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Efficient quantum sensing technologies rely on the precise control of quantum sensors, particularly
two-level systems or qubits, to optimize estimation processes. We here exploit the quantum Zeno effect
(QZE) as a tool for maximizing information obtainable by quantum sensors, with a specific focus on the
level avoided-crossing (LAC) phenomenon in qubit systems. While the estimation of the LAC energy
splitting has been extensively studied, we emphasize the crucial role that the QZE can play in estimating
the coupling strength. We introduce the concept of information amplification by the QZE for a LAC system
under off-resonant conditions. The proposed approach has implications for ac magnetic field sensing and
the characterization of complex systems, including many-spin systems requiring the estimation of spin-
spin couplings. Overall, our findings contribute to the advancement of quantum sensing by leveraging the
QZE for improved control and information extraction.
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I. INTRODUCTION

Developing efficient quantum sensing technologies at
atomic and nanometric scales is critically dependent
on the precise control of the sensors to enable the
achievement of optimal estimation processes [1–14].
The simplest quantum sensor is a two-level system—a
qubit—and a variety of experimental designs have been
proposed for this purpose [11], including cold atoms
[15–17], ion traps [18–20], Rydberg atoms [21,22],
polar molecules [22,23], nuclear spins in liquids and
solids [4–6,24–30], and nitrogen-vacancy (N-V) centers in
diamonds [31–44].

A two-level system can be a subset of many energy
levels from a more complex system. Most physical interac-
tions involving two-level systems results in a phenomenon
known as a level avoided crossing (LAC) [45]. This hap-
pens when the energy levels of the two-level system
approach each other without actually crossing, as a result
of interactions. The most general Hamiltonian describing a
two-level system includes a coupling interaction between
the energy levels, facilitating transitions between them,
and a “longitudinal” energy offset that creates the energy
splitting between the levels.

When employing a two-level system for quantum
sensing, it is essential to estimate the relevant inter-
actions, such as the energy offset and/or the coupling

*Contact author: gonzalo.alvarez@conicet.gov.ar

between the states [9,11,14]. Accurately characterizing
the corresponding LAC Hamiltonian is thus crucial for
various applications, including improving spectroscopy
techniques [5,46], hyperpolarization in NMR [47–50],
N-V center sensors [35,36,41,42,51–55] and in general
for developing quantum devices that operate at avoided
crossings [56].

While the energy splitting of a two-level system has
been extensively studied, and optimal methods for esti-
mating it in different setups have been explored [11,57],
the optimization of the estimation procedure for deter-
mining the coupling strength between the two energy
levels still requires further explorations [35,58–60]. The
coupling strength varies due to the qubit’s environment
and serves as a crucial source of information in several
applications, including characterizing spin-spin coupling
network topologies [6,14] and time-dependent magnetic
fields [11,12,35,61–65].

Quantum estimation tools can provide optimal strate-
gies for efficiently maximizing and extracting informa-
tion about these relevant parameters [10,11,13,14,66–72].
Depending on the specific parameters, different strate-
gies may be most effective [9]. For example, coherent
control may be the optimal strategy for estimating some
parameters, while incoherent control techniques such as
stroboscopic measurements [6,9,73–76] capable of slow-
ing down the decoherence process, known as the quan-
tum Zeno effect (QZE) [74,77], may be preferable for
estimating other parameters [6,9,59,76,78,79].
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The QZE can be use to control the transfer of magne-
tization between spins and significantly amplify the sig-
nal emitted by the spins [6,74,80–83]. This manipulation
has allowed experimental determination of interactions
between spins in networks of many interacting spins [6].
By inducing the QZE through stroboscopic measurements,
the system dynamic is simplified from a complex behav-
ior depending on several parameters to a simpler one
based on a smaller number of parameters. This simplifi-
cation allows for a more direct determination of coupling
strengths. Complementing these results, quantum informa-
tion metrics have shown that a quantum probe can more
efficiently determine the coupling with its unknown sur-
rounding environment when its dynamic is steered by the
QZE [9].

In this work, we explore when stroboscopic projec-
tive measurements can enhance the information extraction
about the coupling determined by the level avoided cross-
ing. While previous studies suggested limited utility of the
QZE for estimating the coupling between states in a LAC
Hamiltonian under resonant condition [59], our findings
demonstrate that incoherent control, such as stroboscopic
projective measurements, can be particularly beneficial
when the system is off resonance. We introduce the concept
of information amplification by the QZE in a qubit sensor
with an offset from resonance, using quantum information
tools. This concept includes key elements relevant to more
complex systems, such as many-spin systems requiring the
estimation of spin-spin couplings for Hamiltonian and/or
molecular characterization [6].

II. COUPLING STRENGTH ESTIMATION OF A
QUBIT PROBE

The general Hamiltonian

H = 1
2
ωωω · σσσ , (1)

describes a two-level spin system acting as a qubit probe,
where the vector σσσ = (σx, σy , σz) contains the Pauli spin
operators, and ωωω = (ωx, ωy , ωz) the spin-precession fre-
quency. The intrinsic energy splitting between the spin
states |↑〉 and |↓〉 is denoted by ωz considering � = 1.
For simplicity, we assume ωy = 0 so as the component ωx
gives the coupling strength between the two qubit states
|↑〉 and |↓〉. This Hamiltonian provides a universal general
form associated with a coupled two-level system, giving
rise to a LAC as a function of the energy splitting ωz, due
to the coupling ωx. The system is on resonance at ωz = 0,
as the population exchange between the states |↑〉 and |↓〉
can occur completely. When ωz �= 0, it gives the offset
of the resonance condition, and the population-exchange
probability between the states |↑〉 and |↓〉 is attenuated by
increasing ωz.

The density matrix for the two-level system state is

ρ = 1
2

[I + μμμ · σσσ ] , (2)

where μμμ is the polarization vector. Initializing the qubit
probe with a given polarization on the z direction μμμ(0) =
μ0z at time t = 0, the qubit state evolves coherently as
a function of time t, described by a precession of the
polarization vector μμμ with the angular frequency ωωω. Then,
the observable is the polarization along the longitudinal
axis 〈σz〉, which evolves over time depending on the spin-
precession frequency ωωω. Note that μ0 determines the purity
of the initial state, with a pure state corresponding to
|μ0| = 1.

By measuring the observable 〈σz〉, the information of
the coupling strength ωx between the two levels |↑〉 and
|↓〉 is encoded on the evolution of the qubit-state prob-
abilities p↑(t) = (1 + z · μμμ)/2 and p↓(t) = (1 − z · μμμ)/2
to obtain |↑〉 and |↓〉, respectively. Notice that μμμ evolves
over time, depending on both the coupling strength ωx
and the offset ωz. The information about the parameter
ωx is encoded differently depending on whether the qubit
sensor undergoes coherent or incoherent dynamics. To
determine and quantify the best strategy for estimating the
coupling strength ωx, considering the offset ωz and the
available experimental time, we resort to quantum esti-
mation tools [66–68,84]. The available experimental time
is typically constrained by either the decoherence of the
quantum probe state, the lifetime of the source generating
the coupling, or practical limitations that impose a limit on
the total measurement time. We do not explicitly consider
the source form inducing these time constraints to simplify
and provide a general discussion on amplifying informa-
tion using the quantum Zeno effect (QZE) and incoherent
evolutions. A detailed comparison would depend on the
specific form that induces the time constraints. For general
results, we treat these constraints as part of the available
experimental time for performing the measurements when
comparing different estimation protocols.

A. Fisher information of the coupling strength

The minimum attainable error of an unbiased estima-
tion is determined by the quantum Cramer-Rao bound
[66–68,84]

δω2
x = 〈(ω̂x − ωx)

2〉 ≥ 1
NFQ(ωx)

, (3)

where ω̂x is the estimated value, N is the number of per-
formed measurements, and FQ(ωx) is the quantum Fisher
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information (QFI) about ωx. The QFI can be defined as

FQ(ωx) =
∑

n

(∂ωxλn)
2

λn

+ 2
∑

n�=m

(λn − λm)2

λn + λm

∣∣〈λm| ∂ωx |λn〉
∣∣2 , (4)

in the basis of the eigenvectors |λn〉 of the density matrix
ρ and considering the corresponding eigenvalues λn [67].
The QFI can be interpreted as a metric that relates the
square of an infinitesimal displacement of the parame-
ter dω2

x and the square of a statistical distance ds2 of the
induced displacement on the quantum state [66]

ds2 = FQ(ωx)dω2
x . (5)

In the case of a evolved state of the two-level system driven
by the Hamiltonian of Eq. (1), an infinitesimal displace-
ment in the frequency dωωω and polarization vector dμμμ is
schematically shown in Fig. 1(a). The QFI of Eq. (4) can
be expressed in terms of the polarization vector as

FQ(ωx) = 1
1 − μ2 (∂ωxμμμr)

2 + (∂ωxμμμt)
2, (6)

where ∂ωxμμμr and ∂ωxμμμt denote the radial and tangential
components of the displacement ∂ωxμμμ (see Appendix A).
This means that information about the parameter to be esti-
mated is contained on changes in both the absolute value
of the polarization vector and its direction, and this can be
altered by controlling its dynamics. In our case, we will
show that the projective measurements induce a decoher-
ence process that interacts strongly with the parameter of
interest (ωx).

III. QUANTUM FISHER INFORMATION FOR A
QUBIT-PROBE UNDER COHERENT EVOLUTION

We analyze here the estimation protocol when the qubit
sensor undergoes a coherent dynamic [9–14,71,85,86].
The QFI of the coupling strength ωx, obtained by mea-
suring 〈σz〉 at time t under a coherent free evolution, is
determined by the difference between the polarization tra-
jectories schematized in Fig. 1, following Eq. (6). The
dynamics of these polarization trajectories of the qubit-
probe state μμμ and μμμ + dμμμ, correspond to precessions with
frequencies ωωω and ωωω + dωωω, with the couplings ωx and
ωx + dωx, respectively [Fig. 1(a)]. Figure 1(c) shows the
corresponding qubit-probe polarization μz as a function
of the evolution time. Since the polarization norm is con-
served during the coherent evolution, the first term in
Eq. (6) vanishes, and the QFI coincides with the squared
euclidean displacement induced on the polarization vector,
i.e., the derivative ∂ωxμμμr(t) = 0 and thus the F coh

Q (ωx) =

(a) (b)

(c)

FIG. 1. Comparison of the qubit-probe trajectories of the
polarization vector μμμ for coherent and projected evolutions for
the same precession frequency ωωω. (a),(b) Polarization vector μμμ

(black vector) for coherent (solid red line) and projected evolu-
tion (solid blue line) for the same precession frequency ωωω (violet
vector). The dotted lines show the continuation of the polariza-
tion trajectory. In the coherent evolution (a), a state trajectory
(dashed red line) of the polarization vector μμμ + dμμμ (gray vec-
tor) is also shown due to a deviation dωx (violet vector) on the
component ωx of the precession frequency leading to ωx + dωx
(purple-red vector). In (b) the polarization vector follows a tra-
jectory driven by a coherent evolution until a nondemolition
measurement projects its component on the z axis. (c) Qubit-
probe polarization μz along the z axis as a function of time t,
for the coherent and projected evolutions (red and blue color
lines, respectively) with ωx and ωx + dωx (solid and dashed
lines, respectively). We consider an offset ωz that shows that the
exponential decay resulting from a projected evolution induces
larger differences between the evolutions corresponding to ωx
and ωx + dωx, compared to the differences induced by a coherent
evolution. For the schematic plots we use ωωω = 2π(cos θ , 0, sin θ)

with θ = 0.9π/2 being ωz � 6ωx, dωx = 0.1ωx, τ = 0.5 and
μμμ(0) = z.

(∂ωxμμμt(t))2. This displacement is induced by two contribu-
tions: one due to the change in the norm of the precession
frequency and the other due to the change in the preces-
sion cone (the precession axis), as shown in Fig. 1(a).
The later induces a periodic displacement, becoming max-
imal at half periods of the precession and null at every
period, while the displacement induced by the former
grows quadratically as a function of time and defines the
more significant contribution to the QFI at long evolu-
tion times. More explicitly, the polarization vector at the
evolution time t is
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μμμ(t) = μ0

⎛

⎜⎝

ωxωz
ω2 (1 − cos(ωt))

−ωx
ω

sin(ωt)
ω2

z
ω2 + ω2

x
ω2 cos(ωt)

⎞

⎟⎠ , (7)

where ω = |ωωω|. The spin-state polarization on the longitudinal axis is

μz(t) = μ0α(t), α(t) = ω2
z

ω2 + ω2
x

ω2 cos(ωt), (8)

where μ0 is a constant giving the initial polarization. The longitudinal polarization μz(t) oscillates with an amplitude
μ0ω

2
x/ω

2 with respect to its mean value μ0ω
2
z /ω

2 as displayed in Fig. 1.
Then, the Fisher information is

F coh
Q (ωx) = μ2

0

⎛

⎜⎝
ω2

x

ω2 t

⎛

⎝
ωz
ω

sin(ωt)
− cos(ωt)

−ωx
ω

sin(ωt)

⎞

⎠+ ωz

ω2

⎛

⎜⎝
ω2

z −ω2
x

ω2 (1 − cos(ωt))
−ωz

ω
sin(ωt)

−2ωxωz
ω2 (1 − cos(ωt))

⎞

⎟⎠

⎞

⎟⎠

2

= μ2
0
ω4

x

ω4 t2
(

1 + 2ω2
z sin(ωt)
ω2

xωt
+
(

ωz

ω2
x t

)2 [
(1 − cos(ωt))2 + ω2

z

ω2 sin2(ωt)
])

, (9)

which for long times t � ωz/ω
2
x , takes the approximated

form

F coh
Q (ωx) ≈ μ2

0

(ωx

ω

)4
t2, (10)

that grows quadratically with time. The accompanying fac-
tor (ωx/ω)4 is the fourth power of the cosine of the angle
θ between the precession frequency ωωω and the x direction,
ωx = ω cos θ . The QFI as a function of θ and the evolution
time shows approximately contoured lines given by the
relation t ∝ 1/ cos2 θ = 1 + (ω2

z /ω
2
x), as shown in Fig. 2.

Thus, the QFI of ωx grows faster as the on-
resonance condition is approached and tends to 0 as
θ → π/2 by increasing the offset. In this regime of
strong offset, the quadratic growth of QFI becomes slow
enough that the proposed alternative—projective measure-
ments—provides a better estimation under limited exper-
imental time. While achieving t2 growth in QFI under
coherent evolution is significant, it is worthwhile to note
that this does not hold if environmental noise is considered.
To address this, we propose adding repeated projective
measurements, which can enhance the estimation process
when the available experimental time is constrained.

IV. QUANTUM FISHER INFORMATION FOR A
QUBIT PROBE UNDER PROJECTED EVOLUTION

We here analyze the estimation protocol when the qubit
sensor undergoes an incoherent dynamic via projected
evolutions along the z axis. This is achieved through peri-
odic projective—nondemolition—measurements of the

observable σz at stroboscopic times with a delay τ [6,9,
14,73–76,82]. These projective measurements on the two-
level system erase the nondiagonal elements of the density
matrix in the σz basis. This process is referred to as a
quantum nondemolition (QND) measurement because it
preserves the populations of the system states |↑〉 and
|↓〉, ensuring that the system’s energy, excluding the
coupling between the states considered external, remains

FIG. 2. Quantum Fisher information of ωx as a function of the
evolution time t and of the angle θ = arctan (ωz/ωx) between
the precession frequency vector ωωω and the direction x for a
coherent evolution from the initial state μμμ(0) = z. The dashed
lines indicate contour lines that approximately satisfy the relation
t ∝ 1/ cos2 θ .
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unchanged. Notice that the outcomes of QND measure-
ments do not need to be read, as these measurements, as
we will see below, are used to guide the evolution of the
qubit-probe state. Thus as ideal QND measurements are
challenging, experimental realizations often involve apply-
ing repetitive random magnetic field gradients [6,82] or
employing stochastic processes [87–91] on the qubit-probe
system. In the case of magnetic resonance, direct projec-
tive measurements are difficult, but they can be replicated
using induced dephasing techniques [6,82,88,90–92].

A schematic representation of the probe-state evolution
is illustrated in Fig. 1(b). The projective measurements
manifest immediately after their application, positioning
the qubit-probe polarization along the z axis with its z com-
ponent remaining unchanged. The transverse component,
representing the nondiagonal terms of the density matrix, is
erased by the QND measurement process. However, since
these measurements are not selective and do not result in
a pure state outcome, following Eq. (7), the total polariza-
tion norm is thus reduced by a factor α(τ), as defined in
Eq. (8).

Since the observable is σz, for an evolution time t that
contains n stroboscopic projective measurements, where
t = nτ + �t with n ∈ N and �t ∈ [0, τ), the polarization
μz is given by

μz(t) = μ0α(τ)nα(�t). (11)

At the stroboscopic times nτ , the polarization decays
exponentially with the characteristic time

tc = − τ

ln |α(τ)| . (12)

The evolution of the polarization μz(t) is shown in
Fig. 1(c) for the precession frequencies ωωω and ωωω + dωωω,
with the couplings ωx and ωx + dωx, respectively, as in
the coherent evolution case. The comparison between the
coherent and incoherent evolutions clearly highlights how,
under off-resonance conditions, the projected evolution
difference between the two cases (ωx and ωx + dωx) is sig-
nificantly larger than that for the coherent evolution case.
This sensitivity of the dynamics against changes in the
parameter to be estimated (ωx) is the main feature we will
exploit to improve the inference.

Figure 3(a) shows the decay time tc as a function of the
stroboscopic measurement time τ for ωz � 6ωx. A simi-
lar qualitative behavior is seen in general for ωz > ωx, as
the polarization state μμμ does not cross the μz = 0 plane
during its evolution. As the stroboscopic time τ → 0, the
evolution of the polarization factor α(τ) → 1 and thus
the characteristic decay time tc → ∞ defining the Zeno
regime where the QZE is manifested [74,77]. Figure 3(a)
also shows a region for values of τ , where the decay time
tc is minimal corresponding to a anti-Zeno regime [74].

(a)

(b)

FIG. 3. (a) Characteristic time tc of a measurement-induced
decay as a function of the stroboscopic time τ . The Zeno
regime occurs when τ tends to 0, while the anti-Zeno regime
occurs for the region where the characteristic time tc is min-
imum around τ ≈ 3

8 . For ωz � ωx, tc ≈ ω2τ/2ω2
x sin2(ωτ/2),

and the minimum occur for ωτ = tan(ωτ/2). (b) Polarization
μz along the z axis as a function of the total evolution time,
for coherent and two projective evolutions corresponding to a
Zeno (τ = 0.1) and anti-Zeno regime (τ ≈ 3

8 ) (red, blue, and
cyan color lines, respectively). Here ωωω = 2π(cos θ , 0, sin θ) with
θ = 0.9π/2 being ωz � 6ωx, μμμ(0) = z.

These Zeno and anti-Zeno regimes induce the slowest and
fastest exponential decay of the polarization μz evolution
under stroboscopic measurements as shown in Fig. 3(b).

We now calculate the QFI from Eq. (6). Due to the
reduction of the polarization norm by the factor α(τ)

at every projective measurement, the first term in Eq.
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(6) becomes a piecewise constant evolution. The coher-
ent evolution between the projective measurements con-
tributes to the QFI via the second term of Eq. (6) with a
value equal to the one of a coherent evolution after the
projection. Thus the second term of the QFI is a coherent
contribution that only adds a small quantity on top of the
main overall information given by the first term due to the
incoherent evolution counterpart. If the stroboscopic time
τ is small, ωτ � 2π , the first term of the QFI is gener-
ated by a decaying incoherent evolution of the qubit state
μz. The QFI at the stroboscopic times t = nτ is given only
by the radial—first—term in Eq. (6). This is regardless of
the value of ωx, as all trajectories at those specific times
are along the z axis [see Fig. 1(b)]. Furthermore, during
the coherent evolution between the projective measure-
ments, since the polarization vector conserves its norm, the
radial term remains constant, and the second term takes the
usual form for a coherent evolution as described in Sec.
III, with an initial polarization given by the one obtained
at the last projective measurement. Hence, the QFI may be
approximated by the first term of Eq. (6) up to a differ-
ence of μ2

0α(τ)2n�t2, where �t is the elapsed time after
the last measurement. Considering this approximation, the
QFI takes the form (see Appendix B)

Fproj
Q (ωx) = t2μ2

0
1
τ 2

α(τ)2(t/τ−1)

1 − μ2
0α(τ)2t/τ

(∂ωxα(τ))2. (13)

The QFI as a function of time for this projected evolu-
tion is represented by a family of self-similar functions
parameterized by ωωω and τ . Figure 4 shows this QFI of
the coupling strength ωx as a function of stroboscopic
time τ and the total evolution time t. The dashed line in
Fig. 4(a) shows the maximum value of the QFI Fproj

Q,max =
Fproj

Q (tmax) obtained at tmax that satisfies ∂tFproj
Q (tmax) = 0.

The maximum QFI occurs at

tmax = ξ(μ0)tc, ξ(μ0) = 1 + 1
2

W(−2μ2
0/e2), (14)

where W is the principal branch of Lambert’s W function
and varies monotonically from 0.79 to 1 as μ0 goes from 1
to 0. Then the maximum QFI is given by

Fproj
Q,max = ϕ(μ0)

t2c
α(τ)2

ω2
x

ω2

×
[

2
1 − cos(ωτ)

ωτ

ω2
z

ω2 + sin(ωτ)
ω2

x

ω2

]2

,

ϕ(μ0) = μ2
0

(ξ(μ0))
2

e2ξ(μ0) − μ2
0

,

(15)

and the behavior of Fproj
Q,max(ωx) as a function of τ is shown

in Fig. 4(b).

(a)

(b)

FIG. 4. Quantum Fisher information of the coupling strength
ωx for the projected evolution of the quantum probe. (a) The QFI
FQ(ωx) as a function of the stroboscopic measurement time τ

and the total evolution time t. The dashed line shows the maxi-
mum value of the QFI Fproj

Q,max = Fproj
Q (tmax) obtained at tmax. (b)

Maximum QFI Fproj
Q,max as a function of τ . The vertical axes in

both panels represents the stroboscopic time τ . Parameters used
for the plot are ωωω = 2π(cos θ , 0, sin θ) with θ = 0.9π/2 being
ωz � 6ωx and μμμ(0) = z. The oscillations in (b) are due to the
finite numerical calculations.

Approaching the Zeno regime ωτ → 0, α(t) ≈ 1 −
ω2

x t2, and the QFI Fproj
Q,max → 4ϕ(μ0)/ω

2
x is a constant value

that is obtained at tmax ≈ ξ(μ0)/ω
2
xτ , where both are inde-

pendent of ωz. This is a key feature of the QZE estimation
strategy, as it does not require previous knowledge of the
offset ωz to make an efficient inference. For large offsets
ωz � ωx, this constant value for Fproj

Q,max is extended to the
anti-Zeno regime requiring less total evolution time to be
achieved as can be observed in Fig. 4. Notice that out-
side the QZE regime, previous knowledge of the offset
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is needed for an efficient estimation of the coupling. By
continuing to increase τ , the Fproj

Q,max decreases to zero. This
could be related to the manifestation of critical phenomena
in the extractable information defining transitions between
dynamic regimes of the sensor [10]. Then, Fproj

Q,max rapidly
increases as the evolution approaches the coherent regime,
i.e., for τ → 2πω−1, but it requires a total evolution time
orders of magnitude larger than its anti-Zeno counterpart.

While this discussion addresses the conceptual implica-
tions of projective evolution inference and the enhance-
ment for parameter information, specific considerations
might need to be accounted for depending on the experi-
mental setup.

To achieve the QZE regime (ωτ → 0), projective mea-
surements must be rapid enough to validate the approxi-
mation α(t) ≈ 1 − ω2

x t2, making the inference of ωx inde-
pendent of ωz. However, since this is an ideal limit, in
practical scenarios, we can approach only this regime.
When ωτ is small but not zero, the approximation of
α(t) will have corrections that depend on ωz. Thus, if
ωz is unknown, the estimation of ωx will improve as we
approach the QZE regime, up to the limit imposed by the
uncertainty introduced by these corrections. Additionally,
potential errors from the experimental implementation of
projective measurements may restrict the total number of
stroboscopic measurements to avoid significant accumu-
lated errors. The available measurement time can also limit
the ability to achieve optimal inference within the QZE
regime. Still, experimental implementations have already
demonstrated the benefits of reaching the QZE regime
for parameter estimation [6,82]. It is also useful to note
that ωz must always be known for the coherent evolution
estimation of ωx.

The optimal inference generally depends on the true
value of the parameter to be estimated [9,14], as seen in Eq.
(9) for coherent estimation and in Eqs. (14) and (15) for
incoherent estimation, particularly the optimal measure-
ment time. For coherent evolution, this dependency can be
mitigated for very long times, as shown in Eq. (10). Note,
however, that decoherence effects might prevent attaining
this regime.

In many practical scenarios, the parameters we mea-
sure, such as ωx, are typically sampled from a popula-
tion with known statistical properties. If the variance of
ωx between samples is sufficiently small, the actual tmax
that optimizes inference will be close to the expected
value. Therefore, even without prior knowledge of the
true parameter value, the estimation strategy can perform
effectively, providing near-optimal information gain. In
cases where the parameter to be estimated is completely
unknown and exhibits high variance, real-time adap-
tive estimation protocols can be employed to circumvent
this issue [9,14]. These protocols iteratively converge to
optimal control and estimation precision bounds without
priorknowledge.

It is worth noting that the functional form of Fproj
Q,max

differs from that of the level curves for the QFI in a
coherent evolution, as illustrated in Fig. 2 compared to
Fig. 4. Specifically, for sufficient large values of ωz, Fproj

Q,max
becomes constant and defines a contour line that gives the
higher information gain at an earlier time compared to the
corresponding contour line determined from a coherent
evolution. This is the key feature of the projected evolu-
tion estimation: when the available experimental time for
the measurement is limited, it can attain higher informa-
tion gain within the available time compared to its coherent
counterpart, as we discuss in detail in the next section.

V. MAXIMIZING INFORMATION WITH THE
QUANTUM ZENO EFFECT

Here, we compare the estimation efficiency of the cou-
pling strength ωx, when the qubit probe undergoes coherent
and projected (incoherent) evolutions. In the off-resonance
regime (ωz > ωx,) the difference between the evolution tra-
jectories of the observable μz for a small deviation on the
precession frequency ωx becomes barely distinguishable
during coherent evolution [see Fig. 1(c)]. In contrast, pro-
jected evolutions lead to larger differences between these
trajectories in a region of times before the decaying signal
is lost [see Fig. 1(c)]. As previously discussed in Eq. (5),
the differences observed in the trajectories resulting from
a small deviation in the parameter ωx provide the valu-
able information about it. To illustrate this quantitatively,
Fig. 5 compares the time-dependent QFI on ωx between a
coherent (F coh

Q ) and projected (Fproj
Q ) evolution estimation

process, demonstrating a representative functional behav-
ior for a case with a large offset. It reflects the key predicted
results of this article: the QFI Fproj

Q extracted from pro-
jected evolutions achieves higher values at shorter times
compared to the the QFI information F coh

Q extracted from
a coherent free evolution when the offset is large ωz > ωx.
Specifically, in the example shown in the figure, while
F coh

Q continuously increases with time, as predicted in Eq.
(10), the incoherent evolution reaches its maximum infor-
mation at a shorter time, approximately t ≈ 6 (in units of
2πω−1). In contrast, the coherent evolution achieves com-
parable information much later, around t ≈ 27 (in units of
2πω−1).

The Fproj
Q reaches a maximum and then decays. This

occurs because the observable longitudinal polarization μz
exponentially decays to zero under the QND projective
evolutions, reducing the purity of the quantum probe state
and consequently the QFI after some time. In contrast,
the coherent evolution preserve the polarization magnitude
(the state purity) along time, allowing the QFI to increase
indefinitely. However, this indefinite growth of the QFI is
possible only under ideal conditions where the qubit probe
does not experience decoherence.
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FIG. 5. QFI for a large offset ωz � 6ωx for both coherent
and projective evolution estimation. Although the QFI extracted
from a coherent evolution yield higher information at long time,
the QFI extracted from projective evolution yields a higher
value at shorter times. The parameter used for the plot are ωωω =
2π(cos θ , 0, sin θ) with θ = 0.9π/2 being ωz � 6ωx, τ = 0.3
and μμμ(0) = z.

In realistic experiments, decoherent effects are always
present and are often characterized by the relaxation times
T1 or T2, which are typically comparable to the preces-
sion period 2πω−1 or can be 1 to 2 orders of magnitude
larger. These relaxation effects reduce the polarization μz
by an exponential decay factor e−t/T1 or e−t/T2 , depending
on the specific setup. Additionally, decoherence sources
may be more complex when the environment exhibits a
colored spectral density, leading to an interplay between
the environment and the qubit probe’s coherent and inco-
herent dynamics [4,14,93]. Specific comparisons would
depend on the details of the experimental setup and the
system being probed. Therefore, in general, the maximal
QFI achievable for given values of ωx and ωz is obtained
by an optimal trade-off between the ideal information gain
from the qubit-probe evolution and the total available time,
which is determined by the specific relaxation sources.
Thus, achieving the maximal QFI in the shortest possi-
ble time is crucial due to decoherence effects on the qubit
probe.

Therefore, to provide general conceptual results and
avoid specific details that depend on a particular setup,
we determine the maximum attainable QFI within the time
interval [0, t] for both coherent Fcoh

Q and projected Fproj
Q

evolution estimations. We compare them with the quotient
Fproj

Q,max/F coh
Q,max, where Fig. 6 illustrates the quotient as a

function of the angle θ = arctan (ωz/ωx) of ωωω with respect
to the x axis and the total available time t. Areas colored
in white indicate when the quotient is equal to 1, marking
the boundary where projected versus coherent evolution is

FIG. 6. Quotient of the maximum obtainable QFI for projec-
tive and coherent estimation as a function of the angle θ =
arctan (ωz/ωx) of ωωω with respect to the z axis and total available
time t. The white color region represents equal QFI, delineating
the boundary where each estimation protocol performs optimally.
The quotient was obtained numerically from the exact expres-
sions, and the respective maximum QFI for both evolutions was
determined based on the available time. The stroboscopic time τ

was varied within the range [0.08, 0.6]2π/ω.

more effective for parameter estimation. For values of ωz,
where the quotient is above 1, the projected evolution esti-
mation is expected to perform better, while it is expected
to be less effective when below 1.

For an analytical analysis, we consider the approxima-
tions derived above: F coh

Q,max(ωx) ≈ μ2
0 (ωx/ω)4 t2 for t �

ωz/ω
2
x and Fproj

Q,max ≈ 4ϕ(μ0)/ω
2
x for large offsets ωz � ωx

and τ � 0.6. Therefore, the quotient becomes

Fproj
Q,max

F coh
Q,max

≈ 4ϕ(μ0)

μ2
0

ω4

ω6
x

1
t2

, (16)

provided that t ≥ tmax. This expression thus defines the
conditions for the optimal estimation at the total avail-
able evolution time t. The estimation procedure based on
projective measurements on the qubit probe maximize the
information about ωx when the available time is

t <
2
√

ϕ(μ0)

μ0ωx

(
1 + ω2

z

ω2
x

)
. (17)

In general, this bound depends on the purity of the initial
state, but in the limit of low polarization μ0 � 1, ϕ(μ0) =
e−2μ2

0, and Eq. (17) approximates to

t <
2

eωx

(
1 + ω2

z

ω2
x

)
, (18)

which is independent of the particular initial polarization
μ0.
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Therefore, the dividing boundary curve in Fig. 6 is
approximated by the relation ωz ∝ ωx

√
ωxt − 1, provided

that t ≥ tmax and within the regions of the assumptions
made. For values of ωz above this boundary region, the
offset is so significant that the contribution of ωx to the
oscillatory dynamics requires more time than is available.
Consequently, coherent evolution does not outperform the
incoherent decaying dynamics in this regime. Conversely,
when the offset is below the boundary region, the oscilla-
tory coherent evolution of the quantum probe is sensitive
enough to achieve a higher QFI than what can be attained
with incoherent evolution.

This visual representation highlights the key insight
from our study: under high off-resonance conditions, pro-
jected evolution yields higher QFI at shorter times com-
pared to coherent evolution. This enhancement arises from
the interaction between projective measurements and sys-
tem dynamics, despite the fact that the measurements
involve mixed states and reduce state purity over time
due to nonselective (QND) projective measurements. The
QND measurements induce decoherence that, at shorter
times, becomes more sensitive to the parameter ωx being
estimated. This increased sensitivity compensates for the
loss of purity, making the measurements more effective.
In contrast, while coherent evolution can outperform inco-
herent evolution given infinite time, the finite experimental
time constraints, primarily due to decoherence, make pro-
jected measurements more advantageous in certain practi-
cal scenarios.

Note that the determined bound for the available time
during which incoherent projective evolution outperforms
its coherent counterpart does not account for the specific
source of decoherence. This bound provides general results
based on the available measurement time, offering a broad
overview of how incoherent and coherent evolutions com-
pare. For more precise comparisons, detailed information
about the decoherence mechanisms and the specifics of the
estimation process would be necessary.

VI. APPLICATIONS

In this section we present physical examples that illus-
trate the advantages of implementing the QZE inference
protocol over the coherent strategy. We begin by demon-
strating the direct application of inferring ac magnetic
fields that are off resonant with the qubit probe. Subse-
quently, we explore how the same concept can be exploited
for inferring spin-spin couplings. In the latter case, we start
with the simplest case of a two-spin coupled system, fol-
lowed by an example illustrating its extension to a three
spin system. Finally, we generalize the approach to include
many spins.

The incoherent control necessary to achieve the
Zeno effects may be applied through QND projective
measurements [9]. As discussed in previous sections, the

experimental implementation of QND measurements is
challenging. However, they can be mimicked through
induced dephasing that replicates the effects of QND mea-
surements [6,82,88,91,92,94]. This induced dephasing,
which repetitively and stroboscopically projects the qubit
state, can be achieved using various methods, including
random magnetic field gradients [6,82,92], T2 relaxation
[88], or stochastic interactions [87,89,90]. It is worthwhile
to note that the results of QND measurements do not neces-
sitate a readout, as these measurements solely guide the
evolution of the qubit-probe state.

In practical quantum sensing applications, such as mag-
netic field sensing, environmental noise and methods to
mitigate its effects are critical for optimizing measurement
performance. One effective strategy is the use of dynami-
cal decoupling sequences, which enhance coherence times
by reducing the impact of noise and unwanted interac-
tions with the environment [8,26,95]. This technique can
significantly improve the QFI and overall sensitivity of
the measurement [9,11,14,35,72]. The best overall sens-
ing strategy strongly depends on the specific experimental
implementation [8,11]. Although our current work pri-
marily explores theoretical and conceptual frameworks
without incorporating these specific techniques and details,
the specific implementation will generally impose a finite
available experimental time for performing the inference.
Thus, we perform a general analysis based on imposing a
constraint on the available time for inferring the coupling
strength parameter ωx.

The implementation of QND measurements may induce
additional errors due to experimental limitations. If these
errors are significant, they will cause a faster decay of the
incoherent evolution, reducing inference efficiency. These
factors need to be considered to determine the optimal
inference framework, as they will change the boundary
between the parametric regions where projected or coher-
ent evolution is more efficient for parameter estimation
according to Eq. (16).

Therefore, if a strict analysis is required, for example,
to push the precision limits of parameter inference, all
details would need to be accounted for. However, here
we focus on the overall comparison between coherent and
incoherent estimation based on a general constraint on the
measurement available time.

A. Sensing an off resonant, external ac magnetic field
with a 1/2 spin

We consider a 1/2 spin interacting with a homogeneous
and static magnetic field B0 = B0z as the qubit probe.
It thus precesses with the Larmor frequency ω0 = γ B0
around the z axis, where γ is the gyromagnetic ratio.
The qubit probe is treated as a magnetometer for esti-
mating an ac magnetic field along the x axis, determined
by B1(t) = 2B1 cos(ωt)x, where ω is the carrier frequency
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and B1 is the field strength [11,35,38–40,43,44]. In the
rotating frame precessing at the angular frequency ω, and
under the rotating-wave approximation [96], the spin inter-
acts with an effective magnetic field (ω0 − ω)/γ z + B1x.
Here, we have assumed that B0 � B1 and that the offset
ωz = ω0 − ω is much lower than the Larmor frequency
|ωz| � ω0.

This interaction can thus be mapped to the general two-
level system Hamiltonian of Eq. (1), where ωx = γ B1,
ωy = 0 and the offset ωz = γ B0 − ω defines how far the
ac field is from the on-resonance condition.

Following the results derived in Eqs. (16)–(18), we can
determine when the projective measurements protocol for
estimating the ac field strength ωx = γ B1 provides a better
approach compared to a coherent evolution if the available
total measurement time is t. We thus obtain that if t satisfies

t <
2
e

B2
1 + (B0 − ω/γ )2

B3
1

, (19)

projective measurement outperforms a coherent evolution
estimation protocol. This regime is useful when the on-
resonance condition cannot be fulfilled, which might occur
when either ω or B0 cannot be controlled to put the qubit
probe on resonance. For example, this circumstance could
arise when using an ensemble of spins that feel differ-
ent magnetic fields B0, leading to an intrinsic large offset
value. This condition can arise in nuclear magnetic reso-
nance (NMR) experiments using a mouse magnet that is
placed at the side or near the surface of the sample to be
studied, causing the B0 field to be spatially inhomogeneous
within the sample, leading to a broadening of the NMR
spectrum [97].

B. Sensing spin-spin couplings

The estimation of the coupling strength between inter-
acting spins is a crucial experimental challenge in chem-
istry for characterizing molecular topology and various
quantum technologies [6,11,33,90,98–101]. This is partic-
ularly relevant for Hamiltonian characterization [6,11,44,
90,99,100] as well as the improvement of spectroscopy
techniques [5,38–40,43,46], optimization of hyperpolar-
ization in N-V centers [36,41,51–55] and NMR [47–50],
cross polarization [102–108], the characterization of
molecular structures with NMR that define physicochem-
istry properties or internuclear distances [6,33,96,109],
among others.

1. Two-spin coupling

To illustrate the introduced inference method, we focus
on estimating the coupling strength and inferring the
Hamiltonian of two interacting spins systems. Specifically,
we consider a two-spin coupled system during a cross-
polarization experiment in NMR [109,110]. This technique

is useful for transferring magnetization from a system with
high abundance and/or polarization (spin I ), such as 1H , to
a system of low abundance and/or small gyromagnetic fac-
tor γ (spin S), like 13C. The two spin species are subjected
to a static magnetic field B0 as in the previous example.

The Zeeman interaction defines the resonance frequen-
cies of each spin ω0,i = γiB0 where i = I , S, typically in the
order of hundreds of MHz and differing also in that order.
The dipolar interaction between the spins is in the order of
kHz, making the polarization and magnetization exchange
between them negligible. To generate the polarization
exchange (cross polarization), it is necessary to put the two
spin species on resonance. For that, oscillating magnetic
fields B1,i(t) of frequencies ω0,i (i = I , S) are applied. In the
high radio-frequency field regime where

∣∣ω1,I + ω1,S
∣∣ �

|b| with ω1,i = γiB1,i and B1,i = max
∣∣B1,i(t)

∣∣, a secular
approximation can be done [109]. This yields the interact-
ing Hamiltonian in the double rotating frame precessing at
the two spin frequencies

H = −1
2
�(Sz − Iz) + b

(
SxIx + SyIy

)
. (20)

Here Iv = 1
2σv,I and Sv = 1

2σv,S are the spin operators with
v = x, y, z, � = (

ω1,S − ω1,I
)

is the off-resonant energy,
and the dipolar interaction is

b = −1
2

(μ0γIγS

4πr3

) 3r2
z − r2

r2 , (21)

where r is the modulus of the internuclear distance vector,
and rz its z component. Then, the on-resonance condi-
tion for achieving a full cross polarization, called the
Hartmann-Hahn condition [110], is � = 0.

The sample is initially polarized by the action of the
static field B0z. The polarization in the insensitive species
S is typically negligible or removed for quantitative anal-
ysis, so only the sensitive species I is polarized along z
axis according to the Boltzmann distribution. The initial
state is diagonal in the Zeeman basis, and as the Hamil-
tonian of Eq. (20) conserves the total magnetization on
the z axis, the evolution of the spins takes place within
density-matrix blocks conserving the total magnetization
Sz + I z. The matrix blocks of the spaces {↑↑} and {↓↓}
do not generate dynamics in the system, so their popula-
tions are constant over time. The dynamics occur only on
the subspace of the Zeeman states {↑↓, ↓↑}, subject to the
effective Hamiltonian

1
2

(−� b
b �

)
. (22)

This Hamiltonian is equivalent to Eq. (1), with an angular
frequency

ωωω = 1
�

(−b, 0, �), (23)
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with a Pauli operator σσσ ↑↓ acting on the two-state subspace
{|↑↓〉 , |↓↑〉}. Then, the process to estimate the coupling
strength b is analogous to the estimation of ωx with an
offset ωz = � as discussed in the previous sections.

Since the blocks of the spaces {↑↑} and {↓↓} are static,
they do not contribute to the QFI of any parameter. Only
the state in the block of space {↑↓, ↓↑} contributes to
the QFI. In this two-level space, with a trace of 1

2 , the
polarization vector is defined by

ρ↑↓ = 1
4
[
I↑↓ + μμμ · σσσ ↑↓

]
, (24)

where the subscript ↑↓ indicates that the operators act
on the subspace generated by {|↑↓〉 , |↓↑〉}. The initial
condition is

μμμ(t = 0) =
(

exp
(− 1

2
ω0,I
kT

)

cosh
(− 1

2
ω0,I
kT

) − 1

)
z (25)

≈ −1
2

ω0,I

kT
z, (26)

where this last approximation corresponds to the high-
temperature limit, valid for NMR experiments at room
temperature [96]. Thus the polarization vector precesses
with the angular frequency, leading to an evolution for its
z component given by

μz(t) = 1
2
μ0

�2 + b2 cos
(√

b2 + �2t
)

�2 + b2 . (27)

This polarization component represents the magnetization
exchange between the spins, whose polarization transfer
amplitude is b2/

(
�2 + b2

)
. Therefore, an off-resonant off-

set � far from the Hartmann-Hahn condition reduces the
information gain for the estimation of b based on the
free coherent evolution of the system. For an off-resonant
exchange of polarization, with large offset �, projective
measurements applied on the spins on the z axis lead to a
more efficient estimation of the coupling strength b if the
available total evolution time satisfies

t <
2
e

b2 + �2

b3 = 2
e

b2 + (
ω1,I + ω1,S

)2

b3 , (28)

according to Eqs. (16)–(18). Typically the coherent evo-
lution decoheres due to interactions with the environment,
imposing restrictions to the available time for the inference
[102,103,111].

The impossibility of generating the Hartmann-Hahn
condition occurs in many experimental situations, par-
ticularly in cases of very complex spectra, such as spin
ensembles with different resonance frequencies, as is the

case of solid-state systems with polycrystalline samples
[104–106]. In such cases, it is convenient to use the esti-
mation method based on exploiting projective evolutions,
which can be implemented with magnetic field gradi-
ents, as shown in Ref. [6,82,92]. Regardless of choosing
the optimal way to estimate the coupling between the
spins, working in the QZE regime using projective mea-
surements allows us to estimate the coupling selectively
without needing to know the offset of the Hartmann-Hahn
condition. This is a great advantage in these complex
systems.

2. Three-spin couplings

We now extend our focus to estimating the interacting
couplings among three spins. Specifically, we assume one
spin S and two spin I again in the presence of a static field
B0 in the z direction and radiofrequency fields B1,I and
B1,S in the x direction. The dipolar couplings between S
and both spins I are denoted as bk, k = 1, 2, while the cou-
pling between the spins I is denoted as d. For a three-spin
system, as in an extended cross-polarization experiment,
S represents for example a 13C nucleus and the two spins
I , e.g., two protons 1H [102,104,106–108]. The dipolar
couplings between the proton k and the carbon are

bk = −1
2

(
μ0γIγS

4πr3
(k)

)
3r2

(k)z − r2
(k)

r2
(k)

, k = 1, 2, (29)

and the coupling between the protons is

d = −1
2

(
μ0γ

2
I

4πr3

)
3r2

z − r2

r2 . (30)

Similar to the two coupled spins case (Sec. VI B 1), the
Hamiltonian in the double rotating frame preserves the
total magnetization of the system along the respective
directions of the radiofrequency fields. The Hamiltonian
again acquires a block structure defined by the total mag-
netization along z of the full system M = MI + MS, where
MI = M1 + M2 is the total magnetization of the protons
along z with M1 and M2 being the z magnetization of each
proton, and MS is the z magnetization of the 13C. The
Hamiltonian induces transitions only between states of the
form {|MI , MS〉} and {|MI ± 1, MS ∓ 1〉}.

Symmetric and antisymmetric states, |S〉 and |A〉,
respectively, are defined in the proton Zeeman basis as

|S〉 = 1√
2
(|+, −〉 + |−, +〉), (31)

|A〉 = 1√
2
(|+, −〉 − |−, +〉). (32)

Within the total Zeeman subspace

{|S〉 ⊗ |+〉 , |+, +〉 ⊗ |−〉 , |A〉 ⊗ |+〉},
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[H ]M= 1
2

=

⎛

⎜⎜⎝

1
4 (� − �) + 1

2 d
√

2
8 (b1 + b2) 0

√
2

8 (b1 + b2)
( 1

4� + 3
4�
)− 1

4 d
√

2
8 (b2 − b1)

0
√

2
8 (b2 − b1)

1
4 (� − �)

⎞

⎟⎟⎠ . (33)

There are several realistic situations where the condi-
tions b1 = b2 = b or b1 = −b2 = b hold, as it is the case
determined by the symmetries of the liquid crystal n-
octyl-cyanobiphenyl liquid crystal (nCB) molecules [102].
Therefore, for simplicity, we consider the case of b1 = b2,
where we see that the transitions between |+, +〉 ⊗ |−〉
and |A〉 ⊗ |+〉 vanish. In this case, we obtain a polarization
dynamics between only two levels dictated by the effective
Hamiltonian

(
1
4 (� − �) + 1

2 d
√

2
4 b√

2
4 b

( 1
4� + 3

4�
)− 1

4 d

)
. (34)

Except for a constant component, this corresponds to a
Hamiltonian like the one considered in Eq. (1). Here, ωx =
−

√
2

2 b depends on the dipolar coupling between the pro-
tons and the carbon, and ωz = 1

2� − 3
8 d depends on the

offset and the proton-proton interaction. For the case b1 =
−b2, exactly the same result is obtained within the the
Hamiltonian block M = − 1

2 [102]. The proposed method
can be implemented for estimating the heteronuclear dipo-
lar coupling b when the interaction between the protons is
large, or if we do not know it and we want to estimate the
coupling b regardless of the knowledge of d. Moreover,
the projective methods can also be useful for off-resonant
polarization transfers, as discussed in the previous Sec.
VI B 1.

As described in Eqs. (16)–(18), for a large offset ωz,
projective measurements become more efficient for the
estimation of b compared with coherent evolutions if
the total available measurement time is bounded by t <

2/e( 1
2 b2 + ( 1

2� − 3
8 d
)2

/
√

2
4 b3). For the case b1 = −b2 a

similar result is obtained.

3. Generalization to many-spin systems

The general properties for the comparison between esti-
mation under coherent and projective evolutions are not
dependent of the details of the quantum dynamics. Analo-
gous to the case of two-level systems, coherent and projec-
tive estimations are defined mainly by the second and the
first sum of Eq. (4), respectively. Coherent estimation pro-
vides a QFI that, in general terms, evolves with the square
of the product between the evolution time and a factor
dependent on the parameter to be estimated [see Eq. (10)].
Similarly, the QFI extracted from projective evolutions
arises from the exponential decay of a spin observable
dynamics. Thus, optimal evolutions are expected to be

approximated by the characteristic decay time induced by
the stroboscopic measurements’ approach [see Eq. (12)].
In general, the parameter values at which the QZE esti-
mation approach becomes advantageous over the coherent
approach, are when the transition exchange probability
between the relevant states is significantly reduced. Yet,
a key advantage of the QZE approach is that the depen-
dency of several parameters of the dynamics is further
simplified by the projective evolutions, as exploited in Ref.
[6]. This simplification facilitates the estimation of cou-
plings strengths between spins, enabling the determination
of the spin-spin coupling network topology in many-body
spin system. Coherent evolution is generally very complex
and difficult to use practically for determining the entire
coupling structure [6,90,98,99,101].

Here we demonstrate the implementation of a QZE esti-
mation protocol as a tool for inferring spin-spin couplings
in many-spin systems. To illustrate this phenomenon, we
consider the Trotter-Suzuki expansion to determine the
quantum dynamics at short times, where the QZE approach
is manifested and becomes useful.

We consider a Hamiltonian with an isotropic interaction
between the spins as used in Ref. [6] to showcase the exten-
sion of our approach for estimating the couplings strengths
between spins in many-body systems. However, the results
discussed here are valid for Heisenberg-type interactions.
The Hamiltonian is

H =
∑

i

ωz
i I z

i +
∑

i<j

bij Ii · Ij , (35)

where i indexes the spins and bij are the coupling strengths
between spins i and j . The evolution operator can be
expanded using a first-order Trotter-Suzuki expansion at
short time to lead

U(t) = e−iHt ≈
∏

i

e−itωz
i I z

i
∏

i<j

e−itbij Ii·Ij . (36)

If the initial condition is given by ρ(0) = 1 + μ0I z
i , its

quantum evolution will be determined by the evolution of
the operator I z

i . At short times t � b−1
ij , (ωz

i − ωz
j )

−1 its
evolution is given by

I z
i → I z

i

⎛

⎝1 −
∑

j �=i

b2
ij t2

8

⎞

⎠+
∑

j �=i

I z
j

b2
ij t2

8
+ O, (37)

where O represents higher Trotter-Suzuki expansion
orders in time, and nonobservable or observable terms by
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monitoring the evolution of I z
i by nondemolition measure-

ments [6]. The dynamic observed from the initially excited
spin Tr

[
ρ(t)I z

i

]
, in this short time regime, can be mapped

to one given by a central spin i homogeneously coupled
to the remaining spins j , with an effective interaction b =√

1/N
∑

b2
ij where N is the number of spins [112]. Then,

the spins j can be decimated to a single effective spin fol-
lowing the protocol described in Ref. [113], thus allowing
a reduction of the dynamics to one described by an effec-
tive two-spin system. Therefore, within this quantum Zeno
regime ωz

i τ , bij τ → 0, α(t) ≈ 1 − b2t2/8 and the QFI is
maximized at Fproj

Q,max → 32ϕ(μ0)/b2 by measuring the
spin state I z

i at the total evolution time tmax ≈ 8ξ(μ0)/b2τ .
This is an key feature of this QZE estimation strategy, as
it does not require previous knowledge of the offsets ωz

i
and the couplings bjl with j �= l �= i to make the inference
efficient.

VII. CONCLUSIONS

In summary, our study into the potential exploitation
of the quantum Zeno effect to maximize information for
quantum sensors represents a step forward in quantum
sensing technologies. Focusing on the general features
of the level-avoided-crossing phenomenon in two-level
systems as a paradigm defining the Hamiltonian of the
quantum sensor, underscores the significance of the QZE
in estimating the coupling strength—a parameter essential
for various quantum sensing applications.

We introduce the concept of information amplification
by the QZE, particularly in off-resonant conditions. Our
findings reveal that incoherent control, specifically through
stroboscopic projective measurements, may outperform
coherent strategies for coupling strength estimation, espe-
cially when facing time constraints due to decoherence.
The use of the quantum Fisher information as a metric for
inference strategies sheds light on the nuanced dynamics
between coherent and incoherent evolution in qubit-probe
systems. Notably, our results indicate that, under time con-
straints imposed by decoherence, the incoherent strategy
exhibits superior performance for large offsets.

A key finding of our study is that under high off-
resonance conditions, projected evolution can yield higher
quantum Fisher information in shorter timeframes com-
pared to coherent evolution. This advantage stems from
the interaction between projective measurements and sys-
tem dynamics, where QND measurements induce a kind of
relaxation that enhances sensitivity to coupling strength at
shorter times. While coherent evolution may outperform
incoherent evolution over infinite time, practical experi-
mental constraints—primarily due to decoherence—make
projected measurements more advantageous in specific
scenarios.

We show practical applications supporting the advan-
tages of the proposed QZE inference protocol. We demon-
strate its effectiveness in inferring off-resonant ac magnetic
fields and spin-spin couplings, offering examples from
two-spin to many-spin systems.

One of the key outcomes of our work is that achieving
the quantum Zeno regime enables selective inference of
coupling strengths. This strategy simplifies the qubit-probe
dynamics and the inference procedure by filtering out the
complexity of the full system. For instance, we demon-
strate that in this regime, prior knowledge of the offset or
non-first-neighbor spin-spin coupling to the sensor is not
required.

The implementation of incoherent control, leveraging
QND projective measurements and induced dephasing,
emerges as a versatile tool for steering qubit-probe evo-
lution. The results of QND measurements, crucial for
guiding the system’s dynamics, do not necessitate read-
out, allowing emulation through various methods, such as
induced dephasing via random magnetic field gradients, T2
relaxation, or stochastic interactions.

In essence, our work aims to contribute to the ongoing
development of quantum sensing methodologies, provid-
ing insights for optimizing quantum sensor performance.
By exploring incoherent control and strategically choosing
parameters, we hope our approach will open alternative
possibilities for enhancing quantum sensing capabilities
across different applications. Our findings, contribute to the
collective efforts in precision-measurement techniques and
lay the groundwork for potential advancements in quantum
technology.
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APPENDIX A: QUANTUM FISHER
INFORMATION AS A FUNCTION OF THE

POLARIZATION VECTOR

Starting from the QFI given by Eq. (4), we derive the
QFI in terms of the polarization vector [Eq. (6)]. The den-
sity matrix ρ, given by Eq. (2), is diagonalized by the
vectors

∣∣∣∣
1 + μ

2

〉
= cos

(
θ

2

)
|↑〉 + eiϕ sin

(
θ

2

)
|↓〉 , (A1)
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∣∣∣∣
1 − μ

2

〉
= e−iϕ sin

(
θ

2

)
|↑〉 − cos

(
θ

2

)
|↓〉 , (A2)

with eigenvalues 1
2 (1 + μ) and 1

2 (1 − μ), respectively, where μ is the magnitude, and θ and ϕ are the azimuthal and
polar angles of μμμ.

The term related to the mixing of the QFI, Eq. (4), takes the form:

∑

n:λn �=0

(∂ωxλn)
2

λn
=
(
∂ωx

(
1+μ

2

))2

1+μ

2

+
(
∂ωx

(
1−μ

2

))2

1−μ

2

(A3)

= 1
2
(
∂ωxμ

)2
(

1
1 + μ

+ 1
1 − μ

)
(A4)

=
(
∂ωxμ

)2

1 − μ2 =
(
∂ωxμμμr

)2

1 − μ2 . (A5)

On the other hand,

∂ωx

∣∣∣∣
1 + μ

2

〉
= ∂ωxθ

1
2

(
− sin

(
θ

2

)
|↑〉 + eiϕ cos

(
θ

2

)
|↓〉
)

+ i∂ωxϕ eiϕ sin
(

θ

2

)
|↓〉 (A6)

= eiϕ
(

−1
2
∂ωxθ

∣∣∣∣
1 − p

2

〉
+ i∂ωxϕ sin

(
θ

2

)
|↓〉
)

, (A7)

∂ωx

∣∣∣∣
1 − μ

2

〉
= ∂xθ

1
2

(
e−iϕ cos

(
θ

2

)
|↑〉 + sin

(
θ

2

)
|↓〉
)

− i∂ωxϕ e−iϕ sin
(

θ

2

)
|↑〉 (A8)

= e−iϕ
(

1
2
∂ωxθ

∣∣∣∣
1 + μ

2

〉
− i∂ωxϕ sin

(
θ

2

)
|↓〉
)

, (A9)

where [using 2 sin (θ/2) cos (θ/2) = sin(θ)],
∣∣∣∣

〈
1 ∓ μ

2

∣∣∣∣ ∂ωx

∣∣∣∣
1 ± μ

2

〉∣∣∣∣
2

= 1
4

[(
∂ωxθ

)2 + sin2 θ
(
∂ωxϕ

)2
]

.

(A10)

Considering also that
(

1±μ

2 − 1∓μ

2

)2

1±μ

2 + 1∓μ

2

= μ2, (A11)

the second term takes from Eq. (4) the form

2
∑

n�=m

(λn − λm)2

λn + λm

∣∣〈λm| ∂ωx |λn〉
∣∣2 = (A12)

μ2 [(∂ωxθ)2 + sin2 θ(∂ωxϕ)2] = (
∂ωxμμμt

)2 . (A13)

Finally, combining all the expressions, we arrive at Eq. (6)

FQ(ωx) = 1
1 − μ2

(
∂ωxμμμr

)2 + (
∂ωxμμμt

)2 . (A14)

APPENDIX B: QUANTUM FISHER
INFORMATION FOR PROJECTIVE

MEASUREMENTS

Considering Eqs. (7) and (11), we can write the deriva-
tive as

∂ωxμμμ(nτ + �t) = (B1)

μ0
[
n(α(τ))n−1∂ωxα(τ)μμμ(�t) + (α(τ))n∂ωxμμμ(�t)

]
.

(B2)

Given that μμμ(t) is a unit vector for all ωx, μμμ · ∂ωxμμμ = 0.
This implies that the squares of the radial and tangential
components are

(
∂ωxμμμr

)2 = μ2
0n2(α(τ))2(n−1)(∂ωxα(τ))2, (B3)

(
∂ωxμμμt

)2 = μ2
0(α(τ))2n (∂ωxμμμ(�t)

)2 . (B4)
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The QFI is is then given by

FQ(ωx) = μ2
0n2 (α(τ))2(n−1)

1 − μ2
0(α(τ))2n

(
∂ωxα(τ)

)2

+ μ2
0(α(τ))2n (∂ωxμμμ(�t)

)2 , (B5)

where

(∂ωxα(τ))2 =
(ωx

ω

)2
[

2
ω2

z

ω3 (1 − cos(ωτ))+ ω2
x

ω2 τ sin(ωτ)

]2

,

(B6)

(
∂ωxμμμ(�t)

)2 = ω4
x

ω4 �t2 + 2
ω2

xω
2
z

ω5 sin(ω�t) �t (B7)

+ ω2
z

ω4

[
(1 − cos(ω�t))2 + ω2

z

ω2 sin2(ω�t)
]

.

(B8)

The first term is constant as a function of the time between
measurements �t, and the second term is bounded by
μ2

0(α(τ))2n max�t∈[0,τ)

(
∂ωxμμμ(�t)

)2. At the projected mea-
surement times t = nτ , the first term of Eq. (B5) becomes
Eq. (13).
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