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Abstract

For any n > 3, we construct a family of finite dimensional irreducible representations
of the braid group B,. Moreover, we give necessary conditions for a member of this
family to be irreducible. In particular we give a explicitly irreducible subfamily (¢m, Vin),

n

1 < m < n, where dimV;, = ( ) The representation obtained in the case m = 1 is
m

equivalent to the standard representation.
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1. Introduction
The braid group of n strings B,,, is defined by generators and relations as follows

B, =<T1,...,Tn-1 >/~

~= {1 =TTk, if [k —j] > 1 TeThp1Te = 1Tk 1 <k<n-—-2}

We will consider finite dimensional complex representations of B,,; that is pairs
(¢, V) where

¢ : B, — Aut(V)

is a morphism of groups and V is a complex vector space of finite dimension.

In this paper, we will construct a family of finite dimensional complex rep-
resentations of B,, that contains the standard representations. Moreover, we will
give necessary conditions for a member of this family to be irreducible. In this
way, we can find explicit families of irreducible representations. In particular, we
will define a subfamily of irreducible representations (¢, Vi), 1 < m < n, where

dimV,, = (:L) and the corank of ¢, is equal to 2(n—2)!

(m—1)!(n—m—1)!"

*This work was partially supported by CONICET, SECYT-UNC, FONCYT.
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This family of representations can be useful in the progress of classification of
the irreducible representations of B,. As long as we known, there are only few
contributions in this sense, some known results are the following ones. Formanek
classified all the irreducible representations of B,, of dimension lower than n [2].
Sysoeva did it for dimension equal to n [5]. Larsen and Rowell gave some results for
unitary representation of B,, of dimension multiples of n. In particular, they prove
there are not irreducible representations of dimension n+ 1. Levaillant proved when
the Lawrence-Krammer representation is irreducible and when it is reducible [4].

2. Construction and Principal Theorems

In this section, we will construct a family of representations of B,, that we believe
to be new, and we will obtain a subfamily of irreducible representations.

We choose n non negative integers z1, 2o, . . ., z,, not necessarily different. Let
X be the set of all the possible n-tuples obtained by permutation of the coordinates
of the fixed n-tuple (21, 29, ..., 2,). For example, if the z; are all different, then the
cardinality of X is n!. Explicitly, if n = 3,

X ={(21,22,23), (21, 23, 22), (22, 21, 23), (22, 23, 21), (23, 21, 22), (23, 22, 21) }
Orif z; = 25 =1 and z; =0 for all i = 3,...,n, then the cardinality of X is

(;) = w Explicitly, for n = 3

X ={(1,1,0),(1,0,1),(0,1,1)}

Let V be a complex vector space with orthonormal basis 8 = {v, : z € X}.
Then the dimension of V is the cardinality of X.
We define ¢ : B,, — Aut(V), such that

¢(Tk)(vz) = Gz zp41 Vo ()

where ¢z, o,,, i a non-zero complex number that depends on z = (z1,...,2,),
but, it only depends on the places k and k + 1 of z; and

0k(T1, . @) = (T1, -« oy Tho1, Thop 15 Thoy Thet 2, -« - Ty

With this notations, we have the following theorem,

Theorem 2.1. (¢, V) is a representation of the braid group B,,.

Proof. We need to check that ¢(7i) satisfy the relations of the braid group. We
have for j % k —1,k, k4 1 that

¢(Tk)¢(7_j)(vm) = ¢(Tk)(qrj,rj+1voj(x)) = qI]‘7Ij+1q$k7mk+1v0kﬂj(l)
On the other hand

dj(Tj)qb(Tk)(’Uat) = ¢(Tj)(qu,xk+1vg,€(z)) = ka,a:HlCIxj,leUojgk(z)



L

March 20, 2009 17:53 WSPC/INSTRUCTION FILE Irreduc-repres-Bn-

evised

Irreducible Representations of the Braid Group B, 3

As opoj(z) = ojok(x), if |j — k| > 1, then ¢(3) (1) = o(mw)p(7;) if |7 — k| > 1.
In the same way, we have

(k)P (Tot1) P (Tk) (V) = G(T1) S(Th+1) (G 2411 Vo ()
= ¢(Tk)(qu’mk+l ql’k@k+2vdk+10k(m))
= Yap,zpp19on, 2042 9riy1,2042 Vo op 10k ()

Similarly,
¢(Tk+1)¢(7—k)¢(7—k+1)(vfﬂ) = ¢(Tk+1)¢(7-k)(qﬂb’k+1,xk+2vak+1($))

= ¢(Tk+1)(q$k+1=$k+2 qwk,$k+2vﬁk0k+1($))

= qwk+1,l’k+2 qu,zk+2 qzk@k+1vdk+10‘kﬂk+1(m)

As 00g 110k (x) = op110k0k11(x), for all k and = € X, then ¢(7x)d(Tr41)d(7) =
&(Th41)P(T)P(Tp1) for all k. 0

As (3 is an orthonormal basis, we have that,

< ¢(Tk)vyvvm >=< Gy, yi+1Vor(y) Vo >=< Vy; Qzy i1, Vo (z) >

then,

(¢(Tk))*(vm) = Qzpi1,2:Vop (x)

therefore, ¢(7) is self-adjoint if and only if ¢u, ., 2, = Gepens, for all z € X. In
particular, if 2 = 241 then g, 4., is a real number. In the same way, ¢(73) is
unitary if and only if |¢z, 4, ,|* = 1 for all z € X.

Now, we will give a subfamily of irreducible representations.

Theorem 2.2. If ¢(73) is a self-adjoint operator for all k, and for any pair x,y €
X, there exists j, 1 < j < n—1, such that |qs, 2,.,1* # |ay,.y,..|*> then (¢, V) is
an irreducible representation of the braid group B, .

Proof. Let W C V be a non-zero invariant subspace. It is enough to prove that
W contains one of the basis vectors v,. Indeed, given y € X, there exists a per-
mutation o of the coordinates of z, that sends x to y. This happens because the
elements of X are n-tuples obtained by permutation of the coordinates of the fixed
n-tuple (z1,...,2,). Suppose that ¢ = 0y, ...0y,, then 7 := 7;, ..., 7;, satisfies that
&(7)(vy) = Avy, for some non-zero complex number . Then W contains v, and
therefore, W contains the basis 8 = {v, : © € X}.

As ¢(71,) is a self-adjoint operator, it commutes with Py, the orthogonal pro-
jection over the subspace W. Therefore, (¢(7%))? commute with Py . On the other
hand, note that (¢(7%))?(vs) = |quy, 2441 |*Va, hence, (¢(71))? is diagonal in the ba-
sis f = {v; : * € X}. Then, the matrix of Py has at least the same blocks than
(p(r1))? forall k, 1 <k <n—1.
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If for some k, the matrix of (¢(7x))? has one block of size 1 x 1, then the matrix
of Py, has one block of size 1 x 1. In other words, there exists x € X such that v,
is an eigenvector. If the eigenvalue associated to v, is non-zero, then v, € W.

It rest to see that the matrix of (¢(74))? has all its blocks of size 1 x 1. By
hypothesis, for each pair of vectors in the basis 3, v, and v,, there exists k, 1 <
k < n—1, such that |z, 2,,,1* # |@ys,yesi|*- Fix any order in X and let « and
y the first and second element of X. Then there exists k£ such that v, and v, are
eigenvectors of (¢(74))? of different eigenvalue. Hence (¢(74))? has the first block
of size 1 x 1. As (¢(75))? commute with (¢(73;))? for all j, (¢(7;))? also has this
property.

By induction, suppose that for all j (¢(7;))? has its 7 — 1 first blocks of size
1x 1. Let 2/, 4 the elements r and r +1 of X, then there exists k' such that v, and
v, are eigenvectors of (¢(7y/))? of different eigenvalue. Hence, (¢(7))? has the r
block of size 1 x 1. Therefore (¢(7;))? too because it commute with (¢(7x))?, for
all j. Then we obtain that all the blocks are of size 1 x 1. DO

Note that if the numbers g, »,,, are all equal and |X| > 1, then ¢ is not
irreducible because the subspace W, generated by the vector v = >
invariant subspace.

wex Uz, 18 an

2.1. Examples
We are going to compute some explicit examples of this family of representations.
We will show that the standard representation ([5], [6]) is a member of this family.

2.1.1. Standard Representation

Let 21 = 1 and z; = 0 for all j = 2,...,n. Then the cardinality of X is n and
dimV = n too. For each x € X, let ¢y, 2,., = 1+ (t — 1)@41, where t # 0,1 is a
complex number. Therefore ¢ : B, — Aut(V'), given by ¢(7)vs = Guy 411 Vo (a)
is equivalent to the standard representation p, given by

1

p(Tk) =

— O
O o+

1
where t is in the place (k,k+1). In fact, if {3; : j = 1,...,n} is the canonical basis
of C", and if x; is the element of X with 1 in the place j and zero elsewhere, define
a:C" -V

/Bj g U:L’j
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Then a(p(74)(8;)) = ¢(7i)(a(B;)) for all j = 1,. .., n. Hence the representations
are equivalent.

2.1.2. Example

Let z1,...,2, € {0,1}, such that 21 =20 = -+ =z, =1l and zp41 =+ = 2, = 0.
Then the cardinality of X is (:L) = Wlm)' If V,,, is the vector space with basis
Bm = {/U;L- 1T e X}, then dlme = WL,’”)'

For each x := (x1,...,2,) € X, let
1 if ) = xp 1
q1k,zk+1 = :
t if g # Tp4a
where t is a real number, ¢t # 0,1, —1.
We define ¢,, : B,, — Aut(V,,), given by
Qsm('rk)vx = Gz, z141 Vo (2)
For example, fixing the lexicographic order in X, if n = 5 and m = 3, then dim V,,, =
10, the ordered basis is
B = {U(o,0,1,1,1)a0(0,1,0,1,1)7U(0,1,1,0,1),U(0,1,1,1,o), U(1,0,0,1,1)»
U(1,0,1,0,1)5 ¥(1,0,1,1,0) U(1,1,0,0,1)> ¥(1,1,0,1,0) U(1,1,1,0,0) }
and the matrices in this basis are
1

- O O O
S O O

¢3(1) =

-~ O O O
+~ O O O

S O O o+
S O O o+

~+~ O
O o+

¢3(12) =

~+~ O O
~+~ O O
O O o+
O O o+
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¢3(m3) =

¢3(7’4) =

+~ O
S o+

~+ O

O o+

+ O
O o+

~+ O

O o+

Irreduc-repres-Bn-

+ O

+ O
O o+

O o+

With this notation, we have the following results,

Theorem 2.3. Let n > 2, then (¢m, Vi) is an irreducible representation of B,
forall1 <m <n.

Proof. We analyze two cases, n # 2m and n = 2m. Suppose that n # 2m. Let
x # y € X, then there exists j, 1 < j < n, such that z; # y;. If 7 > 1, we
may suppose that ;1 = y; 1, then ¢z, , ., # qy,_,,y,, therefore |qu71@].\2 #*
@y, 1.y, 1> I j =1, and n # 2m, there exists | = 2,...,n such that z;_1 # y_1
and z; = y;, then |qz, | 2,1% # ¢y, | Then, by theorem 2.2, ¢,,, is an irreducible
representation.

Note that if n = 2m, 2o = (1,...,1,0,...,0) and yo = (0,...,0,1,...,1) sat-
isfy wo # yo but ¢z, , .+, = qy,_,y, for all j. So, we can not use theorem 2.2.
But in the proof of the theorem, we really use that x and y are consecutive in
some order. Considering the lexicographic order, xg and yy are not consecutive.
In general, for each x € X, there exists y, € X such that q;; ».., = gy,
all j = 1,...,n — 1. We define y, changed in = the zeros by ones and the ones
by zeros. For example, if z = (1,0,0,1,0,1), then y, = (0,1,1,0,1,0). However,
only x = (0,1,...,1,0,...,0) satisfies that y, is consecutive to z. Therefore Py,
the projection on the invariant subspace W, has its blocks 1 x 1, except the block
2 x 2 associated to {vy, vy, }. If some block 1 x 1 of Py is non-zero, then Py con-
tains some v}, of the basis 3,,. Hence W = V,,,. On the other case, W C {v,,v,, }.

for
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If the equality holds, v, € W and W = V,,. Suppose that W is generated by
v = avy + buy, , with a,b # 0. But ¢,,(71)v = t(av,, (z) + WVs, (y,)), With o1(x) # 2,
01(Yz) # Yy and o1(x) # y, (if n > 2). Therefore ¢(m)v # Av, for all A € C. This
is a contradiction because W is an invariant subspace. O

The corank of a finite dimensional representation ¢ of B,, is the rank of (¢(7) —
1). This number does not depend on k because all the 7, are conjugate to each other
(see p. 655 of [1]).

Theorem 2.4. Ifn > 2 and 1 < m < n, then (¢m, Vin) is an irreducible represen-
tation of dimension (;) and corank %

Proof. By theorem before, (¢, Vi) is an irreducible representation. The dimen-
sion of ¢ is the cardinality of X, then

dimV,, = () = o
m m!(n —m)!

We compute the corank of ¢,,. Let z € X such that o (z) = z, then z; = )41
and ¢g, ., = 1. Therefore ¢, (7x)(vz) = v,. Hence the corank of ¢, is equal to
the cardinality of Y = {x € X : ox(x) # z}. But it is equal to the cardinality of X
minus the cardinality of {z € X : z; = 311 = 0 or 2 = 241 = 1}. Therefore

n! n—2)! (n—2)!
cork(9m) = rk(ém () = 1) = ml(n —m)! m'(7(1 —m=2) (m-— 2)!(77,) m)!
B 2(n —2)!
 (m—=1D!(n—m—1)! -

In the example n =5 and m = 3, we have that cork(¢,,) = 6.

Note that if m = 1, the dimension of ¢,, is n and the corank is 2. Therefore ¢;
is equivalent to the standard representation, because this is the unique irreducible
representations of B,, of dimension n [5].
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