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Prescribing Ricci Curvature Locally

Let M be a smooth manifold and p € M. Given a symmetric
(0,2) tensor field T on M, can we find a Riemannian metric g
on M such that Ric(g) = T around p?

Theorem (DeTurck 1981)

If T is non-degenerate at p € M, then there exists a
Riemannian metric g such that Ric(g) = T in a
neighbourhood of p.



Prescribing Ricci Curvature Globally

Given a symmetric (0, 2) tensor field T, can we find a
Riemannian metric g such that Ric(g) = T globally?



Prescribing Ricci Curvature Globally

Given a symmetric (0, 2) tensor field T, can we find a
Riemannian metric g such that Ric(g) = T globally?

Theorem (DeTurck-Koiso 1984)

If T is positive-definite on a closed manifold M, then there
exists a constant co > 0 such that for any constant ¢ > ¢y and
any Riemannian metric g, Ric(g) # cT on all of M.
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Given a symmetric (0, 2) tensor field T, can we find a
Riemannian metric g such that Ric(g) = T globally?

Theorem (DeTurck-Koiso 1984)

If T is positive-definite on a closed manifold M, then there
exists a constant co > 0 such that for any constant ¢ > ¢y and
any Riemannian metric g, Ric(g) # cT on all of M.

Theorem (DeTurck 1985)

Let T be positive-definite on a closed manifold M. If there is
an Einstein metric gy such that the kernel of the Lichnerowicz
Laplacian is 1-dimensional, then there exists a function

A: M — R such that Ric(g) = AT.
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Left-Invariant Riemannian Metrics

e Let G be a Lie group.

e Inner products on g = T.G generate left-invariant
Riemannian metrics via the group action.

e Ricci curvature is also left-invariant.
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Let G be a Lie group. Given a left-invariant candidate T, can
we find a left-invariant g such that Ric(g) = T on G?

e Milnor (1976), Ha and Lee (2009): Only certain
signatures of T are allowed in three dimensions.

e Hamilton (1984): On SO(3), if T is positive-definite,
there exists a constant ¢ and a left-invariant Riemannian
metric g such that Ric(g) = cT. The constant c is
unique and g is unique up to scaling.

e Kremlev and Nikonorov (2008): Only certain signatures
of T are allowed in four dimensions.
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Let M = G/H be a homogeneous space. Given a G-invariant
candidate T, can we find a G-invariant g such that

Ric(g) = T on G/H?

Theorem (Pulemotov 2016)

If T is positive-semidefinite on a compact homogeneous space
M = G/H, with H maximal connected, we can solve

Ric(g) = cT for c and g.

If the isotropy representation of M has two inequivalent

irreducible summands, then c is unique, and g is unique up to
scaling.
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Let G be a three-dimensional unimodular Lie group, so
G € {SO(3),SL(2), E(2), E(1,1), The Heisenberg Group, R3}.

e For every left-invariant g on G, there is a basis
{V1, Vo, V3} of g in which g is diagonal and

[V2, V3] = A1 Vi, [V3, Vi] = X2 V2, [V1, Vo] = A3Va.

e We can impose A\, € {—2,0,2}, and the possible
signatures characterise all three-dimensional unimodular
Lie groups.
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Theorem (TB'16)

Given a left-invariant T on G, there exists a
left-invariant g and a constant ¢ > 0 such that
Ric(g) = cT if and only if T is diagonalisable in a
basis {V1, Vo, V3} satisfying

[Va, V3] = A1V, [V3, Vi] = Ao V2, [V1, Vo] = A3V,

and
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Necessary and sufficient

Lie Group Signature condit.ions on (Ty, 7—-2, T3) - Is g unique
(M1, A2, As) of for eX|sten.ce of a pair Is ¢ unique? up t.o
b3 (T1, T2, T3) (g, c¢) solving scaling?
Ric(g) = cT
S0 (3) (+,+,+) - Yes Yes
(2,2,2) (+,0,0) - Yes No
(+,—,-) Technical No Yes
SL(2) (+,—,—) T3+ T:1>0 Yes Yes
(2»2772) (777’4') max{*Tl,*T2} < T3 Yes Yes
min{—Ty,—Ta2} > T3 Yes Yes
T3=-T1i=-T, Yes No
(=,0,0) - Yes No
E(2) (0»070) - No No
(2,2,0) (+:— ) T1+T2>0 Yes Yes
E(]-?l) (0707_) - Yes NO
(2,-2,0) (+,—,-) T1+T>>0 Yes Yes
Heisenberg
Group (+,— ) - Yes Yes
(2,0,0)
R3 (0,0,0) - No No

(0,0,0)
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Lie Group - Is g unique
(A1, A2, A3) Is ¢ unique? up t.o
b2 scaling?
SO(3) Yes Yes
(2,2,2) Yes No
No Yes
= In almost all cases, there Yoz Vee
(2,2,-2) exists at most one ¢ such Yes Yes
that Ric(g) = cT for e Yes
8) = Yes No
- some g Yes No
E(2) No No
(27270) Yes Yes
E(1,1) Yes No
(2,-2,0) Yes Yes
" Heisenberg
Group Yes Yes
(2,0,0)
RS No No

(0,0,0)




