201 + 3o + as.

Example 3.2. Rank 3, row 17. Let ¢ € G} be primitive. The following diagram
shows the action of the Weyl groupoid, where we indicate the vertices 1,2,3 by o, *, e,
respectively, and we omit those symmetries which do not change the Dynkin diagram.
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Crs) = C==o)

52 S2
%1 %S
N e TS oSN
o1 —_C o o ¢ —7<2 o !
83 83

In this case, the roots in O() are those such that N, = 6, and dim B(V) = 27336 = 283%.
(i) ot "L 41 o=, We have that

Aﬁ ={a1, a2, 03,01 + ag, a0 + a3, a1 + a2 + ag, a1 + 20 + a3, a1 + 202 + 20,
a1 + 3ag + 2a3, 20 + 3ag + 2a, 2a1 + 4as + 3as}.

Following Theorem 1.6, B(V') has a presentation by generators z1, x2, x3, and relations

2

T = a:% = a:% = 27y = (adcw1)x3 = [T32, [232, T321] ], = xg1+2a2+2a3 =0.

_ 2
Lo ¢

(ii) o! e~ ! . For this braiding,

AY ={ay, 0,03, a1 + a2, a1 + 202, a2 + az, a1 + a2 + a3, a1 + 3o + a3,
201 + 3ag + g, 2a1 + 4ag + ag, a1 + 20 + az}.

By Theorem 1.6, B(V') has a presentation by generators 1, x2, x3, and relations

.’B% = x% = J}% = (adc x2)2m3 = (adc xl)l‘3 = [1’221,1‘21]0 = [1‘12,$123]C = J}gﬁ_QQQ = 0.
(iii) %< . The root system is
_CQ Y
o= ¢ ¢ o !

AY ={a1, 0,03, a1 + 200, 01 + a3, a1 + @, a2 + a3, 201 + g + a3,
a1 + 2ag + as, a1 + as + as, 2aq + 20 + ag}.
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By Theorem 1.6, B(V') admits a presentation by generators xi, z2, x3, and relations

a?? = a;% = .CC% = (ad. .CC2)2563 = (ad. :c1)2:z:2 = (ad. :cl)Q:z:g =0

T123 = —q23(1 — (*)[w13, 22)e + qr2(1 — (w2213

(iv) *7! ¢ el =% -1 Ty this case,

A?ﬁ ={a1, a9, a3, a3 + az, a3 + a1, a1 + 2a9 + 2a3, a1 + as + as, 2as + 3as + aq,
a9 + 2a3 + ag, a0 + 2a3 + 2a, 209 + 3z + 20 } .

Following Theorem 1.6, B(V') has a presentation by generators z1, x2, x3, and relations

:U% = x% = x% = (adc z1)z2 = [[713, 7132, , 73], = x§1+a3 = 0.
2
(v) *7! ¢ e ¢ o1 Tts root system is

AY ={a1, a0, 03, a0 + a3, a2 + 203, a3 + a1, 200 + 203 + 1, 00 + a3 + az,
209 4+ 3a3 + o, o + 203 + a1, 200 + 33 + 21 } .

Following Theorem 1.6, B(V') has a presentation by generators z1, x2, x3, and relations

23 =22 = 2§ = (ad. 23)320 = (ad. 23)%z1 = (adez1)22 = 0.

CQ .Cz 7(2

(vi) *7! o~!. The corresponding root system is

AX ={oq, 00,03, 00 + a3, 2 + 203, 203 + a1, a3 + v, 2 + a3 +
ag + 3ag + oy, as + 3as + 201, a2 + 203 + g } .

By Theorem 1.6, it follows that B(V) is presented by generators z1, xa, x3, and relations

a:% = x% = x§ = a:gﬁag = (adcz1)xe = [z331,231], =0

(21, T332]c = —o3 C[T132, T3] + Q13737 132.

2 _
(vii) *7! ¢ o¢ =% o1, We have the following positive roots:

AX ={a, a0, 03, a9 + a3, 203 + a1, a3 + a1, a9 + a3 + o1, a2 + 3o + o,
ag + 23 + 201, ag + 2a3 + o, as + 3as + 2aq } .

Theorem 1.6 implies that B(V') has a presentation by generators xj, z2, x3, and relations

=23 =23 = m22+a3+a1 = (ade 23)%x0 = (ad. 1) 29 = [2331, 231]c = 0.

(viii) x 1 . For this braiding,

Aﬁ ={a1, 00, 3,02 + a1, a2 + a3, a1 + a3, 1 + 203, a0 + a1 + a3,
as + a1 + 2a3, ao + 201 + 2ai3, ag + 201 + 3043} .

Following Theorem 1.6, B(V') has a presentation by generators x1, z2, x3, and relations

2 2 3 2 6 3
TY =25 = T§ = T7y = Tayia, 4205 = (ade r3) 72 = (2331, 231]c = 0

T123 = q23(C — *)[w13, 32)e + qu2(1 — )z2213.
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—1 2
o1 ¢

(ix) *7! ¢’ . Its positive roots are
AY ={a, 0,03, a9 + a1, a1 + a3, 1 + 203, a0 + o + a3, a2 + a1 + 20,
ag + 20 + ag, a0 + 201 + 3as, as + 2aq + 20[3} .
According to Theorem 1.6, B(V) is presented by generators x1, 9, x3, and relations

2 2 3 6
1

T] =I5 = T3 = Ty 00,1205 = (ade T2)T3 = [2331, 231]c = [T3312, Z312]c = 0

w1y = [[w31, ¥312],, 71], = 0.

Example 3.3. Rank 3, row 18. Let ( € G{ be primitive. We distinguish this Weyl
equivalence class of root systems because all the other unidentified cases in rank 3 have
elements of Gy labelling their vertices and edges.
In this case, the roots in O(x) are those such that N, = 9, and dim B(V) = 993% = 322,
8 8
(i) of ot ¢
AY ={a1, 00, 03,01 + az, a2 + a3, 01 + a2 + a3, a1 + az + 203, a1 + 200 + 3as,
ag + 2a3, a1 + 209 + 4ag, a1 + 3o + dag, a1 + 202 + 2a3, 21 + 3ag + 4as}.

o¢° . We have that

Following Theorem 1.6, B(V') has a presentation by generators x1, 22, x3, and relations
SL‘% = (ad, :1:1)2552 = (ad. x1)z3 = (ad x2)2x1 = (ad. x2)2x3 =0;

:vZ:O, o # 3,00 + a3, 00 + ag + a3, 01 + 200 + 3035

CS OCS C4

(ii) oS o¢® . For this braiding,
A’i = {Oéh a9, a3, 1 + Qo,a + as, a1 + 2a, ao + 2a3, a1 + @ + 2as,
a1 + o + az, a1 + 2as + ag, a1 + 3az + 2a3, a1 + 202 + 2a3, 201 + 30 + 23} -

Therefore B(V') has a presentation by generators x1, x2, x3, and relations

:U% = (ad, m1)2$2 = (ad. x1)2z3 = (ad. x2)3x1 = (ad. x2)2x3 =0;

3324207 a # az, 0 + a3, a1 + az + ag, 01 + 209 + az;

Example 3.4. Rank 4, row 14. Let ¢ € k*, ¢ # £1. The roots in O(x) are those such
that ¢, € {q, —¢~'}. Also, B(V) is finite-dimensional iff ¢ has finite order. In such case,
if M = ordq, N = ord —¢~!, we have dim B(V) = 2 M3N3.

1 1

(i) oL — o012 o1 "% 5=a"  TFor this braiding,

AX ={o, 2,03, 04,01 4 g, a9 + a3, 03 + @, a1 + g + az, ag + a3 + au,
a1 + ag + as + ag, a1 + as + 2a3 + oy, a1 + 20 + 3as + ay,
ag + 20 + ag, a1 + 20 + 203 + g, a1 + 20 + 3ag + 204}
Following Theorem 1.6, B(V') has a presentation by generators x1, z2, 23, 24, and relations
(ad, z1)%xy = (ad, 20)%x1 = (ad, 29)%x3 = (ad, 24)%23 = 0;
22 = (ad.21)r3 = (adez1)2g = (ad.z2)24 = 0;
acg/[:(), a = aq,02,01 + a2 + as;

xé(v =0, a = oy, o1 + 2 + 3as + ayg, a1 + 200 + 3as + 204.
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q! q
o1 o~! . In this case,

S

o1
X _
AY ={a1, a2, a3, 4,01 + @2, a2 + a3, a3 + aq, a2 + oy, a2 + a3 + ay,
a1+ o+ asz, a1 + ag + ag, 01 + 20 + a3 + oy,

Oél+2C¥2+CV4,CV1—‘1-2042+OZ3+20647061+C¥2+043+064}.

(ii) o4

Therefore B(V') has a presentation by generators x1, x2, 3, x4, and relations

2 = (adc z1)xs = (adc x1)zs = [(ade 21)(ade 22)x3, 2], = 0;
m% =z mi = ((ade xg)x4)2 =0;

(ad. z1)%x
2 _
=

1 _

(22, (ade x3)z4], + 5(1 + q)qa3 [(ade x2) x4, 3], — q23(1 + ¢ 1)353(adc x9)xy = 0;

M
z, =0, a =,z +ag, o1 + az + as;
5027207 a=oa3+ayq,01 + 200 + g, 01 + 200 + a3 + 204.
ees q q71 1 -1 1 —q _qfl . e 1.
(iii) o o ) o . For this braiding,

AY ={a1, 00,03, 04,01 + @, 00 + 3,03 + g, a1 + ap + a3, 0 + a3 + ay,
a1 + 2a0 + ag, a1 + as + ag + ag, a1 + 20 + 2a3 + ay,
ag + 2a3 + ag, a1 + 20 + s + ay, a1 + o + 2a3 + ag}.

Then B(V') has a presentation by generators x1, x2, x3, x4, and relations

5 = a3 = ((adew2)w3)” = (ad. 2)’x; = 0, i #£2,3;

1'2:
ari\f:O, a= a1, + 2a3 + ag, a1 + as + 2a3 + ay;

:Bg =0,
Example 3.5. Rank 4, row 22. Let ¢ € G). This Weyl equivalence class contains eight

a = ay,01 + 209 + as, a1 + 200 + a3 + ay4.

different diagrams:

(i) 0 ¢ 071 T8 ¢ & o¢ (i) ol —S o1 S g

¢ —C .
(iii) 07¢ —— o071 ——o¢ (iv) o
Al a7
-1 -1
[¢] o
(v) ool o & o1 & ¢ (vi) o= - 071 =% o1
= ‘ /Q
-1
(¢]
< o L o1 < o~ ¢ (viii) 07! —— o1 BRSS! < o ¢

(vii) o7t —
Each ones of the associated Nichols algebras have dimension 242. They are presented by
generators xi, To, T3, T4, and relations:
o if Ny =4: gl
2

o if Qi; = —1: x5
o if gi; = qj; = ¢;; = —1 (diagrams (iii), (vi), (viii)): :L’,sz;
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if gi; =1:  (adcxi)zy;
if gi; = qizl =+(  (ad :Ei)Qa:j;
if ¢i;j = —1, qi; = ¢ (diagrams (iv), (vii)): (ad. xi)?’mj;
if gij = cj;;; = —(, ¢ix = —1 (diagrams (iii), (iv), (vi)):
Tijk — Cqjk|Tik, Tjle — @i (1 + Q)wjwin;
if —qj5 = @ijar; = i = 1 (diagrams (i), (ii), (iii), (vi)):  [zik, 75]c;
o if gj; = q;j = ij ¢, gik = 1 (diagram (i)): [[[%ka%]ufﬂj}cﬂ?a‘]c;
e ifgii =qj; — 1, —qi; = @iy = ¢, . = 1 (diagram (ii)):  [[zij, [xz‘j,xz‘jk]c]c,wj]c;

4. THE OTHER UNIDENTIFIED NICHOLS ALGEBRAS

In this Section we will consider the remaining braidings of unidentified type. We will
consider four differents subfamilies, according with the shape of their generalized Dynkin
diagrams. The first subfamily that we will study is closely related with diagrams of type
Ds, Eg, E7, but they contain non-Cartan vertices labeled with —1 and small orders on
the g;; (in fact, they are roots of unity of order 3 or 4).

Theorem 4.1. Let (V| ¢) a braided vector space of diagonal type of dimension 6 € {5,6,7},
whose generalized Dynkin diagram belongs to rows 11, 14, 17, 19 or 21 of [H2, Table 4].
Then B(V) is presented by generators xi,...,xg9 and relations

® if Ny #2 or Ny =2, a = ;o

a !

®© ifi,j are such that ¢;; = ¢;j = qj; = —1: 2.

1‘2]’
® ifi,j are such that g;; = 1 (respectively, qi; = q;;* # —1):

(ade ;) (resp. (adex;);;

® ifi,7,k are such that q; ik = 1, L, g5 = -1, ¢ijqk =1:  [Tiji, xjle;
® if 1,4,k are such that ¢, = ¢ij = qjx =: ¢ € Gj:
Tiji — kG @ik T5le — 4ij (1 — Q)zjmn;
® if 1,4,k are such that ¢, = g1, =: ¢ € G}, qij = —1:
Tk + GikClTik, Tjle — @i (1 = Q)xjTik
Proof. First, note that a;; € {0,—1} for all these braidings; that is, for each pair i # j,
either ¢;; = 1, or else ¢;; # —1, qi; € {—1,(}};_1}. This explains why we only consider
quantum Serre relations associated to a;; = 0,1. We derive also that the Cartan vertices
are those labeled with ¢; # —1, which explains why we need only the power root vectors
associated to simple roots, or to other roots such that N, # 2.

Finally we look at the other needed relations. As the a;;’s take only two values, we
need few extra relations. g

The second subfamily seems close to type super D(n), but with certain ’degeneration’
and small order on the labels of the vertices (roots of unity of order 2, 3, 5). With these
diagrams and the corresponding to the previous family we cover all the cases in rank 5,6, 7.

Theorem 4.2. Let (V, ¢) a braided vector space of diagonal type of dimension 6 € {3,4,5,6},
whose generalized Dynkin diagram belongs to row 15 of [H2, Table 2], or row 18 of [H2,
Table 3], or rows 12, 13, 15 or 18 of [H2, Table 4]. Then B(V') is presented by generators
z1i,...,xy and relations

® Z'fNa#Q.‘ LT

0{ )
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o= 1 a2
® ifi,j are such that g;; = 1: (ade xi)z;;

® ifi,j are such that q;; = qi_i1 # —1: (ade xi)%z 5

® ifi,j are such that gi; = q;;> € Gi: (ad. ;)3 5;

© ifi,7,k are such that ¢, = 1, qj; = =1, Qa5 = 1: [Tiji, jle;
® ifi,j,k are such that g, = qi; = qjx =: ¢ € Gf:

Tijk — GikC[Tiky T5)e — @i (1 — O)xjaan;

if i, 4,k are such that qi; =: ¢ € G}, @i = Gx = (%

©

Zijk — QG [Tiks Tjle — Qi (1 — (%) zjip.
®© if 1,4,k are such that ¢, = 1, qj; = qi; = @2 € Gj:
[[xijkv l’j]c ) l’j] .
© if 1,7,k are such that ¢, = 1, qii = qj; = —1, qj = (j{;;_?:
[[xij7 J"iﬂf]c ) xj] c’
Proof. For these braidings, a;; € {0,—1,—2}. Moreover, the Cartan vertices are those
such that g;; # —1. In fact, when ¢;; € G and there exists j such that a;; = —2, then
¢ij = Gii, s0 1 is a Cartan vertex (but we do not need the corresponding quantum Serre
relation). Therefore we need only the power root vectors associated to a simple root, or
to other roots such that N, # 2.

The remaining relations we need to generate the ideal expresses the similarity with the
super D(n) case. O

The following subfamily keeps certain similarity with diagrams of type super F'(4) for
small orders on the labels of the vertices (3, 6).

Theorem 4.3. Let (V,c¢) a braided vector space of diagonal type of dimension 6 = 4,
whose generalized Dynkin diagram belongs to rows 20 or 21 of [H2, Table 3]. Then B(V')
1s presented by generators x1,xo, 3, T4 and relations

if Ny = 3,6:  aNe

o 7

O]

© if i = —1: x?;

® ifi,j are such that q;; = 1: (ade xi)z;;

® ifi,j are such that q;; = qigl # —1: (ad. xi)%xj;

© ifi,j are such that q;; = qif, ¢ii € G: (ad. ;)32

© ifi,7,k are such that q;; = =1, ¢i;qk = 1, Gir = 1: [Tiji, jle;
® if 1,4,k are such that i, = 1, q;; = qij = @2 € Gj:

[ije 4], 25] 5

if i,7,k are such that gir =1, ¢ii = q;; = —1, ;. = @i, € Gf:

©

[[ij, zijkl, 2] .5
®© ifi,j,k are such that g, = qi; = qjx =: ¢ € Gj:
Tijk — @kC iy T5)e — @i (1 — Oz jwn;
®© ifi,J,k are such that i, = 1, —qj; = @ij = qjx =: ¢ € Gj:
(6, @jjkle + GrlTijn, Tile + 45 (¢ — C)ajzijn.

Proof. 1t is analogous to the proof of Theorem 4.2. O
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Remark 4.4. If the diagram of (V, ¢) belongs to row 20 of [H2, Table 3|, then
dim B(V) = 23310,

On the other hand, if it belongs to row 21 of [H2, Table 3], then
dim B(V) = 220316,

The last subfamily contains only two Weyl equivalence classes, where the labels of the
vertices are roots of unity of order 2, 3, 6.

Theorem 4.5. Let (V,c) a braided vector space of diagonal type of dimension 6 = 3 (resp.
0 = 4), whose generalized Dynkin diagram belongs to row 16 of [H2, Table 2|, (resp. row

17 of [H2, Table 3]). Then B(V') is presented by generators x1,...,xy and relations
if Ny =6:  28;
if N; = 2,3: i

if i,j are such that q;; = 1: (ade z)xj;

ifi,j are such that qi; = q;;' # —1: (ad. xi)%z 5
if i,j are such that q¢;; = qi; = qj; = —1: x?j;
if i, are such that qi; € GY, qj; = qi; = —1:  [Tiij, Tijles
if i,7,k are such that ¢i;j = —qir, = —qjx =: ¢ € Gf:

OOOOLLOLOO

Tijk + QipClTin, T4 + @ijCajzin

O]

if i, j, k are such that q;; = —1, T —qjr =: ¢ € Gf:

1
Tijk + g%’k([-%’b Tjle + @i Cazin.
Proof. Now a;; € {0,—1,—2}, and the Cartan vertices are those such that qizi, ¢ # 1. The
proof follows then as in the previous cases. O

Remark 4.6. If the diagram of (V, ¢) belongs to [H2, Table 2, row 16], dim B(V') = 2736.
If it belongs to [H2, Table 3, row 17], then dim B(V) = 2193,
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