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Lifting method - Classification of Hopf algebras.

{Hn}n≥0
coradical filt. · · · // grH ' R#H0

Does H satisfy (CP)?

yes

OO

no

��
[AC]

��

// Is H0 a Hopf subalg. of H?oo

{H[n]}n≥0
standard filt. · · · // grH ' R#H[0]
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The smallest Hopf algebra without (CP).

K = k〈a, b, c , d ; ab = ξba ac = ξca a4 = 1
cb = 0 = bc b2 = 0 = c2 cd = ξdc
a2c = b bd = ξdb ad = 1 = da〉

where ξ is fourth primitive root of unity.

∆(a) = a⊗ a + b ⊗ c ∆(b) = a⊗ b + b ⊗ d

∆(c) = c ⊗ a + d ⊗ c ∆(d) = c ⊗ b + d ⊗ d

ε(a) = 1 = ε(d) ε(b) = 0 = ε(c)

S(a) = d S(b) = ξb S(c) = −ξc S(d) = a
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The smallest Hopf algebra without (CP).

As coalgebra,
K ' H4 ⊕M∗(2, k),

where H4 represents the Sweedler algebra. Then, again as coalgebra,

K0 ' kC2 ⊕M∗(2, k),

where C2 denotes the cyclic group of order 2.
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H[0] = K, but R = ???

R ∈
H[0]

H[0]
YD ←→

D(H[0])
M,

with D(H[0]) the Drinfel’d double of H[0].

Def. Drinfel’d double

D(H) = H∗ ⊗ H as vector space and:

(f ./ h)(g ./ k) = f (h1 � g2) ./ (h2 � g1)k and 1D(K) = ε ./ 1,

where h� f = 〈f3(S∗)−1(f1), h〉f2 and h� f = 〈f ,S−1(h3)h1〉h2.
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A′′4.

K∗ ' A′′4 = k〈x , g ; g4 = 1, g2 = 1 + x2, gx = −xg〉
∆(g) = g ⊗ g ∆(x) = x ⊗ g + 1⊗ x

ε(g) = 1 ε(x) = 0

S(g) = g3 S(x) = −xg3
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Results.

Prop.

As algebra:
D(K) ' k〈a, b, c, d , x , g〉

satisfying the relations of K,A′′4 and more:

ag = ga bg = −gb cg = −gc dg = gd

ax + ξxa =
√

2ξ(c + gb) bx + ξxb =
√

2ξ(d − ga)

cx − ξxc =
√

2ξ(a− gd) dx − ξxd =
√

2ξ(b + gc)
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Results.

Lemma 1

There are 4 1-dimensional (simple) non-isomorphic representations over
D(K). Namely:

a [λ1] b  [0] c  [0]

d  [λ−1
1 ] x  [0] g  [λ2

1]

where λ4
1 = 1.
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Results.

Lemma 2

There are 12 2-dimensional simple non-isomorphic representations over
D(K). Namely:

a 

[
λ1 0
0 −ξλ1

]
b  

[
0 λ2

1

0 0

]
c  

[
0 1
0 0

]
d  

[
λ−1

1 0

0 ξλ−1
1

]
x  

 0

√
2ξ

2
(λ3

1 + λ1λ2)
√

2ξ(λ1 − λ3
1λ2) 0

 g  

[
λ2 0
0 −λ2

]

where (λ1, λ2) ∈ I = {(λ1, λ2) : λ4
1 = λ4

2 = 1, λ2 6= λ2
1}.
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Results.

Cor. 1

There are 4 1-dimensional (simple) non-isomorphic modules Vλ1 in KKYD.
Namely:

a [λ1] b  [0] c  [0] d  [λ−1
1 ]

λ(v) =

{
1⊗ v , λ2

1 = 1
a2 ⊗ v , λ2

1 = −1

where λ4
1 = 1.
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Results.

Cor. 2

There are 12 2-dimensional simple non-isomorphic modules Vλ1,λ2 in
K
KYD. Namely:

a 

[
λ1 0
0 −ξλ1

]
b  

[
0 λ2

1

0 0

]
c  

[
0 1
0 0

]
d  

[
λ−1

1 0

0 ξλ−1
1

]
Case 1) (λ2 = ξ) λ(v) = d ⊗ v + (λ1 − ξλ−1

1 )c ⊗ w

λ(w) = a⊗ w +
(λ1ξ + λ−1

1 )

2
b ⊗ v

Case 2) (λ2 = −ξ) λ(v) = a⊗ v + (λ1 + ξλ−1
1 )b ⊗ w

λ(w) = d ⊗ w +
(−λ1ξ + λ−1

1 )

2
c ⊗ v

Case 3) (λ2 = 1) λ(v) = 1⊗ v + 2λ1ac ⊗ w λ(w) = a2 ⊗ w
Case 4) (λ2 = −1) λ(v) = a2 ⊗ v + 2λ1ab ⊗ w λ(w) = 1⊗ w

where (λ1, λ2) ∈ I.
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Results.

For Vλ1 :

c(v ⊗ v) = v−1 · v ⊗ v0 =

{
1 · ⊗v = v ⊗ v , λ2

1 = 1
a2 · v ⊗ v = −v ⊗ v , λ2

1 = −1

Therefore,

B(V ) =

{
k[v ], λ2

1 = 1
∧V , λ2

1 = −1
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Results.

For Vλ1,λ2 :

Case 1) v ⊗ v 7→ λ−1
1 v ⊗ v v ⊗ w 7→ ξλ−1

1 w ⊗ v + (λ1 − ξλ−1
1 )v ⊗ w

w ⊗ v 7→ λ1v ⊗ w w ⊗ w 7→ −ξλ1w ⊗ w +
(λ1 + ξλ−1

1 )

2
v ⊗ v

Case 2) v ⊗ v 7→ λ1v ⊗ v v ⊗ w 7→ −ξλ1w ⊗ v + (λ−1
1 + ξλ1)v ⊗ w

w ⊗ v 7→ ξλ−1
1 v ⊗ w w ⊗ w 7→ ξλ−1

1 w ⊗ w +
(λ−1

1 − ξλ1)

2
v ⊗ v

Case 3) v ⊗ v 7→ v ⊗ v v ⊗ w 7→ w ⊗ v − 2v ⊗ w
w ⊗ v 7→ −v ⊗ w w ⊗ w 7→ w ⊗ w

Case 4) v ⊗ v 7→ v ⊗ v v ⊗ w 7→ −w ⊗ v + 2v ⊗ w
w ⊗ v 7→ v ⊗ w w ⊗ w 7→ w ⊗ w

where (λ1, λ2) ∈ I.
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