FINITE QUANTUM GROUPS OVER ABELIAN GROUPS OF PRIME
EXPONENT

NICOLAS ANDRUSKIEWITSCH AND HANS-JURGEN SCHNEIDER

1. INTRODUCTION

Since the discovery of quantum groups (Drinfeld, Jimbo) and their finite dimensional variations
(Lusztig, Manin), these objects were studied from different points of view and had many applications.
The present paper is part of a series where we intend to show that important classes of Hopf algebras
are quantum groups and therefore belong to Lie theory.

We will assume that the ground-field k is algebraically closed field of characteristic 0. One of our
main results is the explicit construction of a general family of pointed Hopf algebras from Dynkin
diagrams (Theorem 5.17). All the Frobenius-Lusztig kernels and their parabolic subalgebras belong
to this family, but in addition we get many new examples. We show that any finite dimensional
pointed Hopf algebra with group of prime exponent (greater than 17) is indeed in this family; see our
main Theorem below. An important step in the proof follows from another main result (Theorem
7.6), where we show that a large family of finite dimensional pointed Hopf algebras is generated by
group-like and skew-primitive elements, giving additional support to a conjecture in [AS2].

If A is a Hopf algebra, then we denote by G(A) the group of group-like elements of A. Recall that
A is pointed if kG(A) is the largest cosemisimple subcoalgebra of A, or equivalently if any irreducible
A-comodule is one-dimensional. R
__Let " be a finite abelian group and I' the group of its characters. We denote the unit element in
[ by e.

To state our main result, we have to introduce some notation. A linking datum D of finite Cartan
type for T' is a collection D consisting of

a Cartan matrix of finite type (a;;)1<;, <o of size 8 x 6 for some 6 > 1, [K],
elements g1,...,99 € T,
characters x1,...,xp € I satisfying

xi(gi) # 1, foralll1 <i<4,
(1.2) x5(9:)xi(95) = xi(9i)*7, forall1 <4,5 <4,

and a family (X;j)1<i<j<o,iz; Of elements in k such that A;; is arbitrary if g;g; # 1 and x;x; =€,
but 0 otherwise.
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The elements (A;;j)1<i<j<o,iz; are called the linking elements of D.
Here, by i ~ j, resp. @ o¢ j, 1 < 4,7 < 6 we mean that 7+ and j belong to the same connected
component, resp. to different connected components of the Dynkin diagram corresponding to (a;;).

Now we fix a prime p > 2 and a natural number s. We consider finite abelian groups of the form

I'(s) := (Z/(p))*-

Let D be a linking datum of finite Cartan type for I'(s) with Cartan matrix (a;;)1<; <o and linking

elements ()‘ij)lfi<j§0,i76j-
We define the algebra u(D) by generators ay,...,ag, y1,...,Yys and relations

yh =1, YmUnh = YnYm, forall1 <m,h <s,
ga; = x;(9)a;yn, forallgel', 1< 5 <0,
(ad a;)' "%ia; = 0, forall1<i#35<80, i~j,
aia; — x;(gi)aja; = Aij (1 — gig;), forall1 <i<j <0, isy;

a? =0, for all « € 7.
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To formulate these relations we used the following natural interpretation of elements g € I' as words
in the generators y,1 < h < s. Let 3,1 < h < s be a Z/(p)-basis of ', and write g = Y{*--- Y},
where 11, -+ ,t; are natural numbers. Then in the relations above replace g by the formal expression
iy

In (1.5), ad a; is the adjoint action of a;, that is for all z € u(D),

(ad ai)r = a;1yzS(ai(r) = az — 9ixg; " a;.

In this way the left hand side of (1.5) is meant as a well-defined expression in the generators.
In (1.7), ®* is the set of positive roots of the root system associated to the Cartan matrix (a;;);
the "root vectors” a, are defined in Subsection 4.1 below.

Our main theorem is

Theorem 1.8. (a). Let D be a linking datum of finite Cartan type for I'(s) with Cartan matric
(ai;), and assume that p > 3 if (ai;) has a connected component of type Gy. Then u(D) has a unique
Hopf algebra structure determined by

(1.9) Ayn = yn  yn, Agi=0; 1+ g; ® a;, foralll<h<s,1<i<8.
The Hopf algebra u(D) is pointed, G(u(D)) ~ I'(s) and dim u(D) = p*+1°71,

(b). Let p > 17. Let A be a pointed finite-dimensional Hopf algebra such that G(A) ~ I'(s). Then
there exist a linking datum D of finite Cartan type for I'(s) such that A ~ u(D).

Remarks 1.10. (i). In Section 5 we define the notion of a ”linking datum” for a general finite abelian
group I'. In the situation of the main theorem it is always possible to reduce to the case of linking
data with all entries A;; equal to 0 or 1. Thus it follows from Theorem 1.8 that there are only finitely
many isomorphism classes of finite dimensional Hopf algebras with fixed coradical kI'(s). For more
general finite abelian groups, this is no longer true [AS1], [BDG]|, [G].
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(ii). The dimensions of the Hopf algebras in Theorem 1.8 are very special numbers. This phenom-
enon is shown in general for arbitrary finite groups I' in Theorem 7.9.

(iii). Let (aij)1<i <o be a finite Cartan matrix. The problem of actually finding all the collections
g;i € I'(s), x; € f(s\), 1 <4 <0, such that (1.1) and (1.2) hold has been discussed in [AS2]. It can
be stated as the problem of finding all the solutions of a system of algebraic equations over Z/(p)
and it is in principle solvable. Note that in particular
p—1

?

0 <2s

see [AS2, Prop. 8.3].

(iv). The question of finding all the possible linking elements attached to a fixed collection g;, xi,
1 <4 <0, (a;)1<i,j<o, is also of combinatorial nature, see Section 5, and also [Di]. Once these two
problems are solved effectively, the isomorphism classes of the Hopf algebras u(D) can be determined
using [AS2, Prop. 6.3], [AS3, Lemma 1.2].

(v). As a consequence of Theorem 1.8 one obtains the complete classification of all finite dimen-
sional pointed Hopf algebras with group of group-likes I'(1) = Z/(p), p # 5,7. It is the list given
in [AS2, Theorem 1.3] plus the Frobenius-Lusztig kernels as described in [AS1]. Indeed, replacing in
the proof of Theorem 1.8 [AS2, Cor. 1.2] by [AS2, Th. 1.3] we get the classification for all primes
p # 5 or 7, in view of Theorem 6.8 and [AS3, Lemma 4.2]. The only cases not covered are p = 5,
type B, and p = 7, type Go. This result was independently obtained by Musson [Ms] using different
methods starting from our previous article [AS2].

(vi). Up to now, the determination of all finite dimensional pointed Hopf algebras A with G(A) ~
I, for a fixed group I', was known only for I' = Z/(2) [N]. Other classification results of pointed Hopf
algebras are known for some fixed dimension d: d = p? is easy and follows from [N], [NZ]; d = p?
was done in [AS1], and by different methods in [CD], [SvO]; d = p* in [AS3] (and does not seem to
be possible via the other methods); d = 16 in [CDR], d = 32 in [Giil]; results on the case when I’
has exponent 2 can be found in [AD].

(vii). The classification of all coradically graded pointed Hopf algebras of dimension p® was obtained
in [Gn2]. Tt is not difficult to deduce the classification of all pointed Hopf algebras of dimension p®
using Theorem 1.8 and results in [AS3].

(viii). The Hopf algebras u(D) can be defined for any Cartan datum of finite type D of an
arbitrary finite abelian group. Part (a) of Theorem 1.8 is a special case of the general Theorem
5.17. For suitable choices of D, the Frobenius-Lusztig kernels and their parabolic subalgebras are of
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the form u(D). See example 5.12. Otherwise Theorem 5.17 provides many new examples of finite
dimensional Hopf algebras arising from exotic linking data.

(ix). The results of this paper heavily depend on our paper [AS2] and on previous work on quantum
groups [L1], [L2], [Rol], [Ro2], [dCP], [Mul].

Conventions. Our reference for the theory of Hopf algebras is [Mo]. The notation for Hopf
algebras is standard: A, S, €, denote respectively the comultiplication, the antipode, the counit; we
use Sweedler’s notation but dropping the summation symbol.

If C is a coalgebra then G(C) denotes the set of its group-like elements and Cy C C; C ... its
coradical filtration. So that Cj is the coradical of C. As usual, P,;(C) denotes the space of (g, h)-
skew primitives of C, g, h € G(C). If C has a distinguished group-like 1, then we set P(C) = Py 1(C),
the space of primitive elements of C.

If A is an algebra and (;);cr is a family of elements of A then k(xz;)icr or simply k(z;), resp.
(xi)ier or (x;) denotes the subalgebra, resp. the two-sided ideal, generated by the z;’s.

Let H be a Hopf algebra. A Yetter-Drinfeld module over H is a vector space V provided with
structures of left H-module and left H-comodule such that §(h.v) = huyv—1)Sh) ® h).v©). We
denote by YD the (braided) category of Yetter-Drinfeld modules over H.

Assume that H = kI" where I is a finite abelian group. We denote LYD =% YD. Let g € T,
X € TandV a module, resp. a comodule, resp. a Yetter-Drinfeld module, over I'. Then we denote
VX={veV:hv=x(hv, VheTl} resp. V, ={veV:6uv)=g®u} resp. VX :=V,NVX
If V is a locally finite Yetter-Drinfeld module, then V = & e yef Ve Conversely, a vector space V
provided with a direct sum decomposition V = & V¥ has an evident Yetter-Drinfeld module
structure.

2. OUTLINE OF THE PAPER AND PROOF OF THE MAIN RESULT

Theorem 1.8 follows from Theorems 4.5, 5.17, 6.8, 6.10 and Corollary 7.7 in the present article,
along the guidelines proposed in [AS1]. We give now the proof of Theorem 1.8 assuming those results
which hold over arbitrary finite abelian groups. This section serves also as a guide to the different
sections of the paper.

2.1. The proof. Let A be a finite dimensional pointed Hopf algebra with G(A) ~ I'(s). Let
grA = @,>ogr A(n), where gr A(0) = Ay, grA(n) = A,/ A._1, if n > 0 be the graded coalgebra
associated to the coradical filtration of \A. Then gr.A is a graded Hopf algebra [Mo| and both the
inclusion ¢ : Ay — gr.A and the graded projection 7 : gr. A — Ay are Hopf algebra maps. Let
R:=grA®" = {z € grA: (id ®1)A(z) = z ® 1}; it is a graded braided Hopf algebra in ?Ej;yl)
with the grading inherited from gr A: R = @,>oR(n), R(n) := RNgr.A(n). Notice that gr.A can be
reconstructed from R as a biproduct:
gr A~ R#KkI(s).

The braided Hopf algebra R is called the diagram of A. One has
(2.1) R(0) =Kkl1,
(2.2) R(1) = P(R),



FINITE QUANTUM GROUPS OVER ABELIAN GROUPS OF PRIME EXPONENT 5

and we know from Corollary 7.7 below that
(2.3) R is generated as an algebra by R(1).

Let V := R(1); it is a Yetter-Drinfeld submodule of R. Since R satisfies (2.1), (2.2) and (2.3) we
know that R ~ 9B(V) is a Nichols algebra, see Subsection 3.2. Now there exists a basis z1,...,2

——

of V and g1,...,90 € I'(s), x1,..-,X0 € I'(s) such that z; € V%, 1 <4 < . Since A is finite
dimensional, x;(g;) # 1 for all < [AS1, Lemma 3.1] and there is a finite Cartan matrix (a;;)1<i <o
such that (1.2) holds [AS2, Cor. 1.2].

To give an explicit description of B(V), we introduce root vectors in B(V') generalizing the root
vectors defined in [L1]. We note that Lusztig’s root vectors can be described up to a non-zero scalar as
an iterated braided commutator of simple root vectors. We then define the root vectors in the general
case by exactly the same iterated braided commutator with respect to our more general braiding.
As one of our main results, we obtain a presentation by generators and relations and a PBW basis
for B(V) from the corresponding Theorem for Frobenius-Lusztig kernels, using Drinfeld’s twisting
essentially in the same way as in [AS2]. See Theorem 4.5. We can then deduce part (a) of Theorem
1.8. For connected Dynkin diagrams it is a consequence of Theorem 4.5; in the non-connected case
we apply the idea of twisting the algebra structure by a 2-cocycle which is given by a Hopf algebra
map [DT]. See Theorem 5.17.

It follows from Theorem 4.5 that gr. A can be presented as an algebra by generators vy, ..., ys
(homogeneous of degree 0) and zy,...,zp (homogeneous of degree 1), and relations
(2.4) Yo=1,  YmUn=Ya¥m, foralll <m,h <s,
(2.5) YnT; = Xj(Yn)Tiyn,  forall1<h<s, 1<5 <0,
(2.6) (adz;)' " %iz; =0, foralll <i#j <6,
(2.7) TP =0, for all « € ®7;
and where the Hopf algebra structure is determined by
(2.8) Ay = yp Q@ Yn, Az, =z; 1+ ¢; ® x4, foralll <h<s,1<i<8.

By [AS1, Lemma 5.4], we can choose a; € P,, 1(A)X¢ such that the class of a; in gr.A4(1) coincides
with z;. We also keep the notation y; for the generators of G(A). It is clear that relations (1.3) and
(1.4) hold. Now relations (1.5) and (1.6), resp. (1.7), hold because of Theorem 6.8, resp. Lemma
6.9.

The Theorem now follows from Theorem 6.10. O

2.2. The general case. There are several obstructions to extend Theorem 1.8 to general finite
abelian groups. First, it is open whether the diagram of a finite dimensional pointed Hopf algebra
is generated in degree one, i.e. when it is a Nichols algebra; second, there are finite dimensional
Nichols algebras which are not of Cartan type [N].

For liftings of gr A when R is a Nichols algebra of Cartan type, the quantum Serre relations of
connected vertices in general still hold as we show in Theorem 6.8 below; however the powers of the
root vectors are not necessarily 0. We should have a.* = u, € kG(A); the determination of u, when
« is a non-simple root was done in [AS3] for type Ay, in [BDR] for type Bs, and in [AS4] for type
A, for any n (up to some exceptional cases concerning the orders of the roots of unity).
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3. BRAIDED HOPF ALGEBRAS

3.1. Biproducts. Let R be a braided Hopf algebra in £YD; this means that R is an algebra and a
coalgebra in YD and that the comultiplication Ag : R — R® R is an algebra map when in R® R
the multiplication twisted by the braiding c is considered; in addition R admits an antipode. To
avoid confusions we use the following variant of Sweedler’s notation for the comultiplication of R:
Ar(r) =rM @7, Let A= R#H be the biproduct or bosonization of R [Mj], [Ra]. Recall that the
multiplication and comultiplication of A are given by

(r#h) (s#f) = r(hqy-8)#he f,  A(r#h) = rO#FD) oy @ (1) #he).

The maps 7 : A — H and ¢ : H — A, w(r#h) = e(r)h, «(h) = 1#h, are Hopf algebra
homomorphisms; we have R = {a € A : (id ®7)A(e) = a ® 1}. Conversely, let A, H be
Hopf algebras provided with Hopf algebra homomorphisms 7 : A — H and ¢+ : H — A. Then
R=1{a€ A:(id ®r)A(a) = a®1} is a braided Hopf algebra in Y D. The action . of H on R is the
restriction of the adjoint action (composed with ¢) and the coaction is (7 ® id )A; R is a subalgebra
of A and the comultiplication is Ag(r) = r(1)tmS(r(z)) ® r(s). These constructions are inverse to each
other. We shall mostly omit ¢ in what follows.

Let 9 : A — R be the map given by 9¥(a) = a)7S(a(z)). Then

(3.1) #(ab) = aqyd(b)7S(aez),

for all a,b € A and ¥(h) = (h) for all h € H; therefore, for all a € A, h € H, we have J(ah) =
Y a)e(h) and

(3.2) ﬁ(ha) = h.ﬁ(a) = ﬁ(h(l)aﬂ'S(h(g))).

Notice also that ¥ induces a coalgebra isomorphism A/AH*™ ~ R. In fact, the isomorphism A —
R#H can be expressed explicitly as

a — aq))#r(am), ac€ A

If A is a Hopf algebra, the well-known adjoint representation ad of A on itself is given by ad z(y) =
z1)yS(z(2)). If Ris a braided Hopf algebra in YD then there is also a braided adjoint representation
ad . of R on itself given by

ad .z(y) = p(p ® S)(id ®c)(A®id )(z ® y),

where p is the multiplication and ¢ € End (R ® R) is the braiding. Note that if z € P(R) then the
braided adjoint representation of x is just

(3.3) ad z(y) = plid —c)(z @ y) =: [z, yl..

The element [z, y|. defined by the second equality for any x and y, regardless of whether z is primitive,
will be called a braided commutator.
When A = R#H, then for all b,d € R,

(3.4) ad ) (d#1) = (ad b(d))#1.
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3.2. Nichols algebras. Let H be a Hopf algebra and let R = &,cyR(n) be a graded braided Hopf
algebra in #YD. We say that R is a Nichols algebra if 2.1, 2.2 and 2.3 hold, ¢f. [N], [AS2], [AG].
A Nichols algebra R is uniquely determined by the Yetter-Drinfeld module P(R); given a Yetter-
Drinfeld module V, there exists a unique (up to isomorphism) Nichols algebra R with P(R) ~ V.
It will be denoted B(V). In fact, the kernel of the canonical map w : T(V) — B(V) can be
described in several different ways. For instance, Kerw = ®,>¢KerS, where S, is the "quantum
antisymmetrizer” defined from the braiding c; so that B(V') is a ”quantum shuffle algebra” and as
algebra and coalgebra only depends on the braiding ¢: V@V — V ® V. See [N], [Wo], [L3], [Rol],
[Ro2], [Sch].

Let H = kI' where I' is a finite abelian group. Let V be a finite dimensional Yetter-Drinfeld

module over I'. Then there exist a basis z1,...,z9 of V and elements ¢1,...,90 € T, x1,-.., X0 € T
such that
(3.5) z; € V)Y, forall1 <j <.

In what follows we shall only consider Yetter-Drinfeld modules V' such that x;(g;) # 1, 1 < i < 6.
The braiding ¢ is given with respect to the basis z; ® z; by c(z; ® ;) = b;; ; ® z;, where

(bij)1<ii<o = (X;(9i))1<ij<o-

Remark 3.6. Let V, resp. 17, be a finite dimensional Yetter-Drinfeld module over I, resp. f, with a
basis z1,...,Ty such that z; € V%, resp. with a basis Z1,...,Z such that z; € ng”. Assume that
xi(9;) = Xi(g;) for all 1 < 4,5 < 6. Then there exists a unique algebra and coalgebra isomorphism

B(V) = B(V) such that z; — z; for all 1 <i < 6.

Definition 3.7. We shall say that a braiding given by a matrix b = (b;;)1<; j<¢ Whose entries are
roots of unity is of Cartan type if for all 7, j, b;; # 1 and there exists a;; € Z such that

bijbji = by

i
The integers a;; are uniquely determined by the following rules:
o If 1 = 5 we take a;; = 2;

o if ¢ # j, we select the unique a;; such that —ord b; < a;; < 0.

Then (a;;) is a generalized Cartan matrix [K]. We shall say a Yetter-Drinfeld module V is of
Cartan type, resp. finite Cartan type, if its corresponding braiding is of Cartan type, resp. the same
plus the matrix (a;;) is of finite type.

3.3. The twisting functor. Let H be a Hopf algebra and let F' be an invertible element in H ® H
such that
(3.8) Fio(A®id)F = Fos(id ®A)F,  (e®id)(F) =1 = (id ®¢)(F).

Then Hp, the same algebra H but with the comultiplication Ap := FAF~!, is again a Hopf algebra
[Dr]. We shall write FF = F' ® F?, F~! = G' ® G?; the new comultiplication will be denoted by
Ar(h) = ha,r) ® he,r).
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Let now R be a braided Hopf algebra in ZYD, let A = R#H be its bosonization and consider the
Hopf algebra Ap. It follows from the definitions that 7 : Ar — Hp and ¢ : Hr — Afp are also Hopf
algebra homomorphisms. Hence

Rp:={a € Ar : (id ®7)Ar(a) =a® 1}

is a braided Hopf algebra in the category §§ YD. We consider the corresponding map ¥ and define
¥ : R — Rp by

(3.9) W(r) =9p(r), reR

The map 1 was defined in [AS2] in the case H = kI is the group algebra of a finite abelian group.
The following Lemma generalizes [AS2, Lemma 2.3|; part (iii), new even for H = kI', will be needed
in the sequel.

Lemma 3.10. (i). ¢ is an isomorphism of H-modules. (Recall that H = HF as algebras).
(it). If r,s € R then

(3.11) Y(rs) = FLap(r) F2a(s).
(iii). If r € R then
(3.12) A, h(r) = FLap(r) @ F24(r®).

(iv). If R is a graded braided Hopf algebra, then Rp also is and v is a graded map. If R is a
coradically graded braided Hopf algebra (resp. a Nichols algebra), then Rp also is.

Proof. (i) follows from (3.2): ¢¥/(h.r) = 9p(h.r) = dp(hr) = h9dr(r) = h.ap(r). Now we prove (ii):
Y(rs) =Vr(rs) = ra,mOr(s)m(Sr(re,r))
= 1,7 T(SF(1@,m))T(r,m)r(s)m(SF(r4,m))
= Y(ra,m)7(r@,m)P(s) = Y(FlrqGHn(F?rgG?).ab(s)
= Y(Flr)e(Gm(FireG®)4(s) = FL.p(r)m(F)m(re)-¥(s)
= Fap(r)m(F?).4(s),

as claimed. Here we have used (3.1), the definitions and (3.8). For the proof of (iii), we first observe
that, if r € R, then

(3.13) P(rM) @ ¢(r®) = dp(rayrS(r)) © Or(re) = ¥(re) ® P(re).

Using that 95 is a coalgebra map, (3.2) and (3.13), we conclude that

Arpp(r) = Ar,Ur(r) = Ir(ra,m) @ Ir(re,m)
= ﬁF(FIT(l)Gl) & ﬁF(F27"(2)G2) = ﬁF(FIT(U) ® 19F(F27"(2))
= Fl'lgF(T'(l)) X F219F(’]"(2)) = Fl'(/)(fr(l)) R F2’(/}(T‘(2)),
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The proof of (iv) has no difference with the proof of the analogous statement in [AS2, Lemma
2.3]. 0

We now consider the special case when H = kI', I' a finite abelian group. Let w : I'xT — kX be
a 2-cocycle, i.e. w(r,1) =w(l,7) =1 and w(7, Qw(r¢,n) = w(r, (N)w(¢,n). The cocycle w allows to

o~

define amap U:I'xI' = I by
(3.14) (1, 0(x, 9)) = w(r, x)w(x, ) Hrg), Tel.

We identify H with the Hopt algebra k' of functions on the group f; we denote by 0, € H the
function given by 0.(¢) = d,¢, 7,{ € I'. Then 6, = ﬁ > ger{T97)g. Let F € H® H be given by

F = Z w(r,()d, ® d.
T,(Ef

Then F' satisfies (3.8); note that H = Hp. Let now R be a braided Hopf algebra in LYD; we can
consider the Hopf algebras A = R#kI and Ar, the braided Hopf algebra Rr € LYD and the map
¥ : R — Rp. We have

Y(r) =Y wix,7)r#s,, reRYG  Y(RY) =Ry, .

rel
See [AS2, Lemma 2.3]. Note that (3.11) is now v (rs) = w(x, )¢ (r)¢(s), r € RX, s € R".
Lemma 3.15. Ifr € P(R)X and s € R" then

(3.16) ¥ ([, 8le) = wlx, T)[(r), ¥(s)]e-
Proof. We have

¥ ([r;s]e) = ¢ (rs — 7(g)s7)

(2
w(x, T)e(r)ib(s) — w(r, x)T(g9)¥(s)¥(r)

06 7) () (s) = (7, U (x, 9))(s)9(r))
06 D)), ¥ (s)les
where we used (3.14). O

Remark 3.17. Tt is possible to show that (1 ® ¢)c(r®s) = F.cr(1(r) ®1(s)), for all r € RX, s € R'.

From the previous considerations and Lemma 3.10 we immediately get

Proposition 3.18. Let R be an algebra in YD, (z;)icr a family of elements of R, x; € RX: for
some g; €', x; € T. Then:

(i), Bk () = k((@), () = (b)),

(it). If R has a presentation by generators x; and relations t;, where also the t;’s are homogeneous
then Rr has a presentation by generators 1(x;) and relations ¥(t;).

(ii1). If z; is central and w(x;, T) = w(T, x;) for all T such that R™ # 0, then (x;) is central. O
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4. ROOT VECTORS AND (QUANTUM SERRE RELATIONS

4.1. Root vectors. In this Section, we assume the following situation: R

We fix a finite abelian group I', a finite Cartan matrix (a;;)1<ij<o and g1,...,90 € ', x1,.. ., x0 €T
such that (1.1) and (1.2) hold. Let di,...,ds € {1,2,3} such that d;a;; = d;aj; for all 4, j. We set
¢ = Xi(gi), N; the order of ¢;. We assume, for all ¢ and j, that the order of x;(g;) is odd, and that
N; is not divisible by 3 if + belongs to a connected component of type Gs.

Let X be the set of connected components of the Dynkin diagram corresponding to (a;;). We
assume that for each I € X, there exist c¢r,dr such that I = {j : ¢ < j < dr}; that is, after
reordering the Cartan matrix is a matrix of blocks corresponding to the connected components. Let
I € Xand i ~ jin I; then N; = Nj, hence N; := N; is well defined. Let ®;, resp. &, be
the root system, resp. the subset of positive roots, corresponding to the Cartan matrix (a;;); jer;
then ® = J;cx @1, resp. @ = ;e ®F is the root system, resp. the subset of positive roots,
corresponding to the Cartan matrix (a;;)i<ij<o- Let o, ..., ag be the set of simple roots.

Let Wr be the Weyl group corresponding to the Cartan matrix (a;;);jer; we identify it with
a subgroup of the Weyl group W corresponding to the Cartan matrix (a;;). We fix a reduced
decomposition of the longest element wy; of Wr in terms of simple reflections. Then we obtain a
reduced decomposition of the longest element wy = s;, ...s;, of W from the expression of wy as
product of the wy ;’s in some fixed order of the components, say the order arising from the order of
the vertices. Therefore 3; :=s;, ...s;,_, () is a numeration of &,

We fix a finite dimensional Yetter-Drinfeld module V' over I' with a basis x1, ...,z with z; € VX7,
1<i<é.

Major examples of modules of Cartan type are the Frobenius-Lusztig kernels. Let N > 1 be an
odd natural number and let ¢ € k be a primitive N-th root of 1, not divisible by 3 in case (a;;) has
a component of type Go. Let G = Z/(N)? = {e)) @ -+ @ (ep); let n; € G be the unique character
such that (n(j),e(?)) = ¢%%i. Let V be a Yetter-Drinfeld module over G with a basis X,..., X,
such that

X; € Vi, forall1 <¢<4.

We denote by ¢ the braiding of V. Lusztig defined root vectors X, € B(V), o € ®* [L2]. One can see
from [L3] that, up to a non-zero scalar, each root vector can be written as an iterated braided com-
mutator in some sequence Xy,, ..., Xy, of simple root vectors such as [[Xy,, [ Xz, Xos]cle, [Xen, Xes)ee-
This can also be seen in the situation in [Ri].

We now fix for each oo € ®* such a representation of X, as an iterated braided commutator. In
the general case of our V, we define root vectors z, in the tensor algebra T'(V), o € ®*, as the same
formal iteration of braided commutators in the elements zq,...,zy instead of Xy,..., Xy but with
respect to the braiding ¢ given by the general matrix (x;(g;)). Note that each z, is homogeneous
and has the same degree as X, where we mean the degree in the sense of [L3]. Also,

(4.1) o € T(V)Xe,

where g, =g’1’1...gz“’, Xa =X'{1...XZ“’, where o = by + -+ - + byoyy.
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Theorem 4.2. The Nichols algebra B(V) is presented by generators X;, 1 <1 < 8, and relations

for all i # 3,
for all « € d+.

(4.3) ad o(X;)' " (X;) =
(4.4) XN

0,
0,
Moreover, the following elements constitute a basis of B(V):

XmXpr. . . Xpr, forall0<Sh;<N-1, 1<j<P.

Proof. Tt follows from results of Lusztig [L1], [L2], Rosso [Rol], [Ro2] and Miiller [Mu] that B(V)
is the positive part of the so-called Frobenius-Lusztig kernel corresponding to the Cartan matrix
(a;;). See [AS2, Th. 3.1] for details. The presentation by generators and relations follows from the
considerations in the last paragraph of p. 15 and the first paragraph of p. 16 in [AJS] referring to
[dCP, §19, Corollary in p. 120]. The statement about the basis is [L1, L2]. O

4.2. Nichols algebras of Cartan type. We can now prove the first main result of the present
paper, describing 9B(V') by generators and relations when V is of finite Cartan type, improving [AS2,
Th. 1.1 (i)]. Asin loc. cit., we use repeatedly Remark 3.6.

Theorem 4.5. The Nichols algebra B(V) is presented by generators x;, 1 <1 < 8, and relations

(4.6) ad .(z;)' % (z;) = 0, for all i # j,
(4.7) N =0, foralla € ®f, I € X.

Moreover, the following elements constitute a basis of B(V):

wplal . .agh,  forall0<h;<Nr—1,if €I, 1<j<P.
Proof. (a) Let us first assume that the braiding is symmetric, that is xi(g;) = x;(g:) for all 4, ;.
By [AS2, Lemma 4.2] we can assume moreover that the Cartan matrix (a;;) is connected. From our
assumptions on the orders of the x;(g;) we then conclude that the braiding has the form x;(g;) = ¢%%
for all 4, j where ¢ is a root of unity of order N = x;(g;). See [AS2, Lemma 4.3]. Hence the Theorem
follows directly from Theorem 4.2 and Remark 3.6.
(b) In the case of an arbitrary braiding we know from Lemma 4.1 of [AS2] that there exists a finite
abelian group G satisfying:
e The braiding c of V can be realized from a Yetter-Drinfeld module structure over G that we
continue denoting by V, c¢f. Remark 3.6.
e There exists a cocycle w : G x G — k* with corresponding F' € kG®k G such that the braiding
of Vr is symmetric. Let ¢ : B(V) — B(VF) be the isomorphism having the same meaning as
in (3.9).
o The braiding of Vi is given in the basis ¢ (x;) ® 1(z;) by a matrix (bj;) such that b = xi(g;)
and the order of (bf;) is again odd for all 4 and j.
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Hw:T(V)— B(V),wr: T(Vr) = B(Vr) denote the canonical maps, then we have a commutative
diagram
TV) —=— BV
0| |v
T(Vr) =5 B(Vr).
Clearly, ¢ (Kerw) = Kerwp; if (r;);cs is a set of generators of the ideal Kerw with r; € T(V)Z’]

)

then by Proposition 3.18 (¢(r;));ecs is a set of generators of the ideal Kerwp. By the symmetric
case (a), we know the generators of Ker pr. Let us denote X; := ¢)(z;). Then by Lemma 3.15 and
(3.11), we have t (ad o(z;)' ™ (z;)) = wijad o(X;)' 7% (X;) and ¢ (z)7) = uo X", @ € ®f where

Uij, U are non-zero scalars. This implies the first claim of the Theorem. The second follows in a
similar way. O

Let %(V) be the braided Hopf algebra in LYD generated by z1, ..., Ty with relations (4.6), where
the z;’s are primitive. Let (V') be the subalgebra of B(V) generated by z)7, o € ®f, I € X; it is
a Yetter-Drinfeld submodule of B(V).

Theorem 4.8. K(V) is a braided Hopf subalgebra in YD of B(V).

Proof. (a). As in the proof of Theorem 4.5 we first assume that the braiding is symmetric. If 7 # j,
then x;(9:)xi(g;) = 1 and hence the corresponding Serre relation (4.6) says that z;z; = z;x;. Thus,
we can easily reduce to the connected case. In such case, x;(g;) = ¢%%i as before and the Theorem
is shown in [dCP].

(b). In the general case, we change the group as in the proof of Theorem 4.5. The isomorphism
¢ : T(V) — T(Vr) respects the Serre relations up to non-zero scalars by Lemma 3.15. Also, it
maps subcoalgebras stable under the action of the group to subcoalgebras by Lemma 3.10 (iii). We
conclude from (a) that K(V) is a subcoalgebra of B (V). O

5. LINKING DATUM AND GLUEING OF CONNECTED COMPONENTS

5.1. Linking datum. In this Section, we fix a finite abelian group I', a finite Cartan matrix

(aij)i<ij<o and gi,...,90 € T, x1,...,x0 € T such that (1.1) and (1.2) hold. We preserve the
conventions and hypotheses from Section 4.

Definition 5.1. We say that two vertices ¢ and j are linkable (or that i is linkable to j) if

(5.2) i,
(5.3) g9ig; # 1 and

If 4 is linkable to j, then x;(g;)x;(gi) = 1 by (5.2); it follows then from (5.4) that

(5.5) x;(95) = xi(g:) ™"
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Lemma 5.6. Assume that © and k, resp. j and £, are linkable. Then a;; = axe, aj; = ag. In
particular, a vertex i can not be linkable to two different vertices j and h.

Proof. If a; # 0 then a;; = aj; = 0 (otherwise j ~ £) and age = ag, = 0 (otherwise i ~ k). If a;, # 0

then a;; = a;; = 0 (otherwise i ~ k) and ag = ag, = 0 (otherwise j ~ £). Assume that a; = 0 = aj.
Then

xi(9:)"7 = xi(95)x5(9:) = x5 (95)xz * (95) = x5 (9k)xi(9e) = xz " (9r) Xz (9) = xa(gr) ™ = xig:)***.
Then N; divides a;; — ax, and analogously, Vi, divides a;; — ag. So that a;; = age by the assumptions
on the order of N; and Ny; by symmetry, a;; = ag. Assume that a vertex ¢ is linkable to j and h.
Then 2 = a;; = a;n, so j = h. O

A linking datum of finite Cartan type for I' is a collection

D =D (T, (ah<ij<o (9i)i<i<o, (Xihi<i<o, (Mighi<ici<o,ini)
where (a;;) is a Cartan matrix of finite type, (g;), ();) are elements as above, and (Aij)1<i<j<a,izj are
elements in k such that \;; is arbitrary if 4 and j are linkable but 0 otherwise. The elements A;; are
called the linking elements of D. Given a linking datum, we say that two vertices ¢+ and j are linked
if Ai; # 0.

This definition generalizes part of the definition of compatible datum in [AS1, Section 5]. We shall
represent a linking datum by the Dynkin diagram of the Cartan matrix (a;;) joining linked vertices
by a dotted line. To have a complete picture we add the pair (g;, x;) below the vertex i.
Definition 5.7. Let us fix a decomposition I' =< Y] > @& ---® <Y, >; let M}, denote the order of
Yi, 1 < h < s. Let D =D (T, (ai)i<ij<o, (9i)1<i<o, (Xj)1<j<o, (Nij)i<icj<a,iz;) be a linking datum.
We denote by u(D) the algebra presented by generators ai, ..., ag, y1,.-.,ys and relations
(5.8) U =1, Ymlh=Yntm, Joralll<m,h<s,

(1.4), (1.5), (1.6) and

(5.9) adi =0, foralla € ®],IcAX.

Remark 5.10. In the preceding definition, one could consider only linking data with A;; = 1 or 0.
Indeed, one can replace the generator a; by )\Z._jlai whenever );; # 0 for some j which is unique by
Lemma, 5.6. The other relations do not change since they are homogeneous in the a;’s. However, in
the more general case where the relations (5.9) have a non-zero right side, one needs general linking
data.

Example 5.11. Here is a linking datum where all the connected components are points:
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Example 5.12. Let B := (b;;)1<;j<r be a finite Cartan matrix, 0 < M < R and ¢ € k a root of
unity of order N; we assume N is odd, and prime to 3 if B contains a component of type Gs. Let
dl, . .,dR be integers in {1,2,3} such that dzbZ] = djbji. Let § = R + M, B = (bij)lgi,jSM and

A = (a;;) be the Cartan matrix
a=(8 2}
0 B

Let T = (Z/(N))%, g1,...,9r the canonical basis of I and x1,...,xr be the character given by
xi(9;) = q%*; let grj = gj, Xr+; = X;» 1 < j < M. Note that j and j + R are linkable,
1<j< M. Flnally, let A\j;+r =1if 1 < j < M and 0 otherwise; then (\;;)i<icj<s is a linking
datum for I, (a;;), g1,...,96 and xa, . . ., xo- The Hopf algebra u(D) with comultiplication determined
by (1.9) is the parabolic part of a Frobenius-Lusztig kernel. Since the numeration of the Dynkin
diagram is so far arbitrary, any such parabolic appears in this way.

Example 5.13. Here are some exotic examples of linking data:

Take 4 copies of A; and label the vertices such that {1,2,3}, {4,5,6}, {7,8,9} and {10,11,12}
are the connected components. Then link 3 with 4, 6 with 7, 9 with 10 and 12 with 1. It is possible
to realize this linking over Z/(N)'? for any odd N; the corresponding braiding will be symmetric
in each component, that is, the corresponding subalgebra is the "Borel” part of a Frobenius-Lusztig
kernel. More examples arise considering more copies of more general components.

See [Di] for a combinatorial description of all linkings of Dynkin diagrams.

5.2. Altering the multiplication by a cocycle. The following variation of Drinfeld’s twisting
was stated by Doi: if H is a Hopf algebra and ¢ : H x H — k is an invertible 2-cocycle, so that

o(zy, Y1) o (T @Y, 2) = 0(Yay, 20))0 (2, Y2)22))s
o(1,1) =1,
for all xz,y,z € H, then H,~ the same H but with the multiplication ., below— is again a Hopf
algebra, where
T.olY = 0(13(1)7y(1))$(2)y(2)0_1($(3),y(3))-

Lemma 5.14. [DT| Let U, B be Hopf algebras.
(a) Let 7: U ® B — k be a bilinear map such that for oll u,v € U, a,b € B

L. 7(uwv,a) = T(u, o)) 7(v, a2)),
2. 7(u, ab) = 7(uq, b)7(u(), a),

3. 7(1,a) = €(a),

4. 7(u, 1) = e(u).

Let H be the tensor product Hopf algebra H = U @ B and let 0 : H® H — k be the bilinear
map o(u® a,v ® b) = e(u)7(v,a)e(b), for all u,v € U, a,b € B. Then T is convolution invertible
with inverse given by 77 (v, a) = ¢(Sv)(a) = p(v)(S7'a); o is an invertible 2-cocycle— with inverse
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c M u®a,v®b) = e(u)t(v,a)ed), for all u,v € U, a,b € B- and consequently H, is a Hopf
algebra.

(b) Assume that B is finite dimensional and let ¢ : U — (B*)*°? be a Hopf algebra homomorphism.
Then7:U® B =k, 7(v,a) = p(v)(a), is invertible— with inverse given by 7 (v,a) = ¢(Sv)(a) =
0(v)(87ta), and satisfies 1, 2, 8 and 4. Reciprocally, given such T there is a unique such . O

The following result is probably known. We include it for completeness.

Lemma 5.15. Let U, B and 7 be as in the preceeding Lemma. Assume that

o U is generated as an algebra by skew-primitive elements u;, © € I and group-like elements gy,
k € K, which in addition generate G(U) as a monoid;

e B is generated as an algebra by skew-primitive elements b;, j € J and group-like elements hy,
£ € L, which in addition generate G(B) as a monoid.

Let A be an algebra and let o : U — A, §: B — A be algebra maps and let v : (U ® B), — A be
giwen by v(u ® b) = a(u)B(b) for allu € U, b € B. Then vy is an algebra map if and only if

(5.16) 7(uqy, bay)eue)) Blbey) = B(bay)alun))T(ue), be),

whenever u, resp. b, belongs to the family u;, i1 € I or g, k € K, resp. b;, j € J or hy, L € L.

Proof. (Sketch). Clearly, « is an algebra map if and only if (5.16) holds for all w € U, b € B. It
follows also easily that (5.16) holds when u = 1, or b =1, or u € G(U) and b € G(B). Next, let
u,v € U and b,c € B be arbitrary elements; one can then check that (5.16) holds for uv and be
if it holds for all the possibilities u(;y and c(1); u(2) and b(1y; vy and c(g); v2) and b). From this
observation and the hypothesis the Lemma follows. O

5.3. Glueing of connected components. In this subsection, we fix a linking datum

D= D(F7 (aij)lsi,jsev (9z‘)15i50, (Xj)ISJSe, ()\z‘j)1§i<j§0,z‘7cj)
of finite Cartan type. Let A = u(D) be the algebra defined in Definition 5.7.

Theorem 5.17. (a) There exists a unique Hopf algebra structure on A determined by (1.9).
+
(b) The dimension of A is || [];cx NI|¢’ 3
Proof. By induction on the number of connected components. Here is the first step:

Lemma 5.18. Theorem (5.17) is true if the Dynkin diagram corresponding to (a;;)1<i <o 18 con-
nected.
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Proof. Let V = @1<i<pV,¢ be a Yetter-Drinfeld module over I' with dim V¥* =1 and pick z; € V0.
By Theorem 4.5 and the formulas for the biproduct, there exists a unique algebra map F : A —
B(V)#kI such that F(a;) = x;#1, F(yr) = 1#y;. Also, by Theorem 4.5 again, there are algebra
maps G, : B(V) = A, Gy : kI' — A such that G, (z;) = a;, Go(y:) = v Let G : B(V)#KT — A,
G(z#u) = Gi(z)Ga(u), z € B(V), u € kI'; then G is an algebra map by (1.4). It is clear now that
F is an isomorphism with inverse G; thus A is a Hopf algebra and has the desired dimension by the
dimension formula in Theorem 4.5. 0

For the rest of this proof we assume: there exists 0 < 0 such that i ~ jyresp. i ot hyif 1 <14 < ]
and 1 < j < 5, resp. 0 <h <40. Let J = {1,...,5} €X. Let T: =<2, >®---® < Zy >, where
the order of Z; is the least common multiple of ord g; and ordx;, 1 < i < 0. Let n; be the unique
character of Y such that 7;(Z;) = x;(g:), 1 <3 < 0,1 < j < 0. This is well defined because ord g;
divides ord Z; for all 4.

o B:=u(D,), with D, = ( (@53)5<s<00 GW)icicor (X0)ies<o (Ns)icics<asns ) With generators
b b

Gi1s - » bo (instead of the a;’s) and y1, ..., ys;
o U = u(D2)7 with D, = (azj)1§i,j§57 (Zi)1<i<tr (Mi)1<j<ap ()‘ij)1§i<j§5,i7cj)7 with genera-
tors uy,...,uy (instead of the a;’s) and z,..., 2.

Note that the linking datum of I/ is empty since J is connected. By the induction hypothesis,
+ +
dimB = 0| [ ex sy N | and dimyf = [T|N}V .

Lemma 5.19. (a). For each i, 1 <i < 5, there exists a unique character vy; : B — k such that

(5.20) Yi(yr) = xi(Ur), 7i(b;) =0,

1<k<s 6+1<j<9.
(b). Let (ANij)1<i<j<o,iz; be an arbitrary linking datum. For each i, 1 < i < 0, there exists a unique
(,7v:)—derivation 6; : B — k such that

(5.21) Silye) =0,  Gi(by) = Ny,
1<k<s 6+1<j<6.

(c). There exists a unique Hopf algebra map ¢ : U — (B*)*P such that
(5.22) o(z) = v, o(u;) = 6,
1<i<é.

Proof. (a). We have to show that ; preserves the relations (5.8), (1.4), (1.5), (1.6), (5.9). This is
clear for (5.8), (1.4), (1.5), (5.9). We check (1.6): let § +1 < j,h < 6 such that A;, # 0. Then

xi(g59n) = xixn(g:) ™" =1,
by (5.2) and (5.4). So that relations (1.6) hold and (a) is proven.
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(b). This is equivalent to: there exists an algebra map T : B — M(k) such that

(5.23) T(yy) = ((1) y (Oyk)), T(b;) = (8 A(;j),

1<k<s, 0+1 < j < 6. Then T is of the form T'(a (e(a E and ¢; is the desired derivation.

0
So, we need to show that the relations (5.8 1.5), (1.6), (5.9) hold for the matrices in (5.23).
This is evident for (5.8). For (1.4) it amounts to )\Z]XZ k)™t = Xijx;(yx), which follows from (5.4)
when Ag; # 0. For (1.5) and (5.9) the argument is clear. Finally, the left hand side of (1.6) for j < h,
is 0, whereas the right-hand side also vanishes since A\jn7i(9;)7i(9n) = Ajnx;(9:) " xn(g:) ™" = A\jn by

),
(y

(5.4) again.

(c). It is enough to verify that §;, v; satisfy the defining relations (5.8), (1.4), (1.5), (1.6), (5.9) for
U. Indeed, this will automatically imply that ¢ is a Hopf algebra map. Note that (1.6) are empty
since the Dynkin diagram of U is connected. For (5.8), it is enough to verify that the equalities
hold when applied to the generators by, ,,...,bp, y1,...,ys since both sides are algebra maps. This
is now not difficult; for instance (Ymvyn)(0;) = Ym(95)7a(0;) + Ym(b;) = 0 = (Yym)(b;). The first
relations in (5.8) for T hold since ord~; divides ord Z; for all 4. For (1.4) we need again to verify
only on generators, since both sides are skew-derivations; this verification is in turn straightforward.
The left-hand side of the Serre relations (1.5) is a skew-derivation by [AS2, Lemma A.1]; again we
are reduced to see that (ad ;) =%id;(by) = 0 = (ad&;) "% 6;(y), 6 +1 < h < 0,1 <t < s. Write
(ad §;)' ~%i6; = 8;(ad ;)% 6; — q((ad ;)= ;) &;, where q is a root of 1. Then (ad ;) %7 d;(y;) =
0i(ye) (ad 6;) =% 8;(y:) — q(ad 8;) "4, (ys)0; () = 0. Similarly,

(ad 6;)' %9 8;(by,) = 6;(by) (ad 6;) % 6,(1) — (ad &;) ~*46;(gn)d;(bn) = 0,
since (add;)~%d; is a homogeneous polynomial in 4;, d; of positive degree. Finally, relations (5.9)

follow from the next Lemma. O

Lemma 5.24. Let B be a finite dimensional pointed Hopf algebra generated as an algebra by group-
like elements and a family b;, j € J, of (h;,1)-primitives, for some h; € G(B). Let U be the
algebra presented by generators uy,...,uy and zi,...,z5 with exactly the same relations as for U
except for (5.9); it is a Hopf algebra via (1.9). Let N = N;. Assume there exists a Hopf algebra map
¢ : U — (B*)P such that v; := ¢(z) and & = ¢(u;) satisfy

for all1 < i <0. Then d(ul) =0 for all a € ®F.

Proof. There exists a Hopf algebra projection w : i — kY such that w(u;) = 0 and w(z;) = 2 for
all i. Let K be the subalgebra of if generated by uY, o € ®F, and 2V, 1 < i < 6. We claim that

(5.26) ¢(u) = ¢(w(u))
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for all u € K. Clearly, this implies the Lemma. By Theorem 4.8, we know that XC is a Hopf subalgebra
of i. We have to prove that ¢(u)(b) = ¢(w(u))(b) for b a monomial in the group-likes of B and the
b;’s. We do this by induction on the length of the monomial.
We first check the case of length 1. Here we show more generally that
$(u)(g) = d(w(u))(g) and G(u)(b;) = ¢(@(u))(b;)

forallg € G(B),j € Jandu € G(Z:Z) or u of the form w;, ... u; 2, with z group-like, 1 < 41,...,4; < 0,
and ¢t > 2. Note that each element in X is a linear combination of such u’s since N > 2. The case
when u is a group-like is clear. Let u = u;, ... u; 2, with z group-like, 1 < 4,...,%; < 5, and t > 2.
Then ¢(u) = 6;, ...0;,¢(2), and

$(u)(g) = i, (9) - .- 6, (9)0(2)(9) = 0,

dw)(b) = D> 8i(gs)- -0, (9)8: (b)8;, 1 (1) ... 6(2)(1) =0,

1<r<t+1

where we used (5.25) and ¢ > 2.

Assume then that b = cd where ¢ and d are monomials satisfying the claim. Since ¢ and w
are Hopf algebra maps, we have ¢(u)(cd) = ¢(u))(c)d(um)(d) = ¢(w(uw)))(c)d(w(uw))(d) =
¢(w(u))(cd). 0

We are ready now to conclude the proof of the Theorem. Consider the cocycle o : (U@ B) @ (U ®
B) — k obtained as in Lemma 5.14 from the map ¢ constructed in Lemma 5.19. Consider the Hopf
algebra (U ® B),; it has dimension |Y||['| [;cx NV F);r || We claim that the group-like elements 2; ® g; '

are central in (U ® B), for all 4. By definition of (U ® B),, we have to show for all u € U, b € B and
1<i<46

(5.27) 0(2i) (bay)uzi ® baygi (27 1) (b)) = e(umy) (g ) ziue) ® g; bp(Sus)(g;)-
Since u®b = (u®1)(1®b) in (U®B), for all u € U, b € B, it is enough to check (5.27) on generators
of U and B. This in turn follows easily from the definitions.

Let A be the quotient of (U ® B), by the central Hopf subalgebra k[z; ® ¢;' : 1 < i < 5] with
quotient map 7. Then dim A = [T [Licx Nrbﬂ by a result of the second author [Mo, Th. 3.3.1].
Next we claim the existence of a surjective algebra map F : A — A such that

Fla) =m(u; ®1), Fla;) =7(1Q®b;), Flyx) =71 y),
for 1 <i<6,0+1<j<6,1<k<s Again we have to verify the relations (5.8), (1.4), (1.5),
(1.6), (5.9). Up to (1.6) these relations already hold in (U ® B),. For (1.6), it is enough to show that
i @ D)m(1®b) — x; (g)m(1@b)m(u; ®1) = A 1 —7(1® gig;)), 1<i<B, 6+1<j<9.

A tedious computation shows that the left-hand side is equal to x;(g:)Ai; (7(z ® g;) —1). Since
m(2:®g;~') = 1, we have 7(2;®¢;) = 7(1®g;g;). Hence the claim follows if we choose \;; = —xi(g;)A\i;
foralll1 <:<6,04+1<j5<6.
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On the other hand, we have algebra maps G; : U — A, Go : B — A given by G(u;) = a;,
Gi(z) = ¢i, Ga(b;) = a5 Go(yx) = yg, 1 < 0 < 0,0 +1<j<6,1<k<s Herewe use
that ord g; divides ord Z; for all i. Let G : Y @ B — A be defined by G(u ® b) = Gi(u)Ga(b)
for all w € U, b € B. We claim that G is an algebra map. By Lemma 5.15, we have to verify
@(U(l))(b(l))gl (u(2))g2(b(2)) = 92(b(1))91 (U(l))gD(U(g))(b(g)), for all generators. This is a straightforward
task; for the case u; and b; we need again the condition X\i; = —xi(g;)\ij-

Since clearly G factorizes through .2(, F is an isomorphism and the Theorem follows. 0J

Remark 5.28. Let us consider a Hopf algebra defined as in Definition 5.7 but replacing (5.9) by (1.6)
only for simple a, and demanding (5.9) for non-simple «. Then it is possible to prove the analogue
of Theorem 5.17. This gives in particular a new proof of [AS1, Proposition 5.2] and generalizes [AS3,
Theorem 3.6]. Indeed, the connected components of the Dynkin diagrams in loc. cit. are of type A;.
This result was also found independently by A. Masuoka [Ma).

6. LIFTING OF RELATIONS

In this Section, we assume the situation described in Section 4. To lift the Serre relations, we need
the following Lemma.

Lemma 6.1. Let 1 < i # j <0 and let I be the connected component containing .

(a). If i ~ j, assume that Ny # 3; if i ~ j and I is of type B, C,, or Fy assume further Ny # 5.
Then there exists no £, 1 < £ < 0, such that gil_a“gj = gy, X;_a"jxj = xs.

(b). Assume that i ~ j and Ny # 3. If I is of type By, Cy, or Fy, resp. Ga, assume further that
Nr #5, resp. Ny #7. Then X;_ainj +e.

—G45 )

Proof. (a). Assume that g, ““g; = gp, x; ““x; = xe for some . Substituting g, and x, in
1 J 1 J
. . aij
(Xe> 9i) (Xi> 92) = ¢;** and using (x;, ¢;) (X, 9;) = ¢;° we conclude that

(6.2) Ni divides 2 — Qi — Q.
Changing the roles of ¢ and 7 we obtain in the same way
(63) Nj divides aji(l - aij) — Q¢ + 2.

First assume that i o j. In particular, a;; = 0 = a;; and a; = 0 or a;y = 0. If a;y = 0, resp. a;; =0,
then we get from (6.2), resp. (6.3), that N; = 2, resp. N; = 2, which is not possible.

Next assume that ¢ ~ j. If j = £ then N; divides 2(1 — a;;) by (6.2). The only possibility is
ai; = —2 and N; = 3; but this was excluded in the hypothesis. If ¢ = £ then N; divides —a;; by (6.2)
and N; divides aj;a;; — 2 by (6.3); but this contradicts our general assumptions on the N;’s.

Finally, if ¢ # £ and j # £ then a; # —3 and a;; # —3. We discuss the different possible values
of a;;. If a;; = 0 or —1, by (6.2) and since N; is odd we see that N; = 3 or 5, cases excluded by
hypothesis. If a;; = —2 then a;; = —1. By (6.3), N; divides —1 — a;; this discards everything except
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aje = —1. But in this last case, a;; = 0 and N; divides 4 by (6.2), a contradiction. Finally, a;; = —3
is impossible by analogous arguments.

(b). Assume that X;_a"" Xxj = €. We consider first the case a;; # 0. Evaluating at g;, we get
g; *x;(g;) = 1; hence ¢; = x;(g;). Evaluating at g;, we get then ¢; = ¢/ '. Since g = g7 we
finally obtain

(64) Nz divides A5 A5; — Qg5 — Ay

The possible values of a;;a; — a;; — aj are 3, 5 or 7, where 5, resp. 7, is only possible if I is of type
B,, C, or Fy, resp. G5. This contradicts the hypothesis.

We consider finally the case a;; = 0; so that x;x; = €. Since I is connected, there is a sequence
@ = i1,1%9,...,% = j of elements in I such that a;,;,,, # 0,2 for all £, 1 </ <{. Then

QiyigQigig---Qig_yiy _Oigiy Qigig--Qig_q4p __ Gigiy Gigig---Qigig_y
[ — Hig - — 4y )
: : Giyig __  Gigiy Gigiy __ Qigig _ 1 _
by substituting g, =g, ', then ¢;,”" = ¢;;*” and so on. Note that ¢; = ¢; since a;; = 0 and
XxiX; = €. Hence
(65) N; divides Qiyio Figig » - - Uiy yip T Qigiy Figin - » » Digiy_q -

The possible values of the sum in (6.5) are +2 or +3. Hence (6.5) contradicts our assumptions in
(b). O

Let now A be a pointed Hopf algebra with G(A) ~ I, not necessarily finite dimensional. Let R be
the diagram of A (see Section 2.1). We assume there is an isomorphism P(R) & V in LYD. Then

@ gner Pyn(AX = Ay /Ay < VHKT
e#xel
(see [AS1, Lemma 5.4]). Let a; € P,, 1(A)X, 1 < i < 6, such that @; is mapped onto z; for all i.
Then we know from [AS2, Lemma 5.4] that for all g € T', x € T with x # &:

(6.6) Py 1(A)X #0 < thereissome 1 <L <0:9=gsX=Xe;
(6.7) P,1(A)° =k(1-g).

Recall that we have fixed I, (ai;)1<i <o, (9i)1<i<o, (Xj)1<j<o as in the situation of Section 4.

Theorem 6.8. Let A and aq,...,ag be as above.

(a). There is a linking datum D (T, (aij)1<ij<o, (9i)i<i<o, (Xj)1<i<o, (Nij)i<i<j<a,irj) With linking
elements (Xij)1<i<j<o,ip; such that (1.6) holds.

(b). Let I € X. Assume that Ny # 3. If I is of type B, C, or Fy, resp. Go, assume further that
Nr #5, resp. Ny # 7. Then the quantum Serre relations (1.5) hold for all i # j € I.

l1—a;;
Proof. 1t is known that (ada;)'"%ia; € P ey, (A)xi "Xi, see for instance [AS2, Appendix]. Part
% 3
(b) of the Theorem then follows from Lemma 6.1, (6.6) and (6.7).
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To prove part (a), let us assume that ¢ 4 j. By Lemma 6.1, (6.6) and (6.7) again, a;a;—x;(g:)aja; =
Aij(1 — gig;), for some \;; € k. We can choose \;; = 0 when g;g; = 1 or else if x;x; # €. That is, A;;
is a linking datum for (a;;), ¢1,...,9¢ and x1,. .., xs; and (1.6) hold. O

Lemma 6.9. Let A and aq,...,as be as above. Assume further that

e the hypothesis from Theorem 6.8 part (b) holds for all I € X.
o A is finite dimensional.
egli=1,1<i<0.

Then the relations (5.9) hold in A.

Proof. Let us fix I € X. Let il be the algebra presented by generators a;, i € I, yi,...,ys and
relations (5.8), (1.4), (1.5) and (1.6); it is a Hopf algebra via (1.9). Let N = Ny and let K be the
subalgebra of I/ generated by @V, « € ®F, and g, i € I. By Theorem 4.8, we know that K is a
Hopf subalgebra of . Note that K is a graded Hopf algebra with trivial coradical. By the choice
of the a;’s in A and Theorem 6.8, we see there is a well-defined Hopf algebra map il — A such that
a; — a;, 1 € I. The image of K under this map is a finite dimensional pointed Hopf algebra; it has a

trivial coradical by [Mo] and therefore it is trivial. This implies the Lemma. O

Theorem 6.10. Let A be as above and assume that

e the hypothesis from Theorem 6.8 part (b) holds for all I € X.
o gr A ~ B(V)#KkT', hence A is finite dimensional.
egli=1,1<i<0.
Then there exists a linking datum D = D (T, (aij)i<ij<o, (9i)i<i<o, (Xj)1<i<o, (Nij)i<i<i<a,irj) such
that
A ~u(D).

Proof. By Theorem 6.8 and Lemma 6.9, there exist elements (\;;)1<i<j<o,ix; such that

D =D (T, (aij)i<ij<o: (9)1<i<o, (X5)1<i<0; (Mig)i<i<j<o,ins)

is a linking datum, and a surjective Hopf algebra map J : A — A, where A = u(D). But dim A =
dimgr A = |I'|dim B(V) = dim A by Theorems 4.5 and 5.17; hence J is an isomorphism. O

7. HOPF ALGEBRAS GENERATED IN DEGREE ONE

In this Section, I is a finite abelian group. Let V €f YD be of Cartan type with braiding (b;;)
and Cartan matrix (a;;). As in [AS2] we say that the braiding (b;;) satisfies the relative primeness
condition if for all 4, j, (a;;) is O or relatively prime to the order of b;;.

The next lemma follows from [AS2]. We will apply it in the case of 2 X 2 (hence symmetrizable)
Cartan matrices.
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Lemma 7.1. Let V €k YD be of symmetrizable Cartan type with braiding (bij)1<ij<o. Assume that
for all 1 < 4,5 < 0, the order of bi; is odd, and that (bij)i<ij<o satisfies the relative primeness
condition. If B(V) is finite-dimensional, then V' is of finite Cartan type.

Proof. By [AS2, Lemma 4.1] we can realize the braiding over a suitable finite abelian group T and
twist with a 2-cocycle F' such that the resulting braiding (bf;) is symmetric with elements of odd
order, has the same diagonal elements and is of Cartan type with the same Cartan matrix (a;;) as
V. We can now conclude from [AS2, Lemma 4.3] that (bf;) is of FL-type (see [AS2]). Let VT be the
Yetter-Drinfeld module over I' with braiding (5;). Since B(V) and B(V") have the same dimension,
%(VF ) is finite-dimensional. Then (a;;) is of finite Cartan type by [AS2, Theorem 3.1]. O

Lemma 7.2. Let S = ®,>05(n) be a finite-dimensional graded Hopf algebra in LYD such that
S(0) = k1. Assume that S(1) is of finite Cartan type with basis (z;)1<i<p, braiding (bij)i<ij<e and
Cartan matriz (aij)i1<ij<e 08 in (3.7) . For all1 <1< 6, let ¢ = by and Ny = ord(q).

Let 1 <14,j <0, 1i+# j, and assume that N;, N; and ord(b;;) are odd, and N; is not divisible by 3
and > 7.

(a) Assume i ~ j and let I be the connected component containing i,j. If the type of I is
B,,C, or Fy, assume that N; is not diwvisible by 5. If the type is Go, assume that N; is not di-
visible by 5 or 7. Then (ad .z;)' " %iz; = 0.

(b) Assume i ov j and ¢iq; =1 or ord(qiq;) = ord(g;). Then z;x; — bjjz;z; = 0.

Proof. Define z; := ;, 79 := (ad .2;)'"%iz;. In both cases we have to show z; = 0. We assume that
zoisnot 0. Let g; € T, x; € T, 1 < 4, j < 0, with bij = x,(g;) for all ¢, j. Then action and coaction on
21,72 are given by 6(z1) = g; ® 21, 0(z2) = g; “g; ® 2z and h -z = xs(h)z1, h- 22 = (x; " x;)(h)z
for all A € I'. The elements 21, z; are linearly independent since they are non-zero and of different
degree. The braiding (By)i<k,<2 of the 2-dimensional Yetter-Drinfeld module with basis 2z, 2, is

given by
1-a;; _
Bui = xi(9:) = ¢, Bia = (xi “x;)(9:) = aibj;',
1—ay 1-a;; 1-a;; 1—ay 1-a;;
By = Xi(gi a]gj) =4g; a]bjz'a Byy = (Xi a]Xj)(gi a]gj) =q; a]q]'-

Then Bi3By = q? ~% . We claim that (By) is of Cartan type and satisfies the relative primeness

condition, that is there are integers A5, Ay such that

(7.3) g, " = g2 and Ay, is relatively prime to N,

(7.4) qi2 T = (g T g;)*" , and Ay, is relatively prime to ord(qi1 Mg,

)

In both cases 2 — q;; is relatively prime to NV;, because of the hypothesis on N;. This shows (7.3).
We now prove (7.4) in case (a). Then Ny = N; = N;, and it suffices to find an integer Ay relatively

1—a;;

prime to N; with q?_aij = (g g™
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First assume that a;; # 0. Since a;; # 0 is relatively prime to NN, it is enough to consider
the aji-th power of (7.4). Since ¢;” = ¢;”* by the Cartan condition for (b;), we have to solve
(2 — aij)a;; = ((1 — aij)aji + aij) Asr mod N;. Since (a;;) is of finite Cartan type, the possible values
of (2 — a;;)a;; are -3, -4, -5, -6, -9 (-4, -6 resp. -5, -9 only occur if the type is B, C,, or F; resp. Go);
the possible values of ((1 — a;;)a;; + a;;) are -3, -5, -7, (-5, resp. -7 only occur if the type is B,,C,
or Fy resp. G2). Hence (2 — a;;)a;; and ((1 — a;j)a;i + ai;) are relatively prime to N; by assumption,
and the claim follows. (Note that a + b is never 0).

If a;; = 0, then by connectedness there is a sequence ¢ = 4y,4s,...,% = j of elements in I such
that a;,;,,, # 0,2 forall £, 1 < £ < t. Then as in the proof of Lemma 6.1 (b),

a __ b _ —
¢ = q;, Where a = G4yiyQigig - - - Qiy_yip, A0 b= Qigiy Qigig - - - iy _yiy-

Since the possible values of a,b are 1, 2, -1, -2, the b-th power of (7.4) leads to the congruence
2b= (b+ a)As; mod N;, and the claim again follows.

Assume case (b), in particular a;; = 0. If ¢;g; = 1, we get a contradiction since the algebra
generated by 21, 2o is finite-dimensional, hence Bay # 1 by [AS1, Lemma 3.1]. If ord(g;g;) = ord(g¢:),
(7.4) is solvable since N; is odd.

Thus we have shown that (By;) is of Cartan type and satisfies the relative primeness condition.
Hence (By,) is of finite Cartan type by Lemma 7.1. In both cases Aj2 =2 — a;; — N; is a solution of
(7.3), and —N; < Aja < 0. Hence the possible values of A5 are 0, -1, -2, -3, and we see that N; < 8.
This contradicts our assumption, and we have shown the Serre relation 2z, = 0. O

Lemma 7.5. Let S = @®,505(n) be a finite-dimensional graded Hopf algebra in LYD such that
S(0) = k1. Assume that V. = S(1) is of Cartan type with basis (%;)1<ij<o as described in the
beginning of Section 4. Assume the Serre relations

(ad c2;) " %x; =0 for all 1 < 4,5 < 0,i# j and i ~ j.
Then the root vector relations
' =0, foralae®f, IelX,
hold in S.

Proof. We fix a connected component I € X. Let Vi be the Yetter-Drinfeld submodule of V' with
basis z;,i € I, and B(V7) the quotient of T(V7) modulo the Serre relations of all elements z;, z; with
i#jinL Let N = N. The map ¥ : T(V;) C T(V) — S factorizes over B(V;), since the Serre
relations hold in S. By Theorem 4.8 the subalgebra K(V;) of 9B(V) generated by the powers of the
root vectors 27, a € ®f, is a braided Hopf subalgebra. As a coalgebra, X(V;) is pointed and has
trivial coradical. Hence K := U(K (V7)) is a finite-dimensional pointed and graded Hopf subalgebra
of S in YD with trivial coradical. We have to show the root vector relation z37 =0, € ®} in S,

or equivalently that K is one-dimensional, that is P(K) = 0.
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Assume P(K) # 0. Since P(K) is in LYD, there are g € T',x € T with P(K)X # 0. By [AS],
Lemma 3.1], we conclude x(g) # 1. But this is a contradiction, since for all g € T', x € T, KX #0
implies x(g) = 1. For, K is the k-span of all monomials

() U@y ), m>1, Bi,..., 5 € OF.

For any 3 € ®] there are natural numbers bﬁ 1 <1 <8, such that ,6 Z az, where a;q,..., g

i=1 z
are the simple roots. By (4.1), z5 € T(V7)3;, where gg = [[;.; gi Xg = lier Xf’ Hence for all
/617"'7/6"1 € @?7
\Il(xfgvl) .- \Il(xfgvm) € KY, where x = ngvl .- -Xévm, g= gé\i .- -gévm.
It remains to show that x(g) = 1.
Let o, 8 € ®f. Since the braiding is of Cartan type,

Xa(95)X5(ga) sz g] Hx] (") = [ [ Cxilon)xi(9:)) sz ks

i,

sz )0 ] [ (xilgs)xs (90)™% = sz g0) "% T [ xaga) a7

1<j 1<
Hence, since all the Xi(gi) have order N,

and

Xa(99)x5(ad) =1, xN(g))=1.
Therefore we obtain

9) = HX;{ (9/3] HX/;, 95, HX/&, gﬂ])Xﬁ] (9/3,) L.
]

1<j

O

Theorem 7.6. Let A be a finite-dimensional pointed Hopf algebra with coradical kKI', and let R be
the diagram of A, that is

gr A ~ R#k[,
and R = ®,>oR(n) is a graded braided Hopf algebra in 1 YD with R(0) = k1, R(1) = P(R).

Assume that R(1) is a Yetter-Drinfeld module of finite Cartan type with braiding (bij)1<ij<o- For
all i, let ¢; = by, N; = ord(q;). Assume that ord(bi;) is odd and N; is not divisible by 8 and > 7 for
all1 <14,57 <80.

1. For any 1 <1 < 6 contained in a connected component of type By, C, or Fy resp. G, assume

that N; is not divisible by 5 resp. by 5 or 7.

2. Forany 1 <1i,j <0 and i » j assume ¢;q; = 1 or ord(gq;) = N;.

Then R is generated as an algebra by R(1), that is A is generated by skew-primitive and group-like
elements.
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Proof. Let S := R* be the dual Hopf algebra of R in the braided sense (see for example [AG, Section
2]). S = @n>05(n) is a graded braided Hopf algebra in LYD with S(0) = k1, S(n) = R(n)*, for all
n > 0. By assumption there are h; € I',n; € T,1<i,j <0, with bi; = n;(h;) for all 4,7, and a
basis (y;) of R(1) with y; € R(1)j for alli. Let (z;) in V := S(1) = R(1)* be the dual basis of (y;).
Then z; € V¢ with x; = 7;',9; = by and b; = x;(g;) = n;(hs) for all 1 < i,5 < 0. Thus V is a
Yetter-Drinfeld module over I' with the same braiding as R(1). By [AS2, Lemma 5.5], R is generated
by R(1) if and only if S(1) = P(S). Hence by duality, S is generated by S(1), since R(1) = P(R). It
is easy to see that V = S(1) C P(S). Hence there are canonical surjections of graded braided Hopf
algebras
T(V)— S —B(\V).

Here T'(V) is the tensor algebra, the elements z; are primitive and of degree one, and both maps are
the identity on V. The kernel I of the first map is a homogeneous ideal generated by elements of
degree > 2, a coideal and stable under the action and coaction of I'. Since B(V) = T(V)/J, where
J is the largest ideal with the same properties as I, there is a canonical surjection S — B(V).

The z; satisfy the Serre relations (4.6) by Lemma 7.2, and then the root vector relations (4.7) by
Lemma 7.5. Therefore it follows from the description of 8B(V') in Theorem 4.5 that S = B(V). This
means S(1) = P(S), hence by duality that R is generated by R(1). O

A special case of the last Theorem together with a main result in [AS2] allows to prove the following

Corollary 7.7. Let p > 17 be a prime number. Then any finite-dimensional pointed Hopf algebra
with coradical k(Z/(p))® for some natural number s is generated by group-like and skew-primitive
elements.

Proof. Let A be a finite-dimensional pointed Hopf algebra with coradical k(Z/(p))® and let R be the
diagram of A. Then R(1) is a Yetter-Drinfeld module of finite Cartan type by [AS2, Corollary 1.2].
Hence the claim follows from Theorem 7.6. O

Let us state explicitly another Corollary of the Theorem.

Corollary 7.8. Under the hypothesis of Theorem 7.6, if the Dynkin diagram attached to the pointed
Hopf algebra is connected, then A is generated by group-like and skew-primitive elements. ]

In principle, the idea behind the proof of Theorem 7.6 is as follows. Let A be a finite-dimensional
pointed Hopf algebra with coradical kT, I' any finite group. Let R be the diagram of A, and
S := R* the dual braided Hopf algebra. Consider the diagram R of the bosonization S#kI'. Then
P(S) is naturally embedded in P(R) (and this embedding is in fact an isomorphism). Moreover,

dim(P(R)) < dim(P(S)) < dim(P(R)), and dim(P(R)) = dim(P(R)) if and only if S(1) = P(S) or
R =B(P(R)). N
Corollary 7.7 can also be seen as a direct consequence of Section 6 and [AS2]: By [AS2] P(R) is
of finite Cartan type. Then the result follows from Theorem 6.8 and 6.9 applied to A = S#kT".
The next theorem is another application of this principle. It shows that only very special dimen-
sions are possible for finite-dimensional pointed Hopf algebras.
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Theorem 7.9. For any finite group T’ of odd order there is a natural number n(I') such that the
dimension of any finite-dimensional pointed Hopf algebra with coradical kT is < n(T).

Proof Let A be a finite-dimensional pointed Hopf algebra with coradical kI' and diagram R and
R as defined above. Since R and R are braided Hopf algebras over I' of the same dimension, and
dim(P(R)) < dim(P(R)), we can iterate this process and after finitely many steps we obtain a
graded braided Hopf algebra T over I' with dim(R) = dim(T) and T = B(P(T)). By a result of
Grafia [Gn3] using [AS2, Theorem 3.1] which follows from [L3], the number of isomorphism classes
of Yetter-Drinfeld modules V' over the fixed group I' with finite-dimensional B(V') is finite. Thus we
can take for n(I") the product of the largest such dimension with the order of I'. O
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