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ABSTRACT. Let m € S,, be a product of disjoint cycles of the same
length, C the conjugacy class of m and p an irreducible representation of
the centralizer of w. We prove that either the Nichols algebra B(C, p)
is infinite-dimensional, or the braiding of the Yetter-Drinfeld module is

negative.
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INTRODUCTION

Hopf algebras have important applications in mathematics and mathe-
matical physics. Indeed, Hopf algebras give rise to finite tensor categories in
the sense of [ENO, EO]| through their categories of representations. In this
way, for instance, semisimple Hopf algebras are present in a fundamental
way in rational conformal field theories. Also, non-semisimple Hopf alge-
bras are related to logarithmic conformal field theories [Gal. It is natural to
expect that classification results on finite-dimensional Hopf algebras would
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2 ANDRUSKIEWITSCH AND FANTINO

have a significant impact in those areas. Needless to say, classification efforts
often come out in discovery of new examples.

This article, in the line of [AZ], is a contribution to the classification
of finite-dimensional complex pointed Hopf algebras H with G(H) non-
abelian, in the framework of the Lifting Method [AS2]. Let G be a finite
group. An important stage in the proposed approach to classification of
finite-dimensional complex pointed Hopf algebras H with G(H) = G is the
determination of all Yetter-Drinfeld modules V' over the group algebra of G
such that the Nichols algebra B(V) is finite-dimensional. When the finite
group G is abelian, this amounts to the study of Nichols algebras of diago-
nal type. In this context, substantial results were reached in [H4], see also
[AS1, H1, H2, H3].

For a general finite group G, irreducible Yetter-Drinfeld modules (up to
isomorphisms) over CG are parametrized by pairs (C, p) where C is a con-
jugacy class of G and p is an irreducible representation of the centralizer
G*® of a fixed s € C. Say M(C, p) is the irreducible Yetter-Drinfeld module
corresponding to (C,p) and B(C, p) is its Nichols algebra. As in [AZ], we
use the following strategy.

Strategy. Given (C,p), find a braided subspace W of M(C, p) of diagonal
type. Check if the dimension of the Nichols algebra B(W) is infinite using
the above mentioned results. If so, then necessarily dim(B(C, p)) = co.

Note that this strategy only involves the determination of a braided sub-
space W of M(C,p) of diagonal type. This is an elementary problem of
group theory and its solution does not requires any knowledge of pointed
Hopf algebras or Nichols algebras.

In this paper, we deal with the groups G = S,,. The orbit of w € §,, is
determined by the lengths of the disjoint cycles in the decomposition of .
We call m unmized if all those lengths are equal, and mized otherwise.

The main results in this paper are summarized in the following statement,
see below for the unexplained notations.

Theorem 1. Let m € Sk, be unmized, say of type (k™), and p € gki
(A) If k is odd, then dimB(C, p) = co.
(B) Assume that k = 2.
(i) If n is even, then dimB(C, p) = oo.
(ii) Assume that n is odd, n > 1. If p = x(n) ® € 01 X(n) @ sgn, then the
braiding is negative. Otherwise, dim*B(C, p) = oo.
(C) Assume that k = 2r, with r > 1.
(i) If n = 1, then dimB(C,p) = © if p = Xw, with w # —1, and the
braiding is negative if p = X, with w = —1.
(ii) Assume that n > 1. If degp > 1, or if degp = 1 and p(w) # —1,
then dim*B(C, p) = co. Assume that degp = 1 and p(w) = —1. If
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P=Xr..;o ® ,u, with v even or odd, or if p = Xe,..c ® p, with r even

and ¢ = 5 or 2 , then the bmzdmg s negative, where p = € or sgn;

otherwise, dimB(C, p) =

Part (A) follows from [AZ], see Lemma 2.1; [AZ, Theor. 2.7], Propositions
2.4, 2.11 and Theorem 2.12 for part (B); and Proposition 2.2, Theorem 2.14,
Proposition 2.15 and Theorem 2.16 for part (C). Briefly, for the braided
vector spaces considered in this paper, either the Nichols algebra is infinite-
dimensional or the braiding is negative. The notation in the Theorem can
be found in the pages 5, 6, 6 and 21 for negative braiding, X(), Xw and
Xr,....r» Tespectively.

We shall consider the mixed case in a subsequent publication; partial
results follow from the unmixed case and [AZ, Prop. 2.6].

1. PRELIMINARIES

Our main reference for the classification problem of pointed Hopf algebras
s [AS2]. We denote by G the set of isomorphism classes of irreducible
representations of a finite group G. Consequently, the group of characters of
a finite abelian group I' is denoted L. We shall often denote a representant
of a class in G with the same symbol as the class itself. If p € G deg p
is the dimension of the vector space V affording p. If V is a I'-module
then VX is the isotypic component of type x € I. We shall use the rack
notation g h = ghg™', g,h € G. A left comodule over the group algebra
CG is the same as a G-graded vector space: if M is a CG-comodule, then
M = ®pea My, where My, = {m € M : §(m) = h ® m}.

We denote by G,, the group of n-th roots of 1 in C.

1.1. Yetter-Drinfeld modules over a finite group. Let G be a finite
group. A Yetter-Drinfeld module over G is a left G-module and left CG-
comodule M satisfying the compatibility condition &(g.m) = ghg™! ® g.m,
forallm € My, g,h € G. It is well-known that Yetter-Drinfeld modules over
G are completely reducible, and that irreducible Yetter-Drinfeld modules
over G are parameterized by pairs (C,p) where C is a conjugacy class in
G and p is an irreducible representation of the isotropy subgroup G* of a
fixed point s € C on a vector space V. We denote the corresponding Yetter-
Drinfeld module by M (C, p); a precise description is as follows. Let t; = s,
, tar be a numeration of C and let g; € G such that g; > s = t; for all
1 <i< M. Then M(C,p) = ®1<i<m gi ® V. Let gjv := g, @ v € M(C, p),
1<i<M,veV. IfveVand 1l <i< M, then the action of g € G
is given by g - (giv) = g;(7v - v), where gg; = g;, for some 1 < j < M and
~v € G*, and the coaction is given by §(g;v) = t; ® g;v. The Yetter-Drinfeld
module M (C, p) is a braided vector space (see below) with braiding

(1) c(giv ® gjw) = t; - (gjw) ® giv = gn(y - w) ® g,
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forany 1 <1i,7 < M, v,w € V, where t;g; = gy for unique h, 1 < h < M
and vy € G®. Since s € Z(G*), the Schur Lemma implies that

(2) s acts by a scalar gss on V.

Notice that M(C,p) depends on the element s in C and p in G5, Let
5,5 € C and let g € G such that gsg~' = 3; thus ¢G°¢~' = G°. Let p € C/¥\§
the pullback of p € G* via conjugate by g. Then M(C,p) = M(C,p); in
particular

(3) the images of p and p in GL(V') coincide.

1.2. On Nichols algebras. Let (V,c) be a braided vector space, i. e. V
is a vector space and ¢ : V@V — V ® V is an automorphism satisfying
the braid equation (¢ ® id)(id ®c)(c ® id) = (id ®c¢)(c ® id)(id ®c). Then
B(V') denotes the Nichols algebra of V', see [AS2]. The Nichols algebra of a
Yetter-Drinfeld module M(C, p) will be denoted just by B(C, p).

Lemma 1.1. If W is a subspace of V' such that c(W @ W) =W @ W and
dim B(W) = oo, then dimB(V) = co. O

Indeed, B(W) C B(V). A first application of the Lemma is when there
exists v € V — 0 such that c¢(v ® v) = v ® v; then dimB(V) = oo. In
particular, if V.= M(C, p) and ¢ss = 1, see (2), then dimB(C, p) = co.

A braided vector space (V,c) is of diagonal type if there exists a basis
v1,...,v9 of V and non-zero scalars g;;, 1 <1,j < 6, such that c(v; ® vj) =
¢ijvj ®v;, for all 1 <¢,j < 6. A braided vector space (V,c) of diagonal type
is of Cartan type if q;; # 1 is a root of 1 for all 7, 1 < i < 0, and there exists
aij € Z, —ord q;; < a;j < 0 such that g;jq;; = ¢5;° for all 1 <4 # j < 6. Set
a;; =2 for al 1 <1i < 6. Then (a;j)1<i <o is a generalized Cartan matrix.

Theorem 1.2. ([H3, Th. 4], see also [AS1, Th. 1]). Let (V,c) be a braided
vector space of Cartan type. Then dimB (V) < oo if and only if the Cartan
matriz is of finite type. O

1.3. Abelian subspaces of a braided vector space. Our aim now is
to describe a recipe for finding braided subspaces W of diagonal type of a
braided vector space M (C, p).

Let (X,>) be a rack. Let ¢ : X x X — C* be a rack 2-cocycle and let
(CX, ¢q) be the associated braided vector space, that is CX is a vector space
with a basis e,, € X, and ¢;(e; ® €y) = @p y€ary ® €y, for all z,y € X. Let
us say that a subrack T of X is abelian if i>j = j for all¢,57 € T. If T is
an abelian subrack of X then CT is a braided vector subspace of (CX,¢,)
of diagonal type.

Definition 1.3. We say that (CX,¢,) is weakly finite if dimB(CT) < oo
for any abelian subrack 71" of X.
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Our interest is to check when (CX,¢,) is not weakly finite, for then
dimB(CX) = co.

We shall say that (CX,c¢,) is negative if ¢;; = —1 and g¢;5q; = 1 for all
i,7 € T (hence B(CT) is an exterior algebra and dim B(CT) = 2°247) and
for any abelian subrack T of X. This is a very particular case, but we note
that almost all known braided vector spaces with finite dimensional Nichols
algebra that “do not come from the abelian case” are negative. See [G1l].

Let now G be a finite group, C a conjugacy class in G, p € G5 with s € C
fixed. As in subsection 1.1, we fix a numeration t; = s, ..., tp; of C and
gi € G such that g;>s=1t; forall 1 <i< M. Let T = {t; : i € I} be an
abelian subrack of C, I C {1,...,M}. Let i¢,j € I. Then the following are
equivalent:

(i) ti>t; =t;, that is, t; and ¢; commute.
(ii) 5 = g;ltigj € G°.
Let V be the vector space affording p. For every v,w € V, we have that

(4) c(giv ® gjw) = gj(7ij - w) ® giv
Let v1,...,vg be simultaneous eigenvectors of v;;, 4,5 € I. Then
W = C —span of gjvj, i€1l,1<j<R,

is a braided subspace of diagonal type of dimension card TR. Note that R
depends not only on T but also on the representation p; for instance if p is
a character then R =1 =dimV, and M(C, p) is of rack type.

Notice that the action of G on C (by conjugation) preserves abelian racks.
It is then natural to ask: Are two maximal abelian subracks of C conjugated
by some g € G?

2. ON NICHOLS ALGEBRAS OVER S,,

2.1. Notation on the groups S,,. Assume that in the decomposition of
T € Sy, as product of disjoint cycles, there are b; cycles of length 7,1 < j <
m. Then the type of 7 € S,, is the symbol (1°*,2%2, ... mbm): we may omit
4% when bj = 0. The conjugacy class Oy of 7 is the set of all permutations
in S,, with the same type as m; we may use the type as a subscript of a
conjugacy class as well. We say that m is unmized if the type of 7 is (k"),
i.e. if w is a product of disjoint cycles of the same length. Let us assume
that 7 is unmixed. It is known that the isotropy subgroup of 7 satisfies

i = T xSy, where I' ~ (Z/k)" is generated by the k-cycles in 7 and S,
permutes these cycles. This leads us to the representation theory of groups
of the form I' x A, with I abelian. The irreducible representations of I' x A
are described as follows. Let x € [ and let AX be the isotropy group with
respect to the natural action of A on T. Let uwe AX and let p be the induced
representation p = Indgiﬁx (x®p). Then p is irreducible and any irreducible
representation of I' x A is isomorphic to one of this form, for unique x up

to the action of A and u € AX, see [S, 8.2].
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Let € and sgn denote the trivial and sign representation of S,,, respectively.

2.2. Nichols algebras corresponding to even cycles. The next appli-
cation of Theorem 1.2 is [AZ, Lemma 2.3].

Lemma 2.1. Ifdim B (O, p) < oo then ¢rr = —1 and w has even order. [

In this subsection we consider the case when the type of 7 in Sy is (k),
with 2 < k even. Thus, O is the set of k-cycles in Si. Fix m = (12...k); the
isotropy subgroup is ST = (7) ~ Zi. If (j,k) denotes the highest common
divisor of j and k, then the maximal abelian subrack of O is

T={n: (j,k)=1}.

Clearly, cardT' > 2. Let w € Gy, let x,, be the character of S, defined by
Xw(T) = w, let M(Ox, xw) be the corresponding Yetter-Drinfeld module and
let B(Ox, xw) be its Nichols algebra. We conclude from Lemma 2.1:

Proposition 2.2. Let # € Sy of type (k), k even. Let w € Gy. Then
dim B (O, xw) = 00 if w # —1, and the braiding is negative if w = —1. O

2.3. Nichols algebras of orbits with n transpositions. In this subsec-
tion we consider the case when the type of 7 in Sy, is (2"), n > 1. Thus, O,
is the set of permutations in Sy, that are the product of n disjoint trans-
positions. Fix 7 = Ay ... A, in Sg,, with A; = (2¢ — 1 2i). The isotropy
subgroup is

S5, = (A1, ..., Ap) X (B1,...,Bp_1) ~Z5 X Sy,
where B;j = (25 —1 2j+1)(2j 2j+2),1<j <n—1; the relations are
A} =id = B}, A A = AjA;, AiB; = BjA;, i #j,j+1,
A;B; = BjA;y1, BiBj=B;Bi,|i—j|>1, B;Bj1B;=DB;+1B;Bji1.

2.3.1. Irreducible representations of 74 x S,. We first list the irreducible
representations of Z5 x S,,. Let e; € Z be the element with 1 in the i-th

component and 0 elsewhere; let x; € @ be given by xi(e;) = (—1)%i. The
irreducible representations of Z5 are the linear characters

Xityeosip *= Xig - -+ Xig> 0§k§n7 1§7/1<<Zk§n7

where k = 0 corresponds to the trivial representation x ) of Z3. Let x ) :=
X1,..k- The action of S,, on Zy induces a natural action of S,, on Z3; the
orbit and the isotropy subgroup of x = xi,,...:, € Z5 are

OX = {X]i,---,jk 01 < j1 < - < jk < n}, S% ~ Sn,k X Sk
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Thus the characters x), 0 < kK < n, are a complete set of representa-

tives of the orbits in @ As discussed in subsection 2.1, all the irreducible
representations of Z5 x S,, are of the form

73 xS <X(R)
e @),  0<k<n, peS®.
Ziy XSy,
There are Y ;_, P(n — k)P(k) irreducible representations of Z% x S, where
P is the partition function, but we do not need to consider all of them.

P = Pxuyn = Ind

—

Remark 2.3. If k is even, then px(kw(ﬂ) acts by ¢rr = 1, for any p € Sy
Thus dimB(Oy, p) = 0o, by Lemma 2.1. So, we can assume k odd.

Let t1 = m,...,tyr be a numeration of O, as in subsection 1.1; we can
assume that the elements ¢y, ..., gy satisfying g; > 7 = ¢;, are involutions.

Proposition 2.4. If n is odd, then the braided vector space associated to
X(n) ® € 0or to X(n) @ sgn is negative.

Proof. Assume that ¢; # t; commute. We must show that ¢; = —1, ¢j; = —1
and ¢;jq;; = 1. The first two conditions are fulfilled because t;9; = g,
1 <1< M. For the third, note that v;; := g;ltigj and vj; 1= g;ltjgi are in

S3,,, see subsection 1.3; so we can write
d d
Vij = Ay AR Bhy o Brp, v =AY AT By - By,

where di,...,dp,€1,...,e, € {0,1}. Since v;j, vji € Or, signs of the per-
mutations 7;; and «y;; are equal to the sign of m, which is —1, because n is
odd and the sign of every permutation B; is 1, 1 <[ < n — 1. This implies
that dqy +---+d, and e; +--- + e, are odd. Now, since ?;g; = g;7;; and
tigi = givji then ¢;;qj = p(7ijvji). We consider the two cases.

(a) Assume that p = x(,) ® €. In this case, the result follows because

p(rijji) = (~)BH T (—atten = 1,
(b) Assume that p = x(n) @ sgn. If t; = 7, then v;; = 7;; = t;, because g
is an involution, and the result follows.
We will see that the general case follows from the case t; = w. By defi-
nition, M(C, p) is a Sg,-comodule, with coaction given by d(g;v) = t; ® gv,
where V' = C - span of v. Then M(C, p) = ®res,,, M (C, p)-, where

M(C,p)r :={me M(C,p) : (m)=1@m}.

Clearly, M (C,p); = ¢;V,if T =t;, and M(C,p); =0, if 7 ¢ O,.
Let us call £ := t;; then M(C, p) =~ Ind:f{ V, where V is an irreducible

2n

representation of dimension 1 of Si. =~ ST see (3). Let t3 := t;, g1 := id
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and let gy be such that gat1Gs~ "t = ta. Thus, there exists ¥ in V which
satisfies
9iCv=M(C, p), = 1C, g;Cv = M(C,p)i; = g2Cv.
Let us say g1v = A1g;v and gov = Aggjv. Then
c(g10 ® G20) = c(A1giv ® A2g;v) = A A2c(giv @ gjv)
= AMA2¢i90 ® giv = ¢;jg20 @ g1,

and on the other hand, ¢(g19®g20) = q12g10®§1; S0, gij = qi2. Analogously,
¢ji = q21. Hence, ¢;jqj; = qi2g21 = 1, and the result follows. O

We proceed now to consider the different cases according to the parity of
n. The case n = 2 is contained in [AZ]. We first consider n = 3, 4 and then
the general cases n even and n odd.

2.3.2. Casen=3. Let m = (12)(34)(56) in S¢. Then O has 15 elements
and the isotropy subgroup of 7 is

=(A41=(12),42,=(34),A3=(56)) x (B=(13)(24),C=(135)(246))
~ 7.3 % Ss.
The defining relations for the generators A, Ay, A3, B and C are B? = C® =
1=A2 A;A; = AjA;, BCB=C"! and
BAB = A, BA;B = Aq, BA3B = As,
CA,C™ = A, CAC™! = Aj, CA3C~' = A;.

By section 2.3.1, the irreducible representations of S§ are:
(1) Four characters X+,+ given by x4 +(A4;) = £1 (the first subindex),
X+,+(B) = £1 (the second subindex), x+ +(C) = 1.
(2) Two 2-dimensional representations 64 given by

01(4;) = <j61 f1>, 0+(B) = <2 (1)>7 0+(C) = (lg w91>,

where w € CJ is a primitive 3-th root of 1.
(3) Four 3-dimensional representations ¢, ¥+ given by

1 0 O 1 0 0
¢:|:(A1) = 0 -1 0 5 ¢:|:(A2) =(0 1 0 5
0O 0 1 0 0 -1
-1 0 O +1 O 0 0 0 1
$+(A3) =10 1 0),9£(B)=|0 0 *1],9+:(C)=(1 0 0],
0O 0 1 0O £1 O 010
and
-1 0 0 -1 0 0
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1 0 0 +1 0 0 0 01
Y£(A3)=10 -1 0 ), ¢=(B)=( 0 0 *1],9:(C)=[1 0 0
0 0 -1 0 +£1 0 010

The representations x— 1 are the x(,) ® € and X(,) ® sgn in Proposition
2.4, thus we can not decide the dimension of their Nichols algebras. For the
others, we have:

Proposition 2.5. Let ™ € Sg with type (23). Let p be in g?. If p # x— +
then dimB(O,, p) = oo.

Proof. We can assume that m = A1 A2A3 = (12)(34)(56). Let p € gg and
V the vector space affording p. We look for a braided subspace of diagonal
type of M(Ox, p). Set a = (12)(35)(46), 8 = (12)(36)(45) in O; if 01 = id,
o9 = (45), 03 = (46) then
o>bT=m, o9bWT=qa, o3>T=/[.

Let ojv:=0;®v, v €V, 1< j <3. The coaction is given by 6(c;v) =
oj > ® ojv; we need the action of the elements 7, o, 3, which is

- ov = o1p(m)(v), - o9v = ogp(a)(v), - o3v = o3p(f)(v),

a-o1v = o1p(a)(v), a - o9v = oap(m)(v), a-o3v = ogp(a)(v),

B-ow=01p(B)(v),  B-ow=02p(B)(v), B30 =03p(7)(v).

Hence the braiding is given, by

c(o1v ® oaw) = o9p(a)(w) ® oqv, c(o1v @ ozw) = o3p(B)(w) ® 010,

c(o2v ® oyw) = o1p(a)(w) ® oav, c(oav @ o3w) = o3p(a)(w) ® ogv,

clos0 ® 1) = o1p(B)(w) B oz, c(ogw® o3w) = rap(B)(w) @ gy,
and c(ojv @ ojw) = (o> 7) - ojw @ o;v = gjp(T) (W) R ojv = —0jwW o,

forall 1 <j<3andv,weV.
We now consider the different possibilities for p. If p = x4 4+, 04 or ¥+
then ¢rr = 1 and dim B(O, p) = oo, by Lemma 1.1.
1 1
If p = 6_ then p(a) = p(B) = ( 0 v ) Choose v; = ( ) and
—w 0 —w

vy = (ul)) Hence p(a)(vi) = p(B)(v1) = v1, p(a)(v2) = p(B)(v2) = —wva.

Therefore the braiding is diagonal of Cartan type in the basis

w1 = 0101, W2 = 01V2, W3 = 0201, W4 = 02V2, W5 = 03V1, We = 03V2.

The corresponding Dynkin diagram is Aél), which is affine. By Theorem

1.2, dim*B (O, 0_) = oo
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0O 0 1
Assume now that p = ¢4. Then ¢4 (a)= |0 -1 0],
1 0 O
0 0 -1 0 1 1
¢+(B)=10 -1 0 ].Choosevy=|1],v2=|0] andwvz=| 0
-1 0 0 0 1 -1
Thus,
pla)(vr) = —v. pla)(v2) = va, p(a)(vs) = —vs,
p(B)(v1) = —ur, p(8)(v2) = —va, p(8)(vs) = vs.
Hence the braiding is diagonal of Cartan type in the basis
w1 = 01V, w2 = 0102, w3 = 01v3,
W4 = 0201, W5 = 0202, We = 0203,
w7 = 031, wg = 03v2, W9 = 03V3;

this implies that the corresponding Dynkin diagram contains the affine
Dynkin diagram Aél). By Theorem 1.2, dim B(Or, ¢4+) = oo. Finally, the
case p = ¢_ is similar. O

2.3.3. Casen=4. Let m = (12)(34)(56)(78) in Sg. The isotropy subgroup
of 7 is Sg =< Al,AQ,Ag,A4 > X< Bl,BQ,B3 >~ Z% X S4, where A1 =
(12), As = (34), A3 = (56), A4 = (78), and
By =(13)(24) By =1(35)(46) Bs=(57)(68).

By section 2.3.1, there are 20 irreducible representations of Sg, but by Re-
mark 2.3 we only need to consider 6 of them. They are

p1 = Ind(x) ®e), p2 = Ind(x(1) ® sgn), p3 = Ind(x) ®0),

pa = Ind(x3) ® €), ps = Ind(x(3) ® sgn), pe = Ind(x(3) ® ),

74 xS
where Ind means Ind;2">*
Zy XSs3

this notation, we can state the following result.

and 6 is the standard representation of S3. With

Proposition 2.6. Let 7 € Sg of type (2*). Then dimB(Oy, p) = oo for any
p E S§.

Proof. We can assume that 7 = (12)(34)(56)(78). We shall later prove
that if i = 1,2,4 or 5 then dim B (O, p;) = oo, for any n > 4, see Lemmata
2.7 and 2.8. We check now the remaining ¢ = 3,6. It is clear that m,
a = (12)(34)(57)(68), 5 = (12)(34)(58)(67) are in O, and they satisfy the
same relations as in the proof of Proposition 2.5, with o1 = id, 02 = (67),
03 = (68). Let us consider ps. In an appropriate basis, we have
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0 0 00 —w 0 0 0
0 0 00 0 —w'o0o0
0 0 01 0 0 0 0
0 0 10 0 0 0 0
p=1_ 0 00 o 0o 0 0|
0 —w 00 0 0 0 0
0O 0 00 0 0 0 1
0 0 00 0 0 10
O 0 0 0 —-w' 0 0 0
0O 0 0 0 —wl 0 0
O 0 0 -1 0 0 0 0
0O 0 -1 0 0 0O 0 0
B=1_ o o o o o o o]
0 —w 0 0 0 0O 0 0
O 0 0 0 0 0o 0 -1
O 0 0 0 0 0 -1 0

where w € CJ is a primitive 3-th root of the unity. It is easy to see that

v] = e + wes, Vg = €2 fweg, Vs =e3+ ey, Uqg=e3— ey,

Us = €] — Wwes, Vg = €9 —Wweg, Uy =e€7+eg, Ug=e7—e€g
are eigenvectors of eigenvalues 1 or —1. In particular

p3(c)vr = w7, p3(a)vg = —vg, p3(B)vr = —v7,  p3(B)vs = vs.

11

So, in the basis w1 = o1v7, wo = o1v8, W3 = O9V7, Wy = O9Vg, W5 = O3V7,

wg = o3vs, the braiding is diagonal of Cartan type. The corresponding

Dynkin diagram is not connected; its connected components are {1,4,6}

and {2, 3,5}, each of them supporting the affine Dynkin diagram Agl). Then

dim B(Ox, p3) = oo by Theorem 1.2.
Finally, if p = pg we have

01 0 0 00 0 0
10 0 0 00 0 0
00 0 0 00 —w' 0
oo 0 0 00 0o —w

P =100 0 0 01 o 0o |
00 0 0 10 0 0
00 —w 0 00 0 0
00 0 -w 00 0 0
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O -1 0 0 0 0 0 0
1.0 0 0 0 0 0
O 0 0 0 0 0 —w' o0
O 0 0 0 0 0 0 —w!
B=1g o 0 0 0o -1 o 0
O 0 0 0 -1 0 0 0
0 0 —w 0 0 0 0 0
O 0 0 —w 0 0 0 0

The following are eigenvectors of eigenvalues 1 or —1
V1 = e1 + e, Vg = €1 — €2, V3 =e€3+wer, U4 = e4+ wesg,
Vs = €5 + €g, Vg = €5 — €6, U7 = €3 — wey, Vg = €4 — Wesg.
In particular

pe(a)vr =v1, pela)ve = —v2, pe(B)vr = —v1, ps(B)va = va.

So, in the basis w1 = o1v1, wo = 01v9, W3 = OV, W4 = OV, W5 = O3V1,
weg = 03V, the braiding is diagonal of Cartan type. This is similar to
the case of ps interchanging the roles of v7 by vy and vwg by ve. Then
dim B(Ox, ps) = oo by Theorem 1.2. O

2.3.4. Case n general. We now begin the analysis of the general case. We
prove two lemmata.

73 ASn,
72 s,V

then dim B(Oy, p) = oo, for any n > 2.

2 XSn,

Lemma 2.7. If p is either Ind (xqy®@e¢) or Ind? vy (X(1) ® sgn)
73 XSy,

Proof. Let 01 =id, 09 = (2n —22n — 1) and 03 = (2n — 22n). We define
a:=o090>7 and § = o3> m, SO
a=A145... Ay—2(2n —32n —1)(2n — 22n),
B=A1A2... Ap_2(2n —32n)(2n — 22n — 1);
we set T' = {m, a, B}. It is straightforward to check that
(5) a="1A, 1ABy_1 = BA, 1An, f=mBn 1.
Now we proceed as in the proof of Proposition 2.5. Let ojv := 0; ® v,
v eV, 1< j <3. The coaction is given by é(ojv) = 0> 7 ® ojv; the action
of the elements 7, «a, 0 is
- ov = o1p(m)(v), - o9v = ogp(a)(v), - osv = o3p(B)(v),
a-o1v = o1p(a)(v), a - o9v = ogp(m)(v), a - o3v = ogp(a)(v),

B-ow=o01p(B)(v),  B-ow=02p(B)(v), B:0o3v=03p(m)(v).
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Hence the braiding is given by

c(o1v ® oaw) = o9p(a)(w) ® oqv, c(o1w @ ozw) = o3p(B)(w) ® 010,
c(ov ® oyw) = o1p(a)(w) & ogv, c(ov @ o3w) = o3p(a)(w) @ ogv,

c(o3v @ orw) = o1p(8)(w) ® osv, c(o3v @ oaw) = o2p(f)(w) ® osv,

and c(ojv @ ojw) = (o> 7) - ojw @ ov = gjp(T) (W) ® o0 = —0jwW @ o4,

foralll1 <j<3andv,weV.

. VAN
Let us consider p = Ind ™2
Zy XS

has dimension n. It is easy to see that for every i, 1 < ¢ < n, the matrix
p(4;) is diagonal with (p(4;));; = —1 and 1 elsewhere; while

¥ (X(1) @ €). The vector space affording p

Idn—2
p(Bn—l) = 1
0
Therefore, we have p(7) = —1Id and, by (5),
—Idp—2 —Idy—2
pla) = 0 1], pB)= 0 -1
0 -1 0

Choose v; =¢;, 1 <i<n—2,v,_1 =€,_1+e, and v, = €,_1 — €,. Hence

ple)v; = —u, P01 = Vn1, p(0)vn = —n,
p(B)vi = —vs, p(B)on—1 = —vp_1, p(B)on = vn,

with 1 < ¢ < n — 2. Then the braiding is diagonal of Cartan type in the

basis B = {ojv;}, j = 1,2,3, 1 <i < n. The corresponding Dynkin diagram

is not of finite type because it contains the affine Dynkin diagram Agl). By

Theorem 1.2, dim B(O, p) = oo.
Finally, if p = IndZ2 X:Z(l) (x() ®sgn), p(A;) are as before and
5 XS

- Idn—?

Then,
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Let v; be as before; hence

p(a)vi = Ui p(Oz)’Un_l = Un—1, p(Oé)'Un = —Up,

P(ﬁ)vz = Vg, p(ﬁ)vn—l = —Un-1, p(ﬁ)vn = Un,

with 1 < ¢ < n — 2. Then the braiding is diagonal of Cartan type in the
basis B. The corresponding Dynkin diagram is not of finite type because it
contains the affine diagram Agl). By Theorem 1.2, dimB(Oy, p) = c0. O

Lemma 2.8. If p is either InngXSZ(n_l) (X(n—1) ®¢€) or
73 XS,

73 XSp,

1 xS, Y

Ind (X(n—1) ®sgn) then dim B(Ox, p) = oo, for any n > 2.

Proof. Let 0j, a and (3 be as in the proof of Lemma 2.7.
75 XSy,
If p=1Ind™?
Zy

LX) (X(n,l) ® €), then for every i, 1 < i < n, the matrix
p(A;) is diagonal with (p(A4;))n—it+1n—i+1 = 1 and —1 elsewhere; while

p(Bn-1) =
Idn—2

Therefore, we have p(7) = —1d and, by (5),

Idn—2 - Idn—2

Choose v1 = e1 + e, v9 = e1 —eo and v; = ¢;, 3 <7 < n. Hence

p(a)vy = —v1, p(a)vg = va, pla)v; = vy,

p(B)v1 = —v1, p(B)v2 = va, p(B)vi = —vj,

with 3 <4 < n. Then the braiding is diagonal of Cartan type in the basis
B = {ojvi}, j = 1,2,3, 1 < i < n. The corresponding Dynkin diagram is
not of finite type because it contains the affine Dynkin diagram Aél). By
Theorem 1.2, dim B(O, p) = 0.

X(n—1)
n

Finally, if p = Indzg x: (X(n—1) ®@sgn) then the matrices p(A;) are the
5 X

same as in the previous case and

p(Bn—l) =
- Idnf2
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Then,

— Idn_g Idn—2

Let v; as before; hence

pla)vr = —vi, p(a)va = va, pla)v; = —vj,
p(B)vr = —v1, p(B)vz = va, p(B)vi = vi,
with 3 < i < n. Then the braiding is diagonal of Cartan type in the basis B.

The corresponding Dynkin diagram is not of finite type because it contains
the affine Dynkin diagram Aél). By Theorem 1.2, dim B (O, p) = 0. O

Notice that if n is odd, then the analog of Lemma 2.8 follows from Remark
2.3. Next we set some notation separately for the cases n even and n odd.

Notation in case n even. We suppose n = 2L and for every [, with
1 <1< L, we define 0;" 1= (40 —2 41 — 1), 0; := (41 — 2 4l) and

o = al+>7r, By =0, >.

That is, if 1 = A1Ag ... A9y 1Ay ... Ao, _1 Ao, then
) = A1A2 NN <4l — 34l — 1)(4l -2 4l) e AQL_lAQL,
G = A1As. .. (4[ —34)(4l —2 4l — 1) L Ao 1 Asor.

It is easy to see that Uli(fff = U}:i:Uli, for all [, h distinct. Let T be the set

T:{Jib("-(alilbﬂ')'-‘) 1<k<L 1<l <---<lp<L}u{m}.

Note that Jib(- . (O'Iilbﬂ') ) = (Ui e O'lil)l>7T. Let T={my=m,71,..., 7N}
be a numeration of T'; we call 0g = id and o; the element Uli such that
ojbm=m;, 1 <j<N.

Straightforward computations imply the following.

Lemma 2.9. For alll, 1 <1< L, we have
(1) JZ_UZ—FAglflAglJl—FUZ_ == O—l+A2l71A2l0—l+-
.o + — — + . — —
(i) 0,70, Ag_1 Ao, 0" = 0, Agy_1Ag0; .
+ 4
(iil) 0" Ag—1Ayo; Ag_1Ay = 0] Ay 1Ag0)".
: + +
(iv) Ag—1Ag0] Agy_1Ago; = o] Agy_1 A0}

(v) By = Ay—1A9 = Bioy. O
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Lemma 2.10. (1) If 1 <[ < L, then
o = Ay _1 Ay Bo_1 = B Ag—1 Ay, B = mBy_1.

(2) T C ONSE,.
(8) For every i,j, 0 < i,57 < N, there exists k, 0 < k < N such that
;05 = 04T

(4) T is abelian.

Proof. (1) is obvious. (2) Clearly, T'C O. To see that T' C S} we need to
+

Lo ali) > in S7,,. This is clear for k = 1; then it follows
k 1

prove that m; = (o
by induction on k.

(3) Note that if ¢ = 0 then k = j; if i = j then &k = 0., etc. Fix
m = (O’i”'O‘lil)Dﬂ', with 1 <l < --- <[ < L; suppose 0 = U}TM~~U$,

With1§h1<“-<hM§L. Then

. s = :l: DY :l: :l: .. :l: :l: .. :l: :l: DY :t

OjTi0j =0+ 0 Op =0 WOy =+ 0p O 0.
If I, # hs for all , s then 7, := ojmo; is in T. If |, = h, for many r, s we
have that in the expression o;m;0; the factors olj: and a,i cancel mutually
while for the factors Jlj: and o} we use the Lemma 2.9(i),(ii) and we have

g =gt F T s = g F g T L
O'Jﬂ'ZO'j = JZTJhSWUhSO'lT = O'hSﬂ'UhS

Therefore ojm;o; is in T'.
(4) We need to prove m;m; = m;m;, for every i, j.
(a) We analyze the cases when m; = a; or 8 and 7; = ay, or (.
Case (i). If m; = o and 7; = oy, then

7TZ'7T]' = U;FAQl_lAQlO'lJrO'}JLrAQh_lAQhO';.

If [ = h then the claim is clearly true. If [ # h we have that JfLAgl_lAglaf
and a;Agh_lAQhU;{ commute because they are disjoint permutations; hence
the result follows.

Case (ii). If m; =  and m; = [3,. Idem.

Case (iit). If m; = oy and 7m; = (B, then

I + - -
T = 0 A2l—1A2lUl On AQh_lAQhUh .

If I # h then Jngl,lAglalJr and o, Agp_1Asp0, commute; hence mim; =
mjm;. While if [ = h, it is easy to check that mj7; = o3 = id = Bjoq = 7jm;,
and the result follows.
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(b) In general, for 7; = (crlj; e Jljlt) > and m; = (UfM e a,fl)wr, we have

+ + + +
mp = A1Ag -0y Agy 1Ay o -0y Aoy 1 Aoy oy - Aar—1 Aar,
_ + + + +
mj = A1 Ay o Aoy 1 Aok 0y, -0y Asny 1 Aoy, 0, Asp—1Aar.

We have two cases:
(i) If I, # hs, for all r,;s. Then

+ + + +

Ty = 011A211—1A2110l1 . UlkAQZk_lAglkO'lk
+ + + += _
0h1A2h1—1A2h1Jh1 .. 'UhMAQhM—lAQhMUhM = ™,

because every Jfnglr,lAngJf: commute with every U}i Aop, 149, ai.
(ii) If I, = hg, for some r,s, we use (a) in every factor corresponding to
I, = hs. O

For the rest of this subsection we fix the order in T" given by
T={m=mm=o1,m=p0,...,m0-1=ag,mL=Pr,...}.

Next we deal with p = PX (k) oht in @7 as in Section 2.3.1; as usual, let V' be
the vector space affording p and V), the vector space affording ;.. By Remark
2.3, we only need to consider k odd; thus p(m) = —Id. Since 72 = id, for
all 4, then the possibles eigenvalues of the operators {p(m;) : 0 < i < N}
are 1 and —1. Moreover, since T is abelian there exists a basis B of V' of

simultaneous eigenvectors— say B = {v1,...,vr}. Note that

n

dimV =[S, : Sa® ] dim V,, = ( k) dim V.

For every i, 0 < i < N we define f' = (fi, fs, ..., f) where p(m;)v, =
fiv., 1 <r < R; for instance f¥ = (-1, —1,...,—1). Now we denote by E;
the matrix with all its rows equal to f!. Hence Ej is the matrix dim V xdim V'
with all its entries equal to —1.

Let us consider the subspace W of M (O, p) with basis {w;, = o;v, =
ogi®@v, : 0<i< N,1<r <R} Then W is a braided vector subspace of
Cartan type and the matrix of the scalars (¢qp)q,5— See section 1.2— has the
form

Ey Ey Ey --- FEyr 1 Eop
E, Ey E; - -
Es  Ey Ey
Q= : : : o
Eop 4 -+ - - Ey  Esyi
Eo; -+ oo o FEor Eo

Here the diagonal blocks are equal to the matrix Ej; whereas the block in
the position ¢, j is the matrix Ej, where m;0; = o;m.
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Notation in case n odd. We suppose n = 2L + 1 and for every [, with
1 <1< L, we take af, o, , o, By and T as for n even. So
m=A1Ay .. Ay _1Ag ... Aop_1Aor Aor 41,
o) = AlAQ e (4l — 34l — 1)(4l -2 4l) e A2L71A2LA2L+1,
Br=A1A9. .. (Al —340)(4l—24l—1)... Ay 1 A2 Ao 41.

Then Jli,al, B, mi, oj and T satisfy the same properties as before.

Proposition 2.11. Let p = (p, V) be in @, n>2. If
(a) n is even, or
(b) n=3 and p # x—+, or N
(c) n is odd and p # Px(myes JOT any i in Sp,

then dim B (O, p) = oco.

Proof. Let p = Pxiyoi> X(k) I i’\g and p in g; By Remark 2.3, we can
assume that k is odd. We distinguish two possibilities.

(1) For every I, with 1 <1 < L, p(aq) = Id = p(5) or p(ey) = —1d =
p(B1). By Lemma 2.10 (1), this implies

p(Agy_1A9) =1d, for all [.

Assume that n is even. Hence p(m) = p(A1Ay--- Asp—1A2r) = Id; so
¢rx = 1 and dim B (O, p) = oo.

Assume that n is odd. Since p(m) = —1d, it is easy to see that p(Aar41) =
—Id. By the discussion in subsection 2.3.1, this implies p(A4;) = —1d,
1<j<2L+1. Then p = DX (myshs but this is a contradiction by hypothesis.

(2) There exists [ with p(a;) # £1d or p(f;) # +1d or p(ay) = £1d =

Fp(Bi). Here we have that if dim V' > 4 then the generalized Cartan matrix
A is such that its associated Dynkin diagram is not of finite type and the
result follows. For see this we suppose that there exists | with p(ay) # +1d;
for the other cases the argument is similar. We regard that the components
of the vector f! are 1 or —1; so we define ¢t := card{r : f. = 1} and
¢™ = card{r : f! = —1}; note that ¢t + ¢~ = R. We consider three cases.
(i) If dim V' > 7 then the associated Dynkin diagram has a vertex w with
Aw = 4, where )\, denotes the number of vertices of the diagram which are
adjacent to w. Hence, such diagram is not of finite type.
(i) Let dimV = 6; if ¢™ > 4 or ¢~ > 4 we proceed as in (i). So, we must
consider ¢t < 3 and ¢~ < 3. Because ¢t + ¢~ =6 then ¢t =3 and ¢~ = 3,
but since there is no Dynkin diagram of finite type with two vertices w, w’
with Ay, = 3 and A,y = 3, the result follows.
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(iii) If dim V = 5 we only must consider either ¢ =3 and ¢~ =2 or ¢t =2
and ¢~ = 3, by (ii). In any case we have that the associated Dynkin diagram
has two vertices w, w’ with A\, = 3 and A,y = 3 and the result follows.

1 2 3 4
° [ ° °
[ °
5 6

Thus, we must consider (p, V) with dimV < 4. Then, since dimV =
(Z) dim V},, where V), is the vector space affording p, we must consider the
different possibilities for n, k£ and p which satisfy the condition

<Z> dim V, < 4.

This inequality holds only in the following cases

(i) n=2and k= 1.

(ii) n =3, k=1 or 2 and hence dimV,, = 1.

(i) n =4, k =1 or 3 and hence dimV,, = 1.

(iv) any n, k =0or k =n and dimV,, = 1,2,3 or 4.
In (i), (ii) and (iii) the result follows from [AZ, Th. 2.7], Propositions 2.5
and 2.6, respectively. In the case (iv), k& # 0 by Remark 2.3 and k = n
would be considered for n odd, but this was discarded by hypothesis. (]

Theorem 2.12. Let € Sy, of type (27).

(a). If n is even then dimB(Oy, p) = oo for any p € @

(b). If nis odd and p # X(n) ® €, X(n) @ sgn, then dim B(Or, p) = oo for
any p € géi

The braided vector spaces associated to x(,) ® € or to x(,) ® sgn were
considered in Proposition 2.4.

Proof. We can assume that 7 = (12)(34)...(2n — 12n). By Propositions
2.5 and 2.11, we only need to consider 3 <n odd and p = py,u, With p in
g;, u # €,sgn. Notice that

23 XSn
Zz xs,™

Z% XSn,
p=Ind (X(n) ® 1) = Indz2 " (Xm) © 1) = X(m) ©

We distinguish two possibilities, as in the proof of 2.11.

(1). We suppose p(a;) = Id = p(3;) or p(ay) = —1d = p(f), for every I,
with 1 <1 < L. Then it is easy to check that p(By_1) = £1d, 1 <1 < L.
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Since Bs, By, ..., By are disjoint permutations we have that the operators
p(Bj), 1 < j < n, commute. Hence, there exists a basis of simultaneous
eigenvectors of such operators. This says that the representation u is not
irreducible unless dim V), = 1, and therefore . = sgn, but this is a contra-
diction by hypothesis. The case p(ay) = —Id = p(;), 1 < 1 < L, implies
p(Bgy—1) = 1d, 1 <1 < L; by analogous arguments we conclude p = €, a
contradiction by hypothesis.

(2). If n > 7 and p # €,sgn, then dimV, > 4, see [FH, 4.14]; hence
dim B(02", p) = co. It remains the case n = 5 and the representations

,0:)((5)®¢, P:X(5)®¢>

where ¢, 1 are the two irreducible representations of S5 of dimension 4, let us
say ¢ the standard representation of S5 and 1 its conjugated representation.
Let us consider p = x(5) @ ¢. We take m = A1 Ay A3A4 A5, By, ot a,
B1, mi, o and T as in the case n odd; so ST) =< Ay, Az, A3, Ay, A5 > x <
B1,Bs, B3, By >~ 73 x S5 and T = {mg = m,m1,...,7s} satisfying
m = BlA3A4A5, Ty — TI'Bl, T3 = A1A2B3A5, T4 = 7'1'337 Ty = BlB3A5,

76 = B1A3A4B3As, 7 = A1 Ay B1BsAs, 13 = A1 A2 B1A3A4B3As.

It is easy to check that the standard representation of S5 can be given by

-1 -1 -1 -1 010 0
0O 1 0 0 1 000
12 23) =
$(12) 0010,¢() 00 1 ol
0O 0 0 1 00 0 1
1000 1000
001 0 01 00
34) = 45) =
$(34) 0100’¢() 00 01
00 0 1 00 1 0

Then it is clear that

p(m) = =1d, p(m) = p(m2) = —d(B1), p(73) = p(74) = —¢(B3),

1 1
p(ms) = p(me) = p(m7) = p(mg) = —p(B1)p(B3) = 8 _01 _01 8
0 O 0 -1

If vl = (1, 0, 0, 0), Vg = (0, 1, —1, 0), V3 = (1, 0,0, —2) and V4 = (1, 1, 1, —4)
then they are simultaneous eigenvectors of those operators. Hence, we have
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fl=f2=(1,-1,-1,-1), f3 = f* = (—=1,1,—1,—1) and > = f6 = f7 =
f8 = (1,1,—1,—1). Thus, in the basis

w1 = ooV1, Wz = 0QV2, w3 = 01V1

w4 = 0102, W5 = 0201, We = 0202,

the braiding is diagonal of Cartan type and the matrix Q of the scalars
(qavb)a,b is

1 -1 1 -1 1 -1
-1 -1 1 -1 1 =1
1 -1 -1 -1 1 =1

Q= 1 -1 -1 -1 1 =1}’
1 -1 1 -1 -1 -1
1

-1 1 -1 -1 -1
the corresponding Dynkin diagram is Aél)
dim B(0L0, p) = 0.

Finally, if p = x(5) ® ¢ we proceed as the previous case using that the

, which is not of finite type. Hence

representation 1 is given by ¢ = sgn X¢. So, in the same basis as before we
have that the braiding is diagonal of Cartan type and we obtain the same
matrix Q; hence the result follows. O

2.4. Nichols algebras corresponding to even unmixed permuta-
tions. Let r,n € N, m,n > 2. Let m = A;... A, in Sy.,, where A; is
the 2r-cycle

Aj=Q2rj—2r+1 2rj—2r+2 --- 2rj),

<

for every j, 1 < j < n. As explained in section 2.1, we have

(6) Som = (A1, ..., Ap) X (B1,...,Bn_1) ~ Z. X Sy,
where B; is the involution
Bi=Q@2r(i—1)+12ri+1)(2r(i—1)4+2 2ri+2)---(2ri 2r(i +1)),
1 <¢<n-1 Then A; and B; satisfy the relations analogous to those in

subsection 2.3. Let p be an irreducible representation of S7,.,, of the form

73 XS

(7) p= Indzgr NS% (X ® :U‘),

where x € Zg\r and p € SY. Let w = exp(‘Z) € Gy, a primitive 2r-th root of
1; any irreducible representation of 75, is isomorphic to Xy, ... u,, Where

(8) X1, tn, (A]) = WUj7 1< ] <n,

with 0 <wu; < 2r — 1.
Notation: if p is as in (7), with x as in (8), we shall write p = pu, .. up,u-

-----
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By Lemma 2.1, if p(7) # —Id, then dimB(C,p) = oo. Hence, in the
following we only consider p = py,,. ., such that p(7) = —1d; that is

©) B Y
ie.up+-Fu,=r,3r,5r...,(2n—1)r.
For every (i,7), with 1 < i < j < n, we define

Y\ BiBiy1---Bj_1---BiaBi if i —j| > 1,

and 7(; ;) := 7B;;. Note that B;; acts as the transposition (i jlon A, ... A,
and that m(; ;) is in S5,,,. We can state the following.

Lemma 2.13. For every (i,j), with 1 <i < j <n, we have
(a) m(, ) is in C.
(b) there exists an involution o(; jy such that m jy = 0(; ;70 j)-
(c) there exist involutions o, G(;jy in Som such that 7l = ono and
Tiig) = 0T 0):

Proof. 1t is enough to prove this for : =1 and j = 2.
(a) and (b). It is easy to see that

T2 =7mB1=(1 2r+2 3 2r+4 5...4r -2 2r —1 4r)
X (2 2r+3 4 2r+5 6...4r—1 2r 2r4+1)As--- A,,

and we can choose
o2 =(2 2r+2)(4 2r+4)---(2r —2 4r —2)(2r 4r).
Clearly, (1 9) is an involution and 7(; 9) = (1 2)70(12) € C.

(c) For every 7,1 < j <mn,

oj =[] @G —Dr+h 2jr—h+1)
h=1

is an involution and satisfies ojmo; = Ay - - - A;l -+ Ap. Now,ifo =010y

1

then 77 = owo. Finally, if r is even and

O1,2) =(2 4r)(4 4r—2)---(2r 2r+2)
32 —1)(5 2r—3)--(r—3 r+5)(r—1 r+3)
(2r+3 4r—1)2r+5 4r—=3)---(2r+r—1 2r4+r+3),
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or if r is odd and

O, =(2 4r)(4 4r—2)---(2r 2r+2)
(3 20—1)(5 2r—3)---(r—2 r+4)(r r+2)
(2r+3 4r—1)(2r+5 4r—3)---2r+r 2r+r+2),
~1

(1,2)
0(1,2)70(1,2)- O

then 5(21 9 = id, and straightforward computations imply that =

We now consider two different cases according to the degree of p.

2.4.1. The degree of p is greater that 1.

—
Vi

Theorem 2.14. Let p be in S If degp > 1 then dimB(C, p) = cc.

2rn -

Proof. Let us consider two possibilities.
(A) Assume that there exists (i,7), with 1 < i < j < n, such that
) (W(M)) # +1d. For simplicity, we denote

t1 =, tg = 77_1, 13 1= T 5, tg := 77(;.71].),

g1 = 1id, g2 == o, 93 = (i 5) 94 7= 0(ij)-

Now, we have the following relations: t1g; = git; , | = 1,2, 3,4, and

tog1 = gito, tags = got1, tags = gsty, togs = gats,
t3g1 = gits, t3g2 = goly, t3gs = gsti, t394 = gato,
t1g1 = gity, t4g2 = gots, t4gs = gsto, t494 = gat1.

Since the elements tq, t2, t3 and t4 commute then there exists a basis of
simultaneous eigenvectors {v1,...,vr} of V, the vector space affording p.
Hence, either the operator p (W(ivj)) has at least two distinct eigenvalues or
p (W(i,j)) = A\1d, with A # +1.

In the first case, there exist s and ', 1 < s,s’ < R, such that

P(Ti ) Vs = Asvs  and  p(m(; ) Ve = gV,

with Ay # Ay; let us consider the subspace W of M (C, p) generated by

(10) {g1vs, g1vs1, g2vs, G2V, G305, G301, GaVs, Gavs ).

It is clear that T is a braided vector subspace of diagonal type of M (C, p).
Now, if A2 # 1 then it is easy to see that the generalized Dynkin diagram
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contains a cycle of the form

-1
°
(11) —1le o—1;
252 A2
°

while that if A2 = 1 then A\¢Ay # 1, this implies that the generalized Dynkin

diagram contains a cycle of the form

Aoy ij
—1le o—1.
)\\s_l;\x AS)‘s’

°

-1

Hence, in both cases we have dim B(C, p) = oo, by [H4].
In the second case, we choose any s, 1 < s < R; then the subspace of
M (C, p) generated by

{glvsv g2Vs, g3Us, 947}8}7

is a braided vector subspace of diagonal type of M(C,p), and its Dynkin
diagram contains a cycle as in (11). Hence, dim B(C, p) = oo, by [H4].

(B) Assume that p (W(i’j)) = +1d, for every (i,j), with1 <i < j <n. The
relation 7(; o) = mB1 gives p(B1) = F1d; the relations 7y 3y = 7B1B2B;
and p(B1) = £1d imply that p(Bs) = F1d, and so on. Hence, the operators
p(A1), ..., p(Ayn), p(B1), ..., p(Bn—1) commute, and there exists a basis of
simultaneous eigenvectors of V for those operators. Since degp > 1, p is not

an irreducible representation of S, which is a contradiction. O

2.4.2. The degree of p is 1. Say V = C - span of v. By (7), degp =[Sy, :

Sx] degu; thus SX = S,, and degp = 1. This implies that p = x.,.. ® p,

for some ¢, with 0 < ¢ < 2r — 1, and g = € or sgn. Note that if ¢ = 0 then

p(m) = 1, which is a contradiction by hypothesis. So, we can assume ¢ # 0.
We begin by the following result.
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Proposition 2.15. Let p = xc,...c® p, with 0 < c <2r —1.

(a) If r is odd and ¢ # r, then dim B(C, p) = oo.
(b) Ifr is even and c # %, v, 3, then dimB(C, p) = oo.

) o
Proof. Let

t =, ty =71, tz = A7 Ay A, ty=1t3",

g1 :=id, gs 1= 0, gs =01, g4 =09 Op,
where o1, ..., 0, are as in the proof of Lemma 2.13 (c). It is clear that

they satisfy the same relations as in subsection 2.4.1. Then the subspace of
M (C, p) generated by {giv, g2v, gsv, gsv} is braided of diagonal type which
matrix of coefficients (g;;)i;, see subsection 1.2, given by

-1 -1 —wT2 2

-1 -1 _WQC _w72c
Q= —w 2¢c _UJZC -1 1
—w 2 —1 —1

Since ¢ < 2r —1, it is easy to see that w*¢ = 1 if and only if 2¢ = r, 2r or 3r.
3r

Now, it is clear that if  is odd and ¢ # r, or if 7 is even and ¢ # 5, r, 5, we
have that w¢ # 1. This implies that the generalized Dynkin diagram has a
cycle as in (11). Hence, dim B(C, p) = cc. O

In the remaining cases, the braiding is always negative.

Theorem 2.16. Assume that p(w) = —1.
(a) If  is odd and p = Xy, @ p, with p = € or sgn, then the braiding is

negative.

b) If v is even and p = Xe...c @ pt, with ¢ = 2, r or 3 and 1 = € or sgn,
ey 2 2

then the braiding is negative.

Note that, for p as in (a) or (b), p(7) is not necessarily equal to —1.

In order to prove this result, we need two lemmata. Let us remember that
ty =, ..., ty is a numeration of C and g; € So,., are such that gnrgfl =1,
for all 1 <[ < M; we choose g7 = id.

Let ¢; in C, such that 7t; = t;m, i.e. t; in S5,,,. We know that v, :=
gl_ltlgl =t; and vy := gl_lwgl are in CN ST, . By (6), we can write

2rn:
(12) = Al Al B,
(13) = AP AR B

where B and B’ are in (By,...,Bp_1) ~S,. Let ® : (By,...,B,_1) — S,
be the group isomorphism given by ®(B;) = (i i+ 1), 1 <i<n—1.
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For every j, 1 < j <n, we define
Aj:={2rj—2r4+1,2rj —2r+2,...,2rj},
i.e. A; is the set of natural numbers that are “moved” by A;. We also set
(14) J:={j|A;B # BA;}.

If j ¢ J then d; is relatively prime to 2r, because A;lj is a cycle of length
2r. Clearly, if the type of ®(B) is (L) then card J = L. So, we can write

d; d;
(15) w=][47 [[A7B.
jéJ jed
and it is easy to see that g; can be chosen
(16) g=v [Jou,
J¢J
where o0 ;Ao ].1 = A;lj and every element of A is fixed by oy ; if j ¢ J and
j" # j, and v is such that
(17) v HAj vl = HA?jB,
jedJ jeJ
and that every element of A;, j € J, is fixed by v.
Lemma 2.17. ®(B) and ®(B’) have the same type in S,.

Proof. We will consider cases according to the type of ®(B) in S,,.
If the type of ®(B) is (127); this means B = id. We have that J = (), so
we can chose g = 071+ 07,. Then

—1 —1 —1
Yu=g9, wg =01 41001 0, Aoy,

and since 7q; is in C, i.e. it is a product of disjoint cycles of length 2r, we
have that JljleleJ is a cycle of length 2r, for all j. This implies that

yu = A7 - AT
with eq,..., e, relatively primes to 2r; this means that B’ = id.

If the type of ®(B) is (2). It is enough to assume that B = B; for some

i, 1 <4 <n—1. We saw that if j # 4,7 + 1 then d; is relatively prime to
2r, and that g; can be chosen as in (16), i.e.

g =v H Olj »

JAii+1
where v satisfies vA;A; v~ ! = A;.iiA?fllB, and if 7 # 4,i + 1 then the
elements of A; are fixed by v. Hence,
w=g'mg= 1] o }Ajo; v'Adiv= [] A7 AFAINB,
jAiit1 jAiyi+1
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with e; relatively prime to 2r, if j # 4,7 4+ 1. This implies that the type of
O(B) is (A}, ..., hbE) with

bihi + -+ brhg < 2.

Then the type of ®(B’) is (1) or (2); if it is (1) we have that B’ = id, then
B =id, by the first case, a contradiction. Thus, the type of ®(B’) is (2).

Notice that if the type of ®(B) is (2) then the same occurs for ®(B’), by
repeating the previous argument in each disjoint transposition that appears
in the decomposition of ®(B) as product of disjoint permutations of S,,.

In general, we can prove by the same argument that if the result is true
when the type of ®(B) is (L1) and (L9) then the result is also true if the
type of (I)(B) is (L%), if L1 = Lo, or (Ll,LQ), if Ly # Lo.

Let ®(B) be of type (L). We use induction in L and the previous para-
graphs to prove that the type of ®(B’) is (L). Explicitly, assume that there
exists L > 2 such that for every h < L it is true the following: if the type of
®(B) is (h), then the type of ®(B’) is (h). Suppose that the type of ®(B’)
is (hll“, . ,hl}?). We proceed as in the case L = 2. We can chose g; as in
(16), with v that satisfies (17), and if j ¢ J then the elements of A; are
fixed by v. Hence

Y=g 'rg = H O'ljlejle' ! H Ajv= H A;j H A;jB',
jgJ jed JEJ jed
with e; relatively prime to 27 if j & J, because 7yy; is in C. This implies that
bihi + -+ brxhg < L.

If b1hy + -+ bxhg < L or if bith1 + --- 4+ bghx = L with K > 1, then
hi,...,hg < L, and by inductive hypothesis and the previous paragraph we
have that the type of ®(B) is (h(fl, e hI}?) # (L), which is a contradiction.
So, type of ®(B’) is (hy)", with bjhy = L; if by > 1 we use inductive
hypothesis and the previous paragraph to say that the type of ®(B) is
(hb1) # (L), which is a contradiction. Hence, by = 1 and hy = L, it means
that the type of ®(B’) = (L), and this concludes the proof. O

Lemma 2.18. Let y;; and vy1; as in (12) and (13), respectively.
(a) For any r if n is odd, then >77_,(e; + d;) is even.
(b) If r is even and n is even, then 377 (ej +d;) =0 mod (4).

Proof. (a) If n is odd we have that the sign of 7 in Sg,, is

n

sgnm =sgnA;---sgnd, = (-1)" = —1,
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because Ai,..., A, are cycles of even length. Since ;1 € C we have that
sgny;; = —1, on the other hand

sgn-y;; = sgn Aﬂlll .- -sgn A;iln sen B = (—1)d1+"'+dn’

because B € (By,...,B,_1) and every By, ..., B,_1 is a product of an even
number of transpositions in Sg,,. Then dy + --- + d,, is odd. Analogously,
e1+ -+ e, is odd. Then the result follows.

(b) Assume that n is even. In this case the sign of 7 in Sg,, is 1; since
~v1 and vy are in C, dy + --- + dy, and e; + -+ - + e, are even. We suppose
that the decomposition of ®(B) in product of disjoint permutation in S,, is

(18) ®B)=m71- TK.
By Lemma 2.17, we have that
B(B) = {7

with |7,| = |77, for all k. Obviously, |B| = lem(|7|,...,|7x|) = |B’|.
For every k, 1 < k < K, we define

(19) J = {j | 1<j<nand qu)il(Tk) #* q)il(Tk)Aj}.

Clearly, card J = |7i|, for all k. Note that Ji, ..., Jg are disjoint sets and
if J is asin (14) then J = J; U--- U Jg. Besides, it is clear that

Jr={jl1<j<nand 4;0 (1)) # D (})A;}.

by Lemma 2.17. We write v;; as in (15) in a more precise form
_ d; d; d;
’Yllzglﬂ'g[l:HAj] HAja...HAjJ B,
JgJ Jje JeJK

and ¢; can be chosen as in (16)

Jg€J
where
_ di
(20) Vg H Aj vt = H A7 @ L),
JE€Jk J€Jk

and if j & Ji, every element of A; is fixed by v4; this allows to say that if
J & Ji then A; and v, commute. Hence, if 7y, is as in (13) then

=g 'ma =147 [[47--- 11 47 B,

J&J jeN Jj€JK
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with
i — —1
(21) [T A7 ') =vi" ] 45 we
Jj€Jk J€Jk
Since |y;1| = 2r, then B?" = id; this implies that | B| divides 2r, let us say
2r = |B|q, with ¢ > 1. It is straightforward to prove that
(22)
h|B| W2 Y e ds h“T—i"zjeJK d;
dA
[T475 = IT 4 | I A4 ,
jeJ VISE JjE€JK
for all integer h. When h = g both sides are equal to id and this implies
q% Yjen, 4
1T 45 =id,
JE€Jk
for all k. Since the order of [, ; A; is 2r we have that |7| divides >, ; d;.

Analogously, we can prove that |7;| divides >, ; e;, for all K. Hence, for

every k, 1 <k < K, there exist pg,p), > 1 such that

(23) > dj = |7klpx and > ej = |mlph.

jeJk J€Jk
By (20), (21) and (22), for every k we have that
h|B] h|B] h|B]
-1 —1 -1 —1
H A; =V, Y H A; v, Vg =1y vk, H Ajv Vg
JE€EJk JEJk JE€Jk
h|B| h|B|ps,
-1 dj x—1 -1
= H Aj“I) (k) v = U H A; Vi
jeJk jE€Jg
h|Blpx h|B|py
— -1 . _ €ig—1(/
= |y H Ay, = H Aj® (73)
JjeJK Jje€Jk
h|B|pkpj,
= I 4 :
JEJk

for all integer h. In particular, for h = 1 this implies that 2r divides | B|pgp),—
|B|. Since 2r = |B|q, we have that ¢ divides pyp}, — 1, for every k; let us say
that for every k, 1 < k < K, there exists x; > 1 such that

(24) pepe — 1 = qug.
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By a similar argument as in the previous paragraph, we can show that
h| 7| h| Ty |pxD),
(25) 4] =114 :
jedy JE€Tk
for all integer h. For h = 1, this says that 2r divides |7 |pgp}, — |7%|. Using
(24) and that |B| = |7x|yk, for some y; > 1, we have that y; divides zy, for
every k, let us say xp = yp2g, for some zp > 1. Hence

| Tk|pepk — |kl = |76l qyk 26 = |Blq 2 = 2124

Since r is even we have that |Tk|Pkp§€ = |7%| mod (4); this means that
(26) pi Y dj =|m| mod (4) and pp Y e = || mod (4).

JE€Jk jE€J
Clearly,
(27) (D d) (D e) =Imf* mod (4).

J€Jk J€Jk
Using (26), (27) and that |7|> =0 or 1 mod (4) we conclude that
(28) Z dj = Z e; mod (4),
JE€Jk JE€Jk
for every k, 1 < k < K. Moreover, if \Tk\Q 0 mod (4), then
(29) Zd—O_ZeJ mod ( or ZdZQ_ZeJ mod (
JEJk JEJk JEJk JE€EJk

and if |74]> =1 mod (4), then

(30) Zd_l_Ze] mod ( Zd_S_ZeJ mod (

Jj€Jx JE€Jk J€Jk JjeJ)
For h =0, 1, 2 and 3, we define

Kp:={k|1<k<Kand|r/?=h mod (4)}.

Then we can write
n

Sej+d)=> (ej+d)+ > D (ej+d)+ > > (ej+dy).

7=1 ]QJ kEK1UKs j€JTk ke UK jE€Jk
By (29), it is clear that
Z Z(ej +d;j) =0 mod (4),
kEK UK jEJ)
while if & € Ky UK;3 then >, ; (ej +d;) =2 mod (4). Besides, if j ¢ J
then d; and e; are relatively prime to 2r and it is easy to see that

1 1 dj _ A¢idj,
(31) Aj =01 Ul,jAJUz,j 915 = A 015 = (Ul LA i015)% _Aj 3
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this implies that 2r divides ejd; — 1, and since r is even we have e;d; = 1
mod (4). Using that d; and e; are odd and the last fact we can prove that

(32) ej +dj =2 mod (4),

for every j & J.
We saw that card Ji = |7y[, hence ;. i, card Ji, is even. Since

n = card J¢ + Z card Jy, + Z card Jy,
ke K1UK3 ke KogUKo

is even we have that a := card J°+ ), g x, card Ji is even. Hence
n
(33) > (ej+dj)=2a=0 mod (4),
j=1
and the result follows. O

Proof of Theorem 2.16 Let ty, ¢; in C that commute; it amounts to say
that v = gl_lthgl and y, = g,:ltlgh are in S7,,. Let p € S7_ as in the
statements (a) or (b). Let us remember from subsection 1.2, that g, =
p(vnn)s au = p(vu), am = p(yw) and g, = p(yn). We must see that gp, =
—1 = gy and qpq;n, = 1. The first conditions are trivially fulfilled. For the
last one we consider two cases.

CASE 1: h=1. Let 1, y1; be as in (12) and (13), respectively.

(i) Assume that p = xy,..r @ p, with p = € or sgn. Since p(m) = —1 and
p(m) = w™, with w = exp(X), we have that n must be odd. Then

quan = (X @ ) (yuvin) = Xryor @ 1) (v12) (Xryeor © 1) (11)
=W (B u(B) = (- )= ot =1,

by Lemma 2.17 and Lemma 2.18 (a).

(ii) Assume that r is even and p = Xe,....c ® pt, with ¢ = § or 3’2—”, and L =€
or sgn. The condition p(7) = —1 implies that n =2 mod (4); in particular
n is even. By Lemma 2.17 and Lemma 2.18 (b), we can say

qu4q11 = (Xc,...,c & H) (’71l7l1) = (Xc,...,c ® ,U*)(’Yll) (Xc,,..,c & ,U/)(’Yll)
Tt (B(B) = ()5 o = 1

CASE 2: h# 1. We call 7 := ty,.
(i) Assume that p = Xy, r ® p, with i = € or sgn. Then there exists ¢,

—

with 0 < &< 2r — 1, such that xz._;®u € S5  and

2rn
(34) M, xr,..r @p) =M(C,Xe,.c® M),

where i = € or sgn, say g = sgn. This implies that p := xz..c® p and p
have the same image, see (3), it means that (+w®) = (w") = {1, —1}. Since
w = exp('Z) it is clear that ¢ = r. Now, the result follows for p from the
case (1)(i). The case i = € is similar.
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(ii) Assume that r is even and p = Xe,....c @ pt, with ¢ = § or 321, and =€

or sgn. Then there exists ¢, with 0 < ¢ < 2r — 1, such that

(35) M(C’ Xe,....c ® /‘L) = M(Cv XE,...,é ® /7)’

where i = € or sgn, say @ = sgn. This implies that p := xz. . :® and p
have the same image, i.e. (:|:w5> = (w") = {1,4,—1,—i}. Since w = exp(*T)

it is clear that ¢ = § or 377" Now, the result follows for p from the case
(1)(ii). The case p = € is similar.
This concludes the proof. O
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