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Q �XZ�0x3�?O���#?O<2�#(5�V�#"%LJ"W��(5�X3���!��=3�\�\R\y\R\y\R\R\y\R\y\�\ , ,/�\+* @ \ �S�@68"'&�"%>=?8C5< 3���68"*�=<��@!�;��P"4.�(5!��@��.��8< >@(5<��=6Y��?8�=L7./(���.E"%!�"*+�<�"

!��H"%6O?8w@"%>@?OC5< ?8<�3K?OGg?83�+�"%6�3��4+�<E" !��=3
150 × 150

3��=��.�+KI@��3K�*+�<
�[+��=<�>�~43��@��3����#�=L7./�@!�"W�#+�!�"`?8<KU�<�?O�#"7~E"%����"

To = 0, 72 < Tc

\ ��<
6O(5��!��@>@+�"%3�!�(%������L�+��@���#!�"F68"%��>=(5<KUE;5+K!#"%>=?8C5<��=�M3��x!��=3 �[+���3E"W<
6O+�;2"%!V"M6O(5�X.�+�<2��(5�����@�E"W6P"%3�(%�X.�(5!X68"%���E�=>�~E"%�@\K\y\R\y\R\R\y\R\y\R\�\ ,K1/�\+* ( \�� 3K�@L UE;K\ /�\ * @ .�"%!#"T+�<E"M!��=3

150 × 150
0

To = 0, 4
\ \R\R\y\R\y\�\ , ?

� �



� 4 � ��AV� �q��� ����� �Y9qu �

/�\+* *�\�� 3K�@L UE;�\ /�\+* @ .E"%!�" +�<�" !��@3
100 × 100

0
To = 0, 1

\,4Y(%��"W!
�[+��x�=6V��?O�����@L7"�<�(F"%6O>H"%<�w@"���+ �=����"W3�(F3��`�@�[+�?O68?O$�!�?O(BQ,.E"%!#"��=���#"
���@L�.��=!#"W��+�!#"

EN = −2
Z �S0 �=6��@���#"%>@?O(5<E"%L�?8�=<2�#( 3��@6�GW"%68(%!x3��

�=<��@!�;��P"�0x3K�R68"�>@(5<�UE;5+�!�"%>@?OC5<�3���!��@3 �@�Y<�(%�#"%$�6O�%\N\y\R\R\y\R\y\R\�\J/ (/�\+*K-K\�� 3K�@L UE;K\ /�\ * @ .�"%!#"T+�<E"M!��=3
150 × 150

0
To = 0, 7

\ \R\R\y\R\y\�\ / */�\+* )�\�� 3K�@L /�\+* @ .E"%!�"�+K<E" !��@3
150 × 150

0
To = 0, 715

\�����"�.E"%!��@�
����.K!��@���@<2��"W<J>@(%<KUE;5+�!�"%>@?O(5<��=���[+��Y"�3�?8���#?8<2��(5� �#?O�@L�.�(5��Lp+��@���#!#"W<
+K< GW"%6O(5!V3����@<K�@!�;��P"T��?OL7?O6P"%!=\K\R\y\R\y\R\R\y\R\�\y\R\y\R\R\y\R\y\R\�\J/ -/�\+*���\rAD(%<KUE;5+�!�"%>@?O(5<��=��"-3K?8����?8<2�#(%�R��?8�@L�./(5��.E"%!#"-6P"�!��@68"'&�"%>=?8C5<43��J+K<
��?8���#�@L7"

300 × 300
3��=��.�+��@�Y3���+�<-�[+��=<�>�~�~E"W����"

To = 0,719
\R\R\ / )/�\+*K,K\�� 3K�@L /�\+* @ .E"%!�"T+�<E"M!��@3

300 × 300
0

To = 0, 719
\x\R\y\R\y\R\R\R\ /��/�\+* /�\��Y?8���#(5;5!�"%L7"%��3��7��?8�=L7./(�3��7!��@68"'&�"%>@?OC5<

τ
.E"W!#" �#"%L7"%��(5��3���!��=3

15 × 15
Q,9�ZD0

30 × 30
Q �XZD0x3�?O����?8<2��"%���#�@L�./�@!#"r�#+�!�"%� \y\R\y\R\�\J/K//�\+*K1K\��Y?8���#(5;5!�"%L7"%��3��7��?8�=L7./(�3��7!��@68"'&�"%>@?OC5<

τ
.E"W!#" �#"%L7"%��(5��3���!��=3

60 × 60
Q,9�ZD0

100 × 100
Q �XZ�0x3�?O���#?O<2��"%�V���@L�.��=!#"W��+�!#"%�|\R\R\y\�\ /K1/�\+*K?K\��Y?8���#(5;5!�"%L7"%� 3��X�#?O�@L�.�(�3K��!��@6P"1&�"%>@?OC5<

τ
.E"%!#"�3�?O����?8<2�#(5� �#"%L7"%��(5�

3K�R!��@3-"��#�@L�./�@!#"r�#+�!�"%�
T = 0,6

Q,9�Z�0
T = 0,7

Q �XZ \x\y\R\y\R\R\R\ /K?/�\.- @ \��Y?8���#(5;5!�"%L7"%� 3��X�#?O�@L�.�(�3K��!��@6P"1&�"%>@?OC5<
τ
.E"%!#"�3�?O����?8<2�#(5� �#"%L7"%��(5�

3K�R!��@3-"��#�@L�./�@!#"r�#+�!�"%�
T = 0,715

Qt9qZD0
T = 0,719

Q �VZ]\ \y\R\�\ 1 @/�\.- ( \'����>H"%6O�@(Y3�� 〈τ〉 G��=\ L �'(5$��#�@<K?83�(Y>@(5<y"'&�+����#�=�};2"%+K����?8"%<�(5��Q,>(�8!�>@+�6O(5��Z0`3���+�<-.K!�(5L��@3�?O(T3�?8!��@>]�#(-Qt>=+E"%3�!�"%3�(5�#Z]\ \R\�\y\R\y\R\R\y\R\y\R\�\ 1 */�\.- *�\'����>H"%6O�@(M3�� 〈τ〉 Gg�=\ L ��>=(5L�.E"%!#"W>@?8C%<x3���68(5�X!��@��+K6O��"W3�(5�X3���6P"����@> �>=?8C5< /�\ ( >@(5<J68(5� (5$K���@<�?O3�(5��"p.E"%!��#?8!
3���68(5� ~�?8���#(5;%!#"%L7"%�@\[��<`�=�����
>@"%��(�68(5� .�+�<2�#(5�}���@��"%6P"%3K(5�}>=(5<�>@+�"%3�!#"W3�(5�}>=(5!�!��@��.�(5<K3��@<�"�6O(5�}!��]�
��+�6O�#"%3�(5� 3��V68"����=>@>@?OC5< /�\ ( �r68(5� �#!�?6�%<�;5+K68(5� "�6O(5�}.�+K<[��(5��(5$K���@<�?O3�(5�
>=(5<`"1&�+������@�D;5"%+�����?P"%<K(5��0M68(5�
>(�O!�>=+�68(5� "R68(5� GW"%6O(5!��=� (%$K�#�=<�?83�(%��3��
+K<-.�!�(5L��@3�?O(T3�?8!��@>=��(M3���68(5�X3E"r�#(5�=\ \R\R\y\R\�\y\R\y\R\R\y\R\y\R\�\ 1K-

�



� ���4��� � ��� � ��� �

��6 L�(�3K�@68(J3��M{ (%���#��3��
q
�@���#"%3�(5��$�?O3�?8L��@<K��?8(%<E"%6e�@��+�<K( 3K��6O(5�q.�!�(%�#(W�#?8./(5�

.E"%!#"7�@6 �@����+�3�?O(`3���68"`�-�=> �%<�?O>H"`������"%3��O����?8>H"�3�� �E�@<KC5L7�=<�(5�qAD!	�O��?8>=(5�Y0 � !#"%<K��?��
>@?8(%<��@��3�� �N"%�����0-K�")
	j\N9�.E"%!��#�R3��p��+���Lp+�6O��?8.�6O�@�S"%.�6O?8>@"%>@?O(5<��@�X.�"%!#"��@6eL7(g3��=6P"%3�(
3���3�?OG%�@!���(5�X��?8�����@L7"%�V�=< ��"W�#�=!�?8"MAD(5<�3��=<��#"%3�"��0-K� )
	����@6zL�?8��L7(y!��]G�?O�����q+�<�;5!#"W<
?8<2�#�=!�I@�
�#�=C5!�?O>@(��W02"y�[+��SGW"%!�?8"%<�3�(��=6N<%
KL7�=!�(R3��S�@���#"%3�(5�

q
�2.�!��=���@<2�#"y�#!�"%<���?O>@?O(5<��@�

3���)t"%����L7"%;5<�I]�#?8>@"%�X3���.�!�?8L��@!�Q
q ≥ 4

Z�0x���@;5+�<K3�(7(%!�3��=<BQ
q < 4

Z]\

{ (5!�(%�#!�" .E"W!��#�W�X+�< .K!�(5$�6O�@L7" 3��F;5!#"%< ?8<2���@!�I=��"W>=�#+�"%6��@< 6P"B) �8��?8>H" 3��F68"
LJ"W���@!�?P"M>@(5<�3K�@<���"%3E"`�@���@6 3���6O(5�X),�@<�C5L��@<K(5��3�?O< �%L�?8>=(5�Y"%��(g>@?8"%3�(5�Y>@(5<�6P"M����?8���
�#�@<K>@?P"-3��`�@����"%3K(5�T3��@��(5!�3K�@<E"%3K(5�TL7�]��"%�=���#"%$�68�=�xQ,66�8�[+�?O3�(5�R��(5$K!��]� �@<K),!�?P"%3K(5��Z�.�(5!
3��@$E"1&�(J3��R6P"T�#�=L7./�@!�"W�#+�!�"T3��R),+K��?8C%<-�=<��#!�"%<���?O>@?O(5<��@�S3���)t"%���R3K�y.�!�?8L��@!S(5!�3��@<z\
�
���#�T),�@<KC5L7�=<�(x���M�=<�>@+��=<2�#!#"�3�?O!��@>]��"%L��@<2���T!��@68"%>@?O(5<E"%3K(`>@(5<F68"7),�@<�(%L7�=<�(568(%;��P"
3��x6P"-��!#"%<K��?8>=?8C5<*G����#!��H"K� .�!�(g>@�=��(:>@+�02"�) �8��?8>H"-���x�@<K>@+��=<[��!#"4"�
�< �=< �=����+�3�?8(:�=<
6P"�"%>=��+E"%6O?83E"%3�� ��	j\e��<*.E"W!��#?O>@+�68"%!@��68(5��.�!�(�>=�@��(5��L7�=3�?P"%<2���T68(5��>@+�"%68�=�R+K<*�=����"W3�(
L7�]��"%�=����"W$�68�R3��p�=�����p�#?O.�(�!��=6P"'&�"7"%6e�@�[+�?86O?8$�!�?8(-Q,)t"W���p(%!�3��=<E"%3E"J3K�p$E"'&�"W���#�=L7./�]�
!#"W��+�!#"%�#ZR!��@��+K6O��"W< 3���),+�<�3E"%L��@<2�#"%6�?OL7./(5!���"%<�>=?P"`.E"W!#"�68" >=(5L7.K!��@<K��?8C%< 3��7�@�����
),�@<�C5L��@<K(�\e�����#(%�y.�!�(�>=�@��(5�y���M.�+��@3K�@<B3��=��>=!�?8$K?8!��@<*L�+�>�~�(%�R>@"%��(%�yL��@3�?8"%<2�#�T68"
�#�@(%!	�P"�),�@<K(5L7�=<�(56OC5;5?8>@"�>@(5<�(g>@?O3E"�>@(5L�( 4Y+�>@6O�H"%>=?8C5<JAD6 �W��?8>@"`Q,�,4qAXZ]\%4Y(p(5$�����"%<g�
�#�%�g<�(�����?8������~E"W����"y�@6/.�!��=���@<2���q+�<E"p>@"%!#"W>=�#�=!�?OwH"%>=?8C5<�;5�@<K�@!#"W6�3���68(5� L��@>H"W<�?8��L7(5�
L7?O>@!�(%��>@C%.�?8>=(5� "%��(�>=?P"%3K(5� 0y68(%�}66�OL7?��#�=��3��X"%.�6O?8>@"%$�?86O?83E"W3�3��V3�?O>�~E"��#�=(5!	�8"�<�(��=��� �%<
>@6P"W!�(5�=\K��<`.E"W!��#?O>@+�68"%!@�[!��@��+K6O��"W3�(5�D3K���-(5<2����AV"%!�6O(xQj��AXZ��@<J�@6 L�(g3��@6O(y3�� � ��?8<K;
>@(5<B>@"%L�.�( ���g�#�=!�<�(�L�+��@���#!�"%< >=(5<���?O3��@!�"%$�6O�@�R3��@��G��O(5�p3K�J68(%�R!��@��+�6O�#"%3�(5�R.�!��=3�?��
>�~�(5�V./(5! 6P"y�,4�A�.,�	�\���<`�@���#�q>=(5<2�#���g��(��K�=6�L�(�3K�@68(R3���{ (%���#�V$�?O3�?8L��@<K��?8(%<E"%6�>=(5<
q > 4

����.�!��=���@<2�#"�>=(5L7(p+�<x>H"%<K3�?83E"r�#(�?O3��H"%6�.E"%!�"��@6z"W< �%68?O��?O��3����@������.�!�(5$K68�@L7"K�
02"p�[+��q�=6�L�?8��L7(�.�!��@���@<2��"�+�<�"R�#!�"%<���?8>@?OC5<�3���)t"%����3���.�!�?OL7�=!
(5!�3��=<`�@<`"%+����=<�>@?8"
3���>@"%L7./(R���g�#�=!�<�(T"R+�<E"��#�@L�./�@!#"r�#+�!�"RUE<�?���"

Tc

�[>=(5<J+�<J�@���#"%3�(y.E"%!#"WLJ"%;%<�I=��?8>@(
��(5$�!��]� �@<K),!�?P"%3�(�.E"%!#"

T < Tc
�./�	j\���"%��"�
�<z� ���x~E"�>=(5<r&��]�#+�!�"%3�(:!��=>@?O�@<2�#�=L7�=<[���

�g+K�T�@������L�(�3��=68(�.�!��=���=<[�#"x+�<E"7)t"%���pG%�O��!��H"J"J$E"'&�"%���#�@L�./�@!#"r�#+�!�"%�@�/>@(5<�+�<E"J),�]�
<�(5L��@<�(56O(5;��8"�"%��(g>@?8"%3E"F"%< �W68(5;2":":68"F�[+�� ��� (5$����@!�G%"F�@< 66�O�[+�?83�(%�TL7(56O�@>=+�6P"%!��@�
G�?O��>=(5��(5�Y��(%$�!�� � �@<�),!�?P"W3�(5�V),(5!�LJ"%3K(5!��=�X3���G�?O3�!�?O(5���01�	j\

(



@ \ � <2�#!�(�3K+�>@>=?8C5< *

4Y(J(5$�����"%<2���%�/6P"7.K!�(5.�?8"�����?8�����@<�>=?P"�3��p�=����"W3�(5�qL��=�#"%�@����"%$�6O�@�Y.�(%!�3��=$E"'&�(`3K�
Tc

.�"%!#"
q > 4

�@�y"�
�< +K< .�!�(5$�68�=LJ"�"%$K?8�@!��#(�\e��< ( ? 1 ( ���T\��D?O<�3��=!��0?�	
�@���#+�3K?8C
�@������.�!�(5$�6O�@L7"R.E"W!#"

q = 6
L7�=3�?P"%<2���Y��?8L�+K6P"%>=?8(5<��=�
3��q��A �@<J!��@3��=�V3��S��"%L7"%��(%�

L ≤ 200
\ �D?83K�@!�.�68"%<2�#�=C:6P"�./(5��?O$�?86O?83E"W3 3��x�[+��x68"��#�@L�./�@!#"r�#+�!�"���.�?O<�(�3�"%6

Tsp.E"%!#"T68"T)t"W����(5!�3K�@<E"%3�"T),+K�@!#"
Tsp = Tc

�@< �@6�6��8L�?O���Y���@!�L�(g3�?8< �WL7?O>@(��[68(M>=+ �%6z?OLM�
.�68?O>H"%! �P"J+�<�"x��!#"%<K��?8>=?8C5<�3��

1 �
� (5!�3��@<4��?O<:L7�]��"%�=����"W$�?86O?83E"%3 \zu�?O<:�@L�$�"%!�;5(K�z.E"%!�"

68(5���#"%LJ"W��(5�T+K��?868?OwH"%3K(5�p6O(5�T�=),�=>=�#(%��3K���#"%L7"%��(�UE<�?��#(F<�(F68�x./�@!�L7?��#?O�@!�(%< "%!�!�?��
$E"%!V"R<�?8<K;5+�<E"R>@(5<�>=68+���?8C5< \ ���@��3K�q�@<2�#(%<�>@�=�@�K�=���#"p.�!��=;5+�<2��"��=�D(5$[&��=�#(y3���3K�@$E"W���
� ( @ � ( ( � ( *[� /�	j\
9|UE<�3K�y?O<[���@<2��"W!�"W.�(5!���"%!Y"M�@����"J3�?O��>=+���?OC5<-<[+��]G5(5���@68�=L7�=<2�#(5�S3��X&�+�?8>=?8(����=<

�@6X.�!��@���=<2�#�-��!#"%$�"'&�(F�@����+�3�?8"%L7(%�T6P":����?8���#�=<�>@?8"43����=����"W3�(5�ML7�]��"%�=���#"%$�68�=�T0 68(5�
L7�=>H"%<�?O��L�(5�D3K�q!��=6P"'&�"%>=?8C5<73��q+�<x��?8���#�@L7"p>=(568(g>H"%3K(p),+��@!�"p3��=6z�@�[+�?O68?8$K!�?8(R.E"%!�"p�@6
L7(g3��@6O(T3��R{ (%���#�S3��

9
�@����"%3�(%�Y+��#?86O?8w@"%<�3�(���?8L�+K6P"%>=?8(5<��=�V<[+�L�I@!�?O>H"%�X3K�p��A�\

u��=.E"%!�"%L7(%�q�@6 >@(5<2�#�=<�?83K( 3K�@6}��!#"%$E"1&�(x�@<:3�(5��{ "%!����@�=��.E"%!#"`L7"H05(5!�>@6P"W!�?83�"%3z\
AD(5L7�=<�wH"WL7(5��.K!��@���@<2��"W<�3�(p�=6EL7(g3��=68(�3��Y{ (W���#�=�2��+�� .�!�(5.�?8�=3E"%3��=��0M"%.�6O?8>H"W>@?8(%<��@�
�@< �@6VAV"%.����#+�6O( ( \ ��< �@6DAV"%.����#+�6O( *-!��@��+KL7?OL7(5�R6P"W�y.�!�(5.�?O�@3E"%3K�@��~E"W����"�"%~�(5!�"
>@(5<�(g>@?O3E"%�V��(5$�!����#!�"%<���?O>@?O(5<��@�D3���)t"%���q3��

1 �
� (5!�3��=<`0`�=����"W3�(5�VL��=�#"%�@����"%$�6O�@�V>=�@!��

>H"p3���6P"R��!#"%<K��?8>=?8C5< �50J>@"%!#"%>]�#�=!�?8w@"%L�(5��6O(5� .�!�(g>@�=��(5�V>=(5<�(g>@?O3�(5� >@(5L�(�������.��	�	��
���
��.��/&�
�	��0�� -(��� &�����
��	����\E9���./�@>]�#(5�S;5�=<��@!�"%68�=�S3���L7I]�#(g3�(5�V<[+�L�I@!�?8>@(%�Y��(5<�.�!��=���=<��
��"%3�(%���@<M�@6K���@!�>@�@!
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�S�@./�=��?8L�(5���=<2�#(5<�>=�@���@6 .�!�(g>@�=3�?8L�?8�=<2�#(`.E"W!#"JL�+K>�~E"%��L�+��=����!#"%�MQ ∼ 5000
�@<

6P"qL7"10%(5!��j"q3��S68(5�}>H"%��(5��Z �@<�"%6O;5+�<�(%�}��"%L7"%��(%��3��X!��=3�0y�#�@L�./�@!#"r�#+�!�"%�@\ 4Y(%��"WL7(5�
�g+K�`�@6�>@(5L�.�(%!���"WL7?O�@<2�#(x� �O.�?8>=(�3��

P (τ)
.�+��=3���"'&�+�����"%!����`L�+�0*$K?8�@< L7�=3�?P"%<2���

+�<E"M3�?8���#!�?O$�+�>=?8C5<x6O(5;W� <K(5!�L7"%6��2�#"%6z>@(%L7(M���R"%.K!��@>=?P"T�@< 6P"pU�;5+�!#"-Q � ?8;�\=/�\+?5Z]\
�����@����"�L7"%<��@!�"K�g"%��+KL7?OL7(5�
3��Y),(5!�L7"y;%�@<��=!#"%6/�[+��

τ
��?8�=<���+�<�"p3�?8���#!�?8$�+�>=?8C5<

68(5;W� <�(5!�LJ"%6/<�(5!�LJ"W68?8w@"%3E"K\

P (τ) =
1

τσ
√

2π
exp

[

−(ln τ − µ)2

2σ2

]

, τ > 0
Q /�\+-5Z

3���LJ"%<K�@!#"T�[+��
〈τ〉 = exp

(

µ + σ2/2
) Q /g\.)[Z

68+��=;5(-Q /�\+*5ZD!��=��+�6���"

〈O〉(t) = O1 − (O1 − O2)

∫ t

0

dτ
1

τσ
√

2π
e−

(ln τ−µ)2

2σ2

= O1 − (O1 − O2)
1√
π

∫
ln t−µ√

2σ

−∞

dx e−x2

, x =
ln τ − µ√

2σ

= O1 − (O1 − O2)
1√
π

∫ ∞

µ−ln t√
2σ

dy e−y2

, y = −x

= O1 −
(O1 − O2)

2
fcer

(

µ − ln t√
2σ

) Q /g\ �5Z
3�(5<�3��

fcer(x)
�=�Y68"�),+�<�>@?OC5<��@!�!�(5!X>=(5L7.K68�@L��@<2�#"%!�?8"K\

O1

�#(%LJ"x�@6 GW"%6O(5!q3��M68"`�@<��=!�;��8"��=< �=6�.�6P"W���H"%+�0
O2

�=6 G%"W68(5!q3K��68"x�@<��=!�;��8"
�@< �@6V�=���#"%3�(F3��`�=�g+K?868?O$�!�?O(�\ {}"%!�"�>@(5L�.E"%!�"%!p68"%��3�?O����?8<2��"%�p>@+�!�G%"W�T3��=UE<K?8L�(5�p68"
),+�<�>@?OC5<�3���!��=6P"'&�"%>=?8C5<x<K(W� 6O?8<��@"%6 3���68"��@<��=!�;��8"M>=(5L�( �0?�	 0

φE(t) =
EN (t) − EN(∞)

EN(0) − EN(∞)

Q /g\+,2Z
3�(5<�3��

EN(∞) ≡ 〈EN〉
�=�}6P"S�@<K�@!�;��P"S3��D�=�g+K?868?O$�!�?O(�\A���D"%>=+��@!�3�(�"yQ /�\ �5Zz�#�=<��@L�(5�"0

〈φE〉(t) = φE1 −
(φE1 − φE2)

2
fcer

(

µ − ln t√
2σ

) Q /g\ /5Z
�+��=;5(

φE1

�=� �=6�GW"%68(5!�3K�Y68"��@<��=!�;��8"�<K(5!�L7"%68?OwH"%3�"�3��@6N.�68"W�#�@"%+T0 �
φE2 = 0

�@�
�@6eG%"W68(5!X3��y6P"T�@<K�@!�;��P"7<K(5!�L7"%68?OwH"%3�"��@<��=6e�@���#"%3�(`3K�y�=�g+K?868?O$�!�?O(�\=����&�"%L�(5�Y68?8$K!��@�

�  )�J%���)���
 )�3%0\
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68(5�q.�"%! �%L��=��!�(5�
µ
0

σ
�[+�����?8�@<K�@<:�[+���G5�=!�>@(5<:68"J.�(%��?8>=?8C5<-0�68"J?8<�>=68?O<E"%>@?OC5<�3K�

6P" � >@"��83�" ��3K�T+�<*�=���#"%3�(-"%6 (%��!�(��/0:<�(5��3E"W<*�=6}GW"%68(5!�3�� 〈τ〉 \eAD(5L�(x�@6�.�68"W�#�@"%+3���L��=�#"%�@����"%$K?868?O3E"%3T<�(R�@��� �R$�?8�=<J3��]UE<�?83K(��2�@<7�@6N���=<[��?83�(y�[+���<K(y�=��� �R>@68"%!�(R.E"%!�"
>H"%3E"F>@+K!�GW" Qt>H"W3E"���"%L7"%��(:3���!��@3NZ��@< �[+�I�L7(%L7�=<[��(:>@(5L�?8�=<�wH"�0B>@+ �%< ~�(5!�?��
w@(5<2��"W6��=�@�[�#(5L7"%L�(5��+�<`!�"%<�;5(R!#"%w=(5<E"%$K68�Y3��YGW"%6O(5!��=��.�"%!#"

φE1

UW&	�W<�3�(56O(y�=<J>H"W3E"
"'&�+������X0p(5$��#�@<K?8�@<K3�(R"%�	��+�<E"�L7�=3�?83�"�.E"%!�"q�@6K�=!�!�(5!�3��V<[+��=���#!�(5�
!��=��+�6���"%3�(%�@\ �S�H"r�
68?8w@"%L�(5�S�@6 "'&�+����#��.E"W!#"7>=+�!�GW"%��>@(5!�!��=��./(5<�3�?O�@<2�#�=��"73�?O����?8<2�#(5�X�#"%LJ"W��(5�Y3��p!��@3�0
To = 0,719

��02"7�g+K�p<�(5��?8<2�#�=!��=�#"J�=���#+K3�?P"%!Y�@6e�=��>H"W68�@(J3�� 〈τ〉 >=(5<��=6 �#"%LJ"W��(73K�@6��?8���#�=LJ"T.E"%!�"��#�@L�./�@!#"r�#+�!�"%�S>@�@!�>H"%<�"%�Y"�68"p�#!#"W<���?O>@?8C%<z\

�}?8;5+K!#" /�\ ( @ 0X9
&�+K���#�43��4"%>=+��@!�3�(�" Q /�\+/5Z`3��
φE(t)

.E"%!�" +�< ��"WLJ"%�K( 3K�*!��@3
N = 100 × 100

3K�@��.K+�I@��3��M+�<F>@(g(56O?8<�;7>@(5<:��"W�#"
r = 10−4 ~E"%����" To = 0,719

\
�
<F�=���#�M>@"%��(��@6 "'&�+������T�@����(5$�!��T6O(5�q3E"r�#(5��"`.E"W!��#?O!�3��

t = 6000
��0��@����?8L7"%L�(5�

+�<`�@!�!�(5!�3��=U�<�?8�=<�3�(�3�?O����?8<2�#(5��GW"%6O(5!��=��.E"W!#"p�=6/.K6P"W���H"%+z�[>=(5L7(y68(5� 3�(5��L7(%���#!�"%3�(5�
�@< 6P"�UE;5+�!�" Qt68?O<��H"���C568?O3E"p0x6��8<��@"�.�+�<2�#�@"%3E"2Z \

{ (�3��=L7(%��3��=>@?8!��[+��%� "%6eL7�=<�(5��.�"%!#"7�#"%L7"%��(5�Y~E"%����"
L = 150

�=6}L�(�3��=68(�3��
3�(5���=���#"%3�(5��"'&�+�����"J$�?O�@<-"76O(5�S3E"W�#(%��3��R6P"M!��=6P"'&�"W>@?8C%< (%$K�#�=<�?83�(%���=<�6P"W����?8L�+�68"r�
>@?8(%<��@�JQ /�\ ( @ Z \e�����#(-<�(5�R.��=!�L�?O���T�@����?8L7"%! 〈τ〉 .E"W!#"�3�?O),�=!��@<2���@�y���@L�.��=!#"W��+�!#"W��03�?O),�=!��@<2���@�X��"%L7"%��(%�V3��@6 ��?8���#�=LJ"K��3�?8!�I@>]��"%L��@<2�#��3K��6P"%�V>=+�!�GW"%�X3K��!��@68"'&�"%>=?8C5<z�g��?O<
<��@>=�@��?O3E"%3`3K��+�<E"RL7�=3�?8>=?8C5<�3�?O!��@>]��"R3��

P (τ)
�[�[+���!��@��+�6O�#"y>=(5L7.K+K��"%>=?8(5<�"%68L��@<2�#�

L�+�>�~�(�L �W�X>@(5���#(5��"K\
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� � ����� �������|	�� ���g���2�����
���

�S�@>=(5!�3��=L7(%� �=6KAV"W.��O��+�68( *Y3�C%<�3��D?O<2�#!�(g3�+�>=?8L�(5��6P"W� .K!��@3K?8>@>=?8(5<K�@�}3K��68"Y�YA74R�
.E"%!#"

d = 2
�#�=<��@L�(5�"0

τ(L) ∝ L−2 exp(βF(Rc))
{ "%!#"x��"%L7"%��(%����+KUE>=?8�=<[���@L��@<2�#�7;5!#"W<�3��@���#"%68�=�R�[+��

Rc < L
\e{ "%!#"x��"%L7"%��(%�

L7�=<�(5!��=�
L . Rc

�E./(�3��=L7(%�S"%��+�L�?8!D+�<-.K!�(g>@�@��(J"W>=�#?�GW"%3�(���3�(5<�3��

τ(L) ∝ g(L) exp(β∆(L))
Q /g\+12Z

68"�$E"%!�!��@!�"M3K�R�=<��@!�;��P"�6O?8$�!��q�@< �@���#��>H"W��(�>@(5!�!��@��.�(%<�3��R"T6P"p),(5!�LJ"%>=?8C5<J3���+�<
3�(5L�?8<�?O(�3���6P"p)t"%�����@����"%$�6O��>@+K0%(��#"%LJ"W��(T�@�S3��=6�(5!�3��=<�3��

L
\"��"%3�(M�[+����@< �@�����

!�I@;%?8L��@<M�@6E?O<�>@!��@L��@<2�#(�3��S�@<K�@!�;��P"�68?O$�!��X"W��(g>@?P"W3�(��@��� ��3�(5L�?8<E"%3K(�.�(5!�68"��#�=<���?OC5<
��+�./�@!�UE>@?8"%6��r�#�@<K3�!��=L7(5�}�g+K�

∆ ∝ L
\ ���=��.�!��@>@?8"%<�3�(��=<[��(5<�>=�@�
>@+E"W68�[+�?8�=! >@(%!�!��=>@?OC5<

.�!�(1G5�=<�?8�=<2�#�`3��=6
.�!��])t"%>=��(5!
g(L)

���@<��=L7(%�y�[+��
ln τ ∝ βL

\ ������!�?O>=��"WL7�=<[���7.�"%!#"
T = Tc

��"%$��=L7(%� � � *�	 �[+��T68"J$E"%!�!��=!#"J3��T�=<��@!�;��P"768?8$K!��R�@��>@"%6P"`>=(5L�(
∆(L) ∝ L?8<�3��=.��=<�3�?O�@<2�#�=L7�=<[���x3��x3��=6���"WLJ"%�K(�3��@6D��?8���#�=LJ"K\ �}?O<E"%68L��@<2���%�e.E"%!�"���"%L7"%��(5�

L�+�>�~�(-LJ"H05(%!��@���=<[��!#"%L�(5���@<4�@6�!�I@;5?OL7�=<F3��M>@(2"%6O�@>=�@<�>=?P"x0:���M�@��.��=!#" �g+K�
ln τ���H"M?8<K3��@./�@<�3K?8�@<2���y3��

L
\"�S�@��+KL7?O�@<�3�( 0

T ln(τ) ∼











































L
{ "%!#"

T = Tc

L
.E"W!#"

T < Tc

0
L . Rc

F(Rc) − 2T ln(L)
.E"%!#"

T < Tc

0
L > Rc

cte
.�"%!#"

T < Tc

0
L � Rc

�S�H"%6O?8w@"%L7(%�z�@6["'&�+K���#� .E"%!�"Y68"X!��@68"'&�"%>=?8C5<�3��=��.�+�I=� 3��
+�<y>@(g(568?O<�;X>@(5<
r = 10−4

~E"%���#"
To = 0,719

.E"%!�"�3K?8����?8<2�#(%�V��"%L7"%��(5�X3K�y!��@3z\ ���R68(5�VGW"%6O(5!��=�Y"'&�+����#"%3�(5�Y3��
µ
0

σ
�=<T>H"%3E"q>@"%��(K�%>H"W68>@+K6P"%L�(5� 〈τ〉 = exp(µ+σ2/2)

0�6O(�.�6O(%�#�@"%L7(%� �=<M),+K<�>@?OC5<
3��@6�68"%3�(M3���!��=3

L
\

� -
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�}?8;5+K!#" /g\ ( ( 0g� "%6O(5! L7�=3�?8(y3��@6/�#?8�=L7./(p3K�q<[+�>@6O�H"%>=?8C5<`�=<`),+�<�>=?8C5<`3K�
L
�@<x�@��>H"%68"

68(5;W� 68?O<��H"%6j\g�
< �@6�;%! �WUE>=(M?8<2�#�=!�?8(%!@�K�=<-�=��>@"%6P"T68(%;W� 6O(5;�\

��6/�@!�!�(5!D�=<`�@6 "'&�+����#�%�g.�!�('G%�@<�?O�@<2�#��3K��6P"R?8<�>=�@!��#?83K+�L�$�!���"p>=�@!�>H"�3��=6/GW"%6O(5!�3K�
�@<��=!�;��8"J3��@6 .�6P"r�#�H"W+z�N�@�q3��=6}(5!�3��@<:3K�@6

15 � \ 4Y(%��"%L�(5�Y�[+����@6 >@(5L�./(5!��#"%L7?O�@<2�#(.E"%!#"M��"%L7"%��(%�Y>�~K?8>@(%���=��3��=6 ��?8./(
ln(τ) ∼ L

�/"%6O!��@3K�@3�(5!S3��
L = 60

�#�@<K�@L�(5��+K<
+�<*.K+�<2�#(�3�� ��� - & & -/+����J(�>H"%Lp$�?8(x3��T!�I@;5?OL7�=<�0:�@6}>@(5L�.�(%!���"WL7?O�@<2�#(`./(5���#�@!�?8(5!
"%.E"%!��@<2�#�=L7�=<[����>@(%<�>@+��=!�3E"7>@(5<�+K<�3��=>H"%?OL7?O�@<2�#(�68(5;5"%!	���#L�?8>@(xQ

ln(τ) ∼ − ln(L)
Z

�g+K�x���x"%.K!��@>=?P"�>=(5L�(�+�<E"�!��@>=�#"�3��`./�@<�3K?8�@<2���x<��@;2"r�#?OGW" �@< �@6�;5! �rUE>@(:?O<[���@!�?8(5!
3��768"JUE;5+�!�"�/g\ ( ( \���<*.�!�?8<�>=?8.�?O(��/<g+K�@����!�(5�y!��=��+�6���"%3�(%����(5<*>@(5<���?8���#�@<2���@�R>@(5<468(5�
.�(5���#+�68"%3�(5� ./(5!e6P"S�YA74y�W"%62L7�=<�(5� .E"%!�"Y��"WLJ"%�K(5�e!��@68"W�#?�GW"%L7�=<2�#��>�~�?O>@(5�=\W{ "%!#"S��"r�
LJ"%�K(5�eLJ"H05(%!��@��Q

L > 150
Z 6P"S"%<K(5LJ"W66�P"�(5$����=!�GW"%3E"S�@<R6P"X68"%�e>@+�!�G%"W� 3K��!��@6P"1&�"%>@?OC5<

Qt���=>%\ /g\ ( ZY<�(x.��=!�L�?O���p�@���#+�3K?P"%!�3��TLJ"W<��@!�"J>@(5<�UN"%$�6O��+�<��#?O�@L�.�(7>H"%!�"%>=���@! �8����?8>=(
3��7!��@68"'&�"%>@?OC5<:0F68(5�R"'&�+K���#�=�p3��=6
L7(g3��@6O(x3���3�(5�R�@���#"%3�(5�R<�(-��(5<*�#"W��?8��)t"W>=�#(%!�?8(%�@\
�
(56OG%�@!��=L7(%��"���!#"W�#"%!X�@6�.�!�(5$�6O�@L7"�3��@6��=��>H"W68�@(M3�� 〈τ〉 >@(5< L

�@< 6P"����@>=>@?8C%<6/�\0)�\
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T = ∞

��< 68"�U�;5+�!#"�/�\+*�G5�=L7(%�p�[+��%� .E"%!�"-+�<�"-3E"%3�" �#�=L7./�@!�"W�#+K!#"K����"W<[��(�68" �=<��@!��
;��P"x3��=6��@���#"%3�( L7�]��"%�=���#"%$�68�T>=(5L�( �=6 �#?O�@L�.�(x3��M!��@6P"1&�"%>@?OC5<:~E"%>=?P"x�@6��=����"W3�(-3K�
�@�[+�?86O?8$�!�?8(`<K( 3K�@./�@<�3��=< 3��M68"J��"%��"-"x6P"`>=+E"%6�6O68�=GW"%L�(5��"%6 ��?O�����@L7" "x��+*�=����"W3�(
��(5$�!��@�=<K),!�?8"%3�(�\ ���@>=?83�?OL7(5���@<2�#(%<�>@�=�Y!��H"%6O?8w@"%!�3K?8!��=>=�#"%L7�=<2�#�q+�<��[+��=<�>�~BQ,.E"%68"%$�!#"
�g+K�Y�=<M�@��.�"%��(56E>=(5!�!��@��./(5<�3K�@!	�8"�" � ��� 3 .*� !%-�(���� 	 � 
 � !%- � � � &�� -5Z}3��=��3��S+�<M�=����"W3�(
?8<�?O>@?P"W6E"%!�$K?O�#!�"%!�?8"%L��@<2�#�V3K�@��(%!�3��=<E"%3�(�~�"%���#"y+�<E"��#�=L7./�@!�"W�#+�!�"

To

.�(5!
3��=$E"'&�(�3K�
6P"x�#�@L�./�@!#"r�#+�!�"->@! �O��?8>H"4Q

Tc = 0,7213
Z]\ ������(�<�(5�y3��@��68?O<�3E"�3��J68" <��=>@�=��?83�"%3B3��

!��H"W68?8w@"%!D+K<x�@<K),!�?P"%L�?8�=<[��(p>=(5<x+�<E"p�#"%�#"�6O�@<2��"y07<�(5�X./�@!�L7?��#��"%~�(5!�!#"%!��#?8�=L7./(p3K�
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"`$E"'&�"%!qLp+K0�$�!�+���>@"%L��@<2�#�T68"7�#�=L7./�@!�"W�#+�!�"J3��=��3�� ∞ "

To
ZY0�3K��&�"%!�"W6}��?O�����@L7"

�=G5(%68+�>=?8(5<E"W!�+�<�"7>@?O�@!���"7>@"%<2�#?O3E"%3 3��p.E"W��(5��3���� (5<2�#�TAV"W!�68(7~E"%����"7�[+��p"%68>@"%<�w@"
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�
N = 100× 100
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tiempo (en MCS)
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0
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T=0,6
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T=0,68
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T=0,721
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T=0,70
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Q,9�Z
0

L = 100
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1 100 10000
tiempo (en MCS)

-2
-1.8
-1.6
-1.4
-1.2

-1
-0.8
-0.6
-0.4
-0.2

0

EN

T=0,5
T=0,6
T=0,62
T=0,64
T=0,66
T=0,68
T=0,7
T=0,719
T=0,72

(A)

1 100 10000 1e+06
tiempo (en MCS)
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-1.2

-1
-0.8
-0.6
-0.4
-0.2

0
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T=0,5
T=0,6
T=0,64
T=0,66
T=0,68
T=0,7
T=0,715
T=0,719
T=0,72
T=0,721

(B)
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1 100 10000
tiempo (en MCS)
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0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

φE(t)

T=0,5
T=0,6
T=0,62
T=0,64
T=0,66
T=0,68
T=0,70
T=0,71
T=0,719
T=0,72

(A)

1 100 10000
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T=0,66
T=0,68
T=0,70
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T=0,719
T=0,72
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N = 100 × 100
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1 100 10000 1e+06
tiempo (en MCS)

0
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0.7
0.8
0.9
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T=0,5
T=0,6
T=0,62
T=0,64
T=0,66
T=0,68
T=0,7
T=0,719
T=0,72

(A)

1 100 10000 1e+06
tiempo (en MCS)

0.001

0.01

0.1

1

φE(t)

T=0,5
T=0,6
T=0,62
T=0,64
T=0,66
T=0,68
T=0,7
T=0,719
T=0,72

(B)
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N = 150 × 150
�@<F�@��>H"%68"`68?O<��H"%6 � 6O(5;2"%! �O�#L�?�>H"�Qt9qZY0�3K(5$�68�
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1 100 10000 1e+06
tiempo (en MCS)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

φE(t)

T=0,5
T=0,6
T=0,64
T=0,66
T=0,68
T=0,7
T=0,715
T=0,719
T=0,72

(A)

1 100 10000 1e+06
tiempo (en MCS)
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0.01

0.1

1

φE(t)

T=0,5
T=0,6
T=0,64
T=0,66
T=0,68
T=0,7
T=0,715
T=0,719
T=0,72

(B)

~ t1/2
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+�<E"x!��=343K����"%L7"%��(

N = 300 × 300
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{ (�3��=L7(%��<�(%�#"%!@�N�[+�?Ow �JL8�%��>=6P"%!�"%L��@<2�#�R�[+����@<:68"����@>=>@?8C%<F"%<2�#�@!�?8(5!=�N�@6}.K6P"r�
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Tc
\

�-?8�=<[��!#"%�RL8�%��<�(5�R"%>=�@!�>@"%L�(5�R"
Tc

L8�%���#?O�@L�.�(x���7L7"%<2�#?O�@<��T�=6���?O���#�=LJ"x�=< �@6
�@���#"%3�(�L7�]��"%�=���#"%$�68�W\

u�?�"%<E"%6O?8w@"%L7(%�768"%�J>=+�!�GW"%�x.E"W!#"
T = 0,5

./(g3��@L�(5�J<K(%��"%!J�g+K�:�@6q.�68"W�#�@"%+
3��@��"%.E"%!��@>@��>@"%��?/./(5!D>=(5L7.K68�=��(R0��=6 ��?O�����@L7"y!��=6P"'&�"R3�?8!�I@>]��"%L��@<2�#��"p��+`�@����"%3�(T3K�
�@�[+�?86O?8$�!�?8(y>@(5<x+�<�"M6O�=073���./(%�#�=<�>@?8"K��~K�@>�~�(M�[+�������L7"%<�?�UE�@����"p>=(5<x+�<E"T!��=>=�#"K��"%6
;5!#"WU�>H"%!

φE(t)
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��"%6�>=(5L7(T����.�68?O>H"%L�(5�S"T>@(5<2��?8<[+E"%>=?8C5< 0K�@< �@6�>H"W.��O��+�68( *pGg?8L�(5�X�[+��7Q *�\+/5Z 0
l(t) ∝ t1/2

.E"%!#"M+�<-.�!�(g>@�=��(J3K�R>=(2"%!����@<K?8<�;��N3�C%<�3��
l(t)

�@�Y�@6��#"%LJ"W��(T� �8.K?8>@( Q,68?O<��H"%6PZ�3��R+�<
3�(5L�?8<�?O(�"%6 �#?O�@L�.�(

t
Qt3�?O;2"%L�(5�q./(5!�>H"%��(����@6�GW"%68(%!qL7�=3�?8(�3���68(%��3�? �%L��=��!�(5��3K�
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φE(t) ∝ EN (t) − EN(∞)

3�C5<�3��
EN(∞)

�@�S6P"T�=<��@!�;��P"T3��=6��@���#"%3�(�3����@�[+�?O68?8$K!�?8(K\K{ �@!�(�>@C%L7(T>@"%3E"M+�<�(�3��
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φE
��C%68(xGg?8�@<K��3�"%3E"x.�(%!�6P"%��.E"W!��@3K�@�R3��M3�(5L�?8<�?O(��

68+��=;5(
φE(t) ∝ 3 ��� � � ��� � - ��-/����. !	�2.*�/& 3 ��� �$!	� & !	�	!%- � 
���
�-

u�?
Nd
�@�Y�@6�< 
�L��@!�(M3���3�(%L7?O<�?8(5� 0

p
�@�S�@6�./�@! �8L��=��!�(TL��@3�?O(T3���+�<-3K(5L7?O<�?8(

φE(t) ∝ pNd

2
9�>H"%3�"7�#?O�@L�.�(

t
�
p ∝ l(t)

�/0-�@6 < 
�L��@!�(x3K��3�(5L�?8<�?O(5�S�@�q.K!�(5./(5!�>=?8(5<�"%6 "%6 �W!��H"
�#(%�#"%6z3�?�G�?O3�?83�"�.�(5!X�=6��%!��@"TL7�=3�?P"�3���+�< 3�(5L�?8<K?8(

Ad ∝ l
2

Nd =
L2

l2�@<2�#(5<K>@�@�
φE(t) ∝ l

−1 ∝ t−1/2

0 �=���#(:�=��68(��g+K�JG5�=L7(5�xQt3��=��.�+�I=�M3��`+�< ��?8�=L7./(-��!#"%<���?O��(5!�?O([Zq.E"%!#"-6P"-),+�<K>@?8C%<
3��M!��@68"'&�"%>=?8C5<�3K�@��.K+�I@�R3��T+�<F�[+��@<K>�~ ~E"%����"`�#�=L7./�@!�"W�#+K!#"%��"W68��&�"W3E"%�q3��
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Q,UE;�\/�\ ( ,K\ �VZ��H\
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φE(t)
9�%��;%

To = 0,5
\6��'0��#O�
%.'),.�

40 . t . 130000
aD���

φE(t) ∼ t−0,46, (
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!��@68"'&�"%>=?8C5< .E"%!�"43K?8����?8<2��"W���#�@L�./�@!#"r�#+�!�"%�M�@��� �%< $K?8�@< 3�?�),�@!��=<�>@?8"%3�(5�=\ 9 L7�=3�?83�"
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.E"%!#"M$E"'&�"W�Y���@L�.��=!#"W��+�!#"%�=\N��<��@6e~�?O����(5;5!#"WLJ"�3��

τ
.E"%!#"M�@6��#"%LJ"W��(M3��y!��@3-L �%�

;5!#"%<K3��M�g+K�7L��@3�?OL7(%�MQ
L = 100

� UE;K\ /�\+*K1K\ �XZ�����G%��>=6P"%!�"%L��@<2�#�T>=C5L7(�6O(5��.�?8>=(5�
.E"%!#"

To = 0,5, 0,6, 0,7, 0,715
���T~E"%<F"%6O?8<��@"%3�(��N��?8<��=L�$E"%!�;5(`6P"73�?8���#!�?O$�+�>=?8C5<-�@�
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L7�=<�(5!��=�RQ

T = 0,5; 0,6
Z]���@<x>H"WL�$�?8(K��(5$K���@!�GW"%L7(%�V+�<E"�3�?O����!�?8$K+�>@?OC5<JL8�%�X"%<K>�~E"K�
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