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Normal Sections

We consider M be a compact connected n-dimensional
Riemannian manifold and I : M −→ Rn+k an isometric
embedding into the Euclidean space Rn+k .

The normal sections are the curves cut out of a submanifold
M of Rn+k taking as cutting tool the affine subspace
generated by a unit tangent vector an the normal space, at a
given point p of M.

Let p be a point in M and consider, in the tangent space
Tp (M) to M at p, a unit vector X
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Normal Sections

We may associate to X an affine subspace of Rn+k defined by,

Sec (p,X ) = p + Span{X ,T⊥p (M)} (1)

If U is a small enough neighbourhood of p in M, then the
intersection U ∩ Sec (p,X ) can be considered a C∞ regular
curve γ (s).

γ is parametrized by arc-length and such that γ (0) = p,
γ′ (0) = X .

This curve is called a normal section of M at p in the
direction of X .
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Normal Sections

The normal sections are given by certain homogeneous
polynomials of degree three defined in the tangent space
Tp (M).

In this work, we restrict to homogeneous isoparametric
hypersurface of the sphere.

The reason for restricting to the homogeneous case is that, for
these hypersurfaces, the polynomials are ”independent” of the
point p and this is a desirable property.
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The polynomials

Let M be a compact rank 2 full isoparametric submanifold of
Rn+2.

Then M is a regular level set of an isoparametric polynomial
map f : Rn+2 −→ R2 which has components f = (h1, h2).

Let p be a point in M, since we may think that the first
polynomial h1 is the one defining the unit sphere in Rn+2
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The polynomials

The polynomial defining the normal section γ(s) (that we denote
by P(X )), of M at p in the direction of X ∈ Tp (M) is given by,

P(X ) = −X < ∇E
γ′(s)(∇h2(γ(s))), γ′(s) >

The computing of the polynomials on homogeneous isoparametric
hypersurfaces in the sphere can be found in [1] and [4].
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The geometric meaning
Regular Values of P(X )

The geometric meaning

The algebraic set of planar normal sections, i.e. the level set
define by P−1(0), on the homogeneous isoparametric
hypersurfaces in spheres were study in [1] and [4].

Now we study the other level sets of normal sections.

the image of polynomial on unit sphere S(Tp(M)) is some
closed interval [−m,m] ⊂ R.

where m (respectively −m) is the maximum (respectively
minimum) of P on S(Tp(M). This is so because
P(−X ) = −P(X ).
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The geometric meaning

Let M be a compact rank 2 full isoparametric submanifold of
Rn+2, p ∈ M and an arbitrary normal sections γ(s).

The curve γ is contained in the affine subspace (1) which in
this case is three dimensional.

We may consider then, at s = 0, the classical Frenet curvature
and torsion of the curve γ. we have the Frenet frame,

v1 = γ′(s), v2 =
1

‖γ′′(s)‖
γ′′(s), v3 = v1 × v2
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The geometric meaning

Then the curvature and torsion at s = 0 are

κ(p,X ) = ‖γ′′(0)‖ = ‖αp(X ,X )‖
τ(p,X ) =

1

(κ(p,X ))2
〈γ′(0), γ′′(0)× γ′′′(0)〉

We have,

(κ(p,X ))2τ(p,X ) = b = b(X )

the possible values for our polynomial P(X ) are

P(X ) = cb c > 0
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The geometric meaning

Then the level sets P−1(r), (r > 0) contain all the unitary
vectors generating normal sections with the same invariant
b = b(X )

Namely those with b =
r

c
and P−1(−r) = −P−1(r).

There are many examples are considered in the next section
where the sets P−1(r), (r 6= 0) are smooth submanifolds of
the sphere S(Tp(M)).
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The geometric meaning
Regular Values of P(X )

Regular Values

We present in general fashion the regular values of P(X ). We
use Lagrange multipliers to obtain the critical points of P(X )
on the unit sphere S(Tp(M)).

Let P (X ) be the polynomial that define a normal section on
the homogeneous isoparametric hypersurfaces in the unit
sphere.

We want to find the critical points of P (X ) with the
restriction, ‖X‖ = 1.

VI Workshop on Differential Geometry EGEO2016 Level sets of the Normal Sections



Introduction
The polynomials of the normal sections.

Level sets of the Normal Sections
Particular cases

Conclusions
References

Miscellaneous

The geometric meaning
Regular Values of P(X )

Regular Values

We present in general fashion the regular values of P(X ). We
use Lagrange multipliers to obtain the critical points of P(X )
on the unit sphere S(Tp(M)).

Let P (X ) be the polynomial that define a normal section on
the homogeneous isoparametric hypersurfaces in the unit
sphere.

We want to find the critical points of P (X ) with the
restriction, ‖X‖ = 1.

VI Workshop on Differential Geometry EGEO2016 Level sets of the Normal Sections



Introduction
The polynomials of the normal sections.

Level sets of the Normal Sections
Particular cases

Conclusions
References

Miscellaneous

The geometric meaning
Regular Values of P(X )

Regular Values

We present in general fashion the regular values of P(X ). We
use Lagrange multipliers to obtain the critical points of P(X )
on the unit sphere S(Tp(M)).

Let P (X ) be the polynomial that define a normal section on
the homogeneous isoparametric hypersurfaces in the unit
sphere.

We want to find the critical points of P (X ) with the
restriction, ‖X‖ = 1.

VI Workshop on Differential Geometry EGEO2016 Level sets of the Normal Sections



Introduction
The polynomials of the normal sections.

Level sets of the Normal Sections
Particular cases

Conclusions
References

Miscellaneous

The geometric meaning
Regular Values of P(X )

Regular Values

We obtain the system of equations,

∂P(X )
∂x1

= 2λx1

...
∂P(X )
∂xi

= 2λxi
...

∂P(X )
∂xn

= 2λxn
‖X‖2 = 1
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Regular Values

We know by [1] Corollary 4.3 that the polynomial P (X ) is
homogeneous of degree three and there are neither cubes nor
squares in the polynomial then,

P (X ) =
2

3
λ

If we write r = 2
3λ, then the tangent vectors X ∈ S (TE (M))

that verify:

P (X ) = r =
2

3
λ

are singular points of P (X ).
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The Case g = 3
The Case g = 4

Particular cases

We would like to present the results that we obtained for
homogeneous isoparametric hypersurfaces of spheres.

We describe now the polynomial P(X ), with the previous notation.

We label these hypersurfaces by the degree g . The simplest
examples, with non-trivial polynomials P(X ), are the well known
Cartan Hypersurfaces.
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The Case g = 3
The Case g = 4

The Case g = 3

These are called Cartan hypersurfaces, denoted by FR ,FC ,FH and
FO , are full flag manifolds in the projective planes RP2,CP2, HP2

and OP2(real, complex, quaternionic and Cayley), respectively.

We work in the general case F = O, using the following
notation,

X = (0, 0, x1, x2, x3) , xj ∈ F = O
x1 = (a0, a1, a2, a3, a4, a5, a6, a7)

x2 = (b0, b1, b2, b3, b4, b5, b6, b7)

x3 = (c0, c1, c2, c3, c4, c5, c6, c7)
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The Case g = 3
The Case g = 4

The Case g = 3

Computing our polynomial P (X ), one gets:

P (X ) = 9
√

3t (x1x2x3) , t (x1x2x3) = 2Re ((x1x2)x3) .

We verified

‖x1‖2 = ‖x2‖2 = ‖x3‖2 =
1

3
on the other hand,

4λ2 ‖x1‖2 = ‖x2‖2 ‖x3‖2

We obtine,
λ = ±9

and therefore the singular values are,

r =
2

3
λ = 0, ±6
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The Case g = 3
The Case g = 4

The Case g = 3

Remark:

The polynomial P has only three critical values on the unit sphere
in Tp(M), namely 0, its maximum and its minimum. Hence the
level sets P−1(r) for r ∈ (−6, 0) ∪ (0, 6) are smooth manifolds
(hypersurface) of the sphere S (Tp(M))
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The Case g = 3
The Case g = 4

The Case g = 4

For this degree there are four spaces where the Cartan-Münzner
polynomial is obtained from the Clifford Systems as in
Ferus-Karcher-Münzner [2].

This method is also clearly described in [3]. There are still two
remaining spaces which are not obtained by this construction, for
which we used different methods.
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polynomial is obtained from the Clifford Systems as in
Ferus-Karcher-Münzner [2].
This method is also clearly described in [3]. There are still two
remaining spaces which are not obtained by this construction,
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The Case g = 3
The Case g = 4

The Case g = 4

The first three cases can be described in a unified way.

To distinguish the cases we write MR, MC and MH associating the
field R to the first case, C to the second one and H to the third.
For each of them the corresponding ambient Euclidean space is
R2n, C2n and H2n.
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The Case g = 3
The Case g = 4

The Case g = 4

We may denote X = ((α,B) , (C , δ)) ∈ Tp(M) by

B = (u2, ..., un) , C = (v1, ..., vn−1) uj , vj ∈ H
α = a1i + a2j + a3k δ = d1i + d2j + d3k ∈ = (F )

us = bs,0 + bs,1i + bs,2j + bs,3k s = 2, ..., n
vr = cr ,0 + cr ,1i + cr ,2j + cr ,3k, r = 1, ..., n − 1
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The Case g = 3
The Case g = 4

The Case g = 4

With this notation, in the case F = R the polynomial may be
written as:

1
96P (X ) = (t1c1,0 + t2bn,0)

∑n−1
r=2 br ,0cr ,0 (2)

We determine the critical values for the polynomial given by
formula (2). We want to illustrate with this, the general method to
follow for the cases F = C and F = H .
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The Case g = 3
The Case g = 4

The Case g = 4

We obtain the system of equations,

∂P

∂bn,0
= 96t2

n−1∑
r=2

br ,0cr ,0 = 2λbn,0

∂P

∂c1,0
= 96t1

n−1∑
r=2

br ,0cr ,0 = 2λc1,0

∂P

∂br ,0
= 96 (t1c1,0 + t2bn,0) cr ,0 = 2λbr ,0

∂P

∂cr ,0
= 96 (t1c1,0 + t2bn,0) br ,0 = 2λcr ,0

‖X‖2 = 1
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The Case g = 3
The Case g = 4

The Case g = 4

Then,

2λ
(
b2
n,0 + c2

1,0

)
= 2λ

n−1∑
r=2

b2
r ,0 = 2λ

n−1∑
r=2

c2
r ,0

We may assume that λ 6= 0 and we obtain ,(
b2
n,0 + c2

1,0

)
=

n−1∑
r=2

b2
r ,0 =

n−1∑
r=2

c2
r ,0 =

1

3

and,

(32)2 = 4λ2
(
b2
n,0 + c2

1,0

)
=

4

3
λ2

Therefore
λ = ±16

√
3
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The Case g = 3
The Case g = 4

The Case g = 4

The critical values are,

r =
2

3
λ = ±32

√
3

3
r = 0

Remark:

In the cases F = C and F = H we obtain the same critical values
and therefore, the polynomial P has only three critical values on
the unit sphere in Tp(M), namely 0, its maximum and its
minimum. Hence the level sets P−1(r) for

r ∈
(
−32

√
3

3 , 0
)
∪
(

0, 32
√

3
3

)
are smooth manifolds (hypersurface)

of the sphere S (Tp(M))
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The Case g = 3
The Case g = 4

The Case g = 4

The case g = 4, (9, 6) is an homogeneous submanifold as indicated
in [3].

As mentioned before, there are two homogeneous isoparametric
hypersurfaces on sphere which are of degree g = 4 but cannot be
described by Clifford Systems. We denote these two isoparametric
hypersurfaces by M20 and M10.

Remark:

In the cases g = 4, (9, 6), M20 and M10 we also obtain the same
critical values and therefore the polynomial P has only three
critical values. Hence the level sets P−1(r) for

r ∈
(
−32

√
3

3 , 0
)
∪
(

0, 32
√

3
3

)
are smooth hypersurfaces of the

sphere S (Tp(M))
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Conclusions

Remark:

In this way, we have shown: Let P be a polynomial that defines a
normal section on a homogeneous isoparametric hypersurfaces of
the sphere, whose number of distinct curvatures is less than or
equal to four. Then P has only three critical values in the unit
sphere of Tp(M). Namely, 0, its maximum m and its minimum
−m. Therefore the level sets P−1(r) for r ∈ (−m, 0) ∪ (0,m) are
smooth hypersurfaces of the sphere S (Tp(M)).
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The case g = 6

The case g = 6

In the case g = 6 there are two types of homogeneous
isoparametric hypersurfaces on sphere which are of dimension 6
(MS) and 12 (MB) respectively.

Then we may write any tangent vector X to M at p as

X =
14∑
j=3

rjHj

With this notation, the polynomial defining normal sections of MB

at p takes the form
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The case g = 6

The case g = 6

(
1

3

√
6

)
PB (X )

= r3r5r7 + r3r6r8 + r3r11r13 + r3r12r14 + r4r12r13 + r7r9r11 + r8r9r12

+ (−r4r6r7 − r5r9r13 − r6r10r13 − r6r9r14 − r7r10r12) +

+3 (r4r5r8 + r5r10r14 + r8r10r11 − r4r11r14) +

+

(
2√
3

)
(−r3r6r7 − r3r12r13 − r6r9r13 + r7r9r12)
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The case g = 6

The case g = 6

and by taking equal to zero the variables rj (9 ≤ j ≤ 14), we get
the polynomial defining normal sections of MS at p:

(
1

3

√
6

)
PS (X ) = r3r5r7+r3r6r8+(−r4r6r7)+

(
2√
3

)
(−r3r6r7)+3 (r4r5r8)

For MS the singular points are

λ ∈ {0,±1

2
,±1

2

√
3,± 4

21

√
7}
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