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Abstract

For any finite-dimensional Hopf algebra H we construct a group homomorphism
BiGal (H) — BrPic(Rep(H)), from the group of equivalence classes of H-biGalois
objects to the group of equivalence classes of invertible exact Rep(H )-bimodule
categories. We discuss the injectivity of this map. We exemplify in the case H = T,
is a Taft Hopf algebra and for this we classify all exact indecomposable Rep(7)-
bimodule categories.

Mathematics Subject Classification (2010): 18D10, 16 W30, 19D23.
Keywords: Brauer-Picard group, tensor category, biGalois object.

1 Introduction

The Brauer-Picard group BrPic (C) of a finite tensor category C is the group of equivalence
classes of invertible exact C-bimodule categories. This group, and its higher versions, were
introduced in [10] to classify extensions of a given tensor category C by a finite group.
Also, it has a close relation to certain structures appearing in mathematical physics,
like rational Conformal Field Theory or 3-dimensional Topological Field Theory, see for
example [12], [9], [16].

In order to classify extensions of a tensor category C by a finite group G one needs a
group map G — BrPic (C) and certain cohomological data, [10]. Henceforth, determining
any subgroup of BrPic (C) presents a significant step in the mentioned classification.



The Brauer-Picard group is a complicated group to compute even in the simplest
examples. One interesting problem is the computation of BrPic (Rep(H)), where H is a
finite-dimensional Hopf algebra. It is known that any exact Rep(H)-bimodule category
is equivalent to the category of finite-dimensional representations of a left (H, HP)-
comodule algebra. Given a left (H, HP)-comodule algebra the problem of deciding when
its category of representations is invertible is not solved. The main difficulty is that the
Deligne’s tensor product of bimodule categories is not easy to compute explicitly.

One of the principle goals of this paper is the description of a certain family of invertible
exact Rep(H )-bimodule categories coming from H-biGalois objects. They give rise to a
subgroup of BrPic (Rep(H)). This result is expressed in Corollary 4.9. Here we construct
a short exact sequence involving a map from the group of isomorphism classes of H-
biGalois objects BiGal (H) to BrPic (Rep(H)) and its kernel. For a consequence we get
that for any co-quasitriangular Hopf algbera H the group BiGal (H) embedds into the
Brauer-Picard group BrPic (Rep(H)).

The subsequent part of the paper (the Section 5) is dedicated to the study of the case
when H is the Taft Hopf algebra T, = k(g,z|¢g" = 1,2" = 0,gx = qxg), where ¢ is a
primitive n-th root of unity. Our second main goal is to classify all exact indecomposable
Rep(T,)-bimodule categories; we obtain five families of them. As announced, we achieve
the latter for those bimodule categories which arise from biGalois objects. As Tj, is a finite-
dimensional Hopf algebra, all its biGalois objects are cleft, that is, they are isomorphic
to T, as T,-bicomodules. Then it becomes clear that from the five families of exact
indecomposable Rep(7})-bimodule categories that we obtained a subclass of one of them
emerges from biGalois objects.

The approach we use to classify the exact indecomposable Rep(T)-bimodule cate-
gories is the following. Let H be a finite-dimensional Hopf algebra. Any exact inde-
composable Rep(H )-bimodule category is equivalent to the category of finite-dimensional
representations of a left H ® H“P-comodule algebra which is H ® HP-simple (it has
no non-trivial ideals which are simultaneously left H ® H¢P-comodules) and with trivial
coinvariants. So it is enough to find all comodule algebras over H @ HP with these prop-
erties. By [22] any coideal subalgebra A of H is H-simple, and due to [17, Remark 3.2] the
representation category of A twisted by a compatible 2-cocycle over H is an exact inde-
composable Rep(H )-bimodule category. Morevover, the liftings of cocycle twisted coideal
subalgebras are as well H-simple comodule algebras with trivial coinvariants. Then set-
ting H = T, ® T;°?, we determine all homogeneous coideal subalgebras of H and their
2-cocycle twists. We determine the liftings of them and get five families of H-comodule
algebras. By the above, the representation categories of these five families are exact in-
decomposable Rep(7,)-bimodule categories. In Theorem 5.17 we prove that every exact
indecomposable Rep(T})-bimodule category is of this form. This classification result is
interesting in itself. The biGalois objects over Ty, arise from one of the five families of the
above comodule algebras and from their form it is straightforward that the kernel of the
map BiGal (7,) — BrPic (Rep(7})) is trivial. Hence, the group BiGal (7},) embedds into
BrPic (Rep(T})), although T} is not co-quasitriangular.

The contents of the paper are the following. In Section 2 we give the necessary
preliminaries on tensor categories and their representations. We also prove that for Galois
objects over Hopf algebras, the tensor product of bimodule categories can be given in an
explicit form. In Section 3 we recall some basic notions on bicategories that we use later.



We also give a proof of a known result; that the bicategory of representations of a given
tensor category determines the tensor category up to Morita equivalence. In Section 4 we
present a group homomorphism BiGal (H) — BrPic (Rep(H)). The major part of this
section is dedicated to describe its kernel as well as possible. For co-quasitriangular Hopf
algebras this map is always injective. In Subsection 5.1 we compute the 2-cocycle twists of
H =T,®T;°. In the next subsection we find all homogeneous coideal subalgebras of H.
In Subsection 5.3 we introduce five families of H-comodule algebras that are H-simple
and with trivial coinvariants which turn out to be liftings of the coideal subalgebras.
In Subsection 5.4 we classify all exact indecomposable Rep(7,)-bimodule categories and
prove that they all come from the above five families of comodule algebras. We also

determine the biGalois objects over T},. The last subsection is dedicated to the explicit
embedding of k* x k™ ~ BiGal (T,) into BrPic (Rep(T})).

2 Preliminaries and Notation

We shall work over an algebraically closed field k of characteristic zero. If G is a fi-
nite group and ¢ € Z?(G,k*) is a 2-cocycle there is another 2-cocycle ¢’ in the same
cohomology class as ¢ such that

V(g 1) =¢'(1,9) =1, ¥'(g,97") =1, ¢'(g.h) ' =¢'(h" g7, (1)
for all g, h € G.

All vector spaces and algebras are assumed to be over k. We denote by wvecty the
category of finite-dimensional k-vector spaces. If A is an algebra we shall denote by 4 M
the category of finite-dimensional left A-modules.

Let H be a finite-dimensional Hopf algebra. We denote by G(H) the group of group-
like elements in H. We shall denote by Rep(H) the tensor category of finite dimensional
left H-modules and Comod(H) the tensor category of finite dimensional left H-comodules.

2.1 Hopf algebras and comodule algebras

Given a coradically graded Hopf algebra H = &7 H (i) we say that a left coideal subalge-
bra K C H is homogeneous if it is a graded algebra K = &7 (K (i) such that K (i) C H(1).

Let H be a finite-dimensional Hopf algebra. If (K, \) is a left H-comodule algebra
we denote by K the right H-comodule algebra with opposite underlying algebra K° and
coaction \ : K — K®H given by

X(k‘) = k(o) (%9 S_l(k}(l)), for all k € K.

If L, K are right H-comodule algebras, we denote by M the category of (L, K)-
bimodules with a right H-comodule structure such that it is a morphism of (L, K)-
bimodules. If L, K are left H-comodule algebras the category ¥ My can be defined
similarly.

An H-comodule algebra is said to be H-simple if it has no non-trivial H-costable
ideals.



2.2 Twisting Hopf algebras

Let H be a Hopf algebra. Let us recall that a Hopf 2-cocycle for H is a map 0 : HQH —
k, invertible with respect to convolution, such that

o), ya))o(@@ye, 2) = oy, 21)o (@, y2)2@); (2)
o(x,1) =e(x) =o(1,2), (3)

for all x,y,z € H. Using this cocycle there is a new Hopf algebra structure constructed
over the same coalgebra H with the product described by

Ty = 0(1’(1), y(1))071($(3), y(:a))l’(z)y(z), r,ye H (4)

This new Hopf algebra is denoted by HIl. If ¢ : H ® H — k is a Hopf 2-cocycle and A
is a left H-comodule algebra, then there is a new product in A given by

a5 b=o(ac1y,b1))ao) - bo, (5)

a,b € A. We shall denote by A, this new algebra. The algebra A, is a left H\-comodule
algebra.

Let H be a coradically graded pointed Hopf algebra with coradical Hy = kG. Let
Y € Z*(G,k*). For the proof of the next result see [14, Lemma 4.1].

Lemma 2.1 There exists a Hopf 2-cocycle oy : HQyH — k such that for any homoge-
neous elements x,y € H

oole,5) = {w,y), if 2.y € H(0);

0, otherwise.

2.3 Relative Hopf modules

Let H be a finite-dimensional Hopf algebra. Let K be a left H-comodule algebra and L
a right H-comodule algebra. Define the functors

F: LI:IHKM — LM%, G LM% — LDHKM

as
F(M) = (L&yK) ®ro,x M, G(N)= N“H

for all M € LDHKM,N c LM%

Theorem 2.2 [6, Thm. 4.2] If L is a Hopf-Galois extension then the pair of functors
(F,G) gives an equivalence of categories. 0O

Lemma 2.3 There is an equivalence of categories LM% ~ H M.



Proof. Define the functor I : (ME — IMp by I(M) = M. If6 : M — M®H,
d(m) = my®@m), m € M, is the comodule structure then the left H-comodule structure
on I(M) is given by

8\1 M — H®]kM, g(m) = S_I(M(l)) X mM(0),

for all m € M. It is not difficult to prove that this functor is well-defined and gives an
equivalence of categories. O

2.4 Tensor categories, their representations and the Brauer-
Picard group

A tensor category over k is a k-linear Abelian rigid monoidal category. Hereafter all tensor
categories will be assumed to be over a field k. A finite category is an Abelian k-linear
category such that it is equivalent to the category of finite-dimensional representations
of a finite-dimensional k-algebra. A finite tensor category [11] is a tensor category with
finite underlying Abelian category such that the unit object is simple. All functors will
be assumed to be k-linear and all categories will be finite.

If C is a tensor category, we shall denote by C*V the tensor category whose underlying
Abelian category is C and the reversed tensor product: X ™Y =Y ® X, XY €C.
The associativity of C™" is given by a'%y , = aE,IY, y for X,Y, Z e€C.

For the definition of left and right module categories over a tensor category we refer
to [11]. Let C,D be finite tensor categories. For the definition of a (C,D)-bimodule
category we refer to [15], [10]. In few words a (C,D)-bimodule category is the same as
left C X D"V-module category. Here X denotes the Deligne tensor product of two finite
abelian categories.

A (C,D)-bimodule category is decomposable if it is the direct sum of two non-trivial
(C,D)-bimodule categories. A (C,D)-bimodule category is indecomposable if it is not
decomposable. A (C, D)-bimodule category is ezact if it is exact as a left C KX D™V-module
category, [10], [15].

If Cy,Cy,C3 are tensor categories and M is a (Cy,Cy)-bimodule category and N is
a (Cq,Cs)-bimodule category, the tensor product over Cy is denoted by M K, N. This
category is a (Cy, Cs)-bimodule category. For more details on the tensor product of module
categories the reader is referred to [10], [15].

If M is a right C-module category then M denotes the opposite Abelian category
with left C action C x M — M°P (X, M) — M®X* and associativity isomorphisms
MYy = Mary=x- forall X, Y € C, M € M. Similarly, if M is a left C-module category.
If M is a (C,D)-bimodule category then M is a (D,C)-bimodule category. See [15,
Prop. 2.15].

A (C,D)-bimodule category M is called invertible [10] if there are equivalences of
bimodule categories

MPR M ~D, MKp M?®~C.

Tensor categories C and D are said to be Morita equivalent if there exists an indecom-
posable exact left C-module category M and a tensor equivalence D'V ~ End¢(M).
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The following result seems to be well-known.

Lemma 2.4 Let C,D be tensor categories. The following statements are equivalent.
1. The categories C and D are Morita equivalent;
2. there exists an invertible (C,D)-bimodule category.

Proof. (2) implies (1) is part of [10, Proposition 4.2]. Now, let us assume that the
tensor categories C, D are Morita equivalent. Let ® : D™ — End¢(M) be a tensor
equivalence. Since M is an indecomposable exact left Ende(M)-module category then
it is an indecomposable exact right D-module category. The right D-action is given as

follows:
MxD - M, MY =3oY)M),

for all M € M,Y € D. It is easy to prove that M is an exact (C,D)-bimodule category.
The functor ® is an equivalence of (D, D)-bimodule categories. Thus M is an invertible
(C, D)-bimodule category. 0

Given a finite tensor category C, the Brauer-Picard group BrPic(C) of C [10] is the
group of equivalence classes of invertible exact C-bimodule categories. This group does
not depend on the Morita class of the tensor category; if D is another tensor category
Morita equivalent to C there is an isomorphism BrPic(C) ~ BrPic(D). Let us explain this
isomorphism. Let M be an invertible (C, D)-bimodule category. Define

® : BrPic(C) — BrPic(D), ®([N]) = [MP Ke N Ke M], (7)

for all [N] € BrPic(C). Here [N] denotes the equivalence class of the module category N.

2.5 Generating some invertible bimodule categories

There is a natural way to construct invertible C-bimodule categories using tensor au-
toequivalences. See for example [10], [13]. Let C,D be finite tensor categories and
(F,€) : C — C, (G,() : D — D be tensor autoequivalences. If M is a (C,D)-bimodule
category we shall denote by ¥ M the following (C, D)-bimodule category. The category
F M% has underlying Abelian category equal to M. The left and right actions are given
by

XM = F(X)@M, MY = MeG(Y),

forall X € C,Y € D, M € M. The left and right associativity

mi,Y,M = mé{,KM(gX,Y ® idar), m]G\’/[,X,Y = My x,y (idar @Cx v ).

Here m! (resp. m") is the left (resp. the right) associativity constraint of M. If G is the

identity functor we shall denote ¥ M simply by M and if F is the identity we shall
denote MY by MY. Let Aut(C) denote the group of tensor autoequivalences of C.

Lemma 2.5 Let F,G € Aut(C) and let M be a C-bimodule category. The following
statements hold.

1. There are equivalences of bimodule categories CF' Re C¢ ~ CFY. In particular CT is
invertible.



2. There are equivalences of bimodule categories
MBeCF = MP, (M) (FM)™,

Proof. (1) This is statement [13, Lemma 6.1]. (2) The proof of the first equivalence goes
mutatis mutandis as the one of [15, Prop. 3.15]. The second equivalence is straightforward.

O

2.6 Tensor product of bimodule categories over Hopf algebras

Let A, B be finite-dimensional Hopf algebras. A (Rep(B), Rep(A))-bimodule category is
the same as a left Rep(B®yA“P)-module category. By [1, Theorem 3.3] we know that any
exact indecomposable (Rep(B), Rep(A))-bimodule category is equivalent to the category
sM of finite-dimensional left S-modules, where S is a finite-dimensional right B& A“P-
simple left By A“P-comodule algebra.

Remark 2.6 The identity object in BrPic (Rep(A)) is the class of the Rep(A)-bimodule
category giag(a)M, where diag(A) = A as algebras, and the left A®yA“P-comodule struc-
ture is given by:

A diag(A) = A@eA“P@y diag(A),  Aa) = a) @ as) @ ag), a € A.

We proceed to determine the tensor product over Rep(B) of a (Rep(A), Rep(B))-
bimodule category and a (Rep(B), Rep(A))-bimodule category, both exact indecompos-
able. Throughout, for such a product we shall shortly say tensor product of bimodule
categories over a Hopf algebra.

Define my: A® B— A, mp: A® B — B the algebra maps

ma(z®y) =e(y)z, mp(reyY)= <)y,
forallzx € A,y € B.

Let K be aright B® A“P-simple left B& A°°P-comodule algebra and L a right A® BP-
simple left A ® B®“P-comodule algebra. Thus the category xM is a (Rep(B), Rep(A))-
bimodule category and ;M is a (Rep(A), Rep(B))-bimodule category.

Recall that L is the left B ® A%“P-comodule algebra with opposite algebra structure
L°P and left B ® A°P-comodule structure:

N:L— By APy L, [+ (S;l & SA)(Z(_l)) & l(o), (8)

for all [ € L.

We denote by £ M7 the category of (K, L)-bimodules and left B-comodules such that
the comodule structure is a bimodule morphism. See [18, Section 3. It has a structure
of Rep(A)-bimodule category.

Also L is a right B-comodule and K is a left B-comodule with comodule maps given
by

[~ l(o) X 7TB(l(_1)), k— 71'3(/{2(_1)) (029 k(o), (9)
for all [ € L, k € K. Using this structure we can form the cotensor product LOgK.
Define

M@ k) = ma(l—1)) @ ma(k—1)) ® L) ® k), (10)
forall [® k € LOgK. Then LORK is a left ARy, AP-comodule algebra. See [18, Lemma
3.6].



Recall that in [18] we have defined a structure of Rep(A)-bimodule category on £ M.
Similarly, we can define a of Rep(A)-bimodule category structure on LM%

Theorem 2.7 (a) There is a Rep(A)-bimodule equivalence:

M XRep(B) KM ~ ng-

(b) The functor I from Lemma 2.3 is an equivalence of Rep(A)-bimodule categories.

(¢c) If L is a Hopf-Galois extension, as a right B-comodule algebra, then there is an
equivalence of Rep(A)-bimodule categories

Lok M ~ LM Rgepp) kM.

Proof. Item (a) was proven in [18]. Item (b) is straightforward and (c) follows from
Theorem 2.2 and items (a) and (b).

3 Bicategories and tensor categories

For a review on basic notions on bicategories we refer to [3, 5]. For completeness we
add that a 2-equivalence between 2-categories B and B’ is a pseudo-functor (©,0) : B —
B’ such that there is another pseudo-functor (II,7) : B’ — B and two pseudo-natural
isomorphisms o : (I, 7) 0 (0,0) — Idg and 7 : (©,60) o (I, 7) — Idp:.

It is well-known that any monoidal category C gives rise to a bicategory with only
one object. We shall denote by C this bicategory. If C,D are strict monoidal categories,
a pseudo-functor (F,§) : C — D is nothing but a monoidal functor between C and D.
If (F,€),(G,() : C — D are monoidal functors between two strict monoidal categories,
a pseudo-natural transformation between them is a pair (n,n9) : (F, &) — (G, () where
1o € D is an object and for any X € C natural transformations

nx : F(X) ®@mny — no @ G(X),

such that
(idy, ®Cxy )Nxey = (Mx ® idary)) (idre) @ny) (Exy @ idy,) (11)

Set &x for the natural isomorphism &xt F(X) — F(X) (and similarly for ¢; x). Then
M1, is a morphism 7; : ng — 1o in D satisfying

(idyy ®Cx)nx = (m ® idaex))nx (Ex @ idy, ).

for every X € C. Given two pseudo-natural transformations (n,n0) : (F, &) — (G, () and
(0,00) © (G,¢) = (H,x) their composition is given by ((id,, ®0)(n & ids,), M0 ® 0p) :
(F, &) — (H,x). A pair (n,m) is a pseudo-natural isomorphism if there exists a pseudo-
natural transformation (o,0q) such that (n,m0)(c,00) = (idg,1p) and (o,00)(n,1m0) =
(idg, 1p). Consequently, the object 7y is invertible in D, that is, there exists an object
No € D such that ny ® g = 1p = My ® 1. Any natural monoidal transformation pu :
(F, &) — (G, () gives rise to a pseudo-natural transformation (u, 1).



Lemma 3.1 Let (D, c) be a braided monoidal category. Then any pseudo-natural isomor-
phism (n,m0) : (F,€) — (G, () between two monoidal functors as above produces a natural
monotdal 1somorphism.

Proof. Given a pseudo-natural isomorphism (n,n0) : (F,&) — (G, () define p : (F,€) —
(G, ) as the composition

__ Cno.G(x)®id

F(X) S F(X)@n om0 2% ny 0 G(X) @7 G(X) @10 @75 = G(X)

for any X € C. Here 7 is the inverse objet of 79. Then p is clearly a natural transforma-
tion. We prove that it is monoidal:

Cxy (X RY) = ((Cry®idy, ) (Cho.cixey)olxey)®idy) (drxey) @m0 © 7o)
= ((ida(x) @ch.av)) (Cno,ax)® iday) (idp, @Cxy ) Nxey ®idg) (idpxey) @m0 © 7o)

= ((idG(X) ® idpggig @Cno,c(v)) (Cno,a(x) @ idigan, @ idey)) (Mx @ idagen, ® idgy))
(idrx) @m0 @70 @ Ny ) (Ex,y @ idy,) ® id?To) (idpxey) @m0 © 7o)
= (((CnO,G(X)®T]X) ® idig) (idpx) @m0 @ ) @ ((Cne.cryony) ® idas) (idpyy @mo & %)) Exy
= (u(X)@u(Y))Exy-

The second equality holds by naturality of the braiding and the third one is due to (11)
and because ny®ny = k. 0

Let C be a finite tensor category. We denote by C-Mod the 2-category (of C-module
categories) whose O-cells are C-module categories, 1-cells are C-module functors between
them and 2-cells are natural transformations between such functors (i.e. for two 0-cells
M, N there is a category Fune (M, ) whose objects and morphisms present the 1- and 2-
cells of C-Mod). A C-module functor F : M — N is equipped with a natural isomorphism
cxm 2 F(X®OM) - XQF(M) for X € C,M € M. Then a natural transformation
between two such functors (F,c) and (G,d) is o : F — G such that (X®@a(M))exy =
dX,Ma(X®M) .

Remark 3.2 For a left C-module category M the action functor ® is biexact. Hence-
forth, for a C-D-bimodule category M and N € D-Mod we have canonical isomorphisms
X®(MXp N) = (XQM)Xp N forall X e C,M € M,N € N.

Theorem 3.3 Two finite tensor categories C and D are Morita equivalent if and only if
there is a 2-equivalence (H, k) : D-Mod — C-Mod.

Proof. Let (H, #) : D-Mod — C-Mod be a 2-equivalence. For two 0-cells A/, £ we have an
equivalence functor Hy ¢ : Funp(N, £) — Fune(H(N), H(L)) equipped with a monoidal
structure £ for the composition of 1-cells. Let N, £, P € D-Mod and let F : N' — £ and
G : L — P be two 1-cells. There is a natural isomorphism

FNEP L Wy p(FOG) = Hv o (F)oH e (G) (12)

(we usually write these in the reverted order of F and G). Then End¢(H(D)) = Fune(H(D),
H(D)) ~ Funp(D, D) ~ D as monoidal categories, thus C and D are Morita equivalent.
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If C and D are Morita equivalent, there is an invertible (C,D)-bimodule category M
which gives rise to the desired 2-equivalence functor (H, £) : D-Mod — C-Mod. On 0-cells
define H = M Xp — : D-Mod — C-Mod, that is H(N) = M Kp N for N' € D-Mod.
For two O-cells NV, L define the functor Hy o : Funp(N, L) — Fune(H(N), H(L)) by
Hyr = MKp—, ie. for a D-module functor F : N'— L we have Hy (F) = MXp F :
MEp N — MKp L. For objects M € M,N € N it is (M Xp F)(M Kp N) =
M Rp F(N). If Fis a left D-module functor then M Kp F is a left C-module functor
with the canonical isomorphism: ¢y ymyn @ (M Kp F)(YR(M Kp N)) = YR(M Kp
FYMEpN) =YR(MKpF(N)) where Y € C and M € M, N € N. Due to Remark 3.2
the source object of ¢y, pm, n is isomorphic to (Y@M )XpF(N) which is clearly isomorphic
to the target object. For two l-cells F,G : N — £ and a 2-cell a : F — G we define
HN@(O&) = ME’DOK : M&DJ—'.% M&Dg by (MX’D(M)(M&DN) = MX’D()((N) :
MXpF(N) — MXpG(N). The natural transformation MXp « fulfills the compatibility
condition (Y@(M &D Oé)(M X’D N))éY,MIZDN = dY,M&pN(M &D O{)(Y@(M &D N)) by
Remark 3.2 and since ¢y yx,nv and czy, Mxrp,N are canonical isomorphisms.

Observe that a monoidal structure £ for the composition of 1-cells (12) in this case is
an isomorphism from M Xp (FoG) to (M Xp F)o(MKXpG). Though, these two functors
are equal, so we take AV4P to be the identity for all N, £, P € D-Mod.

Since M is invertible, the pseudo-functor (H, #) is a 2-equivalence. 0

4 Bi-Galois objects and invertible bimodule categories

Let H, L be finite-dimensional Hopf algebras. An (H, L)-biGalois object, introduced by
Schauenburg in [21], is an algebra A that is a left H-Galois extension and a right L-Galois
extension of k such that the two comodule structures make it an (H, L)-bicomodule. Two
biGalois objects are isomorphic if there exists a bijective bicomodule morphism that is also
an algebra map. Denote by BiGal (H) the set of isomorphism classes of (H, H)-biGalois
extensions. It is a group with product given by 0.

If Ais an (H, L)-biGalois object then the functor F,4 : Comod(L) — Comod(H),
Fa(X) = AOLX, X € Comod(L), is a tensor equivalence functor [23]. The tensor
structure on Fy4 is as follows. If X|Y € Comod(L) then

iy 1 (ADLX )Ry (ADLY) = ADL(X®Y), €5y (0 @2 ®b; ®y;) = ab; @ ;@ y; (13)

for any ¢, ®x; € A0 X, b;®y; € ADLY. If A, B are (H, L)-biGalois objects then there is
a natural monoidal isomorphism between the tensor functors F4, Fp if and only if A ~ B
as biGalois objects, [21, Corollary 5.7].

Lemma 4.1 Let A be an (H, H)-biGalois object.
1. The category s M 1is an invertible Rep(H)-bimodule category.
2. Comod(H)”4 is an invertible Comod(H )-bimodule category.

Proof. (1) is a consequence of Theorem 2.7 (¢) and (2) is a particular case of Lemma 2.5.
U
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Bimodule categories in Lemma 4.1 are related via the isomorphism presented in (7).
Let us explain this assertion in detail. The category of finite-dimensional vector spaces
vecty is an invertible (Comod(H ), Rep(H®P))-bimodule category. Let us denote

® : BrPic (Comod(H)) — BrPic (Rep(H?)) (14)
the isomorphism described in (7) using M = vecty.

Proposition 4.2 Let A be an (H, H)-biGalois object, then ®([Comod(H)”"4]) = [M4].
Proof. Let us denote C = Comod(H ). By definition we get

d([C74]) = [vecty? K C74 K vecty
— [(vectuzp)fA X vecty]

_ [(*FAvectk)OP X vecty]
= [

Home (T4vecty, vecty)].

The second and third equality follow from Lemma 2.5 (2). The last equality is [15, Thm.
3.20]. It remains to prove that there is an equivalence of bimodule categories

M4 ~ Home (FAvecty, vecty).

We shall only sketch the proof. Given an object (U, ) € My, p: URxA — U, define the
functor (G, ¢) € Home (T 4vecty, vecty) as follows. For any M € vecty set G(M) = Uy M,
and Cx,M : U®]k(ADHX)®kM — XU M is

CX,M(U®ai®xi®m):xi®u-ai®m,

forallu e U,me M, > a; @ x; € ADgX. Conversely, given a module functor (G, c¢) €
Home (T4vecty, vecty ), since it is exact, there exists an object U € vecty such that G(M) =
UM for any M € vecty. The object U has a right A-module structure p: U®A — U
defined by

n = (6 ® idU)C}L]k(idU ®p)

Here p : A — A®H is the right H-comodule structure. Both constructions are well-
defined and inverse of each other. 0

If (A, )) is a left H-comodule algebra and g € G(H) is a group-like element we can
define a new comodule algebra A9 on the same underlying algebra A with the coaction
given by A\ : A9 — H®AY:

M(a) = g a9 ® ag) (15)
for all @ € A. If A is an (H, H)-biGalois object let A9 denote the above left comodule
algebra whose right comodule structure remains unchanged.

Lemma 4.3 AY is an (H, H)-biGalois object. 0

Definition 4.4 If A, B € BiGal (H) we shall say that A is equivalent to B, and denote
it by A ~ B if there exists an element g € G(H) such that A9 ~ B as biGalois objects.

11



Theorem 4.5 Let A, B € BiGal (H). The following statements are equivalent.
1. A~ B;

2. there exists an equivalence Comod(H )" ~ Comod(H)*® of Comod(H )-bimodule
categories;

3. there exists an equivalence 4 M ~ g M of Rep(H )-bimodule categories;
4. there exists a pseudo-natural isomorphism (n,n0) : Fa — Fp.

Proof. The equivalence between (2) and (4) is given in [13, Lemma 6.1]. The equivalence
between (3) and (4) follows from Proposition 4.2. Let us prove that (1) is equivalent
to (4). Assume that there is a group-like element g € G(H) and a bicomodule algebra
isomorphism f : A9 — B. Define 19 = k with left H-comodule action 1y — H®yno,
1 — g®1, and for any X € Comod(H)

nx 1 Fa(X)®no = no@uFp(X), nx(a®@zrz®1)=1® f(a) ®x,

for all a®x € F4(X). Since f is a right H-comodule morphism the map 1y is well-defined.
Let X,Y € Comod(H), a®x € Fa(X), b®y € Fa(Y), then

(idyy ®(Exy) ) (nx @id)([d@ny)(e@r@boyal) =10 fo)f(h) ®ray
=1® flab) @z ®y
= nxey((Exy) " ®idy) (02200 YO 1).
Thus (11) is fulfilled and (7, 79) is a pseudo-natural transformation.
Now, let us assume that there exists a pseudo-natural isomorphism (n,79) : Fa — Fp.
Since 1y € Comod(H) is an invertible object it is one-dimensional. Hence, there exists a

group-like element g € G(H) such that the coaction 1y — H®yn is given by 1 — g ® 1.
Define f : A — B as the composition

A % A®k7]0 @) ADHH®k?70 g 770®]kBDHH ld&) 7]0®kB g B.

We must show that f is an algebra map and an H-bicomodule homomorphism.

Claim 4.6 f: A — B is an algebra map.

Proof of Claim. It is enough to prove that ny is an algebra map. Observe that AOgH
is a subalgebra of A®yH and the algebra structure on AOy H®y1nq is that of the tensor
product algebra. We shall denote

my : Fa(H)@xno@xFa(H)@no — Fa(H)Rxno,

my : No@xFp(H)Runo@xFp(H) = no@xFr(H),

the algebra structures. Define the isomorphisms

Yo : 7]O®ka(H)®]k~FB(H) — T]0®ka(H)®k7]0®]ka(H), ’}/0(1 Ra® b) =1 RaR 1 & b,
Yt .FA(H)®k.FA(H)®kUO — fA(H)®kUO®kFA(H)®k7707 ’71([/U RY X 1) =rR1Qy® 1,
Yo 1 Fa(H)@xno @ Fe(H) — Fa(H)@uno@uno@uFp(H), 1(r®180)=20121®0,
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for all a,b € Fg(H), z,y € Fa(H). It is not difficult to prove that
(idz () @idy, @0y = Y2 (idr, () @), (16)

(N ® idy, @1dzy )72 = Y0 (H @ idr,m))- (17)

Let us denote m : H®yH — H the product. Since m is a morphism in Comod(H),
the naturality of n implies that (id,, ® Fg(m))nuen = nu(Fa(m) ® id,, ). The following
equalities are readily verified:

‘FA(m) ® idno =nmim (gfl,H ® id%), idno ®~FB(m) = mQ’YO(idno ®§I]:3[,H)' (18)

Since 7 is pseudo-natural, then

(e @ id gy my) (1 1) @) (€ gy @ 1dyy) = (idyy @ER ) M08 (19)

Let us denote the isomorphism ¢ = 71 (&7 ; ® id,,). We have that

(@ )¢ = (N @ iy () (dEs (@00 @Nr )M (€l @ iy )
= (N @ idyyersm) (V2(idz, ) ®77H>>(§?[,H ® id,,)
= Y0(na @ idzy ) (i) @nm) (Exg, i @ i)
= Yo(idy, ® & )N

The second equality follows from (16), the third equality by (17) and the last equality
follows from (19). Now, we have that

nami¢ = np(Fa(m) ®idy,) = (idy, @Fp(m))nuen
= myo(idp, @EL ) NHoH = M2 (N8 © NH)$-

The first and third equalities follow from (18). Hence ngm; = ma(ng ® ny) and ny is
an algebra map. That ng(l1®1® 1) =1® 1® 1 follows from the naturality of n (since
ADHk = k, it is Nk = ld]k) |

For any vector space V we shall denote by V! the same vector space V with trivial
left H-coaction: X' : V! — H@ V' N(v) =1®wv for all v € V. Then AOxzV* = V' and
7 is additive, because for any vector space V' we have that ny: = idy .

Claim 4.7 f: A — B is a right H-comodule map.

Proof of Claim. The spaces AOy H®yny and ny® B0y H have a right H-comodule struc-
ture as follows:

p1: AOgH®yno — AOgHRxno@kH, py i no@xBOgH — no@x BOy HRyH,

pra@h@1)=a@ha)y@1®hg), p(l1RbRL) =100 hq)® ha),

foralla@h € AUy H, b®h € BOgH. With these structures, the maps ¢, p®1id, id ®e and
m are comodule morphisms. Hence, it is enough to prove that ny is a right H-comodule
map. First note that

pr = (id @nae) (g e @ 1dy, ) (A @A @1id),  po = (idy, @Ef ) (Id @ id @A).
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Now, we have
(e @ idm)p1 = (a @ idp) (id ©npe) (€77 e @ idyy) (id ©A @ id)

= (idy, ®EL 1o )Mo (Id ®A @ id)
(idno ®55,Ht)(id ®id ®A)77H = P2MH.-

The second equality follows from (11), and the third one follows from the naturality of n
since A : H — H®H' is a left H-comodule map. O

Claim 4.8 f: A9 — B is a left H-comodule map.

Proof of Claim. If A : C' — H®yC' is a left H-comodule and g € G(H), define the left
H-comodules C@ and @ as follows. As vector spaces C9) = 9 C = C, the comodule
structures A9 : 09 — H®,CW @) 0OC - HRWC are defined by

AND(e) =g ® ey, WA(€) = ge-n) @ ),

for all ¢ € C. Note that f : A9 — B is a left H-comodule map if and only if f : A9 —
WB is a left H-comodule map. It is enough to observe that ¢ : AW — A®yn, and
7 ok B — 9B are comodule morphisms. 0

Define InnbiGal(H) as the set of isomorphism classes of (H, H)-biGalois objects A
such that A ~ H.

Corollary 4.9 There is an exact sequence of groups
1 — InnbiGal(H) — BiGal (H) — BrPic (Rep(H)).

Proof. Define the map ¢ : BiGal (H) — BrPic (Rep(H)), ¢([A4]) = [aM], for any isomor-
phism class [A] € BiGal (H). Here [4M] denotes the equivalence class of the bimodule
category 4 M. By Lemma 4.1 it follows that ¢ is well-defined and by Theorem 2.7 it is a
group map. If ¢([A]) is the trivial element in BrPic (Rep(H)), by Theorem 4.5 it follows
that A ~ H. 0

Remark 4.10 The above exact sequence can be thought of as an analogue of the sequence
studied in [4]. It would be interesting to give an interpretation of the results obtained in
[4] in this context.

Corollary 4.11 If H* is a quasi-triangular Hopf algebra, there is an injective group ho-
momorphism BiGal (H) — BrPic (Rep(H)).

Proof. Let A € InnbiGal(H). It follows from Theorem 4.5 that there is a pseudo-natural
isomorphism between the monoidal functors F4 and Fp. From Lemma 3.1 it follows that
there is a natural monoidal isomorphism between F4 and Fp. This implies that A ~ H
as biGalois objects. 0O
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5 Families of invertible Rep(7},)-bimodule categories

Let n > 2 be a natural number and ¢ a n-th primitive root of unity. The Taft algebra is
T, =k(g,z|¢g" = 1,2" =0, 9z = qxg).

The structure of a Hopf algebra on T} is such that g is group-like, = is (1, g)-primitive,
that is, A(x) = 2 ® 1 + ¢ ® ¢ with S(z) = —g~'z. When n = 2 note that we recover
Sweedler’s Hopf algebra H,. The Taft algebra is isomorphic to a Radford biproduct

Ty = klx]/ (2" )#kZn, (20)

(send G— 1® g and X — z ® 1), where g - 2 = gx. The following technical result will
be needed later.

Lemma 5.1 There is a Hopf algebra isomorphism ¢ : Ty — 5.

Proof. Let us assume that 77, is generated by elements g, z such that ¢" =1,2" =0, gz =
qxg and

Alg)=g®g, Al@)=r1+g®u,
and T),-1 is generated by elements g,y such that g" = 1,y = 0,9 'y = ¢ ' yg~! and the
coproduct is determined by

Alg)=9®yg, Aly)=y@1l+g'®y.

The algebramap ¢ : T,-1 — T:° determined by ¢(g) = g, ¢(y) = xg™", is a well-defined
Hopf algebra isomorphism. 0O

As we are interested in finding invertible Rep(7})-bimodule categories, which are left
Rep(T, ® Ty°?)-module categories, from now on we shall consider the Hopf algebra H =
Tq & Tq71.

Let V; and V, be vector spaces generated by z and y respectively, Z,, = (g) = (g~1)
with ¢" = 1 and let G = Z,, X Z, = (g) % (g). The vector spaces V] and V; are G-modules
via

(¢".9)-z=g-x=qz and (¢'¢')- y=¢ y=7dy
The algebra H is generated by the elements {f € G, z,y} subject to relations

" =0=y", wy=yx, fr=(f-2)f fy=(-yf
Its Hopf algebra structure is given by

Al@)=z@1+(g, )@z, Aly)=ye1l+(1g )y, Alf)=f®/f
In other words, H = B(V)#kG where B(V) is the Nichols algebra of the Yetter-Drinfeld
module V' =V} @ V,. The coaction ¢ : V] @ Vo — kG®y (V) & Vs) is given by
o(v) = (g, ) ®v, d(w)=(l,g7")@w,

for all v € Vi, w € V5. Let us define a new Hopf algebra that will be used later. If
X1, X2 : G — k are characters then V' has a new action of G as follows. For any f € G,
veV,weV,

ferv=xi(f) f-v, frw=x(f) f w
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Let x1,x2 be characters such that x1(1,¢7!)x2(g,1) = 1. In this case V with the new
action and the same coaction is a Yetter-Drinfeld module over kG that we shall denote
by Viyi,xz)- Observe that V' and also V{y, y,) are quantum linear spaces, see [2].

Definition 5.2 If x1,x2 : G — k are characters such that x1(1,g7)x2(9,1) = 1 we
denote Hy, v,) = %(‘/(XI:X2))#H§G'

The algebra H(y, ) is generated by elements {f € G, x,y} subject to relations
" =0=y", wy=xa9,D)yx, fr=(fa)f, fy=(ryf

Its coproduct is the same as the coproduct of H.

5.1 Twisting T, ® T~

We will next investigate the Hopf algebra (7, ® qu)["} for Hopf 2-cocycles o obtained as
in Lemma 2.1. Let ¢ € Z*(G,k*). We define x1, x2 : G — k* characters on G, via

_ o) _ (L (Lg™)
wh =G ™ eW=gaen.

The proof of the following result is straightforward.

(21)

Proposition 5.3 Assume 1 € Z*(G,k*) is a 2-cocycle. Let o : H ® H — k be a 2-
cocycle coming from ¢ as in Lemma 2.1 and x4, x2 characters in G defined in (21). There
is an isomorphism of Hopf algebras H" = Hiyix)- 0O

5.2 Homogeneous coideal subalgebras in Taft Hopf algebra

Due to [22, Theorem 6.1] any coideal subalgebra of a finite-dimensional Hopf algebra H
is an H-simple comodule algebra. Its lifting will also be of that type and thus it will de-
termine an exact indecomposable Rep(H )-bimodule category. Any exact indecomposable
module category emerges in this way. This is why a fundamental piece of information
needed to compute exact Rep(7})-bimodule categories is the classification of its coideal
subalgebras. This is the main goal of this section. As before, we set H =T, ® T}-1.

Note that H(1) = (V1 & V3) @ kG. For (vy,ve) = (ax, By) € Vi @ Vo, with o, 8 € k,
we will denote

e~

[(v1,v2)] = v1 +va(g,g) € H(1) and [(vy,v2)] =ve +uv1(g7t g7t € H(1).
Remark 5.4 The following holds:

—_— N

[(v1,02)]" = [(v1,v2)] =0 (22)
A([(v,v2)]) =1 ® 1 +12(9,9) ® (9,9) + (9,1) @ [(v1,v2)] (23)
Af(v,v2)) =v2@1+vi(g g D@ g ™)+ (1g ") @ [(vr,m)]. (24)

Observe that if K is a homogeneous left coideal subalgebra of H and [(vy,v5)] € K or

—_——

[(v1,v2)] € K where some v; is not null then, since both (23) and (24) are elements in
H0)® K(1) ® H(1)® K(0), it follows that (g,g) € K(0).
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Definition 5.5 A coideal subalgebra datum is a collection (W', W2 W3 F) such that
1. WY C Vi and W? C Vs are subspaces;

2. W3 CV, @ Vs is a subspace such that W = W@ W?2 @ W3 is a subspace of Vi ® Vs
and
W3nWlew?=0, WNnV,=0=W?3nV;;

3. F C @ is a subgroup that leaves invariant all subspaces W', i = 1,2, 3;
4. if W3 #£0 then (g,9) € F;

We denote by C(W, W2 W3 F) the subalgebra of H generated by KF and elements in
Wte W? and {[w], [w] :w e W3}

If x1,x2 : G — k are characters such that x1(1,97)x2(g,1) = 1 and (W, W2 W3 F) is
a coideal subalgebra datum, we shall denote by C(y, v, (W', W?2 W3 F) the subalgebra

of H(y, y,) generated by kF and elements in W' @ W? and {[w], [w] :w e W3}

Remark 5.6 If (W' W?2 W3 F) is a coideal subalgebra datum then we conclude that if
W3 20 then Wt =W?2 = 0.

Lemma 5.7 The algebra C(W, W2 W3 F) (resp. Cryy o)W, W2 W? F) ) is a homo-
geneous left coideal subalgebra of H (resp. Hy, y.))- 0

Theorem 5.8 Any homogeneous left coideal subalgebra K = @2 K (i) in H (resp. H(y, y»))
is of the form K = C(W', W2 W3 F) (resp. Ciyy o) (WL W2 W3 F) ), for some coideal
subalgebra datum (W', W?2 W3, F).

Proof. We shall assume that yi, xo are trivial, since the proof for non-trivial characters
is completely analogous.

Given that K(0) C kG is a left coideal subalgebra, it is K (0) = kF for some subgroup
FCG. If K(1) =0, then K =kF. Indeed, for z € K(2) it is A(zx) € H(0) ® K(2) &
H(2) ® K(0), therefore x € Hy, and since H; N H(2) = 0, it follows = 0. Similarly, one
proves that K(n) = 0 for all n.

Suppose that K (1) # 0. The vector space K (1) is a kG-subcomodule of (V] @ V3) kG
via

(m®@id)A: K(1) - kG @ K(1),
where m : H — kG is the canonical projection. We may write K (1) = @ e K (1) where
K1) ={r e K(1)|(n ®id)A(z) = f ® x}. Then it is

K1)y cVieok(lgh1)f) @ Va@k((L,9)f).
In particular we have:

K1) 1) = Wt e WQ(g,g) o U? K(1)a,g-1 = W2 o Wl(g_l,g_l) ® U

Here W' is the intersection of K(1)(1) with V4, W?(g, g) is the intersection of K(1) 1)
with Vo ® k((g,9)), and U3 is a direct complement. Concretely, U® is a subspace of
Vi@ Vo®k{(g,g)) consisting of elements of the form [w], where w € W3 and W3 C V; & V5.

Given that U N W' @ W2(g, g) = 0, it follows that W3 N W' @ W2 = 0.
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Analogously, for K (1)1,4-1) we have that W2 is the intersection of K(1)1,4-1y with V3,
Wt(g~*, g") is the intersection of K(1)( 4-1y with V1 @ k{(g7t,g71)), and U? is a direct

complement The elements of U? are of the form [ ], where w € VV3 and W3 C Vi @ Vs,
We next prove the following two results:

Claim 5.9 If any of WL W2 W3 or W3 is different from 0, then (g,g) € F. If W' # 0,
then Wt =W, [f W2 +£0, then W2 = W2
Proof. Take 0 # (v1,v5) € W?. Then 0 # [(v1,v2)] € U? and by Remark 5.4 (g,9) € F.

The proof is analogous if WY W2 or W3 are different from zero. For the second claim
take w € W*'. Then w(g™', g7") € K(1),4-1) and w € K(1)(1) and it must be w € W

Similarly, one proves the other inclusion and we get W' = W1 The other equality is
proven analogously. 0

Claim 5.10 K(1) = W'F @ W2F @ UF.
Proof. Take f € G and 0 # x € K(1)y. Then for some v, € V; and vy € V5 it is

T = U1<9717 1)f + U2(17g)f

and

Alx) =u(gDf@ (@) f +walgfelgf+fo
is an element in H(0) ® K(1) & H(1) ® K(0). If vy # 0, then (¢7*,1)f € F and hence
zf1(g,1) € K(1)(y1) and z € K(1)41)F C WLF @ W2(g,g)F & USF C W'F @ W2F @
U3F - the latter inclusion is due to Lemma 5.9. If v; = 0, then v, # 0 and it follows
(1,9)f € F. Thus f '(1,97") € K(1)(1,4- CIEW = U3—O then zf~*(1,97') € W?

and z € W2F and the clalm follows. If any of W' and U? is not zero, then (g g) € F.
But then (¢7',1)f = (97, ¢7")(1,9)f € F and thus zf'(g,1) € K(l)(gyl). It follows
T € K(l)(g,I)F, which we already have proved is a subspace of W'F @ W?F @ U3F.

To finish the proof of the Theorem we will prove that K is generated as an algebra
by K(0) and K (1), which yields K = C(W! W2 W3 F). Let B = {b;} be a basis of
Vi @ Voo For any vy € Vi and vy € Va it is (v1,0) = >, aub; and (0,vp) = ), B;b; for
some «;, 3; € k. Then v; = Y, a;[b;] and vy = >, Bi[bi] (97", ¢7"). So we have that H is
generated as an algebra by the set

{[bz],f : bl S B,f S G}
Now, let {by, ..., b,} be a basis of W = W ® W2 @& W3 and extend it to a basis {by, ..., b;}
of Vi & V3 with r <t. For n > 1 an arbitrary = € K(n) has the form

S a0 ) b

SjE{O,l}
fi€eG

for some o, . € k, where s; + ...+ s = n. Let p: H — H(1) be the canonical

projection. Then
(ld ®p Z Z Xsy,...,50,0 s ..... Sty ® [bl]f

s;€{0,1}
fZGG
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for some 0 # hy, . 5. € H(n—1) is an element in H(n — 1) ® K(1). So for all I > r with
s; = 1 it must be ay, . 5.; =0 and K(n) is generated as an algebra by K(1). 0

..... 5

Remark 5.11 A coideal subalgebra datum depends whether it is on H or H,, ,,). Since
Vi, V5 are 1-dimensional vector spaces we can give a description of all possible coideal sub-
algebra data. Assume V] is generated by = and V; is generated by y. Let (W' W2 W3 F)
be a coideal subalgebra datum (either for H or H(y, ,,) ). Then W3 is either null or 1-
dimensional. If W3 # 0 then, using Remark 5.6 we get that W' = W?2 = 0 and

(W17W27W3> = (07 07 < gl‘ ‘HJ >Jk)

for some 0 # £ € k. We call this coideal subalgebra datum of type &.
If W3 =0 then
(WL W2 W?3) = (< 612 >k, < 63 >, 0)

for some 01,09 € {0,1}. We call this coideal subalgebra datum of type (d1,92). We have
already observed that if W3 # 0, then (g, g) € F.

Assume (W', W2 W3 F) is a coideal subalgebra datum for H,, y,). Let f = (¢°,¢7) €
F. Since F leaves invariant the subspace W3, then

f-Crty) = xalf)r+dxo(flye<éxz+y>.

Hence ' ‘
qx1(f) = @ x2(f) (25)

for all f € F. In particular, if y; = xo, then ¢ = j. Therefore F' contains the cyclic group
generated by (g, g).

5.3 Families of T, ® T,-1--comodule algebras

We shall introduce families of non-equivalent right H-simple left H-comodule algebras
and a fortiori, families of exact indecomposable Rep(H )-module categories, where H =
T, ® T,~1. We shall define them by generators and relations extending the information
from the coideal subalgebras from the previous section. It will turn out that the former
families are liftings of the latter.

Definition 5.12 Given a subgroup F C Z, X Z, we shall say that a 2-cocycle i) €
Z*(Zy X 7, k) is compatible with F if

qi ¢((g> 1)7 f) — qj w((17gil)7f)
(i (9:1) 7 ol (Lg™)

for any f = (¢°,¢°) € F. We shall say that a 2-cocycle ¢ € Z*(F,k*) is compatible with
F if the inflation satisfies (26).

(26)

Remark 5.13 Equation (26) is obtained by replacing the values of x1, x2 given in (21),
using ¢!, in equation (25).

Let us introduce five families of left H-comodule algebras.
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o Let FF C Z, x Z, be a subgroup such that (g,9) € F, ¢ € Z*(F,k*) a 2-cocycle
compatible with F', £, u € k with & # 0. Set L(&, u, F, 1) for the algebra generated
by elements {w, e; : f € F'} subject to relations

w”:,ul, ErEy :w<f,f/)€ff/, EfW = TrwWef.
Here 74 = ¢ if f = (¢',¢7). The left comodule structure \ : L(&, pu, F,¢) —
H®yL(E, p, Fy 1)) is defined by
Mep)=f@er, Aw)=Ex®1+y(g,9) ey +(9,1) @w.

o Let a,b,& € k, F C G a subgroup, ¢ € Z*(F,k*). Set Ki1(a,b,&, F,) for the
algebra generated by elements {z,u,es : f € F'} subject to relations
2=al, u"=0b1, zu—uz=~Eeyqe1y, erep =0(f ez,
e(gi gi)% = q Z€(gi giys  C(gig)Uh = ¢ wegi gy if (¢',¢°) € F.
If (9,g71) ¢ F then & = 0. The coaction \ : Ky1(a,b, &, F,v) — HRpK11(a,b, &, F, 1)
is defined by
Mep)=foes, M)=2@1+(0,1)@z, MNu)=y®@1+(1,97") @u.

e The algebra Ky (a, F, 1)) is the subcomodule algebra of Ki1(a, b, &, F, 1) generated
by elements {z,es: f € F}.

e The algebra Kio(b, F, 1)) is the subcomodule algebra of Ki1(a, b, &, F,1) generated
by elements {u,ef: f € F'}.

e Let F C Z, X Z, be a subgroup, ¢ € Z*(F,k*) a 2-cocycle then k, F' is the twisted
group algebra.

Remark 5.14 The first family of comodule algebras is related to the coideal subalgebra
datum of type £ and the other four families are related to the coideal subalgebra datum
of type (1,1), (0,1), (1,0) and (0, 0) respectively.

Lemma 5.15 The algebras L(§, u, F, ), Ki1(a,b,&, Fiv), Koi(a, F, ), Kio(b, F,) are

right H-simple left H-comodule algebras with trivial coinvariants.

Proof. 1t is enough to note that

deF = £(£7 1y F7 w)o = IC11<CL, b7 g? F7 ¢)0 = ’COI(CL7 F7 ¢)0 = ICIO(ba FJ w)o
and use [17, Prop. 4.4]. 0
Let ¢ € Z*(Zy X Zy,k*) and oy, : HoH — k be the associated Hopf 2-cocycle. Let

X1, X2 be the characters in Z,, x Z,, defined in (21) and let (W', W?2 W3 F) be a coideal

subalgebra datum for H,, ,).

Lemma 5.16 If W3 = 0 there is an isomorphism of comodule algebras

Clxa) WL W20, F) -1 =~ K;5(0,0,0, F,9p™")

Ty
for some i,j € {0,1}. If W? % 0 then Cy, 1) (0,0, W3, F)O_TZI ~ L(£,0,F, 7Y for some
§ ek 0

20



5.4 Classification of exact module categories over Rep(7;, ® T,-1)

In this section we give a classification of exact indecomposable Rep(7},)-bimodule cate-
gories. This is a new result, interesting in itself.

Theorem 5.17 Let M be an exact indecomposable Rep(T,)-bimodule category then M
15 equivalent to one of the following categories:

k, 7M. for some subgroup FF' C G and 1 € Z3(F k),

cep M for some subgroup F C G such that (g9,9) € F and ¢ € Z*(F,k*) is
compatible with F, &, € k with £ # 0;

Kii(ape, )M for some a,b,§ €k, ' C G a subgroup, ¢ € Z2(Fk*);

Kor(a,F.p)M for some a € k, F C G a subgroup, ¢ € Z*(F,k*);
® ki) M for some a €k, F C G a subgroup, ¢ € Z*(F,k*).

Proof. By Lemma 5.15 all module categories listed above are exact indecomposable. Let
M be an indecomposable exact Rep(T})-bimodule category, then it is an indecompos-
able exact Rep(H)-module category. By [1, Thm 3.3] there exists a right H-simple left
comodule algebra with trivial coinvariants (A, A), A : A — H®A, such that M = 4 M
as Rep(H )-modules. Since H is coradically graded then gr A is a right H-simple left co-
module algebra also with trivial coinvariants. Thus, there exists a subgroup F' C G and
Y € Z%(F,k*) such that gr Ag = k, F.

Abusing the notation we shall denote by ¥ € Z2(G,k*) the 2-cocycle such that re-
stricted to F' it equals 1. Since (gr A)a_ll is a Loewy-graded comodule algebra in H“» 1],
it follows from [19, Lemma 5.5] that (gr A)af is isomorphic to a homogeneous coideal
subalgebra of H 001, Let X1, X2 be the characters in G defined in (21) using ~'. Then
Hlow'l = Hy,xz) and by Theorem 5.8 (grd), . = Clixr o) WH W2 W3 F) for some
coideal subalgebra datum (W', W2 W?, F). Then gr A = C(y, o) (WL W2 W3 F)
by Lemma 5.16 there are two options: when W3 = 0 and W3 # 0.

o and

We shall only analyze the case when W3 = 0, the other case is done similarly. In this
case, by Lemma 5.16, gr A = L(£,0, F, ).
Claim 5.18 There exists an element w € A such that
AMw)=E6x@1+Yy(9,9) @ eq +(9,1) @w. (27)
Proof. Since gr A = L(,0, F, 1) there exists an element w € A; /A such that
AW) =€Ex®1+y(g,9) ®egy + (9,1) @W.

Here X : gr A — H®gr A is the coaction induced from A, see for example [17, Section 4].
Let us denote by w’ € Ay a representative element in the class of w. By the definition of
the induced coaction A there exists a map A; : gr A — kG®ik, F' such that

Mw') =8z @ 1+y(g,9) @epg +(9,1) @w' + Ay (w).
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Set Mi(w') = > 4 rer nyg h @ e, for some ap, ¢ € k. By the coassociativity of A we get
that (g,1) ® A\ (w') + (Id @A) A (w') = (A ® id) A\ (w'), whence

A (w') = Z Br ((9,1) — f) ®ey.

Then, if z =} ;g ru,1) Br €7 € Ao we get that A (w') = (9,1) ® 2 — A(z). The element
w = w' + z satisfies equation (27). O

It is not difficult to prove that we can choose one w € A which also satisfies ejw =
(f - w)ey, where the action - : F' x W3 — W? is the restriction of the action of G on
Vi @ V. The set {fw': f € F,0<1i<n} is a basis for A. Since

A(w") =1®w",

there exists u € k such that w™ = pl. Hence, there is a projection L£(&, i, F, 1) — A that
must be an isomorphism since both algebras have the same dimension. 0

We shall analize when module categories listed in Theorem 5.17 are equivalent.

Proposition 5.19 The following statements hold:
L yg,pM =~ kw,p/./\/l if and only if ' = F' and ¢ = ¢ in H*(F,k*);

2. )M 2 g oM if and only if § = ¢°¢’, p = p/ for some i € Nand F = F”
and ¢ = ¢ in H*(F,k*);

3. ku(abe,FayM 2 k(e mry M if and only if (a,b,&, Fyp) = (a0, &, F' ');

4. for any (i,7) € {(0,1),(1,0)} xy;(a,r)M =~ k(o.M if and only if (a, F,¢) =
(o, F', ).

Proof. We shall only prove (2). The proofs of the other statements are analogous. It
is not difficult to prove that if there is an isomorphism of left H-comodule algebras
L& p, Fo) ~ L& W, F' 4, then £ = ¢°¢', p = p/, for some a € N and F' = F,
Y=1.

It follows from [14, Thm. 4.2] that g, ey M ~ g menM if and only if there
exists f € G such that L(& p, Fyap) ~ L&, 1/, F',¢') as left H-comodule algebras,

where the latter comodule algebra has the structure as in (15). One readily obtains that
if f€ G then L(&, ', F' ') = L(¢°¢, !, F', ") for some i € N. O

One of the consequences of the above is the classification of T,-biGalois objects. The
classification was already obtained by Schauenburg, see [20].

Corollary 5.20 If A is a T,-biGalois object then A ~ L(&, u, diag(G), 1) asT,-bicomodule
algebras for some 0 # &, u € k.

Proof. Let A be a Tj-biGalois object. Then A as a left T;®yT;°P-comodule algebra has
no non-trivial H-costable ideal. Indeed, let I C A be an H-costable ideal. Thus I is a
Ti-costable ideal and since A is biGalois, this means that I = 0 or I = A. Then A must
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be one of the algebras listed above. If we observe these algebras as T,-bicomodules, it is
easily seen that the only family of algebras that are T,-biGalois is £(¢, i, diag(G), 1) for
some 0 # &, i € k (keep in mind that since 7 is finite-dimensional, every biGalois object
is isomorphic to T, as a bicomodule). 0O

We shall denote L£(&, ) = L(&, i, diag(G),1) for any 0 # &, pu € k. Two biGalois
objects L(&,u), L(&', 1) are isomorphic if and only if u = p/,& = ¢'¢’ for some i € N.
Recall the definition of the equivalence relation ~ given in Definition 4.4. As in the proof
of Proposition 5.19 we have that £(&, u) ~ L(¢', 1) if and only if p = 1/, € = ¢*¢’ for some
i € N. It is straightforward to see that T, ~ £(1,0). We then have:

Corollary 5.21 The subgroup InnbiGal(T}) from Corollary 4.9 is trivial and the map
¢ : BiGal (T,) — BrPic (Rep(7})), ¢([A]) = [aM] is a group embedding.

5.5 Invertible Rep(7})-bimodule categories

As a consequence of the above results we give an explicit family of invertible exact Rep(T},)-
bimodule categories that form a subgroup inside BrPic (Rep(7y)).

Define the group k* x k™ with the underlying set k — {0} x k and product given by
(a> b) ) (Cv d) = (ac, cb + d)7

for any (a,b),(c,d) € k* x k. If G,, denotes the subgroup of k* of n-th roots of unity,
then k*/G,, x k™ is a group with product

(@,b) - (¢,d) = (ac,c"b + d),

for any (@,b), (¢,d) € k* /G, x k. The map ¢ : k*/G,, x kt — k* x k™ given by ¢(£, 1) =
(€™, 1) is a group isomorphism. Schauenburg proved that there is a group isomorphism
BiGal (T,) ~ k* x k™, [20, Thm. 2.5]. We shall give another proof of this result, mainly
for two reasons. Our description of biGalois objects is different from the one in [20] and
we also want to show an explicit subgroup inside BrPic (Rep(7})).

Theorem 5.22 Let &, p, &' 1 € k, £,6 # 0. There is an isomorphism of T,QyT,-1-
comodule algebras

L& 1O, L(E, 1) ~ LIEE "1 + p).

Proof. Recall that the left T,®yT,-1-comodule structure on the cotensor product is given
by (10). Let

v LEE W +p) = L, 1) O, L(E, 1)
be the algebra map determined by

Y(w)=8wR1+eyy@w, 7lef)=er®ey,

for all f € diag(G). Note that we are abusing the notation by denoting with the same
name the generators of the algebras £(&, u), L(&', 1) and L(£'E, "' + p). To prove that
v is well-defined we have to verify that

Y(w") = ("1 + )1, v(eggw) = ¢y (we))-
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This is done by a straightforward computation. Also, it can be readily proven that
the image of v is contained in £(¢', p)O7, £(§, 1) and that 7 is an injective comodule
morphism. To prove that 7 is bijective, we shall prove that

dim(L(&', 1) O, L&, 1)) = dim(L(E'E, €™ + ).

Since T} is finite-dimensional, then any Hopf-Galois object is Cleft. This implies that
L(&, pn) ~ T, as a right and left T,-comodules. Hence, there are linear isomorphisms

L, 1O, L&, p) = 1,07, T, = T,.
Therefore dim(L(&', p') O, £(&, 1)) = dim(L(E'E, "1’ + ). O

As a consequence of the above Theorem there is a group isomorphism k* x kT —
BiGal (T,) given by (&, 1) = [L(¢71 (&, 1))].

Corollary 5.23 There is an injective group homomorphism o : k* xk* — BrPic (Rep(7},))
given by
a(é 1) = [cer1emMl (§n) €k x k'
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