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THE BRAUER-PICARD GROUP OF THE REPRESENTATION
CATEGORY OF FINITE SUPERGROUP ALGEBRAS

MARTIN MOMBELLI

ABSTRACT. We develop further the techniques presented in a previous ar-
ticle (M. Mombelli. Abh. Math. Semin. Univ. Hamb. 82 (2012), 173-192),
to study bimodule categories over the representation categories of arbitrary
finite-dimensional Hopf algebras. We compute the Brauer-Picard group of
equivalence classes of exact invertible bimodule categories over the represen-
tation categories of a certain large family of pointed non-semisimple Hopf
algebras, the so called supergroup algebras (N. Andruskiewitsch, P. Etingof
and S. Gelaki. Michigan Math. J. 49 (2001), 277-298). To obtain this result
we first give a classification of equivalence classes of exact indecomposable
bimodule categories over such Hopf algebras.

1. INTRODUCTION

The Brauer-Picard group BrPic(C) of a finite tensor category C, introduced
in [9], is the group of equivalence classes of invertible exact C-bimodule categories.
This group is a fundamental piece of information needed to compute extensions of
a given tensor category by a finite group. Also it has a close relation to certain
structures appearing in mathematical physics, see for example [7, [I4].

In [9] the authors compute the Brauer-Picard group of the representation cat-
egory of an arbitrary finite Abelian group G. Given two semisimple bimodule
categories M, N over Rep(G) the authors compute the decomposition into inde-
composable bimodule categories of the tensor product M Krep(q) N. Using this
result and some other techniques they compute BrPic(Rep(G)). The same methods
appear to be unsuccessful for an arbitrary finite-dimensional Hopf algebra H. The
problem of explicitly given a decomposition of the tensor product M Rgepmy N
into indecomposable bimodule categories for arbitrary bimodule categories M,
looks complicated.

Using Hopf theoretic techniques this problem was partially solved in [I7] by
considering the tensor product M Mgrep () N only in the case when both bimodule
categories M, N are invertible.

2010 Mathematics Subject Classification. 18D10, 16T05, 19D23.
Key words and phrases. Brauer-Picard group, tensor category, module category.

83



84 MARTIN MOMBELLI

The main result of this paper is the computation of the Brauer-Picard group
of the representation category of the so called supergroup algebras over Abelian
groups.

Let G be a finite group, v be an element of order 2 in the center of G and V'
be a finite-dimensional G-module such that u acts by —1 in V. The vector space
V is a Yetter-Drinfeld module over G by declaring the coaction § : V. — kGRyV,
d(v) = u®v, v € V. The Nichols algebra of V is the exterior algebra A(V) and
the bosonization A(V)#kG is called a supergroup algebra [I]. We shall denote this
Hopf algebra by A(V,u,G). This family of Hopf algebras played a central role in
the classification of finite-dimensional triangular Hopf algebras [g].

If H is a finite-dimensional Hopf algebra then left module categories over Rep(H )
are parametrized by equivalence classes of certain H-comodule algebras. Since bi-
module categories over Rep(H) are the same as left module categories over the
Deligne’s tensor [B] product Rep(H) X Rep(H)°P = Rep(H®xHP), then bimod-
ule categories over Rep(H) are parametrized by equivalence classes of certain left
H®yHP-comodule algebras. If M and A are invertible exact Rep(H )-bimodule
categories the tensor product M™Mgep, ()N is an invertible exact Rep(H)-bimodule
category, therefore indecomposable. In Section [4] we collect all these results and
we recall results from [I7] allowing us to give a precise description of the category
M &Rep(H) N.

If H is a coradically graded Hopf algebra then H®,HP is also coradically
graded, and indecomposable exact left module categories over Rep(H®yH°P) are
parametrized by certain equivalence classes of deformations of coideal subalgebras
in H®yHP. This results are contained in Section

If M is an exact indecomposable bimodule category over Rep(A(V,u, G)) then
there exists a certain left A(V, u, G)QkA(V, u, G)°P-comodule algebra K such that
M is equivalent to the category of finite-dimensional left K-modules. Since A(V,w,
G) is a coradically graded Hopf algebra then K is a certain deformation of a
coideal subalgebra of A(V, u, G)@kA(V,u, G)*°P. In Section@we explicitly describe
coideal subalgebras in the tensor product A(V, u, G)@kA(V,u, G)°°P. Using these
results, in Section [7} we prove that if M is an exact indecomposable left module
category over the category Rep(A(V,u, G)®@kA(V, u, G)°°P) there exists a 6-tuple
(WY W2 W3, B, F,v) where

(i) F C G x G is a subgroup, ¥ € Z2(F,k*) is a 2-cocycle,

(i) WY W2 CV W3 C V@V are subspaces such that W3 NnW! o W?2 = 0,
W3NVe0=0=W3N0a V, and all subspaces are invariant under the
action of F,

(iii) B: @} W' x &3 ;W — k is a bilinear form stable under the action of F,
such that

B(wi, ws) = —B(wa, wr),
B(wy, w3) = f(ws, wy),

ﬂ(w2,w3) = —/5(7113,11/2),
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for all w; € W, i =1,2,3, and f3 restricted to W* x W' is symmetric for
any i = 1,2,3. If (u,u) ¢ F then j restricted to W' x W2 is null,
such that M is module equivalent to the category of finite-dimensional left (W1,
W2, W3, 3, F,1)-modules, where (W1, W2 W3, 3, F 1) is a certain left comodule
algebra over A(V,u, G)@kA(V,u,G)P. We also describe equivalence classes of
such module categories.
Using these results, in Section [8] we prove our main result:

Theorem 1.1. Assume G is Abelian. The group BrPic(Rep(A(V,u,G))) is iso-
morphic to the group of (certain equivalence classes of ) pairs (T, a)) where

e acOGa @), see Deﬁm’tion
e T:VaV* >V a&V* is a linear isomorphism such that

T(’U?f):‘ril'T(y'lay'f)v

TH0,f) =0, T*(0, f)(T"(v,0)) = f(v),
for all (v, f) e Ve V*, (z,y) € Uy. Here T(v, f) = (T*(v, ), T?(v, f)) for
all feV*veV.
The product of two such pairs (T, ), (T7,d') is
(T,a)o (T', &) = (T o T, ad).

As expected, this group is not finite, as is the case for fusion categories. The main
difficulty to prove this theorem relies on finding which of the comodule algebras
KW W2 W3, 3, F,v) give invertible bimodule categories and give an explicit
description of the product of the group BrPic(Rep(A(V, u,G))). Most of Section
is dedicated to this task.

It is expected that this result led us to construct interesting new families of
finite non-semisimple tensor categories that are extensions by a finite group of the
category Rep(A(V,u, @)).

Acknowledgment. This work was supported by CONICET, Secyt (UNC), Min-
cyt (Cérdoba) Argentina. It was written during a research fellowship granted by
CONICET, Argentina in the University of Hamburg, Germany. I would like to
thank professors Christoph Schweigert and Ingo Runkel for many conversations
from which I have benefited greatly and thanks also to professor Bojana Femié for
her many helpful remarks.

2. NOTATION AND PRELIMINARIES

We shall work over an algebraically closed field k of characteristic 0. All vector
spaces and algebras are considered over k. We denote vecty the category of finite-
dimensional k-vector spaces. If A is an algebra we shall denote by 4 M (M, ) the
category of finite-dimensional left (right) A-modules.

If V is a vector space any bilinear form 8 : V x V — k determines a linear
morphism B V=V

B(U)(w) = B(v,w), forallv,weV. (2.1)
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Let M be an Abelian category. A full subcategory N of M is called a Serre
subcategory if

e every object in M isomorphic to an object in N is in N,
e every M-quotient and every M-subobject of an object in A lies in NV,
e every M-extension of objects in N lies in N.

It is well-known that if F': M — M is an exact functor then the full subcategory
of objects N € M such that F(N) = 0 is a Serre subcategory. This fact will be
used without further mention.

2.1. Finite tensor categories. A tensor category over k is a k-linear Abelian
rigid monoidal category. Hereafter all tensor categories will be assumed to be over
a field k. A finite category is an Abelian k-linear category such that it has only
a finite number of isomorphism classes of simple objects, Hom spaces are finite-
dimensional k-vector spaces, all objects have finite lenght and every simple object
has a projective cover. A finite tensor category [10] is a tensor category with finite
underlying Abelian category such that the unit object is simple. All functors will
be assumed to be k-linear and all categories will be finite.

2.2. Twisting comodule algebras. Let H be a Hopf algebra. Let us recall
that a Hopf 2-cocycle for H is a map o : HRxH — k, invertible with respect to
convolution, such that

a(z1), y1)o(T @)Y @), 2) = 0(ya), 2(1))o (T, Y(2)2(2))s
o(xz,1) =¢(z) = o(1,2),

—
o o
RS
=

for all z,y,z € H. Using this cocycle there is a new Hopf algebra structure con-
structed over the same coalgebra H with the product described by

Ty = o(x1), Y1) (Z3), Y3) T@)Y)s r,y € H. (2.4)

This new Hopf algebra is denoted by H!°!. If ¢ : H @ H — k is a Hopf 2-cocycle
and A is a left H-comodule algebra, then we can define a new product in A by

a.gb = U(a(_l),b(_l))a(o).b(o), (25)

a,b € A. We shall denote by A, this new algebra with unchanged left H-comodule
structure.

Lemma 2.1. The algebra A, is a left H?)-comodule algebra. O

3. REPRESENTATIONS OF FINITE TENSOR CATEGORIES

Let C be a tensor category. For the definition and basic notions of left and right
exact module categories we refer to [10, [19].

In this paper we only consider module categories that are finite categories. A
module functor between left C-module categories M and M’ over a tensor category
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C is a pair (T,c), where T : M — M’ is a functor and cxn : T(XQM) —
X®T (M) is a family of natural isomorphism such that for any X, Y € C, M € M:

(idx @ ey,m)ex yeu T (mx,y,m) = mx yron) cXey,Mm (3.1)

Loy cim =T (Ear). (3.2)

The direct sum of two module categories M; and M over a tensor category

C is the k-linear category M; x My with coordinate-wise module structure. A

module category is indecomposable if it is not equivalent to a direct sum of two

non trivial module categories. Any exact module category is equivalent to a direct
sum of indecomposable exact module categories, see [10].

Definition 3.1. [2,[I1] Let M be a left C-module category. A submodule category
of M is a Serre subcategory stable under the action of C.

The next Lemma is a straightforward consequence of the definitions.

Lemma 3.2.

1. Let M be an exact C-module category and N' C M a submodule category.
If M = @;e1 M, is a decomposition into indecomposable module categories
then there is a subset J C I such that N' = ®;c jM;.

2. If M is an indecomposable exact C-module category and (F,c) : N — M
is a C-module functor such that F' is full and faithful, and the subcategory
F(N) is Serre then F' is an equivalence. O

3.1. Bimodule categories. Let C,D be tensor categories. For the definition of
a (C,D)-bimodule category we refer to [I3, [@]. A (C,D)-bimodule category is the
same as left C X D°P-module category. Here X denotes Deligne’s tensor product of
Abelian categories [5].

A (C,D)-bimodule category is decomposable if it is the direct sum of two non-
trivial (C, D)-bimodule categories. A (C,D)-bimodule category is indecomposable
if it is not decomposable. A (C,D)-bimodule category is exact if it is exact as a
left C X D°P-module category.

If M is a right C-module category then M°P denotes the opposite Abelian
category with left C action C x M°P — M°P (M, X)— M®X* and associativity
isomorphisms m¥y 5, = m;})x*7M for all X,Y € C,M € M. Similarly if M
is a left C-module category. If M is a (C,D)-bimodule category then M°P is a
(D, C)-bimodule category. See [13, Prop. 2.15].

If M,N are (C,D)-bimodule categories, a bimodule functor is the same as a
module functor of C X D°P-module categories, that is a functor F' : M — N such
that (F,c) : M — N is a functor of left C-module categories, also (F,d) : M — N
is a functor of right D-module categories and

(dx®@dm,y)ex mg, v F(vx,my) = vx,ron),y (ex, m®@idy )dxg, 0y (3.3)

foral M e M, X €C,Y €D.
A (C,D)-bimodule category M is called invertible [9, Prop. 4.2] if there are
equivalences of bimodule categories

MOpchZ'D, M&DMOPZC.
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88 MARTIN MOMBELLI

Lemma 3.3. [0, Corollary 4.4] If M is an invertible (C, D)-bimodule category then
it is indecomposable as a bimodule category. O

Lemma 3.4. [0, Prop. 4.2] Let M be an exact (C,D)-bimodule category. The
following statements are equivalent.

1. M is an invertible.

2. There exists a D-bimodule equivalence M°P Ko M ~ D.

3. There exists a C-bimodule equivalence M Kp M°P ~ C.

4. The functor R : D°? — Fung(M, M), R(X)(M) = M®X, for all X € D,
M € M, is an equivalence of tensor categories.

5. The functor L : C — Funp(M, M), L(Y)(M) = Y®M, for allY € C,
M € M, is an equivalence of tensor categories.

Proof. The proof of [9, Prop. 4.2] extends mutatis mutandis to the non-semisimple
case using results from [10]. O

3.2. Module categories over Hopf algebras. Let H be a finite-dimensional
Hopf algebra and let (A, A) be a left H-comodule algebra. The category 4 M is a
representation of Rep(H). The action

® :Rep(H) X oM = 4 M, VM = V@M,
for all V € Rep(H), M € g4M. The left A-module structure on V@i M is given by
a-(v@m) = a_q) - v®ay - M,

forallac A,veV,me M. Here A : A = HRyA, AMa) = a—1)®a ).

If A is a H-comodule algebra via A : A — H®yA, we shall say that a (right)
ideal J is H-costable if \(J) C H®ygJ. We shall say that A is (right) H-simple,
if there is no nontrivial (right) ideal H-costable in A. When A is right H-simple
then the category 4M is exact, see [3| Prop. 1.20].

Theorem 3.5. [3, Theorem 3.3] Let M be an exact indecomposable module cat-
egory over Rep(H) then there exists a left H-comodule algebra A right H-simple
with trivial coinvariants such that M ~ 4 M as Rep(H )-modules. O

Two H-comodule algebras A, A’ are equivariantly Morita equivalent if the mod-
ule categories 4 M, 4M are equivalent.

4. BIMODULE CATEGORIES OVER HOPF ALGEBRAS

4.1. Tensor product of invertible bimodule categories. Let A, B be finite-
dimensional Hopf algebras. A (Rep(B),Rep(A))-bimodule category is the same as
a left Rep(B®xAP)-module category. This follows from the fact that Rep(A)°P ~
Rep(A®P) and Rep(B) K Rep(A®P) ~ Rep(B®rAP). Thus Theorem im-
plies that any exact indecomposable (Rep(B), Rep(A))-bimodule category is equiv-
alent to the category g M of finite-dimensional left S-modules, where S is a finite-
dimensional right By A“°P-simple left By A°°P-comodule algebra.

Since Rep(A) is canonically a Rep(A)-bimodule category then there exists some
right A® A°P-simple left AQy A°°P-comodule algebra A such that Rep(A) ~ 4 M
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as Rep(A)-bimodule categories. In [I7] we computed this comodule algebra. Let
us recall this result.

We denote by diag(A) the left A®yA°P-comodule algebra with underlying al-
gebra A and comodule structure:

A : diag(A) = A A"P@y diag(4),  Aa) = a@)@a(3)Qa2),
for all @ € A. Thus the category 4 M is a Rep(A)-bimodule category.

Lemma 4.1.

1. diag(A) is a right simple left AQyA°P-comodule algebra and
diag(A)cA®A™" — 1,
2. There is an equivalence of Rep(A)-bimodule categories

AM ~ diag(A)M .

Proof. 1. Let 0 # I C A be a right ideal A-costable. Then for any a € I,
a()®az)@ap) € A®A®I which implies that a(1)®a@) € A®kl. Thus I is a
right ideal stable under the coaction, then I = A.

2. The identity functor Id : 4M — giaga)M is an equivalence of Rep(A)-
bimodule categories. O

Let us recall some constructions and results obtained in [I7] concerning the
tensor product of bimodule categories over Hopf algebras. Set m4 : A®B — A,
7 : AQB — B the algebra maps defined by

Ta(z@y) = e(y)z, mp(rey) = e(2)y,

forall z € A,y € B.

Let K be a right B A°P-simple left B A°P-comodule algebra and L a right
ARBP-simple left A®B“P-comodule algebra. Thus the category xM is a
(Rep(B),Rep(A))-bimodule category and M is a (Rep(A4), Rep(B))-bimodule cat-
egory.

The category M(A, B, K, L) is the category M7 of (K, L)-bimodules and left
B-comodules such that the comodule structure is a bimodule morphism. See [I7,
Section 3]. It has a structure of (Rep(A), Rep(A))-bimodule category. Recall that
L is the left B®A®P-comodule algebra with opposite algebra structure L°P and
left B®A®°P-comodule structure:

X:L— AP@yBeyL, 1+ (S5'@S4a)(l(—1))®0), (4.1)
for all I € L. Also L is a right B-comodule with comodule map given by
l=l0y@mp(l=1)), (4.2)
forall [ € L, and K is a left B-comodule with comodule map given by
ki mp(k—1))®k0), (4.3)

for all £ € K. Using this structure we can form the cotensor product LOgpK.
Define

AMI®k) = ma(l(—1))@ma(k(-1))®l(0)®k o), (4.4)
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90 MARTIN MOMBELLI

for all I®k € LOpK. Then LOBK is a left AQgA°P-comodule algebra. See [17,
Lemma 3.6].
In [I7] we have presented the functors

.FZLDBKM%M(A,B,K,Z), g:M(A,B,K,Z)%LDBKM

by F(N) = (LeyK)®rg,xN for all N € ;g,gM and G(M) = M©F for all
M € M(A,B,K,L). We recall that the left B-comodule structure on F(N) is
given by 0 : F(N) — BepF(N),

0(I®ken) = WB(k(_l))Sil(WB(Z(_l)))®l(0)®k(0)®n7 (4.5)

foralll e L,k e K,n€ N.
This pair of functors were studied in [6, 4]. In the following theorem we sum-
marize some results from [17].

Theorem 4.2.
(a) There is a Rep(A)-bimodule equivalence:

LM |ZRep(B) KM~ M(Aa B, K, Z)

(b) F and G are Rep(A)-bimodule functors.

(c) Assume that both bimodule categories M, gk M are invertible and L&y K ~
CeyLOgK, as right LOg K-modules and left B-comodules. Here C is a
certain left B-comodule. Then there is an equivalence of Rep(A)-bimodule
categories

L0z M = LM KNgep(3)y kM.

Proof. For the proof of (a) and (b) see [I7, Corollary 4.4, Prop. 4.7].

(c). We shall prove that the functors F, G establish an equivalence of module
categories.

Let us prove that F(G(M)) ~ M for all M € M(A,B,K,L). For any M €
M(A, B, K, L) there is a projection

v (LeK)®n, e M©P = M, my(10kem) = (I9k) - m,
for all Ik € Loy K, m € M5B, Define the functor ® : M(A, B, K, L) — vecty,

®(M) = ker(mps). The functor @ is a module functor. To see this it is enough to
prove that the diagram

F(G(XOM)) —— XBF(G(M))
ﬂ’X@A{l Jidx T M

XM —0 X®M.
is commutative. Then ® is exact. The full subcategory N of M(A4, B, K, L) con-
sisting of objects M such that ®(M) = 0 is a submodule category. A is not the
null category since T, x = id, thus L&gK € N. Since both ; M, xM are in-
vertible the product ;M Mgeppy kM ~ M(A, B, K, L) is indecomposable. Hence
N = M(A, B, K, L). This implies that F(G(M)) = M for all M € M(A, B, K, L).
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Since Loy K ~ C®yLOpK, as right LOgK-modules and left B-comodules the
functor F is full and faithful, thus it is an equivalence of categories. O

Remark 4.3. In all examples the assumption L&y K ~ C®Ry LK in Theorem
(c) seems to be superfluous, although I do not know any counterexample.

5. GRADED COMODULE ALGEBRAS OVER HOPF ALGEBRAS

From the discussion on Section [3.2] equivalence classes of indecomposable exact
module categories over the representation categories of Hopf algebras are in cor-
respondence with equivariant Morita equivalence classes of right simple comodule
algebras. To study this class of algebras we developed a technique in [I6] using
the Loewy filtration and the associated graded algebra. We briefly recall all this
notions.

If H is a finite-dimensional Hopf algebra then Hy € H; C --- C H,, = H
will denote the coradical filtration. When Hy C H is a Hopf subalgebra then the
associated graded algebra gr H is a coradically graded Hopf algebra. If (A4, ) is
a left H-comodule algebra, the coradical filtration on H induces a filtration on A,
given by A, = \"1(H,®xA), n = 1,...,m. This filtration is called the Loewy
series on A.

Recall that if H = @& H (i) is a coradically graded Hopf algebra, a left H-
comodule algebra (A, \) is a graded comodule algebra, if it is graded as an algebra
A= A(7) and for each 0 <n <m

AA(n)) € P H(i)@pA(n — i). (5.1)
=0

A graded comodule algebra A = @ A(i) is Loewy-graded if the Loewy series is
given by A, = &' (A(i) for any 0 <n < m.

If A is a left H-comodule algebra the associated graded algebra gr A obtained
from the Loewy filtration is a Loewy-graded left gr H-comodule algebra. For more
details see [16].

The following result will be needed later.

Lemma 5.1. Let H = & H (i) be a coradically graded Hopf algebra and (A, Aa)
a left H comodule with a grading A = &, A(7) such that (5.1) holds. If B C A is
a subcomodule algebra and we set B(n) = BN A(n) then

Proof. Let b € B, then b= >_" / b; where b; € A(i). Let us prove that b; € B for
alli=0,...,m. Denote p: H — H(0), m;j : A — A(j) the canonical projections.
Observe that for any j =0,...,m

(pm;)A(b) = (pid)A(by)-
Since (e®id)(p®id)A(b;) = b; then b; = (e®id)(p@m;)A(b) € B. O
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5.1. Comodule algebras over coradically graded Hopf algebras. Let G be
a finite group and H = @} H (i) be a finite-dimensional coradically graded Hopf
algebra where H(0) = kG is the coradical.

Let (A, A) be a left H-comodule algebra right H-simple with trivial coinvariants
and with a grading A = @ ,A(i) making A a Loewy-graded left H-comodule
algebra. Since A is right H-simple with trivial coinvariants then A(0) = kyF
where F' C G is a subgroup and ¢ € Z2(F,k*) is a 2-cocycle.

Set m: A — A(0) the canonical projection and € : A(0) — k the map given by
e(ef) =1for all f € F.

Remark 5.2. If 1) is trivial then e : A(0) — k is an algebra morphism.

Proposition 5.3. Assume that v is trivial and let ¢ : A — H be the map defined
by ¢ = (idg®em)X. Then

(i) ¢ is an algebra morphism,

(ii) ¢ is a H-comodule map, and

(iil) ¢ is injective.

Proof. (i). It follows since all maps in the definition of ¢ are algebra morphisms.

(ii). A¢p = A(idg®em)A = (Idg@idg®er)(A®ida)A. Using the coassociativity
of A\ we obtain that A¢ = (idg®¢)A.

(iii). Let a € ker ¢. Assume that a # 0. Write a = Z;:O a™ where a(™ € A(n)
and t < m. We can assume that a®® # 0. Then A(a™) € @7 H(i)®kA(n — 7).
Set A(a(™) = 32" b, where by, ; = 3, 70 '@ and 2™ € H( ) e Aln—i).

Since a® # 0 then bey # 0. Indeed, if by = 0 then A(a 1) e DI éH( )Rk A,
hence a¥) € @E;éA(i) = A,_1, which is imposible unless a® = 0.

Also, A¢(a) =0, then (Idy®idg®en)(idg®A)A(a) = 0 which implies that

ZZZx @(idg@em)A(cp") =0

n=0i=0 &k

The element of the above summation that belongs to H (¢)®yxH (0)®xA(0) must be
equal to zero, hence ), xZ’t®(idH®e))\(cZ’t) = 0. Since we have that

'R (idg @e)A(ch?) = by g
k

we get that b;; = 0, which is a contradiction. Therefore a = 0. [l

In other words, Proposition implies that if A is a Loewy-graded right H-
simple left comodule algebra with trivial coinvariants and A(0) is a Hopf subalgebra
of H(0) then A is isomorphic to a left coideal subalgebra of H. The next step is
to study what happens if A(0) is not a Hopf subalgebra of H(0).

Let 1) € Z%(G,k*) be a 2-cocycle such that ¢ |py p= 1).
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Lemma 5.4. There exists a Hopf 2-cocycle 0 : HOxH — k such that for any
homogeneous elements x,y € H

Cf(gg’y> — {w($7y)7 ifx,y c H(O),

) (5.2)
0, otherwise.

Proof. See [12, Lemma 4.1]. O

The following result is a straightforward consequence of Proposition [5.3

Lemma 5.5. Let A be a Loewy-graded right H-simple left comodule algebra with
trivial coinvariants and A(0) = kyF where F C G is a subgroup and v € Z?(F,k*)
is a 2-cocycle. Then, there exists a Hopf 2-cocycle o : HQyH — k such that A, is
isomorphic to a homogeneous left coideal subalgebra of H! as a left HI?!-comodule
algebras. O

Proof. From Lemma there exists a Hopf 2-cocycle o : H®yH — k such that
o(z,y) = ¥~ Y(z,y) for all x,y € F. The comodule algebra A, is Loewy-graded
and (A,)(0) = kF. Thus the Lemma follows from Proposition O

6. SUPERGROUP ALGEBRAS AND THEIR COIDEAL SUBALGEBRAS

We shall recall the definition of supergroup algebras [I], their Hopf algebra
structure, and we describe the tensor product of two such Hopf algebras. We
compute also their homogeneous coideal subalgebras, a key ingredient to compute
module categories.

6.1. Finite supergroup algebras. Let G be a finite group, u € G be a central
element of order 2 and V a finite-dimensional G-module such that v -v = —v
for all v € V. The space V has a G-comodule structure § : V. — kG®RV given
by 0(v) = u®wv, for all v € V. This gives V structure of Yetter-Drinfeld module
over kG. The Nichols algebra of V is the exterior algebra B(V) = A(V). The
Hopf algebra obtained by bosonization A(V)#KkG is called in [I] a finite supergroup
algebra. We will denote this Hopf algebra by A(V,u,G). Hereafter we shall denote
the element v#g simply by vg, for all v € V, g € G.

The algebra A(V, u, G) is generated by elements v € V, g € G subject to relations

vw4wv =0, gv=_(g-v)g, for all v,w e V, g € G.
The coproduct and antipode are determined by
A(v) = v@1 +u@v, A(g) = g®g,
Sv) =~w, S(g)=g",
forallv e V,g € G.
Lemma 6.1. There is a Hopf algebra isomorphism

AV u,G) ~ AV, u, G)*°P.
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Proof. Let ¢ : A(V,u,G) = A(V,u,G) be the algebra map determined by

o(v) =vu, ¢(g) =g,
for all v € V,g € G. It follows by a direct computation that ¢ is a Hopf algebra
isomorphism between A(V,u, G) and A(V,u, G)°P. O

6.2. Tensor product of supergroup algebras. Let G1, G2 be finite groups and
u; € (GG; be central elements of order 2. For i = 1,2 let V; be finite-dimensional
G;-modules, such that u; acts in V; as —1. We shall describe the tensor product
Hopf algebra A(V1,u1, G1)®kA(Va, u2,G3). From now on, we shall denote this
Hopf algebra by A(Vi, Vo, u1,us, G1,G2). Let us give a presentation by generators
and relations of this algebra.
Set G = GG; x G5. Both vector spaces V1, V5 are G-modules by setting
(g,h)'U1:g'U1, (gah)'UQZh'UQa
for all (g,h) € G, v; € V;, i = 1,2. The algebra A(V1, Va,u1, us, G1,G2) is gener-
ated by elements V7, V5, G subject to relations
viwi +wivr =0, vows +wava =0, v1v2 = vav1,

gur = (g-v1)g, gv2 = (g-v2)g,
for all g € G, v; € V;, i = 1,2. The Hopf algebra structure is determined by

A(Ul) = ’Ul®1 + (Ul, 1)®’U1, A(’UQ) = 1)2@1 —+ (1, UQ)@’UQ,

A(g1,92) = (91, 92)®(91, 92),
for all (g1,92) € G, v; € V;, i =1, 2.

We shall define a family of Hopf algebras that are cocycle deformations of tensor
product of supergroup algebras. Let (V1,Va,u1,us, G1,G2) be a data as above.
Set V.= Vi @ Va. Define H(V1, Vo, u1,us, G1,G2) = A(V)®kkG with product
determined by

vw+wo =0, gv=_(g-v)g, for any v,w € V1 @ Va,g € G,
and coproduct determined by
A(v1) = n1®1 + (u1,1)Qvy, A(ve) = v2@1 + (1, uz)Qug,
for any v; € V;, i =1,2.

Proposition 6.2. Let H = A(V1,Va,u1,u2,G1,G2) and 0 : HRxH — k a Hopf
2-cocycle coming from a 2-cocycle 1 € Z*(G,k*) as in Lemmal5.4. Denote & =
¢((U’17 1)’ (17 U2))¢((1a uQ)’ (ula 1)>_1' Then

(i) if € =1 we have Hlol ~ A(Vi, Vo, uy,u2, Gy, Ga)

(11) fo = —1 then H[U] >~ H(Vh VQ,ul,UQ, Gl, GQ)

Proof. Let v e Vi,w € V5 then
(Id®A)A(v) = v@1®1 + (u1,1)@ve1 + (u1, 1)®(u1, 1)@,
(JdRA)A(w) = wRLRL + (1, ug)@w1 + (1, u2)R(1, uz ) Qw.
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Therefore, using (2.4)), it follows that for any vy, w; € V1, ve, wq € Vs
V1 o) W1+ W1 o] V1 =0, V2 [g) W2 + w2 o] V2 = 0,

V1 o] W2 — &§ W2 +[g] v1 = 0.
Also for any g € G, i = 1,2,

9ol V1 = 1/)(97 (uh 1))97)13 V1[0] 9 = 7/)((1617 1)39) 19,

9 0] v2 = V(L u2),9) gva, w2 [0 9 = ¥((1,u2),9) vag.
Hence
9 0] ¥ [o] g ' =gvg",
for any v € V. From these relations, and since the coproduct remains unchanged,
we deduce that if £ = 1 then Hl ~ A(V1, Vo, uy,us, G, Go) and if € = —1 then
H o~ H(V1, Vo, ur, us, G1, Ga). O

6.3. Homogeneous coideal subalgebras in supergroup algebras. A homo-
geneous left coideal subalgebra of a coradically graded Hopf algebra H = & (H (7)
is a left coideal subalgebra K C H together with an algebra grading K = @ (K (4)
such that K (i) C H(i). The main goal of this section is the classification of homo-
geneous coideal subalgebras in the tensor product of supergroup algebras.

Let (V1,Va,u1,us,G1,G2) be a data as in Section Denote V =V @& V,
and u = (uj,u2) € G = Gy X Gy. Also set H = A(Vy, Vo, uy,us, G1,G2) and
H= H(V1, Vo, u1,ue, G1,G2). If (v1,v2) € V we denote

[(v1,v2)] = v1 +vou € H(L).
Remark 6.3. For any (vi,v2) € V we have
[(v1,02)P =0, A([(v1,02)]) = v1©1 + v2u@u + (ur, 1)®[(v1,v2)]. (6.1)

Definition 6.4. A coideal subalgebra data is a collection (W', W?2 W3 F), where
o W' CV; and W2 C Vj, are subspaces,
e W3 C V is asubspace such that W3NnW'eW? =0, W3nV; =0 = W3k,
e F C G is a subgroup that leaves invariant all subspaces W, i = 1,2, 3,
o if W3 #£ 0 we require that u € F.
We denote C(W?, W2 W3, F) the subalgebra of H generated by kF and elements
in W!e W? and {[w] : w € W3}.

Lemma 6.5. The algebra C(W', W?2 W3 F) is a homogeneous left coideal subal-
gebra of H. O

Theorem 6.6. Let K = @& K (i) C H be a homogeneous left coideal subal-
gebra. There erxists a coideal subalgebra data (W1, W2 W3 F) such that K =
CWL W2 W3, F).

Proof. Since K(0) C kG is a left coideal subalgebra then K(0) = kF' for some
subgroup FF C G. If K(1) = 0 then K = kF. Indeed, if € K(2) then A(x) €
H(0)®@xK(2)® H(2)®K(0), hence x € Hy and since H; N H(2) = 0 then = 0. In
a similar way we can prove that K(n) = 0 for all n.
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Thus we can assume that K (1) # 0. The vector space K (1) is a kG-subcomodule

of VerkG via

(r@id)A : K(1) —» kGer K (1),
where m : H — kG is the canonical projection. Thus K(1) = @4ecK(1)g, where
K1), ={ke K(1): (mid)A(k) = gk}, and

K(1)g € Viguk((u1,1)g) ® Va@ik((1,uz)g).

Therefore we can write

K(l)(ul,l) = Wl ) /V\V/Qu D US,

K(l)(l,uQ) =W Wlu (&) [73,

where W1 is the intesection of K(1)(y, 1) with V71, W2 is the intesection of K(1) (a1
with Vo®yk(u) and U3 is a direct complement, that is, a vector subspace of V; &
Vo@gk(u) consisting of elements of the form [w] where w € W3 and W3 C V; & Vs.
Since U3NW@W2u = 0 then W3NW'@W?2 = 0. The same is done for K(1)(1,u5),
that is W2 is the intersection of K(1)(1,,,) with V3, W'y is the intersection of
K(1)(1,up) With with Vi@k(u) and U® is a direct complement. The space U®
consists of elements of the form [w] where w € W3 and W3 C V; @ Va.

Claim 6.1. Ifu ¢ F then W2=W!=W3=W3=0. We have that W? = w2,
W =wl

Proof of Claim. Let 0 # (v,w) € W3, then 0 # [(v,w)] € U3. Since A([(v,w)]) €
H(0)®xK (1) ® H(1)®xK(0), using (6.1), we get that u € F. The same argument
works if W3 #0, Wt # 0 or if W2 #0.

Let 0 # w € W2, then wu € K(1)(u,,1). Since u € F' then w € K(1)(1,4,) and
the only possibility is that w € W?2. The other inclusion is proven similarly. Thus
W2 =W?2. The equality Wt =W! follows analogously. O

We claim that K (1) = W'F @ W2F @ U3F. Indeed, take g € G and 0 # w €
K(1)4, then

w = wi(uy,1)g + wa(1,uz)g,
for some wy € Vi, ws € V5. Note that

A(w) = wy(ug, 1)g@(ur, 1)g + g@w + wa(1, uz)gR(1, uz)g. (6.2)

If wy # 0, since A(w) € HO)@K (1) & H(1)®kK(0), then (u1,1)g € F and
wg M (u1,1) € K(1)(y,,1)- Thusw € W FOW?FQU3F. If wy = 0 then wy # 0 and
using a same argument as before we conclude that (1,us)g € F, thus wg—1(1,u3) €
K1)y HU? = W' = 0 then wg~'(1,us) € W2 and w € W2F. If some of
the vector spaces U®, W' are not null then u € F, from which we deduce that
g (u1,1) € F and wg'(u1,1) € K(1)(y, 1y- Hence w € W'F @ W2F @ U®F.

If S = {b;} is any basis of V then H is generated as an algebra by the set

{lbs],g: bi € B,g € G}.
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Indeed, take v € Vi, w € V5 then (v,0) = Y. a;b;, (0,w) = Y, B; b; for some
families of scalars a;, 3; € k, then v =", a; [b;] and w =, B [b;]u. Let {b; : i =
1,...,7} beabasis of W = WI@W?2@W? and extend it to a basis {b; : i = 1,...,t},
r<t,of V. Let n > 1 and k € K(n). Write

k= Z Qsy s (0171 [02]°2 - [be]™ g4,
s;€{0,1},9:€G
for some ag, ... s,.; € k. Let p: H — H(1) be the canonical projection. Then
(idep)A(k) € H(n — 1)®K(1). It follows from a straightforward computation
that (ide®p)A(k) is equal to

Z Z O‘Shn-astJ(h317~~-73t7i®[bl]gi +}~1817--47$t,i®[bl]u9i)7
I s;€{0,1},9:;€G

for some 0 # hs, ... s,.is Psy.....s,,s € H(n —1). This implies that if »r <[ and s; =1
then oy, s, = 0. Thus K is generated as an algebra by K (0) and K (1), whence
K =C(WL, w2, w3, F). 0

Definition 6.7. If (W', W?2 W3, F)is a coideal subalgebra data denote CN'(WI, w2,
W3, F) the subalgebra of H generated by kF and elements in W! @ W? and
{[w] : w e W3}.

Theorem 6.8. Let K = " (K(i) C H be a homogeneous left coideal subal-
gebra. There exists a coideal subalgebra data (W1, W2 W3 F) such that K =

C(WYHW?2 W3 F).
Proof. The proof follows the same argument as in the proof of Theorem O

7. MODULE CATEGORIES OVER TENSOR PRODUCT OF SUPERGROUP ALGEBRAS

We shall use the same notation as in the previous section, so we have a data
(V1, Va,u1,us, G1,G2) as in subsection H = A(V1,Va,u1,u9,G1,G2) and H =
H(V1, Va,up,us,G1,G2). Denote G = Gy X Ga, H; = A(Vi,u;,G;) and u =
(ul, UQ) € G.

We shall define a family of comodule algebras over H that will parameterize
exact module categories over Rep(H).

Definition 7.1. We say that the collection (W, 8, F, ) is a compatible data with
(Vl,VQ,ul,UQ,GhGQ) lf
(i) W=W!ae W?2a@ W3 is a subspace of V such that (W, W2 W3 F)is a
coideal subalgebra data;
(ii) B: W x W — k is a bilinear form stable under the action of F, such that

B(wy,w2) = =f(wz,wr), P(wi,ws) = Blws,wr),

B(wz, ws) = —B(ws, wa),
for all w; € W, i =1,2,3, and f restricted to W* x W is symmetric for
any 7 = 1,2, 3;
(iii) if u ¢ F then f3 restricted to Wt x W2 and W2 x W3 is null;
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(iv) ¢ € Z2(F,k*).

Given a compatible data (W, 8, F, ) define I(W, 3, F, 1) as the algebra gener-
ated by W and {es : f € F'}, subject to relations

eren =U(f,h)epn,  eyw = (f-w)ey,
ww; +ww; = Bw;, w;)l, w; € Wi,wj e W,
for any (4,7) € {(1,1),(2,2),(1,3),(3,3)}, and relations
wows — wawg = B(wa, ws3) €y, for any wy € W2, wg € W3,
wiwy — wowy = B(wy, ws) ey, for any w; € W wy € W2,
Define A : K(W, 8, F,v¢) — HxK(W, 8, F, 1) on the generators
Aeyp) = foer, AMwi) =wi®l + (u1,1)@w;, forall fe Fw € wt,
Mwz) = wa®1 + (1, u)@ws, for all wy € W2,
Av,w) = v@1 + w(l,uz)®ey + (u1, 1)@(v,w), for all (v,w) € W3.
Remark 7.2. It (W, 3, F, 1) is a compatible data then W comes with a distinguished
decomposition W = W' @ W2 @ W3. To be more precise one should denote the

algebras K(W, 3, F,+) by K(WY, W2 W3 B, F,+). We shall do this only in case
we want to emphasize the direct decomposition of W.

Definition 7.3. If (0,0, W, F') is a coideal subalgebra data and (W, 3, F ) is a
compatible data with (V7, Va, u1, us, G1, G2), we shall denote

‘C(WvﬂvFa'l/}) = K(Ovov W,ﬂ»Faw)'

The algebras L(W, 3, F, 1) will be the relevant ones when computing the Brauer-
Picard group.

Proposition 7.4. If (W, 5, F, 1) is a compatible data then K(W, 3, F, ) is a right
H -simple left H-comodule algebra with trivial coinvariants. Also gr IC(W, 8, F, 1) =
K(W,0, F,¢).

Proof. The proof that these algebras are comodule algebras is straightforward.
Also, it follows from a direct computation that

grlc(w/’ 167 F7 w) = IC(W7 07 F7 ’l/))’

and (W, 5, F,v¢)o = ky F. Thus, the fact that these algebras are right A(V4, Vo, u1,
ug, Gy, Ga)-simple follows from [16, Prop. 4.4]. O

Recall that in Section we have defined a left H;®yH;"-comodule algebra
diag(H;). It follows from Lemmathat there is an isomorphism of Hopf algebras

H;@ H;°® ~ H;@wH; ~ A(V;, Vi, u;, u;, Gi, G;).
For any i = 1,2 we shall denote B; = A(V;, Vi, us, us, Gi, G;). Also
diag(Vi) = {(0,0) € Vi ® Vi : v € Vi),
diag(G;) = {(9,9) € Gi x Gi : g € G;}.
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Lemma 7.5. For any i = 1,2 there is an isomorphism of left B;-comodule algebras
diag(H;) ~ K(0 ® 0 @ diag(V;), 0,diag(G;), 1).
Proof. Define o : diag(H;) — K(0 & 0 & diag(V;), 0, diag(G;), 1) as follows. For all
v e V;'v g€ Gi7
o(v) = (v,v)(ui,ui), o(g) =(9,9)-
This gives a well-defined algebra isomorphism. It follows straightforwardly that o
is a B;-comodule map. O

Remark 7.6. In Lemmawe write the space W = 0 ® 0 @ diag(V;) to emphasize
that W1 =0,W? =0 and W3 = diag(V;).

Proposition 7.7. Let (W,0,F,) be a compatible data and 12 € Z3(G,k*) be a
2-cocycle such that v |p= 1. Let 0 : HRxH — k be a Hopf 2-cocycle such that
o(x,y) = Y(x,y) for all x,y € G, as defined in (5.2)). Denote

&€= 0((ur, 1), (1,u))P((1, u2), (u1,1)) 7"
If £ =1 there is an isomorphism of comodule algebras
K(W,0,F,p) ~ C(WH W2, W3 F),.
If £ = —1 there is an isomorphism of comodule algebras
K(W,0, F 1) ~ C(W', W2 W3 F),.

Proof. One can verify that the relations that hold in C(W?!, W2 W3 F), are the
same relations in KC(W, 0, F, ). Thus there is a well-defined projection C'(W?!, W2,
W3, F), — K(W,0, F,v) which is an isomorphism since both algebras have the
same dimension. O

The above Proposition can be extended when the bilinear form S is not null.
Let us begin by constructing a Hopf 2-cocycle in H.

Lemma 7.8. Let 0 : HRyH — k be the map defined by

~

(@, y) ifz,yeG
o(z,y) = | 30(sg,th)B(v,w) if v =vg, y=wh,veV, weV;, gheG
0 otherwise.
Then o is a Hopf 2-cocycle. O

Let & = ¢((ur, 1), (1,u2))P((1,u2), (u1,1)) =" and let (W, 8, F, 1)) be a compati-
ble data.

Proposition 7.9. If £ =1 then there is an isomorphism of comodule algebras
K(W, 8, F,4) =~ C(W' W2 W2, F),.
If £ = —1 there is an isomorphism of comodule algebras

K(W, B, F, ) ~ C(W", W2 W* F),.
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Proof. One can verify that the relations that hold in C(W?!, W2 W3 F), are the
same relations that hold in IC(W, 3, F,%). Let us do this only for ws € W2, (v,w) €
W3. By definition of o we have

ws o [(0,0)] = 58w, )1 + 5w, whu -+ Dz, )us(v, w),

2
1 1 ~
(0 0)] o w3 = 580, W)L+ 5 Bw,wa)u + P, uz) (v, W)
Then
wy o [(v,w)] = [(v,W)] 5 wo = B(wr, w)u.
Thus there is a well-defined projection C(W*, W2, W3 F), — K(W, 3, F, 1) which
is an isomorphism since both algebras have the same dimension. O

Theorem 7.10. Let (Vi,Va,u1,us,G1,G2) be a data as in subsection and
H = A(Vy,Va,ui,u2,G1,Gs). Let M be an indecomposable exact left Rep(H)-
module category. Then there is a compatible data (W, B, F,) such that M is
equivalent to the category x(w,s,rp)M as Rep(H)-modules.

Proof. By Proposition and [3| Prop. 1.20] the families x(w,g,F,y) M are exact
indecomposable module categories over Rep(H).

Let M be an indecomposable exact Rep(H )-module category. Then, by [3|
Thm. 3.3] there exists a right H-simple left comodule algebra with trivial coinvari-
ants (A, \) such that M = 4 M as Rep(H )-modules. Since H is coradically graded
then gr A is a right H-simple left comodule algebra also with trivial coinvariants.

Since Hy = kG and A(0) is a left kG-comodule algebra right kG-simple then
there exists a subgroup F' C G and ) € Z2(F, kx) such that A(0) =kyF.

Let 1/) € Z%(G,k*) be a 2- cocycle such that 7,/} |p=1. Let 0 : HQxH — ]k be a
Hopf 2-cocycle such that o(z,y) = ’(/)(Q’J y) for all z,y € G, as defined in

By Lemmanthe algebra (gr A)g-1is lbOHlOI"phIC toa homogeneoub left cmdeal
subalgebra of HI7 ). Set & = ((uy,1), (1, u2))®((1, us), (uy,1))~L. Since &2 = 1
then £ = £1. We shall analyze what happens in both cases.

Case ¢ = 1. It follows from Proposition that there is an isomorphism of
Hopf algebras Hl ' ~ AV, Vo, uy, us, G1, Ga), therefore (gr A),-1 is isomorphic
as a comodule algebra to a coideal subalgebra of H. Hence, from Theorem [6.6]
we deduce that (grA),-1 = C(W!, W2 W3, F) for some coideal subalgebra data
(WL, W2 W3, F). Proposition implies that (gr A) ~ IC(W,0, F,¢). Now, we
have to determine all liftings of (W, 0, F, ), that is all comodule algebras A such
that (gr A) ~ (W, 0, F, ).

For any w; € W, wy € W2, (v,w) € W3 let be Ay s Quoy s A,y € A1 elements
such that

AMaw,) = w1 ®1 + (u1,1)®aw,, Aaw,) = wa®L + (1, u3)Ray,,

)‘(a(v,w)) =v®1 + wue, + (ula 1)®a(v,w)a
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and the class of a,, in A(1) = A;/Ap equals w. We can choose these elements so
that they satisfy that

Oyt = Ay + Gy, fawfflzaf.w, forall fe F,v,weW.
The proof of the existence of such elements is the same as the proof of [I6, Lemma
5.5]. Then A is generated as an algebra by elements {aw,f rwe W, feF}.
For any (i,7) € {(1,1),(2,2),(1,3),(3,3)} take w; € W*,w; € W7. Then
M Ouj F Qo A;) = 1@, Go; + Ao, oy
hence there exists an scalar 3(w;, w;) € k such that
A, Qpy F A o, = (Wi, wy) 1.
If wy € W, wy € W2 then
My Qrpy — Qg gy ) = UR Ay Qapy — Gy Qayy s
hence there exists 8(wi,w2) € k such that
(g Qg — Gy Aoy, = B(W1, W3) €.

If u ¢ F then 8(wy,ws) = 0. The same is done in the case wy € W2, w3 € W3. One
can prove that (W, 3, F, 1) is a compatible data and there is a comodule algebra
projection

IC(W)/B7F7,(/)) - A

which is injective since both algebras have the same dimension.

Case £ = —1. The proof of this case is entirely similar to the case £ = 1. O

7.1. Equivalence classes of module categories. We shall explain when two
module categories appearing in Theorem [7.10| are equivalent.

Let H be a finite-dimensional pointed Hopf algebra and A, A’ be right H-simple
left A-comodule algebras with trivial coinvariants. If g € H is a group-like element
we can define a new comodule algebra A9 on the same underlying algebra A with
coaction given by A9 : A9 — HRxAI, N (a) = ga(_l)g’1®a(o), for all a € A.

Theorem 7.11. [12] Thm. 4.2] The algebras A, A’ are equivariantly Morita equiv-
alent if and only if there exists an element g € G(A) such that A" ~ A9 as comodule
algebras. O

Theorem 7.12. Let (V1,Va,uq,us, G1,G2) be a data as in subsection and set
H = A(Vq,Va,uy,us,G1,G2). Let (W,B,F,¢), (U,B,F,9) be two compatible
data. The module categories xw,g,rp)M, xw,p,Fy)M are equivalent if and
only if there exists g € G such that

Wh=g.U', W?=g-U? W°=g.U% B =g, F=gFg', ¢ =y
Here g - B(v,w) = B(g~! - v,g71 - w) for all v,w € U.

Rev. Un. Mat. Argentina, Vol. 55, No. 1 (2014)



102 MARTIN MOMBELLI

Proof. Let us prove that if (W, 3, F,v) and K(W’, 5, F',4') are isomorphic as
H-comodule algebras then W = W', 8 = 8/, F = F' and ¢ = v'. Let ¢ :
K(W, B, F,¢) — K(W’, 5", F’,4') be an isomorphism of H-comodule algebras, then
for any f € F' we have that

f@d(er) = A(V(ey)).

This implies that J(ef) € KK(W', 8", F’,¢')g = kF’ and has no other possibility
than being equal to e;. Hence F C F’. The other inclusion can be proven using
the inverse of ¥J. Since ¥ is an algebra morphism we deduce that ¢ = v’

It is not difficult to prove that for any i = 1,2,3 we have that 9(W?*) C U
Since ¥ is an isomorphism then W% = U? for any i = 1,2,3. Since ¢ is an algebra
morphism the bilinear forms S, 8/ must be equal.

For any g € G there is an isomorphism of comodule algebras

’C(WﬁaF7w)g = K(g : Wg . 6agFg_17,(/)g)'
Indeed, the algebra map 6 : K(W, 8, F,¢)9 — K(g-W,g-8,9Fg~!,47) determined
by
O(w) =g-w, Olef) =egpg-1,
for all w € W, f € F, is an isomorphism of comodule algebras. The proof of the
Theorem follows now from Theorem [Z.111 O

8. THE BRAUER-PICARD GROUP OF SUPERGROUP ALGEBRAS

The Brauer-Picard groupoid [9] BrPic is the 3-groupoid whose objects are fi-
nite tensor categories, l1-morphisms from C; to Co are invertible exact (C1,Cz)-
bimodule categories, 2-morphisms are equivalences of such bimodule categories, and
3-morphisms are isomorphisms of such equivalences. Forgetting the 3-morphisms
and the 2-morphisms and identifying 1-morphisms one obtains the groupoid BrPic.
For a fixed tensor category C, the group BrPic(C) consists of equivalence classes
of invertible exact C-bimodule categories and it is called the Brauer-Picard group
of C.

In this section G will denote a finite Abelian group, V is a finite-dimensional
G-module, and u € G is an element of order 2 such that it acts on V' as —1. Also
H=AV,u,G).

8.1. The Brauer-Picard group of group algebras. Let us recall the results
obtained in [9] on the computation of the Brauer-Picard group of the category of
representations of a finite Abelian group.

Definition 8.1. Let G be a finite Abelian group. The group O(G @ G) consists of
group isomorphisms « : G & G — G @& G such that {as(g, x), @1(g, %)) = {x,g) for
all g € G,x € G. Here a(g, x) = (a1(g,X), a2(g, X))

Theorem 8.2. [9, Corollary 1.2] There is an isomorphism of groups

BrPic(Rep(G)) ~ O(G & G). O
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Let us explain how to obtain invertible bimodule categories from elements in
O(G® G). Let a € O(G @ G) and define U, C G x G the subgroup
Ua ={(1(9:X),9) : g € G, x € G},
and the 2-cocycle 9, : Uy x U, — k* defined by

¢a((a1(97 )7 )a(al(hag)vh)) - <a2(g,X)71>al(ha€)><Xa h>

It was proved in [9] that the bimodule categories i, v, M are invertible and any
invertible bimodule category is equivalent to one of this form. Note that Uyq =

diag(G)a wid =1

Example 8.3. If G = Z,, for some prime p € N then O(G & é) is isomorphic to
the dihedral group Dy(,—1). In particular if p = 2 then O(Zy © Z3) ~ Zo. The only
non-trivial element in O(Zy & z;) isy:Zo® Z; — 7o @ Z; given by

’V(uiﬂ Xj) = (ujv Xi)v (8'1)
for i,5 = 0,1. Here u is the generator of Zy and yx is the generator of Z\Q

8.2. Families of invertible bimodule categories. In this section we present
families of invertible Rep(H )-bimodule categories.

Definition 8.4. We shall denote by R(V,u,G) the set of collections (W, 3, «),
where

(i) W C V@V is asubspace such that WNV@0=0=WnNoaV,

i) a e O(G® é) is an isomorphism such that (u,u) € U,,
(iii) W is invariant under the action of Uy,
(iv) B: W x W — k is a symmetric bilinear form invariant under the action of
U,.

It (W, 8, a), (W, 3,&) are elements in R(V,u,G) we define
(W.5.0) ¢ (W.5.6) = (W eW,5efad), (82)

where W o I is the subspace of V & V consisting of elements (v1,wy) such that
there exists a (necessarily unique) vy € V' such that (vy,v2) € W, (ve,wy) € W.
The bilinear form (5 e 3 is defined by

B b E((vhwl)? (Ullvwll)) = ﬂ((vlarUQ)ﬂ (vi,vé)) + B((v27w1)7 (Uévwll))v

where vg,v5 € Va are the unique elements such that (v1,02), (vi,v5) € W and
(ve,wy), (v, w)) € W. The action of U,z on W e W is given as follows. If
geG,xeG, (vyw)eWe o I then

(ar(@lg: X)), 9) - (v, w) = (e (a(g, x)) - v, 9 - w).
Lemma 8.5. If (W, 3, a), (17[?,3, a) then (W, 3,«a) e (W,B, a) € R(V,u,G).
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Proof. We will only prove that the bilinear form S e ,5; is invariant under the action
of Uyg. The other properties are straightforward. Let (vy,w), (v],w]) € W e W

and (f,9) € Uag, then Bo B((f,9) - (vi,w1), (f,9) - (v}, w})) is equal to
=BeB((f vi,g-w), (f v}, g-w)))
= B((f v, @ v2), (f - vi, @ ) + B((w - v2, 9 - wn), (- vh, g - wh))
= B((v1,v2), (v],v5)) + B((v2, wr), (vh, w}))
= B e B((v1,w1), (v}, w))).

In the above equalities the element x € G is the unique such that (f,z) € U, and
(z,9) € Uz, and va, v} € V4 are the unique elements such that (vy,va), (v, v5) € W

and (v, wy), (vh, w}) € W. O
Definition 8.6. We say that (W,8,a) ~ (W,E, @) if there exists an element

g € G x G such that
If (W, B8,Un, %) is a compatible family for some a € O(G @ @) we shall denote
KW, B,a) = K(W,B8,Ua,%a), LW,B,0) = LW, B,Ua, o).

Theorem 8.7. Let (W,5,a) € R(V,u,G) such that there exists (W,B, a) €
R(V,u,G) such that

(VV’ 5705) i (Wvga a) ~ (diag(v)ao’id)v (83)

(W, 5,@) o (W, 8,) ~ (diag(V),0,id). (8.4)
Then the Rep(H )-bimodule category r(w,p,q)M is invertible.

Proof. The proof is a (more complicated) version of the proof of the fundamental
theorem for Hopf modules [I§]. If L = L(W, 8, «), K = E(W, 3, @), we shall prove
that the categories M(H, H, K, L), £(diag(V),0,id)M are equivalent as bimodule cat-
egories.

Let us fix some notation. If (vy,w;) € We W then there exists a unique vy € Vy
such that (vy,vs) € W, (vg,w1) € W. We shall denote

ti(vi,wr) = (vi,v2), (v, w1) = (va, w1).

Analogously if (v, w;) € W eW there exists a unique vy € Vj such that (vy,v9) € W
and (vg,w1) € W. We shall denote

Tl(vl,wl) = (111,@2), 72(7)1,?01) = (U27w1)~

From (8.3)), (8.4)) it follows that there are elements (a,b),(g,h) € G x G such
that
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Denote S = L(diag(V),0,id). Let
¢:8 = LK, ¢:8— KL,
be the algebra morphisms determined as follows. If w € V| f € G then
dw,w) = 11(g-w,h-w)D1 + ey @ta(g - w, h - w),

dlecr,r) = e(racs,1)@e@s,1).0)-
If veV, z e G then

¢(va) = ’Lvl(a v,b- 'U)®]- + e(u,u)®72(a v,b- U)v

O(e(r.r) = €(r.a(@.1)DC(a(r.1).2)-
Claim 8.1. The maps ¢, ¢ are well-defined.
Proof of Claim. One should prove that for all v, w eV, f,g e G x G
d(w, w)d(v,v) + (v, v)d(w, w) =0, (8.5)
dlep)dleg) = dlegy), (8.6)
pep)p(w, w) = ¢(f - (w, w))d(ey). (8.7)
The verification of these equalities is straightforward. The same equations hold for

. O

Let us recall the isomorphism of A(V,V,u,u,G,G)-comodule algebras o :
diag(H) — S presented in the proof of Lemma We shall use the notation

B(s) = ¢'(5)2¢%(s), B(t) =& ()R (L),

omitting the summation symbol, for all s,t € S.

Claim 8.2. Ifs,t €S then
(3 ()-8 (m2(6 (1)-1)®F (D& (H)o = 186(1) (88)
(67 (5)-1)S ™1 (m2(¢ (5)-1)) @0 (5)0®6” (5)0 = 1@(s). (8.9)
The proof follows by verifying that both equalities hold for the generators of the

algebra S and using that both maps ¢, ¢ are algebra morphisms.
If M € M(H,H, K, L) define mpr : M — M the map

—1 2
mu(m) = ¢ (o(S(m-1)))) - mo) - ¢ (0(S(m(-1))))-
It follows from ({8.8]) that the image of my; is indeed inside M<° . The space M<°
has a left S-action given by
s-m=¢(s)-m- ' (s),

for all s € S;, m € M°H It follows from that this action is well-defined,
thatis,istS,mE.M:Ochens-meMCOH. B

Let G: M(H,H,K,L) - sM and F : sM — M(H, H, K, L) be the functors
defined as follows. If M € M(H,H,K,L), N € M then

F(N) = (LexK)®sN, G(M) = McH,
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The structure of right S-module on L&y K is given via ¢. Both functors are bimod-
ule functors, see [I7, Prop. 3.7]. These functors are in fact the same (up to some mi-
nor modifications) functors described in Section For any M € M(H,H, K, L)
define

an M = (LopK)@sMH By (Lo K)@g M — M,

an(m) = ¢(o(m(-1)))@mm(m)), Bu(@kem) =k -m-1,
forallme M°H leL keK.

Claim 8.3. The maps ans, By are inverse of each other.
Proof of claim. Let m € M then By o apr(m) is equal to
—1 —2
=¢ (a(m(-1))) - 7 (m(o)) - ¢ (o(m-1)))
—1 —2
= ¢ (o(m(-1))o(S(m)(-1)))) - m)) - & (o(m(-1))o(S(mo)(-1))))
= e(m(,l))m(o) =m.
Let m € M°H [ € L, k € K. Then ay; o By (I®k®m) is equal to
=ayk-m-l)
= aa'ﬂg(k(_l)sil(l(_l)))®7TM(k(0) -m - l(o))
= idﬂg(k(_l)sil(l(_l)))
—1 _ —2 _
26 oma(ko)(-nS ™ (o) (-1)k)©) - ™ L) 0@ o2(k(0) (S (ko) (-1))-
Now, to prove that aps o By (I®k®@m) = (I®k®m) it is enough to prove that
— —1 —2
poma(k(—1))2¢ oma(k©)(1))k©0) )@ oma(ky(—1)) = k@1®1®1,  (8.10)

— _ —1 —2 _
Goma (ST (U(-1)))®¢ oma(l(0)(—1))@L(0) (0) & 0TS (o) (-1))) = 1@IBIRL.

(8.11)
Since ¢om, is an algebra map, equations (8.10) and (8.11)) can be verified on the
generators of the algebras L and K. O

In conclusion we have that FG = Id. Let us prove that GF = Id. For any
N € gM we have an inclusion

N < G(F(N)), n+— 1olan,

for all n € N. Let ¥ : ¢ M — vecty be the functor defined by ¥(N) = G(F(N))/N
for all N € gM. The functor ¥ is a Rep(H)-module functor. Indeed, define
CX,N : \I/(X(X)]kN) — X®]k\I/(N) by

cx, N (I@kRren) = m1(l(—y)) - 2@l 0)@k®n,
forall X €e Rep(H), Ne 1 M,leL, ke K,ze€ X,n¢€ N. It follows straightfor-
wardly that (¥, c) is a module functor, thus it is exact. The full subcategory N of
objects such that U(N) = 0 is a submodule category of g M. Since ¥(S) = 0 and

the category gM is indecomposable, then N' = g M, which implies that GF = Id.
O
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Theorem 8.8. If a,& are elements in O(G ® G) and K = L(diag(V),0,a), L =
L(diag(V),0,a), then there is an equivalence of bimodule categories

M(H, H,K,L) ~ ((diag(V),0,a5)M-
Proof. The proof of Theorem [8.7] applies mutatis mutandis to this case. O

8.3. The Brauer-Picard group of supergroup algebras. The comodule alge-
bras L(W, 3, @) will be the relevant ones when computing the Brauer-Picard group
for the representations categories of supergroup algebras. In Theorem we have
seen that the bimodule categories (1 3,4)/M are invertible if the compatible data
(W, B, «) is invertible in some sense. We must prove now that these categories are
the only invertible bimodule categories and we have to describe the tensor product
between them. In view of Theorem [£.2] we need first to investigate the cotensor
product of two such comodule algebras.

Let (W, 8,a), (W,3,a) be compatible data with (V,u,@). We shall further

assume that W and W have decompositions
W=0000W3 W=0500aW5.
Let L = L(W,B,a), K = E(W,E, a). If (vi,w1) e We W then there exists a

unique vy € V5 such that (vi,v2) € W, (ve,w1) € W. We shall denote

L]('U17w1) = ('U],'Uz), LQ(Ulvwl) = (U27w1)-

Analogously if (v, wq) € W oW there exists a unique vy € V such that (vy,v) € W
and (va,wy) € W. We shall denote

(v, wr) = (vi,v2), T2(vi,wi) = (v2, w1).

Let p1,p2 : V@V — V the canonical projections, so p1 (v, w) = v and pa(v, w) =
w for all (v,w) € V@& V. Abusing the notation we shall also denote by pi,ps :
G x G — @G the canonical projections.

Lemma 8.9. Let {(w},w?)}._, be a basis of WeW C V& V. There exists a basis
{vi}2y of W and a basis {w;}"y of W such that t < n, t < m and p1(v;) = w},
pa(w;) = w? for anyi=1,...,t.

Proof. For any i = 1,...,t there exists t; € V such that (w},t;) € W, (t;,w?) € w.

The sets {(w}, )}, {(t;,w?)}i_; are linearly independent, thus we can extend

both set to a basis in their corresponding spaces. O

The right H-comodule structure described in (4.2]) will be denoted by A, : L —
Ly H and if x € W then

A () = e(y,u)@p2(r) + 2@1. (8.12)

The left H-comodule structure described in (4.3) will be denoted by A; : K —
H®kK and if y € W then

Ai(y) = p2(y)®1 + u®y. (8.13)

The proof of the next Lemma can be done using an inductive argument.
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Lemma 8.10. Ifx =x1...2pef € L and y = y1 ... Ymen € K are elements such
that x1,...,Tn € W, y1,...,ym € W f € U,, h € Uz then

A(z) = Y agaft.aged T e @po (1) L pa(@a) T pa(f),  (8.14)

€;,0;€{0,1}
e;+d;=1

Ny = D G )T pm(ym) T ut T T s ()@Y yoren,  (8.15)

€i,0;€{0,1}
€;+0;=1

where all coefficients a§, (5 € k are not null. O

Proposition 8.11. Assume that @ = id. Then there is an isomorphism of left
H®HC°P-comodule algebras

LW, B,0)0p LW, 3,id) ~ LW e W, B e B, ). (8.16)

Proof. Note that £(W, B,id)y = diag(G). Let {21,...,2,} be a basis of W and
{y1,...,ym} be a basis of W such that they are extensions of a basis of W e W in
the sense of Lemma Without loss of generality we can assume that m < n.

For any 0 < s < n,0 < ¢t < m define L(s) the subspace of L generated by
elements of the form

xit...xirep, wheree; =0,1, eg+---+e, =5, feU,.
Analogously, define K (t) the subspace of K gernerated by elements of the form
yfl...yi;”ef, where §; = 0,1, & +---+ 9, =t, f € diag(Q).

Then L = EB?:OL(S) and K = @{’LOK(t).

For any ¢ = 1,...,m set w; = (p1(x;),p2(yi)), ® : K — kl the canonical
projection, and deﬁne S C F the subset of elements ( f17 f2) such that there exists
(f2,9) € F. We shall denote by p : kF — kF e F' the linear map determined by

_fo i Gm)¢s
plesy ) = {e(fhg) if (f2,9) € diag(G).

By the assumptions on F' and F the map p is well-defined. Define the map 6 :

LOgK — L(W e W, Bef, ) as follows. If d € N and z € LOx K is an element of
the form

n b m
z = Z ,Bbh it zpre syt ...yfn €h, (8.17)

a1+-+am+bi+--+by=d
f€U,, hediag(G)

then
0z)= > Byl wit e whr e () e
arttam=d
feUa

From now on we shall write a+b = d when we mean that a;+- - -+a,, +b1+- - -+b, =

d.
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Claim 8.4. The map 6 is a well-deﬁNned injective linear map. In particular we
have that dim(LOx K) < dim(L(W e W, 3 e 3,a)).

Proof of claim. We must prove that 6 is well-defined in L0y K and that it is
injective. Let us prove the first. Let be 0 < d < n+m and z € LOgK N
et L(s)@uK(d — s) a non-zero element, then there are scalars 3 € k such
that

z= Z ﬁbh 2§ alre @yt L ybrey,. (8.18)

a+b=d
feUL,hediag(G)

Using (8.14) and (8.15) one gets that

> vlas 2 agreS e @pa () L pa(wn) pa ()@Yt - ybren
a+b=d
€;i+d;=a;

fEUa,hEdlag(G)
(8.19)

equals

S Bl At et er@pi () P () T usp2 (W)@ e

a+b=d
€;+0;=b;
f€Uq,hediag(G)

(8.20)
Since z # 0 there exists some ﬁ;’;{ # 0. Define

I(z) = {1 <i < n: there exists Bg,:’,{ # 0 and a; = 1}.

Let us assume that 1 € I(2), thus there exists some ﬂg,:’,{ # 0 where @} = 1. The
next argument does not depend on this choice but it simplifies the notation.

Comparing elements (8.19) and (8.20) we conclude, perhaps after reordering the
elements of the basis {y1,...,ym}, that

S Bulaliia) 2t apreter@pa(z)pa(HEY . ybren (8:21)
a+b=d
€U, hediag(G)

must be equal to
0 9 7n
S Bl e et e @py () uapa (WYL . ybren. (8.22)

a+b=d
f€eUq,hediag(G)

Since B3/ # 0 then pi(y1) = pa(x1) and pa(f) = upa(h) = pa((u, u)h).
Let A1 : L&y K — HRRH“PRy LRk K be the coaction given in (4.4)), that is if
I®k € LK then

AMI®k) = 7T1(l(,l))®7T1(k‘(,1))®l(0)®k(0).

With this coaction L&k K is a comodule algebra and has Ly K is a subcomodule
algebra. Taking H' = HRyH®P, A = LK and B = Ly K we are under the
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hypothesis of Lemmal5.1] This implies that any element z € L0y K can be written

as
n+m

= E Zd;s
d=0

where zq € LOy K N@"7" L(s)®kK (d — s). Let us prove now that 6 is injective.

Assume that z is an element as in dj such that 6(z) = 0 and z # 0. Hence any

g’{ = 0 for any a such that a; + -+ + a,, = d. Since z # 0 there exists at least

one coefficient ﬁb, # 0. Let us compare the coefficient of the term

33‘111 . .xfb"ef@)pl(yl)b/l e Do () P TP @1 (8.23)
in equations , (8.20). The coefficient of the term 1' in the summand
is ﬁo { ozb, for some a = (ay,...,an) such that a+-+a, = d and in the

summand is BZ, fCO/ Thus Bg, fCO = af, =0, whence Bb, 7 =0, which
is a contradlctlon thus 6 is injective. This ﬁnlbheb the proof of the claim. O

Define QS:A/L:(W . W7 Se B, a) — LOy K the algebra map determined as follows.
If we W eW then
P(w) = 11(w)R1 + €,@12(w),
and if (f,g) € U, then
¢(€(1.9)) = €(1.9)D¢(g.9)-

The map ¢ extends to a comodule algebra morphism and the image is contained
in LOy K. To prove that ¢ is well-defined one should verify that

P(w)p(v) + d(v)d(w) = B o Bv, w)1, (8.24)
d(er)pleq) = Va(f,9) dlery) (8.25)
d(er)p(w) = (f - w)d(ey), (8.26)

for all w,v € WOW, f+9 € Uy. This is done by a straightforward computation. To
prove that the image of ¢ is contained in L0y K we must prove that if w € W e W
then

1 (w)®1 + e,®ua(w) € LOg, K.

This calculation is readily proven. Let us prove that ¢ is a comodule morphism.
For the moment we shall denote by A, 5 the coaction of L(W e 1% ,Be ﬁ, a). Let

w = (v1,wy) € W e W then
(Id@P) Ay o577 (w) = (id@¢) (1 @1 + w1 (u1, ur) e (uy,uy) + (u1, 1) QW)
= U1®1®1 + wl(u17 u1)®e(u17u,2)®e(u2,u1)
+ (u1, 1)@e1 (w) @1 + (u1, 1) @€y, uy) @ta(w).
Let A denote the coaction of Ly K described in (4.4) and

t1(w) = (v1,v2), to(w) = (vg,wr).
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We have that
Ay (w)@1) = (7, @7, ®id) (11 R181 4+ v2uRe,®1 + 1@y (w)®1)
= 0110181 + u1®u1 (w)R1,
and
AMew®ig(w)) = (mh, @y, ®id) (uv2®eu®1 + uwy (U2, u1) @€y, (uy,u,)
+ u(uz, 1)®e, @t (w))
= (u1, Dwi(1,u1)@eu®€(uy uy) + (U1, 1)Re, @t (w)
= w1 (U1, 1)@y ®e(yy,u,) + (U1, 1)@ey@ta(w).
The last equality follows because u; commutes with w;. Then
(id®¢)))\w'w(w) = A\p(w).
An easy computation shows that the same equality holds for the group elements
in U,. Clearly the map ¢ is injective. This implies that dim(L(W eW Se 3 Fe
F yet)) < dim(LOg, K), but from Claim it follows that both spaces have the
same dimension. Therefore ¢ is an isomorphism. (]
Let (W, 3, F, 1), (W,B,Z;,J) be compatible data with (V,V,u,u,G,G). The
spaces W, W have decompositions W = W ® W2eW3, W=WleW?qeWs.

Let L = K(W,58,F,¢), K = K(W,,g,ﬁ,w). The tensor product L&, K has a
left H-comodule structure § : LK — Ho®i LR K given by

I(lek) = Fz(k(,l))s_l(Fz(l(,l)))(@l(o)@k‘(o),
for all I®k € LegK. This coaction was already used in (4.5).

Proposition 8.12. The following assertions hold.

1. If kM is an invertible bimodule category then EQ =0.
2. If gk M is an invertible bimodule category then W' = 0.
3. If kM is an invertible bimodule category then

ﬁ = Uom &: waa
for some o € O(G & G).
4. IfW2:W1:W2fW1=O and F =Ugz, v =g, F = Uy, = 1)y for
some a,a € O(G @ G), there is an isomorphism

LK ~ N®k(L|:|HK)

of right L0y K -modules and left H-comodules, where N is a certain left
H -comodule.

Proof. 1. Since g M is an invertible bimodule category then
(KM)OP Mpep(r) kM~ M(H, H, K, K) ~ Rep(H>).

For any vector space X and P € M(H, H, K, K) we write X®y P the object in the
category M(H, H, K, FLwith structure concentrated in P. Let A/ be the full sub-
category of M(H, H, K, K) consisting of objects P such that X®@P ~ X ®yP for all
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X € Rep(H®H®P). The category A is a submodule category of M(H, H, K, K).
It could not happen that N equals M(H, H, K, K) since M(H, H, K, K) is equiv-
alent to Rep(H). Thus A must be the null category.

Let us assume that W2 # 0. Let (W?) be the subalgebra of K generated by
elements in W?2. We have inclusions

S = (W2)Og(W?) — KO, K — K&K,

of left H® HP-comodule algebras. Note that the coaction of S is trivial, that is,
if §: 5 = HRHPRLS, > k®l € S then §(3 k®l) = 1®1® > k®[. This implies
that for any X € Rep(H®HP) and M € sM X®M = X®kM, where the S-
action on X®,M is concentrated in the second tensorand. From this observation
we deduce that for any M € s M the object K@ K®gM belongs to A. This is a
contradiction, which means that W?2 = 0.

2. The assertion follows by using the same argument as in item (1).

3. Let us assume that M is the inverse of the bimodule category M. From
the previous results we know that W2 = W' = W2 = W! = 0. Let us prove that
(LOg K)o = LoOy,Ko. The inclusion (LOy K)o 2 LoOpy, Ko is immediate. Let
Sk € (LOgK)g, then

Wl(l(_l))®l(0) € Hy®yL, Wl(k(_l))@)k(o) € Hy®kK.

The only possibility for this to happen is that [ € Lo,k € Ky. Now the result
follows from [I7), Corollary 5.6].

4. Tt follows from Proposition and from that LOy K is a twisting
C,, of some coideal subalgebra C' of either A(V,V,u,u,G,G) or H(V,V,u,u,G,G).
This means that there are equivalences of categories

B B[U]
Mo,k ~ 87" Me ~9M,

where B is either A(V,V,u,u,G,G) or H(V,V,u,u,G,G), and Q = B/BC™T. The
first equivalence is [I6l Lemma 2.1] and the second one is standard, see e.g. [20].
Thus any object of BMLDHK is equivalent to B["]DQN for some N € Y M. In
particular, since L&y K € BPMn, i there exists N € M such that LegK ~
BllOgN. Since Bl7l ~ C®yQ as right C-modules and left Q-comodules, then
L®]kK ~ Ca®]kN- O

Theorem 8.13. If a, & are elements in O(G @ é), then there is an equivalence of
bimodule categories

cw,8,0)MBRep(H) 7 ,5,5)M = (e gofad) M-
Proof. From Proposition (4) we can apply Theorem [4.2] and we get that

£W,8,00M = £(w,8,id) 05 £(v,0,0)M = £(w,8,id)M BRep(r) £(v,0,0) M
where the first isomorphism is (8.16). Then

£(w,8,0)M Brep(m) 27 5.5M
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is isomorphic to
£(w,8,id) M Wrep() £(v,0,0)M BRep (1) £(v,0.8) M Brep(r) 257 5,10y M-
Using Theorem [8:8 we obtain that this tensor product is isomorphic to
£w,8,id)M Wrep() £(v,0,08)M VRrep(H) £(77,7,1a)M>

and using again Theorem [£.2] we get the result. O

Define B(V,u,G) to be the group of invertible elements in R(V,u, G)/~ with
product e described in (8.2)).

Theorem 8.14. Let G be a finite group, u € G be a central element of order 2
and V a finite-dimensional G-module such that u -v = —v for allv € V.. There is
an isomorphism of groups

BrPic (Rep(A(V,u, G))) ~ B(V,u,G).
Proof. 1t follows from Theorem [8.7] that the application
R(‘/v u, G)X — BrPic (Rep(A(‘/? u, G)))? (VV7 Bv O[) = L‘,(W,ﬂ,a)M

is well-defined. It follows from Theorem that (W, 8, a) ~ (W, 3, &) if and only
if the module categories £, g,qa)M, (W Ba)M are equivalent. Hence we have a
well-defined injective map

%(‘/a u, G) — BrPic (Rep<"4(‘/v u, G))? (VV7 ﬁv a) = ﬁ(W,B,a)M-

Proposition [8.11] implies that this map is a group homomorphism. Let us prove
that it is surjective. Let M be an exact invertible Rep(A(V,u, G))-bimodule cat-
egory. Then, by Theorem there exists a data (W' @ W2 @ W3, 3, F,v) com-
patible with (V,V,u,u,G,G) and an equivalence M ~ xy1 w2 ws g, e M of
bimodule categories. By Proposition (1) and (2) W' = W2 = 0. Also by
Proposition (3) there exists a € O(G ® G) such that (F, 1)) = (Ua, 1ha), thus
KWL W2 W3, B8, F,v) = L(W, B, ).

Since M is invertible there exists another compatible data (W, 5 ,@) such that

£w,8,0)M BRep(A(Viu.0)) £(7,5,5M (8.27)

is equivalent to £(diag(v),0,diag(c),1)M. From Theorem @ we conclude that the
tensor product category (8.27) is equivalent to the category

K(W.W,B.E,aa)M~

It follows from Theorem that (W.W, Bef,ad) ~ (diag(V),0,diag(G), 1) and
therefore (W, 8, ) € B(V,u,G). This finishes the proof of the Theorem. O
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8.4. Another description of the Brauer-Picard group. In [9] the authors give
a beautiful description of the group BrPic(Rep(kG)) for a finite Abelian group G.
This group is isomorphic to the group of automorphism of G @ @, here G is the
group of characters of G, such that they preserve the quadratic form ¢ : G oG — k,
q(g, f) = f(g). In this section we use the same ideas to give a more compact
description of the group B(V,u, G).

Let (W, 8, a) € R(V,u,G). Set 7(W, 3) the subspace of VO V*@®V @ V* defined
by

{(w1, f,wa, fo) : (wi,w2) € W, (f1, f2) € W*, Bwi,wa) = fr — fa}-

Recall the definition of B given in . If (W',5,a’) is another element in
R(V,u,G) we denote (W, 3) @ 7(W’,3') the set of elements (w1, f1,ws, f2) such
that there exists a unique (v,g) € V @ V* such that (w1, f1,v,9) € 7(W, ) and
(v, g, wa, fo) € (W', 3).

Let Lag (V, u, G) be the set of pairs (7(W, 8), a) where (W, 8, «) is an invertible
element in R(V,u,G). If (1(W, ), a), (r(W',8),a’) € Lag (V,u, G) define

(T(W’ ﬂ)v a) b (T(W/a 61)7 O/) - (T(W7 ﬂ) i T(W/7 ﬂ/)7 & 0o OL/). (828)

Two elements (7(W,3),«), (r(W',5),a) in Lag (V,u,G) are equivalent if there
exists (z,y) € G x G such that

(T(Wlaﬁl)va/) = (T((.’ﬂ,y) : VV> (xay) ! ﬁ),()é).

We denote by Lag (V, u, G) the set of equivalence classes in Lag (V, u, G). The next
lemma is a result analogous to [9, Prop. 10.3].

Lemma 8.15. The set Lag (V,u, G) is a group with operation defined by m
each equivalence class and identity element the class of ({(v, f,v,f) :v € V, f €
V*},id). The map 7 : B(V,u,G) — Lag (V,u, G) that sends the class of (W, 3, )
to the class of (T7(W, ), ) is a group isomorphism.

Proof. The proof that Lag (V,u,G) is a group is straightforward. Let us take
(W, B,a), W', 5,a') € R(V,u,G) and (w1, f1,was, f2) € 7(W,5) e (W', 3"). Then
there exists (v,g) € V & V* such that (wy, f1,v,9) € 7(W, ) and (v, g,ws, f2) €
(W', 8"). Hence

~ ~

Blwi,v) = fi—g, B'(v,w2) =g— fo,
which implies that
Bof(wi,we) = fi — fo.
Thus, (w1, f1,ws, fo) € 7(W ¢ W/, 3 e ') and we have an inclusion 7(W, () e

T(W',8) C 7(W e W’ 3e[3). The other inclusion is proven similarly. Thus 7 is
well-defined and injective. By definition of Lag (V, u, G) the map 7 is surjective. O

The group G x G acts on the set of linear maps T : Ve V* — V@ V™ as follows.
If (2,y) € G x G, (v, f) €V & V* define

((@,9) - T)(v, f) =" T(y-v,y-f) (8.29)
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The action of G on V* is given by
(2 F)w) = flat - v),
forallz € G, feV*, veV.
Definition 8.16. Let O(V,u, G) be the set of pairs (T, a) where
(i) a € O(G @ G) such that (u,u) € U,,
(ii) T: Ve V* -V ®V*is a linear isomorphism such that
(x,y)-T=T, forall (x,y)€ U,, (8.30)
TH0, ) =0, T20, ) (T (v,0)) = f(v), forall feV* veV. (8.31)
Here T'(v, f) = (T (v, f), T?(v, f)) for all f € V* v e V.
Two elements (T, «), (T",a') are equivalent if there exists (z,y) € G X G such
that
T =ty ) T, a=d.
The class of an element (T, ) € O(V, u,G) will be denoted by (T, ) and the set
of equivalence classes will be denoted O(V,u, G).
Remark 8.17. If (T,id) € O(V,u,G) then T € Aut o(V @ V*).

Lemma 8.18. The set O(V,u,G) is a group with unit element (1d,id) and com-
position

(T,a)e (T", o) = (T oT", a0 ),
for all (T, a),(T", ') € O(V,u,G). O
Theorem 8.19. There is an isomorphism of groups B(V,u,G) ~ O(V,u,G).

Proof. Let (T, ) be a representative of a class in O(V, u, G). Define T! : Vo V* —
V, T2 : Ve V* = V*by T(v, f) = (T (v, f), T?(v, f)) for any (v, f) € V@ V*. Let
W the subspace of V @ V defined as

Wr = {(T (v, f),v):v €V, f€V*},
and the bilinear form Sr : W x W — k defined by
Br((TH (v1, f1), 1), (T (v2, f2),v2)) = T2 (v1, f1) (T (v2, f2)) = f1(v2),
for all (v1, f1), (ve, f2) € V& V™.
Claim 8.5. (Wr,fr,«a) € R(V,u,G).

Proof of Claim. Let us prove that S is Ug-invariant. The other conditions can
be easily verified. Let (g,h) € U,, (v1,f1),(v2, f2) € V & V* then Br((g,h) -
(T (v1, f1),v1), (g 1) - (T (v2, f2), v2)) is equal to

= Br((g-T (v, fr),h-v1), (g - T (va, fa), b - v2))

= Br((T (h-vi,h- f1),h-v1), (TH(h-va, h- f2),h - v2))
=T?(h-vi,h- f1)(T(h-va, b~ fa)) = h- fi(h-vs)
=T?(v1, fi)(T (v2, f2)) = f1(v2)

= Br((T*(v1, f1),01), (T (v2, f2), v2)).
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The second and fourth equalities follow because (g,h) - T =T. O
We will establish an isomorphism o : O(V,u, G) — Lag (V, u, G) defined by
U(T7 a) = (T(WTa BT)? a)7

for all (T,a) € O(V,u,G). This map does not depend on the representative class
of (T, ). Let us prove that it is injective. Let (T, ) € O(V,u,G) such that

(r(Wr, Br), ) = ({(v, fov, f) rv €V, f € V*}id).
Since ({(v, f,v, f) :v €V, f € V*} = 7(diag(V), 0) there exists an element (z,y) €
G x G such that
Uy, = diag(G), Yo=1, Wr={(z-v,y-v):veV}, pr=0.

This implies that T*(v, f) = xy~! - v for all (v, f) € V & V* and since Br = 0
then T?(v, f) = xy~!- f, thus T = (z,y) ! - Id. Hence (T,a) = (Id,id) and o is
injective. Finally, let us prove that o is surjective. Let (7(W, 3),a) € Lag (V,u,G).
If (w1, fi,wa, f2), (Wi, f1, w2, f2) € (W, B) then (w1 — w,0) € W which implies
that w; = w). Also

Blwi,wa) = fr — fa = f1 — fa,
thus f; = f1. In conclusion the pair (w1, f1) depends on (ws, f3), therefore there
is a linear function 7" : V@& V* — V @ V* such that W = Wy . If the element
(0,0,v, f) € W then v = 0, f = 0, thus T must be injective and consequently
bijective. It is not difficult to see that 8 = Br. This finishes the proof that o is
surjective and the proof of the Theorem. O

Example 8.20. Suppose k = C. Let Zs be the cyclic group of order 2 with
generator u. Let V be a finite-dimensional vector space such that u acts as —1
on V. Set H = A(V)#kZsy. Assume dimV =1, so H is Sweedler’s Hopf algebra.

The group O(Zs & Z;) = {id, v}, see example m Note that Uy = Zy ® Zs.
Define

O = {A S SLQ((C) : A12 = 0}
The Brauer-Picard group of Rep(H) is isomorphic to the group O x Zs. In partic-
ular for any £ € k the matrices
i 0
(%)

give a one parameter family invertible bimodule categories over Rep(H) of order 4.
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