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Theorem (M. Vergne, 1970)

Every filiform nilpotent Lie algebra over R has a basis e1, . . . , en such that

[e1, ei ] = ei+1, for all 2 ≤ i ≤ n − 1,

[ei , ej ] ∈ gi+j , for all i , j with i + j 6= n + 1,

∃a ∈ R such that [ei , en−i+1] = (−1)i aen for 2 ≤ i ≤ n − 1. If n is odd, a = 0,

where gk = Span(ek , . . . , en).

Example

[e1, ei ] = ei+1 for 2 ≤ i ≤ 6, and [e3, e4] = e6, [e2, e5] = e6, [e3, e5] = e7. The
derived algebra of g′ = Span(e3, . . . , e7) and dim([g′, g′]) = 2. If g was following
Vergne’s theorem, we should have had that dim([g′, g′]) ≤ 1.
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Definition

Let g be an n-dimensional nilpotent Lie algebra. If there is an element x ∈ g such that
adn−2(x) 6= 0, then we say that g is filiform.

Theorem (A. Caranti, S. Mattarei and F. Newman, 1997)

Over fields of positive characteristic, there are filiform Lie algebras which do not have
an element as the one in the above definition (covered algebras).

Example

Consider the 8-dimensional Lie algebra g = Span(e1, . . . , e8) over Z2 with nontrivial
bracket relations

[e1, e2] = e3

[e1, e3] = e4, [e2, e3] = e4

[e1, e4] = e5, [e2, e4] = e5

[e1, e5] = e6, [e3, e4] = e6

[e1, e6] = e7, [e2, e6] = e7, [e3, e5] = e7

[e2, e7] = e8, [e3, e6] = e8, [e4, e5] = e8.
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Definition

Let g be an n-dimensional filiform Lie algebra over a field F of characteristic two. We
say that g is of Vergne type if there is a basis e1, . . . , en for g such that [e1, ei ] = ei+1

for all 2 ≤ i ≤ n − 1 and [ei , ej ] = ci,j ei+j for some ci,j ∈ F for all i , j ≥ 2 with
i + j ≤ n.
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Theorem (Nikolayevsky, T, 2015)

The first three Betti numbers of the Lie algebra m0(n) over Z2 are given by

1 b1(m0(n)) = 2,

2 b2(m0(n)) = b 1
2

(n + 1)c, where b.c denotes the integer part,

3 b3(m0(n)) = 1
3

(2p − 1)(2p−1 − 1) + 1
2

m(m− 1) + b 1
2

(n− 1)c, where n = 2p + m
and 0 < m ≤ 2p .

Theorem (Nikolayevsky, T, 2015)

The cohomology classes of the cocycles

e1, e2,
∑∞

l=0
D l (e i1 ∧ e i2 ∧ · · · ∧ e iq ) ∧ eq+l+1,

where q ≥ 1, 2 ≤ i1<i2<. . .<iq , form a basis for H∗(m0) over the field Z2.

D1(e1) = D1(e2) = 0, D1(e i ) = e i−1, i ≥ 3,
D(ξ ∧ ζ) = D(ξ) ∧ ζ + ξ ∧ D(ζ).
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Theorem (T, 2015)

For n ∈ N, the Lie algebras m0(n) and m2(n) over a field of characteristic two have the
same Betti numbers.

Theorem (T, 2015)

For any nilpotent Lie algebra of Vergne type of dimension at least 5 over a field of
characteristic two, there exists a non-isomorphic Lie algebra of Vergne type having the
same Betti numbers.
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Thanks for your attention!

Any Questions?
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