Q-CURVES, HECKE CHARACTERS AND SOME DIOPHANTINE EQUATIONS.

ARIEL PACETTI AND LUCAS VILLAGRA TORCOMIAN

ABSTRACT. In this article we study the equations % + dy? = 2P and 22 + dy® = 2P for positive values of
d. A Frey curve over Q(v/—d) is attached to each primitive solution, which happens to be a Q-curve. Using
Hecke characters we prove that a twist of the elliptic curve representation descends to Q hence (by Serre’s
conjectures) corresponds to a newform in Sz(n,e) for explicit values of n and e. This gives a systematic
procedure to study solutions of the above equations and allows us to prove non-existence of solutions of both
equations for new values of d.

INTRODUCTION

Since Wiles’ proof of Fermat’s last theorem, there has been an increasing interest in solving different
Diophantine equations. Of particular interest is the problem of determining all solutions of a generalized
Fermat equation

AXP 4+ BY?1=CZ",
mostly when % + % + % < 1, as in this case solutions correspond to points on curves of genus greater than 1
(see [DGY5]). Using Q-curves, solutions of the equation

(1) ot + dy? = 2P,

were studied in [E1104] for d = 1 and in [DU09] for d = 2, 3. Both articles prove an asymptotic result, namely
there exists Ny such that (1) has no non-trivial solutions for p > Ny. The constant N, obtained equals
211,349,131 for d = 1,2, 3 respectively. Furthermore, by a detailed study of the small primes, it is possible
to extend the result to all primes in the cases d = 1,2. ([BEN10]).

A solution (A, B,C) to (1) is called primitive if gcd(A, B,C) = 1. As explained in [DM97], it is mostly
interesting to understand primitive solutions, as otherwise there might be infinitely many of them. There
are some trivial solutions to (1), namely (+1,0,1) and (0, +d, d) for p = 3.

The general strategy for finding primitive solutions of Diophantine equations consist on attaching a Frey
curve to a solution. The Frey curve has the property that modulo p, the residual Galois image has small level,
hence using modularity of rational irreducible representations (Serre’s conjectures) and Ribet’s lowering the
level theorem, one concludes that the solution is related to a newform in a specific level and weight space.
In many instances, after computing such space, one deduces that no such form can exist.

As explained in [DU09], to a primitive solution of (1) one associates the elliptic curve

(2) Eapy:y? =2° +4A2” + 2(A* + rB)z,

where 7?2 = —d. To easy notation, we denote F = E(4,py when there is no confusion. The existence of

trivial solutions sometimes imposes a big issue in the aforementioned strategy! The advantage of equation
(1) is that the trivial solutions (+1,0,1) and (0, £d, d) for p = 3 correspond to elliptic curves with complex
multiplication while others do not.

The curve E is not defined over Q, but is what is called in the literature a Q-curve, i.e. an elliptic
curve whose Galois conjugates are isogenous to E. As will be explained in detail, E is 2-isogenous to the
quadratic twist of E by (the quadratic character associated to the field) Q(v/—2). Over the compose field
Q(v—d,v/=2), E is a (completely defined) Q-curve. By a result of Ribet ([Rib04]) a twist of E gives a
Galois representation that descends to Q. However, Ribet’s result is not explicit, as it depends on finding a
map trivializing some cocycle and there is not much control of it.
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The strategy used in the literature follows a strategy of Quer ([Que00]) which gives an ad-hoc element
(via Hilbert’s 90 theorem) after a tedious search for it. In particular, it gives no control on the ramification
of the character so determining the level and the Nebentypus of (one) weight 2 modular form attached to F
(after twisting) is not straightforward. In the present article, we give a solution different from Ribet’s one.
We define a Hecke character x such that the ¢-adic Galois representation (for any ¢) attached to E twisted
by x descends to Q. In this way, we have complete control on the level and the Nebentypus of the resulting
newform. We also compare our approach to Ribet’s classical solution (which implies trivializing a cocycle).

The advantage of our approach is that it can be applied to other Diophantine problems where the Q-curve
is defined over an imaginary quadratic field. For example in [BC12], the Diophantine equation

(3) z? + dyb = 2P
is considered, for d = 1. The Frey curve attached to a primitive solution (A4, B, C) is given by the equation
(4) Eap):y? =2° —3(5B° + 44i) Bz + 2(11B° + 14iB3A — 24?).

The curve E is also a Q-curve as its Galois conjugate is 3-isogenous to the quadratic twist of E by Q(v/—3).
In Section 5 we attach a Frey curve to a solution of equation (3) for a general d, and prove that such curve
is a Q-curve; in particular its Galois conjugate is a twist by Q(y/—3) of an isogenous curve (our equation is
different from that of [BC12] where the 3-isogeny is not explicit). Our Frey curve comes from the description
of curves with a 3-torsion point given by Kubert ([Kub76]). We apply the same strategy, namely we construct
a Hecke character such that the twisted representation descends to Q, to give an explicit formula for the
level and Nebentypus of the newform attached to a solution of it.

The restriction to imaginary quadratic twists is to avoid fundamental units, a case in which Hecke char-
acters are harder to construct. Nevertheless, our construction of the Hecke character works when the fun-
damental unit of Q(v/d) (for d positive) has norm —1. Applications of such result to Diophantine problems
will be considered in a sequel (as the techniques are completely different than the ones used for imaginary
quadratic fields).

As an application, in the present article we study equations (1) and (3) for d = 1,2, 3,5,6 and 7 (the cases
that were not considered before), but our approach allows to study any other value of d. We succeed to prove
non-existence of solutions in all cases but d =5 and d = 7 for equation (3) (where the existence of newforms
satisfying all the required properties makes the classical approach to fail). It would be an interesting problem
to study if the so called “multi-Frey”method can be used in such cases (although it implies working over
other number fields).

The article is organized as follows: in section 1 the main properties of the curve (2) are given. In particular,
we recall the proof that E is a Q-curve and compute its reduction type and conductor at all primes (for
any value of d). This result is needed to give an explicit formula for the level n and the Nebentypus e of
the newform attached to a primitive solution. Section 2 gives the general strategy to construct the Hecke
character, and describes it explicitly for equation (1). Since the conjugate Galois representation is isomorphic
to its twist by v/—2, the prime 2 plays a special role in the construction (this is why we give one construction
of the character needed to solve (1) first and another construction to solve (3)). The way to define the
character x is to split the set of primes ramifying in K/Q depending on their congruence modulo 8. If ¢ is
such an odd prime, the ramification of the local component of x at q (the unique prime of K dividing ¢) has
order 1,2 or 4 and depends only on ¢ (mod 8). Special care needs to be taken for primes dividing 2 (which
is the more technical part of the construction). The main application (Theorem 2.3) gives the recipe for n
and € using the control on the conductor of pg, ® x and standard techniques.

In Section 3 we relate our construction to that of Ribet. This includes an explicit description of the
field extension N where the cocycle attached to our Q-curve is trivialized (in terms of the character y), a
description of the Galois group Gal(N/Q) and a trivialization map.

Section 4 recalls the general strategy (and the results needed) to prove non-existence of primitive solutions
of equation (1). The main idea is to use Ribet’s lowering the level result. For doing that, we need the residual
image (modulo p) of the residual representation pg , to be absolutely irreducible. To assure the big residual
image hypothesis, we consider two different cases. Either the solution (A, B, C) satisfies that C is divisible
by a prime greater than 3 or it does not. In the first case, the curve F has a prime of multiplicative reduction,
hence cannot be a curve with complex multiplication. Then a result of Ellenberg implies that there exists
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a bound Nk (depending only on the base field K) such that the curve has big residual image at all primes
greater than Nk. In the second case, we adapt a stratedy used in [DU09]: namely if C' is supported only at
the primes {2, 3} and the residual image is not absolutely irreducible, then there exists a congruence with an
Eisenstein series. For p large enough this violates Hasse’s bound on |a,(E)|. With all tools in hand, we prove
non-existence of solutions for d = 5 (Theorem 4.5), d = 6 (Theorem 4.6) and d =7 (Theorem 4.7). In some
cases, we exploit the relation to Bianchi modular forms (using an algorithm due to Cremona to compute
such space for imaginary quadratic fields of class number 1) which improves the computational effort.

Section 5 is devoted to study equation (3). Based on Kubert’s description of elliptic curves with a 3-
rational point ([Kub76]), we attached to a non-primitive solution of it a general Frey curve E (for any value
of d). We prove that the curve E is a Q-curve by proving that its Galois conjugate is isogenous to its
quadratic twist by /—3. Contrary to what happened for the curve E, the primes ramifying in the quadratic
extension K/Q are primes of additive reduction for E. We study the ramification type of E at all primes,
including primes dividing 2, 3 and the ones ramifying in K/Q. For the latter ones, we also describe the
local type of the Weil-Deligne representation attached to E (such information is sometimes useful to discard
newforms which are candidates to come from solutions). In Section 6 we study the problem of how to descend
the Galois representation attached to a Q-curve E over an imaginary quadratic field K satisfying that its
conjugate curve is isogenous to the twist of E by a quadratic character ramified at a unique prime ¢t = 3
(mod 4) (the case of interest being ¢t = 3). The general strategy follows the case ¢t = 2 given in Section 2,
but turns out to be more interesting. The set of primes ramifying in K/Q need to be separated into four
different sets depending on properties modulo 4¢ (more concretely depending on whether an odd prime ¢ is a
square modulo 4 or not, and whether it is a square modulo ¢ or not). Once the local definition of the Hecke
character is given, the proof that the global character satisfies the desired properties is similar to the case
t = 2 (with some extra technicalities).

At last, in Section 7 we apply our results to solve new instances of equation (3). In particular, we succeed
to solve the case d = 2 (Theorem 7.1) and d = 6 (Theorem 7.2), while did not succeed to prove the cases
d = 5 and d = 7 due to the existence of newforms matching all conditions of curves coming from real
solutions.

To easy notation during the exposition, if K is a number field or a local field, Galx will denote the Galois
group Gal(K /K).

Acknowledgments. We would like to thank John Cremona for many useful conversations regarding com-
puting with Bianchi modular forms, and for explaining us how to use his code to compute them.

1. THE EQUATION (1): PROPERTIES OF THE CURVE F

The curve E satisfies: A(E) =512(4%2 +rB)CP and j(E) = %. There are two important facts
on primitive solutions: if (A4, B,C) is a primitive solution of (1), then ged(A,d) = 1 and also the following

elementary property holds.

Lemma 1.1. Let (A, B,C) be a primitive solution with p > 3, then

e Ifd is even, A is odd.
e Ifd=1,3,5 (mod 8) only one of {A, B} is even and the other one is odd.

The trivial solution (£1,0,1) corresponds to a curve curve with complex multiplication by Z[v/—2] (with
j-invariant 8000) and the solution (0, £d, d) for p = 3 corresponds to a curve with complex multiplication
by Z[v/—1] (with j-invariant 1728). Note that j(E) is not in Q unless B = 0 (corresponding to a trivial
solution) or (A, B,d) = (3,5,7) (corresponding to an elliptic curve with complex multiplication by Z[H'Tﬁ]
and j-invariant —3375)). In particular, if (A, B, C) is a non-trivial solution, the curve F is not defined over

Q. Let K = Q(v/—d).

Lemma 1.2. Let q be an odd prime of K. Then vq(A(E)) =0 (mod p).
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Proof. Clearly if q | ged(A% + rB, A%> — rB) then q | 2 (because (A, B,C) is primitive). Then, since C? =
A* +dB? = (A% +rB)(A% — rB),

0 if 91 (A% +rB),

A’ +rB) =
va(A” 7 B) {vq(Cp) otherwise.

O

Lemma 1.3. Suppose that p is an odd rational prime ramified at K/Q and let p denote the (unique) prime
in K dividing p. Then p 1 A(E).

Proof. Since p is ramified, p | r, and since (A, B, C) is a primitive solution, p { A. Then p{CP(A%2+rB). O

Let Ng denote the conductor of E. Assume that p > 11 to avoid extra computations when 2 splits in K.

Lemma 1.4. Let q be a prime ideal of K dividing 2.

(1) If 2 is inert in K then vay(Ng) = 8.
(2) If 2 ramifies in K then vq(Ng) € {10,12}.
(3) If (2) = papo then either vy,(Ng) = vp,(Ng) =8 or vy, (Ng) = 6 and vy, (Ng) € {1,4}.

Proof. Apply Tate’s algorithm ([Tat75]). The invariants of E are: ag = 0, by = 164, bg = 0 and bg =
—4(A? + rB)%. Let Ok denote the ring of integers of K.

(1) The hypothesis implies that d = 3 (mod 8) and 2 is prime in Ok. Notice that, by Lemma 1.1,
2+t A? 4+ 7B hence v2(A(E)) = 9. Since: 2 | bg, 22 | ag, 22 { bs, the curve has reduction type IIT and
UQ(NE) = UQ(A(E)) —1=8.

(2) Let q be the unique prime in Ok dividing 2 and let © be a local uniformizer. By Lemma 1.1,
q1 (A% + rB), hence vq(A(E)) = 18. To easy notation, consider the curve

(5) y? = 2* + daa® + 2P,

an
T

where q 1 3. Clearly q | ba, q° | ag, q° | bs and q* | bg. Following Tate’s notation, let a, n, =
The polynomial P = 23 + ag12% 4+ a4 27 + ag3 has a double root at = 1, hence we make the
translation z — x + 7 in (5), to get the new equation

y? =23 + (4a + 31)2? + (8w + 37% 4 2B)x + 4n’a + 73 + 2837,

Write @; for the new coefficients. If either d is even (so we can take 7 = v/—d) and B is odd, or d is
odd (so m = 1++/—d) and B is even (hence A is odd), vq(7? 4+ 28) = 3 hence v4(d4) = 4 and the
polynomial Y2 + a3 oY — Gg 4 has a double non-zero root. Although we need to make a translation
(to take the double root to zero), such procedure will not change a4 3, which has valuation 3, so the
type equals Ij and vq(Ng) = vq(A(E)) — 6 = 12.

Suppose that d is even and B is even. If 4 = 1 (mod 4) then vq(dg) > 6 and vq(ds) = 4, so we
do not need to make any translation and the type is Ij and vq(N2) = 18 =8 = 10. If ¢ =3 (mod 4)
then vq(dg) =4 and vy (a4) > 5 hence the polynomial Y24 a32Y — ae 4 has a non-zero double root,
and after sending the root to 0, we get that the new a4 has valuation 4, so the same computation
works.

At last, if d =1 (mod 4) and B is odd, vq(@s) > 5 and vq(@4) = 4, hence again the type is I} and
vg(N2) =18 — 8 = 10.

(3) Let p be a prime dividing 2. Consider the different cases:

e If either A or B is even (hence the other one is odd) then v,(A? + rB) = 0 and v,(A) = 9
(for both primes). Clearly v,(b2) > 4 and v,(bg) = 2 hence the reduction type is IIT and
vp(Ng) =9 — 1 = 8 (at both primes).

e If both A, B are odd, we can assume that v,(A? + rB) > 1 while vz(A? + rB) = 1 (since
MTTB is an integer, and vg(A? + rB) = vy (A% — rB) = vy(A? + rB — 2rB)). Furthermore,
our assumption p > 11 implies that v,(A% + rB) > 11 so v,(j(E)) < 0. In particular E has
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potentially multiplicative reduction. Furthermore, the equation is not minimal at p, under a
change of variables, it equals

(A2 +1rB)

y' = An? 4 g

z,

which already has multiplicative reduction. Hence its conductor equals p or p*. To compute the
type at p, the hypothesis also implies that v5(j) < 0 so the curve has potentially multiplicative
reduction, but it equals a quadratic twist (by the character of conductor 8) of a curve with
multiplicative reduction, hence its conductor equals p°.

O

Lemma 1.5. Let p be an odd prime dividing A(E). Then E has multiplicative reduction at p.

Proof. By Lemma 1.3 we know that primes dividing A(F) are not ramified in K/Q; in particular, if p is an
odd prime dividing A(E), p t 4A, hence clearly the reduction of (2) modulo p is multiplicative. O

Recall (as explained in [DU09]) that the curve E is a Q-curve. The 2-isogenous curve of F (corresponding
to the quotient by the 2-torsion point (0,0)) is the curve

y? = 2% — 8A2% + 8(A% — rB)x.

Such curve equals the quadratic twist by —2 of 7(FE) (the Galois conjugate of E). In particular, if we look
at E over L = Q(\/jd, v/—2) then it is a Q-curve in the sense that the curve is isogenous to all of its
Galois conjugates. In particular, for any prime number p, there exists a twists of the Galois representation
pEp - Galp, — GLa(Z,) which extends to the whole Galois group Galg (see [Rib04]). Methods to describe
the twist are explained in [Que01, Que00], and a detailed concrete example is given in [Pyl04] (page 47).
The problem is that in such approaches no control on the ramification of the twist is given. Our main
contribution is to give an alternative solution in terms of Hecke characters.

Recall that a representation p : Galg — GL2(Q,) descends to Galg if and only of "p = p, where 7 € Galg
is an element whose restriction is non-trivial, and "p(c) = p(r7o7~!) (we will present a proof of this fact in
Theorem 2.3).

If ¢ is an integer, let v, denote the character of Galg corresponding to the extension Q(vt)/Q. The
hypothesis of E being a Q-curve whose Galois conjugate equals its quadratic twist by 1_o implies that
"PEp = PE,p@YP_2. In section 2 we construct a Hecke character x : Galx — @X satisfying that "y = x-1¥_2
(as characters of Galg ). Then the twisted representation pg , ® x does descend to a representation of Galg.
Knowing the conductor of x allows us (in Theorem 2.3) to specify the level and Nebentypus of the rational
representation.

2. CONSTRUCTION OF THE HECKE CHARACTER

Let I denote the idele group of K and CI(K) the class group of K. Fix for each prime p an embedding
Galg, < Galg. Class field theory relates characters of Galg with characters on the idele group Ix (our
characters will always be finite), hence we will denote by the same letter both incarnations of the same object
(and hope there is no confusion on doing that).

If N is a local field, local class field theory relates abelian extensions of N with continuous characters ¢ of
N*. Furthermore, the ramification information is encoded in the restriction of ¢ to O* (the ring of integers
of N). Let L be a global field. From the short exact sequence

(6) 0——L* - ([], 05 x (L®R)*) — I — CI(L) — 0,

we deduce that to define a character of I, it is enough to give its values on ([ ], Of x (L®R)*), on L* (where
the character is trivial) and on idéles representing the class group of K. Note that ([, Oy x (L&R)*)NL* =

OF, hence the compatibility condition is that the product of the local components evaluated at a unit equals
1.
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For L = Q, since the class group is trivial, a Hecke character is determined by its values on Hp Zy x RX.
i.e. give for each prime p a character ¢, : Z,; — C* and an infinite character ¢ : R* — C* satisfying

(7) [T¢r(-De(-1) = 1.

Such information determines a unique Hecke character 1, and if ¥ has finite order, we can take its image to
take values in @X.

Let 7 € Gal(Q/Q) be such that its restriction to K is not trivial. If y : I — C* is a Hecke character on
K, let "x denote the character given by

T

x(ar) = x(7(a)).
Looking at characters of the Galois group, the character Ty is given by "x(co) = x(1o771).

Problem: Given 1; a quadratic character of Galg corresponding to an imaginary quadratic extension
ramified at a unique prime, find a Hecke character x of Galg such that "x = x - ¢¥_;.

We solve the previous problem for ¢ = 2 and for ¢ a prime number congruent to 3 modulo 4 (so
corresponds to an imaginary quadratic extension ramified at a unique prime). Furthermore, we construct a

character € : Ip — @X such that y2 = € o N. Once the existence of the character x is proven, a well known
result (see Theorem 2.3) implies that the Galois representation attached to the elliptic curve E (respectively
E) descends to Q and e will be its Nebentypus.

The characters € and x ramify only on primes ramifying in K/Q and on primes dividing 2¢. The general
strategy is to split the odd primes {p : p ramifies in K/Q} into four sets depending on the values of 1 _;(p)
(more concretely: for ¢ = 2 depending on the congruence of p modulo 8 while for ¢ an odd prime, depending
whether p is a square modulo ¢ or not and on whether p is a square modulo 4 or not). For primes in each
set, define the local characters ¢, and X, restricted to the integers Z, and O, respectively (where p is the
unique prime in K dividing p). Then we define global characters € and x as a product of the local parts on
the set (][, Of x C*). The definitions are given so that both characters satisfy:

(1) The local character x, satisfies that "x, = xp - ((¢¥—¢)p o N).

(2) For ¢ an odd prime, let d, denote the quadratic character in (Z/q)*, then for all odd primes p
ramified in K/Q, xp = €,0, (identifying (0, /p)* with (Z/p)*).

(3) An extra condition at primes dividing 2 so that a compatibility conditions on units holds (a condition
similar to (7) for the units of K).

The first condition is needed for x to solve the problem. If p is an odd prime not dividing ¢, the second
condition implies that then x, = ¢, o N. The proof of this fact is the following: for primes p { 2¢td, both
characters are trivial, hence the statement trivially holds. For odd primes that p { ¢ and p | d (of norm p),
recall that the restriction of ¢, to Galg, equals (as Hecke characters) €, o N, where N : K, — Q, is the
norm map. Since p ramifies in K/Q the local norm map (modulo p) is given by z — 22, so the equality

o) = & 0 N(w) = £3(a)
holds. The last condition is the key for the existence of x and € as it will imply that x can be defined in the

first term of (6) (so we are only led to define it on ideles representing the class group of K).

2.1. The case t = 2. Since our applications involve imaginary quadratic fields, let K = Q(v/—d) with d a
positive square-free integer and split the odd prime divisors of d in four different sets, namely:
Qi ={pprime : p[d, p=i (mod8)},

fori=1,3,5,7.
The character e: Define an even character ¢ : Ig — C* ramified at the primes in @3 U Q5 and sometimes
in {2}, with local component ¢, as follows:

e For primes p € Q1 U (7, the character ), : Z7 — C* is trivial.

e For primes p € Q3, the character €, = d,, the quadratic character §,(n) = <2)

For p € Qs, let €, be a character of order 4 and conductor p.
The character £, (the archimidean component) is trivial.
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Before defining the character at the prime 2, let us introduce some notation. Let t_1, 19, ¥_o be the
characters of Z corresponding to the quadratic extensions Q(v/—1), Q(v/2) and Q(v/—2) respectively and let
d_1, 02, 0_o their local component at the prime 2 (see Table 2.1).

[Char [1] 3 [ 5 [ 7]
oy [1[-1]1 [-1
5o 1] 1 [-1]-1
s [1]-1[-1]1

TABLE 2.1. Table

e Define g5 = 5#?%#%.

By construction, the first hypothesis is satisfied for e, namely
pr(_l)gm(_l) = H ep(—1)e2(—1) = (_1)#Q3+#Q552(_1) =1L
P PEQ3UQs
This gives a well defined Hecke character ¢ of Ig corresponding to a totally real field L whose degree equals
1if Q3 =Q5 =0, 2if Q3 # Q5 = 0 and 4 otherwise. By class field theory, € gets identified with a character
£:Gg — Q. Let N, denote its conductor, given by N, = 2¢ [Lyco,uqs P» Where e = 0 if #Qs5 + #Q7 even
and 2 otherwise.

Remark 1. The dependence on d of the parity of Q3 + @5 (and Q) is given on Table 2.2. In particular, if d
is odd, €5 depends only on d (mod 8) (not the sets Q3, @5).

[d [ #Qs | #Qs5 | #Qr [ d | #Qs | #Qs | #Q7 |
1 0 0 0 5 0 1 0
1 1 1 1 0 1
3 0 1 1 7 0 0 1
1 0 0 1 1 0
2 0 0 0 6 0 0 1
0 1 0 0 1 1
1 0 1 1 0 0
1 1 1 1 1 0

TABLE 2.2. Table

Theorem 2.1. There exists a Hecke character x : Galg — Q such that:

(1) x* = ¢ as characters of Galg,
(2) x is unramified at primes not dividing 2HpteUQBUQ7 D,
(8) for T in the above hypothesis, "x = X - ¥—_2 as characters of Galg.

Proof. Following the strategy described above, let x, : 05 — C* (where O, denotes the completion of O
at p) be the character given by

e If p is an odd (i.e. p {2) unramified prime, y, is the trivial character. The same applies to primes
in K dividing the primes in Q3.
e If p is an odd prime ramifying in K/Q and p | p, clearly (0,/p)* ~ (Z/p)*. If p € Q1 U Q7, let x,
correspond to the quadratic character dp,.
o If p € @5, using the previous item isomorphism, let x, = €, - 0p.
In particular, the second property of the general strategy is satisfied. Furthermore, the local component of
the character satisfies the stated properties, namely:
(1) Is proven in the general strategy.
(2) The ramification statement is clear from the definition of x,.
7



(3) At primes not dividing elements of Q1 U @5 U Q7 all characters are trivial, hence the equality. For
primes ramifying in K, 7 acts as the identity in the quotient O, /p and ¢_5 is trivial.

The archimidean component of y is trivial, while its local component at places dividing 2 depends on K and

€. Suppose that 2 does not split in K, and let po denote the unique ideal dividing 2. The character x,, has

conductor dividing 23; the group structure of (0,,/23)* and its generators are given in Table 2.3 (where the

order of the generators match the group structure, and the norms are modulo 8). Define x5 on the set of

’ d \ n \ Structure \ Generators \ Norms ‘
1 [3| Z/4AxZ/4x7Z)2 {V—d,1+2y/—d,5} {1,5,1}
3 |3|[F3xZ/4ax7/2x7/2 ]| {¢3,vV/—d,3+2V—d,—1} | {1,3,5,1}
5 |3 Z/AxZ/4x7)2 {V=d,1+2y/~d,—1} {5,5,1}
even | 2 Z/4A X Z]2 {1++/—d,—1} {3,1}

TABLE 2.3. Table

generators as follows:

e Ifd=1 (mod 8), x2(vV—d) = 1, x2(1 + 2v/=d) = 1, x2(5) = —1.

)
e If d =3 (mod 8), x2(G3) = 1, x2(vV/—d) =14, x2(3 +2v/—=d) = 1, xa(~1) = 1.
e If d=5 (mod 8), x2(vV—d) =1, x2(1 + 2v/—d) =1, x2(—1) = —1.
o If d=2 (mod 8) and #Q3 + #Qs5 is even, x2(1 ++v—d) =1, x2(—1) = 1, x2(5) = 1.
e 16 d=2 (mod 8) and #Qs + #Qs is odd, ya(1+v=d) = i, a(~1) = —1, x2(5) = 1.
e If d =6 (mod 8) and #Q3 + #Qs is even, x2(1 ++v/—d) =1, x2(—1) = —1, x2(5) = 1.
e If d =6 (mod 8) and #Q3 + #Q5 is odd, x2(1 +v—d) =1, x2(—1) =1, x2(5) = 1.
e If d = 7 (mod 8), the prime 2 splits as 2 = paps. Let xp, := d_2 and xp; := 1 (trivial) or take

Xp» = 02 and xp; := d_1. To make the proofs consistent, we denote by x2 = Xp,X5; = 0—2.
With the above definitions, it is easy to check that x2 = e o N, using the character values in Table 2.1, the
parity of Table 2.2 and the norm of the generators given in Table 2.3.
To check the second property, clearly "x2 - x2 = x2 © N, hence "x2 = x5 1. x2 o N. An easy case by case
computation on the generators shows that "x2 = x2 - (6—2 o N).
It is important to notice that

va(d 5
(8) Xalgy = 052 aF R,

Extend y to K* - (]] q 0F x C*) by making it trivial in K, so all the above properties continue to hold.

Compatibility: the subgroup of units in K is generated by roots of order 2, 3 and 4 (for Q(v/—1)). Since
all characters have order a power of 2, the compatibility relation at roots of order 3 (if K has one) is trivial.
If K =Q(v-1), all sets Q;, 1 =1,3,5,7 are empty and the compatibility at v/—1 follows from the fact that

x2(v/—1) = 1 in such case.
To check the compatibility at —1, abusing notation, let p € @Q; denote the fact that the norm of p is in
such set, then

(9) XD =]De0= J] xe(Dxa(=1) = (-1)#F#5_ (—1)#t#Q — 1,
p PEQIUQsUQ7

Extension: To extend y to [, it is enough to define it on ideéles that generate the class group of K. Let

{41, -+ ,qp} be prime ideals of K generating Cl(K) (we can and do assume they are not ramified in K/Q).

Since ¢, is not principal, it must split in K/Q, so if ¢; = N(q;), we can take as representatives the ideéle a;

in I with trivial infinite component and finite components:

g ifp=q;,
(ai)p = {

1 otherwise.

Suppose that g; has odd order in the class group, hence there exists « € K™ and v € [] q qu x C* such that
a; = aub?. Then it must hold that

x(a;) = x(W)x(7) = x(u)e(N(b:)).
8



If on the contrary, q; has order a power of 2, define x(a;) = \/¢(N(a;)) (any of the two ones works) and
extend it multiplicatively. Recall that both x? and eoN coincide on K* - (][] q Og xC*) so with this definition
they coincide on the whole idele group .

There is a caveat here: a power of the idele a; lies in K - (J], Of x C*) hence we need to prove
that our definition really extends the previous one. Let x denote the extension and x the character on
K*-(I1 0 Oy x CX); if the idele a; corresponds to an ideal of order ¢ in the class group, the consistency
relation translates into y(a!) = x(a!).

Start supposing that the ideéle a; satisfies that the ideal attached to it has odd order ¢ in the class group,
in particular there exists b; € I, « € K* and u € Hq O? x C* such that a; = aub?, and the ideal attached
to b; also has order ¢ in the class group. Then

X(af) = x(@)x(b7*) = x(w)e(N(b])) = x(u)x*(0}) = x(aj),
because x? =coNon K* - (] a O qx x C*). In particular, this proves compatibility for ideéles whose attached
ideal have odd order in the class group.

Suppose that a; is not a square, and has order 2!, with ¢ > 2, in the class group of K. By definition,
)Z(aft) = ~2(a%t_l). The idele a?t_l corresponds to an ideal of order 2 in the class group; if we prove
compatibility for such ideles, we are done. It is well known that the ideals b = (g, v/—d), where ¢ is an
odd prime dividing d, form a set of representatives for the elements of order two in the class group of K.
Such ideal can be represented by the ideéle b, with \/—d at the place b and 1 at all other places. Then
X(0?) = x2(b;) = e(N(b;)) = £4(d). Furthermore,

(10) g(d) = eg(d/@)ea(@)™ ] a0,
PEQ3UQs
where the product runs over primes different from ¢. On the other hand,
—d 1 1
(1) @=xd-w(D)e(l) T ().
9 q PEQIUQsUQ7 q

where the product again runs over primes p # ¢. Recall our second hypothesis of the strategy, that states
that x, = €,0, at odd primes, so we can replace in (11) to get

12) 30 = (@ (q @O-Dea@s @) - (a5, () ]
PGQlU(;?;:JQsUQ7

If ¢ =1 (mod 4), the product involving the quadratic character d, is 1 by quadratic reciprocity, while if
g =3 (mod 4) it equals (—1)#@3+#Q7 We can write this as §_1(q)#@+#97. Note that 6,(2) = 2(q). The
following identity holds from the definition of €5 and (8):

(13) X2—1 Ceg- 6;2(d) . 5%?3-‘-#@7 — 5,

Then we are led to prove that ,(—1)d2(¢q) = 1, which follows from the definitions, since:
o If g ==£1 (mod 8), g4(—1) =1 = d2(q).
o If g ==£3 (mod 8), g4(—1) = —1 = d2(q).
At last, we need to prove that "x = x - ¥_ o N on I, and by the previous results, it is enough to prove
it for the ideles a;. Note that 7(a;) is the idéle of K with value ¢; at §; and 1 at the other places. Then

(14) "x(a;) = x(7(a;)) = x(a;) " x(ait(a;)) = x(a;) " 'x (‘“7;](:“)) ,

where % denotes the image of K* <« Ix. Note that (“TT(C“)

a;7(a;) -1 -1
(15) X | — ) = xa(a) Xp (i)
( i ) : P€Q1g5UQ7 ’
9

is a unit at all places, so



By the product formula,
(16) 1=c(g) =eq(@)ea(a) [ ela)
PEQ3UQs

Since €4, (gi) = e(N(a;)) = x?(a;), multiplying (15) and (16) and using the second property of our general
strategy, we get that

(17) X (an(ai)> = x*(ai)x2(a) " e2(a) 11 bp(qi)-

i PEQ1UQ3UQ5UQ7

Recall that ¢; splits in K, hence (;—d) 1 so by reciprocity
)

2 va2(d -1 #Q3+#Q7+1
=(z) (3) [T ol
! ¢ PEQ1UQ3UQ5UQr

q
From a similar computation, ¥_o(N(a;)) = d_2(¢;), and the result follows from (13),
(]

Remark 2. The character y is not unique, but the last condition implies that the quotient of two such
characters is a character of Galg, hence all of them differ from x by a character of Galg.

Remark 3. Let p be an odd prime ramified in K/Q. The equality "x = x - ¥)_2 o N at the ideéle whose p-th
component is v/—d (a local uniformizer) implies that y,(—1) = da(p). This implies that any x must ramify
at primes in Q)5 and @7. This is also clear from the previous remark, as in our construction y is ramified at
primes of @1 U @5 U Q7, where its local component at primes of Q5 U Q7 is not a square, hence multiplying
x by a character of Q cannot kill the ramification in such sets. Note also that any character € must ramify
at primes in Q3 U @5 by a similar argument.

Remark 4. If p € @1, we can twist x by an order 4 character, and make it unramified at primes in @1 at
the cost of adding a quadratic contribution to €. So we can make x ramify in @5 U Q7 and ¢ ramify in
@1 U Q3 U Q5; the ramification at primes in ()7 and ()3 being given by a quadratic character.

Remark 5. The conductor f of x, for q | 2 has valuation:

5 ifd=1 (mod 8),
3 ifd=3 (mod ),
3 ifd=5 (mod8),

v(f)=4¢0 ifd=2 (mod8) and 2 | #Q3 + #Qs,
4 ifd=2 (mod 8) and 21t #Q3 + #Qs5,
3 ifd=6 (mod8)and 2 |#Q3+ #Qs,
4 ifd=6 (mod8)and 21 #Q3 + #Qs,

When d =7 (mod 8) it is either 0,2,3 depending on the choice.

A result similar to Theorem 2.1 holds for real quadratic fields, where an extra condition at the archimedean
places needs to be imposed.

Theorem 2.2. Suppose that K = Q(\/(E) is a real quadratic field, whose fundamental unit has norm —1.
Then the same results of the last theorem hold.

Proof. Since we prioritize the imaginary quadratic field, to take advantage of the previous cases, write
d = —(—d) (so d < 0 in the above notations/definitions) and take precisely the same local definitions for
both € and .

There are two important facts to consider: while proving (9), we get a —1 factor coming from the fact
that we change d +» —d, hence we need to add ramification at one of the archimedean places (we will later
specify which one).

Let € be a fundamental unit (fixed). The proof works mutatis mutandis once we checked the compatibility
of x at e. The advantage of assuming ¢ has norm —1, is that Qs = Q7 =0 (if e = a + bV/d, with 2a,2b € Z,
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the condition a? — db®> = —1 implies that —1 is a square for all odd primes dividing d). Furthermore, for
all such primes, the reduction of € has order 4, so that x,(¢) = £1 if p € Q; and a primitive fourth root of
unity if p € Q5. We claim that xa(€) [],cq, xp(€) = £1 (and therefore x2(€) [[,cq,u0, Xp(€) = £1).
e If d=1 (mod 8) then #Q5 is even and x» is quadratic, hence the statement.
e If d = 5 (mod 8) (the case d = 3 in Table 2.3) #Q;5 is odd, 2 is inert and y2 has order 4 and
evaluated at any element of order 4 gives a primitive fourth root of unity.
e If d = 2 (mod 8) and #Qs5 is even, x»2 has order 2, while if #Q5 is odd, x2 has order 4 and ¢ has
order 8 (which follows from Table 2.3, as its norm equals —1) so x2(€) is a fourth root of unity.

Then if the product y2(€) HpeQ1UQ5 Xp(€) =1, define x to be trivial at the archimedean component where e
is positive and the sign character at the other, while if the product equals —1, take the opposite choice. Since
N(e) = —1, the compatibility is satisfied and the same proof of the imaginary quadratic case applies. O

For general real quadratic fields, the computation is more subtle, and it involves studying many different
cases. For example, if K = Q(1/195), the positive fundamental unit equals € = 14 — /195. It reduces to 1
modulo (the prime in K dividing) 13, while to —1 modulo 3 and 5. Its reduction modulo 8 (although d = 3

(mod 8) in the previous computations it corresponds to the value d = 5) equals \/@3(1 +2v/195)% then
the previous definitions give that y13(e) = 1, x5(¢) = —1, x3(€) = 1 and x2(¢) = 1 hence the compatibility
condition is not fulfilled independently of our definition at the archimedean places.

It is important to remark that we run some numerical experiments with real quadratic fields (a couple
of hundreds) and in all cases, a character of the expected conductor is found. In a sequel we will explain
how to compute the Hecke character for real quadratic fields and use them to solve our equations for some
negative values of d.

Theorem 2.3. Suppose that K/Q is imaginary quadratic. Then the twisted representation pg ,®@x descends
to a 2-dimensional representation of Gal(Q/Q) attached to a newform of weight 2, Nebentypus e, level N

given by
N:26quuq(NE). H q H q2,
q q€Q3  q€Q1UQsUQ7
where the product is over odd primes, and q denotes a prime of K dividing q. The value of e is one of:

1,8  if 2 splits,

8 if 2 is inert,

6,7 if 2 ramifies but 21 d,
8,9 if2]d.

Furthermore, the coefficient field is a quadratic extension of Q(x).

Proof. As was mentioned before, the result follows mostly by Ribet’s theorem, but we give an alternative
proof based on Galois representations (which is well known to experts) to get the full statement.

Let p denote pg, ® x. Its conductor equals lem{Ng, cond(x)?} and its Nebentypus matches e restricted
to Galg (by the first claim of Theorem 2.1). Let 7 be as in Theorem 2.1 (i.e. an element of Galg whose
restriction to Gal(K/Q) is non-trivial) and suppose furthermore that it corresponds to complex conjugation
(although this is not really necessary). It is enough to define the extension of p at 7 and check the Nebentypus
statement on it.

Let p™ denote the Galois representation p”(c) = p(ro7~1). Our hypothesis implies that p and p” are
isomorphic (as they have the same trace at Frobenius elements). In particular, there exists A € GL2(Q))
such that p = Ap” A~!. Furthermore, since p is irreducible (as E does not have complex conjugation) the
matrix A is unique up to a scalar. The equality p(c) = o (0) = A%p(0) A=2 implies that A2 = X (a scalar).

If such an extension exists, say p : Galg — GL2(Q,), then p(ror=t) = p(7)p(0)p(7)~L. In particular,
if 0 € Galg, p7(0) = p(ror™) = p(7)p(0)p(T) 71, so p(1) = pA. Since p*(7) = p(72) = 1, p? = . Tt is
easy to verify that defining p(7) = %A gives an extension (the two choices of the square root give the two
possible extensions, namely one and its twist by the quadratic character attached to the extension K/Q).

Since any extension is odd, det(p)(7) = —1 = e(7)x,(7) (where x,, denotes the cyclotomic character) giving
the Nebentypus claim. Modularity of the representation follows from Serre’s conjectures ([KW10][KWO09)]).
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The conductor exponent of the representation g, at primes ¢ which are unramified in K/Q equals that of
pEp @ x. Let us postpone the case ¢ = 2 and consider primes ramifying in K/Q. Let q be such a prime,

Gq ~ . .
and consider the local representation Indg,’ (pEplci, ® Xq) = Alck, ® (Plax, © HK,), where py, is the
q

quadratic character giving the extension K /Q4. Recall the well known formula (see for example Theorem
8.2 of [HenT79))

(18) Uq(Indgiqq (PEplar, ®Xq)) = f(Kp/Qp)(20(Kq/Qq) + vq(pEplar, @ Xa)),

where 6(Ky/Q,) denotes the g-valuation of the different. Recall that x4 is unramified for ¢ € Q3 and of
conductor q for ¢ € Q1 UQs U Q7. The conductor of j|g Kq equals that of its twist (which is clear for primes
not in @3 and for primes in @3 follow from the fact that its Nebentypus equals ¢4 = px,, so both parts are
ramified) proving the level formula.

The value of e follows from Lemma 1.4 and the formula (18). Note that the conductor of x2 (see Remark 5)
has valuation too small to affect the conductor of the twisted representation when 2 is inert or ramified. In
the split case, say 2 = pp we chose the local character x,, so that the twist of E/ by x, has split multiplicative
reduction of conductor p (recall that there were two possible definitions for x,) to get the result. O

Remark 6. The coefficient field can be computed from the following observation: if p is a prime inert in K/Q
then Tr(p(Frob,))? = a,(E)x(Frob,) + 2¢(Frob,)p.

Remark 7. If K is real quadratic the same proof gives an extension, but we cannot prove whether the
Nebentypus equals € or epg. For imaginary quadratic fields, knowing that p is odd allows us to distinguish
the character (which is why we define ¢ to be even), but we do not know how to distinguish between the two
ones for real quadratic fields.

3. RELATION WITH RIBET’S APPROACH

Suppose K/Q is imaginary quadratic (so d > 0). Let L = Q(v/—d,v/~=2). The curve E, its Galois
conjugates and the isogenies are all defined over L. Let {04,002} be the generators for Gal(L/Q) given by
oq(v—d) = —vV/—d, 04(~/=2) = V=2 and o2(v/—d) = V/—d, 02(v/—2) = —/—2.

Since F does not have complex multiplication, one can attach to E a 2-cocycle. For each 7 € Gal(L/Q)
let ¢, : E™ — E be an isogeny, and define ¢(7,7') = ¢, 0 "¢, 0 ¢, where ", : (E™)T — E7 is the isogeny
obtained by applying 7 to ¢,. All the endomorphisms considered are in End(F) ® Q (hence the inverse
means the dual isogeny divided by its degree).

The cocycle ¢ does not depend on the choice of isogenies (up to a coboundary). In our case, taking
@1, bo, as the identity, and ¢,,, ¢o, 0, as the 2-isogeny described before, the values of ¢ are given in Table 3.1
(which matches Pyla’s example in page 49 of her Ph.D. thesis). Let Inf(c) € H?(Galg,Q*) be the image

e(r, ™) |1 | o2 | 04| 0204
1 1 1 1 1

09 1 1] -1 -1
o, 1] 1] 2] —2
0920(q 1 1 2 2

TABLE 3.1. Table

of ¢ under the inflation morphism. By a result of Quer (Proposition 2.1 of ([Que01]) Inf(c) belongs to the

2-torsion subgroup and has trivial image in H 2(Gal(@,@x) (as the latter group is trivial by a result of Tate).
In particular, to trivialize the cocycle, we need to enlarge the coefficient field (and our field L).

The cocycle Inf(c) can be decomposed into a sign part, and a “positive part” (see Section 3 of [Que00]).
The sign part corresponds to the quaternion algebra (—d,2) (see Theorem 3.1 of [Que01]). The splitting
character is then ramified at all primes where such algebra ramifies, namely the primes in Q3 U @5 (as our
character ¢).

Let M be the extension of K corresponding (via class field theory) to x. Then a splitting map is obtained
over the Galois closure of M/Q. Note that such Galois closure is obtained by composing M with the extension
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corresponding to the character "y, which equals N = M (y/—2). Consider the following three cases (were in
all of them IV denotes the total extension).

3.1. Case Q5 = Q7 = (). Following Remark 4, we can take the quadratic character € to correspond precisely
to the real quadratic field Q(v/2d). The character x has order 4 corresponding to a degree 4 extension M
of K (which equals N). The third condition of Theorem 2.1 implies that the character "x is contained in
the compositum of M and Q(v/—2). But K (v/—2) equals the fixed field of x2, so M/Q is a Galois extension
with Galois group isomorphic to Dy (the dihedral group with 8 elements). In this case, we can even give an
explicit construction of M. For each odd prime p dividing d, the hypothesis implies that p splits in Q(y/—2)
(which has class number one).

Let p be one of the two ideals appearing in the factorization of p over Q(v/—2) and let , be a generator.
Let ap = /=2 and let T be the quadratic extension of Q(y/—2) obtained by adding the element vy =

\/I1pja @p - @2. The Galois closure of T' is the compositum of 7" with the quadratic extension T of Q(v/=2)
obtained by adding the element ¥ = 1/HmdoprTg (see Figure 1). Such field contains the subextension

2
2 2

T T Q(vV—d,v=2)

AN = N

(
Q(v=2) Q(v=d) Q(v2d)
\ ! /

FIGURE 1. Field extension diagram

Q(v¥) = Q(v/2d) (recall that in this case the two different choices of € correspond to the quadratic fields
Q(v/-2) and Q(v/—2d)). The Galois group Gal(M/Q) ~ Dy = {o,7 : o* = 12 = 1,70 = 037). The
quadratic extension Q(v/—d) corresponds to the fixed field of o (a normal subgroup of order 4). As explained
in [Pyl04], in this case o and 7 restrict to our o9 and o4 respectively, and a trivializing cocycle is given by
the map 3 : Dy — Q* given in Table 3.2. Note that the ambiguity in the choice of M (the choice of an ideal

’g ‘1‘0‘02‘03 ‘T‘O’T‘O’2T‘UT‘

[Blo) [1]v=T]-1]-—v-T]V=2]V2]-vV=2]-V2]

TABLE 3.2. Trivializing cocycle case 3.1

above p for each p | d) corresponds to the fact that while constructing the character x we took square roots.
Different choices of the root give different fields M, and they differ by quadratic twists corresponding to the
quadratic unramified extensions of K.

An easy computation proves that the Nebentypus attached to 8 matches (o) (see [Pyl04] page 52 for the
details).

3.2. Case Q5 = ) but Q7 # (. As in the previous case, the character y corresponds to a degree 4 extension
M of K and ¢ to a real quadratic extension of Q; let \/n denote a generator for it.

The third condition of Theorem 2.1 implies that N = M(y/=2), so N/Q is a Galois extension of degree
16. Furthermore, N contains the fields Q(v/—d), Q(v/—2) and Q(y/n). This implies that Gal(N/Q) is
isomorphic to the central product of Dy x Z/4 (also called the Pauli group url), equal to the direct product
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of the two groups, identifying the order two rotation with the order two element of Z/4, i.e. it can be given
by Gal(N/Q) =~ (o,7u : o* =72 =1,70 = 037,02 = p?, 00 = po, T = ut).

The group D4 X Z/4 has many automorphisms, hence we can make some choices on the presentation to
identify fixed fields with subgroups. The extension N/K ~ Z/2 x Z/4, and we can assume it corresponds
to the fixed field by (o, 1) (all other ones are related by outer automorphisms to it). Then M = N(7#)

K = N©@# and Q(v/—d, /n) = N{owo?), Figure 2 shows the field diagram extensions.

@\

A
./

\@

X,

FIGURE 2. Field extension diagram

In particular, the following holds:

o o(v/—d) = V—d = p(v/—d) and 7(v/—d) = —v/—d (hence T can be taken as the generator for
Gal(K/Q)),

e The condition "y = yt_» implies that "x(c) = x(707) = x(0?) = x(0)¢)_2(c) hence p_o(c) = —1.
In particular, o(v/—2) = —/—2 hence u(v/—2) = v/—2. Since the choice of the reflection is not
unique, we can (and will) assume that 7(y/—2) = —/—2.

Then o and 7 restrict to our o2 and o4 while p restricts to the identity element in L. A map 3 :
Gal(N/Q) — Q* trivializing the cocycle Inf(c) is given in Table 3.3. In fact, the map S satisfies that

‘g ‘1‘ o ‘02‘ a3 ‘ T ‘ s ‘O’T‘ a’r ‘(737‘0”‘ a2y ‘03;1‘ WT ‘O’}LT‘O’2;LT‘O'3,[,LT‘

(B |1V 1 VT [ V3 [ VL[ V2| V3| V|1 [ —v-1] 1 | ~VE| V7] V2 [-V5)

TABLE 3.3. Trivializing cocycle case 3.2

Blo' i) = Blo'r?) (VI
where 3 equals the trivializing cocycle of the previous case.

3.3. Case Q5 # (. The character ¢ has order 4 in this case, and x order 8, so the extension N/Q order 32.
The group Gal(N/Q) contains a quotient isomorphic to Z/4 x Z/2 x Z/2 hence a little inspection between all
groups of order 32 with such quotient shows that Gal(N/Q) is isomorphic to the central product of Dy x Z/8
(url), which can be presented as (o, 7, : 0t =72 =p® = 1,07 = 703, uo = op, TP = ut).

The following facts hold: N{o#*) = M, N = K and Gal(N/K) = (o, ) ~ Z/8 x Z/2. N =
@E(\/Td, V—=2) and N (W?) corresponds to the compositum of the three quadratic extensions. Figure 2 shows
the field diagram extensions. Regarding restrictions to L, we have the following:

o o(V—=d) = V=d, p(v—d) = V=d and 7(v/=d) = —v/~d.
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—0'2 702
Q(u) Q<>
2 2
—lou?.02? /2

xls Q<#7 ) Q<u>

Fi1GURE 3. Field extension diagram

o ou?(v/—2) = —v/—=2 hence o(y/—2) = —/—2 and the equality "x = xt_o implies that u(v/—2) =
v/—2 as in the previous case. Note that the choice of the reflection is not unique, hence we can
assume that 7(v/—2) = —v/—2.
With these choices, the restriction of ¢ and 7 to L match o9 and o4 respectively, while u restricts to the
identity. A map g : Gal(N/Q) — Q" that trivializes the cocycle Inf (¢) is given by the formula:

B’/ k) = Blo' )¢S,
for (g an primitive eighth root of unity, 0 <i<3,0<;5<1,0<k <3 and B as in Table 3.2.

4. SOLVING EQUATION (1)

During this section we will assume that K/Q is imaginary quadratic. Theorem 2.3 implies that the
representation j, equals that of a newform f in S>(N,¢) for a precise level N. Suppose that p { d (so that
it does not ramify in K/Q). If we can assure that g, has absolutely irreducible residual image, Lemma 1.2
implies that the form f satisfies the lowering the level hypothesis at primes q dividing Ng but not dividing p.
The finite hypothesis (to remove p also from the level) at p for primes p | p follows from the same argument
given in [Ell04] (page 783) under our assumption that p does not ramify in K/Q. Then by Ribet’s lowering
the level result (see [Rib91]) there exists an eigenform g € Sa(n,e) where

(19) n=2-1le¢ I &

q€EQ3  g€EQ1UQsUQ7
where e is one of:
1,8 if 2 splits,
8 if 2 is inert,
6,7 if 2 ramifies but 21 d,
8,9 if2]d.

such that ppp = py kp@x " (mod p), where p,  ,, is the restriction of the representation p, , to the Galois
group Galg. Let us state two results on the big image hypothesis needed in Ribet’s lowering the level result.

Theorem 4.1. If (A, B,C) is a non-primitive solution such that C' is supported at primes dividing 2 and
3 then there exists a bound Nk such that if p > Ny the representation pg, ,, has absolutely irreducible
1mage.
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Proof. The proof is similar to [DU09] (case (ii)). Recall that E has at most multiplicative reduction at
primes dividing 3. The case C' = %1 (a unit) corresponds to the trivial solutions (£1,0,+1). Suppose then
that C' = 2°3%. Recall that if 3 is ramified in K/Q then 8 = 0 by Lemma 1.3. The curve E has conductor
22.3 where a < 12, b < 1 %nd Ny =2°3Tl.co. 7 140, u0s00, ¢?, where s < 9 by Theorem 2.3. Suppose
that the residual image of p, is reducible, i.e.
(20) gs's ~vd 6Vﬁchyca
where xcyc denotes the cyclotomic character. If 3 | C, it is unramified in K/Q hence it does not divide the
conductor of € and it cannot divide the conductor of v either. R

Let d = ﬁ'l(d) (i.e. the prime to 2 part of d), hence cond(v) | 2* - d and if a prime ¢ in Q3 divides the
conductor of v, v, = ¢, (quadratic). Let £ be a prime such that £ = 1 (mod 16d); in particular, ¢ splits
in K/Q, say ¢ = Il. Then p,(Frob,) = a;x(l) is an integer (as the form has an inner twist) and satisfies
lag] < 2v/¢, but (20) and our assumption on £ implies that it is congruent to £+ 1, so p | £+ 1 —arx(l) (which
is non-zero), hence for p > 21/ + ¢ + 1 no such reducible representation can exist. O

Remark 8. The constant Nk depends on the first prime congruent to 1 modulo 16d. According to Dirichlet’s
theorem, 1/p(16d)-th of the primes are congruent to 1 modulo 16d, but giving a precise bound on the first
such prime is very ineffective for computational purposes.

The previous result is needed to discard solutions that might correspond to elliptic curves with complex
multiplication.

Remark 9. While working with equation (1), the value C' of a primitive solution could be even only when
d =7 (mod 8) (if p > 3). In such a case, the proof of Lemma 1.4 implies that the level valuation of the
newform g at the prime 2 equals 1 and ¢ is unramified at 2, hence the form g has a prime of multiplicative
reduction. In particular, it cannot correspond to a form with complex multiplication and we are led to
consider the case when C happens to be divisible only by the prime 3. The newform g obtained after
applying Ribet’s lowering the level result to the curve E must be in the raising the level hypothesis, so
N(e7Y(3)(3 + 1) — a3(g)?) must be divisible by p.

Assume on the contrary that there exists an odd prime p dividing C' and not dividing 3. By Lemma 1.3
we know that primes dividing A(FE) are not ramified in K/Q and by Lemma 1.5 they have multiplicative
reduction. In particular E does not have complex multiplication and we are in the hypothesis of Ellenberg’s
big image result ([Ell04, Theorem 3.14]).

Theorem 4.2 (Ellenberg). Given d, if the curve E is a Q-curve and does not have complex multiplication,
there exists an integer Ng such that the projective image of the residual representation of pg., is surjective
for all primes p of norm greater than Ny.

In [E104] it is explained how to get an explicit bound for N4. Concretely, let N be a any positive integer,
and y the character corresponding to K/Q (of conductor f). Let F be a Petersson-orthogonal basis for
S2(To(N)). Define

(@m, L)n = D> am(f)L(f @ x, 1)
fer
If M | N, define (am, L) as the contribution from the old forms of level M. Then Ellenberg’s result states
that for any prime p for which

(21) (az, Lx)g;new = (a1, Ly)p> — p(p* = 1) (a1 - P_IX(P)apv Ly)p

is non-zero, the residual image is large for p. Then one is left to bound the previous contributions. The main
term comes from the first term. In [El05] (Theorem 1) a formula to compute (a1, Ly),2 is given, written as

(a1, Ly)p2 = dme=2™/oNlesN) _ E®) 4 By — By — By + (a1, B(oNlog(N))),

where o is taken to be % (as in [DU0Y]) and N = p?. The main contribution comes from the first term
(close to 47m) and in Ellenberg’s article a bound for all other terms is given. In [DUO09] (see the proof of
Lemma 8, which we followed closely) is shown how to use the bounds to compute an explicit value of Ny.
In particular (following their notation) to bound E®) one splits the sum depending on whether ¢ < p* or
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¢ > p* (we remark this as there is a typo in such article since ¢ should be p?c). All given bounds decrease
with p, hence evaluating them at a good candidate is enough to get the result (for all greater values). Taking
the bounds corresponding to the contributions of the other terms of (21) exactly as in Lemma 3.13 [ELl04]
allows to make Ny explicit.

Our examples cover only the cases d = 1,2,3,5,6,7 of conductors 4,8, 3,20, 24, 7 respectively.

Proposition 4.3. The bound Ny in Ellenberg’s result can be taken as: No = 353, N3 = 137, N5 = 439,
NG =569 and N7 = 137.

Proof. Follows from the previous discussion and an implementation of the bounds in [DUQ9] for a general
value of f (implemented in Pari/GP [PAR19]). O

Remark 10. The previous bound can be improved by a finite computation for the smaller values of p as
follows: if there exists a newform f € Sa(Io(d’p?)), where d’ | d (recall that K = Q(v/—d)) satisfying one of
o d=d w,f=fand wyf = —d or
o d <d wpf=f,
and such that L(f, x) is non-zero then Theorem 4.2 holds for p. In [Kou20, Proposition 5.4] it is proven that
N3 = 11 via searching for such an f for all small values of p. Running the same script for the other fields
proves that N; = 11 in all other cases as well.

If p > max{Ny, Nx}, we can apply Ribet’s lowering the level result, and the curve E will be congruent
modulo p to a form g € S3(n,e) with n as in (19). We compute the space of such forms and try to discard
all forms in such space. First we discard all forms with complex multiplication (Theorem 4.1 implies the
curve has a multiplicative prime and then Ellenberg’s result implies the projective image is surjective, hence
it cannot be congruent to a form with complex multiplication, whose image is contained in the normalizer
of a non-split Cartan group) and we try to discard the remaining ones using Mazur’s trick (see Lemma 7.2
of [cS18]).

Proposition 4.4 (Mazur’s trick). Let g € S(n,e) be such that pgpp ® X = pg,xp (mod p). Let g # p be a
rational prime with q ¥ n. Let

N(aq(E)x(q) — aq(g)) if AY4+dB?#0 (mod q)and _Td =1,
B(4:9) = § N(ag(9)? — aq(E)x(q) — 2¢z(q)) if A*+dB*#£0 (mod q)and _761 = -1,
N(e~(q)(q +1)? — aq(9)?) if A*+dB?2=0 (mod q).

Then p | B(g, f)-

Proof. The first case corresponds to a split prime (in such case the decomposition groups over Q and over
K are the same), the second corresponds to an inert prime (where the formula is well known) and the last
one corresponds to a case of “lowering the level”, were the formula corresponds to Ribet’s condition. |

Then we compute some values of

Ca9)= [] Bl
(A,B)€F?
(A,B)#(0,0)
and compute the set of common prime divisors, obtaining a bound for p. At last, if some form passes both
checks, we compare the “local type” of it and that of the representation pg ,, knowing that two congruent
forms must have the same restriction to inertia (modulo p). In most cases this “tests” are enough to discard
all candidates g.

4.1. Some cases of (1). In this section we apply the previous results to solve some cases of equation (1)
(and provide references to the cases studied before).

4.1.1. The equation z* + dy*> = 2P, with d = 1,2,3. These cases were considered in the articles [E1104],
[BEN10] and [DU09].
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4.1.2. The equation xz* + 5y> = zP. In this case ¢ is a character of order 4 and conductor 4 - 5, hence y has
order 8. The form g attached to a solution lies in one of the spaces S2(2° - 52,¢) or S2(27 - 52, ¢).

The space S5(2% - 52,¢) has 22 conjugacy classes, five of them with CM while the space So(27 - 52, ¢)
has 12 conjugacy classes, none of them with CM. Computing C(q, g) for ¢ = 7,11,13 we can discard all
forms without CM in both spaces for p > 17. If C is divisible by a prime greater than 3 then Ellenberg’s
result implies that our form cannot have CM (discarding the remaining ones). Clearly C cannot be odd, as
otherwise looking modulo 8, C'= 6 (mod 8) (hence is not a p-th power). If C' is a power of 3, then the CM
forms should satisfy the raising the level hypothesis, in particular p | N(16e71(3) — a3(g)?), which does not
occur if p > 13.

Theorem 4.5. Let p > 273 be a prime number. Then there are no non-trivial solutions of the equation

zt 4+ 5y% = 2P,

Proof. The prime ¢ = 241 can be used in the proof of Theorem 4.1, giving the bound Ny = 273. Since
N5 = 11 (by Proposition 4.3 and Remark 10) the above argument gives the result. (|

4.1.3. The equation x* + 6y? = 2P. In this case ¢ is a character of conductor 4 - 3 and order 2 whereas x has
order 4. The form g attached to a non-trivial solution lies in one of S5(28 - 3,€) or S2(2? - 3,¢). Note that if
(A, B,C) is a primitive solution, C is prime to 6 hence we are always in Ellenberg’s hypothesis (namely C
is divisible by a prime greater than 3).

The space S2(2% - 3,¢) has 10 conjugacy classes. Six of them have CM. An easy computation of C(5, g)
shows that we can discard the four forms without CM for p > 7.

The space S2(2° - 3,¢) has 13 conjugacy classes and three of them have CM. Mazur’s trick for ¢ = 13
allows us to discard all the non-CM forms for p > 383. Computing also C'(23,g), C(29,g) and C(31,g) we
can decrease the bound so the result still works for p > 19. Notice that in this case there exists a near
solution, like

11*+6-19 =17
hence a strong version would at most hold for p > 7 (although we did not try to reach such a small bound).

Theorem 4.6. Let p > 19 be a prime number. Then there are no non-trivial solutions of the equation

zt 4 6y = 2P,

Proof. Note that we do not have to use Theorem 4.1 because d is already divisible by 6 hence ged(6, C') = 1.
Since Ng = 11 (by Proposition 4.3 and Remark 10) the result follows. O

4.1.4. The equation x* + Ty?> = zP. The character ¢ is trivial while the character y is the quadratic even
character of conductor 7-8. The newform g attached to a solution has trivial Nebentypus and (by Theo-
rem 2.3) level 2 - 72 or 28 - 72. Before discarding forms, note that any primitive solution corresponds to a
value of C prime to 3 (as 3 | 2% + 7y? if and only if 3 | z and 3 | y). Remark 9 imples that C' cannot be even,
hence the curve E contains a prime of multiplicative reduction (so Ellenberg’s result applies).

Let us give two different ways to discard the forms in the first space. If g € S2(I'g(2 - 7?)) is a newform
(candidate for a solution) its base change to K gives a Bianchi modular form whose twist by x~! must

correspond to a Bianchi modular form of level (1“2/777)6 ( 17‘2@). Such space can easily be computed (using
Cremona’s algorithm [Cre84], available at https://github.com/JohnCremona/bianchi-progs/releases/
tag/v20200713) the result being also available at the lImfdb. There are two forms whose level has norm 128,
given by 2.0.7.1-128.4 and 2.0.7.1-128.5, whose level equals (%)3(%‘/_77)4 and its Galois conjugate, so
none comes from a solution of our equation.

The space S2(T'o(2 - 7%)) has 2 conjugacy classes, one of them has rational coefficients (corresponding to
an elliptic curve) and the other with coefficients in the quadratic extension corresponding to the polynomial
2?2 — 22 — 7. Magzur’s trick with ¢ = 3 discards the rational form for p > 2. The second form cannot be
discarded using Magzur’s trick, as it corresponds to an elliptic curve matching our requirements. Since it
does not appear in the space of Bianchi modular forms, its local type at 7 must not be the correct one (so
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the twist by x~! of its base change to K is ramified at v/—7). If we compute it with magma, it shows that
the local component is supercuspidal, but induced from an order 8 character of the unramified quadratic
extension of Q7, hence it does not match that of our elliptic curve (induced from an order 4 character of the
same extension).

The space S2(I'o(2% - 72)) has 98 conjugacy classes, 17 of them being rational. After eliminating the 30
forms with CM, we can discard all of the rational forms using the Mazur’s trick with ¢ = 3. The remainders
forms are harder to eliminate but it can be done for p > 53 by computing C(q, g) for ¢ = 3,5,17, 31.

Theorem 4.7. Let p > 137 be a prime number. Then there are no non-trivial solutions of the equation

zt + Ty? = 2P,

Proof. The result follows taking ¢ = 113 in Theorem 4.1, using the bound N7 = 11 (by Proposition 4.3) and
the previous analysis. O

5. THE EQUATION (3): PROPERTIES OF THE CURVE F

The construction of the Frey curve in [BC12] does not show explicitly the 3-isogeny. Knowing that our
curve will have a 3-torsion point, it makes sense to start with the parametrized family of elliptic curves
having a 3-torsion point as given by Kubert in [Kub76, Table 1]: such curves have a minimal model of the
form:

By’ +aizy +azy = 2°,

where P = (0,0) is a point of order 3. The curve E has discriminant a3(a? — 27a3). Its 3-isogenous curve
has equation

2 3 3 2
y° +a1xy + azy = x° — dajazr — ajas — 7a3,

with discriminant az(af — 27az)®. To a solution (A4, B, C) of (3), we attach the elliptic curve:
(22) E(ap) ¢ +6BV=dry — 4d(A+ B*V=d)y = o°.

The discriminant of E equals —2833d*CP(A + B3\/—d)? and its j-invariant 24333;@;‘2;5_%;/?‘1)3.

The quadratic twist by /—3 of E( 4,B) corresponds to the equation

(23) y? + 6BV —day + 12d(~A + B*V—=d)y = 2® + 36B2da*+
(144ABdv/—d + 144B*d*)z + 288AB3d*\/—d + 144B%d® — 144A%d%.

The quotient E(AB) by ((0,0)) (a curve 3-isogenous to E(A,B)) has equation

(24) 42+ 6BV—dzy — 4d(A + B3V —d)y = 23+
(—120B*d? + 120ABdV/~d)x + 976 B°d® — 1088AB>d*V/~d — 112A%d>.

Via the usual change of variables (making a1 = az = az = 0) it is easy to check that both (23) and (24)
translate to the curve

y* = 2° + (108ABdv—d — 135B*d*)x — 756 AB*d*\/—d + 594B%d® — 108 A%d®.

In particular, the Galois conjugate of E( A,B) 1s isomorphic to the quadratic twist by /=3 of the quotient
E(a,8))/((0,0)), hence a Q-curve.

As in section (1), there are some basic results that E( 4,y must satisfy. Again, we will denote E = E( A,B)-
Lemma (1.1) holds exactly the same, while we have to modified a little the others, namely:

Lemma 5.1. Let q be a prime of K such that q16d. Then vq(A(E)) =0 (mod p).
Proof. Clear from the value of A(E). O

It is also clear that if q | A(E) and q 1 6d then E has multiplicative reduction at q.
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Lemma 5.2. Suppose that p is an odd rational prime ramified at K/Q and let p denote the (unique) prime
in K dividing p. Then vy(A(E)) = 8 4 3vp(3).

Proof. Since p is ramified, p | vV —d, and since (A4, B,C) is a primitive solution, p + A. Then, using that
p1CP(A+ B3y/—d) and that v,(d) = 2 the result follows. O

Remark 11. The curve E has bad additive reduction at all odd primes ramifying in K/Q. However, over the
extension K (v/—d) it attains good reduction (via the usual change of coordinates (z,y) — (/(—d)%x,dy)).
If ¢ | d is such an odd prime, let ¢ = (g,+/—d) denote the ideal in K dividing it. If ¢ = 1 (mod 3), the
extension K q(\yjd) /Kq is an abelian extension, hence the local type of the Weil-Deligne representation at
q is that of a principal series (given by an order 3 character), while if ¢ = 2 (mod 3) the curve attains good
reduction over a non-abelian extension, hence it local type matches that of a supercuspidal representation
(obtained inducing an order 3 character from the quadratic unramified extension K((3)/Ky).

Let Nz denote the conductor of E and suppose that p > 3.

Lemma 5.3. Let q be a prime ideal of K dividing 2. Then:
(1) If 2 is inert in K/Q then E has type IV* at q with vy(Ng) = 2.
(2) If 2 is split in K/Q then vq(Ng) = 1,2 at both primes above 2.
(8) If 2 ramified n K/Q but 21d then E has reduction type IV at q with vq(Ng) = 2.
(4) If 2 | d then E has good reduction at q.

Proof. Consider each case separately:

e If 2 isinert, 21 C (since C = A?+3B% which is never divisible by 8 which contradicts our assumption
p > 3). Clearly 2 | by, 4 | ag, 8 | bs but since 2 { (A + B3/—=d) the polynomial y* + %y — ag has
distinct roots, so Step 8 of Tate’s algorithm implies the reduction is of type IV* and the conductor
equals va(A) — 6 = 2.

e Suppose that 2 splits and let q be a prime dividing 2. The primitive hypothesis implies that either
one of A, B is even and the other is odd or both are odd. In the first case, vp(a1) > 1 and vy(as) = 2
hence we are again in Step 8 of Tate’s algorithm (type IV*) hence the conductor exponent is 2. On
the other hand, if both A and B are odd, the model is not minimal, as vy(a1) = 1 and vy (a3) > 3; its
minimal model has @7 a unit (hence by a unit) and the curve has type [,,. In particular, its conductor
exponent equals 1.

e Suppose 2 ramifies but 2 1 d and let 7 be a local uniformizer. The hypothesis (A, B, C) primitive
implies that v, (A+B3v/—d) = 0 (i.e. one of A or B is even but not both). The model is not minimal;
the change of variables y — 7%y, * — w22 gives a minimal model with valuations v,(d;) > 1 and
vr(d3) = 1. In particular, v, (b~6) = 2 so we are in Step 5 of Tate’s algorithm which implies that the
reduction has type IV and its conductor equals v, (A) —2=2.

e If 2| d then 21 A (as the solution is primitive), so the change of variables = — 2%z, y — 23y gives a
non-singular curve.

O
In particular, C' can be even only if 2 splits in K/Q. Suppose that p > 5.

Lemma 5.4. Let q be a prime ideal of K dividing 3.
(1) If 3 is inert in K then v3(Ng) € {2,3}.
(2) If 3 = q3q3 in K then vq,(Ng) = vq,(Ng) € {2,3} orvg,(Ngz) =2 and vg,(Ng) =1 .
(3) If 3 ramifies in K then vq(Ng) = 8.

Proof. Let’s consider the different cases:
e If 3 is inert, the primitive hypothesis implies that C' is not divisible by 3 and vs(as) = 0 hence the
singular point is not at the origin but it goes to the origin under the translation (z,y) — (z—a$, y+as)
(we are using that in the residue field raising to the eight power is the constant map). Let a; and
a3 denote the corresponding coefficients of E (to easy notation). Then the model becomes
(25) y? + a1y + (3az — ar1al)y = 2° — 3a$x® — ajazz + (a1al — ad® — 243).
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Let a; denote such coefficients. If 3 | B then v3(a1) > 2 so v3(dg) = 1 hence we are in Step 3 of
Tate’s algorithm, hence the curve has type II and the conductor exponent is 3. If 3t B, v3(a1) = 1.
If 91 a1al — a3® — 2a% we are again in case I (with exponent 3). Otherwise the following equality

holds: %
. 2
31 as (a3 3+ ) (mod 3).

The coefficient by equals —4a3a}® + 6a;a3® +12a3* — 3a§. Using the above equation a simple compu-
tation shows its valuation at 3 equals 2 hence the reduction type is III and the conductor exponent
equals 2.

e If 3 splits in K, let g3 be a prime dividing it. If 3 | A then 3 { B hence vg,(a1) = 1 and vg,(az) = 0.
This situation matches the previous case and a similar computation proves that the type is II or
IIT and the exponent valuation 3 or 2 at both q and q. If 3 | B then 3 { A hence vq,(a1) > 2 and
Vg, (a3) = 0 and as in the previous case this corresponds to type II with conductor exponent 3.

Suppose then that 3 { AB. Then one of the primes (say qs) divides A + B3\/—d while the other
does not. Since CP = (A + B3\/—d)(A — B3y/—d) the assumption p > 5 implies that (without loss
of generality) vq(A+ B3y/—d) > 3 so q divides the denominator of the j-invariant. Furthermore, the
model is not minimal, and under the usual change of variables (sending (z,y) — (32, 33y) we get a
curve with multiplicative reduction, hence the discriminant exponent equals 1. At the prime g3 the
curve is a quadratic twist (by the character of conductor 3) of a curve with multiplicative reduction,
hence the statement.

e If 3 ramifies in K then 3 | d and the primitive hypothesis implies that 3t A. Let p denote the prime
ideal dividing 3 in K. Then vy(a1) > 2 and vy(a3) = 2 hence we are in Step 8 of Tate’s algorithm,
the reduction type is IV* and the conductor exponent equals 14 — 6 = 8.

O

Remark 12. If 3 is inert in K/Q and the curve has type III reduction (the case of conductor valuation 2),
the change of variables (z,y) — (v/3z,v/3y) in equation (25) gives a curve with good reduction. Since the
fourth roots of unity are in K3, the local type of the Weil-Deligne representation is that of a principal series
(whose inertia is given by an order 4 character).

Lemma 5.5. Let q be an odd prime ramified in K/Q and not dividing 3. Then E has reduction type IV* at
q and vq(Ng) = 2.

Proof. Since (A, B,C) is a primitive solution, if ¢ denotes the norm of q, then ¢ { A so vq(a3) = 2 and
vq(bs) = 4. Also, vq(b2) > 2 which implies that we are in Step 8 of Tate’s algorithm so the result follows
from Lemma 5.2. O

6. CONSTRUCTING THE HECKE CHARACTER FOR A PRIME ¢ = 3 (mod 4)

Let K = Q(v/—d) with d > 0 (square-free). The computation is similar to the previous case. Define the
following sets:

e Qi+ ={pl|d, pt2t, p=0 (mod 4), p=0 (mod ¢)}.
e Qi ={pld pt2t, p=0 (mod 4), p# O (mod #)}.
e Q+={pld pt2t, p#0 (mod 4), p=0 (mod t)}

e Q_—={pld pt2t, p#£0 (mod 4), p# T (mod t)}.
We have the following elementary result (that will clarify later computations).

Lemma 6.1. The prime t splits in K when one of the following two conditions are satisfied:

o the value #Q4_ + #Q__ + v2(d) is odd and t = 3 (mod 8) or,
o the value #Q+_ + #Q__ is odd and t =7 (mod 8).

Similarly, it is inert when the opposite parity holds.
Proof. Follows easily from quadratic reciprocity. |

The character e: Define an even character € : Ig — C* ramified at the primes in Q14+, Q_4, Q+_ and
eventually at 2. Its local components €, are defined as follows:
21



e For primes p € Q44 UQ_, the character €, : Z,; — Q" is quadratic, i.e, ep = 0p.

e For primes p € @4, the character ¢, : Z) — @X is any character of order 2v2(P—1),
5Z¢Q+,+#Q”+vt(d>+vz(d>+1 if t =3 (mod 8),

For p =t define ¢; = 6Z¢Q+,+#Q77+vt(d)+1

ift =7 (mod 8).
By Lemma 6.1 €, is trivial if ¢ splits in K and equals ¢; if ¢ is inert in K.
6#1@7++#Q——+Ut(d)+v2(d)+1 ift=3 (mod 8),

For p = 2 define eg = ¢,
P 2 {5%?_++#Q"+v‘(d)+l ift =7 (mod ).

o At all other primes, ¢, is trivial.

An easy computation from the above definitions shows that

[T e(-Den(=1) = (1)@= #@cy(—1)ey(-1) = 1.

Theorem 6.2. There exists a Hecke character x : Galg — Q such that:

(1) x* = € as characters of Galg,
(2) x is unramified at primes not dividing 2t[[,cq, Lo P
(8) Tx = x - ¥—¢ as characters of Galk.

Proof. Once again, we follow the general strategy to define the local components of the character x at primes
not dividing 2t:
o If p is an odd unramified prime, let x, be the trivial character. The same applies to primes in K
dividing the primes in Q44+ UQ_.
e If p is an odd prime of norm p € Q__, let x, correspond to the quadratic character J,, (identifying
(Op/9)" = (Z/p)*).
If p is an odd prime of norm p € Q1 _, let x, be the character ¢,0, (identifying (0,/p)* ~ (Z/p)*).
Let p be a prime (take one) in K dividing ¢ and define x, by
(1) If ¢ ramifies in K, x; = &.
(2) If t splits in K, x¢ = d; and x5 is the trivial character.
(3) If ¢ is inert in K, x¢ is an order 4 character (hence its restriction to F;* is trivial).
At primes dividing 2, define the character as follows:
(1) If 2 is not ramified in K/Q it is trivial.
(2) If 2 ramifies in K/Q but 21 d, it equals the character of conductor 2 sending v/—d to —1.
(3) If 2| d and t = 3 (mod 8), it equals the order four character of conductor p3 sending 1+ v/—d
to v/—1, —1 to —1 and 5 to —1. In particular, its restriction to Z35 equals 0_s.
(4) If2 | d and t = 7 (mod 8), it equals the order four character of conductor pj sending 1 + v/—d
to /=1, =1 to 1 and 5 to —1. In particular, its restriction to Z; equals da.

Then the local components of x satisfy the theorem conditions.

(1) TIs proven in the general strategy for primes not diving 2¢. For primes dividing 2 it is clear because
all the characters have at most order 2. For primes dividing ¢, the first two cases are trivial, as both
X7 and e oN are trivial. In the inert case, it is enough to check the condition at a generator g of F5;
X2(g) = —1 (as x¢ has order 4), and £,(N(g)) = —1 because N(g) generates F; .

(2) The ramification statement is clear from the definition.

(3) For primes p not dividing ¢ the statement is clear since (1)_; o N), is trivial, and "x, = x,. As for
the prime ¢, if it ramifies in K, (¢_; o N); is trivial while "x; = x¢, hence the statement. Otherwise,
the norm map is surjective. If ¢ splits, one of x, matches (¢)_; o N), and the other one is trivial
(hence the statement). At last, if ¢ is inert, note that y; restricted to F; is trivial (since p = 3
(mod 4)). Let g be a generator of F}5, then "x(g)x(g9) = x(N(g)) = 1 and 6;(N(g)) = —1 since N(g)
is a generator of F;. Since x has order 4, "x = x - ¢_ o N as claimed.

Extend x to K™ - (][], 05 x C*) by making it trivial in K, so all the above properties continue to hold.

Compatibility: since all characters have order a power of 2, the compatibility relation at roots of order 3
(if K has one) is trivial. If K = Q(v/—1), all sets Q4 + are empty and the compatibility at /—1 follows
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from two facts: x2(v/—1) = —1, and the fact that p = 3 (mod 4) implies that v/—1 & F,,, but it square does,

hence x:(v/—1) = —1 as well.
To check the compatibility at —1, abusing notation we have

XD = J]  xe(=Dxp(=Dxe(=1) = (—1)#L+#0—y (~1)xa(-1) = 1.
PEQL_UQ_—
By quadratic reciprocity (see Lemma 6.1), ¢ splits in K (respectively is inert in K) if and only if
(—1)#Q+-+#Q——5,(2)v2(4) = _1 (respectively 1). In the first case x;(—1) = —1 while in the second it

equals 1 giving the compatibility when d is odd. When 2 | d, the compatibility follows from the fact that
6¢(2) = Xp, (1)

At last, when ¢ ramifies in K, by definition x; = &; whose value at —1 equals (—1)#@+-+#Q--5,(2)v2(d),
Also Xp,(—1) = 6;(2)"2(D hence the equality.

Extension: We proceed as for ¢t = 2, but equation (12) becomes

X(in) = gq4(d) (X;l(Q)X;l(Q)Eq(_1)52(Q)Et(q)éq@)vz(d)éq(t)vt(d))' (Sq(t)vt(d)aq@)vz(d)aq (_qd> H dp(q)
PEQ++
p#q

If g =1 (mod 4) (hence a square) the last product is 1 by quadratic reciprocity, while if ¢ = 3 (mod 4)
it equals (—1)#@-++#Q-— je it equals 6_1(q)*?-+T#2-—. We make the following claim (note that the
factor g,(—1) is removed):

(26) (2 @X @22(@)=2(@)84(2) D6, (8) D) 61 () FA—HH2= = 5,(1).
Note that §,4(2) = d2(q); for the first factor we have the following equalities:
o X¢ ' (@)ee(a) = 8e(@) T = 5y () D51 () D 50 x5 (9)ee(9)3q(1) 01D = 6, ()31 (g) D).
o Ift =3 (mod 8), x5 '(q)d2(q)** = 6_1(q)*?.
e If t =7 (mod 8), x5 ' (q)d2(q)">(® = 1.
Then the first factor equals &,(t)d_;(q)'T"*(YDey(q) if t = 7 (mod 8) and the same with an extra factor
§_1(q)"* otherwise so the claim follows from the definition of 5.

Then we are led to prove that d,(t)eq(—1) = 1, an equality that follows from the definitions (that are
collected in Table 6.1).

(¢ (mod 4) [q (mod ) [ £,(—1) [ 3,(t) [ ¢ (mod 4) [ ¢ (mod £) [ e,(—1) [ 0,(1) |

1 O 1 1 3 O -1 -1

1 Vi -1 -1 3 ¥ 1 1
TABLE 6.1. Table

Finally, by a consequence of an analogous analysis that has been done for the case t = 2, to verify that
"X = x - %—t oN on I we have to check (following the previous notation) that

Xa (@)X (@i)e2(g)ee(a:)0q, (2) Vg, (8) V51 (qi) ¥+ HFRF1 = 6,(a),
which follows directly from (26) . O

We want to apply the previous result to our curve E. Let us make some remarks on the conductor of
twisted representation p fp @ X- Let q be an odd prime ramifying in K/Q not dividing 3. Recall that F has
additive reduction at all such primes and its local type (by Remark 11) is that of a principal series (given
by a character whose inertial part has order 3) or a supercuspidal representation. Since the inertial part of
Xq has order a power of two, it cannot cancel the inertial contribution of Pip hence the conductor of the
twisted representation at q is still 2.
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At primes dividing 2, the conductor never decreases (from the definition of x; and the conductor of E
given in Lemma 5.3). At primes dividing 3 there is a situation where the twisted representation has smaller
conductor than the elliptic curve. It happens precisely when 3 is inert in K/ and F has conductor valuation
2. In such case, the local type of the Weil-Deligne representation is that of a principal series whose inertia
is given by an order 4 character (by Remark 12). Then twisting by xs (also a character whose inertia has
order 4) cancels one of the characters, hence the twisted representation has conductor valuation 1.
Theorem 6.3. Suppose that K/Q is imaginary quadratic. Then the twisted representation Pip®X descends

to a 2-dimensional representation of Gal(Q/Q) attached to a newform g of weight 2, Nebentypus ¢, level N

given by
N =23 T[q ™) [ ¢
q q€EQ++
where the product is over odd primes, and q is any prime of K dividing q. The value of a is one of:
2 if 2 is inert,
1,2 if 2 splits,
4 if 2 ramifies but 2 1 d,
8 if 2| d.
and the value of b is one of
2,3 if 3 is split,
1,3  if 3 is inert,
5 if 3 ramifies.

Furthermore, the coefficient field is some quadratic extension of Q(x).

S8
I

Proof. The existence of the extension, and its Nebentypus follows the proof of Theorem 2.3. Regarding the
conductor of the representation, recall (by Lemma 5.5) that if q | ¢ is an odd ramified prime ideal not dividing
3, then vq(pg ,) = 2. The same holds for pg , ® x (as explained before). Then the conductor formula (18)
implies that the four dimensional representation has conductor with valuation 3 or 4 at such primes, so the
valuation vg(N) = 1,2. The same argument gives the exponent at the prime 2 (using Lemma 5.3) and at
the prime 3 (using Lemma 5.4 and Remark 12). O

Using Ribet’s lowering the level, we can remove the primes dividing the conductor of the curve.

7. SOLVING EQUATION (3)

We follow closely the tools of Section 4. In particular, Theorem 4.1 holds as does Ribet’s lowering the
level and Ellenberg’s big image result. Theorem 4.1 is true in this setting, and to make it effective, we search
for a prime ¢ such that £ = 1 (mod 32 - d) (since vy(cond(es)) < 4, we can assume v is unramified at 2),
where d is the prime to 6 part of d, and p > 2v/Z 4+ £ + 1 is enough for it to hold.

7.1. Some cases of (3). In this section we apply the previous results to solve some cases of equation (1).

7.1.1. The equation x®+2y® = 2P. The sets Q1 1 are all empty; ¢ is the trivial character (i.e. the form g does
not have Nebentypus) while the character x corresponds to the quadratic character d3 at one of the primes
dividing 3 in Q(v/—2). This is a very interesting example, as the curve F has always good reduction at 2 and
the 3-part of the conductor equals 3(1++/—2), 3(1—+/=2), 9 or 27. In particular, it is more efficient to work
with Bianchi modular forms than with rational ones (to avoid high powers of 2 in the level). The newform
g attached to a primitive solution satisfies that its base extension to K and its twist by x~! (which equals
X as it is quadratic) gets only bad reduction at primes dividing 3. Computing the respective spaces (using
Cremona’s algorithm, also available in the Imfdb) it turns out that there are no Bianchi modular forms in any
level but 3%, whose space contains three elliptic curves (2.0.8.1-729.4-al, 2.0.8.1-729.4-b1, 2.0.8.1-729.4-c1),
one of which has complex multiplication and is the base change of a rational elliptic curve (hence cannot be
congruent to E‘) The other two ones satisfy that a5 = —1. It is easy to compute for each possible value of
(A, B) modulo 5 the value of a5(E(A73)) and verify it belongs to the set {2,0,—7,—10} hence both curves
cannot be congruent if p > 5.
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Theorem 7.1. Let p > 23 be a prime number. Then there are no non-trivial solutions of the equation

x? 4 2y% = 2P,

Proof. We need p > 23 to apply the analogue of Theorem 4.1, while p > 11 is enough to use Ellenberg’s
result (see Remark 10). O

7.1.2. The equation x® + 3y% = 2zP. This case was already proved in [Kou20].

7.1.3. The equation z% + 5y® = 2P. The only non-empty set is Q;_ = {5}. The character € has conductor
4-5, of order 4 at 5 hence x has order 8. We compute the space S3(2%-5%-3%, ¢) with a = 2,3 and our form g
has coefficient field Q(v/3,v/—1,v/—2) (by Remark 6). The first space has 15 Galois orbits (for a = 2), three
of them with coefficient field Q(v/—1), three with a quadratic extension of it, and the other ones a degree 4
extension of Q(y/—1). There are seven forms with complex multiplication.

In this case, Mazur’s trick does not work, due to the existence of many elliptic curves in the given space
(see Imfdb conductor 2916). Although such curves do not seem to come from solutions, we do not know how
to discard them. Doing a simple search for solutions with A, B at most 10° we found the unique solution
(for p > 2):

79% +5.26 =38,

7.1.4. The equation z* + 6y° = 2P. All sets Q+ + are empty, the character € equals the quadratic character
of conductor 12, while y is a quadratic character of conductor 3-(2,1/—6)>. The new subspace of So(28-35, ¢)
has dimension 1152 and splits in 58 conjugacy classes. Note that any primitive solution corresponds to values
(A, B,C) where C is prime to 3, hence the integer C' needs to be divisible by a prime number greater than
3, hence the curve E'( 4,B) cannot have complex multiplication. The first six newforms (given by magma)
have complex multiplication, hence we can discard them. For the remaining ones Mazur’s trick is enough
to discard them all. Using primes ¢ dividing the set {5,11,13,17,19} we get that p belongs to the set
{2,3,5,7,11,13,17,23,31,37,59, 71, 73,107,109} .

Theorem 7.2. Let p > 109 be a prime number. Then there are no non-trivial solutions of the equation

2 4 6y = 2P,

Proof. As what happened for equation (1), the fact that 6 | d implies C' is prime to 6, hence the curve
attached to a primitive solution always has a prime of multiplicative reduction. The result follows from the
fact that Ng = 11 by Proposition 4.3 (and Remark 10). O

7.1.5. The equation x> + Ty® = 2P. The set Q_, = {7} while the other ones are empty. The character ¢ has
order 2 and conductor 21, while y has order 4. A solution to our equation gives an elliptic curve congruent to
a newform in the space S3(2%-3%-72,¢), where @ = 1,2 and b = 1,3. At 7, by Remark 11 the representation
Pip has local type that of a principal series, whose character restricted to inertia has order 3 (recall that
X7 is unramified, hence the same happens for the twisted representation). In particular, since 7 ramifies in
the quadratic field, such character factors through the norm map, hence the local type of g must be that of
a ramified principal series (whose inertia is given as the sum of an order 3 and an order 6 character).

In the space S2(2 -3 - 7%,¢) we can discard all non-CM forms using Mazur’s trick, but in the space
S5(2 - 33 - 7% ¢) there are three forms without CM, whose local type at 7 correspond to a principal series
representation that cannot be discarded just using Mazur’s trick.

It should be noticed that there are some solutions with exponents up to 7, namely

1124+ 7-15=27.

or
1812 4+ 716 = 215,
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