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Let (M, g) be a closed Riemannian manifold of dim(M) = n > 3.
u € C*®(M) is a solution of the Yamabe equation if satisfies (for
some ¢ € IR)

(YEq) anlgu + sgu = clulPr2u

where a, = 4(n—1)/(n—2), p, =2n/(n—2), and s, is the scalar
curvature of (M, g).
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(YEq) anlgu + sgu = clulPr2u

where a, = 4(n—1)/(n—2), p, =2n/(n—2), and s, is the scalar
curvature of (M, g).
We say that v is a nodal solution if u changes sign.
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Let (M, g) be a closed Riemannian manifold of dim(M) = n > 3.
u € C*®(M) is a solution of the Yamabe equation if satisfies (for
some ¢ € IR)

(YEq) anlgu + sgu = clulPr2u

where a, = 4(n—1)/(n—2), p, =2n/(n—2), and s, is the scalar
curvature of (M, g).
We say that v is a nodal solution if u changes sign.

If uis a positive solution, then uP"~2g is a metric of constant
scalar curvature c.

(Yamabe problem) There exist positive solutions of (YEq) iff
sign(c) = sign(Y (M, [g]))

Nodal solutions of Yamabe equation



The Yamabe functional is defined by

helg]—s Y(h) = M

vol(M, h)"

[e] :={fg: fe CHM)}.
The Yamabe constant is defined by

Y(M.[g]) = inf Y(h)

The infimum is attained by a metric of constant scalar curvature.
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The conformal Laplacian of (M, g) is the second order elliptic
operator

Lg(u) = anAgu+ sgu.

(EYq) Lg(u) = clulP2u.
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The conformal Laplacian of (M, g) is the second order elliptic
operator

Lg(u) = anDgu + sgu.

(EYq) Lg(u) = clulP2u.

The spectrum of L, is a non-decreasing sequence of eigenvalues

M(Lg) < Ao(lg) < -+ < M(Lg) — +00

If Y(M,[g]) >0,

2
n .

Y(M7 [g]) - hlen[g] Al(Lh)VO/(M7 h)
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The second Yamabe constant is defined by

Y2(M,[g]) := inf Aa(Lp)vol(M, h)a.
helg]



The second Yamabe constant is defined by

2
n

Y2(M,[g]) := inf A2(Lp)vol(M, h)n.
€lg]

o If \a(Ly) < O for some h € [g], then Y?(M,[g]) = —oo.

o In general, Y?(M, g) is not attained by a Riemannian metric:
(for instance, if M is connected and Y2(M) > 0)

o Second Yamabe constant is related with nodal solutions of the
Yamabe equation.
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The second Yamabe constant is defined by

2
n

Y2(M,[g]) := inf A2(Lp)vol(M, h)n.
€lg]

o If \a(Ly) < O for some h € [g], then Y?(M,[g]) = —oo.

o In general, Y?(M, g) is not attained by a Riemannian metric:
(for instance, if M is connected and Y2(M) > 0)

o Second Yamabe constant is related with nodal solutions of the
Yamabe equation.

From now on let (M, g) such that Y(M,[g]) > 0.
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The generalized conformal class of g is the set
[g]gen = {upn—Qg Tue L;no(M) - {O}}

uP—2g is a generalized metric.
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The generalized conformal class of g is the set
[glgen = {uP" g 1 u € Lg"o(/\/l) —{0}}

uP—2g is a generalized metric.

By extending naturally the definition of A2(Lp) and vol(M, h) we
get

Y2(M,[g]) := inf Aa(Lp)vol(M, h)s.

helg gen
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Theorem [Ammann-Humbert (2006)]

If Y2(M,[g]) > 0 and is attained by a generalized metric

h = uP"=2g, then u = |w|, where w € C3%(M)

(w € C®(M — {w = 0})) is a nodal solution of Yamabe equation

Lg(w) = Xa(h)|w|P2w.
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Theorem [Ammann-Humbert (2006)]
Y?2(M,[g]) is attained if

3N

Y2(M,g) < |Y(M,g)> + Y(S")2

(with the strict inequality we avoid concentration phenomena of
minimizing sequences of metrics)
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Let G be a compact subgroup of the isometry group of (M, g).
The G — equivariant Yamabe constant is

Ye(M,[gle) = heiglc Y (h)

where [g]g is the subset of metrics of [g] that are G—invariant.
If G ={ld}, then Ys(M,[g]lc) = Y (M,|g]).
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Let G be a compact subgroup of the isometry group of (M, g).
The G — equivariant Yamabe constant is

Ye(M,[gle) = hei?gflc Y (h)

where [g]g is the subset of metrics of [g] that are G—invariant.
If G = {ld}, then Y (M, [glc) = Y (M, g]).
and the G — equivariant second Yamabe constant is

2
n

YE(M. [gle) = inf A3 (Ly)vol(M, h)

where \$(Ly) is the second eigenvalue of L}, restricted to

G —invariant functions.
If G = {Id}, then YZ(M,[g]c) = Y*(M,[g]).
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Theorem [H-Madani (2016)]
Let Ag = infyem {Oc(x)}. Then

2

YE(M.5) < [Yo(M.8) + Y(S")iAs|”

if one of the following items is satisfied:
a) dim Og(x) > 1 for every x € M".
b) There exists P that belongs to a minimal finite orbit such that
< "%2 and
o n>11if Yg(M,g) > 0.
o n>9if Yg(M,g)=0.
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Theorem [H-Madani (2016)]
Let Ag = infyem {Oc(x)}. Then

2

YE(M.5) < [Yo(M.8) + Y(S")iAs|”

if one of the following items is satisfied:
a) dim Og(x) > 1 for every x € M".
b) There exists P that belongs to a minimal finite orbit such that
< "%2 and
o n>11if Yg(M,g) > 0.
o n>9if Yg(M,g)=0.

[Ammann-Humbert] Proved this theorem when G = {Id} and M is
non locally conformally flat.
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ap| V|2 + s,v2dy,
Ve(M.g) < sup M ‘g“,’g e / uPrdvg) .
veVvV—{0} fM uPmn=2y2 dvg M

for any u € L’g;"’zo(l\/l) and V any 2-dimensional subspace of
H12,G(M) and H12,G(M —{u=0}).
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ap| V|2 + s,v2dy,
Ve(M.g) < sup M ‘g“,’g e / uPrdvg) .
veVvV—{0} fM uPmn=2y2 dvg M

for any u € L’g;"’zo(l\/l) and V any 2-dimensional subspace of
H12,G(M) and H12,G(M —{u=0}).
When Ys(M,g) >0, Ag < o0

n—

42¢

ue = ()% 6o+ Yo(M.g)
and
Ve = span{¢., 1}
Where Y (¢) = Ys(M, g) and
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n—2

U = Y(6:) T e + Yo (M, g) T 1)

Let P such that Og(P) is minimal, then

N

n—

2

¢P,5(Q) ="nNps (m)

and

(51
Ppe(Q) = (14 ")~ crpu(€))dp(Q)

k=1

[NIESS

Finally,

¢ = Z 7wbP,s © U_l

ceG/H

H C G the stabilizer of P.
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n—

U= Y(6) T e+ Yo(M, )T
V. = span{¢., ¢}

for € small enough.

Ju an| VIV oy + sgvidvg

Y&(M,g) < sup -
VEVE*{O} fM ugm+n 2V2dVg

2

X / Erdv)s < [Ya(M,g)? + Y(S™)EN] "
M
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We always have

2

20Y6(M,g) < Y&(M,g) < | Yo(M.g)? + Y(S")iAg|”

In Particular if G = {/d}

2

Y(M, [g]) < YA(M, [g]) < [Y(M. ) + Y(s")F]"

Y2(S", gf) = 22 Y(S").
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Theorem [H (2015)] Let (M™, g) and (N", h) be closed manifolds,
(m>2)and s; > 0. Then,

lim Y2(M x N, [g + th)) = 275 Y (M x R", [g + g7]).

t—+00
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Theorem [H (2015)] Let (M™, g) and (N", h) be closed manifolds,
(m>2)and s; > 0. Then,

lim Y2(M x N, [g + th)) = 275 Y (M x R", [g + g7]).

t—+00

This is the second Yamabe constant’s version of
Theorem [Akutagawa, Florit, and Petean (2007)]

lim Y(M x N,[g + th]) = Y(M x R", [g + g2]).

t——+00
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m,n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
Yamabe equation on (M x N, g + th)

Lg+h(v) = clv]Pr2y

Moreover, v € C3*(M x N) and is smooth in M x N — {v=1(0)}.
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m,n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
Yamabe equation on (M x N, g + th)

Loralv) = clvlPrr2y
Moreover, v € C3*(M x N) and is smooth in M x N — {v=1(0)}.
Proof: If
Y2(M x N,g +th) < | Y(M x N, [g + th])™" + Y(Sm+tm) ™" | 7"
= Y2(M x N, g + th) > 0 is attained.
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m,n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
Yamabe equation on (M x N, g + th)

Lg+h(v) = clv]Pr2y

Moreover, v € C3*(M x N) and is smooth in M x N — {v=1(0)}.
Proof: If

_2
Y2(M x N, g + th) < [Y(M % N, [g + th]) " + Y(Sm+")"’z*"} e
= Y2(M x N, g + th) > 0 is attained.

2

Y3 (M x N,[g + th]) < {Y(M x N, g+ th)"™" + y(5m+n)mT+"] mn
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m,n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
Yamabe equation on (M x N, g + th)

Lg+h(v) = clv]Pr2y

Moreover, v € C3*(M x N) and is smooth in M x N — {v=1(0)}.
Proof: If

_2
Y2(M x N, g + th) < [Y(M % N, [g + th]) " + (5m+n)m+"} men
= Y2?(M x N, g + th) > 0 is attained.

2

Y2(M x N,[g +th]) < [Y(M X N, g+ th)™" + Y(Smtn)"" } "

[t—>—|—oo [t—>—|—oo

2

277 Y(M x R". g + gl) {Y(M xR" g +g)"=" + Y(Sm+”)mT“i| i
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m, n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
Yamabe equation on (M x N, g + th)

Lg+h(v) = clv]Pro—2y

Moreover, v € C3*(M x N) and is smooth in M x N — {v=1(0)}.
Proof: If

_2
Y2(M x N, g + th) < [Y(M % N, [g + th]) " + (5m+n)m+"} men
= Y2?(M x N, g + th) > 0 is attained.

2

Y2(M x N,[g +th]) < [Y(M X N, g+ th)™" + Y(Smtn)"" } "

[t—>—|—oo [t—>—|—oo

2

277 Y(M x R". g + gl) {Y(M xR" g +g)"=" + Y(Sm+”)mT“i| i
But V(M xIR", g +g") < Y(S™ ") if n > 2. (Akutagawa-Florit-Petean)
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m,n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
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2

277 Y (M xR, g + g7) <[Y(M xR, g+gl)=" + Y(Sm+”)mT“i| e
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Corollary Let (M™, g) and (N", h) be closed manifolds, (m, n > 2)
and s; > 0.For t large enough, there exists a nodal solution of the
Yamabe equation on (M x N, g + th)

Lg+h(v) = clv]Pro—2y

Moreover, v € C3*(M x N) and is smooth in M x N — {v=1(0)}.
Proof: If

_2
Y2(M x N, g + th) < [Y(M % N, [g + th]) " + (sm+n)m+"} men
= Y2?(M x N, g + th) > 0 is attained.

2

Y2(M x N,[g +th]) < [Y(M X N, g+ th)™" + Y(Smtn)"" } "

[t—>—|—oo [t—>—|—oo

2

277 Y (M xR, g + g7) <[Y(M xR, g+gl)=" + Y(Sm+”)mT“i| e

Therefore, .

Y2(M x N,g + th) < [Y(M x N, [g + th]) ™" + y(sm+n) 5" |7
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Remarks (M™ x N" g + th) is not locally conformally flat
(sg >0= Y(M x N,[g + h]) > 0 if t large enough). So if
m+ n > 11 we can apply Ammann and Humbert's Theorem.
Actually our result improve the previous results when

4 <m+n<11.
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Let (M™ x N" g + h), the N-Yamabe constant is
Yn(M x N,g+h):=  inf  Y(uPm3(g+ h)).
N(M x N, g+ h) wee o) (u (g+h)

Y(M x N,g+h) < Yn(M x N, g + h)



Let (M™ x N", g + h), the N-Yamabe constant is

Yu(Mx N.g+h)= _ inf . Y (uPmn=2(g + h)).

Y(M x N,g+h) < Yy(M x N, g + h)

The second N—Yamabe constant

YZ(M x N,g+h):=inf  AY(L;)vol(M x N, h)m+s,
helg+h]n

where [g + h]y : {h = uPr+n=2(g + h), u € LPmr(N) — {0}} and
AY(h) is the 2-nd eigenvalue of Lj restricted to functions that
depend only on the variable N.

Y2(M x N,g 4 h) < YZ(M x N, g + h)
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Theorem[H] (2015) Let (M™,g) (m > 2) sz = ¢ > 0 and (N", h)
be a closed manifold. Then,

lim YR(M x N,g + th) = 27 Yigs(M x R", g + g7).

t——+00
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Theorem[H] (2015) Let (M™,g) (m > 2) sz = c > 0 and (N", h)
be a closed manifold. Then,

lim Y2(M x N, g + th) = 27 Ys(M x R", g + g").

t——+00

Y2(M x N, g + h) is always attained, because

it H?(N) — LPm+n(N) is a compact operator (pm+n < Pn), SO We
can avoid concentration phenomena of minimizing sequences.
Therefore, is this situation we always have a nodal solution of

Len(u) = clulPmo2

where u is a functions that depends on N.

Nodal solutions of Yamabe equation



Let G be compact subgroup of the isometry group of (M, g).
Assume that Y (M, g) > 0, then we have

Theorem[H-Madani] (2016) If YZ(M, g) is attained by h = uP—2g
with u € L’;”O ¢+ then u = |w|, with w a G—invariant nodal
solution of the Yamabe equation

Lg(w) = Aw|P 2w

u € C%% and is smooth outside the nodal set.
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Let G be compact subgroup of the isometry group of (M, g).
Assume that Y (M, g) > 0, then we have

Theorem[H-Madani] (2016) If YZ(M, g) is attained by h = uP—2g
with u € L’;”O ¢+ then u = |w|, with w a G—invariant nodal
solution of the Yamabe equation

Lg(w) = Aw|P 2w

u € C>“ and is smooth outside the nodal set.

For instance, if the orbits of the group action are not finite =
Y2(M, g) is attained.

(the inclusion of H1 c(M) in LP(M) is compact if

infxcm dlm(OG( )) > ].)
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Let G = Gy x Gy C I(M;y x M,) where G; C /(M, g) and

Gy CI(N, h).

In the same way as the second N— Yamabe constant, we can
define the G—equivariant N—second Yamabe constant as:

Y2e(Mx N,g+h):=inf  AVe(Lg)vol(M x N,g)nir.
7 gelg+hlne

where
[g+hlng = {uP?(g+h), ue CZoo(N)/ o*(u)=uVoe G}

If Gy = {/d}, then Y§ (M x N, g+ h) = Yi(M x N, g + h).
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Proposition [H-M] Let (M, g) of constant scalar curvature. Then,
the G—equivariant N—second Yamabe constant is always achieved.

Corollary [H-M] Let (M™, g) of c. s. c. and (N", h) be closed
Riemannian manifolds and let G C /(N, g). There exists a

G —invariant nodal solution of the Yamabe equation on

(M x N, g + h) that depends only on the N variable.
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Theorem [H-Madani] (2016)

Let (M™, g) with m > 2 (of positive scalar curvature). Let G be a

subgroup of /(M, g). Let G; be a subgroup of /(M, g) and
G = G1 X {/d}

lim Yo(M x N, g+ th) = Yo(M x R", g + g7).

t—+00

lim Y2(M x N, g + th) = 2a Yg(M x R", g + g").

t——+400

lim Y3 6(M x N, g+ th) = 275 Yio ¢(M x R").

t—+o00
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Thanks!



