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Lifting method - Classification of Hopf algebras.
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Lifting method - Classification of Hopf algebras.

Does H satisfy (CP)?|
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Lifting method - Classification of Hopf algebras.

Does H satisty (CP)? |<—>| Is Hyp a Hopf subalg. of H?
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Lifting method - Classification of Hopf algebras.

| {Hn},., coradical filt. |

yes

|Does H satisfy (CP)? |<—>| Is Hy a Hopf subalg. of H?
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Lifting method - Classification of Hopf algebras.

|{Hn}n20 coradical ﬁ1t.| arH ~ R Ho

yes

|D0es H satisfy (CP)? |<—>| Is Hyp a Hopf subalg. of H?|
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Lifting method - Classification of Hopf algebras.

| {Hn},, coradical filt. I - >|Jng ~ R#Hy

yes

|Does H satisfy (CP)? |<—>| Is Hyp a Hopf subalg. of H?|

no
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Lifting method - Classification of Hopf algebras.

| {Hn},., coradical filt. | . -l grH ~ R#tH

yes

|D0es H satisfy (CP)? |<—>| Is Hp a Hopf subalg. of H7|

no | [AC]

| {Hn}},, standard filt. I e >|Jng ~ R#Hg
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The smallest Hopf algebra without (CP).

K =k(a,b,c,d;ab= {ba ac = &ca G
cb=0=bc b =0=c?> cod=~Edc
a’c=b bd = £db ad =1 = da)

where £ is fourth primitive root of unity.

Ala) =a®a+b®c A(b)=a@b+b®d
Alc)=c®a+d®c Ald)=ce®b+d®d
g(a) =1=¢(d) g(b) =0 =¢(c)
S(@a)=d Sb)=¢&b S(c)=—-¢c S(d)=a
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The smallest Hopf algebra without (CP).

As coalgebra,
K~ H4 @ M*(zu k))

where Hj, represents the Sweedler algebra. Then, again as coalgebra,

Ko=kG @ M*(Q, k),

where (> denotes the cyclic group of order 2.
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H[o] =IC, but R =777
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H[o] =IC, but R =777

Hy
fo]
R 6”101 YD s M,

with D(Hiq)) the Drinfel'd double of Hig;.
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H[o] =IC, but R =777

Hy
fo]
R 6”[01 YD o) M,

with D(Hiq)) the Drinfel'd double of Hig;.

Def. Drinfel'd double

D(H) = H* ® H as vector space and:
(f > h)(g X k) = f(hl —» g2) X (h2 “«— gl)k and 1D(IC) =X ].7

where h — f = (f(S*)7}(A), h)f and h « f = (f, S 1(h3)h1) ho.
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1"

K* = Z: ]k(x,g;g4 = 1,g2 = 1+X2,gX: —xg)
Alg)=g®g AX)=x®g+1®x
e(g)=1 e(x)=0
S(g) =g3 S(x) = —xg3
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As algebra:

D(K) ~k(a, b, c,d, x, g)

satisfying the relations of K, A} and more:

ag =ga bg=—gb cg =—gc dg=gd
ax + &xa = /2¢(c + gb) bx + £xb = /2¢(d — ga)
cx — Exc = \/2¢(a — gd) dx — &xd = /2¢(b + go)
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Lemma 1
There are 4 1-dimensional (simple) non-isomorphic representations over
D(KC). Namely:

a~ [A] b ~ [0] c ~ [0]
d~ 7] x ~ [0] g ~ [l

where \} = 1.
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Lemma 2
There are 12 2-dimensional simple non-isomorphic representations over
D(K). Namely:

2 -1
a->|:/\1 0 ]bw[o Al]cw[o 1]dw[>‘1 01
1

0 &\ 0 O 0 0 0 &A]
V2¢
5 s 0 5 ()\3+/\1)\2) gW|:)(\)2 (i\ :|
V26(A1 — AiX2) 0 2

where ()\1, /\2) el = {()\1, /\2) )\4 )\4 = 1 A2 75 )\ }

|
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Cor. 1

There are 4 1-dimensional (simple) non-isomorphic modules V4, in &YD.
Namely:

a~ [ b [0] e [0]  d AT

1®v, X=1
A(V):{ 2@y, X=_1

where \} = 1.
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Results.

Cor. 2

There are 12 2-dimensional simple non-isomorphic modules V), , in

%yD. Namely:
A1

0
o —en
Case 1) (A2 =¢)

Case 2) (A2 = =¢)
Case 3) (A2 =1)
Case 4) (A2 = —-1)

where ()\1, /\2) cl.

0 A2 01 At
=[5 3] <=0 0] 4~
Av)=d®v+ (M —ENcow

-1
A(W):a®W+Mb®V
AMv)=a®@v+ M +ET)bew

. -1
A(W):d@)w—l—()\lg;—)\l)C@V
Av)=1®v+2Macow ANw)=a’®w

Mv)=a?@v+2 abaw Aw)=1@w

0
e
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For V), :

I
=

1-®Qv=v®v, 22

c(v®v)=v_1-v®v0={
2 vev=-—vev, A\N=-1

Therefore, )
_J k[v], Af=1
%(V)_{ AV, X =-1
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For Vi, :
Case )vevis A\ lvav

WR VAV w
Case2)vR Vi MV vV

we v ETlvew
Case3)vRVvi>vRv

WRV— —VRWw
Case ) vRvi>vRv

WRV—VRWw

where ()\1, /\2) el

veaw Ttwev+ (M - vew
A+ AT

W®W'—>—§)\1W®W+MV®V

v W —EMw R v+ (A +§)\1)V®W

(A1” —&M)

W& w i EA] lweow+ 5

VRV
VRWH—H WV —2vVvR w

WRWmH— WwQw

VRWH— —wWRV+2r w

WRWH— WwRWw
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