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ABSTRACT. Let k be an algebraically closed field of characteristic 0 and
let D,, be the dihedral group of order 2m with m = 4¢,t > 3. We
classify all finite-dimensional Nichols algebras over D, and all finite-
dimensional pointed Hopf algebras whose group of group-likes is D,,,, by
means of the lifting method. As a byproduct we obtain new examples
of finite-dimensional pointed Hopf algebras.

INTRODUCTION

This paper is concerned with the classification of finite-dimensional Hopf
algebras over an algebraically closed field k of characteristic 0. In particular,
we study pointed Hopf algebras over dihedral groups D,,,, m = 4t > 12, using
the lifting method, which leads to the study of finite-dimensional Nichols
algebras in the category Eigz)ﬂ) of left Yetter-Drinfeld modules over D,,.
For more examples over D, p an odd prime or 4, see [AG1, Section 3.3].

A significant progress has been achieved in [AS4] in the case of pointed
Hopf algebras with abelian group of group-likes. When the group of group-
likes is not abelian, the problem is far from being completed. Some hope is
present in the lack of examples: in this situation, Nichols algebras tend to be
infinite dimensional, see for example [AZ, AF2, AFZ, AFGV, FGV1, FGV2].
Nevertheless, examples on which the Nichols algebras are finite dimensional
do exist. Over Sz and S, these algebras were determined in [AHS]. All
of them arise from racks associated to a cocycle, and in loc. cit and [GG]
the classification of pointed Hopf algebras over Ss and S4 is completed,
respectively.

Let G be a finite group and let Ay be the group algebra of G. The main
steps of the lifting method for the classification of all finite-dimensional
pointed Hopf algebras with group G are:

(a) determine all Yetter-Drinfeld modules V' such that the Nichols alge-
bra B(V) is finite dimensional,

(b) for such V', compute all Hopf algebras A such that gr A ~ B(V)# Ay,
the Radford-Majid product. We call A a lifting of B(V') over G.
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(c) Prove that any finite-dimensional pointed Hopf algebras with group
G is generated by group-likes and skew-primitives.

Assume G = Dy, m = 4t,t > 3. In Section 2 we complete step (a),
that is, we determine all V' € ﬂig:yp such that the Nichols algebra B(V) is
finite-dimensional, and we describe explicitly these Nichols algebras. Then
we prove step (b) and (c) in Section 3, which are given by Theorem B and
Theorem 3.2, respectively.

Summarizing, the main theorems of the present paper are the following;
for definitions see Definitions 2.6, 2.9 and 2.14.

Theorem A. Let B(M) be a finite-dimensional Nichols algebra in Egz)}D.
Then B(M) ~ A\ M, with M isomorphic either to My, or to My, or to
Mrp, withl €Z, L € L and (I,L) € K, respectively.

The proof of the preceeding theorem uses the classification of finite-
dimensional Nichols algebras of diagonal type due to I. Heckenberger [H].

Although all Nichols algebras in ﬂigz YD turn out to be exterior algebras,
we write B(M) to enphasize the Yetter-Drinfeld module structure. The
following theorem gives all liftings of these families of Nichols algebras.

Theorem B. Let H be a finite-dimensional pointed Hopf algebra over Dy, .
Then H 1is isomorphic to one of the following algebras

(a) B(Mp)#KD,,, with I ={(i,k)} € Z, k # n.

(b) B(Mp)#KD,,, with L € L.

(¢c) Ar(\, ), withI €Z, |I| >1 or I ={(i,n)} and v=0.

(d) Br,.(\,7,0, 1), with (I,L) € K, |I| >0 and |L| > 0.
Conversely, any Hopf algebra appearing in the list is a lifting of a finite-
dimensional Nichols algebra in ﬂjggyp.

After the study of finite-dimensional pointed Hopf algebras over Ss, Sy,
this theorem is the first result that gives an infinite family of non-abelian
groups where the classification of finite-dimensional pointed Hopf algebras
with non-trivial examples is completed and, unlike the symmetric groups
case, it provides for each dihedral group infinitely many non-trivial finite-
dimensional pointed Hopf algebras.

The paper is organized as follows. In Section 1 we establish conventions
and recall some basic facts about pointed Hopf algebras H such as the
coradical filtration, the grading associated to it and the category Zgyp of
Yetter-Drinfeld modules over the corradical. If G = G(H), the irreducible
modules of ggyD are parametrized by pairs (O, p), where O is a conjugacy
class of G and p is a simple representation of the centralizer of an element
o € O. At the end of this first section we recall the type D-criterium
[AFGV, Thm. 3.6], which helps to determine when the Nichols algebra
B(O, p) associated to (O, p) is infinite-dimensional, depending only on the
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rack structure of the conjugacy class O. In Section 2 we work with Nichols
algebras over the dihedral groups D,,, with m = 4t > 12 and give the proof
of Theorem A. We begin by determining which irreducible modules give
rise to finite-dimensional Nichols algebras and then we extend our study to
arbitrary modules. It turns out that all finite-dimensional Nichols algebras in
gigz YD are exterior algebras of some irreducible modules or specific families
of them. The last section of the paper is devoted to the classification of
pointed Hopf algebras over D,,, that is, to the proof of Theorem B. It
consists mainly in the construction of the liftings of the finite-dimensional
Nichols algebras given in Section 2. To do this, we show first in Theorem
3.2 that all pointed Hopf algebras over D,,, m = 4t > 12 are generated
by group-likes and skew-primitive elements. Then we prove that if H is a
pointed Hopf algebra over I,,, then some quadratic relations must hold and
using these relations we define in Definitions 3.9 and 3.11 two families of
quadratic algebras. Finally, using representation theory we prove that these
algebras together with the bosonizations are all the possible liftings. We
conclude the paper with the study of the isomorphism classes.

1. PRELIMINARIES

1.1. Conventions. We work over an algebraically closed field k of charac-
teristic zero. Let H be a Hopf algebra over k with bijective antipode. We
use Sweedler’s notation A(h) = hy ® hgy for the comultiplication in H, but
dropping the summation symbol, see [S].

The coradical Hy of H is the sum of all simple sub-coalgebras of H. In
particular, if G(H) denotes the group of group-like elements of H, we have
kG(H) C Hy. We say that a Hopf algebra is pointed if Hy = kG(H).
Denote by {H;}i>o the coradical filtration of H; if Hy is a Hopf subalgebra
of H, then gr H = @,,>0 gr H(n) is the associated graded Hopf algebra, with
grH(n) = H,/Hp—1 (set H_1 =0). Let 7 : gr H — Hp be the homogeneous
projection, then R = (gr H)“7 is the diagram of H; which is a braided Hopf
algebra in the category g‘;y@ of left Yetter-Drinfeld modules over Hy, and
it is a graded sub-object of gr H. The linear space R(1), with the braiding
from I’f,gyp, is called the infinitesimal braiding of H and coincides with the
subspace of primitive elements P(R) = {r € R: Agr(r)=r®1+1®r}.
It turns out that the Hopf algebra gr H is the Radford-Majid biproduct
gr H ~ R#kG(H) and the subalgebra of R generated by V' is isomorphic to
the Nichols algebra B(V).

1.2. Yetter-Drinfeld modules over kG. Let G be a finite group. A left
Yetter-Drinfeld module over kG is a left G-module and left kG-comodule M
such that

5(g.m) = ghg~ ' @ g.m, V'm e My,g,h € G,

where My, = {m € M : §(m) = h®@m}; clearly, M = @peccMp,. The support
of M is suppM = {g € G : M, # 0}. Yetter-Drinfeld modules over G are
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completely reducible. Also, irreducible Yetter-Drinfeld modules over G are
parameterized by pairs (O, p), where O is a conjugacy class and (p, V) is an
irreducible representation of the centralizer C (o) of a fixed point o € O.
We denote the corresponding Yetter-Drinfeld module by M (O, p) and by
B(O, p) the associated Nichols algebra.

Here is a precise description of the Yetter-Drinfeld module M (O, p). Let
o1 =o0,...,0, beanumeration of O and let g; € G such that gmg{l = g, for
all 1 <i <n. Then M (O, p) = Bi<i<ngi ® V. Let giv =g, ®v € M(O, p),
1<i<n,veV.IfveVand1l<1i<n, then the action of g € G and the
coaction are given by

g-(giv) = gj(v-v), d(giv) = 05 ® g;v,

where gg; = g;7, for some 1 < j <n and v € Cg(c). The explicit formula
for the braiding is then given by

c(giv ® gjw) = 0i - (gjw) ® giv = gn(y - v) @ giv (1)
for any 1 <14,5 < n, v,w € V, where 0;g; = g7y for unique h, 1 < h <n
and v € Cg(0o). Since 0 € Z(Cg(0)), Schur’s Lemma says that o acts by a
scalar gy, on V.

The following are useful tools that, under certain conditions, allow us to
determine if the dimension of a Nichols algebra is infinite. These results
are about abelian and non-abelian subracks of a conjugacy class O of G,
respectively.

Lemma 1.1. [AZ, Lemma 2.2] Let G be a finite group, O, a conjugacy class
in G. If Oy is real (i.e. 01 € O) and dimB(O,,p) < 00, then goo = —1

and o has even order. O

We say that O is of type D if there exist r, s € O such that (rs)? # (sr)?
and r and s are not conjugate in some subgroup H of G containing r and s.

Lemma 1.2. [AFGV, Thm. 3.6]. If O is of type D, then B(O, p) is infinite-

dimensional for all p. O

Let A be a finite abelian group and g € Aut(A). We denote by (A, g) the
rack with underlying set A and rack multiplication z>y := g(y)+ (id —g)(z),
x,y € A; this is a subrack of the group A x (g). Any rack isomorphic to
some (A, g) is called affine.

For instance, consider the cyclic group A = C), and the automorphism g
given by the inversion; the rack (A, g) is denoted D,, and called a dihedral
rack. Thus, a family (u;);ez/n of distinct elements of a rack X is isomorphic
to Dy, if p; > pj = pa;—; for all 4, j.

Lemma 1.3. [AFGaV, Lemma 2.1]. If m > 2, then the dihedral rack Doy,
s of type D. O
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2. NICHOLS ALGEBRAS OVER D,,,m =4t > 12

Let m be a positive integer, m > 3. The dihedral group of order 2m can
be presented by generators and relations as follows

D= {2,y | a>=1=y™, zy=y ‘z).

From now on we assume that m = 4t, with t > 3, and set n = 3 = 2t.

In this section we determine all finite-dimensional Nichols algebra over
D, see Theorem A.

2.1. Nichols algebras of irreducible Yetter-Drinfeld modules. In
[AF1, Table 2], it was determined the dimension of Nichols algebras of some
irreducible Yetter-Drinfeld modules over D,,, with m even. Here we com-
plete the study in the case m = 4t > 12, determining the dimension of the
Nichols algebras of the irreducible Yetter-Drinfeld modules coming from the
remaining two conjugacy classes O, and Oy,.

2.1.1. The conjugacy class of y™. Since y™ is central, the conjugacy class and
the centralizer of y" in Dy, are Oyn = {y"} and Cp,, (y") = D,,, respectively.
The irreducible representations of ID,,, are well-known and they are of degree
1 or 2. Explicitly, there are:
(i) n—1 = 2 irreducible representations of degree 2. Set w an m-th
primitive root of 1; they are given by p; : Dy, — GL(2,k),

. 0 1\" [/’ 0\
e = (1 5) (5 ) 1=e<n )

(ii) 4 irreducible representations of degree 1. They are given by Table 1.

’0‘1‘ y" \yb,lgbgn—l\x\xy‘
x1 |1 1 1 1|1
X2 | 1 1 1 —-1] -1
xs | 1] (=1)" (=" 1]-1
Xa 1] (=1)" (=1)° —1] 1

TABLE 1. One-dimensional irreducible representations of
Dy, with m = 2n even.

Let p be an irreducible representation of Cp,, (y") = D,,. Since n is even,
if degp = 1 or p = py as in (2) with £ even, then dimB(Oyn,p) = oo.
Indeed, here gynyn # —1 and Lemma 1.1 applies. In the cases when p = p,
as in (2) with £ odd, we have that gyny» = —1. Let My = M(Oyn, py), then
we have the following lemma.

Lemma 2.1. [AF1, Thm. 3.1 (b) (i)] B(Oyn, pe) ~ \ My, for all £ odd with
1 </l < n. In particular, dimB(Oyn, pg) = 4. O
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Notice that there are t irreducible Yetter-Drinfeld modules with support
Oyn such that its Nichols algebras is finite-dimensional.

2.1.2. The conjugacy class of Yy, 1< < n — 1. The conjugacy class and
the centralizer of y* in Dy, are Oy = {y",y™'} and Cp,,(y') = (y) ~ Z/m,
respectively. The group of characters of Cp,, (y') is

Cp,, (¥") ={x@w) |1 <k <m —1},

where x(r)(y) = Wk with w an m-th primitive root of 1. Let M;; =
M(y", X(x))- Since O, is real, if X (k) (y') # —1, then dim B(Oy:, x(1)) = 00,
by Lemma 1.1. Assume that x)(y') = —1; this amounts to: there exists 7,
with r odd and 1 < r <m — 3, such that ik = rn.

Let N = {k]0 < k < m —1,xu(y") = —1}. Then, for every i with
1 <4 < n —1 there are card V; irreducible Yetter-Drinfeld modules with
support O and dim B(O,:, X(k’)) < 00. Let w € k be a primitive m-th root
of 1. We define J = {(i,k): w*=-1,1<i<n—-1,1<k<m—1}.

Remarks 2.2. Notice that if (i,m) = 1, then N; = {n}. Also,
e if i =2, then Ny = {¢t,3t};
e if i =3, then N3 = {n} if 3 ft, whereas N3 = {2u, 6u, 10u} if t = 3u;
o if i =4, then Ny =0 if 2 Jt, whereas Ny = {u, 3u, 5u, Tu} if t = 2u.

Lemma 2.3. [AF1, Thm. 3.1 (b) (ii)] B(Oyi, X (1)) = A\ Mi g, for all (i,k) €
4.

J. In particular, dim B(Oyi, x (1)) = O

2.1.3. The conjugacy classes of x and xy. We show that these two conjugacy
classes give rise to infinite-dimensional Nichols algebras.

Lemma 2.4. The classes O, and Oy are of type D. Hence dim B(Oy, p)

—

and dimB(O,y,n) are infinite for all p € Cm) and n € Cp,, (zy).

Proof. Since the classes O, and O,, are isomorphic as racks to the dihedral
rack D,,, the result follows from Lemma 1.3. U

2.2. Nichols algebras of arbitrary Yetter-Drinfeld modules. In this
subsection we determine all finite-dimensional Nichols algebras in ﬁgz YD.
Specifically, we prove that they are all exterior algebras over some Yetter-
Drinfeld modules. For such a module, we write B(M) instead of A M to
enphasize the Yetter-Drinfeld module structure.

2.2.1. Nichols algebras over the family {M; 1.} Recall M; = M(Oyi, x 1)),
with 1 <i<n—1,0<k <m—1. We define an equivalence relation in .J,
see Subsection 2.1.2, by

(i,k) ~ (p,q) if W' PF = 1. (3)
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Conjugacy class Centralizer | Rep. dimB(V)
e Dy, any o0
Oy% = {y5}7 Dy, X1s X2y X3y X4 o0
|O m|=1 pe, £ even
Yy 2
pe, £ odd 4
Oyi = {yil}7 i 7é 0, %7 Z/m = <y> X(k)> w;lfb =-1 4
| Oyi |=2
X(k), Win 7# —1 00
Oy = {zy’ : j even} Z)2X7)2~ |e®¢, c®sgn, 00
| O: |= 5 () ® (y?) |sgn®sgn, sgn@e
Ogy = {xy’ : j odd} Z)2X7)2~ |e®¢, c®sgn, 00
| Oy |= % (xy) ® (yz) |sgn®sgn, sgn ®e
TABLE 2. D,,, m = 4t with ¢ > 3.
In such a case, one can prove that wP¥ = w7 = —11. We denote by [i, k] =

{(p,q) € J: (p,q) ~ (i,k)} the class of (i, k) under this equivalence.

Proposition 2.5. Let M = M;, j, ® --- @& M;, . with (is,ks) € J for all
1 < s <r. Then dimB(M) < oo if and only if (ip, kp) ~ (ig, kq) for all
1<p,q<r. In such a case, B(M) ~ A M and dimB(M) =4".

Proof. Assume first r = 2. Let (i,k),(p,q) € J and consider M, and
Mp4. Then Oy = {07 = yi, o9 =y '}, Op = {m := yP, 72 := y P} and
X(k)(yi) = —1=x(q(¥"). Set g1 = h1 =1 and g2 = hy = =, then

ay'or =01, guieyt =09, hyPhT' =11, hoyPhy' =T

Consider now the Yetter-Drinfeld module M = M; , © M, 4. As a vector
space M = k-span of {g1,g2,h1,h2}. The braiding ¢ in M is given by

C’Mi,kGEMi,k = CM; 1> C‘Mp,q@)Mp,q = CMp,q» and

c(g1 ® h1) = Xx()(¥") b1 @ g1, (g1 ® ha) = X(g) (¥ ™) ha ® g1,
A(g2®@h) =X VM ®ga,  c(g2®h2) = x(g)(y') ha @ ga,
c(h1® g1) = X(x)(¥") 91 @ ha, c(h1 ® g2) = X)) (¥ ") g2 ® ha,
clha®g1) = X)) (¥ ) g1 @ ha,  clha ® g2) = X)) (y') g2 @ ha.

IWrite n = (i,n)h. Since nlik, one has that h|k. As n|iq + pk, we have that (i,n)|pk
and thus n|pk. Then prove that pk =n mod m.
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Thus M is a diagonal vector space whose matrix of coefficients is

~1 -1 X)) X

o-— —1 —1 X W™ xXW)
X)) xa(WP) -1 -1
Xy (WP) Xy (¥F) -1 -1

Let X := x(g (4" )x((¥P) = wtPk Tf X £ 1, then (i,k) ~ (p,q) and
dim B(M) = oo, by [H], since the generalized Dynkin diagram associated to
M is given by Figure 1.

FIGURE 1

If A\ =1,i e w9 =1 then (p,q) ~ (i,k). In such a case, wPF =
w' = —1, see the paragraph after (3), and whence B(M) = A M, since the
braiding in M is ¢ = —flip; in particular dim(M) = 16.

Assume r > 2 and let M = M;, ;, & --- & M;_ i, with (is,ks) € J for
all 1 < s < r. In particular, wisks = —1 for all 1 < s < r. If there exist
D, ¢, 1 < p,g < r such that (ip, kp) = (ig,kq), 1. €. X(kq)(yip)x(kp)(yiq) =

wirkatiake £ 1 then dim B(M;, k) ® M;, k,) = 0o as above, which implies
that dim®B(M) = oo. Thus (ip, kp) ~ (ig,kq) for all 1 < p,q < r and
X(kg) U)X (ky) (y'7) = wiFatiake = 1. As before, withr = wirks = —1, which
implies that B(M) = A M, since the braiding in M is ¢ = —flip; in particular
dimB(M) =4". O

Definition 2.6. Let
{I— H{ (1s,ks)} : (s, ks) € J and (ig, kg) ~ (ip, kp), 1 < s,p < r}.
For I € 7, we define My = EB(UC)GI M; k.

By Proposition 2.5, we have B(M;) ~ A\ M; and dim B(M;) = 4/'1.
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Remark 2.7. Denote by a; i, b; i, (i,k) € I the primitive elements that gen-
erate B(M;). Then, the Yetter-Drinfeld module structure is given by

x-a;p = b, y-aip = whap, §(aik) =y @ ai, (4)
b= a;k, Y bk =w ", §(big) =y " @by (5)
2.2.2. Nichols algebras over the family {M,}. Recall that My = M(Oyn, py).

In this subsection we study Nichols algebras over sums of irreducible Yetter-
Drinfeld modules isomorphic to My, with 1 < £ < n, £ odd.

Proposition 2.8. Let M = My, & --- & My, with 1 <l <n odd numbers.
Then B(M) ~ A M and dim*B(M) = 4".

Proof. It suffices to show the braiding ¢ in M is ¢ = —flip. Let 1 < p,q¢ <r
and denote by v, v2 and wy, ws the linear generators of M, and Mp,, respec-
tively. Then ¢ = —flip in My, & Mp,. Indeed, we know that C‘sz oM, = —flip

and C‘ng(g]\/[eq = —flip, by Lemma 2.1, and
c(v@wy) =y" - w @uy = Wi @ v = (—l)g‘?wl QU1 = —wi Q vy,
c(v1 @ wa) =y - wa @ vy = w wy @ vy = (—1) Wy @ v = —wa @ vy,
c(vo@wy) =y" - wy Qug = W, @ vy = (—l)g‘?wl ® V9 = —w1 ® Vo,
c(vy @ wy) = Y™ - wo @ vy = w MWy @ vy = (—1) Wy ® vy = —wa ® vy,
by straightforward computations. O

Definition 2.9. Let
L= {L = H{Es} 1 <4q,..., 0 <nodd numbers}
s=1

For L € L, we define My, = @, M,.
By Proposition 2.8, we have: B(M}) ~ A\ My, and dim B (M) = 4/,

Remark 2.10. Denote by ¢y, dy with £ € L the primitive elements that gen-
erate B(M|). Then, the Yetter-Drinfeld module structure is given by

x-cp = dy, y - cp = whey, d(ce) = y" @ cy, (6)

x-dy = ¢y, y-dp = wizdg, (5(dz) =y" ®dy. (7)
2.2.3. Nichols algebras over mized families.

Proposition 2.11. Let M, ;¢ = M, @ M, with (i,k) € J and 1 < <n
be an odd number. Then dimB(M; ) < oo if and only if k is odd and
(i,£) € J. In such a case, B(M; o) ~ N\ M; ¢ and dim B(M; ) = 16.
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Proof. Let c: M; g o @ M; g o — M; g0 @ M; g ¢ be the braiding of M; . 0. As
before, it suffices to show that ¢ = —flip. Denote by g1 = 1,90 = = and
v1, v2 the linear generators of M;j and Mp, respectively. Then by Lemmata
2.3 and 2.1, we have that c|ps, ,om,, = —flip and ¢[r,gnm, = —flip. Thus ¢
is determined by the values

(g ®@v) =y v ®g =uwv g,
c(v1®g) =9y" g1 @v1 =Xk (y")g1 @v1 = W g @ v = (—1)F g1 ® vy,

c(g2 ® vy Z'-vl®gzzuf v ® g2,

c(v1 ®g2) =y" - g2 ®v1 = X(x )(yn)QQ ®u =wgp v =(-1)Fg v,

c(v2®@g1) =y" - g1 ®v2 = X(k)(¥")1 @ v2 = wg1 @ vy = (=1)*g1 © v,

clg2 @ vo

( ) =

(g2 ®v1) =

( ) =

(g ®@v) =y 200 =w g,
( )

( )=y "0 ® g = wuy @ g,
(v2 ® g2) =

c(v2 @ g2) =" g2 @ v2 = X(i) (") g2 ® v2 = W™ gy @ w2 = (—1)*ga @ 2.

This implies that M is a diagonal vector space with matrix of coefficients

Let A := (—1)*w™. If X # 1, then the generalized Dynkin diagram associated
to M; 1 ¢ is given by Figure 1 and whence dim B(M ) = oo, by [H]. Therefore,
in order to have dim B(M; ) < oo we must have that A = 1, that is,
(-1 = w*. By assumptlon w* = —1, thus w = (-1)¢ = —1, because
(s odd. But —1 = (w)* = ((=1)*)* = (=1)*", thus k must be odd and
w = —1,4.e (i,f) € J. In such a case, the braiding in M;;, is ¢ = —flip
and then B(M; 1 ¢) ~ A\ M, ;¢ and dim(M; ;) = 16. O

For I € 7 and L € L, define M; 1 = (@(i,k)el Mi7k> @ (®€€L Mg). The
next result generalizes Proposition 2.11 for arbitrary finite sums.

Proposition 2.12. Let I € Z,L € L and assume that k is odd for all
(i,k) € I. Then dimB(My,1) < oo if and only if (3,£) € J for all (i,k) € I,
te L. In such a case, B(Mrr) ~ N\ M and dimB(M; 1) = AHTI+IL]

Proof. Denote by a;,b; 1 and ¢, dy the linear generators of M;; and My,
respectively, for all (i,k) € I, £ € L. Then by the proof of Propositions 2.5,
2.8 and 2.11, it follows that dim B (M7 1) is finite if and only & is odd for all
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(i,k) € I and (i,¢) € J for all (i,k) € I, £ € L. In such a case, the braiding
in My, is given by —flip and whence B(My ) ~ A My 1. O

Remark 2.13. Denote by a; j, b; k, ¢¢, d¢ with (i,k) € I and ¢ € L the prim-
itive elements that generate B(My ). Then, the Yetter-Drinfeld module
structure is determined by (4), (5), (6) and (7).

Definition 2.14. We define
K={(,L): I€Z,Le€Landkodd,(if) € Jforall (i,k) e I,L € L}.

By Proposition 2.12, for all (I, L) € K, we have B(Mr ) ~ A\ M and
dim B(My 1) = 4l I+IE

2.3. Proof of Theorem A. Let B(M) be a finite-dimensional Nichols al-

gebra in tggyp. Since ﬂigzyl? is semisimple, M must be a finite direct

sum of irreducible Yetter-Drinfeld modules. Then the result follows from
Lemmata 2.3, 2.1 and Propositions 2.5, 2.8, 2.11. Clearly, Nichols algebras
over distinct families are pairwise non-isomorphic, since they are generated
by the set of primitive elements which are non-isomorphic as Yetter-Drinfeld
modules. O

3. LIFTINGS OF NICHOLS ALGEBRAS OVER DIHEDRAL GROUPS

In this section we describe all finite-dimensional pointed Hopf algebras
over dihedral groups I,,, assuming that m = 4¢, ¢ > 3.

Let H be a Hopf algebra with bijective antipode and let B € gyD be a
braided Hopf algebra. From B and H one can construct a new Hopf algebra
B+#H, called the Majid-Radford product or bosonization, whose underlying
vector space is B ® H and the Hopf algebra structure is given by

(a#th)(b#k) = a(hq) - b)#ho)k,
A(agth) = aV#(a@) _1yhay @ (@) o) #h ),

for all (a#h), (b#k) € B#H, where Ag(a) = o) @ a? is the braided
coproduct and dp(a) = a(_1) ® a(g) is the coaction of H on B.

Remark 3.1. Assume that A is a finite-dimensional pointed Hopf algebra
with Ag = kG(A) and let grA = @, ,Ai/Ai—1. Then grA is a Hopf
algebra which is isomorphic to the bosonization R#kG(A), where R = A®°™.
If a € R(1) is a homogeneos primitive element, i.e. §(a) = g® a, g € G(A),
then a#1 € R#kG(A) is (g, 1)-primitive. Indeed, by the formula above we
have A(a#1) = aV#(a®)_1) ® (@) g)#] = a#l @ 1#1 + 1#g ® a#1.
Consider now the projection, m : Ay — Aj/Ag, which is in particular a
proyection of Hopf kG(A)-bimodules, and denote by o a section of Hopf
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kG(A)-bimodules. Since A1/Ag = Ag ® P(R)#kG(A), by [AS1, Lemma
2.4], we have that a#1 € A1/Ao, and o(a#1) is (g, 1)-primitive in A.

The following is a key step for the classification, see [AS2, Prop. 5.4],
[AS3, Thm. 7.6], [AG2, Thm. 2.1], [GG, Thm. 3.1], [AGI, Thm. 2.6]. It
agrees with a well-known conjecture [AS2, Conj. 1.4].

Theorem 3.2. Let A be a finite-dimensional pointed Hopf algebra with
G(A) =D,,. Then A is generated by group-likes and skew-primitives.

Proof. Since gr A = R#kD,,, with R = @,,~, R(n) the diagram of A4, it is
enough to prove that R is a Nichols algebra: since in such a case, A would
be generated by G(A) and skew-primitive elements. Let S be the graded
dual of R. By [AS2, Lemma 5.5], S is generated by V = S(1) and R is a
Nichols algebra if and only if P(S) = S(1), that is, if S is itself a Nichols
algebra.

Consider B(V) € (3" YD. Since V = R(1)* = P(R)* and B(P(R)) is
finite-dimensional, we have by [AG1, Prop. 3.2.30] that B(V) is also finite-
dimensional and by Theorem A, B(V') is isomorphic to an exterior algebra
B(My), B(Mp) or B(My,), withI € Z, L € L and (I,L) € K, respectively.
Moreover, a direct computation shows that the elements r in S representing
the quadratic relations are primitive and since the braiding is —flip, they
satisfy that c(r @ r) = r®@r. As dim S < oo, it must be r = 0 in S and
hence there exists a proyective algebra map B(V) — S, which implies that
S is generated by S(1). O
3.1. Some liftings and quadratic relations. We begin this subsection
with the following proposition that shows how to deform the relations in the
Nichols algebras to get a lifting.

Let A be a finite-dimensional pointed Hopf algebra over kDD,,,. Then by
Theorem 3.2, we have that gr A = B(M )#kD,,, and its infinitesimal braiding
M is isomorphic either to My with I € Z and |I| > 1 or I = {(i,n)}, or My,
with L € £, or My, with (I,L) € K and |L| > 0, |I| > 0, see Subsections
2.2.1, 2.2.2 and 2.2.3.

From now on, we denote by g, h the generators of G(A) ~ D, with
g>=1=h" and ghg = h™'.

Forall 1 <r,s <m,let M) ={ae M: §a) =h"®ah-a=uw"a}.
Then M = @m M?. Following Remark 3.1, we write x = o(a#1) for the

element in A defined by the Hopf kG (A)-bimodule section o. In particular,
if @ € Mg, then x is (h*,1)-primitive and hzh™! = w"x.

Proposition 3.3. Let A be a finite-dimensional pointed Hopf algebra with
G(A) = Dy, and infinitesimal braiding M. Let a € M2 b € M} with 1 <



ON POINTED HOPF ALGEBRAS OVER DIHEDRAL GROUPS 13

r,8,u,v < m and denote x = o(a#1), y = o(b#1). Then there exists A € k
such that

Y + YT = Sy m—rA(1 — h5TY). (8)
In particular, if =y we have that 2% = §, , N'(1 — h%®) with N = %

Proof. By Theorem 3.2, M is isomorphic either to to M with I € 7 and
|I| > 1 or I = {(i,n)}, or My with L € L, or My, with (I,L) € K and
|L| >0, |I] >0. Asa € M?,b e M, Propositions 2.5, 2.8 and 2.12 yield that
W= —1=w" and (r,8) ~ (u,v), i.e. W% =1 and W™ = —1 = W,

A straightforward computation yields that the element o = zy + yx is

(h*1? 1)-primitive. Indeed,

Ala) = Azy + yx)
=@@1+hR2)(y1+h"@y)+YR1+h" ey)(r®@1+h @)
=2y 1+ah’@y+hyr+h @y +yr® 1+

tyh* @z +hrey+hT ey
=(zy+yr) @1+ hT @ (zy + yx) + (zh’ + h'z) @ y + (h°y + yh®) @ x
= (zy+yz) ® 1+ b @ (zy + yz).

If s+ v =0 mod m, then « is primitive. Since A is finite-dimensional, we

must have that a = 0. Suppose s + v Z 0 mod m. Then, by Theorem

3.2 there exist (h*TY,1)-primitive elements z; ; € M; with ¢ = s + v and
A, Bi,j € k such that

a=X\1- hs+v) + Z Bi,jTi ;-
1=5+0,]

Conjugating on both sides by h gives
hah™! = W™ a = Mp.gik(l—R5TY) + Z B@jwjxi’j,
i=5+v,j
which implies that A = Aw™ ™ and 3; jw’ = G; jw™ ™ for all i,5. If r +u # 0
mod m, then A, ;i = 0. Thus, to end the proof we need to show that
necessarily 3; ; = 0 for all 4,j. Suppose on the contrary that 3; ; # 0 for
some ¢,j. Then j =r +u mod m. In such a case, as i = s + v we have

(s+v)(r+u) _ sr+ou sutor

—l1=w9=w w w =1,

a contradiction. In conclusion, we must have that & = 0y m—r A(1=h*TY). O

As a direct consequence of Proposition 3.3 we get the following corol-
laries. The first one shows that all pointed Hopf algebras over D,,, whose
infinitesimal braiding is isomorphic to My, with I = {(i,k)} € Z, or My,
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with L € £, as in Subsections 2.2.1 and 2.2.2, respectively, are isomorphic
to bosonizations.

Corollary 3.4. Let A be a finite-dimensional pointed Hopf algebra with
G(A) = Dy,, such that its infinitesimal braiding M is isomorphic to Mj
with I = {(i,k)} € Z and k # n, or My, with L € L. Then A ~ gr A ~
B(M)#KD,,.

Proof. Suppose M ~ My, with I = {(i,k)} € Z and k # n and denote
z = o(a;i,#1), y = o(bix#1). Then Proposition 3.3 gives 2% = 0 = ¢?
and zy + yz = §; m—iA(1 — T4 = 0 for any A € kX. Thus A ~ gr A ~
B(Mp)#kD,,. Assume now that My with L € £ and denote x = o(cs#1),
y = o(cp#1) with £,/ € L and ey, ey in the set of linear generators {cy, dy :
¢ € L} of M. As z and y are (h",1)-primitive, a similar computation
as above shows that x, y and xy 4+ yx are primitive. Hence A ~ gr A ~
B(Mp)#KkD,, and the corollary is proved. O

The following two corollaries give the explicit relations that a lifting of a
Nichols algebra over D,;, must satisfy.

Corollary 3.5. Let A be a finite-dimensional pointed Hopf algebra with
G(A) = Dy, such that its infinitesimal braiding is isomorphic to My, with
I €T and |I| > 1 or I = {(i,n)}. Denote xp, = o(ap,#1) and ypq =
o(bpq#1) for all (p,q) € I. Then there exist two families of elements in k,
A= Mpgik) o), ikyers nd Y = (Ypgik)(pa),Grer, such that

TpaTik + TikTpg = Ogm—tMpgik(l— hPTT), (9)
Ypa¥ik + YikUpg = Sqm—kApgik(l— R, (10)
Tpq¥ik + YikTpg = OqkVp.qik(l — WP, (11)

O

Remark 3.6. Note that the symmetry of relations (9) and (11) imply that
the families A = (Apq,ik) ). (ke A0d Y = (Vpgik) ()5 k)1 satisty

)\p7m_k7izk = Ai7k7p7m_k and ,ypzkﬂ;:k = 7i7k7p7k' (12)

Corollary 3.7. Let A be a finite-dimensional pointed Hopf algebra with
G(A) = Dy, such that its infinitesimal braiding is isomorphic to My r,, with
(I,L) € K. Denote xpq = o(apq#l), Ypq = 0(bpg#l), 20 = o(ce#1)
and wy = o(de#1) for all (p,q) € I, £ € L. Then there exist four fami-

lies of elements in k, A = ()\p,q,@k)(p,q),(z’,k)eb Y= (’Yp,q,i,k)(p,q),(z‘,k)eb 0 =
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(Op.q.0) pq)ereers and = (fp q.0)(p.g)er ecr, Such that the following relations
in A hold:

2 2
Tpqg = 0= Yp.q» zowyr + wyrzg = 0, 13
zpzgr + zprzp = 0, wpwypr + wprwy =0 14

—_
ot

_ +1
Tp,qTik + TikTpg = Ogm—kApq,ik(l —h"),

—
(=2}

Yp.qVik + Yik¥p.q = Oqm—kAp,qik(l — hP7h,
Tpg¥ik + YikTpg = Ogqm—kVp.qik(l — hP~Y,

Tp,q2e + 20Tp,q = Ogm—t Hpvq,f(l - hn+p)>

—_ =
NeJEEN© o

Yp,qWe + WeYp.g = Ogm—e Op g e(1 —h"7P),

/N TN TN /N /N /N /N N/
[\~ =
(a=) ~

N N T e S S N N N

— n+p
Tp,qWe + WeTp,q = Og.p fpge(l — B"TP),

[\]
—

Yp.a2t + 20Ypq = Oq.0 Hp,qe(1 —h"7P).

O

Remark 3.8. As before, (15) and (17) imply the equalities in (12).

3.2. Quadratic algebras. In this section we introduce two families of
pointed Hopf algebras which are defined by quadratic relations. They are

constructed by deforming the relations on two families of Nichols algebras in

Eg: YD. Moreover, we show that they are liftings of bosonizations of Nichols

algebras and belong to the family of Hopf algebras that characterize pointed
Hopf algebras over D,,,, m = 4¢t, t > 3.

The families of parameters. Let I € 7 and L € £ be as in Definitions 2.6

and 2.9, respectively, and let A = (Ap.q,ik) (.g).ik)el: ¥ = (Wpaik) o). (ikyels
0 = (0p,q,0) (pg)er,eers and = (i q.0)(p.g)cr,eer be families of elements in k,
satisfying the following conditions:

Apm—ksik = Nikpm—k  a0d Vprik = Vikpk- (22)
In particular, # and p are families of free parameters in k.

Definition 3.9. For I € Z, denote by A;(),~) the algebra generated by the
elements g, h, Tp q, Yp,q With (p, q) € I satisfying the following relations:

9%p,q = Yp.a9> hipq = whapgh, hyp,q = w™ Yp qh,
TpqTik + TikTp,g = Ogqm—kAp,qik(l — WP,

Tpq¥ik + YikTng = OqiVpqik(l = hPT).
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It is a Hopf algebra with its structure determined by
Alg) =9®g, A(h) =h & h,
A(pq) = Tpq @ L+ hP @ xp g, AWpg) =Ypg @1+ h P R ypg.

Since it is generated by group-likes and skew-primitives, it is pointed by [M,
Lemma 5.5.1]. We will call the pair (A, v) a lifting datum for B(My). We
set y=01if |I| = 1.

Example 3.10. If I = {(i,k)} with k # n, then by Corollary 3.4, the Hopf
algebra defined above is the bosonization B(Mj)#kD,,. If kK = n we obtain
the Hopf algebra A; ,(\) generated by the elements g, h, z,y satisfying

g =1=nm, ghg = ™1,
9z =Yg, hx = —xh,  hy = —yh,
22 = A1 — n%), v =X1-h"%), zy+yz=0.
It is a finite-dimensional pointed Hopf algebra with its structure given by

A(g) = g®g, A(h) =h®h, A(z) =201+h'@z, A(y)=yRl+h 'Qy.

Definition 3.11. For (I,L) € K, denote by By (A, 7,0, 1) the algebra
generated by g, h, xp ¢, Yp.q, 20, Wy satisfying the relations:

@ =1=hn" ghg = k™1, (27)
9Tp,q = Yp,a9s hapq = wirpgh, (28)
gzp = wyg, hze = wbzh, (29)
xf,’q =0= y;q zZpwpr + wprzg =0 zozp + zpzg = 0 (30)
Tp,qTik + TikTp,g = Og,m—kAp,q,i k(1 — hP ), (31)

Tp.qYiks + YikTpq = OqkVpaik(l — BPY), (32)

Tp gzt + 20Tp g = Ogm—i0pq0(1 — R"TP), (33)

Tp.qWe + WeTpg = O ohp,q.e(1 — h"FP). (34)

It is a Hopf algebra with its structure determined by

Alg)=g®g, A(h) =h® h,
Azp,g) = Tpg @ 1+ IP @ zp 4, A(Ypg) = Ypg @1+ AP @Yy,
Az)) = 20@ 1+ 1" ® 2, Awy) = wr @ 14 A" @ wy.

Since it is generated by group-likes and skew-primitive elements, it is pointed
by [M, Lemma 5.5.1]. We call the 4-tuple (\,~v,0, ) a lifting datum for
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Example 3.12. If I = {(i,k)} and L = {¢} with 1 < k, ¢ < m odd numbers
and m — ¢ # k, then the Hopf algebra defined above is the bosonization
B(Mj 1)#kD,,. If k = m—{ we obtain the Hopf algebra By r,(0, 1) generated
by the elements g, h, z,y, z, w satisfying the relations

g =1=n" ghg = """,

9T =Yg, hx = w*zh, gz = wy, hz =w kzh,
x2:0:y2’ 22:0:w2, vy +yr = 0,
qwtwz=0, wxz+zz=01-hr""), zw+wr=pl-—h""").

As we have seen in Section 2, finite-dimensional Nichols algebras in Egz yD
are exterior algebras, see Theorem A. Also, the Hopf algebras Ar(\,~)
and By (X, 7,0, 1) defined above are quadratic algebras for all I € Z and
(I,L) € K. Our next goal is to show that if H is a lifting of a finite-
dimensional Nichols algebra in tggyp, then H is isomorphic to a quadratic
algebra defined above for some lifting data, and conversely, these Hopf al-
gebras together with the bosonizations are all liftings of finite-dimensional
Nichols algebras in ﬁgz YD. First we work on quadratic algebras to obtain
a bound on the dimensions of A;(\,v) and By (A, 7,6, 1). We follow [GG]
for our exposition.

Let W be a finite-dimensional vector space and let T(W) = @,>oW®"
be the graded tensor algebra with the induced increasing filtration F? :=
®j<iW®. Let R C W ® W be a subspace and denote by J(R) the two-
sided ideal of T'(W) generated by R. A (homogeneous) quadratic algebra
Q(W,R) is the quotient T'(W)/J(R). Analogously, for a subspace P C
F?2=koW oW ® W, we denote by J(P) the two-sided ideal in T(W)
generated by P. A (nonhomogeneous) quadratic algebra Q(W, P) is the
quotient T(W)/J(P).

Let A = Q(W, P) be a nonhomogeneous quadratic algebra. It inherits
an increasing filtration A,, from T'(W) given by A,, = F"/(J(P) N F") and
the associated graded algebra is gr A = @®,>04,/An—1, where A_; = 0.
Consider now the projection 7 : F? — W ® W with kernel F'' and set R =
m(P) C W®@W. Let B = Q(W,R) be the homogeneous quadratic algebra
defined by R. If PN W = 0, then we have an epimorphism p : B — gr A.
Indeed, let p/ : T(W) — gr A be the graded algebra map induced by W —
Ay — Ay/Ag. Suppose z € R C W®2 then there exist zg € k, z1 € W such
that x—x1 —z¢ € P and therefore v = z1+x9 € F?/(J(P)NF?) = Ay. Thus
p'(x) =0 € Az/A1, and whence p’ induces p: B =T(W)/J(R) — gr A.

Let G be a finite group and suppose that B(V') is a finite-dimensional
Nichols algebra in ¥&YD which is given by quadratic relations, i.e. B(V) =
%Q(V). Denote by pi(zj,,...,z;,) = 0 these quadratic relations, where
xj € P(V) are g;-homogeneous elements with g; € G and p;,i € I, are
finitely many quadratic polynomials with coefficients in k.
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Assume H is a Hopf algebra containing kG as a Hopf subalgebra which is
generated by kG and P(V') such that x; is (g;, 1)-primitive for all z; € P(V),
grjgt=g-zjforal g€ G,x; € P(V) and pi(xj,,...,25,) = Nijr,.. g (1 —
Gijr,njr) for some A; ;s € k and g; ;... € G. The next lemma is a
slight generalization of [GG, Prop. 4.2].

Lemma 3.13. dim H < dimB(V)|G]|.

Proof. H is the nonhomogeneous quadratic algebra Q(W, P) defined by W
and P, for W =k{z;,Hy: 2 € P(V),ge G}and PCkeWaeW oW
the subspace generated by
{H. — 1L,H,@ Hi— Hy, Hy®@xj —g-x; ® Hy,
Pi(jus - %) = Nigneegie (1= Gign,eoin) -

Let R = n(P). Explicitlyy, R ¢ W ® W is the subspace generated by
{Hy@ Hy,Hy®@xj —g-x; ® Hy,pi(xj,,...,2j5)}. Let B=Q(W,R) be the
homogeneous quadratic algebra defined by W and R. Then B = B(V)#Yg,
where Y is the algebra linearly spanned by the set {1,y, : ¢ € G’} with unit
1 and multiplication table given by y,y; = 0 for all g,t € G and # stands for
the commutation relation (1#y,)(x;#1) = g - ;#vg, (1#1)(x;#1) = x;#1
for all g € G, x; € P(V). Thus by the preceeding discussion, there exists
an epimorphism p : B(V)#Ys — gr H.

Since PN F! = k{H, — 1}, by [GG, Lemma 4.1] we have p(H,) = 0 and
whence there exists an epimorphism p, : B/By.B — gr H. The commuta-
tion relation and the fact that the elements {y,}4ec are pairwise orthogo-
nal, give By.B = B(V)y. C B. This implies dim B" — dim(B(V)"y.) >
dim gr H™ and since dim B" = dim B(V)"(|G|+1), we have dim B(V)"|G| >
dim gr H™ and consequently dim H < dim B(V)|G]|. O

The next corollary follows inmediately.

Corollary 3.14. For all I € T and (I,L) € K we have
dim A7(\, ) < dim B(M;)|D,,| = 412m and
dim By (A, 7,0, 1) < dim B(M; 1)|D,,| = 4+ El20m,
([

3.3. Representation theory. Let H be a finite-dimensional pointed Hopf
algebra over kID,,,. In this subsection we prove using representation theory
that the quadratic algebras defined in Definitions 3.9 and 3.11 are liftings
of finite-dimensional Nichols algebras over kDD, for all lifting data (\,~) or
(\,7,0, 1), and we end the section with the proof of Theorem B.
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Let H = Ar(\,v) with I € Z or H = By 1,(\, 7,0, ) with (I,L) € K. By
definition, the group G(H) is a quotient of D,,; in particular, any H-module
is a kDy,,-module. Denote by 7 : D, — G(H) this quotient. The following
lemma is a key step to determine the dimension of H.

Lemma 3.15. Let p: H — End(V) be a representation of H such that
(@) pia(a) © ™ Dy — End(V) is faithful and
(id) if H = Ar(\7), then plryq) ¢ kp(G(H)) for all (p.q) € I and if

H= BI,L()‘777 0,,&), then p(xp74)7p(z€) ¢ kp(G(H)) for all (p7 Q) el
and f € L.

Then gr H = B(M)#kD,,, and thus dim H = dim B(M)|Dy,|.

Proof. Let M = M 1, and suppose that H = By (X, 7,6, ). Since G(H) is
a quotient of D,,, from (i) it follows that G(H) ~ D,,. Thus H is a pointed
Hopf algebra over D,,, and by Theorem 3.2, gr H ~ B(N)#kD,,, with B(N)
an exterior algebra, see Theorem A. Furthermore, by Lemma 3.13 we have
that dim B(N) < dimB(M ). But by (i7) the map ¢ : M — H;/Hy, sending

apg — Tpq, bpgr Upq, Cor> Zo,  dg— Wy,

induces an injective map ¢ : M — N in Egz YD which implies that dim B(N)
> dim B(M). The proof for H = Aj(\,~) is completely analogous. O

3.4. Proof of Theorem B. Let H be a finite-dimensional pointed Hopf
algebra with G(H) = D,,. Then gr H ~ R#KkD,, and by Theorem 3.2 the
diagram R is a Nichols algebra B(M) for some M € ﬁ%:yp and conse-
quently it is isomorphic to one of the Hopf algebras of Theorem A.

If M ~ My with I = {(i,k)} and k # nor M ~ My with L € L, then H ~
B(M)#kD,,, by Corollary 3.4. If M ~ M with I € Z and |I| > 0, then by
Corollary 3.5 there exists a lifting datum (A, ) and an epimorphism of Hopf
algebras Ar(X\,7) - H. Hence dimH < dim A;(\,7y) < dimB(M;)|Dy,|.
This implies that H ~ Aj(\, ), since dim H = dim gr H = dim B(M7)|Dy,|.
If M ~ My, with (I, L) € L, then using the same argument as before with
Corollary 3.7 shows that H ~ By (A, 7,0, 1).

For the converse, it is clear that the algebras listed in items (a) and (b)
are liftings of Nichols algebras over ,,. Thus, we need to show only that
the Hopf algebras Ar(\,v) and By (X, 7,0, ) are liftings for all I € 7,
(I,L) € K and for all lifting data.

Assume first that I € Z. Following Lemma 3.15, we give a representation
for Ar(\,7). Give I an order and write I = ((i1,k1), ..., (ir, kr)). Let V be a
vector space with basis given by two families of vectors {uy}, {va}, indexed
by all possible ordered monomials in the letters is 1,752 for all 1 < s < r
such that each letter appears at most once (set ug,vg if no letter appears)
and the order is given by 75, < i, for all p=1,2iff s <, 151 < is2 for all
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1 <s<randisg < iff s <t e.g. vy iyis1i5, 1S a basis element. In
particular, dim V' = 2dim A M.
For all 1 < j <n, V bears an Aj()\,v)-module structure determined by

g-up=vo, h-ug=wlug, Ti g, U= Ui, Yiyks U= Ui,

_ (is+i :
(mitzktximks) T Uo = _uis,lit,l + 5ks,m7kt/\is,ks,it,kt(1 - w]( s t))uo lf t > S,
(Wi e Tias) U0 = —Uiy iy g + OstVia hwsivshe (1 — /7 g i £ > 5.

because of the defining relations of Aj()\,7), see Definition 3.9. Hence,
PlG(A;(Ay) © T ¢ Dy — End(V) is faithful since (k{uo,v0}, pja(a,(rqy)) =
(k%,pj), and p(z;, r.) ¢ ko(G(Ar(\,7)) by definition. Then gr A;(\,vy) =
B(M;)#kDy, and Ar(A,~) is a lifting. The proof for By 1,(X, 7,6, i) is anal-
0ogous. [l

3.4.1. Isomorphism classes. In this last subsection we study the isomor-
phism classes of the families of Hopf algebras given by Theorem B.

Let H be a finite-dimensional pointed Hopf algebra over D,,,. Then H
is isomorphic to a Hopf algebra listed in Theorem B; in particular, it is a
lifting of a finite-dimensional Nichols algebra over D,,.

It is clear that two algebras from different families are not isomorphic
as Hopf algebras since their infinitesimal braidings are not isomorphic as
Yetter-Drinfeld modules.

Thus, we have to show that two different members in the same family are
not isomorphic. By the argument above, if I = {(i,k)}, I’ = {(p,q)} € Z,
with k,q # n and (i, k) # (p,q), then B(M7)#kD,, % B(Mp)#kD,,, and
if L, L' € £ with L # L', then B(Mp)#kD,, % B(M)#KkD,,. We end the
paper by showing the isomorphism classes of the families of the items (c)
and (d).

Observe that Z/m acts on Z with the action on each I € 7 induced by

0 (i, ks) (lis, 0V ks) it 1 </lis <n mod m,
- (2s, = ) ] .
(m — 52574_11433) if n < /iy, mod m.

Lemma 3.16. Let I,I' € Z. Then A;(\,v) ~ Ap(XN,v') if and only if
there exists ¢ € Z/m, with ({,m) = 1 such that ¢ -1 = I', and for all
(P, q), (i,k) € I,

A im—q — )\/ 1 ;
panm=d t-(p.q).£-(3;m—aq) if pl, il <n orn<pl, il modm, (35)

. )
Tpa:ia = Ve (pg) £-(iq)°

_ /
5q7m_k:)\p7q7i7k - 6k7q"y£(p,q),£(l7k)7

and otherwise. (36)

. _ !/
5q,k’Yp,qmq - 5q,m*k>‘£~(p,q),£~(i,q)’

In particular, Ap(\, ) ~ B(Mp)#KkDy, if and only if A =0 =~.
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Proof. Suppose ¢ : A;(\,v) — Ap(N,7) is a Hopf algebra isomorphism
and denote by g¢,h,z;k,yir and g’,h’,x;k,yak the generators of Ajr(\,7)
and Ay (N,v'), respectively. Since both must have the same dimension, we
have that |I| = |I’|. Moreover, ¢(g) = ¢, @(h) = h'* for some £ € Z/m with
(m, £) = 1, and @(z; %), ¢(y;x) are (R'* 1)-primitive and (h'~%, 1)-primitive
in Ap(N,v') for all (i,k) € I, respectively. Using that ¢(hx;h™!) =
R (2 )W~ we have that p(z; x) = az‘7k7ig7k.g—lx;£7kz_1 ifi¢ <mnandp(x;) =
bi keom—itJot—1Ysy g g1 i 1< il < m, for some a;pkpg,bikpg € kK*. In
particular, this implies that I’ = ¢ - I. Clearly, we may assume that
@i kp,q» Vi kpq = 1. Denote ¢; = ¢.

Let (p,q), (i,k) € I and suppose that ¢p,¢i < n. Then applying ¢, on
both sides of (25) yields

/ / / / _ . _ pM(p+i)
Ty -14%0i 0~1k T Lo 0-11Tpp 114 = Oqm—kApgik(L — h )-

But the left hand side equals (Sg—l%m_gflk)\/ep’e_1q7&-’£_1k(1 — B'*P+) by the
same relation in Ap (X', '). Hence Apgim—q = Ap.p o) .(i.m—q)- O the other
hand, applying ¢, on both sides of (26) yields

/ / / / _ ) _ pH(p—1)
Ty -1qY0i0-1%k t Yeio-1kTepp—1q = Ok Vpgik(1 — R )-

But the left hand side equals 6571(]7£71k72p,€*1q,€i,€*1k(1 — BP9 by the
same relation in Ap (X, ~'). Hence v qiq = 72'(1)#)%(%}(1)' The proof for the
remaining cases is completely analogous.

Assume now there exists ¢ € Z/m, with ({,m) = 1 such that ¢ -1 =
I’, and equations (35), (36) hold for all (p,q),(i,k) € I. Then we may
define an algebra morphism by ¢(x,4) = ﬂfzp’gqq, e(Ypg) = yépve,lq if
tp < nand ©p(Tpq) =Yy, g 140 PeWUpa) = Ty, g1, i 7 < fp mod m.
Equations (35), (36) and the fact that £- I = I’, ensure that ¢y is a well-
defined surjective Hopf algebra map, which is indeed an isomorphism by
Thm. B. [l

Note also that Z/m also acts on £ with the action induced by

{E‘lr if 1 </ 'r <n modm,
b-r=

m— 0 1r if n < ¢ mod m.

The proof of the following lemma, is completely analogous to the proof of
Lemma 3.16.

Lemma 3.17. Let (I, L), (I',L') € K. Br.p(\,7,0,p1) ~ Bp (N, 60, 1)
if and only if there exists ¢ € Z/m with ({,m) = 1 such that ¢ -1 = I,
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L', \, N and ~,v" satisfy conditions (35) and (36), and for all

(p7q)€I’TEL)

_ /!
Ogm—rOpgr = 5q7m—r/‘e.(p,q)7e.w

5q’m7T9p7Q7T = 5(],’I’I’L7T 2( )e-’]"’ . -1
P:a)s if pl, 70 < n,

_ !/
Og,rlp,gr = 5q,r“z.(p,q),@rv

_ /
5q,m—r9p,qm =0 7796-(17761),@'7"’ if n < pt, r¢~" mod m,

/
5q,rﬂp,q,r 6Q7m_ruf'(p,q),£'7'"

ifpl <n<rf~t modm,

_ /
Og,r p,q,r = 5Q:T0€-(p,q),f-r’

/
0g,m—rOpqr 5q,r“£~(p,q)7f~r’

) if ™' < n < pl mod m.
54,7“/“‘10,!1,7" = 5‘]7"”_7" £-(p,q) LT’

O
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