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Model for the Bremsstrahlung Spectrum in EPMA.
Application to Standardless QuantiÐcation
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The Kramers expression was modiÐed after Ðtting 52 spectra from targets of diverse composition at several
incident energies. The function obtained describes adequately the continuum x-ray spectrum observed when a bulk,
homogeneous and polished sample is irradiated by an electron beam with energies ranging from 5 to 35 keV. The
targets considered are pure and multicomponent, covering elements from boron to bismuth. In addition to simpli-
city, the new expression shows very good agreement with measured spectraÈmuch closer than other models assess-
ed. The proposed function was applied to a standardless quantiÐcation method based on peak-to-background ratios.
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INTRODUCTION

Spectra from an electron microprobe consist of charac-
teristic peaks superimposed upon a continuum spec-
trum ranging from very low energies up to the incidence
energy A good description of the continuum spec-E0.trum is of great interest in microanalysis, since an incor-
rect subtraction of this background may lead to
important experimental errors. For this reason, an
expression capable of describing the background for
each spectrum to be processed becomes necessary. If an
adequate functional form is known, a Ðt will produce
the parameters corresponding to the experimental con-
ditions of the considered spectrum.

In 1923, Kramers1 proposed an expression for the
continuum spectrum using a classical approximation in
the calculation of the bremsstrahlung cross-section and
the ThomsonÈWiddington law2 for the stopping power.
According to this description, the total intensity
(number of photons per unit time) detected per incident
electron with energies between E and E] *E when a
sample of atomic number Z is irradiated with electrons
of energy can be expressed asE0

*I\ FZ
E0[ E

E
*E (1)

where the factor F involves the sample absorption of
the observed radiation, the losses due to backscattering
of electrons, the detection efficiency for energy E and
geometric constants of detection.

This model is not suitable for microanalysis, although
it has largely been used for describing the spectrum pro-
ceeding from an x-ray tube, where the most important
region corresponds to energies greater than 5 keV due
to the strong attenuation of low energies in the tube

* Correspondence to : J. Trincavelli.

window. For this reason, a number of modiÐcations
have been suggested to improve the description of
experimental data in EPMA.

Lifshin3 suggested a correction factor to Eqn (1) :

*I\ FZ
E0[ E

E
[1] a(E0 [ E)]*E (2)

and Reed4 proposed another modiÐcation also depen-
dent on energy :

*I\ FZ
E0[ E
E1`b

*E (3)

In these two expressions a and b are constants.
Fiori et al.5 used LifshinÏs expression to perform

background subtraction in energy dispersive analysis.
They suggested Ðtting the constants involved by con-
sidering two di†erent energies in the continuum spec-
trum for which there are no characteristic photons.

Whilst Eqns (2) and (3) may be adequate to carry out
a correct background subtraction in experimental
spectra, they are not useful to predict spectra as a func-
tion of Z, and E. Since such a prediction is a basicE0requirement for quantifying by means of peak-to-back-
ground ratios, the expressions dependent on empirical
parameters are not of interest in this context : the infor-
mation desired is hidden precisely within these param-
eters.

Peak-to-background ratios have been a subject of
investigation for the past 20 years, because they may
allow one to develop an absolute analytical method
since the continuum radiation generated in the sample
can be considered as an internal standard. Although
inaccurately known atomic parameters are involved,
geometric e†ects of difficult determination are elimi-
nated. Moreover, since the absorption of characteristic
photons is similar to that su†ered by continuum radi-
ation, the requirements that must be imposed on the
sample surface are reduced. This is an important advan-
tage because it allows one to perform standardless
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analysis as well as to extend the technique to rough
samples, thin Ðlms, particles, etc.

Several workers have tried to Ðnd an analytical
description for the experimental background so that
only one parameter remained undetermined.6h8 This
constant depends on the particular detection geometry
and must be Ðtted for each equipmentÈbut not for
each spectrum because it is not related either to the
sample composition or to the excitation conditions.

Statham6 calculated the constant b in Eqn (3) for
certain elements (Al, Ti, Mn, Cu and Au), taking into
account the anisotropy in bremsstrahlung generationÈ
reÑected in the dependence of b on the take-o† angle.
Thus, the continuum spectrum can be described for the
Ðve elements considered by Statham using b values cal-
culated by him. Nevertheless, it should be borne in
mind that, as calculations were performed for a particu-
lar value of (20 keV), any extrapolation to too di†er-E0ent energies may be inadequate.

Smith and Gold7 obtained an analytical expression
for the continuum spectrum as a function of Z, E and

following a previous development by Rao-Sahib andE0Wittry :9

*I\ F
AE0[ E

E
Bx

Zn *E (4)

where

n \ E(0.0739[ 0.0051 lnZ)] 1.6561[ 0.115 lnZ
x \ 1.76[ 0.00145Z/E

Small et al.8 observed that discrepancies between the
existing models for bremsstrahlung and experimental
values were about 50% or even 100%. For this reason
they developed an expression by Ðtting a large set of
experimental data :

*I\ F
A
Z

E0[ E
E

BM
eB*E (5)

where

M \ 0.00599E0] 1.05
B\ [0.0322E0

Nevertheless, the predictions given by Eqn (5) are not
accurate enough for a wide range of experimental con-
ditions, particularly for high atomic numbers. In addi-
tion, when using this model in quantifying by means of
an algorithm based on peak-to-background ratios,10
the results obtained are not satisfactory (see below). The
lack of a reliable expression for predicting the contin-
uum spectrum for a wide range of elements, incidence
overvoltages and photon energies prompted the present
work.

EXPERIMENTAL

The expression for the bremsstrahlung presented in this
work was obtained by Ðtting a large set of spectra,
involving samples of diverse Z, ranging from boron to
bismuth, measured at several excitation energies in two
di†erent instruments : a JEOL-JXA 733 microprobe and
a JSM-840 scanning microscope, both with energy-
dispersive systems and Si(Li) detectors. The take-o†
angle was 40¡ in both cases.

The most important features of the spectra selected
for performing the Ðt are shown in Table 1. An addi-
tional set of spectra was considered (Table 2) for evalu-
ating the performance of the function obtained and for
comparison with other models for the continuum spec-
trum.

In order to determine accurately the values of the
incident energy a careful calibration was carried outE0 ,
in order to Ðnd then the DuaneÈHunt limit, i.e. the
energy value for which the continuum intensity falls to
zero. It must be emphasized that since there exists a
non-zero probability of detecting sum photons because
of pile-up counts in the detector, beyond the DuaneÈ
Hunt limit a region with non-zero intensity may be
observed. This problem is avoided by observing the
energy value for which the slope of the spectrum
changes suddenly.

Finally, with the purpose of applying the obtained
function to a peak-to-background ratio algorithm, a set
of standard spherical particles was used (NBS K227).

Table 1. Spectra considered for performing the Ðt

Sample Equipment E
0

(keV) t (s) i (nA)

BN JSM-840 5.35, 10.4, 15.55, 20.3, 25, 30 1000 1

Mg JXA-733 25 100 1

Al JXA-733 25 100 1

Ti JXA-733 25 100 1

Fe JXA-733 25 100 1

Cu JXA-733 10, 15, 20.2, 25, 30 400 2

Zn JXA-733 25 100 1

Mo JXA-733 25 100 1

Ag JXA-733 10.05, 15.1, 20.15, 38 400 2

Cd JXA-733 25 100 1

Ta JXA-733 11, 12.15, 13.15, 14.15, 15.15

17.2, 20.2, 23, 26, 30 500 2

Au JXA-733 10.2, 12.4 400 2

Au JXA-733 13.15, 14.15, 15.15, 16.2, 17.2

18.2, 20.25, 23, 25, 30, 35 500 2

Bi JXA-733 15.1, 16.05, 17.1, 18, 20.05, 23

25, 30, 35, 38 400 2
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Table 2. Spectra used for testing the expression obtained for
the bremsstrahlung emission

Sample Equipment E
0

(keV) t (s) i (nA)

Apatite JXA-733 25 60 1

Cr JXA-733 25 100 1

Pb JXA-733 14, 15, 16, 17, 18, 20,

23, 25, 30, 35, 38 400 2

Pt JXA-733 13, 14, 15, 17, 18, 20,

23, 25, 30, 35, 500 2

Rh JXA-733 25 1000 1

Si JXA-733 5 150 2.65

Zr JXA-733 25 100 1

Al
2
O

3
JSM-840 15 200 1.48

Albite JSM-840 15 200 1.49

Apatite JSM-840 15 200 1.464

CaF
2

JSM-840 15 200 1.464

Fe JSM-840 15 200 1.467

GaAs JSM-840 15 200 1.467

GaP JSM-840 15 200 1.467

Mg JSM-840 15 200 1.464

MgO JSM-840 15 200 1.464

Mn JSM-840 15 200 1.467

Orthoclase JSM-840 15 200 1.467

S
2
Fe JSM-840 15 200 1.48

SiO
2

JSM-840 15 200 1.467

Ti JSM-840 15 200 1.47

V JSM-840 15 200 1.467

ZnS JSM-840 15 200 1.467

Cr JSM-840 6.3, 10.4 1000 0.121

Cr JSM-840 20.5, 30 1000 0.06

These samples contain mainly lead, silicon and oxygen,
and were measured in the JEOL JXA-733 microprobe,
with a beam current of 2 nA, an incident energy of 25
keV and live times from 200 to 400 s.

DATA REDUCTION AND ANALYSIS

The experimental data used for describing the global
behavior of the continuum spectrum were chosen with
the intention of including a wide range of atomic
numbers (6È83) and incident energies (5È35 keV), so
that general situations in microanalysis were covered.
The spectrum of boron nitride was included to guar-
antee a good description of bremsstrahlung for elements
such as carbon and oxygen, which often appear in usual
EPMA applications.

In each of the selected spectra, the very low energies
were excluded (E\ 1 keV), as well as channels contain-
ing peaks (characteristic, escape peaks, sum peaks and
internal Si Ñuorescence). These peakless spectral regions
were corrected for absorption, backscattering loss and
detection efficiency, thus converting to continuum
spectra generated in each sample. The whole set of data
was then Ðtted, taking Z, and E as independent vari-E0ables.

Absorption correction

Although the energy dependence of the bremsstrahlung
cross-section is di†erent from that corresponding to
ionization, the di†erences are partially masked because

of electron straggling in the target. Therefore, it is a rea-
sonable assumption to consider the depth distribution
of continuum x-ray production to be similar to that of
characteristic radiation. Hence, the path that both types
of radiation must traverse within the sample is the
same, and the absorption correction for the bremsstrah-
lung radiation of a given energy can be approximated
as that corresponding to characteristic photons of the
same energy. This is a usual assumption when dealing
with the description of the generated continuum spec-
trum,7,8 and will also be taken as valid for the present
analysis. It should be noted that this approximation
might lose validity on changing the detection geometry.
In the present work, Ðts and comparisons were per-
formed for a take-o† angle of 40¡, which is a typical
array for normal incidence.

The absorption correction used in this work is based
on the ionization depth distribution function given by
Packwood and Brown11 with coefficients modiÐed by
Riveros et al.12 In the case of continuum radiation, it
must be taken into account that an electron is capable
of producing bremsstrahlung photons of energy E pro-
vided its energy is higher than E, whereas for character-
istic radiation the critical excitation energy is the
minimum energy of interest. Mass absorption coeffi-
cients were calculated with the expression given by
Heinrich.13

Backscattering correction

A fraction of the incident electrons escapes the sample
with enough energy to produce further bremsstrahlung ;
hence, an additional factor must account for theseRcbackscattering losses. This factor is included in the
parameter F in Eqns (1È5).

In this work, the expression given by Statham14 was
used for This model is a function of the backscatter-Rc .ing correction for characteristic photons. TheRchexpression used for was that given by Love et al.15Rch

Detection efficiency correction

The fraction of photons collected by the detector
depends on the thicknesses of its di†erent components :
beryllium window, gold layer, silicon dead layer and, to
a lesser extent, detector active thickness. The correct
knowledge of the Ðrst three is often a problem, since the
manufacturersÏ speciÐcations are not always complete.
For this reason, a careful analysis of the inÑuence of the
di†erent thicknesses was performed. The e†ect of
photon attenuation at the di†erent detector layers was
observed to be restricted to energies very close to each
absorption edge. Therefore, it was possible to vary
separately each thickness in order to achieve a good
approach for the real values. This procedure was per-
formed by means of an exhaustive analysis of spectra
free of characteristic peaks in the region of interest.

During the present work, the JSM-840 microscope
detector was repaired between two di†erent sets of mea-
surements, its characteristic thicknesses being modiÐed ;
as a result, it worked as a detector of di†erent efficiency
after the repair. Data corresponding to the “threeÏ detec-
tors are given in Table 3.
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Table 3. Characteristic thicknesses of the detectors used
in this worka

Detector X
Be

(lm) X
Au

(lm) X
DL

(lm) X
det

(mm)

JXA-733 12.5 0.02 0.1 5

JSM-840 17.5 0.01 0.2 3

JSM-840b 9 0.01 0.1 3

and correspond to beryllium window,aX
Be

, X
Au

, X
DL

X
det

gold layer, dead layer and active thickness, respectively.
b Thicknesses of the JSM-840 microscope’s detector after
repair.

Data processing

KramersÏ model1 has been used by several workers as a
basis for a more realistic expression of the continuum
radiation, because it is a simple function with some
theoretical support and gives a functional approx-
imation to the bremsstrahlung spectrum. These features
led to it being used as a starting point to build up an
empirical model in the present work, with the purpose
of describing adequately experimental data over a wide
range of Z, and E.E0According to KramersÏ equation [Eqn (1)], the inten-
sity I of photons of energy E generated within the
sample per energy interval, without correcting for back-
scattering losses, can be expressed as

IP Z
E0[ E

E
(6)

The Ðrst step for processing the data was to Ðt a plane
to a dependent variable :

Y \ IE
Z(E0[ E)

(7)

as a function of Z, and E for the whole set of experi-E0mental values. After Ðtting, a marked dependence on Z
was still found. In order to solve this problem, the vari-
able Y was modiÐed by adding an exponent to the
atomic number. Finally, it was observed that the Ðts
improved when this exponent was around 0.5, resulting
in a plane as a function of ln Z, and E. With this, theE0expression obtained for the generated intensity is

I\ JZ
E0[ E

E

] ([52.22[ 1.462E] 0.515E0] 29.27 lnZ) (8)

Before obtaining this equation, spectra measured with
the JXA-733 were used, which led to an equation
similar to Eqn (8) ; then I values measured with the
JSM-840 were normalized, i.e. the constant that relates
the solid angles subtended by both detectors was deter-
mined. Channels corresponding to E[ 4 keV were con-
sidered, so that the detection efficiency did not inÑuence
the determination of the normalization factor. Thus, a
constant was Ðtted to each spectrum measured with the
JSM-840 ; all the constants obtained were very similar
and the average value was taken as the normalization
factor. By re-scaling the spectra measured with the
JSM-840 with this factor, the database was enlarged
and then a new Ðt was performed, giving Eqn (8).

The equation obtained appeared very appropriate to
describe most of the spectra considered in the Ðtting
(Table 1), in addition to a number of additional spectra
used for testing Eqn (8) (Table 2). Slight deviations
arose only for very high values of and Z (Bi at 35E0and 38 keV and Pb at 38 keV) and low atomic numbers.
The di†erences observed for Z[ 80 at keV areE0P 35
acceptable as they are limiting cases in EPMA. Never-
theless, discrepancies found for low atomic numbers
cannot be neglected, since light elements are major con-
stituents in a number of important applications of the
technique. In order to overcome this inconvenience, a
set of boron nitride spectra was included in the data-
base used to perform the Ðt, looking for a function able
to improve the description for light elements and
keeping the good performance for medium and high
atomic numbers. Adding a new term dependent on Z
and to Eqn (8), the following expression was Ðtted :E0

I\ JZ
E0[ E

E

]
A
[54.86[ 1.072E] 0.2835E0

] 30.4 lnZ] 875
Z2E00.08

B
(9)

When dealing with multielement targets, the bremss-
trahlung production I of all the elements must be aver-
aged. Since each contribution is proportional to
bremsstrahlung atomic cross-sections, the average
should be weighted with the corresponding atomic frac-
tions. However, as this e†ect inÑuences spectrum predic-
tions very weakly, replacement of Z in Eqn (9) by a
mean value results a very good approximation.

COMPARISON WITH OTHER MODELS

In order to give a magnitude for the deviations in the
intensity predictions I with respect to the experimental
data a value for s2 was calculated for each spectrum:I3 ,

s2\ 1
N

;
i/1

N (I
i
[ I3

i
)2

I3
i

(10)

where i denotes each of the N channels in the spectrum
considered. In order to obtain a global value for s2, an
average is assessed, weighting each s2 with the number
of channels of the corresponding spectrum.

As mentioned above, KramersÏ expression1 is inade-
quate to describe the functional behavior of I for the
whole range considered for E and Z ; on the otherE0 ,
hand, LifshinÏs model3 does not give a global prediction
for the bremsstrahlung, but requires a particular Ðt for
each spectrumÈa clear disadvantage if the continuum
is intended to be described as a function of the three
mentioned variables. Regarding the equation given by
Smith and Gold,7 Small et al.8 have shown that its per-
formance is very deÐcient. The expression given by
Reed4 has the same limitations as LifshinÏs, but
Statham6 determined values for the “constantÏ b in Eqn
(3) for certain elements (see Introduction).
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In order to compare Eqn (9) with ReedÏs model, a
subset S of spectra was selected, corresponding to those
elements for which Statham Ðtted the parameter b ;
using Eqn (3) with these values, a single value for the
scaling factor included in F was determined. Since this
model is optimized for predicting spectra for this limited
number of elements, a comparison with the global
expression given in Eqn (9) favors the ReedÈStatham
equation. However, Table 4 shows a better performance
of the model developed in this work. A comparison with
Eqn (5) given by Small et al.8 is also shown, now includ-
ing the whole set of data (Tables 1 and 2). A scaling
factor was also Ðtted in this case.

Although the primary intention of this work is an
adequate description of generated bremsstrahlung
within the sample, it is interesting to study the behavior
of the di†erent correction models (absorption and
backscattering) included in factor F. The present model
achieves a better performance with the factor F used for

Table 4. v2 values for the di†erent models compared : present
work, Reed4 with coefficients given by Statham,6
Small et al.8 with absorption and backscattering cor-
rections given in the original work and with those
included in the model proposed here (Small-F)

Subset S Whole set Z Ä45 Z P 45

s2 (6015 data) (35 361 data) (21 091 data) (14 270 data)

This work 4.3 4.1 2.6 6.3

Statham 9.9 — — —

Small 150 99 6.3 240

Small-F 97 65 5.3 150

the Ðtting than with any other, as expected. However, in
addition, it must be emphasized that the expression
given by Small et al.8 also shows a better performance
when including this model for F instead of that used
originally (see Table 4 and Fig. 1).

The performances of the di†erent models are shown
in Table 4 ; spectra have also been grouped by atomic
number, in order to appreciate the limitations of each
model. It can be seen that the model presented here has
a better performance than any other in all sets of data,
even in the subset S containing only those elements for
which Statham6 gave the constant b in Eqn (3). On the
other hand, the expression of Small et al.8 gives reason-
able predictions for low and intermediate Z, whilst it is
not recommended for ZP 45. In Fig. 1, the expressions
obtained in this work and that of Small et al.8 are com-
pared with experimental spectra for BN at 20 keV,
MgO at 15 keV, Cu at 20 keV and Pb at 25 keV. As can
be seen, the equation given by Small et al.8 gives poorer
descriptions of experimental data for high Z, whereas
for low Z the advantage of the present model is not so
important, except for BN, for which the di†erences are
again large.

APPLICATION TO STANDARDLESS
QUANTIFICATION

Here the expression proposed in this work is used in a
standardless quantiÐcation. The algorithm employed is
based on peak-to-background ratios10 and was applied
to a set of standard spherical particles with the com-
position given in Table 5. These particles were grouped

Figure 1. Comparison of the different models for bremsstrahlung spectrum with experimental data.
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Table 5. Concentrations obtained by a peak-to-background standardless algorithm10
using the model for bremsstrahlung proposed in this work and the model given
by Small et al.,8 and certiÐed valuesa

Group 1 Group 2 Group 3 Group 4 Certified

d ¼1–2 lm d ¼2–3 lm d ¼3–4 lm d ¼4–7 lm value

Pb (%) This work 77 À2 74 À1 74À2 72À2 74.3

Small 71 À3 67 À1 67À2 65À2

Si (%) This work 8.3 À0.9 9.5À0.4 9.4À0.8 10.0 À0.8 9.0

Small 11 À1 12.0 À0.5 12.0 À0.9 12.6 À0.9

O (%) This work 15 À1 16.6 À0.8 16.5 À1 17.5 À1 16.3

Small 19 À2 21.0 À0.9 21À2 22À2

a Particles were divided into four groups according to their diameter d. Each average value
given corresponds to about 10 particles.

according to their diameters : 1È2 lm (group 1), 2È3 lm
(group 2), 3È4 lm (group 3), 4È7 lm (group 4). Each
group is composed of about 10 particles.

A better performance of the model for bremsstrah-
lung proposed here compared with the expression given
by Small et al.8 is shown in Table 5. It might be
expected that uncertainties in the prediction of bremss-
trahlung would cancel when normalizing to 100%;
nevertheless, di†erences between concentrations deter-
mined by means of the model of Small et al.8 and the
certiÐed values can be clearly appreciated.

CONCLUSION

The model developed for predicting bremsstrahlung is a
simple analytical function of Z, and E. It wasE0obtained after Ðtting a large and diverse set of experi-

mental data. The resulting expression shows very good
agreement with spectra measured over a wide range of
experimental conditions, much closer than with other
published models.

The expression proposed not only is a powerful tool
for background subtraction in EPMA, but also shows
important advantages when included in a standardless
quantiÐcation algorithm based on peak-to-background
ratios.
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