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ABSTRACT. We describe equivalence classes of indecomposable exact
module categories over a finite graded tensor category. When applied
to a pointed fusion category, our results coincide with the ones obtained
in [11].

1. INTRODUCTION

Let C be a finite tensor category. A C-module category consists of an
abelian category M equipped with an action functor C x M — M, satisfy-
ing certain associativity and unit axioms. The theory of representations of
tensor categories has proven to be a powerful tool. In [5], the authors intro-
duce the notion of exact module category, and as an intereseting problem,
the classification of indecomposable exact module categories over a fixed
finite tensor category.

Let G be a finite group, and D = @©4cqCy be a G-graded tensor category.
This family of tensor categories has been studied in [4]. In [10] and [7] the
authors classify semisimple indecomposable modules over a semisimple G-
graded tensor category D in terms of semisimple indecomposable modules
over C; and certain cohomological data. This paper is devoted to explain
this classification, in the non-semisimple setting, using a different approach,
inspired on results of [10, Section 8]. Our classification, when applied to a
pointed fusion category, recovers the results obtained in [11]. Although very
few results in this paper are new, we believe that the presentation of the
results is our main contribution. We tried to be as self-contained as possible.

The contents of the paper are the following. In Section 3 we give an
account of all the necessary preliminaries on finite tensor categories and
their representations. We recall the notion of internal Hom as an important
tool in the study of module categories. In Section 4 we recall the definition
of graded tensor category, and some results concerning the restriction and
induction of module categories. In Section 5 we start with the classification
of indecomposable exact module categories over a fixed G-graded tensor
category D = @yeaCy.
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We aim to recover results from [10, Section 8]. We show that indecom-
posable exact module categories over D = ®4cqC, are parametrized by
collections (H,{Agy}gecu, 3) where for any h, f,g € H

e H C (G is a subgroup;

e Ay = Ais an algebra in C = Cy such that C4 is an indecomposable
exact C-module;

Aj, is an invertible A-bimodule in Cp,, for any h € H;

for any h, f € H, Bpn: App — Ar®@4Ap is a bimodule isomorphism
such that

(id 4, ®4Bg.n)Brgh = da; A4, (Brg®aid a,)Brg h-

Here & is the associativity of the tensor category AD 4, of A-bimodules in D.
We also prove that two collections as above (H, {Ag}ger, B), (Fs{Bt}fer,7)
give equivalent module categories, if and only if, there exists g € GG, and an
invertible (B, A)-bimodule C' € p(Cy)a such that

o F=gHg™!;
e there are isomorphisms 73, : Bgp,-1@pC — C®aAp, for all h € H
such that
(id ®Bu1)Th = Gc,a,4, (Th@id )ag" (id®mn)ap B c
) Ahy Al Bpg—1,C,A; ghg—1:Bg1g—15

(’thg_l,glg_l ®ld )

The collection (H, {Ag}gem, B) encodes information to describe how the cat-
egory Ca has structure of Cy = ©4egCy-module.

The equivalence classes defined in this paper differ from those presented
in [10]. Equivalence classes introduced in [10] presented an error. This error
was corrected in [11], in the case of pointed fusion categories. We correct
this mistake in the general case. In Section 5.3, we show that when D is a
pointed fusion category, our classification coincide with the results obtained
in [11, Theorem 1.1].

To a collection (H,{Ag}ger,) we associate an exact indecomposable
D-module category. To do this, we give to the category C4 a structure of
Cu-module category. Thus, the desired D-module is DX, C4. This explicit
description, allows us, in Corrollary 5.20, to classify fiber functors over D.

Acknowledgments. The work of M.M. was partially supported by CON-
ICET (Argentina), FONCyT and Secyt (UNC).

2. PRELIMINARIES AND NOTATION

We shall work over an algebraically closed field k of characteristic 0. All
vector spaces are assumed to be over k. All categories considered in this
work will be abelian k-linear.
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2.1. Finite tensor categories. For basic notions on the theory of finite
tensor categories we refer to [3], [5]. Let C be a finite tensor category over k
with the associativity constraint given by «, left and right unit isomorphisms
given by r and [. Let A € C be an algebra. We shall denote by C4, AC and
AC4 the categories of right A-modules, left A-modules and A-bimodules
in C, respectively. If V € C4 is a right A-module with action given by
pv : VRA — V, and W € 4C is a left A-module with action given by
Aw + AQW — W, then we shall denote by myw : VW — V@AW the
coequalizer of the maps

Py Rid w, (id V®Aw>av7147w : (V®A)®W — VW.

If X,Y,Z € 4C4 are A-bimodules, then there exists a unique isomorphism
axyz: (XQY)®4Z - X®(Y®4Z) such that the diagram

ax\y,z

(2.1) (XoY)®Z X®((YeZ)
7TX®Y,Z\L iid xQ®7my, z

(XoY)24Z 2 X0 (YR uZ)

is commutative. Also, there are isomorphisms dxy,z : (X®@aY)®aZ —
X®4(Y®4Z) such that the diagram

ax\y,z

(2.2) (X®Y)2Z

X(Y®eZ)
(rx.y®id Z)7TX®Y,Z\L iWX,Y®AZ(id x®7y,z)
(X®AY)®4Z 2z X®4(Y®aZ)

is commutative. It is well-known that 4C4 is a monoidal category with
product given by ® 4 and associativity constraint given by a&.

For any tensor category C, we shall denote by C*V the tensor category
obtained from C and opposite monoidal product: X®™Y =Y ®X, for any
X, Y eC.

Definition 2.1. If A € C is an algebra and C is a left A-module with
structure map A\¢ : A®C — C, then we shall denote by A\¢ : A®4C — C the
unique map such that Ac 74, ¢ = A¢. Analogously, If C' is a right C-module
with structure map pc : C®A — C, we shall denote by po : C®4A4A — C
the unique map such that pomc 4 = p. In particular, the multiplication map
of the algebra my : AQA — A, makes A a left (or right) A-module, thus
one can consider the isomorphism m4 : AQ4 A — A.

The following technical result will be needed later.

Lemma 2.2. Let A € C be an algebra with unitu : 1 — A, and (C,\) a left
A-module. Then for any X € C4

(2.3) ﬂ'X’C(id X®Xc)aX7A’C((id X®u)®id C)(T;(l(g)id C) =id XQuC-
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Proof. We have that, the left hand side of (2.3) composed with mx ¢ equals
= mx.c(id x® o )ax.ac((id x@u)@id o) (ry' ®id o)rx.c
= my,c(id x@Xo)ax,a.0((id x@u)@id 0)Txe1,c(ry ®id o)

(id x®Ac)ax.a.cmxeac((id x@u)eid o) (ry' ®id o)

= mx.o(id x®Ac) (id x®7 4 0)ax a.c((id x@u)id o) (ry'®id o)

= 7x.c(id x®Ac)(id x®@(uid ¢))ax1,c(ry ®id o)

= mx,c(id x®le)ax1c(ry' ®ide) = Txc.

=TXx,C

The fourth equality follows from (2.1). This implies the Lemma. O

3. REPRESENTATIONS OF TENSOR CATEGORIES

Let C be a finite tensor category over k. A (left) module over C is a
finite k-linear abelian category M together with a k-bilinear bifunctor ® :
C x M — M, exact in each variable, endowed with natural associativity
and unit isomorphisms

mxyM : (X®Y)@M — X@(Y@M), EM 1M — M.
These isomorphisms are subject to the following conditions:

(3.1) Mmxy,zeaMm MXQY,Z,M = (id x®@my,z.m) mX,Y®Z,M(OéX,y,Z®id M),

(3.2) (id x®Iar)mx.1,m = rx®id ar,

for any X,Y,Z € C,M € M. Here « is the associativity constraint of C.
Sometimes we shall also say that M is a C-module or a C-module category.
In a similar way, one can define right modules and bimodules. See [9].

Let M and M’ be a pair of C-modules. We say that a functor F : M —
M’ is a module functor if it is equipped with natural isomorphisms

exar: F(X®M) — XOF(M), X €C,M e M,
such that for any X,Y € C, M € M:
(3.3) (id x®cy,m)ex ygu F(mx y,m) = mx y,rm) CXoY,Ms
(3.4) Crn cam = F(l).

There is a composition of module functors: if M” is another C-module
and (G,d) : M" — M" is another module functor then the composition

(3.5) (GoF,e) ZM—>M”, €X,M:dX,F(M)OG(CX,M)7
is also a module functor.

We denote by Fung(M, M) the category whose objects are module func-
tors (F, ¢) from M to M’. A morphism between module functors (F,c) and
(G,d) € Fung(M, M) is a natural module transformation, that is, a natural
transformation a : F' — G such that for any X € C, M € M:

(36) dX,MaX@M = (idx®aM)CX,M.
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Two module functors F,G are equivalent if there exists a natural module
isomorphism « : F' — G.

Two C-modules M and M’ are equivalent if there exist module functors
F: M- M,G: M — M, and natural module isomorphisms Id o —
FOG, IdM/ — GoF.

A module is indecomposable if it is not equivalent to a direct sum of two
no trivial modules. Recall from [5], that a module M is ezact if M for
any projective object P € C the object P®QM is projective in M, for all
M e M. If M,N are C-bimodules, we denote by M K¢ A the balanced
tensor product over C. See [8].

The next result seems to be well-known.

Lemma 3.1. Let M be a C-module. If X € C, M € M are non-zero objects,
then X@M # 0.

Proof. Let us assume X®M = 0. The map

coevx®id s
X,

M2 aEM FXRX)BM XM« XE(XBM) = 0,

is the zero morphism. Since the coevaluation coevy is a monomorphism,
and ® is bi-exact, then coevx®id p; is a monomorphism. Thus, the above
composition is also a monomorphism. Hence M = 0. O

The following example will be used throughout the paper. If A € C is an
algebra, the category C4 of right A-modules in C is a left C-module category.
The action C x C4 — C4 is the tensor product (X, M) — X®M, where the
action of A on X®M is on the second tensorand.

3.1. The internal Hom. Let C be a finite tensor category and M be a C-
module. For any pair of objects N, M € M, the internal Hom is an object
Hom, (N, M) € C representing the functor Homa(—®N, M) : C — vecty.
That is, there are natural isomorphisms

(3.7) Home (X, Hom, (N, M)) ~ Homy (X®N, M), for all X € C.

Proposition 3.2. [5, Thm. 3.17] For each object 0 # M € M the internal
Hom A = Hom,(M, M) is an algebra in C. If N is a subobject of M then
Hom, (M, N) is a right ideal of A. Moreover Hom,(M,—) : M — C4 is a
C-module functor. If M is indecomposable exact, the functor

Home(M,—): M —Ca
is an equivalence of C-modules. (]

Using the above Proposition, when dealing with indecomposable exact
module categories, we can restricts ourself only with those of the form Cg4,
for some algebra A € C. The next result was given in [5]. We shall include
part of the proof that will be needed later.
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Proposition 3.3. Let A, B € C be algebras such that the module categories
C4,Cp are indecomposable exact. The functor

F: 4Cp — Func(C4,Cp),

defined by F(D)(X) = X®4D is an equivalence of categories.

Proof. If D,C € 4sCp and v : D — C'is an (A, B)-bimodule morphism, then
vx : F(D)(X) = F(C)(X), defined as

00¢ :ldX®75 X GCAv

is a module natural transformation between module functors F(D) and
F(C). Moreover, any module natural transformation comes in this way.
Indeed, let vx : F(D)(X) — F(C)(X) be a module natural transformation.
Since 7y is a module transformation, it satisfies (3.6), which in this particular
case translates into

(3.8) ax,mcyxem = (d x®@ym)dx,m,p,
for any X € C, M € C4. Since ~ is natural, the diagram

Y

(3.9) Y®@uD Y®AC

)| |»

VY ®A

(Y®A)©aD — (YR®A)®4C
is commutative for any Y € C4, where
¢ = ((i[dy®u)®id p)(ry' ®id p), ¥ = ((id y@u)@id ¢)(ry' ®id o),

with u : 1 — A is the unit of the algebra A, and Y®A is a left A-module
with action concentrated on the second tensorand. Hence, using (3.9) and
(2.3), we get that

Yy = my,c(idy®Ae)ay, 4,07y ea((id x®u)®id p)(ry' ®id p)

(3.10) . - _ . . .
= ny.o(id y®Ac) (idy @7y4)ay.a.p((id y ®u)@id p)(ry ' @id p),

where the second equality follows from (3.8). We have that

ay,A,D((id y®u)®id D)(T;/1®id D)?TY,D(id y®/\D) = (id y®7TA7D).
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Indeed, the left hand side of the above equation equals to
= ay.ApTyeap(idyei®\p)((idy®@u)®id agp)(ry @id agp)
= Ay, 0Ty A, D(Pyes®id p)ayh 4 4 p((ildy®u)@id agp)(ry' @id asp)
= y,4,07yeAD(pyea®id p)(((id y®u)®id A)®id p)ay 4y 4 p(ry ®id)

= Ty, pTyeA,0(([dy®14)®id p)(ay1,a®id p)ay by 4 p(ry' ®id)

idy®ma,p)ay,a,p((idy®@La)®id p)(ay1,a®id p)ay gy 4 p(ry' @id)

(
(idy®7ma,p(la®id p))(ay,1,4®id D)CVY,1®A,D043_/%17A7D(7’)_/1®id A®D)
(id y®ma,p(la®id p))(id Y®OCI,}47D)OCY,1,A®D (ry' ®id aep)

= (id y®7TA’D).

The second equality follows from the definition of m, the third by the natu-
rality of «, the fourth equality by the definition of the action of Y®A and
the unit axiom of the algebra A, the fifth by the definition of @, the seventh
by the pentagon axiom, and the last one using the triangle axiom. Using
(3.10) we obtain that

Y (idy®Ap) = (idy® Acva).

o~ . : . . Lo~
Since Ap is an isomorphism, vy is determined by the morphism Acvarp .
O

4. GRADED TENSOR CATEGORIES

An important family of examples of tensor categories comes from group
extensions. Given a finite group G, a (faithful) G-grading on a finite tensor
category D is a decomposition D = @g4eaCy, where C, are non-zero full
abelian subcategories of D such that

® : Cy x Cp, — Cyp, for all g,h € G.

In this case, we say that D is a G-extension of C := Cy. These extensions
were studied and classified in [4] in terms of the Brauer-Picard group of the
category C and certain cohomological data.

For any subgroup H C G, we define Cy = @4enCy. It is a tensor subcat-
egory of D.

Example 4.1. Let G be a finite group and w € H?(G,k*) 3-cocycle. The
category C(G,w) has as objects finite dimensional spaces V' equipped with a
G-grading of vector spaces, this means that V' = @4ccV;. The associativity
constraint is defined by

axy z(z®y)®z) = w(g, h, f) 20(yRz),

for any X,Y,Z € C(G,w), and any homogeneous elements z € X4,y €
Yy, 2z € Zf, g, f,h € G. The tensor category C(G,w) is an example of a
G-extension of the category of finite dimensional vector spaces vect. More
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precisely, C(G,w) = @g4eqvect 4, where vect ;, denotes the category of finite
dimensional vector spaces supported in the component g.

We list some important properties of graded tensor categories.

Proposition 4.2. Assume D = ©4ecqCy is a G-graded extension of C. Let
g,h € G. The following statements hold.

1. The tensor product of D induces an equivalence of C-bimodules
(4.1) Mg,h : ngcch — Cgh7 Mg’h(X X Y) = X®Y.

2. For any subgroup H C G, the tensor product of D induces an equiv-
alence of C-bimodules Cyrr ~ C4M¥eCry.

3. For any D-module N, the action functor induces an equivalence
CyMkeN ~ N as C-modules.

Proof. 1. Tt follows, mutatis mutandis, from the proof of [4, Theorem 6.1],
in the non-semisimple case.
2. It follows from (4.1).
3. It follows using the argument of [10, Lemma 10].
O

4.1. Induction and restriction of module categories. Let D be a ten-
sor category, and let C be a tensor subcategory of D. Assume N is a C-
module. We shall denote by IndZ(N) := DXeN the induced D-module,
where the D-action is induced by the tensor product of D [6, Proposition
2.13]. Let M be a D-module, we shall denote by ResZM the restricted
C-module.

Lemma 4.3. Let D be a G-graded extension of C and let M be an indecom-
posable exact D-module such that Res ?M decomposes as @ M;, where
M; are indecomposable exact C-modules. The action functor induces an
equivalence D We M; ~ M as D-modules.

Proof. By Proposition 4.2(3), C,XcRes ?M ~ Res ?M, then

P c,ReM; ~ P M.
=1 =1

For any g € G and ¢ there exist an index iy € {1,...,n} such that C,McM; ~
M;, as C-modules. This imply that G acts on the index set {1,...,n} and,
since M is indecomposable, such action is transitive. Hence

DReM; = P CReM; ~ P M, ~ M.
geG geG
O
The following result seems to be well-known. We include the proof for

completeness’ sake. Part of it is contained in [10, Corollary 9], see also [6,
Proposition 3.7].
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Proposition 4.4. Assume we have a decomposition D = C & C' as abelian
categories, such that C is a tensor subcategory. Let M be an indecomposable
exact D-module such that it decomposes as M = @] M;, where M; are
indecomposable exact C-modules. Assume also that every time we choose
non-zero objects X € C', N € My, then XQN € @' ;M. Take 0 # M €
Mji, and A = Homp(M,M). Then A € C, My ~ Ca, and there is an

equivalence of D-modules
M ~IndZ(Cx).
Proof. Take arbitrary V' € C’. Then by (3.7)
Homp(V, A) ~ Homy(VRM, M).
Since V@M € &} ;M,, then Homp(V,A) =0, and A € C. If X € C, there

are isomorphisms
Home (X, Home (M, M)) ~ Hom, (X@M, M),
Homyp (X, Homp (M, M)) ~ Homa (XM, M).
Since Homy, (X®M, M) = Homy (X ®M, M), then
Home (X, Home (M, M)) ~ Homp (X, A) ~ Home (X, A).

Whence, A = Hom,(M, M), and M; ~ C4 as C-modules. The equivalence
M ~TInd2(C4) follows from Lemma 4.3. O

In the following Lemma we include some properties of the induced and
restricted modules categories.

Lemma 4.5. Assume D = ©4cqCy s a G-graded extension of C = Cy. Let
N be a C-module and M a D-module. The following statements hold.

1. M is an exact D-module, if and only if, Res?/\/l is an exact C-
module.

2. If N is ezact (indecomposable) C-module then Ind £ (N') is exact (in-
decomposable) D-module.

3. If Res?M is an indecomposable C-module then M is an indecom-
posable D-module.

Proof. 1. Since C C D is a tensor subcategory, then it follows from [2,
Corollary 2.5], that if Res ?M is exact C-module, then M is exact as a D-
module. Now, assume M is exact as a D-module. Let be P € C a projective
object and X € Res ?./\/l. Since P € D is projective, then P®X is projective
in ResCDM, hence Resg./\/l is exact.

2. To prove the exactness of IndZ A we follow the argument of [1, Prop.
2.10]. Since Ind 2N = @4e6C, M N, then Ind 2N is an exact D-module, if
and only if, C; We N is an exact C-module for any g € G. It follows from [5,
Lemma 3.30] that C; K¢ N is an exact End¢(Cy)-module. Using [4, Prop.
4.2], since C4 is an invertible C-bimodule, End¢(Cy) ~ C. Hence C, K¢ N is
an exact C-module.
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Assume know that A is an indecomposable C-module, and we can de-
compose Ind PN = M| ® My as D-modules. By restriction N ~ 1K N =
Ni @ Ny as C-modules, then N7 = 0 or Ao = 0. Suppose Ny = 0,
thus N' C M. Take a non-zero object 0 # M € Msy. We can assume
M € CyX¥cN, for some g € G. Take 0 # Y € Cy-1, then, by Lemma 3.1
0 # Y®M € N is a non-zero object. Since the restriction of the tensor
product maps C,-1 x Cg — C, then Y@M € N>, which contradicts our
assumption.

3. It follows straightforward. O

5. MODULE CATEGORIES OVER (G-GRADED TENSOR CATEGORIES

Let G be a finite group and D = @4eccCy be a G-graded extension of
C = C;. In [10], [6], [7] the authors, independently, classify semisimple
indecomposable modules over D in terms of exact C-modules and certain
cohomological data. In this section we shall present the classification of
exact indecomposable D-module categories. We shall not assume that D is
strict, since later, we want to apply the classification on non strict tensor
categories.

Lemma 5.1. Assume Ca is an indecomposable exact C-module. For any
g € G, CyNeCq is an indecomposable exact C-module and the tensor product
of D induces an equivalence of left C-modules

(Cg)a ~Cy X Ca.
Proof. In the proof of Lemma 4.5 (2), we proved that C; X¢ C4 is an in-
decomposable exact C-module. The proof of the last equivalence follows,

mutatis mutandis, from the proof of [10, Lemma 24] in the non-semisimple
case, using Proposition 4.4. ([

Assume A € C is an algebra such that C4 is a D-module and Res ?C 4=
Ca. The restriction of action functor ® : D x C4 — C4 to the category
Cy x C4 gives C-module functors

®g:CyNeCa — Ca, for any g € G.
Since Res gC 4 = Cy, then ®; is the restriction of the tensor product of C.

Lemma 5.2. Under the above hypothesis, for f,qg,h € G, there exist natural
C-module isomorphisms

My Qpg(MypgRlde,) = @p(lde, K &g),
such that for any X € C;,Y € Cy, Z € Cy,
(5.1) (mﬁg)X,Y,Z@M(mfg,h)X®Y7Z7M:
= (id x®(mg.n)y,z,m)(Mygn) x,yezm(axyz®id y).

Proof. The restriction of the associativity of C4 produces the natural module
isomorphisms my 4. Equation (3.1) implies (5.1). O
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The following definition is inspired by [10, Section 8§].

Definition 5.3. Assume A € C is an algebra such that C4 is an indecom-
posable exact C-module. A type-A datum for the module category C4 is a
collection (H, {Ap}hem, 8) where for any f,g,h € H

e H C @ is a subgroup;

o A = A

e Ay is an invertible A-bimodule in Cp, that is A € 4(Ch)4;

o Brn:Apy — Ar®4Ay, is an A-bimodule isomorphism such that
(5.2) (id 4, ®489.1)Br.gh = Cas A,4,(Bf.g®a1d 4,)Bfg.n,
(5.3) A Brh =id 4, Da,Bra =id 4,.

Let B € C be another algebra, such that Cp is an indecomposable exact
C-module. A type-A datum (F,{Bf}tcr,7) for the module category Cp, is
equivalent to the type-A datum (H,{Ap}hem, ) for Cy4 if

o '=H;
e there exists an invertible (B, A)-bimodule C' € gC4 together with
(B, A)-bimodule isomorphisms

Th : Bh@pC — CR4Ap, for any h € H;
such that for any I,h € H
(id @Bn) Tt = Gy, A, (@i )ag, o 4, ([d@T)as, 5.c(h@id),

(5.4)

PcTL = Xc.

Proposition 5.4. Let (H,{Ap}nen, B) be a type-A datum. The object A =
PregAn € Cir has an algebra structure.

Proof. The unit v : 1 — A is the unit of the algebra A ‘composed with the
canonical inclusion A < A. The multiplication m : A®A — A is defined as
follows. For any f,h € H, m |a,04,: An®Afy — Apy is the composition

—1

TAp,Af th,f
Ah@Af EE— Ah@AAf — Ahf.

Let us prove the associativity of this product. Let h, f,] € H, then

m(m®id g) ’Ah®Af®Al = B}:fl,lﬂ-Ahf,Al (5;;;77Ah,14f®id Az)
On the other hand,

m(i i ~1 . 1

m(id z@M)az 7 7 lanwasea = By aTanan(d 4, @B map,a)0a,,4,,4

—1 . —1\ ~
= By pu(id 4, ®B; ) )aa, 45,4,

In the second equality we are using the definition of & given in (2.2). It
follows from (5.2) that m(m®id 3) = m(id ;@m)a ; 3 3- O
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Our task will be to classify indecomposable exact D-modules in terms of
certain equivalence classes of type-A data. We shall not assume D is strict,
except in the proof of some particular theorems, since we want to apply the
classification on non-strict tensor categories.

For any g, h € GG, and any subset H C GG we denote
h =g thg, HI=g 'Hy.

Lemma 5.5. Let ¢ € G. Assume (HY9,{Ap}hens, ) is a type-A datum
for the module category Ca. Then, the category (Cy)a has a structure of
Cg-module.

Proof. For M € (Cy4) 4 define the action as
(5.5) XOM = (XQM)®aA(p-1ys,

for any f € H, X € C;. The right action of A on X®M is given on the
second tensorand. The associativity isomorphisms are given by

(5.6)

mxym : (XQY)@M)RaAr)-1)9 = (XR((YOM)R4aA(f-1)9))@AAR-1)9,

s Civ~—1 .
mX,Y,M _(aX,Y®M,A<f71)g ®1d )aX®(Y®M)7A(f—1)g,A(h—l)g (ld ®/B(f—1)gj(h—1)g)

(ax,y,m®id ),

for any h, f € H and X € C;,Y € Cp,, M € (Cy) 4. Now, we shall prove that
equation (3.1) is fulfilled. The proof is a bit long but quite straightforward.

As a saving-space measure, we shall denote h= (h=1)9 for any h € H. Also,
the tensor product will be denoted by yuxtaposition X®Y = XY.

Let be h, f,l € H and X € Cy,Y € Cy, Z € C;, M € (Cy)a. In this case,
the left hand side of (3.1) is equal to

((id x®@my 7z amr)®aid A-1y9 Imx yezm((ax,y,z®id p)®aid A ny=1y0 )
= ((id x @0y, z0,4; ®aid 4)@ald 4)((id X®d§_/%ZM),A,~l,Al~>®Aid A7)
((id x@id y(zan)© a5, PO aid 4 ) ((id x oy, z @ aid 4, )@ ald 4)

— . ~—1 .
(O‘X,(YZ)M,AET@Ald Af)aX((YZ)M),ATJ,Af(Id X((YZ)M) ®A5ﬁ,f~)

(ax,yz,M®aid Am )((ax,y,z®id pr)® aid Am)

= ((id x®ay,zMm,4; ®aid 4-)®4id Af)((id X®d;%ZM)7AE7Al~)®Aid AJ;)
((id x®ay,zm®aid a4, 0,4)@a1d 4-)((d x @1 (v 2) @485 )@ aid 47)

_ . ~_1 .
o (Ox,(v2)m,ay @A AL B (v 2y0) 4, Af(ld X (v 7))@ AP 7)

(ax,yz,M®aid A;Jf) o ((axy,z®id pr)®aid A imy-1y9 ).
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Using that @ and & are natural we get that this last expression equals to

= ((id X @0y, zM,A; ®aid Al~)®Aid Af)((id X®d1_/%ZM),A7L,AZ~)®Aid Af)
((id x®@ay,zu®@aid A 0,44,)©41d 47) 0 (Ox, (v 2)M 4504 4,041 4 ;)
((id x ®id (v )y @ 43 1) ® ald 4 f)d)_(%(y 2)M), A, Af(id X((v2)M)® AP 7)

(axyzm®aid a;;) o ((axy,z®id ) @aid 4 )

= ((id x®ay, zar,4; ®ald 4)®1d 4,)((id X®64§_/%ZM)7AE,AZ~)®Aid A7)

((id x®ay,zm®aid a;0,44)®41d 4;) © (Ox (v 2)M,45 0.4 4,041 4 )
~—1 . . . .
Ox (v 2)M), Ay 0 4 dpa (A X B (v 2) v @ B PBaid ) (i x (v 2) ) @ 4B )

(axyzm®aid a;;) o ((axy,z®id ) @aid 4 )

= ((id x @@y, za1,4; ® aid a))@id 4 ) ((id X®0~4;/%ZM)7AE,AT)®Aid A7)

((id x®ay,zm®aid ;0 ,4)®41d A7) © (Ox (v 2)M,45 0.4 4,041 4 ;)
~—1 . . . .
Ox (v 2)M), A5 0 4 Apa (A X B (v 2) v @ B POaid ) (i x (v 2) ) DBz )

(id X®063_/71Z7M®Aid AHF) (ax,y,zm®aid Aﬁf) (axy,z,m®ald Amf)-

The last equation follows from the pentagon axiom. The last expression
above equals to

= ((id X®ay,ZM7Aﬁ®Aid Al~>®Aid Af)((id X®d1_/%ZM),A;L,Al~)®Aid Af)

((id x®ay,zu®aid 4;044)@4id 47) © (@x (v 2)M,4; 04 4,0 41d 4 7)
&;fl((YZ)M),A;lmAT,Af((idX®id (v2)m®@aP, ) ®aid Af)

(id X®O¢{glz,M®Aid A}~J®AAf~)(id X(Y(ZM))@Aﬁ}‘L‘l:]’F)(04X7Y,ZM®Aid ATJf)
(aXY,Z,M®Aid Amf)

= ((id X ®y,zm,A; ®ald A7)®Aid Af)((idX®d1_/%ZM),AE,Al~)®Aid Af”)

((id x®@ay,z @ aid 4,04 4)©41d 42) (@x, (v 2)M,45 0.4 4,241d 47)
~—1 . -1 .
aX((YZ)M),Aﬁ®AA~,Af(1d X®ay 7 ®aid Ag;®AAf)

((id x@id y(za© a8, POaid 4 ) (id x(v (z01)) @ 4857 7 (ax v,z @ a1d 4;-)

Rif

(axy.zm®ald a;;)
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= ((ld x®ay, 21,4, ®aid 4)®4id 4 ) ((id X®54;/%ZM)7AE,AT)®Aid A7)

(@x,y(z0m), 450 44,041d 42) (1 x Oy, z @ ald 4,0 ,4;,)© 41d 47)
~—1 . -1 .
OX (v 2)M), Az 0 a1 X OOy 7 @ ald A a7)

((id x®id y (200 @85, )@ aid 4;) (id x (v (za) @57 ) (ax, v,z @ aid 4;;7)

(axy,zm®aid a;-)
= ((id x®ay,z0,4; ®aid 4;)®aid 4 ;) ((id X®O~é}_/%ZM)7AE,Al~)®Aid A7)
_ . -1
(aX,Y(ZM),A,;®AAl~®A1d Af)aX(Y(ZM)LA;@AAﬂAf
(d x (v (zm)@a(B5; 7®41d 4)) (id x (v (zm) @ aB57 7)(ax v,z @ ald 4-)
) f .f RLf

(axy.zm®@ald a.).
Here we have used the naturality of o and &. Using (5.2) we get that the
last expression above equals

= ((id x @0y, zm,4; ®aid 4;)© a1d 4)((id X®&;%ZM)7AE7AZ~)®Aid A7)

_ . ~—1 . ~—1
(aX,Y(ZM),Aﬁ@)AAT@Ald Af)aX(Y(ZM)),A;L®AAZ~,AJ,~(1d X(Y(ZM))@)AQATL?A%A,?)
(id x (v (2 @ (d 4; @ 455 7)) (id x (v (201)) @48, 17) (ax v,z @ aid 4;7)

(axy,zm®aid A;ﬁ)

= ((id x @0y, zm,4; ®a1d 4;)© aid 4)((id X®0~é;/%ZM)7A_ﬁ7Al~)®Aid A7)

_ . ~ . -1
(axvy(ZM)yA;;@AA;@Ald Af)(aX(Y(ZM)%Aﬁ,Af@AId Af)aX(Y(ZM))@)AAE,AT,AJ?

Xy (2 A Agan ) (4 x (v (za) @ (0d a; @487 7)) (d x (v (20 @45 77)

(ax,y,zmM®aid Aﬁf.) (axy,z M@ aid Am) :

The last equality follows from the pentagon axiom for &. This last expression
equals to

= ((id x®ay,zMm,4; ®aid 4)®aid Af)((id X®O~é§_/%ZM),A;L,AZ~)®Aid Af)

— . ~ . ~—1
(OZX,Y(ZM),A;L@@AA;@Ald AJ;) (aX(Y(ZM)),A~,Al~®A1d AJ;)OZX(Y(ZM))@AA%AT’AJT

d)_(%Y(ZM)),AE,Ai@)AAF) (id x (v(z00)) @ a(id 4; @457 7)) (X, v, 2@ 41d 4504 4;7)

(id (xv)(zam) @By i) (ax v,z @ ald 4

= ((ld x®ay,z01,4; ® aid 4;)® a1d 4 ) ((id X®0~41_/%ZM)7AE7AT)®A1C1 A7)

(@x,y(zM),4; 0 4 4:@ 41d Af~) (Gx(v(zMm)),A;, 4,0 41d Af)d;((Y(ZM))@)AAZ’AT’AfN
~—1 .
aX(Y(ZM)),AE,A@AAf) (ax,y,zM@aid oL@, (A@44;)

(id (xv) (2 @a(id 4; @45 7)) (d (xv)(z00) @485, 77) (axy,z @ aid 4;;)
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= ((id x @0y, z01,4; ®aid 4 )@ a1d 4 ) ((id X®d;%ZM)’AE7AZ~)®Aid A7)

— . ~ . ~—1
(@x,y(zM),A; 4 4, @ 41d Af~) (Gx(v(zm)),a;,4,®41d Af)aX(Y(ZM))®AAE7Al~,Af~

~—1 .
aX(Y(ZM)),Ag,Al@AAf) (ax,y,zm®aid A;L®A(AZ~®AAJ;)

(id (xv)(zm)y®a(id ®ABZN7]?))d(XY)(ZM),A;L,ATJ;(@)_(%/’ZM,AE ®aid a)mxy.zm-

The last equality follows from (5.6). This last expression equals to

= ((ld x®ay, 20,4, ®aid 4;)®a1d 4 ;)((id X®51;/%ZM)7AZ7AT)®A1C1 A7)

(@x )y (zM),A; 0 4 A:@ a1d A;) (Qx (v (zM)), 45,4, ®41d A;)d)_(l(y(ZM))@AAH,AT’Af
d)_(l(Y(ZM)),A;L,A@AAf) (ax,y,zm®@aid A7L®A(A7®AAJ;)0~4(XY)(ZM),A7L,AZ~®AAJ—,~
(id (xvy(zay®a(id 4, ® 457 f))(a;(l}/,ZM, A ®aid Aff)mXY,Z,M

= ((id x®0y, 20,4, ® aid 4;)® aid 4 ) ((id X@d;}z a4 4@ aid )

(@x,y (z0M), 430 44,041 42) (Ox (v (21)), 47, 4,2 41d A;)d}l(y(ZM))@@AAz’A%Af
d—;(tY(ZM))vAz»A[@AAf) (ax,y,zM@aid oL@, (4@ aAF) (XY (ZM), Ay A aAF
(a)_(lY’ZMAH ®ald g,0,44;)(id xy@(id 200 44, @6} 7)) MxyY, 2.0

= ((ld x®ay, 21,4, ® aid 4;)® a1d 4 ;) ((id X®0~é;%ZM)7AE7A?)®Aid A7)

_ . ~ . ~—1
(@xy (zM),4; 044,041 42) (Qx (v (201)),45,4,041d Af)ax(y(ZM))@)AAz’A%Af
(ox vz @ aid 4;)@ aid aw,04,) (@xy, 27,0, ©aid A 4 7)

(id xy ®(id zme 4 4; © 457 F))mxy,z,m-

Here, we have used the naturality of &. Using a pentagon axiom for @, the
last expression is equal to

= ((id x®@ay,zm,4; ® aid 4;)®ald Af) ((id X®5£;/%ZM)7AE7AT)®Aid AJ;)

— . ~ . ~—1
(aX,Y(ZM),A,;c@AA;@Ald Af)(aX(Y(ZM)),AE,AT@)Ald Af)OéX(y(ZM))Q@AAE,A A~

DA
(a)_(,lY(ZM),AH ®aid Aj@AAJT) ((id X®a§_/,1ZM,A;L ®4id A[@AAJT)
(axy,(zan)@a4; @41 a0, 47) (1d xy ©(d 206 4 4; © 457 7)) mxy.z,m
= ((ld x®ay, 20,4, ®aid 4;)® a1d 4 ;) ((id X®56;/%ZM)7A%7AT)®Aid A7)
_ . ~ . ~—1
(@xy(zm),4; 044,041 42) (@x (v (2)), 45, 4,2 41d Af)OZX(Y(ZM))(g)AAE’AT’Af

_ 1 . . 1 .
(O‘X,Y(ZM),AE(X)Ald Af®AAf~) ((ld X®O‘y,ZM7Aﬁ®A1d A7®AAJ,~)

(d x(v ()@ 4 4; ) QAL X v, (200 4 45 @AM Az )MXY, 2,0
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Here, again, we have used the naturality of a. Using the definition of the
associativity (5.6), the above expresssion equals to

= ((id x @0y, z0,4; ®aid 4)@ald 4)((id X®d;%ZM)7APA?)®Aid A7)

(@xy(z0),4; 044,041 4 ) (Qx (v (201)),4;,4,0 41d Af)d;(%y(ZM))(gAAE’AT’Af
(a;(,lY(ZM),AE ®ald g.0,4;)(id x ®a;/,le,A}~L ®ald 4;0,44;)
d(X(Y(ZM))®AA;L),A;,Af(a)_(’ly((ZM)®AAE)7AZ®Aid AR)MXY,(ZM)@ 4 A VXY, ZM
= ((id x®ay,zMm,4; ®aid 4;)®aid Af~) ((id X®d;%ZM),A}~l,Al~>®Aid Af)
(@xy(z0m),4; 044,941 42) (Qx (v (2M)), 45, 4,0 41d A;)@(_;%(y(ZM)))@AA%A?,Af
(a;(,lY(ZM),AE ®aid 4044 QX (Y (2M) @4 A7), ApA;
((id x @y 7074, ©21d 4) A1 A )@y (221y0 44, )4, D41 )
MXY(ZM)®4A; NXY,Z,M

= ((id x®ay,zMm,4; ®aid 4-)®4id Af~) ((id X®d;%ZM),AE,AZ~)®Aid Af)
(@x,y (20,47 0.4 479 A1 A) (Cx (v (201)), 47, 4;P A1d 4 )

(@ 2o, 4 @aid 4)@4id 4)((id X®Ty 0y 4, ®aid 4)®aid A7)

s— .
(aX,Y((ZM)®AA,~L),Al~®A1d Af)mX,Y7(ZM)®AAE mxy,z,M-

Here we have used again the naturality of & and @. The above expression
equals to

= ((ld x®ay, 21,4, ® aid 4)® id 4 )((id X®d;%ZM)7AE’Al~)®Aid A7)
(@x,y(zMm), 4504 4,041 A2) (Qx (v (2M)), 47,42 41d 4
(@ (zarya; 841 a) O A 4 ) @y (z1y3007), 4541 47)
((id x ®a}_/,1ZM,A;L ®aid 4)©ald A )M v, (Z0M)0 44, XY, Z.M

= ((ld x®ay, 21,4, ®aid 4,)®aid 4 )((id X®@§}ZM,AZ ®aid A )®ald 4)
MY Y(ZM)®aA; XY, Z,M

= MX Y (ZM)®aA; VXY, Z,M >

the second equality follows from the pentagon axiom for @&. This finishes the
proof of (3.1). For any M € (C4) 4 define the unit isomorphisms of this mod-
ule category by TM c 1M = (1@M)®AA — M as TM = par(lar®aid 4).
Here [ is the left unit isomorphism of the tensor category D. The left hand
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side of (5.3) in this case is equal to
(id x@l)mxam = (id x@py@aid A1) (A x (lar®ald 4))@ald 4, )

— . ~—1 .
(@x 1em.4,@id 4, ), )O‘X®(1®M),A1,A(h—1>g (id @1 (n-1)s)
(O(X7]_’M®Aid A(;Lfl)g )

~—1 . .
AXQARM), A1, Ay, 1) (id @By, (h-1y0) (ax,1, M@ aid 4, )

. . — . ~—1
= (ld X®lM®A1d A(h—l)g ) (pX(1®M)®A1d A(h—1)9 )aX®(1®M),A17A(h—1)g
(id @By, (p-1y9) (ax 1, @aid 4,y )

= (id x®ly®4id Ap-1yg Jox 1, m®aid A(h,l)g)

h—1)g

= 7’X®AidA(h_1)g7

where the first equality is by definition, the second uses the naturality of
D, the third equality follows from the property of p, the fourth by triangle
axiom of &, the fifth follows by (5.3) and the sixth by triangle axiom of
«. This implies (3.2) is satisfied and the category (C4)a has a structure of
Cy-module. O

As a particular case of the above result, if (H,{Ap}nen, ) is a type-A
datum for the module category C4, then C4 has a structure of Cgy-module.
Recall fromAProposition 5.4 that out of a type-A datum we can construct
an algebra A = ®pegAp in Cpy.

Proposition 5.6. There exists an equivalence Ca ~ (Cy) 7 of Cr-modules.

~

Proof. We shall prove that there is an algebra isomorphism Hom(A, A) ~ A,
hence the proof follows using Proposition 3.2. Let h € H, X € Cp, then

Home, (X®A, A) = Home, (X®A)@4 A1, A)
~ Home, (X®A, AR 4 Ap) ~ Home (X, Ap)

~ Home,, (X, A).
The first equality is the definition of the action ® given in (5.5), the first
isomorphism follows from A being isomorphic to the dual of A;-1. It can
be verified that the algebra structure given to the internal Hom, presented
in [5, Thm. 3.17], coincides with the algebra structure of A described in
Proposition 5.4. ([

Lemma 5.7. Assume (H,{Ap}ner,B) and (H,{By}tcu,v) are type-A data
for the modules C4 and Cp, respectively. Then the data (H,{Ap}new, )
and (H,{Bf}tcu,”) are equivalent, if and only if, there exists a Cr-module
equivalence Cg >~ C4.
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Proof. If C' € gC4 is an invertible bimodule, the functor Fo : Cp — Ca,
Fo(M) = M®pC is an equivalence of categories. Moreover, if C' comes from
the equivalence of type-A data (H, {Ap}hen, ), (H,{B¢}fcH,7), according
to Definition 5.3, then F¢ has a C-module functor structure given by

cx : Fo(X@M) — X@Fo(M)

cX,M = (aX,MC@id)d;((l@M,C,Af,l (id ®Tf—1)0~1X®M,Bf,1,Ca feH X € Cf.

Now, we shall prove that equation (3.3) is fulfilled. Let be X € Cy,Y € C,,
M € (Cy4)a. The left hand side of (3.3) in this case is equal to

(id x®cy,m)ex ymF(mxyu) = ((id x@ay,p,c®aid 4,)®aid 4,)
(idx®5z§}\/[CA ®aid 4,)((id x®id y y®pTy)@4id 4,)

(id x®ay am,a,,c®41d 4;) © (Qx (v M2 B,,c®ald Af)d}%(YM)@)BBQ) CA,
(id x((vM)® 5B, OBTF)AX (Y M)®5B,),B;.C © (OX,yM,B,@Bid 5, ®pid )
(ozX(YM) B, Bf®31d o) (d x (v m)®B7g,r@pid ¢)(ax y,u®pid B, ®pid ¢)
= ((id x@ay,,c®aid 4,)@aid 4,)(id Xy 3 ¢, 4, @ aid 4,)

((id x®id y y®@pTy)®4aid 4,)(id x@ay pr,4,,c®ald 4, )0
(@x,(vmyopB,,cOaid Af>O‘X((YM)®BBg) C,A; (id x((vm)@5B,)@BTf)
(@x,yM,B,@B1d B2 sC)O(X (Y M)® 5B, By, C(aX(YM) B,.5,©B1dC)
(id x (v s ®BYg,r@pid o) (ax,y,u®pid p,,®@pid ¢).

The last equation follows from the naturality of &. Using a pentagon axiom
for &, the last expression is equal to

= ((id x®ay,pm,c®aid 4, )®AidAf)(idX®d§}wcA ®aid a,)

((id x®id y y®pTg)®aid 4, )(id x®@ayp,a,,c®aid 4, )0

(@x (v M@ By,c®ald Af)aX((YM)®BBg) C.A; (id x((v M0 B, ©BTF)
(@x,ym,B,®Bid B,gz0)a (X(YM)LBg?Bf@BC(ldX(YM)®BaBg,Bf,C)
ax(yM),ByopBr,c(d x(van @By, r®Bid ¢)(ax ym®pid p,,@pid ¢)
= ((id x®ay,pm,c®a4id 4, )®AidAf)(idX®5é§}woA ®aid 4,)

(id x®id y y®@pTg)®4id 4, ) (1d x®ay M, 4,,c®41d 4, )0

(
(@x,(v My B, R ald Af)aX((YM)®BBg) o4, U x((vaopB,) DBTf)
(@x,vMm,B,®B1d Bopc)d . (X(YM)) By, Byepc 4 x (M) @BAB, B;.C)
(

id x(van @B, @Bl 0)ax (v i), B, ;0 (x,y,M@pid B, @pid )
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= ((id x®ay,m,c®aid 4,)®aid 4,)(id X®d;}\47C7A9 ®aid ;)

(id x®id y y®BTy)®@4id 4, ) (id x @Ay p1,4,,0@41d 4, )0

(
(@x,(vm)2pB,,cBaid Af)aX((YM)®BBg) o4, U x((v Mo pB,) OBTf)
(@x,yM,B,®@BId B;o ) (X(YM)) By, Byepc 14 x (M) @BAB, B;.C)
(

id x(van®@B7g,s@Bid 0)(ax,y,M®Bid B ;e sc)dx(vM),B,; .0

We have used the naturality of &. The above expression equals to

= ((id x@ay,m,0©4id 4,)@4id 4,)(id XDy 3y ¢ 4 @aid a,)

((id x®id y y®@pTg)®aid 4, )(id x @Gy M,4,,c®ald 4, )0
(@x,(yM)@5B,00aid 4,)d 1((YM)®BBg) C,Ay (d x (v a8, @BTf)
(@x,y 0,8, 0514 BenC)&x (v ary), B,.Byopc1d X (va®@BAB,, B, C)
(ax,y,M®Bld B,esBesc)(d x (v @BV, r@B1d )ax (v M),B, ;.

= ((id x®@ay,um,c®a4id 4, )®A1dAf,)(1dX®ozYMoA ®aid 4,)

((id x®id y y®@p7y)®aid 4, ) (id x@ayar,4,,c@aid 4, )0

(Ox,(v 21058y, c®AM A Ax (v a1y 8,),0., (4 X (¥ 21)@ 5.5, DBTF)
(@x,ym,B,®pBild B,gz0)a ( X(YM)),By,B0pc (OXY,MEBId ByopBosC)
(d (xyym®@BaB,,B;,0)(d x(v M) @BV, f@BId ¢)dx(vM),B,;.C

= ((id x®ay,pm,c®a4id 4, )®A1dAf)(1dX®aYMCA ®aid ;)

((id x®id yy®@pTy)®aid 4,)(id x@ay ar,4,,c@aid 4, )0

(@x,(v M@ pB,,c®aid Af)axl((YM)®BBg) c,a, @xy B, @pid co,a,)
(d (x (v M)opB, OBTF)A (X(YM)) By, Byopc(OX Y, MOBI ByosBrosC)
(id (xy)m®BaB,,B;,c)(id x (v M) @BV, @Bid 0)ax (v M), B, ;.C

= ((id x®ay,pm,c®a4id 4, )®A1dAf)(1dX®aYMCA ®aid ;)

(id x®id y y®BTy)®@4id 4, ) (id x @Ay a1,4,,0@ 41d A,)

(

(@x,(vm ®BBg,c®AldAf)(OéX yM.B,®Bid 0g,4,)0 (YM))®BBQ)CAf
(id (x (v M)@5B, OBTF) A (X(YM)) Bg,Bf®BC(aXYM®Blng®BBf®BC)
(

id (xy)M®BaB,,B;,0)(1d x (v M)® BV, r@BId 0)dx (v M),B, O
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= ((id x®ay,pm,c®aid 4,)@aid 4,)(id X®d;}\4707,4g ®aid ;)

((id x®id y y®pTg)®aid a,)(id x®ayp,a,,c®41d 4, )0

(@x (v My@pB,,c®ald 4, ) (@x vy M B,@Bid ce 44, )d(_;%(YM)@BBg),C,Af
(v ), By coan, 14 X @Bid B,@BTs) (ax,y,M®Bid Byey BreaC)

(id (xy)m®Bas,,B,,c)(1d x (v A @BV, r@Bid ¢)ax (v M), B, O

The last equations follow from the naturality of &. Now, using a pentagon
axiom for &, the last expression equals to

= ((id x®ay,pm,c®aid 4 )®AidAf)(idX®&§}wcA ®aid a,)
((id x®id y M®@pTy)®aid 4,)(id x @y 4,0 a1d 4, ) (@x (v M0 B,,c®ald )
(@xym,B,®pid C®AAf)(aX(YM) By, C®AAf)aX(YM) By®pC,Af

(id x (v ®BOéB 0.4 )(d xvan®pid B,@p7r)(axy.mM®@Bid By s B s0)

(id (xy)ym®@Bas,,B;,0)(id x (v @BV, r@Bid ¢)ax(vM),B, ;.0

= ((id x®ay,pm,c®4id 4 )®A1dAf)(1dX®aYMCA ®aid a,)

((id x®id y y®@pTg)®aid 4, ) (id x @y M 4,,c®ald 4, ) (@x (v M@ 5 B,,cR41d )
(@x,ym,B,0pid C®AAf)(aX(YM) By, C®AAf)aX(YM) By®pC,As

(id x(van®pag, ca)(@x Yy @B Byepcwaa,)(1d x(van©Bid B, BTy)

(d (xyym®Bas,,B;.c)(d x (v a)@BYg,s@Bid ¢)ax (v Mm),B Byys,C

= ((id x®@ay,m,c®aid 4,)®aid 4,)(id X®aYM,C,Ag®A1d Ar)

((id x®id y y®@p7y)®aid 4, ) (id x®ay 4,00 a1d 4,) (@x, (v M@ B, c®aid)
(@x,ym.B,@pid C®AAf)(d;(%YM),Bg,C’@AAf)d;(l(YM),Bg(X)BC’,Af

(ax,y,w®pid p,eycea,)(id x (v ®Bag, o 4,)(id x(van©@5id B,®BTy)

(id (xy)ym®BaB,,B;,c)(id x (v 1)@ BV, @Bid 0)ax (v M), B, ;O

Using (5.4) we get that the last expression equals to

= ((id x®ay,m,c®aid 4,)®4id 4,)(id X®O~‘;f}\/l ¢ 4,041 4;)
((id x®id y y@pTg)®aid A,) (id x Dy a1,4,,0941d 4) ([@x (v M) s B, 0P A1 4,)
(@x,ym,B,®pid C@AAf)(aX(YM) By, C®AAf)O‘X(YM) By@pC,Af
(axym®Bid Byo o aa,)(id (xy) @57, '®aid a,)(d (xy)u©Béac Ag,Ap)

(

id (xy)m®Bid c®aBy ) (id (xy)M®OBTgf)ax (v M),B, ;.0
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= ((id x®y,nr,c®aid 4,)®4id 4,)(id X®&}7}V[,C,AQ®Aid A;)
((id x®id y y®@pTg)®aid 4,)(id x @y a,4,,0@a1d 4, ) (@x (v M@ 5B,,c@ald 4,)
(@xym,B, BldC@AAf)(aX(YM) Bg,C®AAf)aX(YM) By®pC,As

(id x(van®BT, '©aid 4, )(ax,y,u®pid e a,8.44,)(id (XY)M@BacA Ap)

(id (xy)m®@pBid c®aBy,7)(id (xy) M@ BTy )OX (v M), B, .C

= ((id x®ay,pm,c®aid 4, )®A1dAf)(1dX®aYMCA ®aid ;)

((id x®id y y®@pTg)®aid 4, ) (id x @y M 4,,c®ald 4,)(Qx (v M) pB,,c®41d 4;)
(@xyum Bq@BldC@AAf)(aX(YM) By c®A1dAf)O‘X(YM) By®pC,Af

(id x(van®p7y ' ®aid a,)(id x(van@BAGU, 4,) (XY MOBId Cora,044;)

(

id (xy)m®Bid c®aBy, ) (d (xy)MOBTgf)ax (v M), B, .C-

Now, using the definition of cxy,s, the above expression equals to

= ((id x ®ay,p,c®aid 4, )®AidAf)(idX®d{,}wcA ®aid 4, )
((id x®id ym®@pTg)®aid 4,)(id x @y m,4,,0®a1d 4, ) (@x (v M) 5B,,cPald 4,)
(@xyum Bq@BldC@AAf)(aX(YM) By C®A1dAf)aX(YM) By®pC,Af

(id x(van®p7y  ®aid a,)(id x(van@BAGU, 4,) (XY MOBId Cora,044,)

(id (xy)m@BId ¢ @By £)a(xv )04, (@xyarc®aid ;. )exyar

= ((id x®@ay,pm,c®aid 4,)®aid Af)(ld X®O‘YM,C,A9®A1d Af)

((d x@id y y@p7y)@aid a,)(id x @y 1,4, 0@ aid a,) @x. (v a)e5, 0@ aid 4,)
(ax,yn,B,®pid C®AAf)(&;{1(YM),Bg,C®Aid Af)d_;{l(YM),Bg@JBC,Af

(id x (v an®BT, '®aid 4,)(id X(YM)®BC~VE’1A9,AJ,)(aX7Y,M®Bid C®aA@AAS)
a(xyym,e,a,, (4 (xv)m)@ec®aBe. ) (@xy are®aid 4, Jexym

= ((id x@ay,pr,c®aid 4,)@4id 4,)(id xRy )y ¢ 4 @aid 4,)

((id x®id y y®@pTg)®aid 4,)(id x @y 4,00 a1d 4,)(@x (v M)z B,,c@ald 4;)
(@xym Bg@Bldc@AAf)(aX(YM) By C®A1dAf)aX(YM) By®pC,Af

(id x(van®p7, '@aid a,)(id x(van @BAG Y, AAX(YM),CA @A,
(

ax,y,m®@pid c®aid a,044,)(d (xv)M)0zc@ABg.f) (aXYM c®aid g, )exy -

The last equations follow from naturality of &. Again, using a pentagon for
a the last expression equals to
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= ((id x@ay,nr,c®aid 4,)@4id 4,)(id x @y )y ¢ 4 @aid a,)

((d x@id y w@p7y)@aid a,)(id x @y ar,4,,0@aid 4, ) @x. (v a)e 5, c@aid 4,)

(ax,ym,B,®pid C®AAf)(d;<1(YM),Bg,C®Aid Af)&;{l(YM),Bg@)BC’,Af

(id x (v @87y '®aid 4, )Ax (v ar),CadgA, (Qx (v )00, D aid 4,)

g ()%(YM))@BC ag.4, (XY M@Bid c®aid Ay 44,)(d (xv)M)0pc@ A8, 1)

(@xyarc®aid 4y, )exy,m

= ((id x®@ay,ar,00aid 4,) @ aid 4,) (id x @y )y ¢ 4, @ aid a))

((id x®id y pr®pTy)® 41d Af)(ld X®&y M, a,,c@41d 4,)(@x (v M)@pB,,c®Ald 4,)

(@x,yM,B,®Bid 0@ 44, ) (O X(YM) B,,c®Ald ;)@ 1(YM) By®pC,A;

(ldx ya®@BT, @aid A,)ax (v a),ci04 4,4, (Gx (v an),04,241d 4,)
(X(YM))@BC,Ag,Af (ax.yu®pid 0@ aid 4,0,4,) (@ (xy) 21,0 ®41d 450,44,)

(O‘)_f}KM(@BC@Aid A,0445) (1 (x(v (M 50)) ®ABg,f)(ax,y,Mepc®aid 4, )exym

Using a pentagon axiom for @& the above equation equals to

= ((id x®@ay,m,c®aid 4,)®aid 4,)(id X®&§}\4707AQ®Aid Ap)

((id x®id y y®@pTg)®aid a, ) (id x @Gy M, 4,,c®ald 4,)(@x (v M)z B,,c®41d 4;)
(@x,ya,B,@Bid coaa,) @y, B, c®ald Ar)Bx v ), By@pC.A;

(d x(van®@BT, '®4id Af)OéX(YM)C®AAg,Af(OéX(YM)CA ®aid 4,)
d(_)%(YM))G@BCA Aj (axyu®pid c®aid 4 ®AAf)(aX (v, c®aid Ag®aArp)

(id x @@y 3 @ aid 4ye,4,) (1 (x (v (M0 5)) @48y 1) (XY Mo sc@aid 4, )exy,m
= ((id x®ay,pm,c®a4id 4, )®AidAf)(idX®d§}wcA ®aid ;)

(id x®id y y®BTy)®@4id 4, ) (id x @Ay ar,4,,0@41d 4, ) (Qx, (v M)@pB,,c®ald 4, )
ax,yM,B,®pid C®AAf)(aX(YM) B, c®ald Af)aX(YM) By®pC,A;

(

(

(d x(yan®BT, ®A1dAf)aX(YM)C®AA9,Af(aX(YM)CA ®aid a,)

(@x oy ary,c®4id 4,0,4,) (id x QT @ aid 4, ®AAf)0‘X(Y(M®BC)),Ag,Af
(id

Y(MesC)@ABg ) (axyMepc®aid 4, )cxy M-

The above equal follows from the naturality of &. Using the definition of
mx.y,r(M), the last expression above equals to
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= ((id x@ay,r,c®aid 4,)@aid 4,)(id xRy 3 ¢ 4 @ aid a,)
(id x®id y y@pTg) @ aid 4 ;) (id X @y M,4,,0941d 4) (@ (v M) s B, 0B AT 4 )
ax,ym,s,®pid C®AAf)(aX(YM) B,,c®Ald Af)O‘X(YM) By®pC.Af

X(va@BT, @ald A,)ax (v a),ci044,,4, (Cx (v an),0, 4,241 4,)

(
(@
(id
(@ v an) c®aid a,0,44,) (id x @05y 0@ aid 4,0,44,) @ y (vre oy 4, @a1d 4,)
Mmx,y,(F(M)CXY,M

= ((id x®ay,pm,c®aid 4 )®AidAf)(idX®d§}wcA ®aid a,)

((id x®id y y®@p7g)®aid a, ) (id x @Gy M, 4,,c®ald 4, ) (Qx (v M) pB,,c®41d 4;)
(@xy1.8,251d 0024,) (G (y a1y, B, P4 A)Ox (v 1) 5,0 A,

(id x(van®B7, '®aid ;) x (v a),c0a 904, (X (v ar),0,, D aid 4,)

(ay YM C’®A1d Ag®AAf)(aX (Y M)®@5C,A, ®aid 4;)

((1dX®0<YMC®A1dA )®aid A, )Mx )y (F(M)CXY,M-

Again, by the naturality of @, we obtain the last equal. Using a pentagon
axiom for @, the above expression equals to

= ((id x®ay,pm,c®aid 4,)®4id Af)(idX®d;}wcA ®aid 4,)
((id x®id y M®pTg)®aid 4, ) (Qx,y M,Byopc®ald 4, )aX(YM) ByonCiA;
(ldX(YM ®pT, ' ©ald A, )Ax (v ar).Coan, A, (Ox(van,ca,@aid 4, )
(@ YM) c®aid A9®AAf)(aX vinesca,@Ald a;)

((id x @@y @ aid 4,)@aid A, )Xy, (1) XYM

= ((id x®ay,pm,c®4id 4,)® AldAf)(ldx®aYMCA ®aid 4,)

(@x,y Mo 4,041 a,)(id x (v 1)@ BTy®ald Af)aX(YM) By@nC.A;

(id x (YM ) @57y ®aid 4 )ax (v ), Cwadg A QX (yr),ca,®aid 4p)
(@ v an.c®aid a,044,) (@ vy e, ©aid ;)

((id x @@y @ aid 4,)@aid A, )Xy, (P (M) XYM

= ((id x®ay,m,c®aid 4,)®4id 4, )(id X®0‘YM,C,AQ®Aid A;)
(@x,ym,coa4,@41d 4 ) (Qx (v an),ca,041d 4,)

(a)_(,l(YM),C@)Aid Ag@aAy) (a)_f,l(YM)ech,Ag ®aid a,)
«idX@ax_/,lM,c@Aid A,)®ald A )M v, (F(M)CXY,M-

The last equals follow from naturality of @ and &. Finally, using a pentagon
axiom for @, the above expression is the right hand of (3.3). In the same



24 MEJIA CASTANO AND MOMBELLI

way, we obtain (3.4) and F' is a C-module functor. Then equivalent data
give rise to equivalent module categories.

Now, suppose that (F,c) : Cp — C4 is a Cy-module equivalence. Since F'
is a module functor, it follows from [5, Proposition 3.11], that F' is exact,
hence there exist an invertible object C' € gCa such that FF = —®pgC. The
module structure on F' produces natural isomorphisms

txm: (X©pM)®pBy-1)0pC = (X@p(M®pC))R4AL-1,

for any h € H, X € C,, M € gCp. To see this fact, one has to verify that
the isomorphisms

exm: (XQM)®pBj,-1)pC — (X@(MRpC))®@aA,-1,
composed with the map
TX, Mo zc®id Ayt (X@(MepC))®@sAp-1 = (X@p(MepC))@4A)-1,
factorizes through the map
mx,M®id g, ,®idc : (X@M)@pB,-1)2pC = (X@pM)®pB),-1)25C.

For any h € H, the isomorphisms ¢x s induce (B, A)-bimodule isomor-
phisms 73, : Bo®pC — C® Ay, given by

Th =(Ae®id 4,) (7, -1 ©id c®id 4,,) (@B, B, ,c®id )ep, B,

_ . ~1 _.
T8, 1,8, (Tha-1@1d B,0,,0)(Ap, ®id ).
Since ¢x, y satisfy (3.3) and (3.4), then isomorphisms 7 satisfy (5.4). O
Now, from a Cz-module we shall construct a type-A datum.

Proposition 5.8. Let g € G and H C G be a subgroup. Assume A € C
is an algebra, and (Cy)a is a indecomposable exact Cp-module such that

Reng(Cg)A is indecomposable. There exists (HI,{Ap}nems,B) a type-A
datum such that the Cg-module structure presented in Lemma 5.5 coming
from this type-A datum is equivalent to the original one.

Proof. Lemma 5.2 implies that there are equivalences of C-modules
Wy, : Cp, e (Cg)A — (Chg)A, Ry Cp Ke (Cg)A — (Cg)A, for any h € H,

where W, is the restriction of the tensor product, that is the restriction of
the functor M, ;4 (see Proposition 4.2), and ®, is the restriction of the action
of Cy on (Cy)a. This implies that there exists an equivalence of C-modules
Rpg @ (Chg)a — (Cg)a. Therefore, there exists an invertible A-bimodule
Ag—lh—lg € A(C(h—l)g)A such that

Rh7g(X) = X®AA(h—l)g.

The construction of the functor Rj, 4 implies that, there are C-module natural
isomorphisms & 4 : ®n — Rp g © V. Note that if X € Cp,, M € Cy, then

Rh,g o \I/h(X X M) = (X@M)@AA(hfgg.
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This is precisely the action ® defined in Lemma 5.5. Again, Lemma 5.2
implies that, for any f,h € H, there are natural module isomorphisms

myn: @pp(MyppKlde,) = ®@p(Ide, K ®p).
Whence, using the isomorphisms &, , we get natural module isomorphisms

(5.7) fpn: RpngWpn(Myp®Id ¢,),) — RygVy(lde, MRy )(Id e, KWy, ),

(msn)x.zm = (id x@(Eng) 20®id) (E1.9) x zmnr(myn) x. 200 (Epp ) X0 2,M

forany f,he H, X € Cy,Z € Cy, M € Ca. Since isomorphisms my j, satisfy
(5.1), then isomorphisms myp, satisfy

(5.8) (mp1)xy,zam(MpLn)xev,zm =
= (id x®(mu,n)v,z,m®id ) (M in) x,yez,m (ax,y,z®id y®id ),

for any f,l,h € H, X € C;,Y € C;,Z € Cp,. Indeed, denote h = g 'hlg.
The left hand side of (5.8) is equal to

id x@(&1,9)v,(zeM)@ 4 4; D1) (E1.0) X YE(20M)0 4 4-) (M1 X Y (Z0M)@ 2 A;

Erl) xov.zemn © (1 xey @(Eng) 2m®id) Ef1g) xay,zoM

(

(

(msin) xev,zm(Eppg) (Xov)02Z.M

=(1d x®(&1.9)v,(zeM)244; 914 (€1,9) X yE(20M)© 2 4:) (1) X Y (ZOM)® A A7
(

id xey @ (Eng) 2 @id) (M) xev,2,m Efpp ) (XeV)@2M-

The last equals follows from naturality of £. Using the naturality of m, the
above expresssion equals to

id x®@(&1,9)v,(zem)@44; 1) (E1.0) x YE(20M)® 4 4;) (1d xR Y ®(Eh,9) 2,01)

my) x.y.zam(mn) xev,zm (€ o) (Xov)oz,m
id x@(&1,9)v,(zem)@44; D14) (E1.0) x yE(20M)® 44, ) (1d xR Y@ (Eh,9) 2,01)

=(

(

(

(id x@(mun)y, z.00) (Mpan) x yezm(axy,z@1d a) € o) (xev)ozm

=(1d x®(&1.9)v,(zeM)2 4 4; €14 ) (€1,9) X yE(20M)8 4 A7) (1d x DI Yy @(Ep,g) 2,01)
( (

id x@(mun)y,z.0) (mpin) xyezm (€ ) (xev)ezu (@xey,z,u®id)
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id x®(&0)v.(z8080; 1) (E1.9) X yE(Z0M)@ A4 (I X DIy O (€ g) 2,10)
id x@(min)y.zm) (€5 ) x,(veorsmid x® &) yvezu®id)
myin)x,yezm(axey,zu®id)

id x®(&9)v.(z8081; 1) (E1.9) X yE(Z0M)E A4 (I X Did Y O (€ 9) 2,11)
£, )X (vazyem(d x®(myp)y,zm®id)(id x@(&, g)Y®Z p®id)

mpy

) xyezM(axey,zu®id)

id x@(&1,9)v,(zem)@44; D1) (E1.0) x yE(20M)® 44, ) (1d xRId Y@ (Eh,9) 2,01)

& ) x,vazam 1 x@(E ) )y, zan®id ) (id x (&, o)y, zan®@id )

id x®(myp)y,z,m@id) (M yn) x,yezm (e xey,zm®id )

id x®(&1,g)v,(zeM)z 44; ®id ) (id X®(§};;)Y,Z@M®id )(id X®(§Zgl)y,z®M®id )

id x@(&; )y, zen 1)) (id x@( p)y, 2w @1d) (M 0) x yez.m(@xey,zm@id)
=(id x®@(my,n)y,zm@id ) (Mg n) x yezm(axey,zu®id ),

the second equality follows from (5.1); the third, fifth, seventh and eight
from naturality of £, the fourth and sixth from definition of m.

=(
(
(
=(
(
(m
(
(
(
=(
(

The associativity of the tensor category D imply that there are C-module
natural isomoprhisms

\Pf(ldcngh,g) ~ thf*{ngf,hgy \I’fh(Mf,h&cId (Cg)A) ~ Mf,hg(idcfgc\lfh).

Thus, it follows from the equivalence (5.7) that there are C-module natural
isomorphisms vy @ Rpng >~ Ryg0 Rypp-1 ¢g. Using Proposition 3.3, we
obtain that there are A-bimodule isomorphisms ﬁ(h—l)g’(f—l)g : A(hflffl)g —
A(h—1)g®AA(f—1)g such that

(id X®/8(h—l)g7(f—1)g).

Reconstructing the isomorphisms my j, we obtain that

(Yr.n)x = Gxg

(h=1ygA(s=1)9

~ = . ~—1
(ogran =(@xoat g 1, @Gk o a1,

(id ®B(p-1ys,(s-1)9) (x,y,m®id ).

Note that this formula coincides with the associativity defined in (5.6).
Equation (5.8) implies that morphisms [ satisfy (5.2). Hence, we get a
type-A datum (HY, {Ap}heno, B8) such that, by construction, the Cy-module
structure presented in Lemma 5.5 coming from this type-A datum is equiv-
alent to the original one. O

Definition 5.9. Let H C G be a subgroup and let N be an indecomposable
exact Cg-module such that Reng N remains indecomposable as a C-module.
There exists an algebra A € C such that Res CH N =~ C4 as C-modules. The
type-A data (H,{Ap}ren, ) obtained in Proposition 5.8, using g = 1, is
the associated type-A data to N.
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It follows from Lemma 5.7, that the equivalence class of the type-A data
associated to a Cy-module N, does not depend on the Morita class of the
algebra A such that Res gH N ~ Cy4 as C-modules.

Now, we shall explain the classification of indecomposable exact D-modules
obtained in [7] and [10]. This classification will be done in two steps. In the
first step we will associate to any indecomposable exact D-module a pair
(H,N), where H C G is a subgroup, and N is an indecomposable exact
Cp-module such that the restriction Reng N remains indecomposable as a
C-module. In the second step, using Proprosition 5.8, we shall associate, to
any such pair (H, ') a type-A datum for Reng N.

5.1. First step. Let H be a subgroup of GG, and let N be an indecomposable
exact Cyg-module such that M = Reng N is an indecomposable C-module.
Under these assumptions, we shall call (H,N') a type-1 pair.

Note that if (H,N\) is a type-1 pair, then, for any g € G, the category
Cyr Me,; N has an action of Cypry-1, such that

C o —
Res?™ ™ (Comr Moy N) =~ Cy K M.

By Lemma 5.1, C;XcM is a indecomposable C-module, then (gHg™ !, ConM™ey,
N) is again a type-1 pair.

Definition 5.10. Two type-1 pairs (H,N), (F,N’) are equivalent if there
exists g € G such that

o H=gFg !, and

e there is an equivalence N ~ Cyp K, N’ of Cy-modules.

It follows from Lemma 4.5 (2), that if (H,N) is a type-1 pair, then
Ind CDHN is an indecomposable exact D-module. We shall see that this es-
tablishes a bijective correspondence between equivalence classes of indecom-
posable exact D-modules and equivalence classes of type-1 pairs.

Let’s start with an exact D-module N. It follows from Lemma 4.5 (1)
that Res?/\/ is exact. Then, we can decompose it as Res?/\/ = @ N,
into a direct sum of indecomposable exact C-modules. Denoted by N; the
equivalence class of the C-module N;, and by Xy = {N; :i=1...n}.

The group G acts on the set Xy. Namely, g - N; = N, if C;XeN; ~ N
as C-modules. This action is transitive since N is indecomposable as a D-
module. The next result is well-known.

Lemma 5.11. If N, M are equivalent D-modules, then Xp ~ Xpr as G-
sets. If H={f € G|f-N1=N1}, then X»r ~ G/H as G-sets. O
Proposition 5.12. [7, Proposition 4.6] Let (H,N') and (F, M) be two type-
1 pairs. The following statements are equivalent.

1. There ezists an equivalence of D-modules Ind ?H./\f ~ Ind gFM.
2. The type-1 pairs (H,N'), (F, M) are equivalent.
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Proof. (1) = (2) If Ind (?HN ,Ind CDFM are equivalent as C-modules, then, by

Lemma 5.11, XInd Z?DHN ~ XInd CDFM as G-sets.

Decompose ResE (Ind ?HN ) into a direct sum @;'_;.A; of indecomposable
C-modules. Since the module Reng N is included in ResZ (Ind ?HN ), and it

remains indecomposable as C-module, we can assume A; ~ Reng N. Ttis

not difficult to see that Stab(RengN) = H. By Lemma 5.11, G/H ~ G/F,
thus, there exist g € G such that H = gFg~ .
The restriction of the given equivalence, gives us

CgpﬁcFM =~ CchHN =~ N,
as Cg-modules, where the Cp-action over Cyr is induced by the tensor prod-
uct of C, and is well defined since Hg = gF'.

(2) = (1) Let g € G such that H = gFg~' and CypRc,M ~ N as
Cg-modules. For any a € G, there are equivalences of right Cp-modules
(5.9)

CQH@CHCQF ~ (CagcCH)chch ~ CagC(CH&CHCgF) ~ Cagccgp ~ CagF7
where the right Cp-module structrure is given by tensor product.

Let {ti,....,tn} be a set of representative of the cosets of G/F, thus
{tig™',...,tag™'} is a set of representative of the cosets of G/H. Using
(5.9), we have D-module equivalences

'D&CFM ~ @?:1CtiF@CFM ~ @?:1(Ctig*1H®CHch)®CFM
= @?:1Ctig*1H®CH (Cgr¥c, M)
~ @?ZlctigleﬁcH/\/' o~ D&cH./\/’.

Now, we shall prove that the map
(H,N) — IndZ N

gives a first step to classify indecomposable exact D-modules. The proof of
the following Theorem follows the same steps as the proof of [10, Proposition
12] in the semisimple case.

Theorem 5.13. [10, Proposition 12| There exists a bijection between

e cquivalence classes of indecomposable exact D-modules, and
o cquivalence classes of type-1 pairs (H,N').

Proof. Take a type-1 pair (H,N). Then Ind ?HN is an indecomposable
exact D-module. By Proposition 5.12, the equivalence class of this module
category does not depend on the equivalence class of the pair (H,/N).

Let M be an indecomposable exact D-module. We shall construct a
type-1 pair (H,N) such that M ~ IndgHN. Let ResPM = @' ; M, be a
decomposition of indecomposable exact C-modules. Consider the action of
G over X ¢ as described before.
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Let H := Stab(M1) = {f € G : C;KcM; ~ M, as C-modules}. Set
N := Mj. The action @ : D x M — M restricted to @ : Cy x N = N,
induced a structure of Cy-module over N. N is an exact Cy-module since
M is an exact C-module. N is an indecomposable Cy-module since N is
indecomposable as a C-module. Hence, we obtain a type-1 pair (H,N). It
follows from Proposition 4.4 that M ~ Ind ?HJ\/' as D-modules. O

5.2. Second step. To any type-1 pair (H,N'), there is associated a type-
A datum, namely the type-A data associated to the Cy-module N. See
Definition 5.9. We shall introduce a new equivalence relation of type-A
data, such that there exists a bijection between equivalence classes of type-1
pairs and equivalence classes of type-A data.

For this, we shall first need to explicitly give the type-A data associated
to (gHg ™', Cyrr M, N) in terms of the type-A data associated to (H, N).

Remark 5.14. Let A € C be an algebra such that C4 is an indecomposable
exact C-module. Let (H,{Ap}nem, ) be a type-A data for C4, then using

Lemma 5.5 we obtain that
e C4 has a structure of Cy-module, taking g = 1, and
e (Cy)a has a structure of C,p,-1-module, using gHg™! instead of H.

g
This action, according to (5.5), is

ZQM = (ZQM)®@aAp-1, for any Z € Cypy-1, M € (Cy) a.

Proposition 5.15. Let (H,N) be a type-1 pair, and A € C be an algebra
such that Res gHN ~ Ca. Let (H,{Ap}nem,B) be an algebra datum for C4.
There exists an equivalence of Cypg-1-modules

CgH X, N ~ (Cg)A.

Here the structure of C

gig—1-module on (Cy) 4 is the one presented in Remark
5.14.

Proof. To avoid complicated calculations, we shall assume that the category
D is strict. We shall freely use the identification Cyg ~ C; Mc Cy, see
Proposition 4.2 (2). There exists a functor ® : Cog Me,, Ca4 — (Cy)a such
that

P(XRY)RM) = XQYQM®4 A1,

forany X € Cy, Y € Cp, h € H, M € C4. The functor ® is an equivalence
of categories, since it is the composition

M, gxId Id ®®
Cyrt Ry, Co —22— Cy R Cpr Ry, Ca ——25 Cy R Ca 25 (Cy) as
where Mg, u : Cyn — CyMcCp is a quasi-inverse of the equivalence presented
in Proposition 4.2 (2). The fact that the action functor ® : Cy X, Ca — Ca

and the restriction of the tensor product C,XcCa — (C4) 4 are equivalences
follows from Lemma 5.1 using that C4 is indecomposable. The functor ® has
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a module structure as follows. If f,h € H, Z € Cypo-1, U € Cyp, M € Ca,
then
(ZR(URM)) = ZQURM®AA(p)-1,

Z@O(URM) = ZRUOM®Ap-1) = ZQURM@ s Ap-1®4Ap-1.
Define the natural isomorphisms

CZUXM Z®U®M®AA(fh)—1 — Z®U®M®AAh71®AAf71

as czurm = id ®By-1 p-1. In this case, equation (5.2) is equivalent to (3.3)
and (3.4). Hence (P, ¢) is a module equivalence. O

Definition 5.16. Two type-A data (H,{An}nren,B), (F,{Bf}fer,v) are
G-equivalent if there exists g € G, and an invertible (B, A)-bimodule C' €
B(Cy)a together with (B, A)-bimodule isomorphisms 75, : Bgp,—1®@pC —
C®aAp, h € H, such that F = gHg™ ', and for any h,l € H

(5.10) PeT = AC,

(id @B = Goa,a(m@id)ag | o4 (dOn)as, 8, . c

ghg—1:Pglg

(5.11) _
(’yghg—l,glg—1 ®id )

Remark 5.17. Two equivalent type-A data, according to Definition 5.3, are
G-equivalent. One has to take g = 1.

Let (F,{Byf}fcr,7) be a type-A datum for Cg. By Lemma 5.5, Cp has
structure of Cp-module. Let (H,{Ap}nem,5) be a type-A datum for Cy
then, using remark 5.14, it follows that for any g € G, (C4) 4 has a structure
of Cyprg-1-module. These two actions will be used in the next Proposition.

Proposition 5.18. Let A, B € C be algebras such that C4,Cp are indecom-
posable exact C-modules. Let (H,{Ap}nem, ) be a type-A datum for C4 and
(F,{Bf}ter,v) be type-A data for Cp. They are G-equivalent, if and only
if, there exists g € G such that (Cg)a, Cp are equivalent as Cyp,—1-modules.

Proof. The proof follows mutatis mutandis the proof of Lemma 5.7. O

Combining Theorem 5.13 and Proposition 5.18 we get the main result of
the paper.

Theorem 5.19. Let G be a finite group and D = ®y4eqCy be a G-graded
extension of C = Cy. There exists a bijection between

e cquivalence classes of indecomposable exact D-modules,
e cquivalence classes of type-1 pairs, and
o G-equivalence classes of type-A data.

Proof. In presence of Theorem 5.13, we only have to present a bijection
between equivalence classes of type-1 pairs and G-equivalence classes of
type-A data. Let (H,N) be a type-1 pair, and A € C be an algebra
such that Res SH/\/' ~ C4. We have associated to (H,N) a type-A datum
(H,{Ap}hem, B), see Definition 5.9.



EQUIVALENCE CLASSES OF EXACT MODULE CATEGORIES 31

This map does not depend on the equivalence class of the chosen type-
1 pair. Indeed, let (F,N’) be a type-1 pair equivalent to (H,N). Then,
there exists ¢ € G such that F = gHg~! and there exists an equivalence
N'" >~ Cyp We,, N of Cypyg-1-modules. It follows from Proposition 5.15 that
Cor™e, N~ (Cg) 4 as Cypg—1-modules. Let (gHg ™', {By} pegmg-1,7) be the
type-A datum associated to N”. Since N’ ~ Cp as C,p,~1-modules, then
Cp =~ (Cy)a as Cypyg—1-modules. It follows from Proposition 5.18 that type-A

data (gHg ', {By} tegmg-1+7), (H,{Ap}nhen, B) are G-equivalent. O

The explicit description of D-modules from the type-A datum allows us
to obtain the next result. Recall that equivalence classes of fiber functors
for a tensor category D are in correspondence with equivalence classes of
semisimple D-module categories of rank 1.

Corollary 5.20. Let G be a finite group and D = ©4eaCy be a G-graded
extension of C = Cy. There exists a bijection between
o FEquivalence classes of fiber functors F' : D — vecty, and
o G-equivalence classes of type-A datum (G,{Ap}req, ) such that C
1$ a semisimple category of rank 1. ([l

5.3. Pointed fusion categories. In this Section we shall show that our
results, when applied to a pointed fusion category, agree with the results
obtained in [11]. Pointed fusion categories are parameterized by pairs (G, w),
where G is a finite group, and w € H3(G,k*) is a 3-cocycle. The tensor
category D = C(G,w), described in Example 4.1, is a G-extension of the
category vect.

We first described the equivalence classes of type-A data for these cate-
gories.
Lemma 5.21. There is a bijection between

o equivalence classes of type-A data, and
e pairs (H,[), where H C G is a group, and 3 € H?*(H,k*) is a
homology class such that df w |gxpxm=1.
Proof. We will only sketch the proof. Let H C G be a subgroup, and
B € H?(H,k*) such that d3w |gxuxuy= 1. Then, (H,{kp}nem, ') is a
type-A data, where ky is the field k, concentrated in degree h, and ﬁ}?h :
ks, — kr®ky, is defined by 5},h(1) = Brnl®l.

Let (H,{Ap}nem, ) be a type-A data, this means that H C G is a sub-
group and A; = A € vecty is an algebra such that (vect)4 is an indecom-
posable exact vect ,-module. This means that A = k. Hence, for any h € H,
Ay, is a 1-dimensional vector space. Let 7 : Ay, — Kk, be some isomorphism,
for any h € H. If we define By, : kyp — kr®ky, as

Brn = (15@70) Bty

then (H,{Ap}nen,B) is equivalent to (H, {k e, B). Equation (5.2) im-
plies that dfw |H><H><H: 1. O
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Theorem 5.19 implies, in this case, that indecomposable exact D-modules
are parametrized by pairs (H, (), where H C G is a group, and 8 €
C?(H,k*) is a 2-cochain such that d3w = 1. This parametrization co-
incides with the one given in [5], [11].

For such pair (H, ), denote My(H, ) the associated indecomposable ex-
act D-module. As abelian categories Mo(H, 8) = C(G,w)k,u, the category
of right kg H-modules.

Let (H,{kn}nem,B) be a type-A datum. The algebra A described in
Proposition 5.4, in this case, coincides with the twisted group algebra kgH.
This implies, using Proposition 5.6, that the module category corresponding
to (H,{kp}nem, f) in Theorem 5.19 is precisely Mo(H, 3).

Let (L, &) be another pair, where L C G is a subgroup, and ¢ € H?(L,k*)
is such that dfw = 1. Theorem 5.19 implies that there exists an equivalence
Mo(H, B) =~ My(L,§) of C(G,w)-modules, if and only if, the type-A data
(H,{kn}nem, B), (L,{ki}icr,&) are G-equivalent. According to Definition
5.16, this means that, there exists g € G such that L = gHg™!, and for any
h € H there are scalars 7, € k* such that 7 = 1, and

(512) 5h,l7-hl = w(gv h7 Z)Thw_l(ghg_la g, Z)le(ghg_lv glg_17 g)&ghgfl,glgfla
for any h,l € H. Following [11], we define the 2-cochain 0, : H x H — k as

Q(h1) = w(g, h,hw(ghg~*, glg™", g)
o w(ghg=t,9,1) '

Equation (5.12) implies 8 = Q,4¢9 in H%(H,k*). Hence, we recover the next
result.

Theorem 5.22. [11, Thm 1.1] Assume L, H C G are two groups, and €
C%(H,k*), ¢ € C*(L,k*) are 2-cochains such that df = w=! = d¢. There
exists an equivalence of module categories between My(H, ), Mo(L,§), if
and only if, there exists g € G such that H = gLg™', and the class of
B7EIO, |Lxr is trivial in H*(H,k*). O
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