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Shimura Correspondence and Central

values of twisted r-series

Ariel Pacetti

Abstract

This article is a survey of developments on constructing preimages
of the Shimura map and its relation to central values of twisted L-
series. We start with some motivation and definitions of the classical
modular forms and extend the ideas to half integral weight ones. After
a short exposition of the Hecke algebra and its action on the space of
modular forms, we relate the two spaces via the Shimura map. On
the last section we state the known results and some recent ideas and
developments on preimage constructions and central values.

1. Modular Forms

1.1. Motivation and definition of classical modular forms

Modular forms are certain holomorphic functions on the Poincaré upper
half plane h = {z € C : J(z) > 0} that are invariant under congruence
subgroups. If we denote by G Ly(R)™ the multiplicative group of two by two
matrices with real coefficients and positive determinant, it has a natural
action on h by Mobius transformations. It is given for v = (¢ %) € GLy(R)*
by
_az+b
VE= d
Since diagonal matrices act trivially, we can consider the quotient group.
Let SLy(R) be the subgroup of GLs(R) of determinant 1 matrices. Then
the quotient is isomorphic to PSLy(R). It acts faithful and transitively on

2000 Mathematics Subject Classification: Primary: 11F37; Secondary: 11F67
Keywords: Shimura Correspondence, L-series, Quadratic Twists



2 A. PACETTI

b, hence for getting curves on quotients of fh we need to work with “discrete”
subgroups of SLy(R). The notion of “discrete” can be given in terms of its
action on b, I' € SLy(R) is discrete if and only if it acts discontinuously on
b; that is for any compact subsets K1, Ky C b, the set

{"}/EF . Kgﬂ’yKl#@}

is finite (see [3], Proposition 1.6). If N denotes a positive integer, the most

important discrete subgroups are the congruence groups I'(N) , and the
subgroups I';(N) and T'y(V) given by

F(N):{(CCL Z)ESLQ(Z) ca=d=1 mod N,b=c=0 modN},

mm:{(i Z)GSLQ(Z) ca=d=1 mod N, c=0 modN}

FO(N):{(Z Z)GSLQ(Z) L e=0 modN}.

Note that I'(N) <1 (V) <ty (V) and also I'(IV) <1 SLy(Z). A congruence
subgroup of SLy(Z) is a subgroup I' such that it contains I'(/V) for some
N. These families of groups are discrete subgroups of SLs(R) hence the
quotient space is a Hausdorff space. It can be given a complex structure
in a natural way, although care must be taken around the elliptic points,
that is points where the stabilizer is different from +1Id (see [1], Chapter
XI, §2 pp. 311). In the case of SLy(Z), the only elliptic points of h are the
classes of 7 and %TS whose stabilizers (modulo — Id) are {Id, ( % §)} and
{Id, (7 31, (9 71)} respectively.

Although T\ is not compact it can be compactified by adding a finite
number of points. A compactification can be achieved by considering the
extended upper half plane h* = h UP'(Q) endowed with a suitable topology
and an action of SLy(Z).

For I' a congruence subgroup, it is natural to consider the space of holo-
morphic (respectively meromorphic) differentials of the compact curve I'\ h*.
Since b is a cover of I'\h via the projection map

m: b —T\b,

for w a meromorphic differential form on I'\h its pullback 7*(w) is a dif-
ferential form on b hence 7*(w) = f(z)dz for some meromorphic function

f:ph—C.
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For k a positive integer, v = (¢%) € GLy(R)" and f : h — C a mero-
morphic function, we define

Flel(z) = f(7.2)(cz + d) 7" Det ()",
This gives a group action on such functions, i.e. flx[af] = (f|r[a])|x[B]-

Definition 1.1. If ' is a congruence subgroup, a modular form f of weight
k for I is an holomorphic function f : h — C such that:

o fIM)(z) = f() for all y € T.

e f is holomorphic at all cusps.

The holomorphicity condition at the oo cusp is as follows: since the
matrix (1) € I for some N, the function f(z) is invariant under translation
by N, hence it admits a Fourier expansion of the form:

+o0
f(z) = Z €N,
We define f to be holomorphic at oo if a,, = 0 for all n < 0. If %’ is another
cusp, there exists an element v € SLy(Z) such that a.oo = £. We say that
[ is holomorphic at 2 if the function g(z) = f[[a](z) is holomorphic at
00. f(z) is called a cusp form if it vanished (i.e. ag = 0) at all cusps. We
denote by M (") and Sk(I') the space of holomorphic and cuspidal forms
respectively. We have ([1] Proposition 11.6):

Proposition 1.1. The map w — f,,, where 7*(w) = f,dz is an isomorphism

between Qo (I\b*) and S»(T).

1.2. Half integral weight modular forms

For reasons that will become clear later, we would like to extend the notions
of integral weight modular forms to that of half integral weight. This means
we are looking for holomorphic functions f such that for an odd positive
integer k they satisfy

(1.1) fr) = (Ver+d) 1)

for all elements v = (¢ %) on a congruence subgroup.

Let us consider the square root with argument in (—7n/2,7/2], which
is holomorphic on C\R<,. Equation (1.1) does not give a group action.
Suppose it did. Let I' be a group containing I'(/V), and consider the elements

o= (") and  B=(41).



4 A. PACETTI

The invariant conditions for f|/2[a8], and (f|k/2[a])|k/2[6] would imply

—Nz
—Nz+1

k

(\/—zN—i—l)k( +1—N> = (V2(N2 = N)+1— N)~.
When k£ is odd, both terms coincide when squared. Thus, they differ by at
most a sign. Since z € B, the terms inside the square root on the left are in
—b hence their square roots are in the fourth quadrant and their product is
on the third or forth quadrant. The term on the right is the square root of
an element in h hence it lies on the first quadrant.

To fix this, let ¢ : Z/NZ — C* be a Dirichlet character. We define
the space My(T'o(N),1) as the subspace of My(I'1(/N)) consisting of those
modular forms satisfying

flel](z) =v(d)f(z) ¥y =(2]) € To(N).
Since I'1(N) < To(N) and T'y(N)/T1(N) ~ (Z/NZ)* we get a decompo-
sition
M (T1(N)) = @y M (To(N), )
where the sum is over all Dirichlet characters ¢ of (Z/NZ)*. If we look for
modular forms such that their squares are modular forms with a character,

we find the well known theta series
+o00o

0(z) = Z 2rin’z

n=—oo

Proposition 1.2. For all v = (25) € To(4) the theta function 6 satisfies

the equation
0(vz) = <E> e;"Vez +do(z)

d
where
_J 1 ifd=1 (mod4)
TN i ifd=3 (mod 4)
In particular §(z)* € S1(To(4), x) where x(d) = ().
Proof. See [2] Chapter III, §4. O

Definition 1.2. Let k£ be an odd integer and I' a congruence subgroup
contained in I'g(4). A modular form of weight k/2 for I' is an holomorphic
function f : h — C such that

s = (520 s wer

and f is holomorphic at the cusps.
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We denote by My 2(I") such space and by Si/2(I') the subspace of cus-
pidal forms. As in the classical case, if N is a positive integer divisible by
4 and 1 is a character modulo N we define My 5(I'g(N), ) (respectively
Sks2(To(N),4)) the space of modular forms (respectively cuspidal modular
forms) for I'y (V) such that

102 = (G20) wlaste) v = (2 € Tl

2. Hecke Algebra and Hecke Operators

2.1. Hecke Operators on classical modular forms

Hecke operators can be defined in several ways for classical modular forms.
We review the definition in terms of double cosets since it generalizes to
modular forms of half integral weight easily.

For I',T" congruence subgroups of SLy(Z) we say that IV and I' are
commensurable (and denote it by IV ~ I') if IV N T" has finite index in both
[ and I, By Lemma 3.10 of [3] one has

Lemma 2.1. IfT is a congruence subgroup, I' ~ a T« for all « € GLy(Q).

Note that I' ~ o 'T'a implies that T'al’ contains ' with finite index,
since if {dy,...,d,} is a set of coset representatives of (I' N a !T'a)\I' then
F'al’ = Ul'ad; (where the union is disjoint).

Let Rr be the Z-module spanned by the classes [['aIl'] where o € G Ly(Q).
Let deg([Tal]) := #(T' Nna 'Ta)\I'). Extend it additively to Rr, i.e.
deg(d"" ci[TauI]) = D7 ¢ideg([TayI']). A multiplication law can be de-
fined on Rr as follows: if I'al' = U_;I'a; and I'ST" = U;_,I'f3;,

Tall[pr) = 3. g[0oT)
{061 : 6€GLa2(Q)+}

where 75 = #{(7,j) : Ta;8; =I'0}. One has the following (see [3] Proposi-
tion 3.3 and Proposition 3.4).

Proposition 2.2. The product is associative and deg is a morphism of
algebras, i.e. deg(X.Y) = deg(X)deg(Y) for X,Y € Rr.

For simplicity we restrict to the cases where I' = T'o(N), I' = I'1(N) or
[' = T'(IV) for some positive integer N (see [3] Section 3.3 for the general
case).
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Definition 2.1. For n be a positive integer, define the element in Ry

T(n)= > [of]

acl\A, /T

where A, C {y € My(Z) : Det(y) =n} is given by those elements 7 that
satisfy

/

mod N if I' = I'4(N)

S = O ¥
* ¥ % %

mod N if T' =T (N)

)
Il

10 .
\ (0 *> mod N if ' =T(N).

Consider the Hecke algebra T (over Q) spanned by all T'(n) with n a
positive integer. It satisfies the following properties:

Theorem 2.3. T is a commutative algebra. The elements T'(n) satisfy:
o [fged(n,m) =1, T(nm) =T(n)T(m).
o Ifp| N, T(p") =T(p)" and deg(T(p)) = p.
e [fged(n,N) =1, deg(T(n)) =o(n) = Zd‘n d.
See Theorem 3.34 and Theorem 3.35 of [3] for proofs of these facts.

2.1.1. Hecke Operators
Let I" be a congruence subgroup and f € My (I"). For a € GLy(Q)" let

flk[Cal'] = Det(a)*>~1> " flifan]

where Tal' = U¢_;Ta,. The operator |,[['al’] maps My(T') (respectively
Sk(I)) into itself (since it averages over representativess). Extending by lin-
earity we get an action of Rp on My (I"). This gives an action of T on modular
forms. Let T'(m) (the m-th Hecke operator) be the operator obtained by
the action of T'(m) on M(T).

Define on Si(I") the Petersson inner product, given by

(f.9) = F(2)g(z)y**dzdy

[SLy(Z) : T I'\h

where z = x 4 4y. It is not hard to see that this integral is well defined and
converges. Furthermore, it satisfies (see [3] Proposition 3.39) the following
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Theorem 2.4. Let a € GLy(Q)t and f,g € Sp(T'). Then

(fleled, ) = ([, gle[Adj(a)])
where Adj(a) is the adjoint matriz of .

If f is an eigenform for all Hecke operators, its Fourier coefficients are
uniquely determined in terms of the eigenvalues (see [3] Theorem 3.43). The
problem of considering the whole Hecke algebra is that its action on My(T")
needs not be semisimple (see [3] Remark 3.59). Let us restrict to the case

=T (N).
Theorem 2.5. Let f € S(Io(N),v) and p be a prime number. If f(z) =
S o2 an€®™ ™% then T(p)(f) = Y e, bn€®™ ™% where
b = Apn + ()P g
and an;, =0 if pin.

Theorem 2.6. Let n be a positive integer prime to N and o, € SLy(Z)
satisfy o = (1" 2) mod N. Then for any f,g € My(I'1(N))

(Tn(f), 9) = {fllon], Tn(g))-

In particular for any Dirichlet character ¢ of (Z/NZ)*, if ¢, denotes the
complex conjugate of any square root of 1(n), the operator ¢, T,, is self adjoint

on Sp(Lo(N),v).

Proof. Let a be a left class representative of a double coset in A,,. Then

(flxla], ) = ((flelonDklon '], ) = (flklon], gle[Adj(a)au]).

Since « has the form (} %) mod N with d = n (mod N), Adj(a)o, =
(7)) mod N so the map o — Adj()o, is a bijection of A, into itself.
Since T'(n) is sums over all such representatives, the assertion follows. [

This implies that the Hecke Algebra T° = (T'(n), ged(n, N) = 1), does
act semisimply on M (I'1(N)) so a basis of common eigenforms for all oper-
ators on T? exists.

2.2. Hecke Operators on half integral weight modular forms

The theory of Hecke operators on half integral weight modular forms is the
same as the one for classical modular forms working with groups similar
(and isomorphic) to the congruence ones (see [Sh] for a complete exposition
of the subject). We just mention the basic results and the analogy.
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If a € Ty(4), let j(a, z) be the holomorphic function on h

jla, z) = 0(z) /6(2)

Consider the group

G= {(a,¢(z)) : € GLy(Q)F, ¢(2)? = £(cz + d)/\/det(oz)}
and o
Io(4) = {(a, j(e, 2)) : o € To(4)}

where multiplication is given by

(@, (2))(8,9(2)) = (a3, (8.2)1(2)).

By Proposition 1.2, F/@/) C G. Consider the natural map

—_—~—

U:T(4) = Te(4), Y(a)=(a,j(a,z))

and define the congruence subgroups (for N divisible by 4) as the image of

the classical ones. As before, we restrict to the case where I is the image of
I'(N), T'1(N) or I'o(N). For (o, ¢) € G and f € Myo(T") let

Flrl(e, p(2)](2) = flaz)o(2) 7.

The notions of commensurable groups, double cosets, products of double
cosets, etc. are the same as in the classical case. For a positive integer n
consider the element &, € G given by

1 0
g 1/4 et
&n = (ay,n’")  where a, ( 0 n > :

It can be seen that ffnf is commensurable with I' hence ffnf = U;ilf@.
Define the Hecke operators Tj(n) acting on My /»(I") by

Ti(n)f =n®D703 " flfe].
=1

If ged(n, N) = 1 and n is not a square, the Hecke operators Ty (n) are zero,
so we can restrict to square ones. The Hecke operators satisfy:

o If gcd(n,m) =1 then Ty(nm) = Ti(n)Ty(m).

e They commute with each other.
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e If ged(n, N) = 1, the operators Ty(n?) are hermitian on Sy /2(T'o(N), )
with respect to the Petersson inner product given by

1 .
[Co(4) : T1(N)] /F (N)\hf (2)g(2)y>"*dxdy.

o Let f € Myp(Io(N),v). If f(2) = ano a, ™ then Ty (p*)(f) =

>0 bne™™ where

(f,9) =

n —_ —
by = apzp +11(p) (]3> PE I a, + p (PP e,

1(m) = ¥(m) (%)(k_l)/2 and a2 = 0 if p* { n.

(see [Sh] Proposition 1.6, Theorem 1.7 and [Sh2] Lemma 5). We can now
give a definition of the Shimura map (the main Theorem of [Sh]):

Theorem 2.7. Let f € My/2(I'o(N), 1) be an eigenform of all Hecke op-
erators Ty(p?) for all primes p, say Tp(p*)(f) = A\pof. Define the function
Shim(f) = >°, 50 an€®™* where the {a,} satisfy

Z ap,n~’ = H(l — A+ ¢(p)2pk_2_23)—1.

n>0 p

Then Shim(f) € M;_1(To(M),?) for some M. Furthermore, if k > 5 and
[ € Sks2(To(N), 1) then Shim(f) € Sk_1(To(M),?).

Remark. From Theorem 2.5 it is easy to see that Shim(f) is an eigenform
for T and T, (Shim(f)) = A, Shim(f) for all n.

By a Theorem of Niwa (see [Ni]) M can be taken to be N/2. For k =3
one needs to consider a subspace of S3/2(I'g(V),7)) to get cusp forms on
the image. Let r,¢ be positive integers such that 4¢r? | N. Let x be a
primitive character modulo r such that x(—1) = —1 and ¥ (n) = (=£) x(n)

for all n € Z/NZ. Define U(I'y(N), ) to be the subspace of Sg/g(FOTZN), )

2

spanned by {Zmezx(m)me%im Z} and V(Tg(N),%) to be its orthogonal
complement. If f € V(To(N),), Shim(f) € Sa(To(M),?) .

At this point the Shimura map is only defined on eigenforms for all Hecke
operators. Since T is commutative we can decompose Si/2(I'o(N), 1) as a
direct sum of irreducible subspaces for its action.

Definition 2.2. Let V be an irreducible subspace of Sy 2(I'o(N), ) for the
action of T. Let f € V be the unique (up to a scalar factor) non-zero

eigenform for T. We define Shim(V) := Shim(f).
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Remark. Since the Hecke algebra T? is hermitian on Sy /2(Io(N),¢), all the
modular forms on V have the same eigenvalues for all Hecke operators T}, (p?)
for pt N.

We will focus on the following three questions:
1. Is this map surjective?

2. The Hecke operators relates Fourier coefficients that differ by squares.
What is the meaning of the square free Fourier coefficients of half
integral weight modular forms?

3. How can we construct preimages of the Shimura map?

The first question can be answered using automorphic representations.
Denote by m = 7o ® ®p 7, the automorphic representation associated to
F. We have the following (see [F1]):

Proposition 2.8. F' € S;,_{(N,4?) is in the image of the Shimura map if
and only if at the primes p | N where m, is a principal series (say m, =
(1 ps flap)) the characters satisfy py ,(—1) = po,p(—1) = 1.

In particular the map is surjective into Sk_1(N) when N is odd and
square free. In this case, if ¢ is a quadratic character, consider

Definition 2.3. The Kohnen space (denoted by S ,(I'9(4N),1)) is the
subspace of Si/2(L'0(4V), 1)) given by forms whose Fourier coefficients satisfy

a, = 0 for all n with ¢¥(=1)(=1)*n =2,3 (mod 4).
The main results of [Ko| are summarized in the next

Theorem 2.9. If N s odd and square free and v is a quadratic Dirichlet
character, the Hecke operators preserve the Kohnen space S;/Z(TO(ZLN),@D).

If we restrict to the subspace of new forms, then the eigenforms of T° are
uniquely determined up to multiplication by non-zero complex numbers (i.e.
there is multiplicity one). Furthermore, the Shimura map is an isomorphism
between S,j/’;ew(4N,¢) and S¢Y(N).

The first answer to the second question is the work of Waldspurger.

Notation. By Yy, we will denote the quadratic character corresponding to
the field Q[v/n]. If F € My(T'1(N)) and x is any character modulo N,
L(F, x, s) will denote the L-series of the newform corresponding to the twist
of F' by x.
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The main Theorem of ([Wa]) is complicated to state, but the heart of
his work is that up to local factors one has the following (see Theorem 3.5
below for an explicit version)

Theorem 2.10. Let F' € Sy_1(M,v?) and f € Sy2(N,v) mapping to F
under the Shimura map. Let ni,no be square free positive integers such that
ni/ny € (Q))* for allp | N. If f(2) = 32,51 ane®™* then

a2, L(F, 05 ng, 5510 (na/ma)nb* ™ = a2, L(F, b5 Xy, 5500y

where Py(n) = P(n) (_71)(1971)/2'

Thus fixing n, for all n which differ from n, locally at the primes dividing
N by a square, we get the formula

a2 = KL(F, 15 Xn, 5510 (n)nt/?

where k is a global constant. An explicit version of this Theorem for N
square free was given in [Ko2] (Corollary 1), it states

Theorem 2.11. Let f(z) = Y, -, a,e®™™ € S;/’;ew(él]\f) and F € SP°Y(N)
such that f maps to F' under the Shimura map. For each prime p dividing
N, let w, denote the Atkin-Lehner sign of F' at p. Let d be a discriminant

with (—1)*d > 0 and such that (%) = w, for all primes p | N. Then

(f, ) m (F, F)

where v(N) is the number of prime divisors of N.

Jaa* ov(N) (k—1)! |d|k/2—1L(F> Xa: "5)
k

3. Constructing preimages of the Shimura map

Constructing preimages of the Shimura map allows to compute L(Fd, %)
for a lot of discriminants d in an efficient way (as saw on Theorem 2.11)
if one can compute the Fourier expansion of the weight 3/2 modular forms
(see [RV] for an exposition and [Pa-To2] for examples). In [Shi] a method
to construct preimages (in some cases) is given by computing integrals over
geodesics of the weight k — 1 (even) modular form. The disadvantage of this
method is that, numerically speaking, it is not efficient. The first approach
using theta series was the work of Tunnell on the congruent number problem
(see [Tu]). It is not hard to see that d is a congruent number if and only if
the elliptic curve
Ey: vyt =2 —d*x
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has infinitely many rational points. Since this curve is the twist by x4 of the
elliptic curve E : y?> = 23 — x, we are asking which quadratic twists of this
curve have positive rank. The elliptic curve E corresponds to the unique
newform of Sy (I'0(32)). If ¥ is any quadratic character modulo 128, the space
S3/2(I'(128),4) has dimension 3. So does the space S;/5(I'0(128),7). By
considering the theta series of a binary quadratic form, Tunnell constructed
a weight 1 modular form ¢ of level 128 and character xy_o. Multiplying
by g a basis of S1/2(I'0(128),1x—2) we obtain a basis of S3/2(I'9(128),v).
Furthermore, since S;/2(I'9(128),1Xx_2) is spanned by theta series of unary
quadratic forms, the basis for S3/2(I'9(128),1) constructed consists of theta
series of ternary quadratic forms. Computing the action of T'(p*) on Fourier
coefficients (which can be done in this case because the dimension of the
space of modular forms is small) he gets a basis of eigenforms maping under
Shimura to F. Using an explicit version of Waldspurger’s Theorem he proves

Theorem 3.1. The forms

fl _ E 627r7j(2:1:2+y2+3222) . 1 E e27ri(2x2+y2+822)
2

and
f2 _ § 627ri(4a:2+y2+32z2) . 1 E 627ri(4:v2+y2+822)
(z.y,2)€Z? (z.y,2)€Z?

map to E under the Shimura map. Furthermore if d is odd, L(FEq4,1) =
r1aq(f1) (respectively if d is even, L(Ey4,1) = koaq(f2)) for some non-zero
constants r; where a,(f) denotes the n-th Fourier coefficient of f.

By a Theorem of Coates and Wiles (see [Co-Wi)) if d is odd (respectively
even) and aq(f1) # 0 (respectively aq(f2) # 0) then d is not a congruent
number. The converse is true assuming the Birch and Swinnerton-Dyer
conjecture.

Following [Pa-Tol|, we present a method to construct preimages of the
Shimura map for any level N. This method is based (and includes) the
case of prime level studied in [Gr] and the case of square free level studied
in [B6-SP] although in both works the authors prove stronger results using
different tools (see section Further Developments).

3.1. Quaternion Algebras

A be a quaternion algebra B over Q is a central simple algebra of dimension
4 over Q. It can always be presented as B = Q + Qi + Qj + Qk where
the product satisfies ij = k = —ji and > = a, j> = b for a,b € Q*
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square free. It has an antiautomorphism given by “conjugation”. For x € B
we denote Nz and Trz the reduced norm and reduced trace of x, with
respect to it. A definite quaternion algebra is a quaternion algebra such that
the quadratic form Nz is positive definite. We will only consider definite
quaternion algebras.

The norm of a lattice a € B is defined as Na := gcd{Nz : z € a}.
We equip a with the quadratic form Ny(z) := Nz/Na. It is primitive, its
determinant is a square, and we denote the positive square root by D(a)
(the reduced discriminant).

An order R C B is a lattice which is also a ring with unity. If a is a
lattice, we define R;(a), its left order (respectively R.(a), its right order) by

Ri(a):={z € B : za C a}.

If R is an order in B, we let J(R) be the set of left R-ideals, that is the
set of lattices a C B such that for every prime p, a, = R,z, for some
1, € By (subscript p denotes localization at p, namely a, := a ® Z,). For

a,b € J(R) define the relation a ~ b if a = bz for some z € B*. This gives

an equivalence relation on J(R) and by [a] we denote the class of a. The set
of all left R-ideal classes (denoted by J(R)) is known to be finite.

3.2. Hecke operators and the height pairing

Let M(R) be the free Z-module with basis J(R). Define deg : M(R) — Z as
the linear map satisfying deg(a) = 1. On M(R) we define the height paring
by

s#R.(a)" if [a] = [b],

0 otherwise,

([a], [6]) := %#{x €EB* : ar = b} = {

The height pairing induces an inner product on Mg(R) := M(R) ® R and
J(R) is an orthogonal basis of this space. The dual lattice M"(R) =
{ve Mg(R) : (v, M(R)) C Z} is spanned by [a]" := = [a] with [a] €

J(R). Let a € J(R), and m > 1 an integer. We set "
Ton(a) = {b €J(R) : 6Ca, No=m Na}.
The Hecke operators t,, : M(R) — M(R) are then defined by
twla] == ) [b]
bET (a)

for m > 1 and [a] € J(R) (they correspond to the classical Brandt matrices).
In addition, we define to : M(R) — M(R) by to[b] := 3 <Z[a]EJ(R) [a]v>.
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Proposition 3.2. The Hecke operators have the following properties:
1. t, is self-adjoint for the height pairing.
2. If (n,m) =1, then tym = tatm-

3. The operators t,, with gcd(n,D(R)) = 1 commute with each other.

Since the Hecke operators ¢, with ged(n, D(R)) = 1 generate a commu-
tative ring T of self-adjoint operators, Mg (R) has an orthogonal basis of
eigenvectors for T,

If R is an order, let R* := {z € B : Tr(zR) C Z} and define L(R) :=
N(R*)~!. There is an injective (but in general not surjective, see [J-L]
T linear map ¢ : M"(R) ®zo M(R) — My(To(L(R))) given by

d(v,w) = Z (V, tmW)q

(see Proposition 3.3 of [Pa-Tol). In particular if v.€ M(R) is an eigenvector
for T, so is the modular form ¢(v,v) with the same eigenvalues.

We would like to associate weight 3/2 modular forms to elements in
M(R). For z € B, define Azx := (Trz)> — 4Nz (the discriminant of the
characteristic polynomial of z). Let

Q(R) :=ged{Az : z € R}.

Note that Az < 0, and Az = 0 if and only if x € Q; thus — Az/Q(R)
defines a primitive positive definite ternary quadratic form on the lattice
R/Z. Define the level and the character of an order R to be

)

N(R) :=4L(R)/ Q(R), and Xr(n) = (

Theorem 3.3. The map © : M(R) — Ms;, (N(R), xr) which maps [a] €
M(R) to
_ 1 —2miz Az/Q(R)
Ofa) =5 Y oe :
z€R,(a)/Z

is TO-linear. Furthermore, if deg(v) = 0 then ©(v) is a cusp form.

Remark. The map © needs not be injective.

Proof. see Proposition 1.11 of [Pa-To]. The second assertion of Theorem 3.3
comes from the fact that the ternary quadratic form associated to a lies in
the same genus as the one associated to R. Hence, the linear combination
vanishes at all cusps if and only if it vanishes at infinity. n

In particular if v is an eigenvector for T°, and ©(v) # 0, then O(v)
corresponds to ¢(v,v) under the Shimura map.
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3.3. Orders in quaternion algebras

For the method in the previous section to work, given F' € Sy(I'o(NN)) we
need to chose a quaternion algebra B and an order R in it such that L(R) =
N and F € M(R). For a given N, which quatgernion algebra and which
orders should be considered?

In case of prime level N the only possibility is to take B to be the
quaternion algebra ramified at N and co and R a maximal order. Then for
all forms in S3(I'g(N)) whose corresponding eigenvector in M(R) is not in
the kernel of ©, the previous section construction works. Furthermore, the
so called “Gross Formula” (Theorem 3.4) implies that F' € So(I'y(NN)) gives
the zero weight 3/2 modular form if and only if L(F,1) = 0.

Now assume that N is square free. Let I € S3(I'o(IV)) with positive
functional equation sign. Define Pr = {p | N : w, = —1} and take B to
be the quaternion algebra ramified at p € Pr and oco. Let R be an order
of level N in B such that R, is an Eichler order for all p | N. In [B6-SP]
they prove that for this choice, the previous section construction works and
that it gives the zero weight 3/2 modular form if and only if L(f, 1) = 0 (see
Theorem 3.5).

For a general level N and F' € S3(I'g(N)), the choice of the quaternion
algebra depending on the Atkin-Lehner involutions is quite standard. Which
orders should be considered on such algebra? By Eichler’s work orders R
of B are in one-to-one correspondence with collection of orders {R,} in B,
such that R, is maximal for almost all p. If we consider a non-ramified
prime ¢, the natural candidate for an order of level ¢" is an Eichler order
(the intersection of two maximal ones). At a ramified prime p, there is a
single maximal order, hence the unique Eicher order in this case has level p.
To get “well-behaved” orders of level p” the natural candidates (studied on
[Hi-Pi-Sh]) correspond to some “primitive ternary quadratic forms” (see [Jo]
for a survey of the relation between orders and ternary quadratic forms).

Definition 3.1. An order R is Gorenstein if all lattices L with R;(L) = R
are left R-ideals. An order is Bass if every order containing it is Gorenstein.

Given an order R there exists a Gorenstein order G(R) and an integer
b(R) such that R = Z+b(R)G(R). Since the image by O of R has the same
level as the image of G(R), we can restrict to work with Gorenstein orders.
The Bass (respectively Gorenstein) condition is a local condition, hence we
need to define the local Bass orders (and we will restrict to these ones). For
a ramified prime p # 2 of B, all the Bass orders in B, lie in the following
tree (see [Jo] for the tree in the case p = 2).
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Orders Discriminant
° p
\ ] 2
p
N T
[ J [ J [ ] p

The properties of such orders depend on three cases:

o If B, is a division algebra and R, is one order from the left column of
the previous tree (including the maximal one), it satisfies Q(R,) = 1

hence N(R,) = L(R,). Furthermore, if z € R, then (%) =0or —1

e If B, is a division algebra and R, is any other order, Q(R,) = p hence
N(R,) = L(R,)/p. If R, has discriminant grater than p?, there are two

orders with the same discriminant. If z € R,, (AZ/ p) =0 or —1 for

one order and (A%/p> = 0 or 1 for the other.

o If B, is isomorphic to a matrix algebra and R, is an Eichler order on
By, Q(R;) = 1 hence N(R,) = L(R,). Furthermore, if R, is not a

maximal order, it can be seen that for z € R, (%) =0,1.

This justifies the choice of the quaternion algebra in Theorem 3.5 so as to
be consistent with Theorem 2.11.

A complete description of the modular forms appearing in M(R) for
orders R which are locally one of the above can be found on [Hi-Pi-Sh|. These
orders are the ones to be considered for constructing weight 3/2 modular
forms in the general case, although the conditions for the construction of
the previos section being zero in this general setting still needs to be done.

As an example, let us consider the case of level N = p* (with p a prime
number). In [Pa-To| the authors considered the two orders of discriminant
p? from the right part of the tree. The ternary quadratic forms attached to
them lie in two different genera. Theorem 3.3 for one order gives a weight
3/2 modular form whose Fourier coefficients are related to the twists by
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discriminants of the form p times a square modulo p (in the sense of Theorem
2.10). The other order gives a modular form whose Fourier coefficients are
related to the twists by discriminants of the form p times a non-square
modulo p. Furthermore, if p =3 (mod 4), —p is a fundamental discriminant
and twisting by x_, is an involution on S5(Tg(p?)). Then if F € Sy(To(p?))
there exists a form g € Ss/2(I'0(4p?), x—p) whose Fourier coefficients are
related to quadratic twists of F' by positive discriminants.

3.4. Gross Formula

The construction of Section 3.2 in some cases provides a formula like The-
orem 3.1. For example, let p # 2 a prime, B be the quaternion algebra
ramified at p and co and O a maximal order in B.

Theorem 3.4 (Gross Formula). Let F' € S5(T'o(p)) and vp € M(O) be
a Hecke eigenvector corresponding to F'. If —d is a negative fundamental
discriminant, then

(B, F) ca(f)
Vd (vr,vr)

where k =1 if ptd, k=2 if p|d and c,,(f) is the m-th Fourier coefficient
of the weight 3/2 modular form f = ©(vp).

L(F,1)L(F,—d,1) = &

See [Gr] for a proof. In particular, if L(F,1) = 0 then ©(vp) = 0.
Since there exists a fundamental discriminant —d with L(F, —d, 1) # 0 (see
[Bu-Fr-Hol), the converse is also true, i.e. ©(vgp) = 0 if and only if L(F,1) =
0. There is a generalization of this result for square free levels N on [B6-SP],
where they prove

Theorem 3.5. Let F' € So(I'g(N)), let B be the quaternion algebra ramified
exactly at the primes where w, = —1 and R an Fichler order of level N. If
vp € M(O) is a Hecke eigenvector corresponding to F, for —d a negative
fundamental discriminant

[ (o ()i -2 E

plgcd(]\ff\f,d)
where v(N) is the number of prime divisors of N.

As in Gross’ case, the weight 3/2 modular form is zero if and only if
L(F,1) = 0. In the level p? case a similar formula is conjectured (but not
proved) in [Pa-To] with the same implications.
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3.5. Further Developments

We would like to end this survey saying a few words about weight functions
(they are introduced in [Ma-RV-To|). Assume that the level N is prime. Let
[ be a prime such that [ { N. Let (L,v) be a pair where L is an integral
Zy-lattice of rank 3 with [ 1 det(L) and v satisfies [ | Av but v ¢ [L. The
weight function wy, : L — {0,%1} is defined by

0 if 11 (v, 0"
wie (V) = ¢ xi((v,v) L (v, 0)
xi(k) if o' — kv € [L.

Let B be the quaternion algebra ramified at N and oo and R C B a
maximal order. To a € J(R), associate the ternary lattice L, := {z €
7+ 20,(a) : Tr(z) = 0}. Fix by € Lg such that [ | Nby but by & [Lg. Let
a € a be a generator of a;, i.e. a; = Rja. For x € L, define

wi(a,z) == xy(Na/Na)w gpga—1 ().

This weight function does not depend on the generator a nor on the equiv-
alence class of a. The effect of changing by is to multiply all the weight
functions w;([a], —) by the same factor. Abusing notation, for [a] € J(R) we
define the theta series

O-i((a)) = 3 wlal, w)e?ri= Nl

z€Lg

and extend it by linearity to M(R). This map satisfies the same conditions
as Theorem 3.3 except that its image lies in Ms/(I';(IV)).

The function ©_; is zero if [ = 3 (mod 4) and a weight function at the
ramified prime has to be considered (see Definition 2.2 of [Ma-RV-To]). In
[Ma-RV-To| they conjecture a type of Gross formula for real discriminants,
namely if d is a fundamental discriminant,

<F7 F> c—l(dQ)
Vd (vr,vr)

where c_;(m) are the Fourier coefficients of ©_;. In particular, if the L-series
of F' vanishes at 1, take a prime [ such that L(F,—[,1) # 0 (there exists
such [ by [Bu-Fr-Hol) and use weight functions for [ as before to construct
a non-zero weight 3/2 modular form mapping to F' by Shimura. Also, some
kind of “Gross Formula” still holds.

These ideas generalize to more general levels. In [Pa-To2|, the authors
gave some examples of how to associate to a modular form of level N (not

(3.1) VIL(F,~1,1)L(F,d,1) =
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square free) 2/(M)*1 weight 3/2 modular forms. The relation between the

constructed forms and the central values of twisted L-series is as follows: let
{ql, e qy(N)} be the set of prime divisors of N (say increasingly ordered).
For each vector € = (e1,...,e,n)41) With g; = £1, associate the set P. =
{d fundamental discriminant : x(d) = €;}, where e,(ny41(d) = sign(d).
There is a bijection betweeen the set of weight 3/2 constructed forms and
the vectors e, where if f < ¢ then a formula like (3.1) is conjecturally true
for f and all discriminants on P, (as in Theorem 2.10). This conjecture was
proved numerically on the examples considered.

In the same work, it was also shown how the weight functions can be used
to work with a quaternion algebra ramified at one prime p (dividing the level)
and oo without carying on the Atkin-Lehner involution signs. Hopefully this
will give a simpler proof of a Gross type formula for the general case.

As was shown in [B6-SP2] the case of modular forms of even higher
weights is similar. One first constructs a vector on a quaternion algebra cor-
responding to the modular form by using spherical polynomials on the theta
series. Then one defines a map © to half integral weight forms using (again)
theta series with spherical polynomials. In the case of weights divisible by 4,
the spherical polynomials used are odd functions, hence this construction is
trivial! Using some weight functions on the ternary quadratic forms involved
in [Ro-To] they showed how to handle this case as well.

The somehow open question is how to handle the case of weight two
forms not appearing on quaternion algebras. A simple computation using
the characterization of such forms (and Gauss sums) proves that if F' has
level p?, then L(F,dy,1)L(F,dy,1) = 0 for all fundamental discriminants
dy,ds with d; positive and dy negative (because of the funtional equation
sign). One example is the curve E1369B in Cremona’s notation. This case
is quite interesting since there is no weight 3/2 modular form mapping to
FE1369B under the Shimura map. In particular although a formula like (3.1)
seems to be wrong, it is not. Is this always the case? Is it true that for any
level N if a modular form F' € S3(I'g(N)) is not on M(R) for any order R
on any quaternion algebra B then the central value of all the real quadratic
or all the imaginary quadratic twists of F' vanish? We suspect the answer
should be “yes” (and some numerical experiments confirm this) although so
far we do not have a proof.
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