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STRONGLY ISOSPECTRAL MANIFOLDS WITH
NONISOMORPHIC COHOMOLOGY RINGS

E. A. LAURET, R. J. MIATELLO AND J. P. ROSSETTI

ABSTRACT. For any n > 7, k > 3, we give pairs of compact flat n-manifolds
M, M’ with holonomy groups Z’g, that are strongly isospectral, hence isospec-
tral on p-forms for all values of p, having nonisomorphic cohomology rings.
Moreover, if n is even, M is Kahler while M’ is not. Furthermore, with the
help of a computer program we show the existence of large Sunada isospectral
families; for instance, for n = 24 and k = 3 there is a family of eight compact
flat manifolds (four of them Kahler) having very different cohomology rings.
In particular, the cardinalities of the sets of primitive forms are different for
all manifolds.

INTRODUCTION

If (M,g) is a compact Riemannian manifold and 0 < p < n, let spec,(M)
denote the spectrum, with multiplicities, of the Hodge-Laplace operator acting on
smooth p-forms on (M, g). For each p, spec, (M) is a sequence of non-negative real
numbers tending to oo. If spec,(M) = spec,(M’), (M, g) and (M’',g') are said to
be p-isospectral, and just isospectral, if p = 0.

It has been known for quite some time that there exist manifolds that are isospec-
tral on functions but not on 1-forms (see [2], [5]). Also, C. Gordon (see [2]) has
given continuous families of pairs of nonisometric nilmanifolds that are isospectral
on functions and not on 1-forms (here, the manifolds involved are homeomorphic
to each other).

In the context of compact flat manifolds, it turns out to be simpler to compute
p-spectra and to determine some invariants, for instance, the Betti numbers. In
particular, there is a description of the cohomology ring as the ring of invariants
of the holonomy action (H. Hiller, [4]). In [6] p-isospectrality is studied in this
context and many new examples of p-isospectral nonhomeomorphic manifolds are
given; in particular, pairs of manifolds M, M’ isospectral on functions such that
B;(M) < Bj(M') for 1 < j <n—1. Hence such M and M’ cannot be isospectral
on p-forms for any p # 0,n and are topologically quite different from each other,
since they have different real cohomology rings.

The main goal of this paper is to construct families of compact flat manifolds that
are Sunada isospectral —hence strongly isospectral— but still their real cohomology
rings are non-isomorphic to each other (see Theorem 3.3), despite the fact that
they have the same Betti numbers. In particular, they are isospectral on p-forms
for every p but the ring structure of the cohomology rings may be very different.
The manifolds in question are obtained by using different free isometric actions of
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Zk on T™ = Z™\R". Furthermore, we shall see that for n even some of them are
Kahler while the others are not.

As a first step, we show, in Theorem 2.6, a general procedure to construct pairs
of almost-conjugate diagonal representations of Z§ with k > 3 (see Definition 2.4).
We describe diagonal representations by an r-tuple ¢1, ¢, ...,q with >.7¢; = n,
where ¢; gives the multiplicity of the j-th character x;. We also give an algorithm
that allows us to determine all families of almost-conjugate diagonal representations
of Z5. We implement it with the aid of computer programs for some small values
of k and n. Tables 1 and 3 show all such pairs for K = 3, n < 11, and k = 4,
n < 10 respectively. In Table 2 we exhibit all families of cardinality at least three
for k =3, n < 15.

A main tool in our study of the cohomology rings are the primitive invariant
forms, i.e. those that cannot be obtained as wedge products of forms of lower
degree. In particular, we express the number of them in terms of the r-tuple of g;’s
(see Proposition 2.3). In Theorem 1.2 we show that this number coincides with
the cardinality of a minimal generating set of the cohomology ring, hence it is an
invariant of the ring. This is used in Section 3 in the proof of the non-isomorphism
of the cohomology rings of the strongly isospectral manifolds in our main result,
Theorem 3.3.

In the last section, we exhibit many explicit examples of Sunada isospectral
families. We study in some detail a pair in dimension n = 8, M, M’ such that
M is Kéhler and M’ is not, giving the rings of invariants of both manifolds and
comparing several aspects of the respective ring structures (this gives more examples
answering a question in [1, 13.6, p. 657]). In Example 4.3 we show a family of eight
24-dimensional manifolds, four of which are Kéhler, showing that the numbers of
primitive invariant forms of degree 4 are different for all eight manifolds, hence the
cohomology rings cannot be isomorphic by Corollary 1.3.

We include in Remark 2.10 and Remark 3.4 some open questions related to the
results in this paper.

1. PRELIMINARIES

Bieberbach groups. A crystallographic group is a discrete cocompact subgroup
T of the isometry group I(R™) of R™. If I' is torsion-free then T is said to be a
Bieberbach group. Such I acts properly discontinuously on R™, thus Mr = I'\R" is
a compact flat Riemannian manifold with fundamental group I'. Furthermore, any
such manifold arises in this way. Since I(R™) ~ O(n) x R™, any element v € I(R")
decomposes uniquely as v = BLy, with B € O(n) and b € R™. The translations in
I" form a normal maximal abelian subgroup of finite index L, where A is a lattice
in R™ which is B-stable for each BL; € I'. The restriction to I' of the canonical
projection from I(R™) to O(n), given by BL; — B, is a homomorphism with kernel
L, and with image a finite subgroup of O(n), denoted by F' in this article, called
the point group of I'. Indeed, one has the exact sequence

0oLy —T5F—1

where F' is isomorphic to Ly\I' and gives the linear holonomy group of the Rie-
mannian manifold Mp. The group F' acts on A by an integral representation p
called the holonomy representation of I'.
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A Bieberbach group T is said to be of diagonal type if there exists an orthonormal
Z-basis {e1,...,e,} of the lattice A such that for any element BL, € T, Be; = e,
for 1 < ¢ < n. These Bieberbach groups are those having the simplest holonomy
action, among those with holonomy group Z5. It is a useful fact that, for groups
of diagonal type, after conjugation of I by an isometry, it may be assumed that
A = Z" and, furthermore, that for any v = BL;, € T, b lies in %Z”. Thus, any
v € I' can be written uniquely as v = BLy, Ly, where the coordinates of by are 0
or 1 and A € Z" (see [7, Lemma 1.4]).

For BLy € T" define

(1.1) np dim(R™)® = |{1 <i < n: Be; = ¢},
(1.2) ’I’LB’I = |{1§’L'§7’L:B€i=€i and bo.ei:%ﬂ.

2

If0<s<n,let

(1.3) cs(F) = |{B€F:ng=s}|.
If 0 <t < s <mn, the Sunada numbers of I" are defined by
(1.4) cst(T) = |{{BLy€F:np=sandng =t}|.

It is a well-known fact that, by the torsion-free condition, ng > 1 for any BL; €
I'. Clearly, cs(F) =), co¢(T).

F-invariants in exterior algebras. As mentioned in the introduction, the coho-
mology ring over QQ of a compact flat manifold Mr with holonomy group F' can be
computed by using the Hochschild-Serre spectral sequence, which gives

(1.5) H*(Mr,Q) = AR(Q"),

the ring of F-invariants in the full exterior Q-algebra A*(Q™) (see [4]). In what
follows we shall often abbreviate

(1.6) P =) AR(Q") and AL = AL(Q"),
p=0
for 0 < p < n. In particular, dim(A%) = 3, is the p-th Betti number of Mr.
We mention some useful facts on the ring structure of A%, for further use:

(1) Zf:p A% is an ideal in A}, for each p.

(ii) >or_; A% is a maximal ideal of A}, and any n € A5 ~\>""_, A% is invertible.
To verify the last claim, let n = 1+ § € A}, such that § has degree zero component
6o = 0. Then

n

L+)A(D (1) nE) =1

1=0 i
and furthermore > 1 (—1)'§ A--- A& € A

2

Primitive F-invariant forms. From now on we assume that the subgroup F' of
GL,(Z) is of diagonal type, i.e. F is a group of diagonal matrices with 1 in the
diagonal, thus F' = Z& for some 1 < k < n. If furthermore F is the point group
of a Bieberbach group, then —Id,, ¢ F and k < n — 1. Here and subsequently,
{e1,...,en} denotes the canonical basis of R™.
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Definition 1.1. Let F be a finite diagonal subgroup of GL,,(Z). Given an ordered
subset I = {i1,...,ip} C{1,...,n} weset e; =e;, A...Ae;, € AL, The form e;
is said to be primitive if it cannot be obtained as a wedge product of F-invariant
forms of degree lower than p. We denote by P} the set of all primitive forms of
degree p, by A% .. the span of PL and by P, r the cardinality of Pp.

Clearly, the set of all primitive forms is a set of generators of A}, of cardinality
ZZ:O P, . We shall see that this is the minimal cardinality of any set of generators.

We are interested in comparing the Q-algebras A} and A}, for two different
Bieberbach groups I and I/, having point groups F, F”, respectively. The following
result will be very useful to us.

Theorem 1.2. Given F a finite diagonal subgroup of GL,(Z), let G be a set of
generators of the algebra Aj.. Then #G > Z;:O P, r and, if G is a minimal
generating set, then #G =32 Py F.

Proof. Denote by

(1.7) gpz{n:Zn,.eg: with n, € A%, n, # 0},

T=p

i.e. the elements in G having a nonzero component of minimal degree p.

We note that Gy is non-empty, otherwise we cannot obtain 1 as a sum of products
of elements of G. Furthermore, given a set of elements in Gy, by subtraction of a
scalar multiple, we can eliminate the zero component of all but one of them. Thus,
we may replace the initial generating set G by another generating set of the same
cardinality, such that Go = {n°} has only one element with nJ = 1.

Now, the lowest components in Al of the elements in G; must span all of AL,
otherwise there is no way we can generate AL with sums of products in G. Thus, we
may select a subset S of G; with (8 elements, such that the nonzero components
of minimal degree span Aj. Furthermore, we can subtract a linear combination of
elements in Sy from each element in G; ~\ S to cancel the component in A},.

In this way, we may replace the original generating set G by another generating
set of the same cardinality such that card(Gy) = 1, card(G;) = P; p. Finally,
by replacing the elements in S; by linear combinations of them, we may further
assume that their lowest degree terms run through the set of F-invariant e;’s, that
is, through the set of all primitive forms e; € AL. Here note that 81 = Py p.

In a similar way we assume inductively that we have replaced the original gen-
erating set G by another set of the same cardinality such that the cardinality of G,
equals P, r for each r < p and the lowest degree terms of the elements in G,, run
through the set of primitive forms e; € A% with |J| = r.

Now we consider the elements in G,;. Necessarily there must be at least Py
of them, so that their (p + 1)-components, together with sums of products of ele-
ments in G, with r < p generate all of A%H. We may subtract from the elements
in Gpy1 linear combinations of wedge products of elements of smaller degree so
that their lowest order terms lie in the span of the space ’P’I}H. Actually, we may
fix a subset of cardinality P,y r such that their lowest order terms are a basis
of the space Pfifl. Finally by a linear algebra argument, we may change this set
by one sulch that their lowest order terms run exactly through the invariant forms
(S ’P;;Jr .
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In this way, in n steps, we obtain a new set of generators of the Q-algebra A}
of cardinality >3, P, r < card(G). Clearly if G is minimal, then >3° | P, p =
card(G). This completes the proof of the theorem. O

Corollary 1.3. Let F, F' finite diagonal subgroups of GL,(Z). If, as Q-algebras,
A% ~ A%, then

(1.8) ZPJ::ZPP,F/.
p=1 p=1

If as graded Q-algebras Ay ~ A}, then P, p = Py, pr for every 0 < p <n.

Proof. By the previous theorem, ZZ:1 P, r is the cardinality of a minimal generat-
ing set in A}, hence it must be invariant under isomorphisms. The second assertion
is also clear. (]

2. CONSTRUCTION OF ALMOST-CONJUGATE REPRESENTATIONS

This section is devoted to the construction of pairs of almost-conjugate represen-
tations which give the point groups of certain Bieberbach groups of diagonal type.
The corresponding pairs of manifolds, to be constructed in Sections 3 and 4, will
be Sunada isospectral ([3] or [8]) and they will have different cohomology rings.

Definition 2.1. A monomorphism p : Z5 — GL,,(Z) such that Im(p) is a subgroup
of diagonal matrices will be called an integral diagonal representation of Z§ or, for
brevity, a diagonal representation of Z5.

A character of Z5 is a homomorphism x : Z§ — {#£1}. The set of all such

characters is denoted by Z§ = Z&. Sometimes, it will be convenient to identify
characters of Z§ with subsets of {1,...,k}. If fi,..., fx denotes the canonical basis
of Z&, for I c {1,...,k} we set x, : Z§ — {#1}, the character given on basis
elements by

1 ifigl,

Thus X, X;, = X1, ar, for I, lo C {1,...,k}, where 1ALy = (11 U l2) N (I1 N I2)
denotes the symmetric difference of sets.

1 ifiel
xf(fi)={ el r1<i<k

From now on it will be convenient to fix a total order < on i’g (or equivalently
on the subsets of {1,...,k}) with the only requirement that yy = 1 is the first
element.

Any n-dimensional diagonal representations of Z§ can be decomposed as a sum
P =>.,4,X;, with ¢, € Ny and n = )", ¢q,, the sum running over all subsets of
{1,...,k}. Conversely, if r = 2¥, for each choice of numbers ¢, € Ny, we define the
diagonal representation p = )", ¢,x, such that

1) p(f) = diag( X, (P X0, (F)ees X, (D)o, () )

q;

q,

1 r

for f € Z&, where the characters x ,, are ordered by <.

Definition 2.2. Let p be a diagonal representation of Z§ = (fi :1<j<k). We
will denote by F' the image of p, F = Im(p) = Z&, which is generated by the diagonal
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matrices B; := p(f;), 1 <14 < k. Given a subset I = {iy,...,in} C {1,...,k}, we
set By = B;, ... B;,. For simplicity, we will often write

(22) Bil...iha Qiv...ins Xiy...in» 40, X0, in place of BI? qrs Xrs 90, X0 respectively.

Let p and p’ be diagonal representations of Z5. It is easy to check that these
representations are equivalent if and only if the groups F' and F are conjugate in
O(n). For example, p = 2x1 + X2 + x12 and p’ = x1 + 2x2 + x12 are two equivalent
diagonal representation of Z3.

We will need some more notation. For p > 1, let

(2.3) A, = {{Il, Dy} g, ...X;, =1 and no proper subproduct
of the X1, equals 1} .

For example, for k& = 3, since there are seven nontrivial characters, and one can
check that #A4g = #A; =1, # A5 = # A3 = #A, = 7 and A, = () for any other p.

The next proposition gives some formulas to be used in the next section to
compute the primitive elements of certain diagonal Bieberbach groups.

Proposition 2.3. Let p =), q,x, be a diagonal representation of Y/
(i) The number P, of primitive F-invariant forms of degree p (see Defini-
tion 1.1) is given by the following expression: Py p =1 and

(2.4)

Pr=a Pr=Y (%) Br= X aa, for 35psh
175@ {Il,...,Ip}E.Ap

where A, is as in (2.3). Moreover, P, p =0 for anyp > k+ 1.
(i) If k = 3 one has

(2.5) Pir=q192q3q123 + q1 q2 13 923 + ¢1 43 q12 23 + ¢1 Q12 13 G123
+ 4293 q12 Q13 + G2 Q12 G23 G123 + 43 G13 423 G123-

(iii) If B, = dim AL, for 0 < p <mn, then
fo=Por=1 pi=Pp, fo=(U)+Por, Bz=(¥)+qPr+Psr,
q

ﬂ4:2(q41)+ Z (qél)(q§2)+qﬂp3,F+(qgm)P2,F+(£)+P4,F.
®7£I ®¢Il‘<12

In particular, if g9 = $1 = 0, then

(2.6) Po=Pop, Ps=DPr, (4= Z (") (") + Pur.
D#I <12

Proof. Clearly Py p = 1. By (2.1), the group F' acts by a character ¢, on each
e; € R™. Hence, for any p, the indecomposable invariant forms of degree p are of the
form e;, Aey, ... Ae;, where the corresponding characters satisfy 1;, ¥, ..., =1
and they are primitive if and only if none of the proper subproducts of the v,
equals one. Now, this is clearly equivalent to {I1,...,I,} € Ay, and consequently
(2.4) follows. Furthermore, in this situation, it is necessary that s, , ¢, ..., _,
be linearly independent, hence p — 1 < k, as claimed.
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We now prove (ii). By the definition we have
Ay = {{1,2,3, 123}, {1,2,13,23}, {1,3,12, 23}, {1, 12, 13,123},

{2,3,12,13},{2,12,23,123},{3,13,23, 123}},

where we have written 4; ..., in place of {i1,...,4,}. The asserted expression of
P, p follows immediately from (2.4).
The expressions in (iii) can be easily obtained from (i) in the proposition. O

The following notion will be useful in the construction of isospectral flat mani-
folds.

Definition 2.4. We say that two diagonal representations p and p’ are almost-
conjugate if the subgroups F = Im(p) and F’ = Im(p’) are almost-conjugate, that
is, if there is a bijection ¢ : F' — F”’ that preserves the conjugacy class in O(n).

Note that since the only eigenvalues of the elements of F' and F’ are 41, the
condition in the definition is equivalent to requiring that, for each 0 < s < n,

(2.7) cs(F) =cs(F'),
in the notation of (1.3).

Given p = ), ¢q,X,, our next goal is to perform a small perturbation of p by
constructing a diagonal representation p’ of Z& having the same set of ng’s with
their multiplicities, more precisely, p" will satisfy np; = np, forevery I C {1,...,k}
with I # {1},{2}, np; = np, and np; = np,. Thus p and p’ will be almost-
conjugate. We assume first that £k = 3 and p is a fixed diagonal representation
of Z3. The above equations induce a linear system of eight equations in the eight
variables q(, ¢}, - . ., ¢35 that turns out to be non-singular. Setting u = ¢} — ¢1, we
can write the solution of the system as

4 = qo» ¢ =a+u, ths = @13 + u, d12 = qr2,

3 = g3, &% =q —u, tbs = q23 — U, i3 = Q123
under the condition

¢+ qis + 2u = g3 + dos-
Note that p’ will be a solution such that ¢; € N U {0} for all I if and only if
u=(¢5+ ¢hs — ¢4 — ¢i3)/2 € Z and ¢1 + u, g2 — u, 13 + u, go3 — v € NU {0}.
As we shall see in Theorem 2.6, this method generalizes to any k£ > 3 and gives

a procedure to construct pairs of almost-conjugate representations.

Definition 2.5. Given p =Y, ¢,x, a diagonal representation of Z4 such that the
number

(2.8) u:Zk% g > g

2¢1,1¢1 1el,2¢1
is an integer and furthermore ¢, —u > 0 if 2 € I, 1 ¢ I and ¢, +u > 0 if
1e€1,2¢ 1, we define the flip of p as
1 iflel,2¢1,
(29) ¢ =) (q,+ud,)x,, where & :=¢-1 if2el,1¢1,
I 0 otherwise.
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It is easy to check that p’ is again a diagonal representation of Z5 in the sense
of Definition 2.1.

Theorem 2.6. Let p = >, q,x, be a diagonal representation of ZE. If p' is the
flip of p then

(210) np, = MNpy, np, = Np;, np; = nNp; fO?” every I 7& {1}'7 {2}

In particular, p and p' are almost-conjugate representations.

Proof. Tt suffices to verify that (2.10) holds for the flip p’ of p. We will use the
following facts. First, for each I C {1,...,k} we have that

(2.11) npy = Z 4y, np; = Z (¢, +ud,).

Jix; (fr)=1 Jix ; (fr)=1
Secondly, if I = {i1,...,is} then
(212) X (ff) =X, (fll) e Xy (fls) = (_1)#(JF‘|I)7

since x,(f;) = —1if and only if j € J.
Now, using (2.9), (2.11) and (2.12) we have that

npy = Z(QJ +ud,) = Z (¢, +ud,)+ Z (¢, +ud,)

2¢ 7 1¢J,2¢J 1eJ,2¢J
= > 4+ Y, ¢, +27,
1¢J,2¢J 1eJ,2¢J
since there are exactly 28=2 subsets of {1,...,k} containing 1 and not 2. Using

(2.8) we conclude that
np= DL 4t D 0,=) 4, =
1¢J,2¢J 1¢J,2eJ 1¢J

By arguing in the same way we can check that np; = np,.
Now, for I C {1,...,k}, by (2.11) it follows that

np, —np, = Z ud, =u Z 1- Z 1

X (fr)=1 Xy (fr)=1 Xy (fr)=1

1eJ,2¢J 1¢J,2€J
It is now easily seen that if T # {1}, {2}, the sums in the right-hand side are both
equal to 2¥~2. This completes the proof of the theorem. ([l

Remark 2.7. (i) We note that it is possible to use any pair Iy, I5 of nonempty
subsets of {1,...,k} in place of Iy = {1}, Iz = {2}, to produce a flip. Seldom it
may be possible to apply two or more different flips to a representation, producing
families of almost-conjugate representations.

(ii) If w = 0 then p and its flip representation p’ coincide. When u # 0, in
some rare cases the representations p and p’ may turn out to be equivalent. To
show an example, if we choose p = x1 + 2x2 + X3 + X12 + X23, we obtain p’ =
2x1 + x2 + X3 + x12 + Xx13 which is equivalent to p.

Now we will introduce an algorithm that allows us to find all families of n-di-
mensional almost-conjugate representations of Z5, for k and n fixed. Recall from
(2.7) that two diagonal representations p and p’ are almost-conjugate if and only
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TABLE 1. All families F, f’” of almost-conjugate representations for
k=3and n <11.

n Reps. Py r Reps. Py r Reps. Py r
3,713,1,1,1,0,1,0] 3
[ {272,2,1,0,0,0} 0
3 ]__f,g [3,2,1,1,0,1,0] 3 ]__38[3,1,1,1,1,1,0} 7
[2,2,2,2,0,0,0] 0 2 12,2,2,1,1,0,0] 4
3.9 [4,2,1,1,0,0,1] 8 }_39[3 3,1,1,1,0,0] 3 3.9 [3,1,1,1,1,1,1] 15
9 1 3,3,2,1,0,0,0] 0 3 13,2,2,2,0,0,0] 0 5 [2,2,2,1,1,1,0] 12
3.9 [4,2,1,0,1,1,0] 8 ]__39[3,2,1,1,1,170] 11
2 [3,3,2,0,1,0,0] 0 4 2,2,2,2,1,0,0] 8
73710[473,1,1,1,0,0] 3 73, 10[4,2,1,1,1,1,0] 14 ‘7__3710[3,2,2,1,1,0,1] 19
L [4,2,2,2,0,0,0] 0 4 13,3,2,1,1,0,0] 6 T [2,2,2,2,2,0,0] 16
10 ]__3710[4,272,1,071,0] 8 73, 10[4,2,1,0,1,1,1] 17 ]__3’10[3,2,17171,1,1] 23
2 [3,3,2,0,2,0,0] 0 5 3,3,2,0,1,1,0] 9 8 12,2,2,2,1,1,0] 20
]—'3710[4’2’1’2’0’1’0] 8 73, 10[3,3,1,1,1,1,0] 15
3 03,3,2,2,0,0,0] 0 6 13,2,2,2,0,1,0] 12
]_-3,11[5,3,1,1,1,0,0] 3 73, 11[4,3,1,2,0,1,0] 8 73, 11[4,2,2,1,0,1,1] 26
L 15,2,2,2,0,0,0] 0 7 13,3,2,3,0,0,0] 0 12°13,3,2,0,2,1,0] 18
]__3’11[573,1,1,0,0,1] 15 73, 11[4,3,1,1,1,1,0] 19 ]__ 31104,2,1,1,1,1,1] 29
2 [4,4,2,1,0,0,0] 0 8 [4,2,2,2,0,1,0] 16 [3,3,2,1,1,1,0] 21
]_-3,11[5,3,1,0,1,1,0] 15 3. 11[4,2,2,1,0,0,2] 32 F3 1113,3,2,1,1,0,1] 27
11 3 [4,4,2,0,1,0,0] 0 9 13,3,3,1,0,0,1] 27 14 13,2,2,2,0,2,0] 24
f3,11[5,2,2,1,0,0,1] 20 73 11[4,2,1,2,1,1,0] 20 73, 11[3,3,1,1,1,1,1] 31
4 14,3,3,1,0,0,0] 0 10°13,3,2,2,1,0,0] 12 15 13,2,2,2,0,1,1] 28
]—'3’11[5’2’2’0’0’1’1] 20 sz: 311(4,2,2,1,1,1,0] 20 73, 11[3,2,2,1,1,1,1] 35
5 [4,3,3,0,0,1,0] 0 (3,3,2,1,2,0,0] 12 1612,2,22.21,0] 32
f3,11[4,3,2,1,0,1,0] 8
6 3,3,3,2,0,0,0] 0

if c5(p) = cs(p’) for all 0 < s < n. We will call the (n + 1)-tuple (co(p), ..., cn(p))
the pattern of p. The algorithm can be described as follows:

Algorithm 2.8. Let £ > 3 and n € N. This algorithm returns all n-dimensional
non-equivalent diagonal representations of Z5 grouped into sets, where two repre-
sentation are in the same set if they are almost-conjugate.

(1) Initialize patterns and reps as empty lists. Note that reps will be a list
of lists of representations.

(2) Run over all n-dimensional diagonal representations p of Z& and obtain its
pattern.

(3) If the pattern of p is not in patterns, add it to patterns at the end
and add in reps a new entry which is a list having p as its only element.
Otherwise, the pattern of p coincides with some entry in patterns, say
the j*P-entry, then look at the representations occurring in the j*"-entry of
reps and check whether any of them is equivalent to p. If not, then add p
to this jt-list.
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TABLE 2. All families F° f’" of almost-conjugate representations for
k=3 and n < 15.

n Reps. Py Reps. Py Reps. Py

5, 3;;318} ;g [4,3,2,1,0,1,1] 35 [4,2,2,1,1,0,2] 44

12 F 12[2 4’2’1’1’0’0} 9 Fa'?[4,2,2,2,0,2,00 32 F'%[33,31,1,0,1] 39

{4 3:3:2;):0:4 0 3.3,3,2,0,0,1] 27 3,3,2,0,2,2,0] 36

5, 3;;5% ﬂ [4,3,2,1,1,1,1] 59 [4,2,21,1,12] 68

13 F 13[2’4’2’1’1’1’0} 2 Fo34,2,2,21,2,0] 56  Fo'3[3,3,3,1,1,1,1] 63

{4 3:3:230:1:0% o1 3,3,3,2,1,0,1] 51 3,3,2,1,2,2,0] 60

[6,3,2,1,0,1,1] 51 5,32,1,1,1,1] 71

7214[622.20.2,0] 48 145 i;;;ég} 3; F314[5.22:2.1.2,0] 68

1 [5,4,3,1,0,1,0] 15 3 . 3’3’3’1’0’0] r 0 4421210 56

[4,4,4,2,0,0,0] 0 S [4,3,3,2,0,2,0] 48

- [5,3,3,1,0,1,1] 63 [5.3,2,0,1,1,2] 79 1321211 83

14 F353,2,0,2,200 60 F'*4,4,3,0,1,1,1] 67 Fo'*4,2,2,2,22,0 80

[4,4,3,0,2,0,1] 48 [4,4,2,0,2,2,0] 64 3,3,3,2,2,0,1] 75

4222121 92

F213,3,32,1,1,1] 87

3,3,2,2,2,2,0] 84

[g’g’;’g’é’i’g} 32 5,4,2,2,0,1,1] 68  [5,3,2,1,1,1,2] 111

Fr 5{5 5’2’2’1’0’0% 50 F21905,3,2,3,0,2,0] 60  Fo'[4,4,3,1,1,1,1] 99

5 4i3:3:0:0:0} 0 [4,4,3,3,0,0,1] 48 [4,4,2,1,2,20] 96
[6,42,1,1,1,0] 44 [5.33.1,1,1,1] 95

735(6.33,20.1,0] 36 5315[5,3,2,1,2.2,0] 92 ﬁmﬁgg;;;é} 181

2 [5,5,2,1,2,0,0] 20 6 [4,4,3,1,2,0,1] 80 10 [3’3’3’3’2’1’0] 9

15 [5.4,3,0,3,0,0] 0 [4,3,3,2,0,3,0] 72 PSS

[g gg;;é} Sg 5,3,2,2,1,0,2] 92 [4,3,2,2,1,2,1] 116

Fy 15{5 4’3’1’1’1’0% i Fi19(4,4,3,2,1,0,1] 80  F5'"[3,3,3,3,1,1,1] 111

4449100 32 [4,3,3,3,0,2,0] 72 3,3,2,3,2,2,0] 108
[5,4,2,1,12,0] 68 [5.3.221,1,1] 95
F1505,3,3,2,0,2,0] 60  Fo'®[4,4,2,2,2,1,0] 80
[4,4,3,0,3,1,0] 48 [4,3,3,3,1,1,0] 75

Tables 1, 2, 3 show some of the results obtained with the help of a computer.
They contain only representations p such that —Id,, ¢ Im(p) and such that p has
no fixed vectors, (i.e. go = 0), since we are mostly interested in manifolds (rather
than orbifolds) having first Betti number zero. For simplicity, we abbreviate by
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TABLE 3. All families F, f’” of almost-conjugate representations for
k=4andn <9.

n Reps. P, Ps Reps. P, Ps

[2,1,1,1,0,0,0,1,1,0,0,0,0,0,0] T 0

4.7
7 fﬁ[zLLLLmqaaaqaaLm1 2

2,1,1,1,1,0,0,1,0,1,0,0,0,0,0] 3 2

f?ﬂgai??%%ag%%%%%gg 8 F3*[2,1,1,1,1,1,0,0,0,0,0,0,0,1,0] 3 4
8 12,2,2,1,1,0,0,0,0,0,0,00,0,0] 2,1,1,1,0,0,0,1,1,1,0,0,0,0,0] 3 0
F2s22LL0110,00000001 0
[2,2,1,1,1,0,0,0,0,0,0,0,0,0,1] 1 4
BB211100100000003 0 4oL LLLO0L00001007 4
F59212.00000000000 0 & [2221010000010004 4
ST T 2,2,2,1,0,0,1,0,1,0,0,0,0,0,0/4 0
F2oB2LIOIL00000000T 0 L4sl8LLLL100,00,00010/3 6
2 [3,2,1,1,1,0,0,0,0,0,0,0,00,1] 1 6 2,2,2,1,0,0,1,1,0,0,0,0,0,0,01 0 0
FoB2LI0L000.L000003 0 1uaBLIL000.LL000.100[7 6
2,2,2,2,1,0,0,0,0,0,0,0,0,00/ 0 0  710[22210,0,,00,0,0000,1]4 8
2211,1,0,0,001,10000]5 4
g Fiol321L000,10,100000/2 0 1492211,100,10.00,0.L00}5 6
4 [3.2,1,1,0,1,0,0,0,0,0,0001]2 6 “1[2211,0,1,1,1,0000000] 5 2
2,2,1,1,0,1,1,0,0,1,0,0,0,0,0] 5 0
FoBIITITT00000000/3 0  4e22T110000010100/8 4
5 [2,2,1,1,2,0,0,0,0,1,0,0,00,000 0 “12[2,21,1,0,1,0,1,0,1,0,0,0,0,0] 8 0
oBLLLL1L010,0000007 0 ol L ELLL000000.1007 8
76 ay9111.000000000 4 0 Fi[2.1,1,1,1,0,1,1,0,1,0,0,0,0,0] 7 6
ST T 2,1,1,1,1,0,0,1,1,1,0,0,0,0,0] 74
FoBLLITO0LL000000 7 4 a2 LLLLLO.L00.0.0.0.L0[ 7 4
2,2,2,1,1,0,0,0,0,0,0,1,0,00/ 4 4 7 [21,1,10,0,0,1,1,1,0,0,0,10/7 0

writing, for £ = 3,4 respectively,

(411 G By Do G Do Do) = D, i X
[ql Y q2’ q3 ? q47 ql?’ q13 ? q147 q23 ? q247 q34’ q123 Y q124’ q1347 q234’ q1234] = Z qI XI :
I

In the tables, for each representation we include the value of P4  of primitive forms
of degree 4, when k = 3, and the values of P, r and Ps , when k = 4.

Table 1 shows all families of almost-conjugate representations of Z3 of dimension
n < 11. They all turn out to be pairs. On the other hand, already for n = 12, there
are 19 families, of which 16 are pairs. For reasons of space, in Table 2 we show, for
n < 15, all families having more than two elements, omitting the almost-conjugate
pairs. When the holonomy increases to Zj3, the number of families increases too.
For instance, for n = 9 there are 14 families, shown in Table 3. For n = 10 there
are 32 families, one of them containing 6 representations.

Remark 2.9. (i) One can check that all pairs in Table 1 can be obtained in one
step by the ‘flip method’ (Theorem 2.6). However, this is not always the case
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when k = 3, already for n = 12. Indeed, it is a simple matter to check that the first
and fourth representation [5,3,1,1,1,1,0] and [4, 3,3,2,0,0,0,0] in ]?f”u cannot be
obtained in one flip. This is the example of minimal dimension with this property
for £k = 3. When k = 4 the situation is very different. It is easy to check that most
of the pairs in Table 3 cannot be obtained by flipping (for instance ff T the first
pair in the table).

(ii) Recall that Corollary 1.3 and Proposition 2.3 tell us that Py p (resp. Py p +
Ps5 r) is an invariant of the algebra A} under isomorphisms when k& = 3 (resp.
k = 4) respectively. We note that in all examples in the tables these numbers are
different, showing different rings of invariants.

Remark 2.10. Open question. The above tables show many examples of fam-
ilies of almost-conjugate representations such that the corresponding rings of F-
invariants are non-isomorphic to each other. We expect that always, given any pair
of inequivalent almost-conjugate representations, the rings of F-invariants in the
exterior algebra are not isomorphic to each other. This happens to be true in all
examples obtained computationally so far.

3. MAIN RESULTS

Our next goal will be to use the results in the previous sections (Corollary 1.3
and Theorem 2.6) to construct many pairs of Sunada isospectral flat manifolds of
diagonal type having very different cohomology rings.

We shall make use of the following result.

Theorem 3.1. [7, Proposition 3.5] [10] Let ' and I be Bieberbach groups of diag-
onal type. Then Mr and My are Sunada isospectral if and only if ¢ +(T) = cs,.(I")
for every s,t (see (1.4)). In this case, they are p-isospectral for all p.

In particular, if I" and IV are two Bieberbach groups of diagonal type such that the
flat manifolds My and M/ are Sunada isospectral, then their associated holonomy
representations pr and prs are almost-conjugate. However, the equality in (2.7) does
not suffice to imply the equality between the Sunada numbers ¢ 4(I') and ¢ +(I")
(see (1.4)). An example of this type can be obtained by taking the two 3-dimensional
non-orientable diagonal flat manifolds with holonomy group Z3 called respectively
first and second amphidicosm. Indeed, they have the same integral representation
(xo + x1 + X2), they are not homeomorphic, they cannot be isospectral for any flat
metric on each (see [9]). In greater dimensions there are many other examples, for
instace the two different HW-manifolds in dimension n = 5.

Lemma 3.2. Let p =), q,x,; be a diagonal representation of 75, and let Mr be
a compact flat manifold with holonomy representation p. Then Mt is orientable if
and only if for every 1 < j <k,
(3.1) Z q, is even.
Ijel
Moreover, if q, is even for every I C {1,...,k}, then Mr has an invariant Kdhler

structure. Similarly, if q, € 4Z for every I C {1,...,k}, then Mr has an invariant
hyperkdhler structure.

Proof. The first assertion follows from the fact that det(B;) = (1) rier 9 for
each j.



ISOSPECTRAL MANIFOLDS 13

Regarding the second assertion, if every g, is even, then we may define a complex
structure J on R™ (n = 2m) by setting J(eg;—1) = —eg;, J(e2;) = eg;—1 for each
1 <4 < m. By (2.1), this complex structure commutes with the action of the point
group, hence it pushes down to a complex Kahler structure on Mr.

If furthermore each ¢, is divisible by 4, then we can define an additional com-
plex structure J/ on R" by setting JI(64,'_3) = €44—1, J/(€4i_2) = —€4,, J/(€4i_1) =
—eyqi—3, J'(e4;) = eqi—o for 1 < i < m/2. Again this complex structure J' com-
mutes with the holonomy action and anticommutes with J. Therefore the pair J, J’
defines a hyperkéhler structure on Mp. (Il

We are now in a position to prove the main result in this paper.

Theorem 3.3. For any k > 3 and any n > 32872 + 1 there exist explicit pairs of
Bieberbach groups T,T" of diagonal type of dimension n with F ~ F' ~ 75 such
that Mr and My are Sunada (hence strongly) isospectral and their cohomology
rings H*(Mrp) and H*(My) are not isomorphic as graded Q-algebras.
Furthermore, if k = 3,4,5, the cohomology Tings are not isomorphic as Q-
algebras. Actually one has Pyp < Py, Ps p < Ps pr and Pyy1,p =0 < Pygq,pr.

Finally, for every even n, Mr is Kahler and My is not.

Proof. We fix k > 3 and n > 32k=2 Set
(3:2) p=2""x+ D 2 +ax,
2el,1¢T
where ¢ = n—3 272, One can check that p is faithful since it contains the characters
X1 Xas Xass - - - » Xap- FOr this p, equation (2.8) gives

! (22872 —2F72) =1,

U= o2

since there are 28=2 subsets I C {1,...,k} such that 2 € T and 1 ¢ I. Now
Theorem 2.6 implies that p and its flip representation

(3.3) =204 > i+ Y o tax
1el,2¢1 2€1, 1¢1

are almost-conjugate.

Our next goal is to construct Bieberbach groups I' and I with diagonal holonomy
representations p and p’ respectively, in such a way that Mp and Mps are Sunada
isospectral manifolds. For I C {1,...,k}, we denote by ¢, and ¢/ the coefficients
of p and p’ respectively and by By and B} the n x n diagonal matrices given by
(2.1). We pick

(3.4) b= e, where 1= > ¢, +1,
I1<{2}

(35) b2 = %(elz + 6[2)7 where 12 = Z q; + 17 l~2 = Z q; + 1a
1<{2,3} I<{3}

(3.6) b = €1, where I,= > ¢ +m—2 and 3<m<k.
I<{1}

Now it is convenient to fix by € {0, £}™, as the only vector so that (br); = >, (bi);
mod Z,, for each I and for every j. We define b} for each I in the same way as by,

replacing ¢, by ¢/.
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For each I C {1,...,k}, let vy = BrLy, and v; = B} Ly, . Finally consider
F :<,VI . I C {1, .. .,k}, LZ71>7
FI :<’y; . I C {1, .. .,k}, LZ'VL>.
To prove that I' is a Bieberbach group, by [7, Prop. 1.1(ii)], it is sufficient to check
the following condition:

1
(3.7) for each I # 0, (by); = 3 for at least one j in the space fixed by Bj.

In Table 4 we show (in column notation) part of the matrices By, ..., By together
with the vectors by,...,bx. We include only the rows Iy, 2, l~2, l3,...,1l, as defined
in (3.4), (3.5) and (3.6), since these are the only rows having a non-zero component
for at least one b;, 1 < i < k.

TABLE 4. The column notation for I'.

PG dGmie B B2 By Bi ... By
X ls -1 1 11

X, ly -1 1 1 1%

X, -1 1 1 1 14
X h gy -1 11 !
Xas Lo 1 -1y -1 1 !
X:; 12 1 1 -1 1 1

Thus, Table 4 shows that the condition (3.7) holds for any subset I having only
one element. Now assume that I C {1,...,k} and |[I| > 1. If 1 ¢ I, then it is clear
that at least one of the coordinates I3, ...l of by (which are in the fixed space of
By) equals 3. Similarly, if 1 € I and 2 ¢ I, then (by);, = 3 and Bj(e;,) = ey; if
lel,2€land 3 €[ then (br);, = 3 and By(e,) =ey,;if 1€1,2€Tand 3 ¢ 1
then (br);, = 5 and Bi(ej,) = ej,. Thus, we have constructed Bieberbach groups
I' and IV with point groups F and F”.

In order to check the Sunada isospectrality of Mr and M/, we will use (1.1),
(1.2), (1.4) and Theorem 3.1. Since p and p’ come from a flip, it is clear that (2.10)
holds. Furthermore,

np, 1 =np,1 =np 1 =ng 1 =1 and ng 1 =npg 1 forevery I # {1} {2}.
Hence the Sunada numbers ¢, ¢(I") and ¢, +(I) coincide for every 0 < ¢t < s < n.
On the other hand, the vanishing of the first Betti number follows immediately
from Proposition 2.3 since g, = 0.

From Lemma 3.2, it follows immediately that M has an invariant Ké&hler struc-

ture since ¢, is even for all I. On the other hand, in the case of I'" we have that
Pr = {emej;zgg¢<j<13+2’“*2}U{ewej:l~2 §i<j<iz+q}-

Note that P2, involves only those e; such that i € [, I3+ 2572 —1]U[ly, I+ ¢ —1]
and these sets do not fill all of the interval [1,n]. For instance, they do not include



ISOSPECTRAL MANIFOLDS 15

the index [. This readily implies that the wedge product of § times the subspace
A2, cannot involve e, hence A/*A2Z, = 0 since A%, is one-dimensional. This
implies that Mp/ cannot admit a Kahler structure.

It remains only to prove the assertions on the primitive polynomials. For simplic-
ity, throughout this proof we write P, and PI’, in place of P, r and P, ps. Let us first
prove that P; > P;. From (2.4) we have Py = ¢, ...q,, where we add over all
{I,...,I4} € Ay (see (2.3)). It is not difficult to see that if {I;,..., 4} € A4 with
4, ---q;, > 0, then the indices I; must occur in (3.2) and cannot equal {1} nor {3}.
Then [; = {2} Ufj with fj Cc {3,...,k} for every j =1,2,3,4, thus q;, = 2. Hence
P, is 2* times the number of choices of four different subsets fh . ,174 c{3,...,k}
such that X; o Xp, = 1. Now, there are 2F—2 k=2

choices for I, — 1 choices for

I~2, 2k=2 _ 9 for I~3 and I~1 is determined. This counting argument shows that
2k—2<2k—2 _ 1)(2k'—2 _ 2)

4! ’
Similarly, P; = Eqﬁl ...q;4 where we add over all elements in A44. Now, just

(3.8) P, =24

counting some primitive elements will show that P; > P;. For any flvl,fg,:fg C
{3,...,k} with I # I, we take

L ={2}Ul, L ={2}Ul, Iy = {1} U s, Iy = LALAI,

where IAJ := (IUJ)\(INJ). One checks that {I1,...,I4} € A4. There are (2k;)
choices for the pair I, I. For I there are 2¥~2 choices, but when we consider I,
we have to divide them by two. Now, we have to take into account the multiplicities

q, , which are all one except ¢, = 2k=2 1 1. Hence

2k—2 2k—2 —92 2k—2(2k—2 1)
/ / k—3
(3.9) Py > ( 9 ) (ql + 51 ) = 5 28793,
Combining (3.8) and (3.9) we conclude that

2/973 24 2k72 -9
P;—P4>2’“2(2“—1)( 3 _ X ))>0.

2 4!
Now we shall prove that P5 > Ps. Consider {1,...,I5} € A5 withg, ...q, > 0.
We note that I; # {1} for every j =1,...,5, since the number 1 have to occur an

even number of times. Moreover, the index {3} occurs once. Then, by changing
the order if necessary, we can write Is = {3} and I; = {2} U I, with I; C {3,...,k}
for 1 <j <4. Thus q,, =q and a4, =2forj=1,....,4.

Hence Ps equals 2%¢ times the number of possible choices of four different subsets
1:1, e ,I~4 C {3,...,k} such that X7, - Xg, = X3 and where no subproduct of two
of them equals xg nor x3. Again, by a similar counting argument, we get
9h=2(2h=2 _ 9)(2k=2 _ 4

4! '

We can now proceed similarly as in the proof of (3.9) fixing Is = {3} and defining
I4 == 11A12A13AI5, Obtaining

2k72(2k72 _ 2) , 2k72 —92
=+
2 ! 2!

P; =2%¢g

Pl >q
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Consequently we obtain that P, > Ps, as asserted.
We now prove that P11 = 0. Suppose there is a set A = {I1,...,Ix4+1} € Agt1
such that g, > 0. Note that any subset of {Xll""’XIk+1} having k

el
elements is linearly independent in 2’2“ . By the construction of p, {1} ¢ A. When
k41 is even, it is clear that also {3} & A, thus every I; € A is the union of {2}
and a subset of {3,...,k}. This contradicts the linear independence mentioned
above. Similarly, when k + 1 is odd, it follows that {3} € A. The remaining k
elements I; € A are such that 2 € I; and 1 ¢ I;, therefore they cannot be linearly
independent, a contradiction.

We now show that P, ; > 0. When k + 1 is even, it is clear that the product
of X1, Xias Xaas -+ » Xans Xos Xas. s €quals x, while no subproduct of them equals x,,
thus the set of the corresponding indices belong to Axi+1. When &k + 1 is odd, the
same is true, with x, in place of x,,. Since all the corresponding coefficients ¢/ in
p' are positive, the assertion follows.

The inequality Py < Pj suffices to show that A% and A%, are not isomorphic as
graded algebras over Q. To prove that the cohomology rings are not isomorphic
as Q-algebras, it is sufficient, by Corollary 1.3, to show that 327 | P, < 37 | P,.
We know by Proposition 2.3 that Py = Py =1, P = Pl = 0 and P, = P, =
for p > k + 1. Furthermore, for p = 2,3, P, = dim(A}L) = 3,(Mr) and P, =
dim(A%,) = B,(Mrr) since g, = 0. Also 3,(Mr) = 3,(My/) for all p since I and T
are Sunada isospectral, hence P, = Pj and P; = P}. Finally, since we have proven
that Py + Ps + Ps < Py + P, + P§ when 3 < k <5, it follows that A}, and A%, are
not isomorphic as Q-algebras. This completes the proof of the theorem. ([

Remark 3.4. Some open questions.

(i) We expect that the cohomology rings of the manifolds constructed in the
theorem are not isomorphic for every value of k, not just for 3 < k < 5. By similar
arguments, we can still show non-isomorphism also for some values of k£ > 5 but
the argument becomes much more involved. We feel it would of interest to find an
elegant proof valid for general k.

(ii) Actually, it should be possible to construct by similar methods strongly
isospectral families of arbitrarily large cardinality having pairwise non-isomorphic
cohomology rings (provided k, and hence n, are allowed to grow).

4. SOME EXPLICIT FAMILIES

In this last section we exhibit several strongly isospectral families in low dimen-
sions, showing different features in their (non-isomorphic) cohomology rings.

Example 4.1. Here we will define I" and I two Bieberbach groups of dimension
n = 7 with holonomy groups Zj3. Their holonomy representations are those of
minimal dimension obtained for k = 4 by means of Algorithm 2.8 (pair ]—'f " in
Table 3), namely

P= 20X H X T X Xas F Xaas

pl = 2X1 T Xo T Xa T Xa T Xao T Xosa-

The corresponding Bieberbach groups have generators B;Lp, (1 < i < 4) which in
column notation are given by:



ISOSPECTRAL MANIFOLDS

By By By By

—1 1 1% 1
—1 1 1 1
P L1011
1 1% -1 1
11 11 1. -1
2 2 2
1 -1 -1 1%
1 -1 1 —1

|

Bi By Bz By

T 1 1. 1

11 11
1. -1 1 1
1 1, -1 1
1. 1. 1. -1

2 2 2

R L

1 -1 -1 -1

17

By comparison of the Sunada numbers we see that the corresponding manifolds
are Sunada isospectral. Indeed on checks that, in both cases, the non-vanishing

Sunada numbers are ¢51 =c31 =c1,1 =1, 520 =C12=C11 =C31 =2,C21 =4

The rings of invariants are given in Table 5. They are not isomorphic by Corol-
lary 1.3, since the total number of primitive elements equals 5 for F' and 7 for F”.
Note that AZ A A3, = A%, while AZ, A A2, = 0.

TABLE 5. Invariants for F' and F”.

p Af Por Py A% Bp
0 span{1} 1 1 span{1} 1
1 0 0 0 0 0
2 span{ 12} 1 1 span{ 12} 1
3 span{ 346, 357 } 2 2 span{ 136, 236 } 2
4 span{ 4567 } 1 1 span{ 3457 } 1
5 span{ 12346, 12357} 0 2 span{ 14567, 24567} 2
6 span{ 124567 } 0 0 span{ 123457 } 1
7 0 0 0 0 0

Here we write 12 in place of e; A e5 and so on. Primitive elements are in bold.

Example 4.2. We now assume that I" and I are as defined in the proof of The-
orem 3.3 with £k = 3 and n = 8 (¢ = 2). The corresponding pair of diagonal
representations coincides with pair F7® in Table 1. They are

p= 2X; +2x, + 2x,5 + 2Xs,

po=
In column notation:

B, By Bs
-1 1 1.
2
-1 1 1
1% -1 1
A 1
1 —1:. -1

2
1 -1 -1
1 1. -1

2
1 1 -1

Xy T Xas T Xo  Xog + 2X5-

B, B, B

1 1 1.

2

1 1 1

-1 1 1

1 1 -1

1. -1 1

2

1 —1: -1
2

1 1. —1
2

1 1 -1



18 E. A. LAURET, R. J. MIATELLO AND J. P. ROSSETTI

Then Mt and My are Sunada isospectral, H*(Mr) 2 H* (M) as abstract rings
and furthermore Mr is Kéahler, while M- is not.

We now study in some more detail the properties of these manifolds by direct
computation, i.e. without appeal to Theorem 3.3. Firstly, it is not hard to see that
the F' (resp. F')-invariant forms are as given in Table 6.

TABLE 6. Invariants for F' and F”.

p Ai—‘ PPVF P, JF! Ai—w ﬂp

0 span{1} 1 1 span{1} 1

1 0 0 0 0 0

2 span{ 12, 34, 56, 78 } 4 4 span{ 12, 13, 23, 78 } 4

3 span 357, 367, 457, 467 g 3 Spm1{147,247,347,567} g
358, 368, 458, 468 148, 248, 348, 568

4 span {1234, 1256, 1278} 0 5 span {1456, 2456, 3456} 6
3456, 3478, 5678 1278, 1378, 2378
12357, 12358 12347, 12348
5 span 12367, 12368 0 0 span 12567, 12568 g
12457, 12458 13567, 13568
12467, 12468 23567, 23568
5 span {1234567 123478} 0 0 span {123456, 145678} 1
125678, 345678 245678, 345678
7 0 0 0 0 0
8 span{ 12345678 } 0 0 span{ 12345678 } 1

Here we write 12 in place of e; A es and so on. Primitive elements are in bold.

Using Table 6, it is easy to see that
A%, A A%, = span{ 1278, 1378, 2378 }
and Pp, = {1456, 2456, 3456 } thus Py g = 3. Furthermore,
A2/ /\AZ/ /\A%/ :0

This clearly implies that Mp: cannot admit a Kéhler structure.
Now we look at Mr. We have

AL AAL = AL, AFL AATAAT =AS,
AZ AAL A AL A AL = A% = span{ 12345678 }.

It is clear that the cohomology rings are not isomorphic as graded rings. On the
other hand, since A% A AZ = A%, this says that Py p = 0, showing that A%} and
A%, cannot be isomorphic as algebras, by Corollary 1.3 since we have just seen that
Py g =3.

The complex structure on R® given by Jegj_1 = —egj, Jea; = ey, if j =
1,2, 3,4, commutes with the holonomy action of F', hence it induces a Kéhler com-
plex structure on M with Kéahler form 2 = 12 + 34 4+ 56 + 78. Note also that
ZOUAQAQAQ =12345678.

Since Mr is Kéahler there is a natural action of SL(2,C) on H*(Mr)¢ ~ A*(C™)p
which gives the Lefschetz decomposition of H*(Mr)c. We have the operators L,
L* given by L(X) = QA X, L*(X) = ¢, * L% (X) on AP(Mr), with ¢, a constant. A
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form 7 is such that L*n = 0 generates an SL(2, C)-module of dimension n —p + 1.
The decomposition into irreducible submodules is as follows

(4.1) H*(MF)(CZW5@37T3@87T2@27T1.

To verify this we note that 1 generates the irreducible submodule of dimension 5:
span{ 1, Q, QAQ, QAQAQ, QAQAQAQ }. Furthermore 12—34,12—56 and 12— 78
are 2-forms annihilated by L* and each one generates an irreducible submodule of
dimension 3. For instance, in the case of 12 — 34 we have:

QA(12-34) = 1256+ 1278 — 3456 — 3478,
QAQA(12—34) = 2(125678 — 345678).

Thus QA QA QA (12 — 34) = 0, hence the SL(2,C)-module generated by 12 — 34
has dimension 3.

Similarly, a basis for the 4-forms annihilated by L* is 1234+ 5678 — 1256 — 3478,
1234 + 5678 — 3456 — 1278. These 4-forms generate a trivial module.

Furthermore, we recall that the dimension of the space of the p-forms in Ker(L*),
with p < nis 3} = 3, — Bp—2, see [11], which is a topological invariant. This implies
that B =138 =4-1=3,3 =8-0=28, 3t =6 —4 = 2 and furthermore
By = By " for all p. We see that all vectors in Ker(L*) of the same degree p < 4
generate an irreducible module of dimension 4 — p + 1.

We note that the doubled manifolds Myr, My are both isospectral Kéahler
manifolds of dimension 16, but their cohomology rings are still not isomorphic.
Furthermore, Myr is hyperkahler but My is not.

Example 4.3. As a final example, we will consider a family of eight compact flat
manifolds of dimension 24 with point group isomorphic to Z3. This family was also
found by using the algorithm explained at the end of Section 2. The coeflicients
qgj) of the representations p; for 1 < 7 < 8, are given in Table 7. We will denote
by F; the point group given by Definition 2.2 of p;.

TABLE 7. Representations p1, ..., ps.
o 91 92 93 Qq12 913 423 d123
pr| 0 10 6 3 2 1 1 1
p2| 0 10 6 2 2 2 2 0
p3| 0 10 5 4 3 0 1 1
pse| 0 10 4 4 4 0 2 0
ps| 0 9 7 4 2 1 1 0
pe| 0 9 6 5 3 0 1 0
pz| 0 8 8 4 2 2 0 0
ps| 0 8 6 6 4 0 0 0

Now we will show that, as in Theorem 3.3, for each of the given diagonal rep-

resentations p; of Z3 one can find 24-dimensional vectors bgj )

with coordinates in
{%,O} (1 <i<3,1<j<8) such that the resulting groups I'; = (ng)wa,LZn}
are Bieberbach groups. Indeed, one can show that these choices can be made in
many different ways.
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To choose the vectors bgj ), it is convenient to fix the following order in Zg

X0 = X1 < X2 < X3 < X12 < X13 < X23 = X123

We choose the vectors bgj ) for every 1 < 7 < 8, in such a way that the first row
1

in each character set is as in Table 8 and the other rows contain no 5-

TABLE 8. Bieberbach groups I'y,...,'s in column notation.

Character
By By Bz Bz Biz DBy DBias

set

X1 -1 1 11 -1 —1; 1; —1;
2 2 2 2
Xs 1 -1 1% -1 1% —1% —1%
X3 1% 1% -1 1 —1% —1% -1
Xi2 —1% -1 1 1% —1% —1 1%
X 1 1 -1 -1 1 -1 1
Xas 1 -1 -1 -1 -1 1 1
Xy —1 -1 -1 1 1 1 -1

The coefficients q%j ), qéj ), q:(,,j ) and qg) are positive for all j, which implies that
the condition in (3.7) is verified for I'; = (B}J)Lb@ ,Lzn). Thus, I'; is a Bieberbach
group for every 1 < j < 8. '

We claim that these compact flat manifolds Mr,’s are Sunada isospectral. In-
deed, using Table 7 and Table 8, it is not hard to check that the numbers np,’s are
given by:

"B, MBy, MNBy MNBy, MBy;z MNBy3 MBiyg
P1 10 14 18 6 8 12 4
p2 | 10 14 18 4 8 12 6
p3 | 10 14 18 6 8 12 4
pe | 10 14 18 8 6 12 4
ps | 12 14 18 6 8 10 4
pe | 12 14 18 8 6 10 4
p7 | 12 14 18 6 10 8 4
ps | 12 14 18 10 6 8 4

This tells us that the patterns (co(p;),...,c24(p;j)) (see Section 2) coincide for any
1 < j < 8. The numbers ¢;(p;) which are nonzero are ¢4 = ¢g = cs = ¢19 = €12 =
c14 = c18 = 1. Moreover, by our choices of the vectors bgj ), the non-vanishing
Sunada numbers for all I'; are c41 = ¢6,1 = €81 = C10,2 = C12,2 = C14,1 = C18,2 = 1.

To compare the cohomology rings we consider the algebra A}J_ of Fj-invariants
for each j. Proposition 2.3 (i) tells us that Pop; = 1, Py r; = 0 and P, p, = 0
for every p > 5 and every j, since q((f ) = 0 and k£ = 3. Furthermore Py B =
B2(Mr,), P3 r; = $3(Mr,). By strong isospectrality all manifolds have the same
Betti numbers, hence they have the same P, and P3. They are given by

Po=Por=0+ )+ )+ () =61, Py=Psp=q"¢Pq =102

By Corollary 1.3, we only need to show that the values of Py r, are all different
to prove that the algebras A}}j are pairwise not isomorphic. Now, by computing
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F; by means of (ii) in Proposition 2.3, we obtain

j |1 2 3 4 5 6 7 8
Py, | 371 368 335 320 191 135 128 0 °

hence our assertion follows.
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