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Abstract We introduce and study new families of finite-dimensional Hopf algebras
with the Chevalley property that are not pointed nor semisimple arising as twistings
of quantum linear spaces. These Hopf algebras generalize the examples introduced
in Andruskiewitsch et al. (Mich Math J 49(2):277-298, 2001), Etingof and Gelaki
(Int Math Res Not 14:757-768, 2002, Math Res Lett 8:249-255, 2001).
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1 Introduction

A Drinfeld’s twist, or simply a twist, for a Hopf algebra H is an invertible element
J € H®H satisfying a certain non-linear equation, which in some sense is dual to
the notion of a 2-cocycle. Any twist gives rise to a new Hopf algebra H’ constructed
over the same underlying algebra H such that if R is a quasitriangular structure for
H then R’ = J,; RJ~! is a quasitriangular structure for H”. The twisting procedure
is a very powerful tool to construct new examples of (quasitriangular) Hopf algebras
from old and well-known ones.
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422 M. Mombelli

It has been used in [9, 12] to construct simple Hopf algebras by twisting group
algebras, see also [10]. In [1] the authors introduce some families of triangular Hopf
algebras by twisting finite supergroups. The idea of the construction is roughly
the following. They begin with a finite group G with a central element of order
two u € G, V a finite-dimensional representation of G where u acts as —1 and
B € $?(V). The tensor product of the exterior algebra A(V) and the group al-
gebra kG is a braided Hopf algebra in the category of Yetter—Drinfeld modules
over Z,. The twisting of A(V)®kG by the exponential e? of the symmetric ele-
ment B gives a new braided Hopf algebra and by bosonization a (usual) Hopf
algebra.

This idea was developed further in a series of papers [6-8] culminating in the
classification of finite-dimensional triangular Hopf algebras. Also in [5] further
properties of this family have been studied.

The main goal of this paper is to generalize this construction replacing the group
Z, by an arbitrary finite Abelian group I' and V' by a quantum linear space over G
such that I' is in the center of G. As expected, the role of the exterior algebra is
played by the corresponding Nichols algebra ‘B(V). This construction gives in some
cases new examples of finite-dimensional Hopf algebras.

The contents of the paper are the following. In Section 3 we briefly recall the
definition of quantum linear space over a finite group and the definition of twist over
a braided Hopf algebra. We associate to any twist over a braided Hopf algebra a twist
over the corresponding bosonization. For any quantum linear space V we construct
families of twists in B (V) using the quantum version of the exponential map.

In Section 4 for any quantum linear space V over a finite group G and a subspace
W C V,asubgroup F € G and a twist J for the group algebra kF we introduce the
definition of the Hopf algebras A(V, G, W, F, J, D) and we study the particular class
of these Hopf algebraswhen V = W, F =T, J = 1®1, that we denote by A(V, G, D).
In the non-trivial cases these finite-dimensional Hopf algebras are new. We describe
some isomorphisms of the Hopf algebras A(V, G, D) and we study the algebra
structure of A(V, G, D)* from which we give necessary and sufficient conditions for
the Hopf algebra A(V, G, D) to be pointed.

2 Preliminaries and Notation

Throughout the paper k will denote an algebraically closed field of characteristic 0
and all vector spaces and algebras are assumed to be over k.

If G is a group and (V,§) is a left G-comodule we shall denote V, ={ve V:
8(v) = g®v}forall g e G.

If gek, neN denote (n);=1+qg+---+¢g"" and as usual the g-factorial
numbers: nl;, = (1)4(2), ... (n)4. The quantum Gaussian coefficients are defined for

0<k<nby
(n) . nly
k), (n—k)gkly

The following technical result will be needed later.
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Families of Hopf Algebras with the Chevalley Property 423

Lemma2.1 Leta,i,jNeN, qeksuchthatqh =1, 1 < N.If0<a,i, j< N and
i+ j= N+a,then

kX;:) s, (li)q(a ! k)q —1 @.1)

Proof Let x, y be elements in an algebra such that yx = g xy. Equation 2.1 follows by
using the quantum binomial formula to expand (x + y)*(x 4+ y)™ and (x + y)'(x + y)/,
and then compute the corresponding coefficient of the term x4 y". O

If x is an element in an algebra such that x¥ = 0 and ¢ € k, the g-exponential map
[11] is defined by

N
exp,(x) = Z o x".
n=0

The element exp, (x) is invertible, see [11, Prop. IV.2.6], and the inverse is given by
N—-1 —/2
LN (D "
exp, (x)” = Z )l X,

n=0

We shall need the following result.

Lemma 2.2 [13, Lemma 3.2] If q is a N-th root of 1, xy = q yx and x'yN~! = 0 for any
i=0...Nthen exp, (x + y) = equ(x) equ(y).

3 Twists in Quantum Linear Spaces

We shall describe some families of twists over quantum linear spaces and describe
twists for some (usual) Hopf algebras constructed from braided Hopf algebras.

3.1 Quantum Linear Spaces

We shall recall the definition of quantum linear spaces introduced in [2]. Let G be a

finite group and 0 e N. Let g1,...,8 € G, x1,..., xo € G. Denote q;; = x;(g), ;i =

qii, for any i, j=1,...,60. Let N; be the order of g; which is assumed to be finite

and N; > 1. The collection (g, ..., &g, X1, ---, Xo) 1S @ datum for a quantum linear

space if

gh=hg, xixj=x;x foralli j andallhe G, (3.1)

qijqji = 1 for all ;é ] (32)

We shall denote by I" the Abelian group generated by {g; : i =1,...,6}. Let V be

the vector space with basis {xi, ..., xy}. With the following maps V is an object in
GyD.
oY D:

8(x;) = gi®xi, h-x;i = xi(h)x;.

@ Springer



424 M. Mombelli

We shall denote V = V(gy,..., &, Xx1,---, xo)- The associated Nichols algebra [3]
$B(V) is the algebra generated by elements {x, ..., xs} subject to relations
xiN' =0, XiXj = qij XjX; ifi # j. (33)

B (V) is a braided Hopf algebra in gyD with coproduct determined by A(x;) =
xi®1 4+ 1®x; foralli =1, ..., 0. The braided Hopf algebra B(V) is called a quantum
linear space.

Using the quantum binomial formula we get that for any i, n

n

A = Z <Z> xk@xi k.

k=0 qi

There is an isomorphism B(V)* >~ B(V*) of braided Hopf algebras. For any i =
l,...,0 and 0 <r; < N; define X7' ... X;’ the element in B(V)* determined by

XXy = ]_[?:1 (r)lq, if rp=s;, foralli=1,...,0
! oo v 0 otherwise.

The braided Hopf algebra B(V)* is generated by elements Xj, ..., X, subject to
relations (3.3). The coproduct is determined by A(X;) = X;®1 + 1®X; for all i =
L...,0.

3.2 Twists in Braided Hopf Algebras

Let H be a braided Hopf algebra in the category &Y D. A twist for H is an invertible
element J € H®H such that §(J) = 1®J and

(Agid)(N)(J®D = (dRA)(NH AR, (e®id)(J) =1 = (id®e)(J). (34)

Here § : HO®H — kGRH®H is the coaction of HQH in the category &Y D. As for
usual Hopf algebras there is a new braided Hopf algebra structure on the vector
space H with the same algebra structure and coproduct given by A’ (h) = J-'A(h)J,
for all & € H. This new braided Hopf algebra is denoted by H”. See [1].

Two twists J, J € H are gauge equivalent if there exists an invertible element ¢ € 'H
such thate(c) = 1,8(c) = 1®c, g-c =cforall g € G and

T=A@J(c 'oc™).

In this case the map ¢ : ’H7 — H’, ¢ (h) = chc™" is an isomorphism of braided Hopf
algebras.

Remark 3.1 The product of elements in H®H or in HH®H, as in Eq. 3.4, is the

product in the tensor product algebra as an object in the corresponding braided
tensor category.

The following technical Lemma will be of great use later, the proof is straight-
forward.
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Families of Hopf Algebras with the Chevalley Property 425

Lemma 3.2 Let J, J' be twists for H. Assume that
(1eHAdeA)(J) = (deA)JT)(1J), (3.5)
(I (ARId)(J) = (A®id)(J)(J®1). (3.6)
Then the product JJ' is a twist for H.

For any element J € H®H we shall denote by H{;, the vector space H* with
product given by

(X * Y, h) = (X, hay(h@) -1y - I'WY, (hay) o)), (3.7)
foral X, Y e H,heH.

Lemma 3.3 The above product in H{;) is associative if and only if J satisfies
(A®id)()(I®1) = (d @A) (N) (1’ J).

In particular 'H7;, is an algebra with unit ¢ in the category g)}D if and only if I is a

twist for H.

Let us mention some applications of Lemma 3.7. Denote W the 1-dimensional
vector space generated by x. The space W is a Yetter—Drinfeld module over G with
structure maps given by

3(x) =g®x, f-x=x(x,

where g € G, x € G, and g = x(g). Assume that g has order N > 1 and that gV = 1.
Thus B(W) = k[x]/(x"). For any £ € k denote

N-1
_ § : E N—k k
k=1

Proposition 3.4 J; is a twist for B(W).

Proof Clearly J¢ is invertible with inverse given by J_g, also (e®id)(J;) =1=
(id®¢)(Jg). Let us prove that %(W)fjé) with the product (3.7) is associative. The
vector space B(W)* has a basis consisting of elements {X':i=0,..., N—1}, where
(X', x/)y =8;; (i foranyi, je{l,..., N—1}.Forany 0 <i, j < N we have that

X+ ifi+j< N

3.9
EX® ifi+j=N+a,0<a<N. (39)

X« X = {
Hence X' (X* % X/) = (X" % X*) x X/ for any i, j k and the product * is asso-
ciative. Let us prove that X’ X/ =& X% when i+ j= N +a, the other case is
straightforward. By definition if # € B(W) then (X' % X/, h) is equal to

N—-1

(X', hay) (X7, hey) +Z d
k=1

m (X7, hayhay- - xN_k)(Xj, h(z)(o)xk).
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426 M. Mombelli

Thus it is clear that if 4 #x? then (X'x X/ h)=0. We have also that
(X, (¥ 1)) (X7, (x) ) = 0, then (X' x X/, x%) is equal to

=

Il
vy

-1 a
a %‘ . _ . N—k
I (X’,x” [ l~xk)(X",xlx )
— <1>q (N — k)l kL, &

b4

-1 a Ik
<a> Eq (Xl xtl*l‘l»k)(xj XN7k+I>
1), (N= bk,

~
I

a A . o
(a> E ql(l I-a) l!q ]!q
0

= \1),(N=i—l+a)i+I-a),

a 3 ] l
cea S () () o
1=0 q q

The last equality follows from Eq. 2.1. O

Let V = V(g1, g2) be the 2-dimensional Yetter—Drinfeld module for some datum
of a quantum linear space. Assume that g;g, =1 and that Ny =N =N,,q, =¢q =
g;' is a N-th primitive root of unity. Then B(V) is the algebra generated by x, y
subject to relations

WN=0=y", xy=gyx.

For any a €k set B=ax®y and J, = exp,(B). It follows by a straightforward
computation that (1® B)(B®1) = (B®1)(1®B), hence the exponentials commute:
equ(1®B) equ(B(X)l) = equ(B®1) equ(1®B).

Proposition 3.5 J, is a twist for B(V) in the category -y D.

Proof The proof goes in a similar way as the proof of [13, Thm. 3.3]. It is immediate
to verify that (¢®id )(J,) = 1 = (id ®¢)(J,). First note that

(A®id)(exp,(B)) = exp,((A®id)(B)), exp,(B)®1 = exp,(BR1)
and
@id ®A)(equ(B)) = equ((id ®A)(B)), 1® equ(B) = equ(1®B).
Let us denote C = a(x®1®y), then
(AQid)(B) = C+ 1®B, (id®A)(B) = C + B®]l.
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Families of Hopf Algebras with the Chevalley Property 427

It follows easily that g (B®1)C = C(B®1), (19 B)C = q C(1® B) and for any k =
0...N we have that C¥(B®1)N=% = C¥(1®9 B)N* = 0. Then using Lemma 2.2 we
get that

(A®id) (Jo) (Ja®1) = exp, ((A®id)(B)) exp, (BR1)
= exp,(C + (1®B)) exp,(B®1)
= exp, (C) exp, (1@ B) exp, (B®1)
= equ(C) equ(B®1) equ(1®B)
= equ(C+ B®l)equ(l®B)
= exp, ((Id®A)(B)) exp,(1®B) = (Id®A) (Jo) (1&J4).

3.3 A Hopf Algebra Associated to a Braided Hopf Algebra

Let T be a finite Abelian group and H € .} D such that I" is a subgroup of the
group-like elements in H and for any g € I', §(g) = 1®g. Here § : H — kI'QH is
the coaction. Inspired by [1] we shall construct a Hopf algebra H such that the tensor
categories of representations of H and H are equivalent.

Consider the bosonization H#kI'. The ideal / generated by elements h#1 — 1#h for
all h € T' is a Hopf ideal. Define H = H#kI'/I. The class of an element x®g € H#kD"
in the quotient H will be denoted by x®g.

If 7 € HQH is a twist, define

T = (d @) (D#l = THIZ, ) @T % #1. (3.10)

We shall use the notation 7 = J'®J% = j'® /%

Theorem 3.6 The element J € HR H is a twist. If J is U-invariant, thatis g- J = J
forall g € T, then HT#kT'/1 ~ H’.

Proof Clearly J is invertible with inverse J~!' = (id ®38)(J ~)#1. Applying (id ®3®35)
to (A®id)(J)(J®1) we obtain
I (TarnIla) i ® Taynii-n®
® oo Iln * fo®Tn®T)-

Applying to this element (id ®id ®id ® A®id ), multiplying the fourth and second
tensorands and using the cocommutativity of kI" with obtain

I (T Tls) - 1 ® Ty Ieny it ®
® Toy0dls  Ji®@IEn®T0): (3.11)
On the other hand, applying (id ®3®35) to (id ®A)(J)(1®.J) we obtain

1 2 -] 2 2 -1 2 2 2 2
T @Iy niny®IT oI a2  To®@I e ficny®I a0 o)
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428 M. Mombelli

Again, applying to this element (id ®id ®id ® A®id ) and multiplying the fourth and
second tensorands we obtain

1 2 2 -1 ) 2 2 -1
T ® Thy-nIaainicnn®IhoIoes - Jo®
2 D 2 9
® Jay-nJcne®I a0 jo);

Using the cocommutativity of kI" and that §(J) = 1®J the above element is equal
to

1 2 2 2 2 -1 2 2 2 2
T ® Ty Ie3»®Iho I - 10®Tani-ny®Ioo o)

and since the coproduct is a morphism of kI'-comodules the above element is
equal to

T'®I5H®Tom I o2 - in®Tnecni-n®Ta o fo; (3.12)
The element (A®id )(J)(J®1) is equal to

(AQId ) (T #IT 2, @T5#D)(J®1) =

= I(ToyIls) - 1Ty I s iy ®T o0 Ty * Ty # T @ Ty 1.

and (id ®A)(J)(1®J) equals

(d®A)T#TZ, T3 #D (1)) =

— 2 2 2 | 2 2 2 2
=TI, To0mToo-  To* ooy li-n®I o0 fn#l-
Since J is a twist Eqgs. 3.11 and 3.12 are equal, hence we conclude that

(A®id)())(J®1) = (dR®A)(J)(1®J). It follows easily that the coproduct of
HI#KI' /I coincides with the coproduct of H’. O

3.4 The Exponential Map in Quantum Linear Spaces
Let G be a finite group and 6 € N, (g1, ..., &, X1, - - - » Xo) be a datum for a quantum
linear space and V =V (g, ..., 8, X1»---» X0)-

LetD={ajek:1<ij<0,i#jju{fek:1<i=< 9}beafamilyof92 scalars.
We shall say that D is compatible with the quantum linear space V if

ajj = 0 if 8i8j 75 1, Ei =0 if glNI 75 1. (313)
Let F C G be a subset. We shall say that the family of scalars D is F-invariant if
xi(©@) xj(g) aij = ajj, (3.14)

X\ & =g forallge F. (3.15)
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Families of Hopf Algebras with the Chevalley Property 429

In particular if D is compatible with V then it is I'-invariant, which amounts to
a;j=0 if guqgj # 1forsomek=1,...,0, (3.16)
&§=0 if q;]\.]";élforsomejzl,...,@. (3.17)

If geGand Dy ={a;;ek:1<i,j<6,i#jjUulsek:1<i<0}, Dzz{al’jek:
1<i,j<0,i# jJU{§ ek:1 <i<6}are two families of scalars we will denote

D1+D2:{Ll,‘j-l-a;jék}U{é,‘-i-%';Gk: 1 <i<#6},

g Di=@xi@a;ekiUixN(@&ek:1<i<8).

We shall say that a family of scalars D is g-symmetric if a;; = —q;ja;; for any 1 <1,
j<6,i# j. We shall denote

D={bjeck:1<i<j<6,i#jjUlsck:1<i<0}

where b;; = gj;a; — a;;. Clearly D is g-symmetric.

Define B;j = a;; x;®x, J;, = 1®1 + Z,’{V:ll 7(,\,[7,5)"!()_,(!4» xiN"*k®xff and
0
Jp = 1—[ Jg,. 1—[ equi](Bi/). (318)
=1 1<i,j<0,i#]

Theorem 3.7 Let D be a compatible family of scalars with V. Then Jp is a twist for
B(V) in the category .Y D.

Proof Tt follows by Eq. 3.16 that
(18 B (id ®A (By)) = (id ®A(Bi)) (10By)),
(Bi®)(A(Bi)®id) = (A(B)®id)(B;®1),
thus
(1@ exp,, (B;)) (id @ A(exp,, (Bu))) = (id ® exp,, (Bu)) (18 exp,, (Bi),
(exp,, (Bi)®1)(A(exp,, (Bi))®id) = (A(exp,, (Bi)®id)(exp,, (By®1).

Using Lemma 3.2 we obtain that [],_;_;,exp, (Bj) is a twist. It follows from
Eq. 3.17 that

(lox)Fexb)id @A) ) “ox) = (doa) () ext)(1ex) o),

thus by Lemma 3.2 we conclude that ]_[?:1 Jg, is a twist.

It follows from Eq. 3.17 that (x)" *&@x")(x®x)) = (x@x;) N *®xk), thus
equI](ng) and J;, commute. Let i, jk=1,...,6, 1 <a < Ni, then (1®x£/"_“®xi)
(i ®1®x; + x;®x;®1) equals

Ni—a a a Ni—a a
= Xi®x; " ®XpXj + G Xi®x; " x QX

o Ni—a 1 a Ni ... Ne—a o a
= gy Xi®Xp T T ®X X + Gy Xi®X X" Xy
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430 M. Mombelli

On the other hand (x;,®1®x; + x;®x;@1)(18x)* “®x") equals

Nk—a Nk—a a Nk—a a
q Xi®x, " TTRx Xy + Xi®xx, T ®XY.

Using Eq. 3.17, it follows that (1®x,ivk_a®xi) and (id ®A)(x;®x;) commute, hence
(1®Jg) and (id ®A)(equ,j(Blj)) commute. Similarly we can prove that (J;®1) and
(A®id )(equ,/_( Byj)) commute. Using again Lemma 3.2, it follows that Jp is a twist. O

Remark 3.8 Forany 1 <k, [, s, t <6 we have that
expy,, (B exp,, (Bs) = exp, (By) exp,, (Bu),

exp‘]kl(Bkl)JE/ = J&/ equk,(Bkl), Jéjjgl = ngJE/..

Remark 3.9 1t would be interesting to study the exponential map for other types of
Nichols algebras.

4 Hopf Algebras A(V, G, W, F, J, D)

Let G be a finite group and 6 € N, (g1, ..., &, X1, - - - » Xo) be a datum for a quantum
linear spaceand V = V(gi, ..., g, X15 - - - » Xo)- As before I is the Abelian group gen-
erated by {g; : i =1, ..., 60}. Note that I' is contained in the center of G. Using ideas
contained in [1] we shall construct Hopf algebras coming from twisting 6 (V)#kG.

By restriction V is an object in LY D. The vector space B(V)®kG has a
structure of braided Hopf algebra in L) D as follows. The coaction § : B(V)@kkG —
kI'®iB (V)®rkG and the action - : TQB(V)QkkG — B(V)RikG are determined
by

s(v®g) = vHRVVREL, h- (VL =h-v®g,
for all veB(V), ge G, heI'. The product and coproduct in B(V)®xkG are
given by
(v®g)(V'®E) =vg-v'®gd, AL = v1)QgRV2)®Y,

forallv,v' € B(V),g. 8 € G.

Let F be a subgroup of G such that I' < F,let W C V be a subspace stable under
the action of F and W, C V, for all g € F. In this case we can consider the braided
Hopf algebra B(W)®kF. Let D be an F-invariant family of scalars for the quantum
linear space W and let J be a twist of kF.

Lemma 4.1 The element JL®J'®J%5®J* is a twist for the braided Hopf algebra
B(W)QKF in the category 1Y D.

Proof Both elements JL®1®J/3,®1, 1®J'®1®J% are twists. Note that for any g € F
we have that g - Jp = J,.p, hence

(18¢8189) (JpR1p81) = J} r®g/; p®g.
Since D is F-invariant, it follows that Eqs. 3.5 and 3.6 are satisfied and by Lemma 3.2
JLRJ'@J5,RQJ% is a twist. O
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Families of Hopf Algebras with the Chevalley Property 431

Abusing the notation we shall denote by JpJ the twist J,®J'®J2,QJ°.

Definition 4.2 Under the above assumptions we define the braided Hopf algebra
A(V. G, W. F,J,D) = (B(V)&kG)'?’

in the category LY D. Using the bosonization procedure we construct the Hopf
algebra A(V, G, W, F, J, D)#kl. The bilateral ideal I generated by elements
1®h#1 — 1@1#h for all h €T is a Hopf ideal. Thus we define the Hopf algebra
A(V,G, W, F, ], D) as the quotient A(V, G, W, F, J, D)y#kI'/ .

If V=W, F=G and J=1®1 we shall denote the Hopf algebra
AV,G,V,T,J,D)simply by AV, G, D).

Remark 4.3 Note that if D =0, thatisif a;; =0=4¢; forall 1 <i, j <6, then Jp =
I®l and A(V, G, 0) = B(V)#kG.

Corollary 4.4 A(V, G, W, F, J, D) is twist equivalent to ‘B (V)#kG.
Proof 1t follows from Theorem 3.6. O

Definition 4.5 [1] A tensor category is said to have the Chevalley property if the
tensor product of simple objects is semisimple. A Hopf algebra H has the Chevalley
property if the category of left H-modules does.

If H is a Hopf algebra with the Chevalley property and J € HRH is a
twist then H’ has the Chevalley property. Hence the families of Hopf algebras
AV, G, W, F, J, D) have the Chevalley property.

Example 4.6 [1] Let G be a finite group and u € G be a central element of order
2. Let V be a G-module such that u - v = —v for all v € V. The space V is a Yetter—
Drinfeld module over G by declaring V =V, thusI" = Z,. Let {xy, ..., x5} be a basis
of V. In this case g;; = —1 = g;; for all 1 <i, j < 6 and the Nichols algebra B(V) is
the exterior algebra AV.

Let D={ajjek:1<ij<0,i# jju{§ek:1<i<0} be afamily of scalars.
Note that D is automatically Z,-invariant. Define

0
B = Z a,—,—x,—®xj + Z :é;',' XiQx; € VeV.
i#] i=1

Since g;; = —1 then Jp = eB. Our definition of A(V, G, D) coincides with the
definition given in [1], see also [5], where this algebra is denoted by A(V, G, B).
Note, however, that in loc. cit. the authors assume that the element B is symmetric,
thatis B € S2(V).

Let us develop a more particular example. Assume that V has a basis {x, y}. If
a € kdenote B, = a x®y — a y®x. In this case the twist e« is gauge equivalent to the
trivial twist 1®1. Indeed if ¢ = e then e® = A(¢)(c”'®c™"). Thus A(V, G, B,) ~
AVi#kG. The isomorphism is given by conjugation by c, thus one can not expect to
apply [5, Prop. 2.1] in the general situation. Also A(V, G, B,) is super cocommutative
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but B, is not G-invariant hence [5, Corollary 5.3] is no longer true when B is not
symmetric.

Example 4.7 Let G be a finite group with a character x : G — k*. Let n € N and
& € k. Letu € G be acentral element of order n and x (1) = g be a n-th primitive root
of unity. Let V be the one-dimensional vector space generated by x with structure of
Yetter-Drinfeld module over G given by

S(x) =u®x, g-x=x(gx, forallge G.

The Nichols algebra of V is isomorphic to k[x]/(x"). If Dz = {£} then A(V, G, D¢) is
isomorphic to the algebra generated by elements {x, g : g € G} subject to relations

xX"=0, gx=yx(gxg forallgeG.
The twist in this case is J; = 1®1 + Yi_] —=—— x"*®x* and the coproduct is

k=1 n—k)lLk,
given by formulas

EX"(® -1 kK

n—1
— - k
Alx) =x®1 +u®x, A(g) = g®g+ g (n = k) kL, ugRx"g.

We shall prove later thatif £ # 0 and x” # 1 then A(V, G, D) is not a pointed Hopf
algebra and (unfortunately) A(V, G, D;) ~ A(V, G, D)).

4.1 Some Isomorphisms of A(V, G, D)

In this section we shall present some isomorphisms of Hopf algebras A(V, G, D) in
a similar way as in [5, Prop. 2.1].

Remark 4.8 The coproduct of the braided Hopf algebra B(V)®kG is given by:
AP (v®g) = I AWRD(188R1®8)Jp = I3 e AV®Y).

for all g € G, v € B(V). This equation follows since JpA(v®1) = A(v®1)Jp for all
v € B(V). This implies that if D is G-invariant then A(V, G, D) ~ ‘B(V)#kG. In
particular if G =T then A(V, G, D) ~ B(V)#kG.

Let G, G’ be finite groups, V,V’ be quantum linear spaces over I' and I
respectively with basis {x, ..., xp} and {x], ..., x;} respectively. Let D, D’ be families
of scalars such that D is I'-invariant and D’ is I’-invariant.

Proposition 4.9 The Hopf algebras A(V, G, D), A(V', G',D’) are isomorphic pro-
vided there is a group isomorphism ¢ : G — G’ such that ¢ (I') = I'" and a isomorhism
n:V — ¢*(V') of Yetter—Drinfeld modules over G such that (n®n)(Jp) = Jp J5
where D is G-invariant.

Proof We shall prove that the braided Hopf algebras B(V)®kG, B(V)QkG’ are
isomorphic. The map 7 can be extended to an algebra map 7n: B(V) — B(V').
Define ¢ : B(V)QkG — B(V)®kG’ by

Y (v®g) = n(v)RP(g), forallv e B(V), g € G.
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Clearly ¥ is a bijective algebra morphism. If v € ®B(V), g € G then
AP (Y (v®g) = i Tep AP (V).
On the other hand
WRYIA? (v@g) = &N (Jp Jep) (Y @Y A(v®g)
= I I3 To Dy 5V V) A(0D)
= Ip oI5 Ip(W @Y A(®E)
= I Jep AP (v®Q)).

The third equation follows from Remark 4.8. O

4.2 The Algebra Structure of A(V, G, D)*

In this section we shall describe the algebra structure of A(V, G, D)* following very
closely the proof given in [5]. As a consequence we shall give necessary and sufficient
conditions for the Hopf algebra A(V, G, D) to be pointed.

We shall keep the notation of the previous section. Let S € G be a set of
representative classes of G/ T, thatis G = | J,.¢sT. For any s € S define

Ay = {vQg#l v e B(V), g e s}
ID={djek:1<ij<0,i#jU{§ ek:1=<i<6}isafamily of scalars then
we define SR(D, I') as the algebra generated by elements X, ..., Xy, y € I" subject to
relations
vXi= Xy, XV =g1, XX, —q;X;X; = djl.
The following result seems to be well-known.
Lemma 4.10 The algebraR(D, ') is basicifand only if d;j = 0 = §; forall 0 < i, j < 0.

The following result generalizes [5, Thm. 5.2].

Proposition 4.11 The following hold:

1. Foranys € S the space Ay is a subcoalgebra,

2. A(V’ G7 D) = @SES AS; A —~

3. there is an isomorphism of algebras A} ~R(D —s - D, I).
Proof

1. It follows from the definition of the coproduct of A(V, G, D) and the fact that
the twist Jp € B(V)QB(V).
2. The product in A} is described as follows. If X, Y € A}, h € A, then

(X« Y, h) = (X, J 'hj'\ (Y, J2h), (4.1)
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where J = j'® > = JL,@1#1QJ5®1#1, J-'®J 7> = J~'. A base of A is given by
{x]'...xy@sy#l:1 <r; < N;,1 <i <6,y €T}. Abase for the dual space A} is
given by the family {X7'... Xy : 1 <ri < N;, 1 <i <0, g eT'} where

ML, Gl gt y)  if 1= si¥i,

X X xS X Qsy#]) =
(X 08T o @7#D) {0 otherwise.

Here (g*, gi) = xi(g), for all g; € T'. It is not difficult to verify that using the product
(4.1) the following equations hold:
g* =N & *xXi=xi(g Xig", Xix Xj=XiX;+ ((xj(s) — Dail,

X« XN =& - NoE),  X'x XE= X forall k+1< N;— 1,

forall g, feT', 1 <i j<6.We shall give the proof of third equality, the proofs of
the other equations are done in a completely similar way. Let g € T" then

(X * X, 1@sghl) = (X, I jLp®@sghl) (X}, Jp [ p®sghl)

= —Ll,‘j<X,', X,’®Sg#1><Xj, )C/@Sg#l) +

+ xixj(9)aii( Xi, x;@sg#1) (X, x;Qsg#l)
= —aij + Xixj($)aij.

For the second equation we are using that the coefficient of the term x;®x; of
equ”,(B,j)*l is —a;j. Since (X; * X, x;x;®@1#1) =1 and (X; * X}, v®1#1) = 0 for any
v € B(V) different from 1 and x;x; then the result follows.

Observe that since X; X; = g;; X; X; then

Xix Xj—qij Xjx Xi = (qija — aij + xixj(S)aji — qijxixj($)aij)1.

Whence there is a well-defined projection RD-s-D,T) > A} and since both
algebras have the same dimension they must be isomorphic. O

We can generalize [5, Corollary 5.3].

Corollary 4.12 The Hopf algebra A(V, G, D) is pointed if and only if Dis G-
invariant. In particular if D is q-symmetric then A(V, G, D) is pointed if and only
if D is G-invariant if and only if A(V, G, D) >~ B(V)#kG.

Proof A(V, G, D) is pointed if and only if A, is pointed for all s € S if and only if A}
iibasic for all s € S if and only if 9‘{(5 —5- 5 I", 5) is basic for all s € S if and only if
D is s-invariant for all s € S. R

If D is g-symmetric then a;; — g;ja;; = 2a;; thus D is G-invariant if and only if D
is G-invariant. If D is G-invariant then by Remark 4.8 A(V, G, D) ~ B(V)#kG thus
AV, G, D) is pointed. O

Question 4.1 If D is G-invariant then AWV,G,D) 2 BV)#kG ?
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As a last remark I would like to point out that the dual of the Hopf algebra
AV, G, W, F, J, D) has coradical k© and this family could be helpful to the study
of Hopf algebras with coradical a Hopf subalgebra that has recently began in [4].
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