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Quantum sensors offer exceptional sensitivity to nanoscale magnetic field fluctuations, where non-
stationary effects—such as spin diffusion—and non-Markovian dynamics arising from coupling to few
environmental degrees of freedom play critical roles. Because fully reconstructing the microscopic struc-
ture of realistic spin baths is often infeasible, a practical challenge is to identify the dynamical features that
are actually encoded in the sensor’s decoherence signal. Here we demonstrate how quantum sensors can
operationally characterize the statistical nature of environmental noise, distinguishing between stationary
and nonstationary behaviors, as well as Markovian and non-Markovian dynamics. Using nitrogen-vacancy
centers in diamond as a platform, we develop a physical noise model that captures the essential dynamical
features of realistic environments relevant to sensor observables—independently of the microscopic bath
details— and provides analytical predictions for Ramsey decay across different regimes. These predic-
tions are experimentally validated through controlled noise injection with tunable correlation properties.
Our results showcase the capability of quantum sensors to isolate and identify key dynamical properties
of complex environments, without requiring full microscopic bath reconstruction. This work clarifies the
operational signatures of nonstationarity and non-Markovian behavior at the nanoscale and lays the foun-
dation for strategies that mitigate decoherence while exploiting environmental dynamics for enhanced

quantum sensing.

DOI: 10.1103/13mr-493z

I. INTRODUCTION

Quantum technologies [ 1-3] rely on preserving quantum
coherence for both information processing and sensing.
In quantum computing, decoherence from environmental
noise limits fidelity and scalability [4—7], making noise
characterization essential. In quantum sensing, by contrast,
decoherence serves as a resource: the sensor’s sensitiv-
ity to its environment enables the probing of physical
systems via their noise signatures [8,9]. Understanding
decoherence is thus key to both mitigating its effects and
harnessing it for precision sensing at the nanoscale.

Noise-induced decoherence is ubiquitous in quantum
systems, appearing in contexts ranging from nuclear spin
baths [10—12] and hyperfine interactions in diamond [13,
14] to quantum dots [15], superconducting qubits [16],
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and silicon donor defects [17]. Techniques such as dynam-
ical decoupling and quantum error correction have been
developed to counteract decoherence [18-22], but their
effectiveness relies on detailed knowledge of the noise
characteristics [23—30]. Most existing methods, moreover,
assume that the noise is stationary—i.e., that its statistical
properties do not change in time [24,25,28,31].

At the nanoscale, where quantum sensors such as atomic
defects in solids operate [32,33], the sensing radii are typ-
ically on the order of 10 nm or less—far below those
of conventional magnetic resonance techniques [34-37].
In this regime, environmental dynamics near the sen-
sor, such as spin diffusion, often dominate and exhibit
non-Markovian and nonstationary characteristics [38—45].
These features can arise when the environment retains
memory of its past or is driven out of equilibrium by local
perturbations, respectively. Nonstationarity may originate
either intrinsically, from sensor backaction or local per-
turbations, or may be externally imposed through driven
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out-of-equilibrium conditions. For example, the act of
initializing a quantum sensor—such as optical initializa-
tion—can induce a quench, resetting local environmental
degrees of freedom and triggering intrinsic nonstationary
dynamics due to quantum backaction [40,46]. In contrast,
sudden temperature changes, chemical reactions, envi-
ronmental excitations, or phase transitions can externally
drive the bath away from equilibrium [38,39,47,48].

While such behavior complicates efforts to mitigate
decoherence in quantum information platforms, it also
offers opportunities: the decoherence itself becomes a sig-
nal, encoding the statistical properties of the surrounding
environment. Quantum sensors therefore offer a powerful
platform for probing these complex dynamics. However,
unlocking this potential requires systematic frameworks
for identifying and distinguishing between different types
of environmental noise. Despite their importance, non-
stationary [49—53] and non-Markovian [43,54-56] noise
processes remain poorly understood and difficult to char-
acterize, limiting progress in both quantum control and
nanoscale sensing.

Despite their ubiquity and relevance, there remains
no general framework for identifying or classifying the
statistical properties of real noise environments at the
nanoscale. Each environment—whether biological, solid
state, or chemical—has unique microscopic details, mak-
ing first-principles modeling impractical in most cases.
Nevertheless, many such systems share common fea-
tures, such as memory effects [14,52] or departures
from equilibrium [13,38-40,45-48,57]. What is needed
are experimentally validated strategies that can isolate
and characterize these features independently of system-
specific complexity.

While real environments—such as paramagnetic spin
baths—are governed by complex quantum many-body
dynamics, a quantum sensor interacts with them through
effective stochastic magnetic fields. As a result, fully
reconstructing the microscopic bath is not only a
formidable challenge in realistic settings but also often
unnecessary for sensing tasks. Instead, what the sensor pro-
vides is partial but highly informative access to the statis-
tical structure of the environment through its decoherence
signal. A more practical and experimentally relevant path
forward, rather than modeling every microscopic degree
of freedom, is first identifying the dynamical features that
are operationally encoded in the measured sensor deco-
herence—such as whether the bath is stationary or out of
equilibrium, and whether memory effects are present. Our
approach embraces this perspective: rather than aiming for
complete bath reconstruction, it focuses on capturing the
dynamical properties that directly manifest themselves in
the sensor response, providing a classification aligned with
experimentally accessible observables.

To this end, we introduce a general model that cap-
tures key aspects of realistic noise processes—namely,

whether they are stationary or nonstationary, and Marko-
vian or non-Markovian. The model is analytically tractable
and allows us to derive closed-form predictions for
the Ramsey decay of a quantum sensor coupled to
such noise. Crucially, we demonstrate that these four
dynamical regimes (stationary Markovian, stationary non-
Markovian, quenched Markovian, and quenched non-
Markovian) exhibit qualitatively distinct signatures in the
short-time and long-time behavior of the sensor signal.
This enables us to classify the dynamical nature of an
environment directly from the Ramsey response, without
assuming prior knowledge of the full noise correlation
functions.

The model reduces to the well-known Ornstein-
Uhlenbeck (OU) process in the Markovian limit, but
can capture non-Markovian statistical features essential
to quantum sensing. As a Gaussian model, it can also
be viewed as a particular case of a Caldeira-Legget (CL)
bath. However, while CL baths may exhibit arbitrary spec-
tral densities and are typically analyzed at equilibrium,
our framework focuses on the physically motivated sub-
set that remains analytically tractable yet rich enough to
capture out-of-equilibrium and non-Markovian dynamics.
This makes it ideally suited to classify stationary ver-
sus nonstationary and Markovian versus non-Markovian
regimes in quantum sensing scenarios.

We validate these predictions using a single nitrogen-
vacancy (N-V) center in diamond as a quantum sensor.
Rather than relying on an uncontrolled physical bath, we
emulate the statistical structure of the model environments
through injected noise with tunable parameters. This level
of control allows us to isolate dynamical features—the
impact of memory, damping, and initial-state quenches
on the Ramsey decay—that would coexist in a real spin
bath, making the approach a proof-of-principle demonstra-
tion of what a quantum sensor can, in practice, identify
about its environment. We find strong agreement between
experimental measurements and theoretical predictions,
confirming that a quantum sensor can act as a witness of
the environmental noise’s statistical nature.

By establishing a pathway to disentangle and iden-
tify non-Markovian and nonstationary features, our work
opens new directions for nanoscale noise characteriza-
tion. Beyond offering a robust foundation for quantum
sensing in complex environments, the results also have
direct implications for improving decoherence control in
quantum technologies, where understanding the nature
of noise is a prerequisite for its mitigation [49-56]. We
emphasize that the framework is designed to classify and
identify dynamical regimes rather than to reconstruct the
full microscopic structure of arbitrary baths—a task that
generally requires additional complementary spectroscopy
techniques [52]. The present approach therefore provides
a practical foundation for interpreting the decoherence
signatures observed in realistic sensing scenarios.
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II. ANALYTICAL FRAMEWORK FOR QUANTUM
SENSING OF STATIONARY AND
NONSTATIONARY, MARKOVIAN AND
NON-MARKOVIAN NOISE

A. The N-V quantum sensor

The N-V quantum sensor is a spin-1 defect that detects
the axial component (with respect to the N — V axis)
B.(t) = By + AB.(?) of a magnetic field through its Zee-
man interaction [Fig. 1(a)]. By considering a fluctuating
field along the N — J axis, we remain within the frame-
work of pure dephasing and ignore other relaxation pro-
cesses. This approximation is well-justified whenever the
total measurement duration is much shorter than the lon-
gitudinal relaxation time 77 of the N-J center. We use
two spin substates, |0) and |—1), to form the qubit [58].
By preparation of a superposition of these states, the rel-
ative phase accumulated between them over time reflects
the magnetic field fluctuations. Application of microwave
(MW) pulses at the qubit’s Larmor frequency allows one to

use the rotating-wave approximation, where the stationary
term yn.pBot is canceled, and where yn.p is the gyromag-
netic ratio of the N-V center. The accumulated phase is then
given by ¢(¢) = fot YN-rAB,(¢)dt , and the measured fluo-
rescence will be proportional to the difference between the
qubit state projections onto |0) and onto |—1), which will

oscillate as cos (fot yN_VABZ(t’)dt’). For more details, see

Appendix E 6.

When the environment induces pure dephasing and
the noise is Gaussian, the semiclassical approximation
becomes exact: the effect of the environment—even if
quantum in nature—can be fully described by a classi-
cal stochastic process n(¢) [59]. This applies to a broad
class of physical systems, including spin baths and bosonic
environments under weak coupling to the sensor [12—
14,25,26,28]. Modeling n(f) as a Gaussian process is
therefore both physically justified and analytically advan-
tageous: It captures essential features of non-Markovian
and nonstationary noise, as we show below, while avoiding
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FIG. 1.

Experimental setup to probe environmental noise using a single N-J center as a quantum sensor via Ramsey decay mea-

surements. (a) The setup consists of a diamond membrane containing nanopillars with single N-¥ centers placed on a printed circuit
board. The beam from a 520 nm laser is focused through a hole in the board to initialize and read out the N-V" spin state. The N-V
center is subjected to a stationary magnetic field By = 298 G, while environmental field fluctuations n(f) = yn.yAB.(f) are generated
by injection of noise through a spiral antenna beneath the diamond via a variable voltage. Radio-frequency pulses for N-¥ spin manip-
ulation are applied via a copper wire above the diamond membrane. (b),(c) Representative samples (ten sample trajectories shown as
colored curves for each) of the four noise processes n(f) considered in this study: stationary Markovian noise, quenched Markovian
noise, stationary non-Markovian noise, and quenched non-Markovian noise (from top to bottom). We distinguish between Marko-
vian noise [(b), m = 0] and non-Markovian noise [(c), m # 0]. (d) Schematic representation of how magnetic field fluctuations n(?),
sensed by the quantum sensor, are modeled as the position of a stochastically driven harmonic oscillator by a Langevin-type equation:
mn" 4+ T'n’ 4+ kn = n(f). The parameters m, I, and k& describe the effective dynamics of the spins that directly couple to the qubit, cap-
turing the oscillatory (non-Markovian) and purely relaxational (Markovian) regimes. The stochastic force n(#), illustrated by the red
arrow, represents the influence of more distant environmental spins that do not couple directly to the sensor but modulate the collective
spin-bath dynamics. This model unifies non-Markovian and Markovian spin-bath behaviors within a single physical framework.
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the added complexity of higher-order cumulants. Gaus-
sian noise also provides a paradigmatic and sufficient case
for developing the classification framework. Moreover,
the qualitative behaviors we identify—such as short-time
scaling laws associated with the different regimes and
oscillatory correlations signaling non-Markovianity—are
expected to remain valid beyond the Gaussian limit, for
instance, in nonlinear Langevin-type dynamics that gen-
erate non-Gaussian statistics. This provides a general and
tractable framework for identifying signatures of complex
environmental dynamics through quantum sensors.

We calculate the Ramsey S(f) by averaging the qubit
state projection onto |0) over all noise trajectories [see
Figs. 1(b) and 1(c)]. Since n(f) is a Gaussian process
with mean zero, ¢(¢) is also Gaussian with mean zero and
variance o2. This leads to a signal decay of the form

o0 <p2 ‘712

e 27 e¥dp =e 1.
1)

The correlation function {(n(#;)n(t,)) of the environmental
noise evaluated at two different times #; and ¢, dictates the
attenuation factor

S = =
(1) = (cos(p(®)) /_OO G

O_tz t 151
x @ = -5 = f f (n(t1) n () dudt, 2
0 Jo

providing an exact expression for the Ramsey decay S(¢) =
e *® _1In real experiments, additional sources of dephas-
ing or relaxation may superimpose an extra exponential
envelope on the Ramsey signal. Our framework therefore
establishes a baseline scenario that isolates the contribu-
tion of the target environment from other noise channels.
The predicted signatures remain observable as long as the
corresponding decay rates are not dominant over those of
the environment under study.

B. Environmental fluctuation model

To capture essential features of non-Markovian and
nonstationary environmental noise affecting the qubit, we
introduce a general model for the fluctuating magnetic field
using a semiclassical stochastic noise process n(¢). Rather
than targeting a specific microscopic system, this approach
aims to reproduce universal statistical behaviors—such
as memory effects and out-of-equilibrium evolution—that
are expected in realistic quantum environments at the
nanoscale.

The temporal correlations of n(f) are described by a
Langevin-type equation:

mn” +Tn' +kn = n(0), 3

where m denotes an effective mass, quantifying the iner-
tia of the fluctuating field, I is a damping coefficient,

and x corresponds to a potential confining the fluctua-
tions [Fig. 1(d)]. The stochastic driving term 7(f) repre-
sents a Gaussian white noise process with zero mean and
autocorrelation

(n(t)n (L)) = A8(t — 1), 4)

capturing random forces with strength 4 from remote envi-
ronmental degrees of freedom that do not directly interact
with the sensor.

This model is physically grounded and versatile: as we
show in Appendix D, it captures the dynamics of diverse
systems, including a quantum harmonic oscillator coupled
to thermal baths (e.g., Caldeira-Leggett-type models), and
spin baths with varying internal couplings, as shown in
Fig. 1(d). The parameters m, I', and « encode the prop-
erties of environmental modes that interact with the qubit,
capturing an interplay between oscillatory and relaxation
dynamics. Note that m may coincide with a physical mass,
as in the damped harmonic oscillator case (Appendix D 1),
or may act as an effective parameter encapsulating mul-
tiple physical quantities that determine the inertia of the
fluctuating field, as in a spin bath (Appendix D 3). The
term 7(¢) accounts for stochastic influences from remote
or indirectly coupled environmental degrees of freedom.

A critical feature of this model is the inertia term:
for m # 0, the environmental dynamics acquire memory,
with future fluctuations depending on past velocities and
positions. This generates time-correlated, non-Markovian
noise with continuous derivatives [52]. In the limit m = 0,
the dynamics reduce to an overdamped OU process—fully
memoryless and Markovian. When m # 0, the inertia
term introduces a finite memory time, enabling transitions
from purely Markovian to non-Markovian behavior. This
parameter thus governs the degree of temporal correlations
in the noise.

In quantum sensing, the objective is to extract the
dynamical properties of the environment itself from the
sensor’s response. This differs from approaches that
focus on classifying the non-Markovianity of the sensor’s
reduced dynamics [60]. Here we distinguish whether the
environmental fluctuations n(f) are Markovian or non-
Markovian—on the basis of the presence (m # 0) or
absence (m = 0) of memory in their dynamics.

The model also distinguishes between stationary and
nonstationary mnoise on the basis of initial conditions
(Appendix A). Equilibrium states yield stationary noise
with correlation functions invariant under time transla-
tion, while out-of-equilibrium initialization—such as from
quantum backaction—induces nonstationary noise with
time-dependent correlation functions. This is particularly
relevant for quantum sensors, where initialization perturbs
the environment [40,46]. When the noise is stationary, our
model corresponds to a Gaussian limit that can be for-
mally mapped to a CL bath with an appropriate spectral
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density. However, out-of-equilibrium initial conditions are
naturally incorporated within our framework, whereas gen-
eral CL formulations typically assume equilibrium envi-
ronments and require additional assumptions to describe
quenched or time-dependent states.

Together, the inertia parameter m and the initial
conditions of the bath define the four fundamental regimes
analyzed in this work: stationary and nonstationary,
Markovian and non-Markovian. Each regime produces
distinct Ramsey decay signatures, enabling the quan-
tum sensor to diagnose the underlying noise statistics.
This framework thus provides a tractable and physically
grounded basis for modeling noise-driven decoherence: it
admits analytical treatment, enabling systematic investiga-
tion of how different environmental dynamics—and their
interplay—manifest themselves in the sensor’s response.

Our approach is agnostic to bath details, focusing on
detecting nonstationary and non-Markovian behavior. We
use a simple model to capture essential environmental
characteristics, while remaining analytically tractable and
allowing us to isolate specific dynamical features (nonsta-
tionarity and non-Markovianity). This enables the detec-
tion of these specific features without the need to fully
characterize the noise spectrum/correlation function of the
environment. Our results do not provide a full recon-
struction of the environmental noise characteristics, as
noise spectroscopy would. Instead, our method uses fewer
resources to extract key information from the environmen-
tal behavior. Extensions to fully quantum, non-Gaussian,
and other more complex environments are possible, but fall
beyond the scope of this work.

C. Noise correlation characteristics

The correlation function of environmental noise, which
defines the statistical behavior of n(#), determines the Ram-
sey decay and allows us to distinguish between different
types of noise. We examine two limits of the unified
stochastic model: Markovian (m — 0) and underdamped
non-Markovian (4xm > I'?).

For m = 0, representing extremely overdamped sys-
tems, the noise behaves as constrained Brownian motion,
described by n' + £, 'n = n(t)/ T, where t. = '/« is the
self-correlation time of the environmental fluctuations
for the m = 0 case, which determines the characteristic
timescale over which the environment reaches its equilib-
rium (stationary) state. This is Markovian noise, with a
propagator that lacks memory of previous states.

For m # 0, which we use to represent underdamped sys-
tems, the noise behaves as a stochastically driven damped
harmonic oscillator: n” + 2 'n' + win = n(#)/m, where
t. = 2m/ T is the self-correlation time for the m # 0 case,
and wy = /k/m is the restoring frequency. This same
equation also describes overdamped systems. In these
cases, oscillations are suppressed and the self-correlation

function decays biexponentially, as observed for nuclear
spin baths under strong dephasing [61,62]. Such dynamics
still exhibit non-Markovian memory due to the coexis-
tence of two distinct relaxation rates, which cannot be
reproduced by a purely Markovian Ornstein-Uhlenbeck
process.

The inertia term (m # 0) introduces an additional
timescale w, such that the coexistence of wy and ¢. cou-
ples the dynamics to past velocities and positions, thereby
generating non-Markovian memory effects. In the under-
damped regime (wp?, > 1), the resulting oscillatory cor-

Jwi — % are a

relations with effective frequency Q =
hallmark of many non-Markovian processes (derivations
are provided in Appendix A 2).

This model effectively captures the behavior of spin
baths with randomly interacting spins, where the cor-
relation function exhibits a dynamical phase transition
between overdamped and underdamped behavior depend-
ing on the structure of the environmental Hamiltonian.
Such dynamics are beyond the scope of Markovian
descriptions [39]. It also applies to other relevant quan-
tum environments, including thermally populated bosonic
modes and quantum spin systems (Appendix D).

For a nuclear spin bath, for example, w, corresponds to
the Larmor frequency, and z. denotes the spin decoherence
time, as depicted in Fig. 1(d). In our experiments, we focus
on the case wof. > 1 of underdamped dynamics, where
the noise simultaneously oscillates and relaxes toward

equilibrium, with effective frequency Q2 = ,/ a)é -2

Both Markovian noise and non-Markovian noise may
exhibit stationary or nonstationary behavior, depending on
the initial state. The latter arises when the environment
is initialized out of equilibrium—either via an external
quench due to driven out-of-equilibrium phenomena, or
through intrinsic quantum backaction from sensor initial-
ization [40,46].

The quantum sensor’s sensitivity to these noise char-
acteristics enables it to act as a witness to nonstationary
and/or non-Markovian behavior. Figure 1(b) illustrates dif-
ferences in correlation function behavior for the primary
noise types. For stationary noise, the correlation function
is time translation invariant, (n(t))n(t)) = (n(0)n(Af)),
where At =t, — t;. For nonstationary noise, (n(f;)n(t))
depends on both #; and ;.

For Markovian noise, the spectral density Sy (w)
1/(1 + £w?), defined as the Fourier transform of
lim;, oo (n(t1)n(t; + At)), has a Lorentzian shape, i.e.,
is the inverse of an even quadratic polynomial in
o, with noise fluctuations having discontinuous time
derivatives. For non-Markovian noise (m # 0), Soo(w)
1/((w? — w%)2 + 4tc_za)2) is the inverse of an even quar-
tic polynomial, with continuity in noise derivatives. For
our non-Markovian measurements, we focus on an under-

damped regime where S, (w) peaks at +v/Q2 — £,% (or at
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0 if Q7. < 1). Detailed derivations of the correlation func-
tion (n(t))n(t,)) and the Ramsey decay attenuation factor
x (¢) are provided in Appendixes A and B, respectively, for
all the noise types considered, and derivations of Sy, ()
for Markovian and underdamped noise are provided in
Appendix C.

D. Ramsey decay for stationary and nonstationary
Markovian noise

The differences between stationary and nonstationary
Markovian noise are evident in the short-time behavior
of the Ramsey decay x(¢). For stationary (equilibrium)
Markovian noise, the leading-order term in the Ramsey
decay is expressed as x (f) &~ (A2?/2)* + O(£). Note that
it is proportional to # and depends only on the equilibrium
variance A2 = lim,_, o (n(£)?), and not on the correlation
time 7. In contrast, for quenched (nonstationary, with an
initial condition ny = 0) Markovian noise, the attenuation
factor is expressed as x () ~ (A?/3t.)8 + O(t*), depend-
ing on both 7. and A%. Alternatively, the attenuation factor
can also be written as x(f) =~ %(A /THE 4+ O(t*), where
we can see that the leading order of the decay factor of
the quenched Markovian noise depends only on the nor-
malized driving strength for the Markovian process 4/T"2.
For further details, see Appendix B 1.

This indicates that, for short times and sufficiently large
values of 7., the ratio between the Ramsey signals for
quenched Markovian noise versus equilibrium Markovian
noise can become significantly large, allowing clear dif-
ferentiation between the two. Additionally, the Ramsey
signal can serve as a witness of various nonstationary noise
effects, such as identifying the moment of a quench relative
to the start time of the Ramsey measurement or detecting
abrupt changes in correlation time.

In the short-time regime, quenched noise induces a
slower Ramsey decay—of higher order in time—compared
with equilibrium noise, underscoring the potential of Ram-
sey interferometry to distinguish between different noise
types. In practice, the short-time scaling can be resolved
provided that the bath correlation time exceeds the con-
trol pulse duration—a condition typically satisfied in N-V/
center experiments.

At long times, both stationary noise and nonstation-
ary noise—whether Markovian (m = 0) or non-Markovian
(m # 0)—exhibit attenuation factors that converge to the
same decay rate. This shows that long measurement times
are less efficient at detecting early-time nonstationary
dynamics than measurement times that are smaller or
approximately equal to #.. However, the curves remain off-
set by a constant shift, reflecting residual information from
the initial nonstationary state (see Appendix B 1 for the
derivation and Table III in Appendix B 3). This demon-
strates that memory of the early-time dynamics is retained
even after the environment has relaxed to stationarity.

These distinct short-time and long-time dependencies
also imply that the parameters ., A/T'?, and A? affect
different measurable aspects of the Ramsey response. At
short times, the decay depends only on A? for equilibrium
noise and on 4/ I'? for quenched noise, while 7. governs
the crossover between these regimes and the long-time
offset. Consequently, a single measurement restricted to
one regime cannot determine all parameters independently.
However, a combination of stationary and quenched exper-
iments enables the unambiguous determination of these
parameters. This principle is analyzed quantitatively in
Appendix H.

E. Ramsey decay as a witness of non-Markovian noise:
stationary versus nonstationary

The signatures of non-Markovian noise sources in Ram-
sey decay reveal a richer array of phenomena compared
with their Markovian counterparts. Here we focus on
underdamped non-Markovian (m # 0) noise. Sample plots
of the analytical expressions for Ramsey decay curves for
equilibrium and quenched underdamped non-Markovian
noise are shown in Fig. 5 in Appendix B 4.

For equilibrium (stationary) noise, the leading-order
term of the Ramsey attenuation factor (see Appendix B 2
for the derivation and Table III in Appendix B 3) is written
as x(f) & (A?/2)£ + O(). Note that the leading order
coincides with the result for the stationary Markovian case.
As before, the result depends only on the equilibrium vari-
ance A? and is of order 2. Note as well how this means
that short-time (+ < Q~', #.) Ramsey spectroscopy cannot
distinguish between Markovian noise and non-Markovian
noise when measuring them in a stationary state. This is
intuitive, since (non-)Markovianity is a dynamical prop-
erty, and thus the differences it induces can be sensed only
after enough time has passed for the state of the noise to
evolve. This result also holds in the overdamped regime,
where the absence of oscillations does not alter the leading
short-time #* scaling of x (£).

In contrast, for quenched (nonstationary, with initial
conditions n(0) = #'(0) = 0) underdamped non-Markovian
(m # 0) noise, the leading order of the attenuation fac-
tor is expressed as x (1) &~ A%(wy?/10t,)t> + O(%). Here
the behavior changes significantly: it is of order £, and
depends not only on the equilibrium variance A? but
also on the self-correlation time ¢, and the oscillation
frequency €2. This marks a clear departure from the
quenched Markovian case. Thus, one can infer that short-
time Ramsey experiments can indeed distinguish between
Markovian and non-Markovian environments, provided
the proper quench is induced in these environments before
the measurement. For further details and the derivation, see
Appendix B 2 and Table III in Appendix B 3.

This distinction is particularly relevant because it allows
the ratio of Ramsey signals (quenched versus equilibrium)
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under underdamped non-Markovian noise to become arbi-
trarily large at short times (¢ < 7', 7.), given sufficiently
large 7. and small wy. This suggests that short-time Ram-
sey measurements can effectively discriminate between
stationary and nonstationary non-Markovian noise.

Finally, the attenuation factor can be expanded at
short times as x(f) ~ (4/40m*)f + O(f°), where the
£ term represents the leading-order contribution for
quenched non-Markovian noise with initial conditions
n(0) = n’(0) = 0. This leading-order coefficient depends
only on the normalized driving strength 4/m?, while the
influence of other bath parameters, such as 7. and wy,
appears only in higher-order terms (O(#°) and beyond).
The suppression of lower-order contributions is a direct
consequence of the quench, which resets the bath away
from equilibrium. The full expression for x (¢), including
all parameter dependencies, is derived in Appendix B 2.
We note that the same leading-order independence from
other bath parameters also holds in the overdamped
regime.

For both non-Markovian noise and Markovian noise,
reducing the damping (i.e., increasing #.) causes the
quenched Ramsey decay curve to slow down at short times
(t < t.) relative to the equilibrium Ramsey decay curve.
However, the oscillatory nature of x (f) for underdamped
non-Markovian noise introduces a striking difference
between the Ramsey signals for quenched noise versus
equilibrium noise. Specifically, for equilibrium under-
damped non-Markovian noise with large z., the Ramsey
signal exhibits collapses and revivals, as shown in Fig. 5
in Appendix B 4: the signal decays nearly completely, only
to revive periodically, forming peaks at ¢t = 2wm/ Q2 for
m € Z* (Z* denoting the positive integers), where Q =

Vwg? — t72 is the effective oscillation frequency of the
environment.

In contrast, quenched underdamped non-Markovian
noise does not produce the collapses and revivals seen
in the stationary case (Fig. 5 in Appendix B4). Instead,
the Ramsey signal exhibits plateaus at t = 2mwm/Q for
m € Z*, with the steepest decay near t = 7 (2m + 1)/ Q.
Despite the underlying memory, nonstationarity sup-
presses coherent revivals, replacing them with delayed
decoherence and flat intervals—revealing how initial con-
ditions critically shape non-Markovian dynamics.

These contrasting behaviors also illustrate how different
dynamical features of the Ramsey response encode dis-
tinct environmental parameters. The oscillation frequency
wq determines the revival period, the correlation time ¢,
sets the envelope and plateau widths, and the overall
noise strength 4/m? controls the decay rate at short times.
Consequently, a single stationary or quenched experiment
samples only a subset of this information, and fitting all
parameters independently may not result in a unique opti-
mal fit due to high dependency between the parameters
if the accessible timescales are limited. By combining

stationary and quenched measurements—each sensitive to
different physical features—one gains access to indepen-
dent observables that together allow wy, t., and 4/m? to
be extracted unambiguously. This principle is discussed in
more detail in Appendix H.

The origin of collapses and revivals for equilibrium
underdamped non-Markovian noise lies in a noise variance
that is constant in time and the sharp peak in its noise spec-

trum near the oscillation frequency, at 4+-/Q2 — £2 . This
peak induces periodic cancellations of noise correlations
and anticorrelations, producing revivals in the Ramsey sig-
nal at integer multiples of 27 / Q2. Such behavior cannot be
seen with Markovian noise sources, where the correlation
function is strictly non-negative, thus precluding the possi-
bility of collapses and revivals. Therefore, the presence of
these revivals in the equilibrium Ramsey signal serves as a
robust witness of non-Markovianity in the noise source.
Additionally, this model indicates another way in which
Ramsey measurements can reveal out-of-equilibrium
dynamics: As the starting time of the Ramsey measure-
ment approaches a quench, the curvature of the Ramsey
signal at revival points approaches zero, providing a dis-
tinct indicator of the transition to nonstationary noise.
Thus, Ramsey measurements can serve as powerful tools
for identifying both non-Markovian behavior and of out-
of-equilibrium dynamics in complex noise environments.

ITII. EXPERIMENTAL DEMONSTRATION OF
QUANTUM SENSING OF NONSTATIONARY AND
NON-MARKOVIAN NOISE

A. Experimental implementation

To test our theoretical predictions, we perform Ramsey
measurements on a single N-J center under injected noise
with tunable correlation functions. Details of the noise
generation algorithms and their validation against target
correlation functions are provided in Appendixes E and F.
While real environments are complex and system-specific,
synthetic noise offers a controlled platform to isolate and
probe key statistical features—such as nonstationarity and
memory—rtelevant to nanoscale quantum sensing.

We use a diamond pillar containing a single N-V center,
with a sufficiently long 7 time to ensure that the injected
noise dominates the sensor’s decoherence. We manipulate
the state of the N-J center using radio-frequency pulses
generated by a wire passing above the diamond wafer, and
we generate the injected noise by applying a voltage with
the desired correlation function to a spiral antenna located
beneath the diamond [see Fig. 1(a)]. We use a confocal
fluorescence microscope to focus a 520 nm laser on the
N-V center for initialization and readout. For each time
point in each Ramsey decay curve, we collect photons
for 100 realizations of the injected noise, so that the pro-
jections of the N-J state onto |0) are sensitive to the
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full statistical distribution of the noise realizations (see
Appendix E).

B. N-V characterization

Optically detected magnetic resonance (ODMR), Rabi,
and Ramsey measurements for this N-J center are shown
in Fig. 6 in Appendix E 3. To account for imperfections in
the drift correction, we also perform drift-corrected Ram-
sey measurements with 0 V injected noise as a control
and compare the results with a drift-corrected Ramsey
measurement where a constant 0.45 V is applied to the
spiral. The results of these control measurements are also
shown in Appendix E 3. The Ramsey signal from the lat-
ter experiment shows an oscillation at 3.6 MHz, which
is significantly faster than the decay rate of 0.608 ws~!,
indicating that this N-V center is suitable for sensing the
injected noise.

C. Probing stationary versus nonstationary
Markovian noise

In the first set of injected noise measurements, we
examine the effect of equilibrium Markovian noise and
quenched Markovian noise with standard deviation A =
0.10 V at equilibrium and correlation times 7. of 10, 5, 2.5,
and 1.25 ps. Figure 2 shows the Ramsey decays, along
with fits using the analytical expressions for Ramsey decay

Correlation time {; (ns)

equilibrium quenched
1250 = 1250
2500 2500
5000 4 5000

10000 10 000

Normalized Ramsey signal S(t)

0 500 1000 1500 2000 2500
Evolution time t (ns)

FIG. 2. Ramsey decay signals S(f) for equilibrium and
quenched Markovian noise, with correlation times 7. of 1.25,
2.5, 5, and 10 ws, and noise standard deviation A = 0.10 V.
Symbols represent experimental data; solid curves are analyti-
cal fits using ¢, as a free parameter, consistent with the injected
values. For equilibrium noise, all curves collapse onto a single
decay due to identical short-time behavior, making them visu-
ally indistinguishable. In contrast, quenched noise curves remain
clearly distinct, demonstrating the Ramsey signal’s sensitivity to
the correlation time in nonstationary regimes.

for equilibrium Markovian noise and quenched Markovian
noise shown in Egs. (B1) and (B3).

One can see that the analytical expressions for equi-
librium Markovian noise and quenched Markovian noise
provide excellent fits for the experimental data.

Notably, our results follow the short-time behavior pre-
dicted by the model, and they demonstrate that informa-
tion about the correlation time can be extracted from a
quenched environment—but not from an equilibrium envi-
ronment—if the coupling with the environment is strong
enough that stationary noise causes the Ramsey signal
to decay significantly on a timescale shorter than the
correlation time.

The contrast between equilibrium Markovian noise and
quenched Markovian noise is most evident at short evo-
lution times. For equilibrium noise, the Ramsey signal
decays significantly at times much shorter than the corre-
lation time ¢, and then reaches the noise floor, such that
the decay curves for different 7. values overlap. In con-
trast, in a quenched environment, the correlation time can
be inferred before the signal significantly decays, increas-
ing the signal-to-noise ratio for estimating the correlation
time. Figure 2 illustrates how the Ramsey decay curves
for Markovian noise with different 7. values remain dis-
tinct in the quenched case. Details of the fitting procedure
used to extract A and z. are provided in Appendix H. It
is important to note that when a measurement probes only
a restricted dynamical regime, the fitting parameters may
become correlated, leading to overparametrization. This
is a universal feature of time-domain spectroscopy rather
than a limitation of our model: if the measurement window
does not encompass the relevant timescales, not all envi-
ronmental parameters can be independently extracted. In
our case, the equilibrium Ramsey experiment is sensitive
mainly to the stationary variance A2, while the quenched
Ramsey experiment isolates the driving strength 4/ I'2. By
jointly analyzing both, one gains access to independent
observables that together determine all relevant parame-
ters of the noise, thereby resolving the apparent parameter
correlations. This principle is analyzed in Appendix H.

To further demonstrate the utility of quantum sensors in
extracting dynamical parameters from out-of-equilibrium
environments, we investigated whether the timing of a
quench can be inferred from the sensor response. Specif-
ically, we measured Ramsey signals for both quenched
Markovian noise and equilibrium Markovian noise with
standard deviation A = 0.10 V at equilibrium and correla-
tion time #. = 10 ws, and then introduced controlled delays
ty of 250, 625, 1250, and 2500 ns between the quench
and the start of the Ramsey measurement. The resulting
signals are shown in Fig. 3(a), along with fits using the
analytical expression for the Ramsey signal of Markovian
noise with a delayed quench derived in Eq. (B5), with the

=2t .
quench parameter Q = ¢ as a free parameter in the fit.
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Measured Ramsey signals S(7) used to probe the onset of quenches in Markovian noise environments. Symbols represent

experimental data and solid lines are fits to the analytical expressions. (a) Ramsey decays for noise with standard deviation A = 0.10
V and correlation time #. = 10 s measured at equilibrium (¢; = oo) and with quenches occurring at delays #; of 0, 250, 625, 1250,
and 2500 ns before the start of the Ramsey sequence. (b) Ramsey decays for noise with fixed standard deviation A = 0.10 V and a
correlation time that switches from ¢, = 15 ns to #, = 150 ns at times #; of 248, 500, 748, and 1000 ns.

The delay times #; extracted from the fits are shown in
Table I, and match the known delay times used to generate
the injected noise. These results confirm that, when the cor-
relation time is known, the N-J sensor’s Ramsey response
can be used to determine when a quench occurred.

The Ramsey signal from a N-J center can also be used
to determine when an abrupt switch in correlation time
occurred relative to the start of the measurement. In a
physical system, such a switch could arise, for example,
from an abrupt change in temperature that changes the rate
of molecular tumbling. To demonstrate this, we measured
Ramsey signals for equilibrium Markovian noise with a
constant standard deviation A = 0.10 V and a correlation
time that switches from . =¢, =15 ns to ¢, = t, = 150
ns at switching times f; of 248, 500, 748, and 1000 ns
after the start of the measurement. The results are shown
in Fig. 3(b), along with fits using the analytical expression
for the Ramsey signal under equilibrium Markovian noise
with a switched correlation time, shown in Appendix B 1
[Egs. (B7) and (B8)]. The time of the switch relative to
the start of the measurement was used as a free fitting
parameter. The switching times extracted from the fits are
summarized in Table I, and show good agreement with the
known switching times used to generate the injected noise.
Another example of switching time detection can be found
in Appendix G.

TABLE L

D. Probing stationary versus nonstationary
non-Markovian noise

Lastly, we examine the effect of injected underdamped
equilibrium non-Markovian (m # 0) noise. Figure 4(a)
shows the Ramsey signals measured upon injection of
equilibrium non-Markovian noise with an effective driv-
ing strength 4/m? of 0.054 V?/us’, a damping coeffi-
cient 2¢.~! of 0.1 MHz, and restoring frequencies wy of
5, 6, and 7 MHz, along with fits using the analytical
expressions for Ramsey decay under underdamped non-
Markovian noise shown in Egs. (B10), (B12). As expected,
the observed Ramsey decay curves oscillate with effec-

tive frequency Q = /wj — £z 2, so increasing the restoring
frequency leads to earlier occurrence of the first revival.
Figure 4(b) shows Ramsey signals measured upon injec-
tion of equilibrium non-Markovian noise with the same
effective driving strength 4/m? of 0.054 V2 /j1s3, restoring
frequency wy = 6 MHz, and damping coefficients 2¢."
of 0.025, 0.05, 0.1, 0.15, and 0.2 MHz, along with cor-
responding analytical fits. For comparison, these damping
coefficients are similar to values of 7>~' obtained for
the P1 spin bath in nitrogen-doped diamond [14]. As
expected, increasing the damping coefficient reduces the
amplitude of the collapse and revival features and broad-
ens the revival peak. Importantly, if wy represents a bare

Comparison of the delay times #; and switching times 7, extracted from fitting the Ramsey signals in Fig. 3 with the

analytical expressions vs. the known values of the delay times and switching times for the injected noise.

Injected delay time #; (ns) 250
Fitted delay time ¢, (ns) 271 £ 30
Injected switching time 7 (ns) 248
Fitted switching time #;(ns) 235+13

625 1250 2500
641 + 48 1418 £ 96 2662 + 198
500 748 1000
504 £ 15 728 £ 17 1017 £20
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FIG. 4. Measured Ramsey decay signals S(¢) under equilibrium and quenched underdamped non-Markovian noise (m # 0) used
to probe non-Markovian features and their interplay with nonstationary effects. The effective driving strength is fixed at A/m? =
0.054 V2/ps®. (a) Ramsey signals for a fixed damping coefficient 2¢£.! = 0.1 MHz, and restoring frequencies wy of 5, 6, and 7 MHz.
(b) Ramsey signals for a fixed restoring frequency wy = 6 MHz and damping coefficients 2£ ! of 0.025, 0.05, 0.1, 0.15, and 0.2 MHz.
(c) Comparison of equilibrium and quenched non-Markovian noise for wy = 6 MHz and 27! of 0.05, 0.1, and 0.2 MHz. In all cases,
solid curves are fits to analytical expressions for Ramsey decay under non-Markovian noise (Appendix B 2) using the experimental
values of wy and 2, !, with the effective driving strength of the magnetic field as the only free parameter to account for the antenna’s

impedance.

precession frequency—such as the Larmor frequency of
spins in a bath—the observed modulation occurs at the

effective frequency Q = ,/w% — 172, which deviates from

the intrinsic value due to damping. This effect becomes
evident only in the strongly damped cases.

The observation of collapses and revivals in the Ramsey
signal—predicted by our analytical model for equilib-
rium underdamped non-Markovian noise—demonstrates
that N-V-based sensors can serve as witnesses of non-
Markovian dynamics. These nontrivial features reflect how
memory and dissipation reshape environmental fluctua-
tions, enabling the sensor to distinguish between noise
types and to access both bare and effective parameters.
This highlights the relevance of the framework for extract-
ing meaningful statistical information in realistic quantum
sensing settings.

We also examined the effect of injected underdamped
quenched non-Markovian noise with initial conditions
n(0) = n'(0) = 0. Figure 4(c) shows Ramsey signals mea-
sured upon injection of quenched non-Markovian noise
with an effective driving strength 4/m? of 0.054 V2/us®, a
restoring frequency w, of 6 MHz, and damping coefficients
2t.~! of 0.05, 0.1, and 0.2 MHz, along with correspond-
ing analytical fits (solid lines). As predicted by the model
(Appendixes B 2 and B 4), the collapse and revival features
are absent under quenched noise, offering a clear witness
of a quench dynamics in underdamped non-Markovian
environments. This highlights the importance of careful
analysis to ensure that key non-Markovian characteristics
are not overlooked.

Moreover, note that all curves corresponding to the
quenched cases in Fig. 4(c) overlap. This is because the
Ramsey signal remains above the noise floor only for

times much shorter than the correlation time ¢., where the
leading-order term (4/40m?)# in the attenuation factor
dominates. As a result, the attenuation factor is determined
solely by the normalized driving strength 4/m?, which is
held constant in these experiments.

Overall, these results demonstrate that the Ramsey sig-
nal of a N-J/ center can serve as a sensitive probe of both
out-of-equilibrium dynamics—such as quenches—and
non-Markovian noise. Crucially, they underscore the
importance of accurately resolving the interplay between
memory effects and nonstationarity to avoid mischar-
acterizing the environment in realistic quantum sensing
scenarios.

IV. CONCLUSIONS

The use of quantum sensors as witnesses of the statisti-
cal nature of noise dynamics offers several advantages. The
agreement between the measured Ramsey decay curves
and the predictions of our analytical model demonstrates
the utility of such models in characterizing noise sources
with nonstationary and non-Markovian dynamics—two
key features that remain difficult to identify in realis-
tic quantum environments. Having demonstrated that the
decay attenuation factor for short evolution times is of
higher order for quenched noise, we establish that Ramsey
measurements can act as sensitive witnesses of nonstation-
ary noise dynamics. Even when experimental resolution
limits the extraction of short-time exponents, complemen-
tary signatures at longer times—such as offsets in x (¢)
or the suppression of revivals—provide robust alternative
indicators of nonstationary and non-Markovian behavior.
This enables us to assess whether a noise source deviates
from equilibrium under specific experimental conditions,
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either from intrinsic nonstationarity caused by sensor
backaction or initialization, or from externally imposed
nonstationarity due to driven dynamics. Furthermore, the
observation of collapses and revivals in Ramsey decay for
stationary underdamped non-Markovian noise highlights
the potential of Ramsey measurements to reveal non-
Markovian dynamics in noise sources. The results show
that the sensor signal encodes not only decoherence rates
but also the underlying statistical nature and the nontrivial
interplay between nonstationarity and non-Markovianity
in the environment. While other dephasing or relaxation
channels can obscure the signatures of non-Markovian and
nonstationary noise, our experiments demonstrate that the
proposed protocol remains viable provided these channels
are not significantly stronger than the target environment.
In this sense, our framework establishes a baseline scenario
that isolates the contribution of environmental noise statis-
tics, offering a clear foundation for interpreting quantum
sensing experiments.

The proposed framework not only classifies dynamical
noise but also identifies which regimes must be accessed
to extract all environmental parameters unambiguously,
and how quenching can recover information otherwise
inaccessible in stationary measurements. This operational
perspective addresses a key challenge in nanoscale noise
spectroscopy: full microscopic reconstruction is often
impossible, but many practically relevant dynamical fea-
tures—such as memory, departures from equilibrium, or
the presence of few-body dynamics—can be inferred
directly from the measured sensor response. Our method
therefore complements, rather than replaces, full noise-
spectroscopy approaches by providing a lightweight and
experimentally accessible route to detect and interpret
nonstationarity and non-Markovianity without requiring
complete reconstruction of the correlation function.

Characterization of such dynamical features grants
insights into the underlying physical mechanisms of
the noise—such as hyperpolarization, spin diffusion, or
backaction-induced quenches—and also lays the ground-
work for developing strategies to mitigate or control these
effects. Such strategies may involve optimizing experimen-
tal conditions to influence the noise bath or designing pulse
sequences tailored to suppress specific noise types, partic-
ularly by accounting for memory timescales and deviations
from equilibrium [23—30]. These approaches are essential
for enhancing the performance and reliability of quantum
technologies.

While the present work focuses on Ramsey decay mea-
surements, it opens a pathway to more comprehensive
sensing protocols. Future studies could further improve
the robustness of noise characterization by incorporat-
ing additional pulse sequences, such as a Hahn echo,
to reduce parameter dependencies in fitting procedures.
Beyond temporal correlations, the characterization of
spatial noise correlations presents an exciting direction

for future research. Models of spatial correlation func-
tions, such as those proposed for ferromagnetic materials
[63], could be experimentally validated by combining spa-
tial and temporal noise measurements. Additionally, while
pure dephasing models provide a natural baseline for quan-
tum sensing, an important extension would be to inves-
tigate scenarios where the fluctuating field is not aligned
with the N — V" axis. In such cases, transverse compo-
nents of the noise could induce relaxation and transitions of
the N-J center, expanding the applicability of the present
framework to mixed dephasing-relaxation dynamics. This
integrated approach would provide deeper insights into
noise dynamics, paving the way for improved noise models
and better control over quantum systems.

Overall, this work provides a general and experimen-
tally validated method to classify dynamical noise in
quantum systems. It enables the detection of (oscillat-
ing) non-Markovian and/or nonstationary behavior without
fully reconstructing the environmental correlation func-
tion. It addresses a key gap in current quantum sensing
technology—namely, the lack of frameworks to disen-
tangle and identify the interplay between non-Markovian
and nonstationary features— by offering a practical and
operationally motivated framework, and paves the way
for robust, sensor-based characterization strategies in real-
world quantum technologies.
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APPENDIX A: DERIVATION OF CORRELATION
FUNCTIONS

1. Markovian noise correlation functions

For the Markovian (m = 0) case, #'(f) depends only
on the state of the system at the given time ¢, and
the trajectories of the system must satisfy the equation

J
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Note that this correlation function has two parts: the homo-
geneous part (ng(¢1)ng(#2)), which depends only on the
initial condition ny, and the heterogeneous part, which
depends only on the correlation function of the driving
force. This general expression can be used for any system
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where A2 = lim,_, « (n(1)?) = At./2T'? is the variance at
equilibrium. At equilibrium, the correlation function is as
follows:
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n +t-'n = (1/T)n(t), where ¢, = I'/k is the correlation
time. The effect of the initial state is described by the
homogeneous solutions 7y (f) = noe_é, where the initial
state ng is independent of the driving—(nyn(#)) = 0. To
find the trajectory for a particular n(#), we can use the
Green’s function G(¢) = @(t)eif%, which has the prop-
erty G +t,'G = §(¢). The trajectory is given by n(f) =
no(f) + fot G(t —5)(1/T)n(s)ds, where the homogeneous
part ny(f) is uniquely determined by the initial condi-
tion 7(0) = ny. Now recall that the correlation function is
defined by the expectation value (n(#)n(%,)) for any ¢, %,
on the same trajectory. Thus, we can treat ny as constant
when taking the expectation value over a trajectory and
afterwards take an average over a distribution of initial
conditions to obtain
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for which the Green’s function is known. Using the homo-
geneous solution and Green’s function for a Markovian
system driven by white noise, we get the homogeneous
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If we quench the system so that ny = 0 at the start of each
measurement, then the correlation function is as follows:
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Note that if we average n(#;)n(t,) over an ensemble with
(n3) = A?, then the homogeneous part will exactly cancel
the transient term in Eq. (A3). If we quench the system at
some time #; before the start of the measurement, then only
the nonstationary term will be affected by the delay, so the
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correlation function then becomes
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The functional form of this correlation function leads us
to the (somewhat surprising) conclusion that a Marko-
vian noise bath is characterized by only two processes:
fluctuations with correlation time 7., and dissipations of
(externally imposed) quenches with a decay time of 7./2.
The fact that the Fourier transform of the equilibrium
term of the Markovian noise correlation function is a
Lorentzian explains the ubiquity of Lorentzian noise in
nature.

2. Underdamped non-Markovian noise correlation
functions

One can use the same method to obtain correlation
functions for non-Markovian noise. In particular, we are
interested in the m # 0 case, where the evolution of the
noise and its derivative is Markovian, and thus the ini-
tial state is described by the initial values (at # = 0) of
the noise ny and of its derivative n;, and the trajectories
of the system satisfy the equation n” + 2£.'n’ + wy’n =
(1/m)n(¢). Depending on the parameters, there are three
possible functional forms for the homogeneous solutions
no(f). When wyt, > 1, the system is underdamped, and the

homogeneous solution is

1
no() = (n{) + t;lno) a sin (2f) eié + ng cos(Qt)eit%,
(A7)

where © = vwo? — £72. When wyt. < 1, the system is
overdamped, and the homogeneous solution is

1 ' ‘
no(t) = (ngy + 1, ' np) - sinh (at) " + ng cos(af)e”
(A8)

where o = V1,7 — wy2. When wot, = 1, the system is
critically damped, and the homogeneous solution is
_t _t

no() = (né) + t;lno) te e +nge . (A9)
For the experiments presented in this paper, we restrict
ourselves to the underdamped case—which is a typical
description of a nuclear spin bath. For the underdamped
case, we have the continuous Green’s function G(f) =
O@(1/Q) sin(Qt)e_%. Note that, as before, the homoge-
neous part of the correlation function (ny(#;)no (%)) decays
to zero for large ¢y, 5, so the equilibrium terms are all con-
tained in the heterogeneous part. For the heterogeneous
part, we have

=S Ih—s

l‘l t2 1 A
(n (1) n(t2)) — (no (1) mo(t2)) = / / o Sin (@ (0 —s))e T sin(Q(h —sy))e T 58 (51— 52) dsadls,
0 0

~202m2

1
= A’ <<cos Q@ —n)+ o7

1 1
i cos(2(t1 + 1)) + O

Q¢

A min(t,12) 1+ =2s
e -
0

e (cos(R(t1 — 1)) —cos (2(H + 1, —25))) ds

, _ln-n] wo?
sin(Q2|t; —t]) ) e e — @COS(Q (1 — 1))

c

sin (2 (1 + Zz))) em) , (A10)

(4

where A% = lim,_, o (n(1)?) = At./4wo>m? = At./4m*(Q? + £2) is the variance at equilibrium. Because the transient

1+

terms proportional to e” "% disappear in the limit of large ¢, #,, the correlation function at equilibrium is as follows:

t,tp—> 00

lim (n(1)n(h)) = A? (cos (QEH —n)+ Qlt

lr1—]

sin (2 |t — t2|)> e I

(All)

c

Also, if we quench the system so that ny = n; = 0, then the homogeneous part will vanish, and the correlation function

will consist only of the heterogeneous part. To calculate the equilibrium variance of the derivative lim,_, o (n’ (t)z) and
the equilibrium covariance lim,_, o (n' (£)n(¢)), we can use the fact that the correlation function at equilibrium is twice
differentiable everywhere (even where ¢; = t,). We then obtain
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ggWuma»=[ﬁ-nm

dt) tih—>00

(n(t)n (tz))]

1=t

2 -t fz\

sin(Q(t —h))e 1

— A%
Q

and

e L ) — 321.
tin;()(n @) >— [8t28t1 tmlgloo (n (fl)n(fz)):|

=N%cm@@—m%—l
Q

= Aza)oz.

1=t

(A12)

h1=n

_la-n]

sin (2 [t — fz|)) fe

c =t

(A13)

As before, when we substitute these parameters into the homogeneous part, averaging n(¢,)n(¢,) over some ensemble with

(no?) = A, (n)’) =

2

1
(no(t))mo(12)) = A? <Qh

which exactly cancels the transient terms proportional to
_hth . .
e % inthe heterogeneous part shown in equation (A10),

leaving only the equilibrium terms shown in Eq. (A11).
The functional form of (n(¢;)n(t,)) for the noise of
an underdamped non-Markovian spin bath shows a much
richer behavior than for the Markovian case. One key
feature is that the oscillatory behavior of the spin bath
persists even at equilibrium. The Fourier transform of
the noise from this bath will therefore be centered at the

TABLE II.
ny = 0) underdamped non-Markovian noise.

A%(Q2 +172) = A’wy?, and (ngn,) = 0, the homogeneous part becomes

1 _ath
o cos(Q(t + 1) )e © , (A14)

c

nonzero frequencies ++/ Q2 — 7.2 rather than at zero (see

Appendix C).

3. Summary of correlation functions

The correlation functions for equilibrium and quenched
Markovian (m = 0) noise and underdamped non-
Markovian (m # 0) noise are summarized in Table II.

Correlation functions for equilibrium and quenched (ny = 0) Markovian noise, and for equilibrium and quenched (ny =

Noise type

Correlation function (n(t;)n(t;))

Equilibrium Markovian noise

Quenched Markovian noise

Equilibrium underdamped non-Markovian noise

Quenched underdamped non-Markovian noise

-1
le

5 ( _ln-n] ,f1+f2)
A“le € —e

<cos (Q(t —1n)+

A2e”

L sn@in - nh el
sin - fc
LQ rmRije

C

5|

sin (R |t — tzl)) e i

1
((cos Q@ —n)+ o

c

w 1
- <Q cos (2 (1 — ) — o7 — 5 cos (Q (1 + 1))

1 . _hith
e I
Q.
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APPENDIX B: DERIVATION OF RAMSEY DECAY
EXPONENTS
1. Markovian noise Ramsey decay exponents
For equilibrium Markovian noise, the correlation func-

tion is written as (n(t)n(t,)) = A?e” «© . Thus, the time

dependence of the exponent is as follows.

_ ,1
Xm=0,eq (@) —/ / A’e dtzdtl

= At — A2 (1 — er’?’) . (Bl
For short times ¢ < f., we can Wwrite X,—eq(t) ~
(A2/2)? — (A?/6t.)F + O(t*), and for long times ¢ > ¢,
We can Write xu—o,eq(f) ~ A2ttt — A*t2 + O(efcf).
For quenched Markovian noise, we can write the corre-
lation function as

—|f1 —n|

(n (0 n () = Az( _ e)

(B2)

Thus, the time dependence of the exponent is as follows:

*|’1 o] i )
Xm=0,qu ® —/ / —e dtrdt

31 -
= A2t — A2 (- _2e® + Eetf’) . (B3)

2

For short times t < t., we can write X,—oqu(?) ~
(A2/3t)F + O = (4/6T%)F + O(t*), and for long
times 7 >> f,, we can write Xu—oqu() ~ A%t — 3 A% +
O(efT-t). Note how the leading order of the short-time expo-
nent for the quenched Markovian noise is proportional to
the (normalized) driving strength 4/T"2.

J

For Markovian noise with a quench delay, we can write
the correlation function as

-ln-n|

(n (1) n (1) = A2 <e z _Qe’if’z>,

(B4)

=2ty
with Q = e " . Thus, the linearity of the double integral

gives us the time dependence of the exponential as

Xm=0,del t;tg) = (1 — Q) Xm=0,eq (1 + QXm=0,qu ().
(BS)

This indicates that one can use the Ramsey signal to deter-
mine the time of a quench relative to the start of the
Ramsey experiment.

For Markovian noise with a switch in correlation time,
where the correlation time abruptly switches from 7, to #,
at some time #;, we can write the correlation function as

—|1-n]

A“e Ta fort1,t, < t,,

2 —is—f s
Ae fa ' fort; < t;, < 1y,
<I’l (tl) n (tZ)) - —ls—lh 11—ls :

A2e b fort, <t; <1,
-|n-n]

A%e fort;,t, > t,.

(B6)

Thus, the time dependence of the exponent will also
change abruptly at #,. For ¢ < ¢,, we have

_ ,1
Xm=0,sw,t<ts ® —f / Az dtzdtl

— A2yt — A2t2 (1 _ e%). (B7)

For ¢ > t,;, we have to split the double integral into three
regions, and we have

s rh —|t1 n| —|tl n| tt27t1715
Koncosior, () = / / N2 T disdty + / / A2~ dradty + f f A2 dnd
0 0

"y —t—ts —tg —t—t
= At,t, — A*t? (1 — et7> + A%t (t—t) — A%t (1 —e b ) + A2t,t <1 — eﬁ) (1 —e B ) )

(B8)

This indicates that one can use the Ramsey signal to determine the time of an abrupt change in the correlation time,
provided one acquires enough time points before and after the switch.

2. Underdamped non-Markovian Ramsey decay exponents

For equilibrium underdamped non-Markovian (m # 0) noise, the correlation function is as follows:

(n(t)) n(t2))

1
= A’ (cos (Qt — 1)+ o

11—t

Sin(9|f1—l2|)>€_ @,

(B9)

(4
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where Q
t 5] 5 1
Xm#0,eq (1) = /0 /0 A (cos (R — o
207 A,
= tca)o2t_ o <(Q —31.%) cos () +

For short times ¢ < ., 1/ 2, we can Write X,-20,eq(f) ~ (A% — (A

-7 @ e+
1 sSin e

= v wy? — 1% is the damped frequency of the oscillator. Thus, the time dependence of the exponent is as follows:

|f 4|
) dtrdt

2 AZ (Q2

o

-317%)

- (B10)

c

2w? 201 + (A%wy? /60t.) + O(f°), and for long

times 7 > ., 1/ Q, we can write xmz0.eq(1) & (2A%/t.wo?)t + A* (2% — 317%) Jwy* + O(e 6.
For quenched underdamped non-Markovian noise (when ng = nj, = 0), the correlation function differs from the

equilibrium correlation function by a transient term:

(n(t)n () = (n(() () — (n(() n(2))eg

o2
= —A? ( o cos(Q(t — 1)) —

.
>e—”rct2. (B11)

This transient term changes the time dependence of the exponent by

Xm#0,tr 0 = —AZ/ f IIMZ (— cos(2(ty — 1)) —

A2 ot (322 -17)

Yy cos (221) +
tC

Q? —3r? :
+ (— (Qz + StC_Z) cos (27) + (Q—ttC) sin (Qz)) e e — <a)_0

For short times ¢ < #., 2!, we can write yy—a(f) &
—(A?/2) + (Awo? 24) ¢ + (A%wo?/12t.)F + O(f°), so
we have  xu20qu(t) = Xmzoeq(®) + Xmzou(t) X (A’wy?/
101,) 4+ O(t%) = (4/40m?)f + O(¢°), and for long times
1> 1,27, we can write Yuzou(f) X (A?/wot) (wo?/
202) + 3Q2 — ££2)/2Q% — (Q? + 562)) 4+ O(e %), s0
we  have  Xmzoqu(®D) = Xmsto.eq(D + Xmzon(® ~ (2A%/
tewo?)t + A2)2Q% + A2(3Q% — £2)/2Q%Pwy* — 8A%/
tgwo4 + O(e_é). Note how the leading order of the short-
time exponent for the quenched non-Markovian noise is
proportional to the (normalized) driving strength 4/m?.

3. Summary of Ramsey decay exponents

The short-time and long-time approximations of
the Ramsey decay exponents for equilibrium and
quenched Markovian (m = 0) noise and underdamped
non-Markovian (m # 0) noise are summarized in the
Table I11:

tag ) dt,dt
(B - @)
T sin (291) e ’C
4 (392 B t_z) 2
E —2921 (@ + 56, ))]
(B12)

4. Analytical plots of Ramsey decay curves for
non-Markovian noise

Plots of predicted Ramsey decay curves for quenched
and equilibrium underdamped non-Markovian noise are
shown in Fig. 5. Note that, as discussed in the main text, the
peak of the revival in the Ramsey decay curve for equilib-
rium underdamped non-Markovian noise always coincides
with a minimum in the absolute value of the derivative
of the Ramsey decay curve for quenched underdamped
non-Markovian noise. When the quantum sensor is sub-
ject only to quenched underdamped non-Markovian noise,
these plateaus at t = 2rm/ Q2 for m € Z* are readily appar-
ent. However, in our experiment, in addition to injected
noise, there is also native noise from the diamond itself
(see Fig. 7), which gives rise to a finite 7, decay time even
in the absence of injected noise. When the effect of this 7'
is included, the inflection points in the Ramsey decay curve
for quenched underdamped non-Markovian noise become
less apparent, as one can see by comparing the red and blue
curves in Fig. 5.
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TABLE III.
The Ramsey decay is given by (S.) = e *®,

Short-time and long-time approximations of the Ramsey decay exponents y (f) for the noise types described in Table II.

Noise type

Ramsey exponent y (¢), short time

Ramsey exponent x (), long time

Equilibrium Markovian

A2, A? .
x () ~ 7%—6—tcz3+0(t)

X (1) ~ A2t — N2+ O(e®)

noise
A? A -
Quenched Markovian X~ —FL+00") =1t +0(H x(O) ~ Nt — 33N>+ O(e™)
. 3¢, r
noise
AZ A2 2 AZ 2 AZ QZ _ 3t72
Equilibrium O~ m 2 AL 2 5L 0(8) x() ~ — = a0 (e‘%)
underdamped 2 24 60z, 1(Q2 +17) (2+172)
non-Markovian noise
b~ 2A? . A2 AT(3QE 1)
A2 o A ] O T ae 222wy
Quenched underdamped  x (¢) ~ ot 0() = pT £ +0(f),
non-Markovian noise 0 Omn

8A2 _t
——+40 (e fc)
l‘ga)o4

5. A note on the parameters of x (f) shown above

Note that for the Markovian (m = 0) case, we keep the
equilibrium variance Ai:o constant and vary the corre-
lation time 7., so the equilibrium Ramsey decay remains
constant and the quenched Ramsey decay becomes slower
as t, increases (see Fig. 2), as predicted by the expressions
for x (#) in Appendix B 1. For the non-Markovian (m # 0)
case, we keep the driving strength 4/m? constant and vary
the self-correlation time ¢,.. Therefore, as ¢, increases, the
equilibrium variance for the non-Markovian case A2 20 =

At./4wo*m? increases, so the equilibrium Ramsey decay
becomes faster and the quenched Ramsey decay remains

—— equilibrium, no T; decay
equilibrium, T; decay

—— quenched, no T; decay

—— quenched, T; decay

1.0 1

0.8 1

0.6 1

0.4

0.2

Normalized Ramsey signal S(t)

0.01

0.0 0.5 1.0 15 2.0 2.5 3.0 3.5
Time t (ps)
FIG. 5. Analytical calculation of the Ramsey signal for equi-
librium (light red, light blue) and quenched (red, blue) under-
damped non-Markovian (m # 0) injected noise with a driving
strength A/m? of 400 MHz>, restoring frequency of 5 MHz, and
damping coefficient of 0.2 MHz both without (red) and with

(bl}le) an independent 75 of 1.67 s from noninjected white
noise.

constant (see Fig. 4), as predicted by the expressions for
x () in Appendix B 2.

APPENDIX C: EQUILIBRIUM NOISE SPECTRAL
DENSITIES FOR MARKOVIAN AND
UNDERDAMPED NOISE

Using the fact that the correlation functions for equi-
librium noise are invariant to translations in time, we can
define the equilibrium noise spectral density,

S(w) = % / ” (n(H)n(0))e™ dt. (C1)

ee]

For equilibrium Markovian noise, the noise spectral den-
sity is expressed as

Sm=o(w) = _/ e~ lWtetiot gy _ = 02 -
27 —00 T 1+ tca)

(C2)
which peaks at @ = 0 and decays as O(w?) for large .
The fact that the noise spectrum of a Markovian noise
process is Lorentzian explains the ubiquity of Lorentzian
noise spectra in nature. For equilibrium underdamped non-
Markovian noise, the noise spectral density is expressed
as

S0 ()
AZ 00 ]

= — cos(Q) + sin(|Q1]) | e~ 11V tetiet g
2 J_ 1.2
2N W] 1

= , (C3)
Tle (w? — a)(z])2 + 47 w?

which peaks at = +,/w? — 262 (or at 0 if wot, < ~/2)

and decays as O(w*) for large w. The lower spectral den-
sity for large w results from the fact that the first derivative
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of a non-Markovian noise trajectory must be continuous.
Indeed, simply by comparing the trajectories in Figs. 1(b)
and 1(c), one can observe that the discontinuities in the first
derivative of the Markovian noise trajectories give rise to
stronger higher-frequency components.

APPENDIX D: PHYSICAL REALIZATIONS OF
THE m # 0 MODEL

In this appendix we show physical realizations of the
m # 0 model. This shows how different physical cases,
including quantum systems, can give rise to noise closely
resembling that of classical stochastic processes.

1. Damped quantum harmonic oscillator

A possible application of the m # 0 model is a quantum
sensor coupled to the position of a quantum harmonic
oscillator dampened due to interacting with a finite-
temperature Caldeira-Legget bath with Ohmic spectral
density. The evolution of the position n(¢) of this system
is described by [65]

n"(t) + 21‘;1;1’(1‘) + a)én(t) — @’
m

(D1)
where F(f) is the fluctuating force felt by the oscillator
due to its environment. F'(¢) need not be white; however,
under certain conditions, such as high temperature, white
noise can be recovered from this system. Moreover, when
the harmonic oscillator is underdamped (i.e., weakly cou-
pled to the Caldeira-Legget bath), its dynamics will act as a
bandpass filter where the system can exchange energy only
with the modes of frequency wy. In this case, the correla-
tion function of F'(f) becomes irrelevant, as only the value
of its noise spectrum at wy will affect the oscillator dynam-
ics. To see an example of this, consider the stationary noise
spectrum of the oscillator [65]

2 w coth (%
mle (w? — wf)” + 4t °?

(D2)

where T is the temperature and i = kz = 1. Note that this
noise spectrum does not match that of a classical m # 0
process, as the term w coth(w/27) induces an extra depen-
dence on the frequency. However, at high temperature, we
can take w coth(w/2T) ~ 2T and obtain

4T 1

leM (? — w(z))2 + 4207

S(w) = (D3)

which does match our model. But it is not necessary
to take the high-temperature limit, as if wt. > 1, the
noise spectrum will be composed of two peaks, at w =

+,/ w% —2¢7, in the same positions as the peaks of

Sm=o(w) in Appendix C. Thus, when studying the peaks
of the spectrum, we can write the approximation

1
wo coth (@

2T) (a)2 — a)é)2 + 467202 ’

2
S(@) = - (D4)

c

which again matches the results of our model. As seen in
Eq. (D1), the parameter m of our model coincides with the
physical mass of the harmonic oscillator in this case.

2. Rotating spin bath

We consider the case where the N-J center couples to a
bath of environmental spins that, in addition to experienc-
ing thermal fluctuations, also precess with frequency €2. To
model this class of systems in the simplest possible terms,
we consider that the environmental operator that induces
dephasing in the N-V center is n I, where

=(7)

is the environmental magnetization, restricted to the direc-
tion perpendicular to Larmor precession. When the N-J/
center interacts with many environmental spins, the envi-
ronmental field I may be replaced by a Gaussian, semi-
classical random process. We describe this process with
the stochastic differential equation

1
rm==(f§ _jﬂ)uo+n,

(D5)

(D6)

where Q2 is the effective rotation frequency of the bath
spins, 77! is the lifetime of their magnetization, and 7 is a
two-dimensional meanless Gaussian white noise process.
Its correlation function is (§(t1) ® §(t2)) = Ad(t, — 1)1,
where I, is the 2 x 2 identity matrix.

To solve this equation, as before, use again Green’s
functions, and write

t
I($) = 1y(H) + / Gt — 9)n(s)ds, D7)
0

where

sin (2r)
cos (Qt)) To (D8)

is the homogeneous solution describing the decay of initial
conditions and G is the Green’s function, which satisfies

—L [ cos (§1)
() =e = <— sin (1)

1
Gm—(fb

It is given by

_Sf;l) GO =80L. (DY)

cos (£27)

B L sin (1)
Gt = O(e <_ sin (1)

cos (Qt)) ) (D10)
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After performing the same procedure as in Appendix A, we obtain the correlation function for the noise process n(f) as

-1

-]
(n(t)n(h)) = A% & cos(Q(h — 1))

e [ (W) 3) - {13, |
+e & > A )cos(Q(t — 1)) + — cos (2 (t; + 1)) + (onloy) sin(Q(t + 1)) |, (D11)
where A? is the equilibrium variance of n(f). The homogeneous and heterogeneous parts are, respectively,
_hth
(no(t)no(tr)) = e %
) 7) - () |
X > cos(2(t1 — h)) + B S— cos (R2(t + 1)) + (onloy) sin(Q(t + 1)) |, (D12a)
2 _ |t27t1 | m
(n(t)n(t)) — (no(t)ne(2)) = A" (e = —e = Jcos(Q(np—1)). (D12b)

Note the resemblance to Egs. (A7) and (A10). In partic-
ular, in the very underdamped limit, ¢, — oo, the two
expressions match, showing that our m # 0 model recov-
ers the behavior of this spin-bath model in the limit where
the spins precess many times before decaying. However,
since the correlation function is not smooth (as it has a
cusp at t; = ), the noise spectrum will be O(w?) and
not O(w*). However, the oscillatory behavior in the self-
correlation function will induce the same type of revivals
in the Ramsey experiments as in the m # 0 process.

3. Asymmetric spin bath

We also consider a more general process for modeling
the environmental spins, where we replace Eq. (D6) by

-1
I/(l‘) — <_tcx

oo (D13)

(6]
_t91> 1) + =,
cy

where ., and 1., are the decay times in the x and y axes of
the spin /, wy is the bare Larmor frequency, and

()

Oxy Oy
isa 2 x 2 constant matrix that couples the white noise pro-
cess 3 to the semiclassical process I. This model includes
anisotropy in the magnetization decay, as well as in the
fluctuations. We focus on the limit where tc‘xl, Oy, Oy — 0,
and take t.,, =1t./2, 0, = (mwy)~", and n = 1,. In this
case, Eq. (D13) simplifies to

, 0 0
1(t) = (_wo _‘2“;)1) 1) + (n(1)>~
c maw(

(D14)

(D15)

(

If we note that taking the inner product of both sides of
equation (D15) with X = (é) gives I;(f) = wol, (1), after
taking n(f) = I(¢) and n'(¢) = wol, (¢), we obtain

n' (&) + 267 + win(@ = (@ /m,

(D16)
which coincides with Eq. (3). Since same the stochastic
differential equation describes both processes, the corre-
lation functions of the processes are the same. In this
case, the parameter m = (wy0,) " represents not a physi-
cal mass but an effective quantity encapsulating the Larmor
frequency and the strength of coupling to other envi-
ronmental degrees of freedom, modeled as an external
white-noise process.

This is a spin model where the N-V center is coupled to a
direction where the environment fluctuation and relaxation
dynamics is suppressed, but that is mixed through Larmor
precession with an axis to which the N-J center does not
couple directly, but that experiences relaxation and fluctu-
ations. We have shown thus that this spin model behaves
exactly as the m # 0 model we presented in the main text.

APPENDIX E: EXPERIMENTAL METHODS

1. N-V center experimental setup

The N-V centers used for our experiments are on
nanopillar arrays [66] on a diamond membrane. The mem-
brane is mounted on a movable stage above a confocal
microscope, which focuses a 520 nm green laser on the
sample to excite the N-V center. The position of the focal
point can be controlled with nanometer resolution with
the use of galvanometer mirrors. The broad red-infrared
fluorescence (red of the zero-phonon line at 637 nm) is
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redirected to two single-photon counters by means of a
dichroic mirror and a beam splitter. The photon counts are
then read by a time tagger and an avalanche photodiode
with a resolution of 300 ps.

2. Spin state control of the N-J center

The direction of the static magnetic field is controlled
by manipulation of the position of a permanent magnet
above the diamond. To ensure a high fluorescence contrast,
the direction of this field is chosen to align with the axis
of symmetry of the N-J center, determined by maximiza-
tion of the difference in the frequencies of the |0) <> [1)
and |0) <> | — 1) transitions, which is evaluated by ODMR
measurements.

The spin state of the N-V center is manipulated by
application of MW pulses created by mixing a MW sig-
nal with a signal from an arbitrary waveform generator.
These pulses are then passed to a copper wire running
above the surface of the diamond. All experiments are
managed with QUDI [67], PYTHON-based software designed
for performing quantum sensing measurements using N-J
centers.

3. Characterization and control measurements on the
N-V center

To see the effect of injected noise, one must first find
a N-V center whose local noise environment has a suffi-
ciently low amplitude, so that one can distinguish the effect
of injected noise from the effect of environmental noise.
After examining several N-J defects, we found a suitable
N-V center, which is marked by a dotted white rectangle in
the fluorescence microscope image in Fig. 6(a). To char-
acterize this N-J center, we performed ODMR and Rabi
measurements, as shown in Figs. 6(b) and 6(c). These mea-
surements were done after we had aligned the magnetic
field with the N-J" axis by finding the magnet position that
maximizes the ODMR splitting. On the basis of the shift of
the |0) <> |—1) peak from the zero-field splitting of 2.87
GHz, we calculate the applied static magnetic field to be
298 G. The Rabi measurement shows this N-JV center has
a Rabi contrast of 34.1% and a 7 time of 344 ns.

Following this, we conducted two control experiments.
To determine the effective T of the N-V center, we per-
formed a (drift-corrected) Ramsey measurement with no
injected noise, as shown in Fig. 7(a). Assuming white noise
from the environment, the T3 fitted from this measure-
ment is 1.65 pus. To estimate the coupling between the
N-V center and the spiral, we also performed a Ramsey
measurement, where a constant potential of 0.45 V was
applied to the spiral (the maximum potential we can apply
is 0.5 V). The Ramsey signal from this experiment, shown
in Fig. 7(b), shows an oscillation at 3.6 MHz, which is
significantly faster than the decay rate of 0.608 ws~!, indi-
cating that this N-¥ center is suitable for our injected noise
measurements.

(a) photoluminescence (counts per second)

100 000

80000

60 000

40000

20000

175 1.80 1.85 1.90 1.95 200 2.05 210 2.15

Frequency (GHz)

Ramsey evolution time (ps)

FIG. 6. (a) Confocal fluorescence microscope image show-
ing the diamond used for the measurements presented in the
main text. The dotted array consists of nanopillars fabricated
to increase photon collection efficiency [66]. Some of them
are bright and host a single N-J" center. The one used here is
marked by a dotted white square. (b) ODMR spectrum in the
1.75-2.15 GHz range, showing the |0) <> |—1) transition used
for the measurements presented in (c),(d). (c) Rabi measurement
at the |0) <> |—1) transition, showing a contrast of 34.1% and a
7 time of 344 ns. (d) Ramsey measurement with a detuning of 1
MHz, showing a T; time of 3.52 ps.
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FIG. 7. Control measurements for the N-J center. (a) Drift-

corrected Ramsey signal, showing the 77 time without a detun-
ing. (b) Ramsey signal with an injection of constant 0.45 V
signal, giving rise to a 3.6 MHz oscillation.

4. Injection of noise and Ramsey decay measurements

A realization of the desired type of noise is sent as
an updated waveform to a Quantum Machines OPX con-
troller, and the analog channel outputs the noise during the
evolution time of the Ramsey sequence. A description of
the noise generation algorithms for each noise type is given
in Appendix E 5.

The noise is passed to a spiral antenna [68] below the
diamond, with a hole in the center of the spiral to allow
the green laser to excite any N-J center in the exposed
region of the diamond. Since we are using a spiral on the
surface of the diamond to inject our noise, the magnetic
field created by this current, measured in the center of the
spiral, will always be perpendicular to the surface of the
diamond, at some fixed angle with the z axis of the N-V/
center. Therefore, all of the N-J centers in this region expe-
rience a magnetic field proportional to the amplitude of the
voltage supplied from the analog channel of the Quantum
Machines OPX controller.

To measure the effect of each type of injected noise on
the Ramsey trace of our N-J center, it is necessary, for each
delay time, both to perform enough repetitions to appropri-
ately measure the expectation value (S,) after the Ramsey

sequence and to inject enough realizations of the noise so
that (S;) at each delay time will be sensitive to the full
distribution of noise realizations.

To implement this, we conduct the measurement of each
Ramsey trace using four nested loops. The innermost loop
carries out 4 x 10° Ramsey measurements for each real-
ization at a given evolution time, the second loop carries
out the first loop for ten different realizations of noise for
each evolution time, the third loop carries out the second
loop for 100 different values of the evolution time, from 25
to 2500 ns, and the fourth loop carries out the third loop
ten times, for a total of 100 realizations per time point. The
fourth loop is necessary so that any unexpected changes to
the system will affect all time points.

Additionally, to minimize the effect of drift in the static
magnetic field, every 30 min, the measurement cycle is
paused, and a regular Ramsey measurement is performed
with no injected noise, but with a 1 MHz offset in the MW
frequency. The PYTHON program uses the results of this
measurement to adjust the MW frequency to correct for
this drift, and then measures another regular Ramsey mea-
surement with a 1 MHz offset to ensure that the correction
was successful before continuing with the injected-noise
Ramsey measurements.

We note that, in principle, factors such as crosstalk,
impedance mismatches, or antenna geometry could dis-
tort the injected noise. In our implementation, however,
no systematic deviations attributable to these effects were
observed: the measured Ramsey signals were accurately
described by the analytical predictions across all regimes,
including underdamped non-Markovian noise, where such
distortions would be most apparent. If required, these
effects could be further mitigated by characterization of
the antenna transfer function and compensation for the
injected-noise spectrum accordingly.

5. Algorithms for generation of each noise type

To implement the experiments, we generated discrete-
time realizations of stochastic processes designed to
reproduce the analytical correlation functions derived in
Appendix A. In this section we describe the algorithms
used to produce each type of injected noise.

a. Generation of Markovian noise trajectories

Because the correlation function for equilibrium Marko-
vian noise has only one term, it is simple to generate
this type of noise directly. As shown in Appendix A1,
Markovian noise has a correlation time given by 7., and
at equilibrium, the variance at each time point is con-
stant (n(f)?) = A2. To produce Markovian noise at a series
of time points 0, At,2A¢t,. .., tow — At, we sample the
first point from N (0, A/)—the normal distribution with
mean 0 and standard deviation A,,. For each subsequent
point, we either retain the value of the previous point
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FIG. 8. Simulation of the magnetic field as a function of time

for ten trajectories of Markovian noise with standard deviation
of 1.2 MHz and correlation time ¢z, = 42 ps (a) at equilibrium,
(b) quenched, and (c) quenched with a delay #; of 2.5 s, and
(d) ten trajectories of Markovian noise with standard deviation
of 1.2 MHz and a correlation time #, that switches abruptly from
200nsto2 usatt, = 1 us.

with probability pret = e or sample a new value from
N(0, Ayy) with probability 1 — pry = 1 — e . This pro-
duces a sequence of #,,1/ At values, but this sequence will
not represent continuous noise—rather, it will have large
jumps roughly every ¢./ At points. To produce continuous
equilibrium Markovian noise with the desired parame-
ters, we average M = f./At of these sequences, setting
Ay = AVM, so that the noise will change by a small
amount (roughly A+/2/M) at every point, but the stan-
dard deviation at each point will be A, and the correlation
time will be 7., as desired. An example of equilibrium
Markovian noise generated with this method is shown in
Fig. 8(a). In our experiment, the temporal resolution is
set by the pulser clock, with a discretization step of Az =
4 ns. The noise realizations are implemented electroni-
cally with the use of a Quantum Machines OPX controller,
which orchestrates and synchronizes the full experimen-
tal sequence—triggering the laser and microwave pulses
and reading out the transistor-transistor logic signals from
single-photon-counting modules (avalanche photodiodes).
The experimental setup is described in detail in Ref. [69].

For the quenched experiments, the quench is imple-
mented digitally at the waveform-generation stage. Each
stochastic sequence is produced with the required initial
conditions—(0) = 0 for Markovian quenches and n(0) =
7' (0) = 0 for non-Markovian quenches—and uploaded to
the OPX arbitrary waveform generator. The OPX con-
troller synchronizes the start of the noise waveform with

the first 7/2 pulse of the Ramsey sequence, ensuring
that the quench onset coincides with the beginning of the
sensor’s free-evolution period. The effective timing reso-
lution of the noise control is 1-4 ns, much shorter than
any correlation times ¢, explored experimentally, thereby
guaranteeing that the quench dynamics are well-resolved
relative to the bath timescales.

A modification of this procedure can be used to generate
quenched Markovian noise. As shown in Appendix A1,
quenched Markovian noise, which has the initial condition
n(0) = 0, has an extra term in the correlation function cor-
responding to the dissipation of this quench as the system
returns to equilibrium. The effect of this term is that the
variance of the noise will change for each time point, so
the variance o (7)* of the normal distribution from which
we sample must also change. From the correlation func-

. *|f1*f2| —(11+1p)
tion (n(t))n(ty)) = A’ [e” @  —e~ %« |, we have the
condition
(n (6 n(t + Ab)) = A (e%m _ e#ﬁm’)
—At
— e (n () n(0)
= Pret (I’l (t) n(f)) 5 (El)

—At

SO pret = € e , as before, and we also have the condition

I

= Dret (l’l (t) n(O)
+ (1 = pro (t+ AD?,  (E2)

(n(+ AD)n(E+ AD) =

—Q2t+An

which gives o(t+ AH)=Ay1 —e Because
% is independent of 7, these same conditions apply
for all time points. Thus, to generate quenched Marko-
vian noise, we follow the same procedure as for equilib-
rium Markovian noise, averaging M = t./ At sequences,
but with the modification that the first point of each
sequence is always initialized to be 0, and for subsequent

points, we either retain the value of the previous point
—At

with probability p.s = e % or we sample a new value

- (2t+At)

from N(0,0,,(#)), where o,,(f) = Ueq«/_ l1—e
An example of quenched Markovian noise generated w1th
this method is shown in Fig. 8(b).

In addition to equilibrium and quenched Markovian
noise, we also generate Markovian noise with a delayed
quench and Markovian noise with a switched correlation
time. To generate Markovian noise with a quench delay
of ¢;, we generate quenched Markovian noise for a series
of time points 0, At, 2A¢,. .., towa + ts — At and discard
the first z;/ At time points. To generate Markovian noise
with a correlation time that switches from ¢, to #, at some
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time f#,, we generate equilibrium Markovian noise with
a correlation time ¢, for a series of time points 0, Af,

—At
2At,...,t; — At, and then we change pr from e to
e » and continue generating noise for the rest of the

time points f, &, + At, t; + 2At,. . ., kol — At. Examples
of each of these types of noise are shown in Figs. 8(c)
and 8(d).

b. Generation of underdamped non-Markovian noise
trajectories

As discussed in Appendix A 2, the correlation function
for non-Markovian (m # 0) noise is more complex than
that for Markovian noise, so we cannot use the same strat-
egy to generate non-Markovian noise directly. Instead, we
first generate some approximation of white noise 7(¢), and
then numerically solve for the response of an underdamped
harmonic oscillator to this noise to obtain the trajectory
n(f). We cannot reproduce the white noise correlation
function (n(#)n(ty)) = A8(t; — t,) exactly, so instead, we

produce Lorentzian noise with the correlation function
=l —tol
(tn(t)) = (A/Afe 57> for some At that will be suf-

ficiently small so that the noise amplitude n(#) we calculate
at each point will not be affected much by the deviation
from white noise. We then numerically obtain

n(t) —no(t) = / L sin(Q2 (¢t — s))eitthsn (s)ds (E3)
0 me2

for each time ¢ as a Riemann sum with spacing At. For
fully quenched non-Markovian noise, ny(#) = 0, and this is
exactly the desired trajectory n(f) of the noise. For station-
ary non-Markovian noise, we also independently sample
n;, from the normal distribution N (0, wyA) and ng from the
normal distribution N (0, A), and then we compute n(?)
from Eq. (A7), and add it to the generated values of n(¢) —
no(f) to give the trajectory n(z) of the noise. Examples of
equilibrium and quenched underdamped non-Markovian
noise are shown in Fig. 9.

6. Procedure for Ramsey measurements in the
innermost loop

For all of the measurements presented here, the 520 nm
laser pulses have a power of 2 mW before the objective,
and the Rabi driving power is 1.45 MHz. The Ramsey
measurements in the innermost loop begin with a 3 s
pulse from the 520 nm laser to initialize the N-J center in
the |0) state. Following this, a 7 /2 pulse is applied at the
resonant frequency of the |0) <> | — 1) transition of the N-
V center, after which the evolution time 7 begins. During
the evolution time, a noise trajectory of length 7 is injected
with use of the spiral under the diamond, and the state of
the N-V center evolves to |{),_, = \/LE(IO) + %M — 1)),

where (1) = yn.yBoT + Wy f, AB-(1)dt. Afterwards, a
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FIG. 9. Simulation of the magnetic field as a function of time
for 20 trajectories of underdamped non-Markovian (m # 0) noise
with driving strength 4/m? = 0.45 x 10'® Hz’, restoring fre-
quency @ = 3 MHz, and damping coefficient § = 0.5 MHz (a)
at equilibrium and (b) quenched.

—m /2 pulse is applied to convert the phase into a popula-
tion difference between the states, and then a 1.6 s pulse
from the 520 nm laser is applied. To maximize our abil-
ity to distinguish between the fluorescence of the |0) and
| — 1) states, we record the photon counts occurring
between 220 and 400 ws after the start of the green
laser pulse. We then carry out this sequence 4 x 10°
times for each realization of the noise, as specified in
Appendix E4. Each Ramsey measurement in this inner-
most loop consists of two measurements, one with a
—m /2 pulse in the rotating frame before the readout and
one with a /2 pulse, and the Ramsey decay curve is
given by the normalized difference between the counts
from these two sets of experiments, so the reported sig-
nal from the Ramsey measurement is given by S(¢) =
U_() — 1.(6))/(max(I_(t) — I, (¢))), where I_(¢) denotes
the total counts measured for the Ramsey measurements
with evolution time ¢ and a —7 /2 pulse before the readout,
and 7, (#) denotes the total counts measured for the Ram-
sey measurements with evolution time ¢ and a 7 /2 pulse
before the readout.
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FIG. 10. Comparison of analytically predicted (solid lines)
and empirically computed (symbols) correlation functions
obtained from 10 000 realizations of (a) equilibrium Markovian
noise with standard deviation A = 0.1 V and correlation time
t. = 2.5 ps, and (b) equilibrium underdamped non-Markovian
noise with driving strength A/m? = 0.054 V?/us®, restoring
frequency w = 6 MHz, and damping coefficient 8 = 0.1 MHz.

APPENDIX F: VALIDATION OF INJECTED-NOISE
CORRELATION FUNCTIONS

To verify how accurately the injected noise reproduces
the intended correlation functions, we generated 10000
realizations for each noise type—equilibrium Marko-
vian noise and equilibrium underdamped non-Markovian
noise—using typical experimental parameters. For each
case, we computed the empirical correlation function
(n(0)n(r)) by averaging the product n(0)n(f) over realiza-
tions and compared it with the corresponding analytical
prediction.

As shown in Fig. 10, the empirical correlation func-
tions (n(0)n(z)) closely match the analytically predictions
across the entire relevant time range. For the generation
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FIG. 11. Ramsey signals measured for equilibrium Markovian
noise with a standard deviation of 0.10 V whose correlation time
t. switches from 75 ns to 15 ns at times ¢, of 248, 500, 748, and
1000 ns.

of underdamped non-Markovian noise, the sampling rate
must satisfy At <« 2w/ to ensure convergence in the
Riemann-sum representation in Eq. (E3).

In our experiments, we use a discretization step of
At =1 ns for evaluation of this integral, which is well
below 27/ 2 and therefore sufficient to guarantee conver-
gence for all injected underdamped non-Markovian noise
samples. At substantially higher frequencies (e.g., Q in
the gigahertz range), achievement of convergence would
require a finer discretization—i.e., a larger number of
terms in the Riemann sum—Ieading to longer computation
times.

APPENDIX G: AN ADDITIONAL EXAMPLE OF
SWITCHED MARKOVIAN NOISE

We also measured Ramsey signals for equilibrium
Markovian noise with a standard deviation of 0.10 V and
a correlation time ¢, that switches from 75 ns to 15 ns at
times ¢, = of 248, 500, 748, and 1000 ns after the start
of the measurement. The results are shown in Fig. 11,
along with fits obtained with the analytical expression for
the Ramsey signal of equilibrium Markovian noise with a
switched correlation time derived in Appendix B2, with
the time of the switch relative to the start of the measure-
ment as a free parameter. The switching times extracted
from the fits are shown in Table IV, and match the known
switching times used to generate the injected noise.

TABLE IV. Comparison of the switching times extracted from fitting the Ramsey signals in Fig. 11 with the analytical expressions

vs the known values of the switching times for the injected noise.

Injected switching time # (ns) 248
Fitted switching time 7, (ns) 239+ 18

500 748
576 £ 29 790 £+ 44

1000
1150 £ 88
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APPENDIX H: PARAMETER IDENTIFIABILITY
AND COMPLEMENTARY REGIMES

The ability to extract all environmental parameters
uniquely from experimental data depends on whether the
measurement accesses the relevant dynamical regimes of
the noise. In our framework, the parameters t., A/m?,
and wy (or f, and A/T'? for Markovian noise) are for-
mally independent. However, if the experiment probes
only a restricted dynamical regime, the observable y (¢)
may depend on specific parameter combinations, leading
to apparent correlations in the fit. This is a universal fea-
ture of time-domain noise spectroscopy, not a peculiarity
of our model.

For instance, in the stationary Markovian case, the short-
time Ramsey attenuation depends only on the variance
A? = %tcA/ I'2, which combines #. and 4/T'%. Hence,
experiments restricted to this regime cannot determine
these two parameters independently. The introduction of
a quench, however, modifies the short-time scaling to

z 101 &, Quenched
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g 087 |\
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o 061
g i
% y
2 04 \
2 \
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o 0.2 ]
° :
g o "
LN N B i
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FIG. 12. Independent and joint fits of equilibrium (blue) and

quenched (orange) Markovian noise with standard deviation
A =0.10V and correlation time #. = 10 ps. Transparent solid
curves correspond to independent fits for each experiment. For
the equilibrium case, the fit yields 7, = 1000 & 1.69 - 10° s,
with £, = 0.000592 [P(> t,) = 0.9995, dependency of 0.9008],
and for the quenched case, the fit yields #. = 106 = 1552 s,
with #, = 0.0686 [P(> t,) = 0.945, dependency of 0.99999],
neither of which is statistically significant, indicating that z. alone
has no measurable influence on the curves within this regime
(¢, is Student’s ¢ score). Dotted curves show a global fit to
both datasets, giving z. = 10.53 &£ 0.85 us, with ¢, = 12.33 [P(>
t,) < 0.00001, dependency of 0.5048], a statistically significant
result. The overlapping fitted curves demonstrate that both exper-
iments are consistent with the same environmental parameters
A and t.. This comparison illustrates that a single experiment
restricted to one dynamical regime cannot determine all noise
parameters independently, whereas combining equilibrium and
quenched measurements provides complete and unambiguous
parameter estimation.

depend directly on A4/ T2, thus providing an additional
constraint that allows independent estimation of both z,
and 4/T%. This demonstrates how complementary sta-
tionary and quenched experiments provide full parameter
identifiability.

Figure 12 illustrates this principle for equilibrium and
quenched Markovian noise. Independent fits to each curve
are overparameterized, while a joint fit to both datasets
recovers statistically meaningful and physically consistent
values of 7, and A, confirming that combining different
regimes resolves parameter correlations.

A similar reasoning extends to underdamped non-
Markovian noise. In this regime, the environmental
parameters influence the Ramsey response through distinct
physical features: the short-time scaling of x (f) encodes
the noise strength A/m? (in a quenched experiment) and
A? = At./4wy*m? (in a stationary one), the frequency of
oscillatory revivals reflects wy in the underdamped regime,
and their amplitude depends on #.. Thus, by combining
stationary and quenched experiments in the underdamped
regime, one can disentangle 4/m?, w,, and t.—parameters
that may otherwise appear correlated when only a single
regime is probed. This demonstrates the broader appli-
cability of our framework for identifying and isolating
environmental parameters across both Markovian and non-
Markovian dynamics.
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