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Chapter 1

Maxwell’s Equations: An overview

In this chapter we shall study general aspects of Maxwell’s equations and their solutions.
In particular we shall concentrate on their dynamical properties. For simplicity, but also
to stress that the existence of the electromagnetic fields is independent of the existence of
sources, that is, that they are an entity in their own right, we shall first consider these
equations in vacuum. For them we shall consider their initial value formulation, showing
that the prescription of the electric and magnetic field vectors at a given time, say t = 0,
E(0,7) = F(Z) and B(0,7) = G(&) determines uniquely a solution for all future and past
times. To accomplish this we shall first make a detour into the wave equation and using the
time and space translation invariance of that equation, write down the general solution for it,
as a function of its values at a given initial time. We shall them use that formula to obtain the
general solution to Maxwell’s equations. Second we shall define the energy of electromagnetic
fields, and use its conservation in time to show that the solution obtained is the only solution
with the prescribed values at ¢t = 0.

In the last part of the chapter we shall consider sources for Maxwell equations, - from a
microscopical point of view - and depending on the nature of them, discuss to what extent
the results already found for the vacuum are still valid.

1.1 Maxwell’s equations in vacuum

In this case the equation are given by:

OF - -
- _ B 1.1
o cV A (1.1)

OB L
V-E=0 (1.3)
V-B=0 (1.4)

There are several remarks to be made:

15



16 CHAPTER 1. MAXWELL’S EQUATIONS: AN OVERVIEW

1. The first two equations include time derivatives, in fact tell us what is the instantaneous
time evolution of E and B as a function of the values of their space derivatives at the
present time. They shall be called the evolution equations.

2. The other two are equations relating different space derivatives of the fields at the same
time, that is they constraint the possible value the electric and magnetic fields can have
at any given time, and so shall be called the constraint equations.

3. The equations are linear, that is if (Ey, By) and (E,, Bs) are two solutions, then (E; +
aFy, B1+aB;), where « is any constant, is also a solution. This property is very useful
since it allows to find complicated solutions as sum of simpler ones.

4. There is an asymmetric under interchange of E and B on the evolution equations, [a
sign difference between 1.1 and 1.2]. This asymmetric on the evolution equations is
crucial: Without it the equations would be inconsistent, not just because they would
give a different evolution than the one observed, but because they would — for generic
values of E and B at any given initial time — give no evolution at all! We shall come back
to this point later in this chapter. This asymmetry between E and B is different from
the one that appears in the constraint equations when sources are present, reflecting
the fact that no magnetic charges have been observed in nature.

5. In the equations there is a constant, ¢, which has the dimensions of a speed. The
presence of this constant has deep consequences on our present conception of space and
time, but we shall discuss that problem later in the book.

6. If we count the unknowns we see we have six, the three components of E and three of
B. But we have 8 equations, 6 evolutions + 2 constraints. So, in order for the system
not to be over-determined two of them should be consequences of the other six. This is
indeed the case, but in a very subtle way. We shall see this later in the chapter.

1.1.1 Maxwell’s evolution equations

We shall forget the last remark above and consider, for the moment, just the two evolution
equations, 1.1 and 1.2.

Fix an initial time ¢ = 0, say !, and assume we are given there the values of E and
B ; E(0,%) = F(&), B(0,7) = G(¥). Using the evolution equations one could device the
following procedure to solve them: we could compute the values of E and B an instant later,
At. Indeed, using a Taylor expansion in ¢, and equation (1.1) we have,

—

B(AL7) = B0.3) + 22 (1.7) o -At + O((A1))

— E(0,%) 4 cAtV A B(0,Z) + O((At)?),

and correspondingly

!The origin of time is irrelevant for this discussion as will become apparent in chapter II.
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B(At,©) = B(0,7) — cAtV A E(0,T) + O((At)?).

The symbol O((At)?) means the presence of extra terms, which are bounded and go to
zero as (At)? when At — 0.

Once we have the values of E and B at t = At (to that given order) we can take their
space derivatives at ¢ + At and repeat the above argument to obtain the values of E and B
at t = 2At and so on until obtaining a “solution" for a given interval of time 7'

Of course the solution is only an approximated one, but we could think —in analogy with
ordinary differential equations— of improving on it by taking smaller and smaller A’s and
more and more of them as to keep reaching 7" in the last step.

One would hope, in the limit At — 0, to obtain a unique solution to the evolution equations
corresponding to the given initial data, E(0,Z) and B(0, ) and which depends continuously
under arbitrary variations on that initial data. This argument is in general misleading, for in
each step we must take spatial derivatives. If we trace the formulae to the bare dependence on
initial data we see that if we are taking n steps to reach T', then the values of E and B there
depend on n space derivatives of the initial data. So in the limit At — 0 it would depend on
an infinity of derivatives of the initial data values. One could have then the situation were
very bumpy, but tiny variations, in, say, the 1079th. derivative of E would significantly affect
the value of E at a later time. One would consider such a situation very unphysical and
should be prepare to through away any theory with such a pathology. It can be shown that
for electromagnetism this awkward situation does not appear, and that this happens because
very precise cancellations occur due to the asymmetry already mentioned of the evolution
equations 2.

For the problem at hand one does not need to use an argument along the above lines to
show the existence of solutions, for one can find the general solution to the problem, which
we shall display in the proof of the next theorem.

Theorem 1.1 (The Cauchy Problem for electromagnetism) Given (F(Z), G(Z)),
smooth® vectorial functions in space (R3). There exists a unique smooth solution (E(t, %), B(t, 7))
to Mazxwell’s vacuum evolution equations, 1.1 and 1.2, satisfying

(E(0,7), B(0,2)) = (F(%),G(2))

Furthermore the solution depends continuously on the initial data.

2With the opposite sign on one of Maxwell’s equations, that is, with the equations symmetric under
interchange of E and E, one can construct examples of initial data for which, one has a solution for all
times and a nearby arbitrarily close has a solution only for a limited time span, as small as one wishes. The
mathematical theory which justify the existence argument given above for electromagnetism, and for all other
classical theories of physics, is the theory of symmetric hyperbolic systems and is one of the greatest scientific
achievements of this century.

3“smooth" here means an infinite differentiable function. We shall assume - when possible - all our functions
to be smooth, not only for simplicity, but also because physically we can not distinguish between an function
say 3 times differentiable and another, say, 7 times differentiable.
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This class of theorem  is without doubt one of the more important and basic results of all
physics. It gives ground to our causality conceptions about physical phenomena, and so to the
experimental method in sciences. It says that if we know “the present', that is the initial data
at a given time we can predict the future (the corresponding unique solution to that data) and
that it is a continuous function of the present, that is, if we change things at present by an
small amount the change this will in turn produce in the future shall be correspondingly small.
In particular measurement errors at present, if sufficiently small, would result in small errors
on our predictions about the future. About the experimental method as basic to sciences, it
says that if we carefully prepare an experiment, we can then predict its outcome.
Proof: As already mentioned the proof of this theorem will not follow the argument given
earlier in the chapter, for this would require a fair amount of previous mathematical steps
which are not the subject of this course and which although very interesting would take us
into a long detour. We shall follow instead a much more direct approach, which, although
would take us into some detours -but always within the main subject of the course-, it would
give us also, as a by product, the general solution to Maxwell’s equations! This method will
have the disadvantage that it would be only applicable to the vacuum equations and to some
very particular type of sources, but not to the most general type of problem encountered in
electromagnetism, let alone the rest of physics!

We shall split the proof into two Lemmas. We shall first find a solution to the problem
and second show that this is the solution, e.i. show uniqueness.

Lemma 1.1 Existence
Given (F(Z), G(Z)) smooth vector functions in R?, then:

B3 = 2 (Ma(F(@) + ctMal(F A G(@)

— ([ lebM (T F@)ed

EL
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By
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By

satisfy Mazwell’s evolution equations, 1.1 and 1.2 and furthermore;

E(0,%) = F(&)
; .

0,7) = G(7)

4The corresponding type of theorem in classical mechanics is the one which asserts the existence and
uniqueness for all times to certain Lagrangian systems. In this case the mathematical theory underneath
these results is the one of ordinary differential equations.
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In the above formulae:

1
- — A Q
47T/Qf(a:+tnd

where € is the sphere of unit radius, that is,

1 T 2w
Mt(f(f))zﬂ/o/o f(x +tcoshsing,y+tcoslcosp,z+ tsinb)sin didp.

Proof: This Lemma can be proven by brute force, namely applying directly the equations to
the proposed solution, but here me propose another method which will teach us some things
about the wave equation. Taking a time derivative of (1.1) and using (1.2) we obtain,

1 0°F 1- 0B
2 o2 ¢ ot
— AE-V(V-E),

where in the third step we have used the vectorial calculus identity:

—

VANAV)=V(V-V)= (V- -V)V

Exercise: Show the above identity.

At this point we could use equation 1.3 to drop the second term in the r.h.s. of the above
equation, but since at the moment we are only solving for the evolution equations, we prefer
to eliminate it by taking another time derivative.

Taking it and calling Y = aE we obtain,

1 0%Y

— AY

where in the first step we have use the evolution equation for E to substitute in the second
term on the r.hs. Y by vV A B, and in the second step the vectorial calculus identity
V- (VAA) =0.

Exercise: Show the above identity.

We see then that Y satisfies the wave equation,

A)Y = 0. (1.5)
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If we express Y and the above equation in cartesian coordinates it is easy to see that each
individual component of Y, Y*, satisfies the scalar wave equation:
102 0P

I Y ¥ k_(~~- - - = k_
(02 ot? 0 axiﬁxj)y (02 ot 0x?  0y? 822)Y 0

where by Y* we are denoting the cartesian component of Y along the axis, Z, and

5 1 i=j
Z]_
g _{0 i #j

denotes the Euclidean metric of IR? and we are using the Einstein’s notation, by which repeated
indices, one up one down, imply summation.

The scalar wave equation is the small brother of Maxwell’s equation and we shall have the
opportunity to encounter it many times during this course, so it is convenient to make the
following;:

Detour into the wave equation

The wave equation shares many property with Maxwell’s equations. Besides having also
the constant ¢ appearing on it, and been linear, [that is linear combinations of solutions are
also solutions], it is invariant under time and space translations 5. That is, if p(¢,7) is a
solution, then ¢r(t,7) = ¢(t — T,7) and ¢z ({,%) = ¢(¢,7 — Zp), where T' is a constant
number and 7y a constant vector, are also solutions.

Exercise: Show that this invariance plus linearity implies that if ¢ is a smooth solution, then
%—‘f and V¢ also satisfy the wave equation.

To see that the wave equation has these invariances consider the wave equation applied

to ¢p(t, o). To apply it we need to compute ‘%T in terms of ¢,
0or(t, ) _ 8¢(u,x)@ _ %(u,f)
ot Ju Ot Ou

where we have defined u =t —T'. Since this change does not affect the space dependences we
get,
1 0? 1 0
———A t,f: _—_A u’fzo,
(3~ A8 = (g — A)o(u, 7)
proving that ¢ is also a solution. The case of space translations is similar using the trick of
aligning one of the coordinate axis with the space translation under consideration.

Exercise: Do the space-translation case.

We shall make use of this invariance to find the general solution to the wave equation.

5We shall study this type of invariance for Maxwell’s equations in the next chapter.



1.1. MAXWELL’S EQUATIONS IN VACUUM 21
The general solution to the wave equation

In spherical coordinates the wave equation becomes:

1% 1 1 9 86 1 26

Zor a0 T manaae %) T e

Exercise: Show this by direct calculation using the chain rule.

So if we look for spherically symmetric solutions, that is solutions which only depend on
t and r the equation reduces to:

1P 18%09) _
2o r o2

which can be further simplified, by defining. (¢, r) = ro(t,r), to

1% 0%

2o ot
that is, a one dimensional wave equation. A particular solution to this equation is ¥(t,r) :=
F(ct —r), where F'is any sufficiently smooth function.

Exercise: Show that ¢(t,r) := G(ct + r), with G an arbitrary smooth function is also a
solution.

Thus we obtain a solution to the three dimensional wave equation, ¢(t,r) = @, at all
points besides the origin, which represents a spherical wave going away from the coordinate
axis and meanwhile decaying in intensity as % if F'is taken to be of compact support. Note
that this solution will, in general, be unbounded at the origin. This can be arranged by
instead choosing alternatively the solution ¢(t,r) = w The problem at the origin
will not be important for our present application.

Because of the translational invariance we can take any coordinate origin we please and
get a solution of this type. Of course their sum would also be a solution and so we conclude
that

|7 — 7]

is also a solution, where quj is a weight constant for each “symmetry center'. One can picture
this type of solutions by throwing a hand full of marbles into a lake, roughly, the weight factors
there are related to the actual weight of each marble. The picture is not totally correct, for
those waves decay at a different rate with the distance.

There is no reason not to consider a smooth distribution of these symmetry centers and
so passing from the sum to an integral we conclude that
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6(1,7) = /]Rg ¢(5)F|(§t_—;/f— ) .

is also a solution to the wave equation.

Using spherical coordinates centered at #, ¥ = 7+, so that d37 = dQ?r2dr the integral
becomes,

o(t, T) = /]Rg O(Z +rR)F(ct —7)

r

d$¥r2dr,
We now further specialize this solution by first taking as F',

1
—= 0<s<e¢
— edm — —
F‘f(S)_{o s<0,e<s,

noticing that when ¢ — 0 the function becomes more and more concentrated at s = 0 while
its integral remains finite,

oo 1

/ F.(s)ds

0

pu E'
Thus, in the above integral the values which contribute are more and more concentrated at

the values of r for which ¢t —r is near zero, namely r» = ct. Taking such a limit, we reach the
conclusion that the following is also a solution,

(t, 7) % /Q 3T + cth)d)

ct My ().

where now the integral is on the sphere of unit directions (2.

So far we have found, using the invariance under space translation, a large set of solutions:

Lemma 1.2 Given any function ¢ on R,

is a solution to the wave equation.

But these are still very particular ones, for at ¢ = 0 they all vanish. To enlarge that set we
consider the bigger set obtained by adding to the ones found the sets of all its time derivatives.
We now claim:

Any solution of the wave equation can be written as

8(1,7) = M (60(3) + 50 (1M (90().

noticing that %(t, Z) li=o= ¢1(Z) and ¢(0,Z) = ¢o(7).
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We have already shown that the first term is a solution. The second term is also a solution
for time translational invariance plus linearity implies that any time derivative of a solution
is also a solution.

Exercise: Show the statement about the values of ¢o(Z) and ¢1(Z).

But any solution of the wave equation can be expressed in the above form, since any two
solutions which coincide and have the same time derivatives at ¢ = 0, necesarily also coincide
in the whole space. We shall not proof that this statement, since, although the proof is not
difficult, it is very similar to the one we shall give for Maxwell’s equations, and we shall not
need it in what follows. Notice that since all solutions have this form we can “classify" them
by listing the values and the values of their time derivatives at a ¢ = const. surface. These
values constitute the initial data set of the equation, and we have just asserted that to each
element on this set, that is, a pair (¢o(Z), ¢1(Z)), there corresponds a unique solution to the
equation.

The form of the general solution we have found underlines an important property of the
wave equation which it is also shared by Maxwell’s equations, namely that the value of a
solution at a point # at time ¢ depends only on the value of the solution at the points & at
t = 0 such that |Z — &'| = ct, that is, the waves travel at the speed c.

(t, ¥)

S\

Figure 1.1: Set of points which influence the event (¢, ¥)

The diagram above represents points of space and time, usually called events, horizontal
displacements mean displacements along space, vertical ones along time. The points drawn
represent those points in space time which can influence the value of any solution of the wave
equation at the point (¢, Z). It is clearly a cone,

C™(t, %) ={(t\a) | |7 -2 =c(t -1t}

Exercise: Let (¢o(Z), 1(Z)) of compact support, show that given any point Zo there exists
a time ty such that for all t > to, ¢(t, 7o) = 0.
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Exercise: Find all the points in space-time which can be influenced from data given at
(t=0,2p).

We finish this detour into the wave equation giving a direct proof of Lemma 1.2:
Given any smooth function ¢(Z) : R* — R, the function R* x R — R,

O(t, T) :=t My(¢(T))
satisfies the wave equation with initial data (¢(0, %) = 0, 9,¢(t, ¥)|i—o = (I)).
Proof:
First notice that

1 -
(7)) = — | 8,0(Z+th) dQ
41 Js2
S V(E +th) - 7 dQ

47 Js2

1 = Yo s\ a2
- R/SQng(x+tn)-ntdQ (1.6)

8tMt(

AN

The last term above is just an integral on a sphere of radius ¢ of the gradient of a function
normal to the surface, so we can use Gauss theorem to conclude that:

- 1 s
IMOBE) = /B 7y DO+ th) AV
1 s
T 4nt? /}E}t(f) Be(E +h) AV

1 gt - ,
= 47rt2/0 . A,o(Z+Th) dQY T dT

1 gt oy
= t_z/o A M (p(Z) 72 dr (1.7)

where By(Z) is a ball of radius ¢ centered at &, in the second line we change to the Laplacian
with respect to & (just a coordinate change), and in the tird line we had writen the integral in
spherical coordinates. Finally we re-write the expression in terms of spherical means. Thus,
multiplying by #? and taking a derivative we get,

(10, M,((2)) = t*AM,(6(T))

or, in terms of the solution, M;(¢(Z)) = ¢(t, %) /t,
tAG(t, 7)) = 0, (0, (6(t, ) /1)),

but then,

tAG(L, T) = O (1 (ep(t, T)/t — (L, T)/1%)
= 8t(tat¢(taf)_¢(taf))
- ta%(t,f)
N ot2

from which the proposition follows.
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End of detour

We now continue with the proof of our lemma. Since each Cartesian component of ?(t, z)
satisfies the wave equation we can readily write down some solutions:

- 0

T ot

with ¥o(#) = Y/(0, ) and Y1(#) = 2 (¢, )|,

Using now the evolution equations, 1.1, 1.2, we obtain,

o (EMe(Yo(@))) + tMer (Y ()

S . . OFE L
Yo(Z) = Y(0,7) = m( D) li—o= ¢V A B(t, Z) |10

= ¢VAG(E),
Lo oy O*E oB
Yl(l’) = E(@ 37) ‘t=0: 12 ( ) ) |t =0=— Cv N —=7 ot ( 37) ‘t 0

= —AVAVAE(T) |eo= -2V AV A F(T),
And so,

Wmﬂ:%@m@WAé@M—EM@WAﬁAﬁ@)

— — t—»~
E@@:E@@+/Yu@ﬁ
0

—

E(t, ) = F(@)+ ctMy(V AG)(E))
c/ot AM;(V AV A F(Z))dE.

But by definition,

and so,

To obtain é(t, ¥) we integrate in time equation 1.2,

B(t,#) = G(I)— "9 A E(t,&)di

—

[6 F(Z) = dM4(V AV A G(T))

\o\

- G(@) -
t o~
-g/dM(VAVAVF ))di]di
0
The following two exercises complete the proof of the lemma.

Exercise: Show, using the identity V AV A F(Z) = —AF(Z) + V(V - F(Z)) that the above
formula for E(t,Z) can be further reduced to:

B(.) = A (tM(F(@)) + Mo (¥ A G@)

—

_ v%%M@W.ﬂmmﬁ) (1.8)
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Hint: Use that M ;(F(Z)) satisfies the wave equation.

Exercise: Show, using the identity V AV AV A F(Z) = —A(V A F(Z)), that the above
formula for B(t, ) can be further reduced to:

BB = S (Ma(G(@) ~ caMu(¥ A F(@)

— ~

- ([ MY - G()))edd) (1.9)

Alternatively, run again the above procedure using this time Y = %é )

To complete the proof of the theorem we must prove now that the general solution we
have obtained are the only possible.

Lemma 1.3 Uniqueness . .
Let (E1(t, %), By, (t, 7)) and (Ey(t, T), By(t, X)) be two smooth solutions of Maxwell’s evo-
lution 1.1 and 1.2, such that:

1. Their initial data coincide at some t = ty, that is
(Ei(to, &), Bi(to, 7)) = (Es(to, ), Ba(to, 7))
2. Their difference decay to zero sufficiently fast at large distances ©.

Then they are identical.

Proof: To see this we consider their differences:

B(ta f) = Bl<t7 f) - §2(t7 f)
Since Maxwell’s equations are linear these differences are also a solution, and
E(ty, @) = B(to, &) = 0

So, because the linearity of the equations, the proof reduces to show that the only solution
with vanishing initial data is the zero solution. If these fields decay sufficiently fast at infinity,
then the following integral is finite:

E(t) = % Jos A B 7) - B, )+ B(e.7) - Bt 2}z

6This last requirement can be lifted away using an argument involving the finite velocity of propagation of
the electromagnetic waves, but the proof would become too complicated.
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Taking a time derivative and using the evolution equations we find:

— — —

—5 —cﬁwﬂf NV AB(t,7) — B(t,7) -V A B(t, #) 7.
Using now the vectorial calculus identity: V- (VAW) =W - (VAV) =V - (VAW),

and Gauss theorem, we see that

—a) —c(E(t,Z) A B(t,T)) - 7 dS

T‘*)OO SQ(T‘)

where the integral is over a sphere of radius r, and 7 is the outward unit normal to it. The
limit is taken after making the 1ntegral

If the field differences E and B decay sufficiently fast at infinity, then in the limit the
surface integral becomes zero and so £(t) is conserved, £(t) = E(ty). But at t =t, E and B
were zero, so that £(tg) = 0 and so we conclude that £(t) = 0 Vt. Since £(t) is the integral of
a sum of positive definite terms we conclude that each one of them must vanish point wise *
and so we have

E(t,7) = B(t,7) =0

This concludes the proof of the lemma and so of the theorem.

Exercise: Prove a similar Lemma for the wave equation using as the energy functional,

2[%3 ) 4 V- VoldE.

One asks oneself what is behind such a neat proof of uniqueness? Usually simplicity
and beauty are correlated with some deep aspect of nature. In this case it happens that the
integral which so conveniently helped us to prove uniqueness is in fact the total energy carried
by the electromagnetic configuration (E (¢, Z), B(t, 7)), and the fact that it is constant in time
is nothing else than energy conservation. The surface integral is nothlng else but the energy
by unit of time radiated away from the region, and its integrand, S = cE A B called the
Poynting vector, is the flux of energy.

Exercise: Give an argument, using the fact that the solutions propagate at finite speed to
show, first the if the initial data vanishes in, say, inside ball of radious R, then after some
interval 0t it vanishes in a ball of radious R — cdt, and second that the requirement of the
fields decaying at infinity of the previous result is superfluous.

What have we found so far? Consider the set, S, of all pairs of vectors (E(t, ), B(t, T)),
defined at all points of space and for all times. This set has a subset, SE, which consists of
all pairs which satisfies the evolution Maxwell’s equations. If we evaluate those pairs in SE

"Since we are assuming all fields are smooth.
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at ¢ = 0, we see that we have a map, @, from SFE to the set of “free initial data", F'ID, that
is the set of all pairs of vector (F'(Z), G(Z)) defined at point of R?, the map given by

O((E(t,7), B(t, 7)) = (E(0,7), B(0,2)) = (F(&), G(2)).

What we have shown so far is that this map is one to one, and so invertible. That is, each
free initial data pair (F(Z), G(Z)) gives rice to a unique solution to the evolution equation.
Solutions are uniquely characterized by their initial data. To speak of a solution or of its
initial data is completely equivalent.

FID

Figure 1.2: The map between solutions and initial data sets

1.1.2 The Constraint Equations

What happens with the other pair of Maxwell’s equations, namely the constraint equations?
In analogy with the picture above the solutions of the constraint equations form a subset, SC,
of S, namely the subset of all pairs (E(t, ), B(t, ©)) such that V - E(t, %) = V - B(t,Z) = 0.

The solution to the whole set of Maxwell’s equation is clearly the intersection P = SENSC.
In this sense the question is now: How big is P? ® Can we characterize P as a subset of F1D?
Note that the obvious subset of F'ID for this characterization is ID := {Set of all pairs
(F(Z), G(Z)) such that, V - F(&) = V - G(¥) = 0}, for at least the intersection can not be
bigger than this. We express the answer to this question in the following theorem:

Theorem 1.2 P is uniquely characterized by ID. That is, if the initial data satisfies the con-
straint equations, then the solution to the evolution equations they give rise to, automatically
satisfy the constraint equations for all times.
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N —]
.
j\.
vl

SE SC

Figure 1.3: Map between true solutions and constrained initial data sets

Proof: Assume we are given any pair in 1D, that is a pair (F(Z), G(Z)) such that V - F(Z) =
V- C_j(f) = 0. We want to prove that the solution to the evolution equations this pair gives
rise to,? (E(t, ), B(t, ) satisfies the constraints equations for all times.

Taking a time derivative to each one of the constraint equations and using the evolution
equations we have,

0= =2, 0 o 0= o == =
E(V E(t 7)) = V aE(t, 7)=cV-(VAB(tZ) =0,
0= 53, 0 = 0=z o = ==
E(V B(t,z)) = V- 5% (t,7) V- (VAE(Z) =0,

where we have used the vector calculus identity, V- (6 A A) = 0. Therefore,

V-Elt,Z) = V-E(0,8)=V-F({@) =0,
V-B(t,7) = V-B(0,7)=V -G(&) =0

Remark: From this result we see that the name “constraint equations' is justified. These
equations relate different components of the initial data, that is, it is not possible to prescribe
arbitrarily the three components of the electric and the three components magnetic field as
initial data for Maxwell’s equations. At most one could prescribe two for each one of them,
the rest been determined from the ones given. But this counting of freely given components
is only approximate, as the following exercise shows.

Exercise: Let V(&) and W (&) two arbitrary vector functions in R3. Show that the pair
(VAV(Z),VAW(Z)) isin ID.

8 P is not empty because the zero pair bellow to it.
9Whose existence and uniqueness has been already shown.
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The above example also shows that there are plenty of elements of P. These solutions
represents “pure radiation fields", since they do not arise from any source whatsoever.

— —

Exercise: Show by direct calculation that (E(t,Z), B(t,¥)), as given by (1.8,1.9) have zero
divergence if their initial data satisfies the constraints.

Exercise: Find expressions (1.8,1.9) again, this time using that the divergences cancell. Hint:
Check that now both E, and B satisfy the wave equation and write the general solutions for
them from the initial data. You will need to use equations (1.1,1.2).

1.2 Initial Value Formulation II: Sources

What happens with Maxwell’s equations when sources are present?
In this case the equations are:

E = — —

%—t(t, 7) =V AB(L,T) — dnJ(t, T) (1.10)
8—B(t,f) = —cVAE(7) (1.11)
ot

V- E(t,7) = 4mp(t, T) (1.12)
V- B(t,7) =0, (1.13)

-

where p(t, Z) represents a charge distribution density and J(¢, Z) its current.

Remark: Only a pair of equations, 1.10, 1.12, changes, the other two, 1.11, and 1.13, remain
unchanged. We shall see later that this splitting of the equations is also natural, as we shall
see later when we study the four dimensional covariance of the theory. It can be seen that the
two “unaltered" equations are integrability conditions for the existence of a four dimensional
vector potential. Although such a potential is considered just an “auxiliary tool" in dealing
with the equations of classical electromagnetism, it becomes a key ingredient when coupling
electromagnetism to quantum fields.

1.2.1 Charge Conservation

The two equations having sources, 1.10, and 1.12, imply that the total charge must be constant
in time, even more, they imply a “continuity" equation for the sources, namely % +V-J=0.
To see this take the divergence of 1.1 and substract from it the time derivative of 1.12,

0 o = = 0=
0 = S(V-E)=V-(5E)
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lp = , = = -
= 47T§— (¢VANB—4nJ)
dp = =

where in the second step we have used the vector identity, V - (6 NA)=0.

Thus if this relation between the charge density and the charge current is not satisfied,
then there can not be solutions to Maxwell’s equations.

The continuity equation has a simple interpretation, it just says that charge can not
just disappear from a given volume, if it decreases there it has to be because it leaves the
boundaries of that volume as a current thought it boundaries. Indeed taking a fix volume, V',
the total charge enclosed on it is,

Qut) = | plt. 2z

and so its time derivative is,

dQV ap(t,f) —
Al e

— — | J-ndS%

where after using the continuity equation we have used Stoke’s theorem. A9V denotes the
boundary of V', and 7 its outer normal. Thus, the sources of Maxwell’s equations can not be
anything we like, they must have a “material" entity in the sense that if their amount change
in a given volume then a correlated flux of the quantity must be present at the boundary of
it. In particular we have global charge conservation:

Lemma 1.4 If the sources have compact support along space directions, then the total charge
18 constant.

Indeed, defining the total charge as,
Q) = [ plt. 23"

which is well defined since p(t, Z) is assumed of compact support, we have,

dqQ -
L) = ~limn oo [T 0dS? =0,

dt ®) 7 Jsm)

where 7 is the radial coordinate and we are using that J (t,7) is also of compact support to
set the last integral to zero.

Note that if J(¢,Z), and p(0,Z) = po(Z) are given then we also have p(t, Z), indeed the
continuity equation asserts,

13 — =~ ~
p(t, ) = po(d) = | V- J(E, #)di.

This fact is sometimes usefull in constructing consistent sources for Maxwell’s equations.



32 CHAPTER 1. MAXWELL’S EQUATIONS: AN OVERVIEW

1.2.2 Existence and Uniqueness

For most physical applications the above system, 1.10, 1.11, 1.12, and 1.13, is incomplete and
at most it can only be taken as a first approximation.

The reason for this incompleteness is that the above system assumes that p(t, Z) and J(¢, Z)
are given before hand, that is before solving Maxwell’s equations, but this is not usually the
case, since the electromagnetic field influence, and in many cases very strongly, the motion
of their sources. Thus the above equations have to be supplemented with extra equations
for the motion of the sources which would take into account the influence on such a motion
of the electromagnetic fields been generated. In general one is then left with the task of
solving the complete system of equations, that is the case of magneto-hydro-dynamics. But
there are also very important cases where one can solve the source equations for very generic
electromagnetic fields and so get a pair (p(t, Z, E, é), j(t, ZE, é)) which can then be plugged
into Maxwell’s equations giving now modified equations for E and B. This is for instance the
case of polarization phenomena. °

Nevertheless we shall consider now the above system, for it can be thought of a valid first
approximation for situations where sources are not strongly affected by the electromagnetic
fields, this is the case in magneto hydrodynamics of very heavy particles = < 1, or when
charges are driven by much stronger forces (which could be also electromagnetic, but not
contemplated in the system) as in the case of particles moving in a synchrotron. For this
ideal case we shall also prove theorems similar to the ones for the vacuum case, but now it
pays to do it in the reverse order as the one used before.

-

Theorem 1.3 Let p(t, %), J(t, %)) satisfy the continuity equation, and let the initial data
(F(Z), G(Z)) satisfies the constraint equations, V - F(&) = 47p(0,7),V - G(Z) = 0. Then
the solution to the evolution equations it generates (if it exist) satisfies the constraint equa-
tions for all times.

Proof: Taking a time derivative of the constraint equations, using the evolution equations,
and the identity, V - (V A A) = 0, we obtain,

0 .= = = 9E 9
-V (cﬁ/\g—éhr_’)—éhr%
-~ - 0
= —47T(V-J+—/t))
= 0
0 = = . 0B
E(V-B) = V.E
= V.- (=cVAE)
= 0.

10The sources in general depend on the electromagnetic fields at past times, so in general the new equations
become integro—differential equations. They become local only when Fourier transformed.



1.2. INITIAL VALUE FORMULATION II: SOURCES 33

Thus
V- Et,7) —4mp(t,7) = V-E(0,%) —47p(0, 7
= V-F(0,7) — 47p(0, 7
f— 0’
and, o o
V-B(t,7) =V-G(&) =0.
Remarks

1. The equation of continuity is a key ingredient here. If it were not satisfied by the sources
then Maxwell’s equations would be inconsistent, namely P = ¢

2. The above proof does not use anything about the character of the equations for the
sources or their nature, so the conclusion of the theorem are general, as long as the
solution exists, as is the necessity of the continuity equation to hold for consistency.

Theorem 1.4 (Existence) Given (F(T),G(Z)), and (po(t,T), J(t,T)) smooth and such that

Then
. 0 . L L
Tt —1,7), -
J— 2 J— ’
dn / EM,, (PVp(t —1,7) + T di
B(t,7) = %(tMct(é(f))) — ctMy(V A F(Z))
t — - ~
+ 47Tc/ M, (V N J(t—t,2))dt
0

and initial data

—

E(0,7) = F(Z), B(0,%) = G().

Proof: Taking another time derivative of the evolution equation for B and using the evolution
equation for £ we get,

B = o o -
5E = ~*VA(VAB)+4ncV A J
= +3(AB-V(V

B)) +dneV AT
= +AEAB + 47V A f,
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where in the last step we have used the already shown fact that V- B = 0. Thus we have a
wave equation for B, but this time with a source:

1 0% - 47

——B-AB=-—"-VAJ
c2 Ot? c v
The wave equation with sources,
1 9%¢(t,7) . .
2 om AP(t, T) = A f(t, Z)
has the general solution,
— 8 — —
o, 2) = o (tMa(do(T))) + tMet(1(T))

t ~ ~
+ 47rc2/ tM;(f(t —t,7))dt,
0
with ¢(0, %) = ¢o(Z), Z2(t, %) |i=o= ¢1(Z).
Exercise: Show that the inhomogeneous term can be rewriten, via a change of variables, as

tc
47r/ /Qrf(t—r/c,:?—l—'r’ﬁ)drdQ (1.14)
0

Draw the integration region.

Exercise: Check that in one dimension, the situation is different. Namely that the inhomo-
geneous solution to the corresponding wave equation,

1
g@ttgb - 8rr¢> = 47Tf(t, 7“) (]_]_5)
is,

61 = e /Ot /:ij(t,f) drdi (1.16)

Draw the integration region.

Exercise: NOT AT ALL EASY! We have seen that the first two terms are solutions to the
homogeneous (e.i. without sources) equations, with the correct initial data. Show that the
third term is a solution to the inhomogeneous (e.i. with sources) wave equation with zero
initial data.

Thus using again the evolution equation for B (t,7) to express its time derivative in terms
of E(t,7) at t =0, and so in terms of F'(Z) we get,
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B(t,7) = g(tMct(é(f)) — teMy(V A F(T))

+ 47rc/t VAT —1,7) di

Using this expression and integrating forward in time the evolution equation for E (t, )
we obtain the values of the electric field for all times.

Exercise: Make this last calculation. Redo the calculation getting first a wave equation for
E(t, ), using its constraint equation, and see that one arrives to the same results.

Remark: We see now that the solution has two different type of terms: One type only
depends on the initial data, and are vacuum (homogeneous) solutions with the sought initial
data. The other is a solution to the equations with sources (inhomogeneous equation) but
with vanishing initial data. The validity of this splitting is a generic and very useful property
of linear systems.

To summarize we have shown that given a current density everywhere in space and time,
J(t, %) and an initial charge density, p(0,) = po(Z), (and obtaining p(¢, ) by integration
of the continuity equation), we have constructed the set P, ;) of all solutions to Maxwell’s
equations, and display its explicit dependence on initial data sets, 1 D(py). Note that the map
relating these sets now depends on j(t, T), that is, ¢ = (IDJ—».

Even taking into account the discussion at the beginning of this section warning the reader
that this type of sources are very special, it would seems we have made a big break through
into Maxwell’s theory and it would only remain just to explicitly display the set 1 D(py), which
in fact can be done quite easily. This is not so for various reasons:

e As we have discussed in general the motion of the sources do depend on the electro-
magnetic fields they generate or are acted upon from the outside. This includes all
macroscopic media discussions.

e The presence of sources brings into the problem different time and space scales. In
general it is necessary to use some extra physical arguments to say in which scale the
equations are to hold. We shall see this when we study continuous media.

e Even if we could find all solutions for the case where the interaction of the sources,
between each other and with the electromagnetic fields were taken into account, (some-
thing which probably could be done in a few years thanks to the ever growing computer
power) it is very difficult to extract physically relevant information from general solu-
tions, or “tables of solutions" as the computers would generate. As we shall see in the
following chapters Maxwell’s equations have an incredible richness which hardly could
be extracted by these methods. Such richness is best discovered by studying the equa-
tion (rather than the specific solutions), and by studying many simple solutions, which
in turn act as building blocks of general, very complicated ones, and at the same time
are suitable for displaying all the physical phenomena behind electromagnetism.



36

CHAPTER 1. MAXWELL’S EQUATIONS: AN OVERVIEW



Chapter 2

Energy and Momentum of the
Electromagnetic Field.

2.1 The Electromagnetic Field Energy

Energy and Momentum are very important concepts in physics, for their conservation * implies
a limitation on the regions of phase space the system can visit along its evolution. For instance
if we initially have a particle at ¥, = 0, with velocity v,, and we know the forces acting upon
it do not increase its kinetic energy, then we know that for all times we shall have | v, |<| ), |
and so | Z(t) |<| U, | t. That is, without doing any calculation we have obtained very usefull
information about the system. Arguments of this sort become more important the more
complicated a dynamical system gets, that is, the more difficult to solve it becomes, for these
arguments do not make use of the explicit knowledge of solutions.

We already have used these arguments in electromagnetism when we show the uniqueness
of solutions as characterized by their initial data. In that proof we used an expression which,
we claim, is the energy stored in the electromagnetic configuration. To see this we now study
the increase in energy caused by work done from outside the system.

We assume that this work is done by moving a charge differential, dp, a displacement 67 in
the presence of an electromagnetic field. The force done to the field by the charge density, by
the action-reaction principle will be the opposite than the force done the field on the charges.

Using the Lorentz force expression we have,

oW =F .67 =—op(E+ 2 AB)- oz,
&

where v is the velocity of the charge differential. So the power input is

SW I S
P=— = — E — B).- —
0P =~ =—0p(E+_NB)-

But 7 = ‘;—f and dpi = 6.J. Since (g A B) -7 =0 we have,

!Some times they are not conserved, but even in many those cases they are useful for their variation can
be computed without difficult calculations.
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6P =—6pE -t =—6J-E

Which includes the well known fact that the magnetic field does not exert work upon charges.
The total power input will then be the integral of the above expression over the whole
space.

where se have used that §J = Jd®%. This should be equal to the time derivative of the total
energy. Using now Maxwell’s evolution equation for F,

OF _ S NB—anl,
ot

to replace the J in the expression above we get,

IR R T B
P_E/V(E—CV/\B)~ECZ _—W/V{E(E-E)— c

[\
<
>
=
&)
——
Q.
w
8y

to handle the second term we use the identity, (VA W) -V —(VAV)-W = =V - (VA W),
and obtain,

P:Siw/v{%(ﬁ-ﬁ)—20((6AE)-§—6-(EA§))}d3f

We now use the evolution equation for B , %é = —VAE , and get,
1 & - o o = L
= —/{—(E-E+B-B)+20V-(E/\B)}d z

8 Jv Ot

Finally we integrate by parts the last term using Gauss theorem and take out of the
integral sign the time derivative to obtain:

Lew) = ——/ E-B+B B z—rP— [ §-ads
prdQ) i * } gy > S
_ —/f-Ed?”— S . 25
1% oV

where, we have introduced again the Poynting Vector, S = ﬁ(ﬁ A é), and 0V denote the
boundary of the space region, V.

There are several remarks about the above formula:
Remark: e Lorentz formula appeared only to assert that the density of work done by unit

of time was,
e | J-EBex
ot v
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In essence it is used to “glue" the electromagnetic energy to other energies, like the mech-
anical one, through the interaction of the systems. In particular this gives us the constant é
in front of the definition. Once we have this expression for the energy we can even apply to
the case where no sources are present, as we did in the previous chapter.

e The existence of surface term, the integral of the scalar product of the Poynting vector,
S, with the unit normal to the boundary of the region, shows that in moving charges -or
fields- around we also produce electromagnetic radiation which leaves the region. That is,
after the redistribution of the fields in general there will be less or more energy stored in the
region than the one remaining after taking into account the work strictly needed for doing
the job.

e Care has to be exercised in interpreting Poynting’s vector as a radiation flux. This is
not a very precise interpretation, for instance the Maxwell solution,

E = (0,FE,0),E = cte, B = (0,0, B), B = cte. in Cartesian coordinates has a non-zero
Poynting vector, S = (1zEB,0,0), but, since the solution is static there is no energy exchange
and therefor no energy flux.

It is only the integral of the Poynting vector the one which makes physical sense. In the
example above, [5, S - d?§ = 0.

e In the presence of a material obeying Ohm’s law, J = OE, we see that the presence of
any electric field in the region of that material would cause Joule dissipation,

dg o 5 B
= fpa =T Edi== [ oE-EdF <.

where we have integrated over the whole of IR?, (although the only regions which contribute
to the integral are the ones where o # 0), and assumed that the Poynting vector vanishes
near infinity.

The above argument tell us that in the presence of finite resistivity materials the stationary
solutions have zero electric field in the regions occupied by the material.

e We have only use the evolution equations. We shall see latter what is the role of the
constraint equations.

2.2 The Electromagnetic Field Momentum

To find out what is the expression for the total momentum carried by the electromagnetic
fields we shall use the same strategy as with the energy. We shall look for an analogon to the
ap _

equation of motion of mechanics, == = F.

On the right hand side we shall write Lorentz force, which when written for densities is,
Fy = _/ (pE + J/c A B) &z
v
The minus sign is because is the force caused by the charge density upon the field.

Thus, we want to find a Z3V such that, when contracted with any constant vector E, we
get,
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d(Py - k)

v —/(pE+f/cA§)-E &z— [ Toon d2S,
|4

ov k

where T - is a vector which depends linearly on k.

The last term in the above equation, the surface term, will be needed, for radiation will
not only take energy away, but also momentum. Let us see that P = C%S satisfies our desired
equation:

T = el A B EAGh)F
= A AB—anl| A B+ (BA[-cV AE])}-F
= BN AB) + TINB+EATAB) K
- Z—; (k-V)(B) - B—(B-V)(B) k+ (k- V)(E) E— (E-V)(E) -k} — (/e B) -k,
= ;—; %(E V)(B-B) - (B-V)(B /2)+%(/5 (- B)— (B-V)(E-B)} - (Jlen B) - F,

where we have used the identity U A (V AW) = V(U - W) — W(U - V), but keeing in mind
that V is a derivative and so must only on the terms where it is suposed to. Using now the
constrain equations to add to the above expression terms with the divergences of E and B
we get,

oP -k -1 .1 S o
a 47r (8- V(B B) = (B-V)(B k)~ (B-k)(V-B) +

§<k-ﬁ)(ﬁ.ﬁ)_(Eﬁ)(ﬁ.%)_@%)(ﬁE)+4wp<ﬁ k)} = (J/c AB) - k).

regrouping term we get,

ot 87

Integrating over a volume V' and using Gauss theorem, we get

W - /{V B(E-E) + B(

U:JL
\?zl
|

Pty
ey}
ey}
+
]
o]}
Ny

—(,oE+J/c/\B)-lZ} PPz
= —/(pﬁ+j/cAB)~Ed3f
14

* /av 8171'[ E(

tiji

k) +2B(B-k)—k(E-E+B-B)]-i d*S.
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Thus we see that P = § /c? is the correct expression with

— 1 - = — — — — = - — = -
TE: 8—[k:(E-E+B-B) —2FE(FE - k) —2B(B - k)].
T
Using again indices we see that
- 1 .. - = S i i ] -
(Tp)' = - [0"(E-E+ B B) - 2E E' — 2B Bk; == Tk,
T

The object T, whose contraction with a vector gives another vector, is called a 2-tensor, and
it is a genuine geometrical, (i.e. physical), quantity.
In an equilibrium situation, i.e. when there is no change in the momentum, we have,

ﬁV.E:/{pE+f/cA§}-Ed3*: [ E-T-ads

v oV

That is, in this case, the net Lorentz force acting on a material inside a volume V' can be
expressed as a surface integral which only involves the electromagnetic fields and not the
sources. That is T can be computed just from the knowledge of the fields at V', it does not
matter what is inside! The 2-tensor 7' is called Maxwell’s Stress tensor.

Question: In a static situation, what is the value of the above expression when there are
no sources around? Imagine a static situation in which one would still like to use the above
expression. Is there any momentum transfer along a surface in between two parallel capacitor
plates?
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Chapter 3

The Symmetries of Maxwell’s
Equations

A very important tool for understanding the physics has been the study of its symmetries.
What is a symmetry? Is a property of the equations which allow to find more solutions
once one is given. Some times, as we saw in the case of the wave equation, all solutions.

3.1 Time Translation

A simple example, which already appears in classical mechanics, is the symmetry under
time translation: Since Maxwell’s equations do not depend explicitly on the time variable,

— —

that is there is no preferred origin of time, if (E(t,Z), B(t, %)) is a solution with sources
(p(t, @), J(t,T)), then Ep(t, Z), Br(t, 7)) := (E(t — T, %), B(t — T, 7)) is also a solution with
sources

(pr(t, @), Jr(t, ) = (p(t — T, &), J(t — T, 7). To see this, we insert the potentially new
solution into Maxwell’s equations,define u :=t — T, and use the chain rule to obtain:

Er, .  OE. .  OudE,
W(t,x) = WW’@_E%(U’@
= Z—E(u, 7) = ¢V A B(u, 7) — 4w J(u, T)
U

= ¢V A Br(t, @) — 4w J (L, T).
For the other equations the procedure is identical and is left as an exercise.

Exercise: To see that there are equations which do not have such a symmetry consider the

equation %—? =tV A E. Show that this one does not have the above time symmetry. Does it

have another symmetry?

43
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3.2 Space Translations

Time translation can easily explained by saying: Since in physics there is no privileged time
instants (not so in Cosmology), then any starting point is equivalent and so if we have a given
evolution -solution- we also could have an “advanced one’, by an arbitrary time interval.

By the same reasoning, since no spatial (cartesian) coordinates explicitly appear, (nor in
any of the fundamental equations of physics) there is no preferred origin and therefore if we

have a solution, (E(t,Z), B(t,¥)), corresponding to a charge a distribution (p(t, %), J(t, Z)),

we also have its translated, (Eﬁ<t’ ), §E<t’ 7)) = (E(t,#—L), B(t,#— L)) which correspond

to the translated charge distribution, (pE(t, z), ji(t’ 7)) = (p(t,Z— L), J(t,Z— L)), where L
is a constant vector which indicates the distance and direction of the translation. Again, we
check this for one of the Maxwell’s equation, leaving the checking on the others as an exercise.

85—» 8E
L . _or . —
5 (t,7) = Fr (t,7— L)
OE .,
= a(taﬂf)

= vV ABWLT) - 4nJ(t,7),

—/ — = .
where we have defined ¥ := ¥ — L. Since

O _ 0905 _ ;05 0B
drt  Oxt Oxd ' 0x'd Oz’
V' AB(tT) = VAB(LE (@) =V AB(tE - L) =V AB(t,7),

and the result follow immediately.

3.3 Rotation

Space do not only does not have a preferred origin, but also does not have a preferred direction
or orientation, all of them are alike. Thus, if we rotate any given solution we should expect
to get another solution, and this for any origin we phase. Since in Maxwell’s equations we
are dealing with vectorial quantities, we must be a bit more careful and note that the vectors
also must rotate! See figure.

The rotated solution would be

(Er(t, @), Br(t, 7)) = (R(E(t, R™(2))), R(B(t, R7}(1))))

corresponding to the rotated source:

— —

(pr(t, @), JR(t, 7)) = (p(t, R71(¥)), R(J(t, R7'(%))))



3.3. ROTATION

Figure 3.1: A 90 degree rotation
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where [R(E)])" = R;E? and [R™'(Z)]) = [R™"]};27.

We check this for the evolution and constraint equations for E. The others are similar.

853 _ a 1/= 8E
W@’x) - 8tR( 5(t, R(T))) = R(— 5 (t, R~'(Z)))

=/

= cR(V A B(t,R™N(T)) — 4nRJ(t, R1(7)),

where the curl is with respect to the variable ¥ = R~(Z). We write now the curl in compo-
nents,

o o 4 0 O0x¢ 0B
—/\1% — ijk k —
¥ A BT =& 0981, m),

B, ) = £

but z¢ = R¢,2™ and so ax,J = R¢;.

On the other hand, since B appears in the curl Wlth its “index down", and B-B= Bk‘Bk
must be a scalar, we must have that B-B=5B R" B R, S0 the index down version of B must
change with the inverse transformation, [Bgly = [R™''x[B];. Therefore, [B]y = RL[Bg]i,
[Notice that this is the same change as the one for the differential V,.] so

V' A B)f = %R, R [V].[Brls.

But the vector product is an invariant operation, and so the vector product of two rotated
vectors should be the rotated of the vector product of the vectors prior to the rotation, that
is R(v) A R(w) = R(v Aw), but distinguishing between vectors with the index up to the ones
with the index down in the formulae, this implies,

gijk:RejRnk — [Rfl]imgmen’

(or equivalently, E9*R™, R'; R"). = det(R)E™", that is detR = 1 for rotations.)
with this formula, we see that,

(R(V' A B(t, @) — 4 /e (t, 7))
= ¢V ABg(t, @) — 4nJ (L, T)

and the result follows.

Exercise: Check that: E9% R R™; R"), = det(R)E"™", for any matrix R';; and that det(R) = 1
for rotations. Hint: for the last part use that any rotation can be given in term of five known
consecutive transformations, each one of determinant one. Or realize that the final expression
is independent of the coordinate system and choose the coordinates after giving the rotation
so as to make it leave invariant one of the axis.

We check now the constraint equation for E.
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— —

V-Egp(t,Z) = V-R(E(t,R\(T)))

3.4 Discrete Symmetries

The symmetries we where considering until now were continuous, because the parameters,
T, L and R could be made to vary continuously from point to point, even more, they could
be deformed up to the identity transformation: (7" — 0, L—0,R—1I ). We now look at
transformations which do not have this properties.

3.4.1 Time Inversion

Maxwell’s equations not only do not have a preferred origin of time but also do not have an
arrow of time. This property, which is also shared with all fundamental equations of physics,
says that if we have a solution, we also have its time reserved one, that is, where all happens
as if we where watching a movie starting from the end. As in the case of rotations, in this
case the symmetry does not only involve the change t — —t, but it also must involves same
change on the fields, E and B. For simplicity in the presentation we shall assume each of one
these vectors changes just by a constant factor. Since the application of two consecutive time
inversion is the identity (t — —t, (—t) — —(—t) = t), those constant factors must have unit
square and so they must be +1 or —1. Thus we assume the symmetry has the form:

— — —

(E;(t,Z), B;(t, %)) = (apE(—t, ), agB(—t, 7))

with a% = a% = 1, both real. Using now the equations we shall fix these values.
Since this symmetry concerns only with the time variable the constraint equations must
hold identically, so in particular we must have the obvious result, p;(t, ¥) = agp(—t, T).
Since
OE; OF
—(t,%) = ap—(-t, 7
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we have,

—Lt,7) = —apleV A B(u, ) — 47 J(u, 7))
= —aglapcV A Bi(t,T) — 4rJ(—t, T)]
similarly,

L 0B,
—<t,$‘) - —CLB%<U,.’L‘)

= —ap[—cV A E(u, ©)]

— +apag[cV A Ef(t, 7))
thus we must have, agap = —1 and J;(t,Z) = —apJ(—t,Z) pi(t,Z) = app(—t, ). It is then
natural to take agp = 1 and ag = —1, for since J is a current, (charge density times velocity)

it should change sign with time reversal, for velocities certainly do. Thus we conclude that
time reversal involves a sign change in B and J.

3.4.2 Space Inversion

Space inversion is the symmetry which you experiment daily when you comb the hair of that
ugly guy which look at you from inside the mirror. That guy is the space inverted symmetric
of yours, in that case the axis perpendicular to the mirror has been inverted. So we now,
instead of changing the time from t to —t, we change the axis 2, say, from z to —z. This is a
linear transformation which changes -inverts- the Z axis and leave invariant the other two, so
it is like a rotation, but with determinant equal to —1.

Exercise: Check this last assertion.

Exercise: Check that inverting two axis is a transformation with determinant one. Check
that indeed this that can be accomplished by a rotation.

Since the transformation is linear we do not have to redo the calculation we made for
rotations, it is similar to it except that since the determinant of the transformation is minus
one, in analogy with the time inversion symmetry, B must have an extra —1 change!

As we shall see latter this comes about because B itself is in fact made out of the curl
of a proper vector, i.e. one which changes like E under a space inversion, and so, since the
Levi-Civita symbol changes sign under space inversion, so does B.
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3.5 Galilean Transformations.

According to the Galilean principle of relativity, the laws of physics should be the same for
systems which are moving with respect to each other with constant relative velocities [one
in uniform motion with respect to the other.| Consider, for instance, the equation of motion
for a system of two particles which are subject to a force which only depends on the relative
position of that particles, that is,

d*7 (1) Lo .
T = Fi@(t) - 22(1)
d*75(1) Lo

T = Fa(E(t) - (),

as it would be the case for motion under the influence of their gravitational attraction. The
Galilean principle of relativity, for this case would then imply that (7 (t), Z5(t)) = (Z1(t) +
Tt, To(t) + Ut) is also a solution, if (7| (), 7(t)) was one. Indeed,

L7, Lo
m—s = mﬁ(xl(t)ijt)
d*
= Wjﬁxl(t)
= F@(1) - (1)
F(@(t) + 0t — (Z2(t) — 0t))
= F(#(t) — B(1)).

Exercise: Check this for the case of two particles interacting through a spring of Hooke
constant k, that is find the solution corresponding to the particles (and the spring) traveling
with constant velocity v.

In the case of electromagnetism this principle would imply, for instance, that if one has
two equal capacitors with the same potential difference between its plates, and one is in the
surface of the earth and the other over a ship sailing nearby, then the forces between the plates

should be equal for both capacitors. In galilean terms we are then saying, if (E(¢, Z), B(t, Z))
is a solution, then

(Ey(t,7) == FzE(t,7 — ot) + GB(t, 7 — Ut), B;(t,7) == FzE(t,7 — Ut) + GzB(t, T — Ut)
should be also a solution, for some set of linear transformations, (Fy, G, Fﬁ, @17) where
[FzE)' = F%j [E]7, etc.

Since ¢ is a constant velocity, not only in time but also in space, and because of the

linearity of Maxwell’s equations the linear transformations can neither depend on the fields
E nor B, they must be constant in both time and space and only depend on ¢. Furthermore,

Fy=1Id. Gz=0, Fz=0, Gz=Id.
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Notice that we have to allow for this type of transformation which mixes both E and B,
for in the above example the capacitor plates would be moving and so generating currents,
this in turn would generate magnetic fields which in turn would contribute to the total force.

Let us see now if these new fields we have defined also satisfy Maxwell’s equations. To
simplify the calculation we consider only vacuum solutions (or just look at the solution in an
empty region) and decouple them taking a time derivative to the solution equations to get,

82
ot?
62
ot?

—E — PAE=0
—B — AAB=0.
We apply these two equations to Eg and B 4 respectively, if they are not solutions to these

equations they can not be solutions to the complete set of Maxwell’s equations either.
Substituting in the equation for F we get,

— — 82 — — / — 82 ) — —
(O}E, — °AE,) = Fg(ﬁE(t, ) — AANE( 7))+ G <a_ 3(t, @) — A B(t, &)
—24 - V(at(FﬁE(t x)+GgB(t,x)))

—/

+(@- V) (@ V) FE(L &) + GB(1, ),
where we have used that 2 |- f(t,Z— 0t) = %—{(t,a‘:") —U-ﬁlf(t,:?'), and that V f(t, Z — 0t) =
Vf(t,a:) with 7’ ::c—vt.

Using that the original E and B satisfy the wave equation, and the evolution equations
we see that Iy satisfies the wave equation if and only if

(

=/

7 V) FAV A B(t, 7)) — Ga(V A E(t,7)))
V(@ V)(F F3(E(t,7') + Gg(B(t, 7)) =0

v

—2c
+(v-

Consider now this relation at ¢t = 0. We see that this is a relation between initial data,
and that this relation is different than the constraint equations (for it involves curls). So
this relation is enforcing further constraints to the ones already imposed by Maxwell, that is,

imposing that the transformation (E, B) —- (E B ) be invertible, which should be the case,
for the transformation with —v, is certainly its inverse, one can see that there are solutions
to Maxwell’s equations (initial data to them) which would not satisfy Galilean Relativity !
We are in trouble, either Galilean Relativity is wrong or Maxwell’s equations are wrong.
The two together are inconsistent. One has two logically consistent formalism, only exper-
iments can decide. The incredible amount of phenomena described by Maxwell’s equations

'To see this in more detail, assuming our transformations are smooth note that Fz = Id + O(| ¥ |) and

Gy = O(] ¥ |), since the relation has to vanish order by order we see that to first order we must have,

(7-V )(6/ A B(t, &) = 0, which is clearly an extra constraint.
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axis (t,x=0) axis (t,x’=x — vt = 0)

Solution at

rest in syst

(t,x) Solution at
rest in syst.

(tx)

axis (0,x) and (0,x")

o g B Bt Bt Bt B

Figure 3.2: A wave seen by two observers

tell us that it is the Galilean Principle of Relativity the one which must be abandoned. We
shall come back to this point latter in the book.

One could have guessed the result of our calculation, for we already remarked that in
Maxwell’s equation there appears a constant with dimensions of velocity. In that moment
we should have asked: What is moving with that velocity? and: With respect to what are
we computing that velocity? The answer to the first was already given, it is the velocity
of propagation of electromagnetic waves. The second will be answered latter in the book.
For the moment we shall content ourselves to seeing how the constant ¢ appears on Maxwell
equation.

3.5.1 The origin of the constant ¢ on Maxwell’s equations

To see how it appears we shall resort to there experimental facts:
1.-) Charge Conservation. Mathematically this translate into the continuity equation,
dp = =

s TV =0

From this we can obtain the dimensions of the electric current across a surface, S, I =
[, J - fids. Therefore, 2

1] = [J]L* = ([)] ) L%,

where L is length and T" time. But ¢ = [, pdv and so
=% =4

3T

2Square brackets here means “the dimension of' the quantity inside them.
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2.-) Coulomb’s Law. The electric force between two particles of charge ¢ and ¢’ respectively
is,
/

Fo=k
’
where r is the distance between them. From this we deduce,
L? ML L*
kil = F]l— = ——.
b= = ip

3.-) Ampere’s Law. The force between two parallel wires of length [ and separation d
carrying currents I and I’ respectively is:

[

Fy =kl p
From here we see that,
2
kol = LF4] = [FAIT therefore
bl =1 = o |
q
(k] L2 2
o) 721

Of course these laws not only allow to know the dimensions of ¢, put also its value! In
spite of the fact that they are basically stationary experiments, where nothing travels to the
speed c.

3.6 Other Symmetries

Exercise: Check that in vacuum Maxwell’s equations also have the symmetry:

—

= cos(a)E + sin(a)

]l

—

o =
&

= cos(a)B — sin(«) (3.1)

Generalize it further.

Exercise: Check that the energy does not change under the above symmetry.

Exercise: Use the vacuum Maxwell’s equations to find the time derivative and divergence of
W .= FE+:1B



Chapter 4

Stationary Solutions: Electrostatics

4.1 Stationary and Static Solutions
Definition: We call a solution Stationary if it is invariant under time translation, that is

Er(t,%) = E(t—T,%) = E(t,7), and
Br(t,#) = B(t—T,&) = B(t&), VT,

that is, they are independent of time. Naturally for this to happens the sources must also be
time independent. For these solutions all time derivative vanish and so the equations becomes,

-

NV AB@E) = 4rJ(@)
NVAE@) = 0
V-E@) = 4mp(7)
V-B(Z) = 0.

Note that the equations are now decoupled, we have two equations for E(f) and two
equations for B(Z). Note also that since %g — 0, the continuity equation implies V - J(Z) = 0,
a necessary condition for the first equation above to have a solution. If furthermore we require
the solutions to be invariant under time inversion, that is,

E/(t,%) = E(—t,%) = E(t,7),
B(t,Z) = —B(—t,%) = B(t,7),
pr(t, @) = p(t,7) = p(t, 7),
(6, %) = —J(—t,7) =+J(t,7),

we see that the independence of the solution on the time variable imply B(&) = J(Z) = 0,
and so only the two equations for E remain. We shall call this solutions static solutions, and
their study electrostatics. The study of the stationary solution is completed by studying
the remaining two equations (for B(Z)) and is called magnetostatics.

53
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4.2 Electrostatics

The equations of electrostatics are:
VAE@) =0, V-E(&) = 4mp(Z).

To solve them we make the ansatz, E = —ﬁqﬁ. Then it is ease to see that the first equation
is trivially satisfied, VA E = —V A V¢ = 0, while the second becomes Poison’s equation:

AG(F) = —4mp().

We shall discuss this equation during the rest of the chapter.

How general is the ansatz we have used? Or in other words, are all solutions of the
electrostatic equations gradients of some functions?

The answer to this problem is completely known and there are precise conditions which
guarantee uniqueness. When these conditions are not meet, there are other solutions. In
most cases in electrostatics the ansatz suffices, but we shall see in magnetostatics an example
where it fails.

4.2.1 The General Solution for Isolates Systems

An isolated system in physics means a system on which no external force acts, that is a
system left on its own. In electrostatics means a system of charges that has finite extension
and which generates its own electric field. This last condition is imposed requiring the electric
field generated to decay sufficiently fast (| E |= 0(s5)) at large distances '. This is supposed
to incorporate the common experience that the influence of a system into another decreases
when the distance between them increases.

We now look to the general solution with this asymptotic condition. To do that we observe
that Poison’s equation can be considered the limit when ¢ — oo of the inhomogeneous wave
equation,

107
ga—tf — A¢p = 4mp.

But we saw that the inhomogeneous wave equation had as general solution,

6.8) = M0, 0) + (PP |

t ~ ~
+ 47r/ AtM i (p(t —t, %)) dL.
0

Taking ¢ # 0, 2 replacing in the last integral cf by r, and taking the limit ¢ — oo we get,

ISince E = —6(]5 we see that ¢(Z) — ¢, as,r — 0o, and we choose without loss of generality this constant
to be zero, thus, ¢(Z) — 0 as r — oc.

2We need t # 0 so that we can get rid of the initial data, which in the limit propagates with faster and
faster speed and so goes away.
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tc Mr t — , T
¢(t,7) = lim 47 (plt —r/e. 7)) r? dr;
c— 00 0 r

where we have used the condition ¢(0,Z) — 0,, and %‘tﬁ(t, Z) as | & |— oo to eliminate the first
two terms. Using the definition of M,., a time independent p, and a new variable ¥ = & — r,
we get,

te t—r/c,@—

o(LT) = 6(F) = lim [ arPE=TC

c— 00 0 r

") 2 g do

tc t— —
= lim 47rp( r/e - y) d*y
c— 00 0 | |

P9 o
- /R347T% d®yj (4.1)

p(T)
R -7

and this, we claim, is the general solution to Poison’s equation in IR3. It is instructive to
check this directly, we do that next:

—/
() 3 / 1 N g3
) T = _ d
/R3 :L’—:?’\ R? :L’—:?’\)p(x) ’

o ¢ G-7)- (7-7)
1 - r—1a 3 r—a) (-7
A =-V- =— 3 =0
EEE U R e AU S Pk
if ¥4 7.
Therefore, if Aﬁ were a function of 7', as is for ¥ # 7, then the integral above

would give zero ? and we would have, A¢(Z) = 0! Thus we conclude that Aﬁ is not a
function, this is because we are trying to take derivatives of a functions (If%) where it is

—-T
not differentiable.

Thus we must proceed with certain care and treat the equation in the sense of distributions.
That is, we think on it as applied to a smooth compactly supported test funcion (Z). We
define

V(T 4, .
T, (1Y) = /IR3 /IR3 PT)Y(E) &7 &7 (4.2)
We want to show now that,

ATy, () = —4nT, (1) := —4r /]R3 p(B))(F) d°F. (4.3)
But by definition,

3The integral of a function which zero everywhere except at a point vanishes.
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ATKp(w) = TKp(Aqu))

AE=T) V@) L,
= /IR3 /IR3 p(x/)< ‘fif"B( )d?’x >z (4.4)

where in the third line the integration by parts is valid because the gradient of ﬁ is

integrable, and the boundary term vanishes because ¥ (%) is of compact support. We now
perform a change of variables to § = ¥ — &, d*j = d*% and then a change to spherical
coordinates in the new variable 7/, to we obtain:

ATKP(¢) - /R3 /R3 37‘3 dgf’ d3g»
_ /133/ /5 NOp(rii + &) drdS2 d°F

_ /Rg/SQp 7)[—(@)] dQ &7
= —r [ p@ () F
(4.5)

where we have used that 7 - 6w = 0,1, and again that 1 is compactly supported to elliminate
one term in performing the radial integration. We finally have used that the solid angle
integral gives 4.

Even when it is clear that A(ﬁ) is not a function, it is often treated like one to make
—

formal calculations, and a multiple of it is called the Dirac’s Delta function, 6(Z — '),

%) = —An§(T — 7) (4.6)

T— T

A(
Notice that the calculation done would imply (if the Dirac’s Delta were a function),
Jpps 86 = 0l 5 = p(2).

for p() sufficiently smooth. This is a convenient abuse of notation for doing some calculations,
but many times leads to nonsense.

Exercise: Show directly (4.6).

So far we have found a solution corresponding to an isolated system of charges, how unique
is that solution? Are there more? The answer is that clearly there are lot of solutions, any
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solution to Laplace’s equation (the homogeneous, i.e. vacuum, Poison’s equation) can be also
added to the one already found and the result will also be a solution. For instance we could

add:

6o(Z) = ¢ = cnst,
01(%) = ax+by+ cz,
62(T) = ayz + agxz + azay + ar (Y — 2%) + aq(2® — 22) + az(a® — y?),

where, ¢g,a, b, c,ay,as,as,ay,as and as are arbitrary constants.

Exercise: Show that in the class ¢5(Z) there are only five linearly independent terms.

Exercise:  Find all (linearly independent) solutions which are cubic in the combination
x,vy, z, that is terms with z,y°, 27 and o + 3 + v = 3, with «, 3, positive or null integers.

Thus, to single out a unique solution one must impose boundary conditions, in this
case asymptotic conditions, which are given by the physics of the problem. As we already
saw, the condition in this case should be: ¢(Z) — 0 as | ¥ |— oco. If we impose it we do get
uniqueness.

Theorem 4.1 If ¢(Z) decays sufficiently fast at infinity, and satisfies Poisons equation 4,
AP(T) = 4dmp(T).
Then ¢(Z) is unique and therefore given by
—/
o) = [ LI o
|7 -1

Proof: Assume that there are two solutions with the required decay properties, ¢; (%) and
¢2(Z). Then their difference, p(Z) = ¢1(F) — ¢2(Z) also has the required decay properties and
satisfies Laplace’s equation,

Ap(Z) =0
Multiply this equation by —¢ and integrate over all space,

0 = /IR3 —pAp d*%
- /R3 oV Ve T
= JpalV - (—oVe) + Vo V]

- /133 Vo Vo di—lim [ —pii- Vo dS,

r—00 S(T’)

4Some conditions are needed on p(F) to ensure this, basically the source must be smooth enough and decay
at infinity fast enough so that the solution behaves in such a way that all integrals in the proof that follows

are well defined. The decay condition, | p(Z) |< ﬁ, is sufficient.
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where in the last steep we have used Gauss theorem.
If | p(7) |< I%\ and | Vo(Z) |< ﬁ for sufficiently big | ' |, then the surface integral tends
to zero as r — 0o, and we get

/IR3 Ve -V d*7 =0,

Thus, V(Z) = 0 and since (&) — 0 as 7 — oo we have ¢(Z) = 0, everywhere and
uniqueness is established.
Remark: The application of Gauss theorem above is called first Green Identity.

4.3 Conductors

So far we have shown that given a system or distribution of charges in an isolated region of
space we have a unique solution and we have an explicit formula for it. One could think that
now it is a question of just doing the integral for the given source. Unfortunately this is not
so for in most cases we do not know where the charges are, for charges, if not completely
fixed, are going to move and accommodate until an equilibrium configuration is found, and
that equilibrium configuration depends on the electric field.

To see an example of the type of problem we envision consider any object, of copper say,
of which you know its shape and which you know it has a given amount of charge, ¢. One
does not know before finding the solution where the charges will be, for since the object is a
conductor, the charges would move in its interior until all electric field inside vanishes, that
is, until all forces upon them vanish, which is in this case the equilibrium configuration.

So this problem can not be solved using the formulae we gave. Although it will satisfy the
equations!

How do we solve it? Let us see what we know about the solution. First we know that
whatever the solution is, it should go to zero at infinity. Second that inside the conductor
there should no be electric fields, that is ﬁqﬁ = 0 or ¢(Z) = ¢¢ inside V', where V' is the volume
occupied by it. But since the charges are in the conductor and since A¢ = —4mp, we see that
they must be at the surface of it. This implies, in the mathematical approximation we are
making of a conductor, that ﬁgb must be discontinuous across the surface of the conductor,
for p is discontinuous there, but it is only discontinuous along the normal to the conductor,
so one expects that at the conductor’s surface only the normal component of ﬁ(b will be
discontinuous. To see this we consider the following line integral along v, see figure.

L:/f-%ds,
Y

where v = ~v(s),l = Cﬁl—f, that is “the velocity at which we circulate along v if the parameter s
were the time".

The value of that integral is the difference of the value of ¢ at the end of the curve and
the value of ¢ at the beginning of the curve, so, since in this case the curve is closed we have,
L = 0. That is

o:/f.%dS:/ f-%d5+/ f.%d5+/
Y 71 Y2

73

f-%d5+/ -6 ds,
Y4
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VACUUM
2

Figure 4.1: A loop with zero circulation

where we have split the integral into four ones, we now consider the limit when the curve
approaches more and more the boundary of the conductor, in that case, 73 — v3 and 7, —
0,74 — 0. Since we are assuming 6(/5 discontinuous for finite we see that the integrals along
2 and 74 go to zero, for 7, and 4 go to zero and so,

0= [ I-(Vo— Vo) ds.

where (ﬁqﬁi), (V.) are the limiting value of V¢ from the inside and outside respectively.
Since the loop we were considering was arbitrary we conclude that - Ve (Z) = - V()
where [ is any tangential vector to the boundary and so that the tangential components of
ﬁgb are continuous across the boundary of a conductor. Thus since inside E; = —(ﬁqﬁ)i =0,
we see that at the boundary (6¢)e can not have any tangential component. This implies that
¢, at the boundary of the conductor is constant. This implies ¢|s = ¢o.

What about the normal component? To study its discontinuity —it clearly must have one—
we consider now the following “pill box" integral, see figure. That is, a flat box with one face
inside the conductor and one outside, just the thin sides go across the boundary.

/ﬁ-%d%
S

where 77 is the unit normal to the surface of the box, denoted by S, pointing towards the
outside of the box.
Using Gauss theorem we see that its value is

/b V- (V) &' = —dr / (@) &7

box
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VACUUM

Figure 4.2: A pill box

Taking now the limit when the faces of the box go flat on the boundary we see that the rim
of the box in that limit does not contribute. Thus,

/S fi - (Vo) + /S 1e(Vo).) d2s = /S fe - (Vo) — (Vo).) d2S = —4r /S o(Z,) &S,
where o(7,) is now the surface charge density, that is p(7) = 6(Z — 7,) - 0(Z,). °
In the present case, (V¢); = 0 and so we have,

[ (Vo) dts = - |

[ B s = —47r/ o(Z,) d2S.

5

Since the box was arbitrary we see that 7 - E |s= 4mo |s. Thus, the normal component
of E , and so of ﬁgb, at the boundary of the box is given by the charge density there, but
we do not a priori know that charge density, so we do not a priori know the value of that
component. Notice that we do know for this problem the total charge, which was assumed to
be given. So we only know

/Sﬁ-% 28 = dnq,

where S is the conductor surface.
To summarize then, we only know that:

1. (V)T |s= 0 that is ¢ [s= ¢ <« unknown constant.
2. fgn -V d2S = —dmq.
3. ¢(Z) — 0 when | 7 |— oo.

Are these three conditions enough to determine ¢(Z) everywhere? The answer is in the
following theorem:

That is, T,(¢) = [go(x)¢|s dS
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Theorem 4.2 Given a surface S and knowing that
1. ¢ |s= enst. (not given)
2. [¢n -V d2S = —4mq
3. ¢(X) =0 |Z]—> o0

Then there is a unique solution to the problem:
A¢ = 0 inside and outside S.

Proof: We shall only prove uniqueness, to show existence amounts to know the core of
the theory of elliptic equations, Let ¢; and ¢, two solutions to A¢; = 0in D = R* -V, where
V' is the volume occupied by conductor.

D=R-V

\Sav

Figure 4.3: Geometrical setting for theorem 4.2

Then ¢y |s= ¢; and ¢y |s= o, with ¢; and ¢, two constants, and
/ AV d°S = —dmg.
S

Thus ¢ = ¢ — ¢ satisfies p |[s=c=c¢; — o, [0 - Vo =0 and o(Z) — 0 as | & |— oo, and
furthermore ¢ Ay = 0 in D.
Multiplying Ay by —¢ and integrating over D we get,

_ o 3=
0 = [ [-engl d's
= /D[—ﬁ(sﬁsOHﬁpﬁ@] d*7

= [ Ve Vel ai - |

mﬁgpdszr/m.%dQS.
S(o0) S

5Note that the same proof of uniqueness holds if there are (fixed) charges in the region D, for the difference,
p, also satisfies Laplace’s equation.
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Where in the second step we have used Gauss theorem, and in the integral over S we use

as 71 the outer normal. From the decay assumptions we have that the first surface integral
(at infinity) vanishes, while the second gives,

/Sm-wcz?szc/ﬁ-wcz?szo
Thus,
/D[W-W] &7 =0

and so Vo = 0in D, and ¢(¥) = enst in D. But (&) — 0 as | & |— oo and so ¢(Z) = 0 in
D.

Example: Conducting ball with charge Q

We are given a ball of radious a, say, and charge ) and ask to find the potential outside
it.

Figure 4.4: Point like charge outside a conducting sphere

We know that at the surface’s ball the electric field must be must be normal to it. That is,
taking the coordinates’s origin at the center of the ball, it must be radial so, ¢(:E)|I Flea = oo,
a constant.

Thus the exterior problem is:

1. Ap=0o0n R*— B(r = a).
2. ¢ |s= cnst. (not given)
3. fgn -V d2S = —4nQ

4. 6(F) =0 | |- oo,
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and it has a unique solution.

The uniqueness of the solution and the symmetry of the problem imply the electric field
is radial everywhere. Indeed, assume for contradiction that at some point ¥ it would not be
radially pointing. Then performing a rotation which keeps 7, fixed we would find another
solution [for RE(Z,) will then be different than E(Z,)]. But since the boundary conditions
are not changed by a rotation the solution should not change and we reach a contradiction.

Thus, everywhere we must have ¢(Z) = ¢(r). But the only solution to Laplace’s equation
which only depend on the radial coordinate are any linear combination of ¢(r) = ¢y, a constant
solution, and ¢(r) = % Since the solution must go to zero at infinity the constant contribution
is ruled out and so ¢(r) = . To find the value for ¢ we must impose the condition on the
total charge, namely,

Q= [ Sos =~ [B(0luren =i
S S r

O

Thus the solution is ¢(Z) = % and the value of the potential at the boundary is ¢y =
Notice that the relation among the potential and the charge is ) = a¢y so the sphe
capacity is C' = a.

= e

e

Exercise: Show uniqueness in a region surrounded by a conductor.

Exercise: Show that ¢ |s= f, a given function at S, A¢ = 4dmwp outside S, and ¢(&) — 0 as
| ¥ |— oo, implies ¢(Z) is uniquely determined outside S.

Exercise: Find an example that shows that, even if ¢ is known everywhere outside a surface
S, we do not know its value inside, nor can determine p inside. This is particularly strange
because if p were an analytic function, then ¢ would be analytic also, and so the knowledge of
¢ in an arbitrary open neighborhood of any point would determine completely ¢ everywhere.

Exercise: Show that nevertheless some knowledge about p inside S we can obtain from the
knowledge of ¢ at S, although indirectly. Hint: Use Coulomb’s Law.

4.3.1 The principle of superposition

Since Maxwell’s equations are linear to any solution to the system one can add a homogeneous
solution and obtain a new one (in general with different initial and boundary conditions). This
is very helpfulll We illustrate this here:

Supose we have the following configuration (see figure) of fixed charge density p, and
conductors {S;}, i = 1..N, each with charges {Q;}. Thus we are looking for a solution
satisfying:

1. ¢|s, = ¢}, i = 1..N at the conductor surfaces.
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2. A¢ = —4mp in the space outside de conductors.

This seems to be complicated, but we can reduce it to simpler problems: We look for
N + 1 solutions. The first one satisfying,

1. ¢lg, =0,i=1.N

2. Ap = —4mp

This problem has a unique solution which we call ¢;.
We then solve the following set of equations:

L gjls, =1
2. ¢jls, =0,7F#1
3. Ad, = 0

They also have unique solutions, ¢(Z);. We now scale them by the constants ¢} so that they
satisfy the required boundary conditions. Then

(T) = ¢1(7) + Z%@(f)

satisfy the required boundary conditions for the first problem. Shortly we shall see how to do
it when the total charges at each conductor is given.

We could have also splitted the sources in simpler ones and solve a problem for each one
of them and then sum all of them together. This is also very handy in solving some problems.

Exercise: Show using these techniques, and Gauss theorem the solution to the following
situation: There are two infinite flat conducting slabs held parallel to each other at a distance
L. Each one of thickness |, and [y respectible and charges ¢, and qy. Show:

The charge densities on each of the faces of each slab are equal and of opposite sign.

The charge densities on each of the two external faces are equal.

The value of the fields and charge densities are independent of the length.

What happens when the two charges are equal but opposite?

Hint: Think on the charge densities and forget about the conductors, except to impose
the conditions that the field is zero inside them.
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4.3.2 Example: [Method of Images|

Let us try to compute the potential field of a charge ¢ outside a conducting sphere at zero
potential. We choose coordinate axis with origin at the center of the conducting sphere, which
we assume has a radius r = a, and such that the point-like charge is located at coordinates
7, = (r,0,0). We notice that the problem has azimuthal symmetry around de x-axis, that
is, symmetry under rotations along that axis, so the solution we are seeking should also have
that symmetry. Indeed, assume that this is not the case, then there would exist a solution
without that symmetry, which nevertheless vanishes at the surface of the sphere of radius a
and has a source at ¥ = (r,0,0). If we rotate that solution along the symmetry axis, the
resulting function would also be a solution to Poison’s equations with a charge at 7 = (r, 0, 0)
and would also vanish at the surface r = a. But there could be at most one solution with
those characteristics, so the rotated solution must be the same as the original, thus it must
have the required symmetry. If we pretend to continue the solution inside the sphere, then at
the symmetry axis the equipotential surfaces can only become points or cross orthonormal to
it. This suggest that we look there for a solution with point-like sources along the symmetry
axis. We try with just one charge there, say at the point Z,(r’,0,0). Then, the potential due

to these two charges is:
/

OF) = = T

| Z—rz| |Z—r2|

At the surface of the sphere r = a we have ¥ = an and so,

/

q q
|an —rz | |an—1r'7 |

¢(7)

/

q q
Va2 +r2—2arn-2  Va2+1r?2—2a r'n- 2
/
_ q __ 4 d . (4.7)
a\/1+7’2/a2—27’ﬂ r’\/1+a2/r’2—2a%

a

The potential would then vanish at |¥| = a if we choose:

/

¢ __ 49
r! a’
and
a_r
ra
that is ¢’ = —%/ = -2 and ' = % < a. See figure (4.5) with the contour plots in the z = 0
plane.

What have we done? We have constructed a solution to Poison’s equation which vanishes
at | ¥ |= a and which outside the sphere of radius a has just a single point-like source at
Ty = (r,0,0). But this is what we were looking for! For the solution to the problem outside
the sphere is unique.
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Figure 4.5: Contour plot on the z = 0 plane of the potential of two charges as in the problem.

What we have done is to mimic the effect of the surface charge density at the surface of
the conducting sphere with a point-like source in its interior, by giving to it a special location
and strength. Indeed we can now use the formula +47moc = —n - ﬁqﬁ |s to compute such
distribution.

Exercise: Compute o using the formula above and check that [,_,4wo d*S = ¢ = .

Exercise: How would you find a solution for the same problem but assuming now that the
sphere is at potential ¢ # V' 7 Compute the total charge that would have to be at the sphere.

Note that it is easy to compute the total force the sphere exerts on the charge ¢, it is just
the force ¢ would exert on ¢ would it exist, namely

—

F = (F,0,0),

o —q¢*a B —¢*ra
Cor | r—a?/r |? n (r?2 —a?)?

Exercise: Use the principle of action-reaction to compute the total force exerted by the
charge q on the conducting sphere. Compare with the result obtained using Maxwell stress
tensor.

An interesting limiting situation is the limit a — oo but Ax :=r — a finite. In this case

! —qa
e — —
4 a—+ Ax 1
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a? a® + aAx — a? alAzx
Axr = a—1r'=a— = = — A
v a-r=a a+ Az a+ Ax a+ Az v
and
—q*a(a + Ax) —q*a(a + Ax) —q¢*

(a4 Az)?2 —a?)?  (20Az + (Ax)?)? ~ 4(Ax)?’

that is the force exerted by a charge of strength ¢ at a distance of 2Ax of the charge ¢q. This
is in fact the force exerted by an infinite conducting plane at distance Az of q.

The general strategy of this method is as follows. Let us assume we have a region V' where
we want to solve A¢ = —4mp, with p given and subject to a boundary condition ¢|sy = f.
If the charge distribution, p, and the boundary value, f, are sufficiently simple it is possible
to find a distribution j in IR* — V such that the solution to A¢ = —4x(p + p), ¢(Z) — 0, as
| ¥ |— oo satisfies ¢ |gy= f. Notice that we already know the solution to this other problem,
namely

o0 = fea BB

But this solution, when restricted to V' must be the sough solution, for there (p+p) [v=p
and it satisfies the required boundary condition.

Note that p has no physical meaning on what counts for the problem inside region V.
In fact it is by no means unique. Indeed suppose we have found a ¢ in IR® corresponding
toa pr = p+ p. Then we can take a second smooth potential ¢’ which is identical to the
first inside V' and outside a region surrounding V', but different in the region in between, this
would satisfy everything we want, but would result (computing its Laplacian) in a different

p.

4.4 Capacities

Consider a configuration of conductors as shown in the figure (4.6) below, on an otherwise

empty space.
: ; D=R®—- U Vi

51:8‘/1

Figure 4.6: A configuration of conductors
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Imagine that to get to this distribution we fixed the potentials, V¢, i = 1...n on each
conductor and solved,

A¢p = 0 in R®— {conductor’s volume} :

Correspondingly there would be fixed ammount of charges on the surface of each conductor,
given by,

1

T 4r

0, / AV dS? (4.10)
9S;

If we had fixed another set of potentials, V?, then we would have obtained another poten-
tial, ¢ and correspondingly another set of charges Q;. Now, if we consider the configuration
where the potentials at the conductors are given by Vi=Vi4 Vi where ¢ is any constant,
then the the potential field would be gz@ — ¢ + c¢. Indeed, it follows from the linearity of the
equations and of the boundary conditions that gzg(f) satisfies the equation and the boundary
conditions, but uniqueness of the solutions implies this is the right one. But then, from the
linear dependence of the charges on the potential field, (4.10), the total charge would be,
Qi — Q; + ¢Q;. That is, there exists a linear relation between potentials at conductors and
their charges! Thus, there must exist a matrix, Cj; such that,

Qi =CyV' (4.11)

This matrix, called the capacities matrix, can only depend on the geometrical configuration
of the conductors distribution.

Exercise: Show that this matrix in invertible by setting the problem of fixing the charges
and finding the potentials.



Chapter 5

Static Problems — Separation of
Variables

5.1 Method of Separation of Variables in Cartesian Co-
ordinates

We would like now to solve problems where the boundary is a rectangular surface, that is
the boundary of a box. Thus, the coordinates addapted to such a boundary are the cartesian
coordinates alingned perpendicular to the rectangular faces of the box. Here we shall be
solving the problem of finding the solution inside such a box under the asumption that in
one of the faces the potential is a given function while in the others vanishes. Thus a general
solution (with a potential arbitrarily given on each of the faces) can be obtained by adding
six solutions as the one we shall find.

To fix ideas consider the following rectangle {(z,y,2)|0 < z < a,0 <y < b,0 < z < ¢}
and asumme the boundary conditions to be:

¢(0,y,2) = ¢(a,y,2) = ¢(x,0,2) = ¢(x,b,2) = ¢(x,y,0) =0 ¢(z,y,c) = V(xy)
In cartesian coordinates (z,y, z) the Laplacian takes the form:
0* o 0*
Ap = — — — .
¢ 8x2¢+ 8y2¢+ 022

Thus, if we assume a solution of the form,

Pz, y,2) = X(2)Y(y)Z(2),

we find,
o & &
A =Y (y)Z(z)5 5 X(2) + X(x)Z(Z)a—yQY(y) +X (@)Y (y)552(2)
86 = =L X (@) + L

69



70 CHAPTER 5. STATIC PROBLEMS — SEPARATION OF VARIABLES

¥

rd

b Yy

Figure 5.1: A conducting box with only its upper face at non-zero potential.

Since each term inside the brackets es a function of a different variable, each term must be
constant and the sum of them must be zero. That is, we need,

L
Z(z) 022

85_; X(2) = a’X(z) o¥(y) = Y (y)

o 2(2) = 7*2(2)

with the constants satisfying,
o?+ B+ =0.

We have used squared quantities for later convenience, there is no loss of generality on that for
we shall consider them as complex numbers. We shall see later how to construct the general
solution as linear combination of these basic ones.
Consider any of the above equations, say,
82

@X(:p) = o’X ()

The general solution to it is given by, !
X(x) = Ate™ + A"e .

Likewise we will have,

'Every second order equation has two linealy independent solutions, since one can prescribe two indepen-
dent values (for the function and its first derivative) at any given point and integrate the equation from there
on.
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Y(y) = B*e? 4+ B=e P,
and
Z(z)=CTe” +C e .

We impose now the boundary conditions, ¢(0,y, z) = ¢(a,y, z) = 0. They are just condi-
tions on X (x) for they must hold whatever are Y (y) and Z(z) there. Evaluation of X (x) at
the boundaries gives,

AT+ A =0 Afe*™ + A e =0.
That is,
At (e —e ) = 0.
Thus, to have a nontrivial solution we need,

aa —aa aa —aa 2ca 1

Thus, a = , and the solutions have the form,

X(z) = A, sin(Z2)

a

for any given n = 1,2, .....
Similarly for Y (y),

Y(y) = Busin(" )
for any given m = 0,1, 2, .....
But then we must have, 72 = (

™
a

)%+ (52)?, and so y must be real. Thus the solution is

Z(Z) — C+6'Ynmz + C_e_'Yan

and the boundary condition ¢(z,y,0) = 0 implies C~ = —C'*.
Thus, we have found solutions of the form,
Gun(2,9,2) = Crsin (=) sin(T52) sinh(7,2).
a

We claim now that we can construct the general solution we are seeking from these ones. For
that we consider a sum of solutions as above,

T™hax ™m

o(z,y, 2 ZZ m, SN - ) sin( by)sinh(fynmz)

2The solutions for negative n are the same, and for n = 0 vanishes.
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and the boundary condition is now,

o(x,y,c Z Z_ m SN nx)sin(wzly)sinh(vnmc) =V(z,y).

a

so the coefficients C,,,,, just proportional to the Fourier coefficients of V (x,y), 3

4 a rb . TnT., . Tmy
Cnm_—absinh(fynmc)/o /0 V(z,y)sin( . ) sin( 2 ) dzx dy.

Exercise: Check the above formula by multiplying ¢(z,y,c) by sin(™%)sin(*) and inte-
grating with respect to x and y using that [, sin(rnx) sin(mpx)dz = 55np.

Example: Box with all faces at zero potential except one at V. We take the
coordinate system with the axis perpendicular to the faces and centered at one of boxes
corner, so that the non-zero potential face corresponds to z = c¢. The Fourier coefficients are
obtained from the above formula or from a table if one considers a potential function defined
in the rectangle [—a, a] x [=b,b] in such a way that is odd under x — —z or y — —y. In any
case, the coefficients are

16V}
m2nm

Com = n, m odd C,,, =0, all other cases

Figure 5.2: The value of the potential at z=c with 10 Fourier modes

3To see this consider the Fourier transform on the rectangle [—a, a] x [~b, b] and describe only odd functions
in both variables, thus you need only the sin fuctions and can dispense all the cos ones. The factor 4 that
appears in the formula is due to the fact that we perform the integrals just in one quarter of the whole
rectangle.
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Figure 5.3: The value of the potential at y=b/2 (0.5)

Figure 5.4: The value of the potential at y=b/2 (5) for a wide box

Figure 5.5: The value of the potential at y=5 with only 3 Fourier modes
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5.2 Method of Separation of Variables in Spherical Co-
ordinates

In spherical coordinates (7,0, ¢) the Laplacian takes the form:

1 0? 1 0 ¢ 1 ¢
ror? o)+ r2sin 6 00 g9 989 ) 12 sin? 0 9?2

Ag =

Exercise: Show this using the chain rule.

We shall look for solutions to Laplace’s equation using the method of separation of vari-
ables, with the hope to find enough of them to account, using linear combination, for all
possible solution.

To this end we propose solutions of the form ¢(r, 0, p) =

P(2 Q(¢). Substituting in
sin? @

the above formula for the Laplacian and multiplying the result by o) We obtain:

12U 1 d dP. . 1d°Q

0= —0.
Tar T Prrsmaan M) T e

72 sin” O] —

Since the first term can only be a function of r and €, while the second only a function of ¢
and 7, we conclude that in order to cancel each one of them must be constant, thus:

@Q

> = a*Q, for some constant «,
dip

that is Q(p) = Qne™?. If we look for solutions defined for all angles e0, 27], then we must
have Q(¢) = Q(p + 27) = Q(p)e*™ and therefore a« = +im, that is a® = —m?, and the
general solution is:

Qp) = Que™ + Q™™
where Q7 and @, are two arbitrary constants to be determined latter when imposing bound-

ary conditions.
The rest of the equation becomes then,

r2sin? 0 d*U . sinf d 4 s dP
U dr? P do df

Thus, since the first term is the only one that depends on 7, we conclude that

PU U

e -, for some constant 3.
r r

The solutions to this equation are:

U,(r)=Ar" for g=v(v—1).
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1+4/1+48

>— and vy +v_ =1, thus,

Note that for given 3 there are two /s, v, and v_, vy =
for given § we have,

Us(r) = Ujr™ +Uzr™
= Ugr’™ + UB"F(”*’U.
In terms of the potential we need, U(r)/r, so it is customary to express these equations

in terms of the parameter [ = v, — 1, which we shall use from now on.
The equation for P(f) is a bit more complicated and is:

d dP
1) si 2 2 P . G ary
(I(l+1)sin“ 0 + o) —i—sm@de(smﬁde) 0
It becomes simpler if we change variables to x = cosf, then dr = —sinfdf, sinf =
V1 — 22, and % = Z—g% = —sin «9%. Therefore, the above equation becomes,
d dP

1—2*)—((1—2*)— 2 (1 —2%)P =

(1= )2 ((1 = ) 0) + (07 + UL+ 1)(1 = a2) P =0,
or

d dP a?

%((1—552)%)+(1_x2 +1(I+1)P =0,

which is known as Legendre’s equation.
We shall first treat the case a = 0, that is consider only solutions with azimuthal symmetry.
Latter we shall generalize to o # 0. In this case the equation becomes,

d ,.dP B
(1 =) =) + 11+ 1)P =0.

We shall look for solutions valid for the whole interval of 6, namely [0, 7], that is for
solutions valid in the z-interval [—1,1]. Assuming that in that interval the solutions admit a
convergent power series representation,

P(z) =Y a2,
=0
and substituting into the equation we find,
o~y 4 2y -1 j
0 = Z{%((l —z%)ja;x? ) + 1l + 1)a;z’ }

- Z{(l — 235 — 1)ajxj_2 — 2jajxj + 1l + 1)ajxj}

= 2 A6 -1 =2+ 10+ Dlay + (G +2)(j +2 - Dajz}a’ = 0.
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Therefore we must have,

jG+Y -1+
G+1G+2

Aj+2 =

Thus, we can split the solution into two series, one with ag # 0, a; = 0 and the other
with ag = 0, a; # 0. One is even in x, the other odd, so they are linearly independent
solutions. Since every second order ordinary differential equation has two linealy independent
solutions at every point, we know we have found all possible solutions.

For j > [, |aj2| < jjﬁ|aj| < |a;|, so |aj| < ¢ for some ¢ > 0. Thus, in the interval of
interest, = € [—1, 1], we have,

dlaa’| < C+ > ajd?| < C+ e |z

j=0 g>l1 Jg>l1

where the series in the last term converges for all || < 1. Thus the series converges for all
|z| < 1. But in general it diverges at the boundaries, (see exercise below) unless it terminates
for finite 5. So if we want to consider solutions which are everywhere smooth, including the
poles of the sphere, then the series must terminate. This happens when [ is an integer, and
the series becomes a polynomial of order [ in x. They are called the Legendre Polynomials,
and the first ones are:

Py(z) = 1/2(32* — 1),

Notice that the first corresponds to the choice a9 = 1,a; = 0,, [ = 0, the second to
ap =0, a; = 1,1 =1, and the third to a9 = —1/2, a3 =0, [ = 3. They are normalized in
such a way that,

(1) =1

Exercise: Compute P3 and P, using the recursion relation found and the normalization
condition

Exercise: Convince yourself that indeed the above series diverge at |x| = 1 unless they
terminate. Hint: First show that for any ¢ > 0 there exists integer J such that |a;io| >
(1-€)yJ
Compare this result with the series Z;";O %, and Z;";O S;j: Show, using that ﬁ =320
that the above series represent the functions 5 In(1+ s)(1 — s) and § In($£2) respectively and
so that they diverge for |s| = 1. Conclude, using s = x(1 — ), and bounding one series with

the other, that the series diverges for all |z| > 1.

j]ﬁ(l —¢)la;| ¥ j > J. Second use the previous point to stablish that |a;y;| > lay].
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Since for each [ we obtain a polynomial of degree [ with linear combinations of then we can
obtain all powers of z. But since every smooth function on a compact set can be approximated
to arbitrary precision with a polynomial with appropriated coefficients. We can approximate
any function by linear combination of the Legendre polynomials, thus they form a complete
basis to expand smooth functions in the interval [—1,1]. If we consider the scalar product in
the space of smooth functions in [—1, 1] given by,

<fo>=[ @,

then one can see that the Legendre polynomials form a orthogonal basis with respect to this
scalar product, indeed,

— W) 1@+ )] [ R P

1 dP, dPy dP, dP
_ (1 2B 2 )
a /—[(1 x)dx der(l x)dx dx]dx
dP dP,
o= R - =) SR =0

thus,

1
/ P(2)Py(z)dz =0 if 141
1

On the other hand it can be seen using special properties of this polynomials that

2

1
P2(2)dy — — =
L P(@)de = o

Exercise: Use the explicit formula of the first four Legendre polynomials and the orthogo-
nality relations to compute

/1 z* Py(x)dz.

-1

Example: Two spherical cups at oposite potentials.

For problems with azimuthal symmetry, that is, where the boundary conditions do not
depend on the azimuthal angle ¢ we can already use the solutions found. In this case the
general solution has the form:

b(r. ) = S (U + U r D) Py(cos(6)) (5.1)
=0



78 CHAPTER 5. STATIC PROBLEMS — SEPARATION OF VARIABLES

For constants U;t, U] to be determined from the boundary conditions.

Imagine you have two spherical conducting cups of radious a, separated by an insulator
sheet. The north one at potential ¢q, the south one at —¢,. We want to find the field at the
external region outside the conductors.

Thus we are solving the following boundary problem:

Ap = 0 atV=R}-B,

Plov+ = o
Plov- = —do
o) — 0 as |¥] — o0 (5.2)

Where we have divided the sphere into two parts, V', and V~ acording to the the sign of
the coordinate z. The asymptotic condition implies U;" = 0 VI so we have only to find the
coefficients U;* from the other two boundary conditions. In terms of the coordinates used
these two boundary conditions result in the following one:

6(a,0) = 3 Uy a "V Bi(cos(9)) = do(cos(0)) (5.3)
1=0
where we have defined, (in terms of x := cos(f)):
o —Cbo YIS [_17 O]
Using the orthogonality of the Legendre polynomials we find that [?]:
— —(I41) 21 -+ 1 1 0 [ even
U a =5 /71 P(z)¢o(x) dz = (_%)(,,1)/27(21;(1£—)!2)!! [ odd (5.5)
And therefore the potential takes the form:
= 1., (dm+3)2m—D! r
0) — _t\m o (2m+2)P ) .

0a,0) = 3 ()" S () By cos(9) (56)

Evaluation at r = a with up to m = 9 is shown in the plot below.
The potential with twenty coefficients is shown below.

Exercise: Find the solution inside the cups (assuming them hollow). Then apply Gauss law
and compute the surface charge distribution.

Example: Charged spherical crust with a circular hole.
We consider de case of a spherical crust of constant surface density o with a circular hole.
This configuration has azimuthal symmetry around an axis which connects the center of the
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0.54

1 05 06 04 02 %) 02 04 06 08 1

"

Figure 5.6: Potential at cusps with 9 coefficients.

Figure 5.7: Potential with 20 coefficients.
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circular hole with the center of the sphere. Thus, it is convenient to use spherical coordinates
with the z axis along the symmetry axis. The parameters describing the problem are then,
the charge density, o, the radius of the crust, a, and the angular aperture of the hole, a.

The procedure to solve this problem is as follows, we know that inside the crust the
potential satisfies Laplace’s equation, and also outside. Thus we can propose an internal and
an external solution and match them at the interface r = a. They are given by,

Gint(1,6) ZUl’"trlP(cos(Q)) r < a
1=0

Peat(r,0) : ZUm “HDpcos(d)) T > a
1=0

The coefficients will be determined by imposing the two interface conditions:

Gint(a,0) = Geri(a,0)  Continuity
0 0 .
{Equt('r’, 0) — Eqﬁm('r’, N}r=a = 4mwo(0) Gauss relation,

where

0 0<H<a
0(0)'_{0 a<l<nr

The first says,

o0

Gint(a,0) — Gei(a,0) =Y [U™a! — Uf*'a ~HD1 P (cos(h)) = 0.

=0

But the Legendre polynomials are linearly independent, so we conclude
Ut — Ufta™ ) =0 WVI=0...00

To obtain the other relation we need to express o(f) as a series in Legendre polynomials,

Z on P (cos(d (5.7)
In that case, Gauss relation gives,
Winta =t + (1 4+ DU a2 = 4n0,
Using the first relation we get,
(2l + DUM™a' ™! = 4noy

Multiplying the expression on both sides of (5.7) by P,(cos(0)), integrating, and using the
orthogonality relation among Legendre polynomials we find,
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oo 2 /0 " 5 (6) P,(cos(6)) sin(6)dd =~ / " o Py(cos(0)) sin(6)d.

To perform the integral it is useful to use the following relation among Legendre polynomials,

0 0

5 L) = - Fiaa(@) = (20 + 1) Fi(z) = 0.
Using it we get,
o = %/TS(Q)[%P!H(SU) - %Pll(x)] dx
= %U1H0Dﬂan——H+N—U-—Bfﬂaﬁkw%+BfK—D]
= %U%&@%O@)—(—D”Q—Fla@%@ﬁ)+(—Dﬂ

%[Plﬂ(cos(a)) — Pi_1(cos(a))]

Thus, the second interface conditions shields,

- 47 21
Uznt o —
! DY

=5 10’ [Pri1(cos(ar)) — P—i(cos(a))],

and we have solved the problem.
Exercise: Express both potential in all details.

Exercise: Using the above result find the first two multipole moments in terms of the total
charge of the crust, (), the radius, a, and «.

Exercise: Find the solutions when there are two holes, one in the north pole and one on the
south, of aperture o, and a_ respectively. Look at the limit, when the angles go to w/2 and
o — oo but keeping the total charge constant.

5.2.1 Associated Legendre Functions and Spherical Harmonics

We return now to the task of solving Legendre’s equation when azimuthal dependence is
present, that is when m # 0. Recall that in that case one is seeking a solution to:

d dP m?
(1 — )] —
d:v[( x)da:] 1 —22

P=—I(l+1)P,



82 CHAPTER 5. STATIC PROBLEMS — SEPARATION OF VARIABLES

where we have already assumed [ integer for this is needed to obtain smooth solutions in the
whole sphere.
It can be seen that the following are solutions to this equation:
m/2 dm

P () := (—=1)™(1 — 2?) dx—mPl(x) m > 0.

The coefficient, (—1)™, appears only for convention and does not play any important role.

Exercise: Show that these are solutions by first proving that

qm+2 qgmtl m dam

Wpl(x) —2(m+ 1)WP1<:L’) —m(m + 1)d—Pl<:L’) =1+ 1)—P(x)

1 2
( ) dz™ dx™

Remark: Note that the solutions are no longer polynomials for m odd.
Remark: Note also that P, =0 for m > L.

For fixed m these functions, called generalized Legendre functions, satisfy the following
orthogonality condition (same m):

2 (I+m)!

m+1z—mﬂ&“

1
/ Py P dac =
-1

In practice it is convenient to work with the whole angular part of the solutions to the
Laplace’s equation, that is to multiply P, by Q,.(p) = ™.
Renormalizing them for convenience we define the spherical harmonics of type (I, m):

Y}m(e, SD) =

J%+1U—mﬂ

T st m 2o

But we also need solutions with m negative, those we define as:

A+ 10— [m])
A (14 |m|)

| )
;Pl im|(cos 0)(=1)"e"™*,  m <0,

Ylm(eﬁp) = \l

or in other words:
}/l—M(ea 30) = (_l)mYXn(ea 90)7
where x means complex conjugation.

Exercise: Compute all the spherical harmonic functions for [ = 0,1,2. Express them also in
cartesian coordinates.

They have the following properties:
e Orthonormality
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Figure 5.8: Absolute value of the real part of Ys(6, ¢)

Figure 5.9: Absolute value of the real part of Ys (6, ¢)
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Figure 5.10: Absolute value of the real part of Y3y(0, ¢)

Figure 5.11: Absolute value of the real part of Y31(6, ¢)
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2T T
/ di / Sinfdd Yy, (8,0)Yim (0, 0) = GG
0 0

e Completeness They form a complete set of functions to expand arbitrary (smooth)
functions on the sphere. Note that this means, that given any smooth function f(6, ) on the
sphere, there exist constants C},, such that,

= Z Z C1lm}/lm(0
1=01l=—m
with
- S2 f<917 ()0/>Y2:n<9/7 gpl)dQ
But then,
FO0) = 2 > [ fO Y0, )Y (0, ¢)
1=01l=—m
= [LHOY S Y0 @) Yin(0, )
1=01l=—m
and so,

Z Z Y (0, 0) = 0(p — ¢')d(cos — cos ).

=0 m=-1
This is a convenient way of writing Dirac’s delta on the surface of a sphere. It shows also
that the conmutation of the integral with the series is not an allowed step, and that the last
equality is just formal, neither the double serie converges nor the integral makes sense, for
the integrand is not an integrable function.

Exercise: Write down Dirac’s delta on IR® but in spherical coordinates.

What are these spherical harmonic functions on the sphere? Can we characterize them in
some invariant way? If we take the Laplacian in IR® in spherical coordinates, set r = 1 and
dismiss all “derivatives" along the radial direction, we obtain the Laplacian of the unit sphere,

8¢ 1 9%

Ag2¢p := L—(81 03«9) +

sin 6 00

sin? 0 92"

The spherical harmonics we have defined are a complete, linearly independent set of solu-
tions to the following eigenfunction - eigenvalue problem:

AS2 UZ - )\ZUlu

that is,
Ag2Yi (0, ) = = + 1)Yim (0, ¢).
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Note that there are several, 2] + 1, solutions for each eigenvalue, as m ranges from —[ to [.
Exercise: Check this explicitly.

So the Laplacian in the sphere splits naturally the space of smooth functions into invariant
subspaces of dimension 2] + 1.

Exercise: Show that,
/ bAed ) — / SN dS,
S2 S2

for ¢ and ¢ arbitrary smooth functions.

Exercise: Show the orthogonality property of the spherical harmonics with different | using
the previous exercise. Exercise: Use that for each | the spherical harmonic functions satisty

aa—:QYZm = —m?Y},, to show their orthogonality.

5.3 Application: Multipole moments of a static config-
uration
Let us assume that we have a fixed charge distribution, p, which is of compact support. That

is, it is only different from zero in a bounded region D C IR3.
As we already know, the potential field corresponding to this situation is given by

8(7) = /R3 Er (5.8)

This solution is unique and smooth outside D.
Outside D the potential ¢ satisfies the homogeneous solution, A¢(Z) = 0, so it must be
of the form:

-y Z 2l+1 Cim ™Y (0,0), T ¢ D (5.9)

=0 m=

for some constants Cj,, (the factor 21 = is for compatibility with standard definitions). These
constants are called the multipole moments of the electrostatic field. They characterize
uniquely the field outside the static sources region. The bigger the [ the faster they decay at
large distances and each one of them has a characteristic angular dependence.

Exercise: Compute the first moments (I = 0,1,2) as expressed in cartesian coordinates.
Compute the corresponding electric field.
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We shall see now how to compute these constants as functions of the source distribution
p. The first one, Cy is inmediate by applying Gauss theorem. Indeed if we perform a surface
integral of the normal component of the electric field at a surface r = R surrounding the
sources, that is, outside D, we have:

inQ = /]R3 drp(Z) &PF = — /133 AY(T) BPF
-~ —75 Vo di = —jé 0,6, R? dO
S(R) 52

o) l 47T
= SN —— G 1+ DR, (0, ) R d
7{92 > 2 gpq G (D) im(6,0)

1 3

© 472
= — DR, Y 0
722 gm;l 20 +1 Cim (L+ D)X (0, 9)Y 400 (0, ) d

— Vin Gy (5.10)

Where in the last step we have included Y (60, ¢) = \/%—W and use the orthogonality relations

among spherical harmonics. So we see that the first one, the one that decays as 1/r at long
distances, carries the information about the total mass of the charge system. We use now the
same strategy to find the others, recalling that ¢ = 'Y} is a solution to Laplace’s equation
we get,

AT Q= /]Rg dmp(r, 0, 0)r'Yy, (0, 9) AV = — /]R3 A¢(r, 0, 0)r'Yir (0, ) dV
= g VO 0.0V 0,00 AV = f 0,01 rRY(0,) 20

- l Iy * 2
- /]R3 A<T Y *m (97 90))¢<7“7 97 90> dv + 72(}2) ¢|T=Ra7’<r Y2m<97 (P))‘r:R R dQ

= f 00l rRY; (6, ) BQ
S(R)

& v A7 ’ (1 %
a 7{522 2 a1 ! RUHD=D Y00 (0, 0) Yy, (0, ) dD2
U'=0m/=—I"
00 4 4 ,
S Y s o (1) B Y (0,0)1;5,(6, ) 2
U'=0m/=—I"
© l/ 47T Vi l/fl *
= LY g G (14 1) B Yo (0,9)Y;,(010)) 42
U'=0m/=-U
= Arm Ciy, (5.11)

where in the fourth line we have used that ¢ = r'Y}* is a solution to Laplace’s equation
and in the last one the orthogonality relation among spherical harmonics. Notice that the
integration by parts used above are a special case of the second Green’s identity
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[ g — oa0]dV = § [W0.6 — 60,0] dS? (5.12)
\%4 )%

Exercise: Show the above identity.

So we see that we have an explicit and simple relation between the multipole moments of
the fields and certain integrals over the sources, which are called the multipole moments of
the sources. Do this multipole moments of the sources characterize completely the sources,
namely, can we recuperate p from our knownledge of the {g;,, }’s? Notice that this would imply
that by knowing the field outside the sources we could know the sources thenselves! This is
not so, because it is easy to find different source distributions for which the corresponding
fields outside them are identical. The simplest example is to take two different spherically
symmetric charge distributions with the same total charge, but it is easy to build many
examples. Nevertheless the multipole moments are a very important tool to describe the
cualitative behaviour of the fields knowing the source distributions and also the other way
around, knowing the field distribution obtain information about the source distribution. This
is mostly used to perform geological studies, where instead of the electric field potential people
look at the gravitational potential, which satisfies the same equation but the matter density
as the source.

Exercise: Find two different charge distributions with no symmetry at all but giving the
same external field (which can have symmetries). Hint: do not construct them explicitly but
just start from their potentials and work backwards.

Exercise: Show that for real charge distributions we have g, = (=1)"q/_,,.

Exercise: Compute the expressions in cartesian coordinates of the first three source moments.

5.3.1 The Addition Theorem for Spherical Harmonics

In the above section we have shown that outside the sources

-y Z r= D Y50, ) (5.13)

=0 m=— 12l+1

using now the expression for ¢, we obtained we get,

0 l
¢(f) = Z Z ra— —(D Km(ev @)
- 21 +1

=0 m=—1
00 l
-2 21+1/ (@) (") Y5 (0, ) 2] ™ Y3 (0, )

=0 m=
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. l (T/)l Y* 0/ / Y 0 d3 —/
% mz 2l +1 ,r,(l_l,_l) ( y P ) lm( ) ()0) x
(5.14)

Since we are in the region far from the sources, ' < r and one can show the expression
converges (the terms, taking a factor 2* out, are bounded by (= )h.
But since (5.8) holds, and this equatlons are for arbitrary p( "), it follows that

1 (r")!

> 1
S —
77 | ”Zzz“r)lﬂ

)Yin (0, ¢),

m=—I

whenever 1’ < r. But this expression clearly diverges for ’ > r, so can not be true in this case
and our claimed identity fails, the reason being that in the previous calculations we conmute
some integrals with series and in the present case this is not allowed. From the symmetry of
the expression on the left, it is clear that the same expression holds when we interchange
and @', that is r and v/, and (0, ) and (#',¢’). Since only matters the angle difference we
must have,

1 > 1

R S T L i X 0. 0),

where r< = min{r,r'}, r> = max{r,r’}. This expression being alwais convergent whenever
7 # 7’. This usefull relation is known (or rather equivalent to) as the addition theorem
for spherical harmonics. A direct proof follows:

Direct proof

Any smooth function, f(6, ), can be expanded in spherical harmonics:

J6,0) =33 ApYim(6. ).

1=0 m=1
with

A = |, F(0,0)Yp, (0, 0)d2

Note that at # = 0,
Yzm(9—0,<p)={ 3/% m;g

and so,

[0, ) |0=0—§ 214——;1 105
with

20+ 1
A = / £(6, 9)P(cos 0)dS2.
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We shall use this property in what follows. We now want to see that if we define the angle

~v by cosy =@ - n, then

!
P(cosy) = 2l+1 Zl @) Yim(0, ),

where (0, ) and (0', ') are the angular coordinates defining 7. and 72" respectively, see figure.

7
q
0

Y
\
¢
¢/
X

Figure 5.12: The relation among angles

Since
n = (sinfcosp,sinfsin @, cosh)

o = (sin® cosy sinf sing’, cosh’),

we have,
cosy = sinf cospcos’ + sin@sin @' sin @ sin ¢’ + cosf cos @’

= sin @ sin#'[cos p cos ¢’ + sin @ sin ¢'] + cos O cos &
= sin@sin@'[fy,, - 7},] 4 cos 0 cos 0’
= sinfsinf’ cos(p — ¢') + cosf cos b,

where 7, is the normalized projection of 7 to the xy plane.
Note that in particular the above identity implies

4 !

1= P(1) = Pcos0) = ST
m=—I
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To get the result we are seeking, we first write the general expression,

Py(cos7) Z Z A ( Yim(0, ),

=0m=-1'

where we think of P(cos~) as a function of (6, ¢), where (€', ') are some fixed parameters,
the right hand side is just the (true) assumption that any smooth function an the unit sphere
can be expressed as a linear combination of spherical harmonics.

But Pj(cos7y), being just a rotated Legendre polynomial, is a solution to

AgeU = —1(1+ 1)U

It must be a linear combination of its eigenfunction, thus,

l
Pycosy) = D A Yiu(0,¢),

m=—I

we see that only the I’ = [ terms can be different from zero on the above expression, that is,
P,(cos~y) can be written by just a linear combination of spherical harmonics with the same [,

Py(cosy) Z A (60", 0)Yi(0, 0),

m=—I

with
Am(®',9') = [, Pilcos7)Y;5, (6, 2) d2
S
We now, for fixed (0', '), make a coordinate change in the integration variables and integrate
with respect to (v, ) where § is the new angular variable around the axis defined by 7'. Thus

we interpret Y;r (6, ) as a function of (v, 3), i.e. 8 =0(~, ), ¢ = ¢(7, 5).
It can be shown that this change of variables leaves the surface element unchanged.

Exercise: Give an argument for which this should be true.

Thus,
Aum = [ Picos )Y, (60r. 8). (7, 9)d23, ).

But then we can think of this as the computation of the [ coefficient of Y% (0(~, 5), (v, 3)),
for

20+1

A = [T [, Pleos )Y (601, 8). (3, 8)dy, B)

2041
_ A,
A l
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Since there is only one [ in the expansion of Y} (6(v, ), ¢(7, 8)) [for the same reason that
there was only one [ for the expansion of P( COS’)/ ).] We have

N /2l’+1 /2l+1 20+ 1
Y(( ) 75 |wo—z Apo = AlO——Alm

But when v =0 60=6, o=, so

4
v (0, ¢),

Ay = —
m = o1y im

and the result follows.
1

The above identity allows to expand the function 7 with respect to arbitrary axis:

1

|-

_47TZ2Z+1 l+1 Z m(eaw)a

where (0, ¢) and (€', ¢') are respectively the angular coordinates of # and 7’ with respect to
an arbitrary coordinate system.

To show this result, first choose axis so that &’ points in the 2 direction. Thus, the above
expression satisfies Laplace’s equation away from &', and has azimuthal symmetry (think of
it as the potential of a point charge which is on the z axis (at ¥ = (0,0,7’)). And so it can
be written as,

1

|7 — 7

ZClT (H—l)PZ(COS( )

=0

where 7 is the angle between both directions. We shall assume that r := |Z| > /|. To find
the coefficients we take the case where ¥ is also on the z axis, namely, ¥ = (0,0,r). In that
case we should have,

1 [e.e] B [e.e] B
o = 2 G IR = 3 G
1=0 1=0
Comparison with the geometric series gives C; = (1’)! and the result is stablished. The

symmetry of the expression under interchange of # with & implies that if 7' > r the result is
obtained by interchange of r with r’ in the final expression, that is,

00 (T<)l
ﬁ = Z T>)l+1Pl<COS’Y)7

T
o
—

. — —
where < = min{r,r'}, r~ = max{r,r'} and v was the angle between ¥ and .



Chapter 6

Eigenfunction Expansions

6.1 The General Picture

We have seen several instances of the following phenomena:

e In the task of solving particular problems we were led to solve an eigenvalue - eigenfunc-
tion problem:

Given a linear (differential) operator A, find numbers {\;}, called eigenvalues, and asso-
ciated functions {U;}, called eigenfunctions, such that

In our examples A was % or (1— :UQ)% — 2z
e We found that solutions to the specific problems we had satisfied an orthogonality
relation:

<UZ‘,UJ‘ >=10 lf)\l#)\],

where <, > indicates a certain scalar product which in general is some integral.
In our examples,

< UZ‘,U]‘ > g2

dax?

- / " UUde,
0

1 _
< UZ', UJ >(1712);;_22*233 d = [1 UZUJd.CU

dx

e We found a large enough number of solution such that we could expand any (smooth)
function in terms of them. In the first of our examples we found the trigonometric functions,
Un(z) = sin(*2¥), and the theory of Fourier Series granted us that using them we could
expand an arbitrary continuous function in the interval [0, a], provided it vanished on the
extremes. In the second example the fact that we got polynomials of arbitrary order and
Wierstrass approximation theorem granted us similar expansions properties.

We shall see now that these three phenomena are deeply related, and are consequences of
certain property of the operators A which appear in physics.

We shall treat in detail the finite dimensional case, that in when A is just a n x n matrix
and so U; are n-vectors. Then we discuss the infinite dimensional case remarking the analogies

and differences.

93
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6.2 The Finite Dimensional Case
We consider the following problem: find U, a n-vector and A a number such that,
AU = MU,

or

D)\U = O,

with D) := A — A\l where A is the identity matrix. Clearly eigenvectors are only determined
up to a factor, if U is one, so is cU, with the same eigenvalue.

Using the fundamental theorem of linear algebra we have:
The above equation has a solution if and only if detDy = det(A — A\I) = 0.

Now this determinant is a polynomial of degree n in A\, and so we know it has at least one
solution, A\g. Thus we conclude:

There is at least one pair (), Up) solution to the above eigenvalue - eigenvector
problem.

Let us assume now we have two solutions, (A\;,U;), (A;,U;). If \; # A;, then
()\Z — )\j) < UZ‘,UJ‘ >=< AUZ, Uj > — < UZ‘,AU]‘ >

and so for them to be orthogonal it is necessary that the right hand side vanishes. This is
automatically satisfied if < AU,V >=< U, AV >, in that case we say that A is self adjoint.
Notice that this property depends on what scalar product we are taking, with the conventional
one the self adjoint matrices are the symmetric ones. Most of the operators which appear in
physics are selfadjoint, so we restrict the discussion to them form now on.

What happens if there are several eigenvectors with identical eigenvalues? Let the set
{U;} i=1,...m, be eigenvectors with the same ) as eigenvalue. Then any linear combina-
tion of then is also an eigenvector with the same eigenvalue, indeed,

i=1 i=1 i=1

— — i1

Thus we can use the Gram - Schmidt procedure to get a orthonormal base for the subspace
expanded by the original ones. Thus we conclude: The eigenvectors of an arbitrary selfadjoint
matrix A, can be chosen to be orthonormal.

We turn now to the question of completeness, namely whether the above set of eigenvectors
suffices to expand any vector in IR”. In finite dimensions this is simple, we only must check
that we have n linearly independent eigenvectors. Again this is true if A is self adjoint with
respect to some scalar product, <, >.

To see this consider the function f: R™ — IR given by

< U, AU >
HU) = <UU>"
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Notice that, f(cU) = f(U), for any oeR, so we can think of this function as defined in the
sphere in R", S™. Since S™ is compact and since f is continuous there we know it must reach
its minimum at a point of S™, say Uy. We call that minimum value Ao, that is, Ao := f(Up).

Since f(Up) is @ minimum and f is differentiable we must have that the derivative of f at
the point Uy, along any direction, must vanish.

So, defining U, = Uy + A6U, with U an arbitrary vector we must have,

O_i (U)| B < Uy, AU >+ < 60U, AU, >
T Y < Uy, Uy >
B < Uy, AUy > (< Uy, U > + < 6U, Uy >)
<U0,U0>2
2
= —— [« U A - )
<Uo,Uo>[< U, AUy > — o < 0U, Uy >|
2

= W < 0U, AUy — MUy > .

Since 0U is arbitrary we can take it to be 60U = AUy — AUy and then the positive
definiteness of a scalar product implies AUy — \gUy = 0.

Thus we have found an eigenvector corresponding to the lower eigenvalue. But now we
consider the subspace of R" perpendicular (w.rt. <,>) to Uy, H, = {Up}+ = {U | <
U,Uy >= 0 } and restrict f to that space. Again f takes value in the unit sphere on Hy, S"~1,
and reaches there its minimum value, \{, at some point Uj.

Repeating the calculation as before we see that this vector U; is an eigenvector with
eigenvalue \; = f(U;). Repeating the above procedure with Hy = {Uy, Ui},  Hs =
{Uy, Uy, Uy }+ and so on we obtain a set of n orthonormal eigenvectors. Its linear independence
implies that any vector U can be written as linear combination of them,

U= Z aiUi,
=1

with
a; =< UZ,U > .

Exercise: Find a 2 x 2 matrix where this is not true, namely a matrix which has only a
single Li. eigenvector.

Alternative to the proof given above we have the following, which admits an easy gener-
alization to infinite dimensional vector spaces:

Let (H,<,>) a vector space with scalar product, and A : H — H a linear map which is
selfadjoint, < V, AU >=< AV, U >. Then their eigenvectors form an ortonormal base which
expands the space.

We have already seen that there is at least one eigenvector,

AUl - )\1U1
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Consider the space H; = {V € H, < V,U; >= 0} that is the space of vectors perpendicular
to Uy. This is a subspace of H and A : Hy — Hy, indeed, < AV, U; >=< V, AU; >= A\ <
V,Uy >=0 VYV € H,. Thus, there exist an eigenvector-eigenvalue pair in this supspace,

AU2 - )\QUQ

6.3 The Infinite Dimensional Case

We turn now to the infinite dimensional case.

Here we include the functions as a possible case of vectors in an infinite dimensional space,
for we can think of a function as an infinite list of components, f(Z), one for each point & of
IR". In this case it is natural to take as a scalar product an integral, the most common being
the L? scalar product,

<fug>L2:/_ f*gd.’lf,

where we take the complex conjugate of the first member to allow for the case of complex
valued solutions, and we are considering functions defined over R, the case for R" or other
spaces follows by trivial generalizations.

The first difference with the finite dimensional case is that here there exist vectors whose
norm is infinite! So the first step is to exclude them from consideration: From now on
we consider only classes of functions whose norms are finite w.r.t. the scalar product under
consideration.

There are other very important differences with the finite dimensional case but they are
subtle and we shall not discuss them here.

In the infinite dimensional case, linear differential operators can be taken as our A operator
in the eigenvalue - eigenfunction problem. A straight forward generalization of self adjoint
operators follows. Repeating the proof of orthonormality we made for eigenvectors, we also
obtain in this case the orthogonality of eigenfunctions as a consequence of selfadjointness of
the operator under consideration.

We now turn to the problem of completeness of eigenfunctions. The first difference here
is that since the expression

ﬂwzimww

involves a limiting procedure, it is not well defined until we give the norm with respect to
which the limiting procedure holds.
There are at least two important norms which one should consider:

6.3.1 The L? norm.

In this case the distance between two functions f(z) and g(z) is given by

I 5) = o0 = /< = 0. =202 = [ | £ =g 2 da
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For this norm we say that the set {U;} expands f if given ¢ > 0 there exists N, and N
coefficients {CN} i = 1...N such that

N
1 f=>CNU; | 12< e
=1

It is interesting to see what is the best choice of coefficients {CV'}. Since the best choice
would minimize the error, if we define CN(\) = C 4+ A\j; and take the derivative of (for
simplicity) the square of that error, it should vanish.

0 = Lyrosemup
A\ gt i i A=0
d AN YN
= a<f—zlcz ()\)Uz,f—zlcj ()\)U] >|)\:0
i= j=
N N N N
i=1 j=1 j=1 i=1
N
= =Y 6(< Uy, f>—CN)+ complex conjugate.

i=1

since the §;’s were arbitrary we conclude that CN = C; =< U, f > is the best choice.

Note then that in this case the best choice of coefficient does not depend on N, thus if we
would have done the computation for a given N and then needed to do it for a larger integer
N’ we would have needed just to compute the extra coefficients, Cyy1...Cpr.

Note also that for this choice,

N N
1= CU IP=Il f 7. =>_ 1 Ci P
i=1 i=1

and one can compute just the right hand side to estimate the error made.
With this norm and assuming that:

e A is self adjoint w.r.t. this norm.
e A is bounded by below (or above), that is, there exists a constant C' > 0 such that
<UAU >> -C < U, U >,
for all U smooth.

One can go along the steps of the finite dimensional proof and establish the completeness
of the eigenfunction of A in the norm L2, that is in the sense defined above the eigenfunctions
of A expand any function whose L? norm is finite.
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6.3.2 Point-wise Norm

In this case the distance between two functions f(z) and g(x) is given by

I'f(x) = g(@) llo:= sup, g | f(z) —g(x) |,

which is the distance which one is more used to.
Here we shall say that f(x) can be approximated by the set of functions {U;} constants if
given any € > 0 there exists N > 0 and constants C¥ such that

N
I f=>CYU; |o< e

i=1

In this norm is not so clear what the best choice of coefficients is, but if we take the ones
of the case before, which computationally is very handy, in many cases of interest one can see
that continuous functions are well approximated by eigenfunctions of self adjoint operators.



Chapter 7

The Theory of Green functions

One of our first results in electrostatics was the general solution to Poisson’s equation for
isolated systems,

¢(f) = /]R3 |:§($) d°7.

— 7 |
We shall call (%, ') = ﬁ the Green function of the problem and notice that

AY(Z, T) = —4nd(7 — 7).

Can one find general solutions for other boundaries conditions, for instance and to fix ideas,
for arbitrary distributions of charges in the presence of a conducting body? The answer is
yes, and the machinery to find them is based in the following identity, called the second Green
Identity:

[ Was —oav)dE = § [vi- Vo - oavids,
which follows easily by integration by parts and application of Gauss theorem.

Taking (&) = (7, &) such that Azp(Z,7') = —4no(Z — ') [which is satisfied by any
funcion of the form (Z,7') = %f” + F(x,2') with F(Z,#') such that AzF(Z,2') = 0, and

-2
¢(Z) a solution to Poisson’s equation, A¢p(Z) = —4mwp(Z), the second Green identity gives,
Jy W@ &) (—Amp(@)) + Amp(2)d (7 — &) d°T =

Notice that this is not yet a formula for a solution, for it is still an equation, since ¢(7")
appears in both sides of the expression. But we can transform it into a formula for a solution
if we choose conveniently ¢ (7, '), that is F/(Z, ') as to cancel, with the help of the boundary
conditions we want to impose on ¢(7), the boundary integrals.

99
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For instance, if we would want to give as a boundary condition the value of ¢(Z) at
OV, ¢(Z)|ov = f(Z), we would choose F(Z,7") such that 1(Z, )]sy = 0 and so we would then
have,

&(F) = /‘wga ;fd3*—-—— ) f@)n- V(@ )ds

We call this function, ¢(#, ') the Green function of the Dirichlet problem for V', and no-
tice that it depends on V' and its boundary.
Notice that this function satisfies:

A(E,7) = —4md(@ - T)
’g/)(f,f’) |f€av = 0,

that is satisfies the Dirichlet problem for a point-like source of strength one at ¥ with homo-
geneous boundary conditions.

Exercise: Show that 1(Z,7') is unique.

In a similar way we can find other Green functions adapted to other boundary problems.

7.1 The Dirichlet Green function when 0V is the union
of two concentric spheres.

We have already found two Green functions, namely the one corresponding to a unit charge

in an otherwise empty space, (7, ¥') = ﬁ, and the one corresponding to a unit charge in
the presence of a conducting sphere of radius a at zero potential, namely equation (4.7),

1 a

¢(f7 ‘/L_y) - — — - -
Z=7] |z — 2L
]2
We shall deduce again this expression using the machinery we have learned in the previous
chapter.
We want to find the Green Function when 0V is the union of two concentric spheres. That

is a solution to:

Ap(EF) = —dnd(@ - 7)
w(f,l’) M—’|:a =0
7/}<fa fl) ||f\:b =0

First we notice a general property of Dirichlet Green’s functions:

V(E, 7)) = (T, 7). (7.1)
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Figure 7.1: Two concentric spheres and a point charge in between

Indeed,

= [ @80 Vil &) () ¥ ()
|4

For the Dirichlet Problem (v, %) | Geov="0, therefore the surface term vanishes and so the
result follows. It is clear that this is also true for the homogeneous Neumann problem. Had we
have considered complex green functions, then the result would have been, ¢(&, Z) = (%, 7).

We now return to the problem at hand. It is clear that it is convenient to write all

expressions in spherical coordinates. We already know the expression for the right hand side,

7 —-1) = 6(r— 7")%25(90 — ¢")0(cosf — cos )
/ 1 = : * / /
S (ERGES S SR O\ AU
=0 m=—
= 0(r—1")o(r,0,0,¢,¢), (7.2)

where we can think of o(r, 0,0, ¢, ¢') as a surface distribution. We also know the general
expression for a solution to Laplace’s equation, which will be valid at all points where & # ',

00 l

VET) = 3 (A, 0, @)+ Bin (1,00 ) r Y00, ).

=0 m=—1
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It will be discontinuous at ¥ = &', so we expect the solution to have a given form for for r < r/
and a different one for r > r’ Since (%, 7")|,—a = ¥(Z, 7")|,=p = 0 these expressions must be,

— = = : / / / a'2l+1 /
VET) = 3 3 AR = T in0,0) <
=0 m=—1
B 00 l . b2l+1
’g/)(f,:f) = Z Z [A> (r/70,790/)(r - m)]YEM(Qaw) r>r
=0 m=—

Continuity of the potential at r = 7’ (at points other than where the point charge is)
implies,

a21+1 b2l+1

Z Z (r, 0, ") — Z Z (r, 0", ") (o' — 7Y (0, ¢)

=0 m=—1 =0 m=—1

Using the orthogonality of the spherical harmonics we see that for each pair [, m we must
have,

- , , . a2l+1 - , , . b2l+1
Alm<r7 0 P )(T - m) = Alm(,ru 0 P )(T B m%
and so,
b2l+1
!
Alfn(rla 0/7 90,) - Elm(T,7 0/7 90,) (T, - m)
21+1
1 a
Al>m<7j7 9/, (p,) = Elm('r,’ 9/, (p,> (7’, — m)

For some functions Ey,, (1,0, ¢’). To find them we look now at the matching conditions at
r =1/, we can consider the delta function there as a surface distribution (which in itself, at
(0,0) = (¢,¢"), is a distribution). So we must have,

O (r,r' 0,0, 0,0 — 0(r, ", 0,0, 0, )" = dmwo(r,d 9’,s0 ©')

S Y 0.

=0 m=—1

where 0,4 (r, 1", 0,0, ¢, )"+ = limy 7 0pp(r,7",0,0", 0, ") (limp~ 0 Optb(r, 17, 0,0, 0, ¢')). Af-
ter cancelling all the (0, ¢) angular part —using ortogonality of the spherical harmonics— we
get,

. P p b21+1 1 a21+1 1 2041 p a21+1
llmr’—)rElm(r 79 P )[(T‘ - m)(lr + (l + ]') rl+2 ) - (l’l" + (l + ]') rl+2 )(T‘ - P+ )]
b2l+1 1 a2l+1 b2l+1 . a?lJrl
= B8 A0~ S+ (DS — 0 ) S - S
— El (7, g © )2l + 1( 204+1 _ b2l+1)

dm *
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and so,
4dr 1 N
Thus,
l 1 . b2l+1 ; a2l+1
r — * / /
TP(J% ) - _471-12;7”21 (2l + 1)(b2l+1 _ CL2l+1)< - Tl>+1 )(T - Tl+1 )lem<9 @)Em(e » P )

Exercise: Use the symmetry under interchange of variables of the Green function to get the
solution up to constants depending only on | and m.

There are several limiting cases of interest:
Case 1: a — 0,b —

— 1 *
YET) = S Y SR 00
=0 m= _'_1

B 1
CE=2)

and we recuperate the Green function for isolated systems.
Case 2: a — 0, b fixed, or interior problem.

. 1 b2l+1 )
’l/)(l’,.’f,) = _47TZ Z 2l b2[+1< l - l+1 )T<}/lm<9 @)Km<9/7gpl)

=0 m= _'_ r>

= Yy e Ty 0 v
i 2l _|_ 1 b2 l+1 T>+1

B b

A

|T|?

which was the result already obtained by the method of images.

Exercise: Use the expansion of fl_ﬂ and the substitution r,r" — r,b> = r" and r < r' to

check the last line in the above deduction.

Case 3: a fixed, b — 00, or exterior problem

o 20+1
GEF) = amY Y s = ) Y in0, i 0 )
= Y i i,V 0 )
= 2041 7’”1 ot g A P)im Y @
_ 1 a
=T e - 2
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It is interesting to recall what we have done in solving the equation for ¥(%, ). That
equation is second order so in general one should specify two boundary conditions, for in
general there would be two linearly independent solutions. If we depart from r = b inward
and towards r = 7/, we must spend one boundary condition in giving ¢(Z, Z')|,—, = 0. If we
depart from r = a outwards and towards r = ' we also waste one in setting ¢ (%, @’)|,—, = 0.
For fix " we must use another to set equal both solutions at r = r’. It remains one boundary
condition to be settled. One could imagine using it to set both first derivatives equal at r = 1/,
but that can not be done, unless all boundary conditions are taken to be zero, for the only
solution to the homogeneous equation with zero boundary conditions at r = a and r = b is
the zero solution. The last parameter has to be chosen then to regulated the strength of the
source of the equation, it sets the jump on first derivatives. See figure

Figure 7.2: The interface problem

7.2 Some examples using the spherical Green functions

7.2.1 Empty sphere at potential V (6, )

Recall that if we have Green’s function for Dirichlet boundary conditions, then

0@) = [ p@VeE )~ f V) oo, )8,

where is the volume inside the sphere of radius b, satisfies

AY(F) = —dmp()
d@lov = V(@)
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Thus, we must compute 7 - ﬁfﬂ/}(i”, 7).

For the Green function corresponding to Case 2, which is well suited to study interior (to
the sphere) problems we have,

V(7)) = a—¢(f,f’)|r/_

17“7“ :

r *
- il Z Z 25+1 (U = 00 im0, 9)Yi 0 )

Since in this case r’ = b, and therefore r < r/, it suffices to compute

d 1.1r, rt I or'r 1+1 7 2041
()~ (r’)(lﬂ)) = () + = (r’)(l“)“/:b) T e
SO
]- A — *

=0 m—fl

Thus, for instance, the solution to Laplace’s equation (p = 0) inside a sphere at potential
V(0,¢) is

0,0 =5 3 (1¥inl6, ) 0D, VOO )

=0 m=—1

7.2.2 Homogeneously charged ring inside a sphere at zero potential

Figure 7.3: Homogeneously charged ring inside a sphere at zero potential

In this case the charge density is given by

Q

2ma?

p(a') =

8(r' —a)d(cos®'),



106 CHAPTER 7. THE THEORY OF GREEN FUNCTIONS

where a is the ring radius and b the one of the sphere. See figure.

o) = [ o&)0le )P = am) GG~ ) Rlcos)R(0)

with r~ = max{a,r}, r- = min{a,r}.

But
A (0) 0 [ odd
= —DY2(1=1)
! ED =D ;l)/Q(l(/ZQ)P” [ even
S0,
20—-10" 1 ,ra r?
ol 0.9) = 203 T GG - ) Pafeoso).

7.2.3 Uniformly charge rod inside a grounded sphere

Figure 7.4: Uniformly charge rod inside a grounded sphere

In this case,
o) = 2
20 27r"?

Using the Green function of the problem we obtain,

[6(cos @ — 1) 4 §(cos @' + 1)]

T — S b1 / l< /
01) = 5 SR + A1 R(cost) [T ()~ il
Let
b1 / l , b1 / , l ) b (11 )
h= [0 = = [ o= [ e [

then for [ # 0,
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. A 1 7,l+1+r_lrl(_l) b
PRI 41 [+ 101 ] r
ryg 1 1 ryl 1 T 2041
= - = — — ) - — — = — _1
T W@ Uy
while,
b
Iy, = —In—=1In-
r
Since Pj(1) =1 and P(—1) = (—1)" we have,
L Q r > rigy A4+1
=—[-ln-+2) [1 - (-)*=—=P. 7
o) = =g +2 301~ () gty Paleost)

Exercise: Compute the surface charge density induced on the sphere.

7.3 Construction of Green Functions Using Eigenfunc-
tions.

Let us assume we have a linear differential operator, A,, the Laplacian, say. we are interested
in finding its Green Function, for certain fixed boundary condition.
That is, we want to find a function (%, ') such that:

A(W(Z, 7)) = —And(T —7) i V

Bo(7,7) =0, in 9V

where B, is some linear, possible differential operator in 9V, which gives the boundary con-
ditions.

For instance B, = 1 gives Dirichlet’s boundary condition, while B, = n - Vs gives Neu-
mann’s.

To find +(Z, Z’) one can look at the associated problem:

BU(Z) = 0 in 9V

That is, the eigenvalue - eigenfunction problem for A, with the same boundary conditions
as we want for the Green function.
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If A, is selfadjoint for these boundary conditions, then the set of eigenfunctions, {U;}
1 = 0,... form a complete set and therefore the Green function, as a function of Z, can be
expanded as:

oo
V(T F) =) ai(@
=0

for some coefficients a;(Z), but then
Ap(Z Z Xia; (Z — —4ro(i - 7).

multiplying by U j(), integrating over V' and using the orthonormality relations for the Us
we obtain:

(lj(l_y)Aj = —4WU*(5/)

and so

Remark: For this formula to be valid the operator A, does not have to have an eigenfunction
with zero eigenvalue for the required boundary conditions. If there is an eigenfunction Uy with
zero eigenvalue, then we can consider

< (7 )Ui(7)

(7, —47TZ

but now only be able to find solutions for sources which do not have components along Uy,
that is, sources such that:

N0

Z

/UO )T =0

If this condition, called an obstruction, is not satisfied, then there is no solution to the
problem. Note also that solutions are now not unique, if ¢ is a solution to our problem, then
¢ + Uy is also a solution.

Remark: If the operator A, is selfadjoint for the boundary conditions B,, then if U; is an
eigenfunction, so is U;, and both for the same real eigenvalue. This implies that (%, 1) is
real and so that (7, %) = (T, 7).

Remark: For most selfadjoint operators in compact sets the set of eigenvalues do not accu-
mulate around any finite value and so the number of obstructions are finite.

Exercise: Analyze the obstruction for the Neumann problem A¢ = —4nwp in V', i - ﬁgb =g
in OV for finite V. Give a physical interpretation to it.

Answer: according to Gauss theorem,
/ A Vod®S = —4rQ)
oV

where () is the total charge,
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Q= /Vp(f) 7.

Thus there can ony be a solution when,

L/ng:—MQ.
oV
How do we see this form our construction? The problem,
AU =NU; €V, a-VUloy =0

has a eigenfunction with zero eigenvalue, Uy = 1/4/vol(V'). This is the unique one, indeed
asumme U is an eigenfunction with zero eigenvector, then AU = 0, so, integrating over the
volumen UdU, integrating by parts, and using the boundary condition we find that VU =0
from which we conclude that U is constant.

Thus the obstruction is that

/ pUO =0
vol V)

for the homogeneous boundary condition.

We shall see now how to proceed when the boundary condition is not homogeneous. For
that we first define 0 (%) = ¢ — $, where ¢ is any smooth solution defined in V such that
n- Q§|av = ¢g. Thus we have now the homogeneous problem,

Ad¢p = —dmp— A¢:= —4ndp
i Voploy = 0

So we can apply our Green’s function construction. Indeed if (7.3) holds, then

/ﬁff:&
1%

For those pairs (p, g) the solution will be given by,

00(7) = [ v@ ) 7

= [ V@) + A &
-/ ¢<f,f'>p<f>+7Aw<f,f>¢> B+ i V6 g Ve s
:/¢~4 (®+%ﬁﬂmvmw (7.3)

where in the second and the last line we have used the properties of Green’s functions, and on
the third Green’s identity. Thus we reach to the known expression for this class of problems,
but knowing that it sis only valid when the integrability condition (7.3) is satisfied.

If the condition is not satisfied, the above expression will give some function, but it will
not satisfy the equations for the p and g given, but rather for a pair proyected into a subspace
where the condition holds.
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Chapter 8

Dielectrics

8.1 The Nature of the Problem

So far we have solved two types of electrostatic problems and its linear combinations:

1.) Fixed charges problems.

2.) Completely free charges inside conductors.

For the first case, we know some distribution p(Z) and look for solutions to Poisson’s equa-
tion for that distribution, which can be done, for instance using appropriate Green functions.
For the second, the property of charges to move freely translate into conditions the potential
must satisfy at the boundary of the conductor.

We want to discuss now a case in between these two, which allows to treat many situations
of practical interest. It is the case where the sources are almost fixed and only react weakly
to the presence of an external field. We want to find the extra electric field that this small
reaction produces.

To fix ideas we consider the following simple case: the ones we shall be considering as
external.

Example: Uniformly charged sphere hanging from a spring in an external electric field.

We consider a uniformly charged sphere of radius a hanging from a spring in an external
field which is also along the vertical direction.

Before applying the external field, and choosing the equilibrium position as the coordinate
origin the initial electric field is:

B o_ %ﬁ, r>a
i Qr ~
“Zn, r<a

where () is the total Charge of the sphere.

When we apply the external field EO we exert a net force on the sphere of strength
F, = QEO, and correspondingly there will be a displacement of the sphere a distance d = %,
where k is the spring constant. That displacement means that if the initial charge density
was po(Z) it is now p(Z) = po(Z — d). We want to know the field configuration after this
displacement.

Of course the answer is simple, the new configuration is the sum of the external field azld

QL)
-

of the field corresponding to the sphere of uniform charge in the new position, d =

111
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&

Figure 8.1: Charged sphere hanging form a spring

But we want to find it as a departure from the original one, and just in first approximation.
To do that we notice that the difference between the final configuration and the initial one,
0F = Ey — E;, satisfies:
V-SE@®) = 4rpo(Z —d) — po
~ —dxd -V po(7)
~ —47V - (dpo(Z)),

(2)]

or

ASH(E) = 4drd- Vpo(Z)

—3Q T
= 3 (r—a)d-n
= —Ano(Z)é(r — a),
with  o(Z) = Iggcf .
ma

Thus our problem is to solve Ad¢ = 0 inside and outside the sphere, with the boundary
conditions:

- 6((sgbout - 5¢in)|r:a = —4no
(0Pout — 6@in|r=a = 0.

Since the solution must depend linearly on cf, the only possible combinations of the Laplace’s
equation solutions which are allowed are:

. d-z
5¢Out(:c) = B——

r3
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&

Figure 8.2: Charged sphere hanging form a spring

Spin(Z) = Cd- 7.

The matching conditions then imply:

o o B- )
n'v(aqbout_(s(bin”r:a - E(T—an—Cr 'TL)lT:a
7 A 2B, 3Q > .
= O ) =g
B -
and (5¢out_5¢in)|r:a = a(—C+$)dn+O

Thus, B=0Q, C= (%, or in terms of EO,

5¢:{ T r>a

or

We see that outside the sphere the electric field difference, besides the constant field,

a dipolar field corresponding to a dipole P = _QIiE & while inside the constant field has

diminished its strength due to the presence of an extra constant field ;TQ;EO.
Remark:
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1.) If we define

P(&) = dpo(7)
= %Po(f)ﬁo,
30

= mﬁoe(a — T)

then D = E(Z) + 4w P(&) satisfies,
V - D = 47py ().

This field, called the electric displacement vector has a continuous radial component, but
the angular components have jumps across r = a.
2) Note that E and P are linear in EO, to the approximation we are working with, and

so P is linear in E. We define the electric susceptibility x. by the relation:
P=x.E
3Q?
Am(ka®—Q2) "
Defining, ¢, the electric permittivity by the relation, D = ¢F, in this case we have,

For this case: x. =

5:”4%:;37_32

8.2 A Microscopic Model

With the above example in mind we want to discuss now how real materials behave when
electric fields act upon them. Matter is made out of groups of molecules, each one of these
molecules can be modeled as a set of spheres hold in some equilibrium positions due to springs
connecting them. Of course for this case we can not compute all displacements due to some
external field and compute the resulting fields. Instead we content ourselves by looking to
some averaged fields and, after finding equations for them, impose certain phenomenological
relations between them.
To fix ideas we consider a solid with a charge density given by

P(T) = prrec(T) + D Y Gm)d(T — Ton = Tim))

m j(m)

where, prre.(Z), is the charge density of freely moving charges, 7, is the center of mass
coordinate of the present, fixed molecules, and ¥y, is the, relative to the center of mass,
displacement of the “j - sphere" in the molecule m. These last displacements are supposed to
change when external fields are applied.
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Figure 8.3: Individual molecule

The free charge contribution to the solution is dealt with as in conductors and so will not
be discussed further. Notice that if that free charge is present in any reazonable ammount,
then the material would behave as a conductor and so no polarization effect would be present
in the bulk of the material. It basically ammounts to have an infinite value for ¢.

We shall consider now space averages over distances which are big compared with the size
of individual molecules, but still very small in comparison with the smallest regions on which
we measure macroscopic electric fields. A typical distance in solids is L = 10 %cm, in the
corresponding volume are housed typically about 10° molecules.

—

b dY
23

N Averaging region

Figure 8.4: Molecules in a solid

Given smooth, compactly supported function in R, ¢(s), such that p(0) =1,
47 [ p(s)s?ds = 1, we define for each function f: R* — R

Fol@) = [p 017 = ) ()

The most important property of this averages is:

V@) = [ VasllE = D@
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= — [ Vo7 = D@7
= [ 213 = DV, F @)
= (6;,3]”(3_7’))@

Since the surface integral at infinity that results from the application of Gauss theorem

in the third step vanishes, for ¢ is compactly supported. If we apply these averages to the
static Maxwell’s equations we obtain,

VAE, = 0
V- E@ = Admp,.

This are now equations for averaged quantities over much larger scales than those charac-
teristics of the matter scales. ! This field is not the field which is felt by individual molecules,
but rather the averaged field produced by other molecules and external fields, the own molec-
ular field can be much bigger, but mostly participate in creating the initial molecular equi-
librium configuration.

The task now is to accurately enough describe p,, in terms of known quantities. Taking
the molecular charge distribution we had defined above we find:

()o@ = [og 0l17 = oG

= Z qj(m)¥ (|7 — T — x](m)‘)
j(m)

Expanding ¢(|7 — &, — Zjm)|) in Taylor series around & — &, we obtain

—

(Pm)o(T) = X2 Giom P17 = Fm]) = Tjom) - V(|7 = Tm]) +
1 i k 872 (]
o Vitm)Tj(m) §igk ¥

= qm¢(|f— Tml) = P - V(|7 = Trm)
2

T—Zn|) +

1 - S

with
m = Z dj(m)
i(m)
P = Z%(m)@(m)
ik .
Sm = Z%(m VT )

!The fact that we get the same averaged equations for any average is due to the linear character of the
equations, which we shall also assume in the way the electrostatic field affects the matter.
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This in turn can be written as,

B, - o 1S

where,

punsl@) = o1 = Fnl) = [y 0017 = 7m0 = E)

8y

Pnp@) = PplF = Ful) = [ 07 = IFn0( = E)'F,

etc. are smooth out (with ¢) molecular averages, and where we have used,
B VllE=nl) = [y = Ve llF =)0 —) &5 = =V [ o= 510 (En—)AF.

Summing now over all molecules we get,

— —

Pe = Pp =V Py

—

ﬁ.(ﬁ.g@)jL...

Since all except the first term are divergences we could write:

= —

VD =47(p+ pfree)

with 5¢:E¢+4Wﬁ¢—2wﬁ~§¢+-~-

The above, plus the equation VA Ew = 0 are the two equations we shall now be interested
in. But they can not be solved until we relate 5¢ and El,.

The fundamental assumption is that ﬁ, S , and all other similar averaged quantities are
caused because of the applied external electric field, and that their relation are local, we
assume: B o

D(7) = D(E(T))

Expanding this relation in Taylor series,

[D(@)])' = [Do()]' + 1, (@) [E@)) + et (D) E@) [E(@)]" + - -
Usually the averaged interior fields vanish, and so ﬁo(f) = 0. This is for sure the case for
isotropic media, for there is no privileged directions and so necessarily Dy(Z) = 0. In general

the first term in the series suffices to treat most materials with weak external fields, and so

—

D@ = ;@) E@).

On isotropic media eij, as a linear map, can not have any preferred subspaces and so
Eilj = £6'j, thus
D(Z) = e(2)E(Z).

Thus, the equations to solve now are:
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VAE = 0
V- (eE) = 4m(pfrec + p),
or with the ansatz E = —6¢,
V- (86(?) =eAp+ Ve Vo = —AT(pfree + P)-
Example: A point like charge ¢ in a medium with permittivity ¢ > 1, constant.
In this case pyree = q0(Z) and p = 0 2. We have chose the coordinate origin at the position

of the point_ like particle. Gauss law is now Vahd for D and since the problem has spherical
symmetry D can only have radial component, D= D(r)n. Therefore

drg = /52( | D(r)r?dQ) = 47 D(r)r®

that is,
q
D<T) = ﬁv
and
I 2
E--D=12
€ er

Since € > 1 we see that the electric field the charge generates is in this case smaller than
if the charge would have been in vacuum. This phenomena is called screening and is due to
the microscopic dipole alignment along the electric field direction and so any sphere centered
at the point-like source has a real charge given by 2.

Example: Point like charge at the center of dielectric sphere of radius a.

Inside tbe sphere the result must be 1dent1cal to the one of the prior example, that is:
D=% [E=29 Qutside D= E(=1)and E = q" We see that D is continuous across

r2o
the surface del1m1t1ng the dielectric, that is, where & Jumps, while E is not. The jump in E
corresponds to a surface charge density given by:

| | 1
40 = - (Bt — Bin)ly—a = aiu ~ ).

2 Actually this is not a free charge, in the sense that we have fixed it to stay in a point, but we call it free
to distinguish it from the averaged charges, for here it is used just to create an external field
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Figure 8.5: Charge at the center of a dielectric sphere

8.2.1 Matching conditions for dielectrics

Most of the problems one has to deal with when dielectrics are present consists of bodies with
constant permittivity in their interiors, thus we depart from Poisson or Laplace’s equation
only at their boundaries. That is, in most cases the presence of dielectrics manifests itself
only through boundary conditions.

In general, given a surface S where ¢ has a discontinuity we have:

—

Dy -f=Dy-n,
or
81ﬁ : V(bl = 82731 . V¢2,
and consequently, a surface charge density,
4o = (El—EQ)ﬁ: (———)Dﬁ
&1 £9

This can be seen applying Gauss theorem to an infinitely thin pillbox surface enclosing a
section of the discontinuity surface.

Since VA E = 0, the same argument as the one used in the vacuum case can be applied
and integration along a very thin loop at the surface implies:

(El - Eg) /\’fl|s — 0
or . .
(Vo1 — Vo) Ai|g = 0.

Thus all derivatives tangential to the interface S of ¢; — ¢ vanish and so (¢ — ¢2)|s = ¢ for
some constant c. Therefore if we can arrange for ¢ — ¢ = 0 at some point of .S,

(1 —@2)ls =0
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VACUUM

Figure 8.6: Pill box in a dielectric material

This in general can be done, for it is just the requeriment that there will be no discontinous
increase of energy when bringing a test charge from infinity through the interface. Thus we
find that the potential must be continuous along the boundary.

VACUUM
V2

v V3

Figure 8.7: Loop in a dielectric material

Example: Dielectric sphere in a homogeneous external field.

Since there are no free charges present in absence of a external field, EO, both, D and E
should vanish. Thus the solution should depend linearly on E.

But then,

¢in = aFby-7
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Figure 8.8: Dielectric sphere on a constant external field

—
—

Eo'l’

¢out = BEO £+’y 3
for these are the only regular solutions to Laplace’s equations that can be build out of just a
radial coordinate and a constant vector, and are linear on that constant vector 3

Since ¢(Z) — —E, - Z when |#| — oo, to recuperate the constant field away from the
influence of the sphere, we have, § = —1. The boundary conditions at the surface of the
sphere should give us the two other constants. They are

Pin(r =a) = Gou(r =a)
9in Obout

Ein 87’ |r:a Eout 87’ |r:a~

Since all terms have the same angular dependence (7 - EO) we can factor it out. The first
condition give us,

v

Oé:—l—l‘g

while the second,

2y
Einlt = 5out(_ - E)
Solving this system we obtain
—3Cout 7 €in — Eout

= ) — )
2Eout + €in a3 Ein + 250ut

3Recall that Laplace’s equation solutions which are regular at the origin are of the form S% LT Xy,
with S¥* symmetric and without trace. Thus, in our case %% can only be build out of Ey, and linearity

implies that only the dipolar field survives. Without imposing linearity we would have also, for instance
5% = EyE} — 369 Ey - Eq.
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therefore,
E’_ _ 3€out E
in 0
28out + Ein
3 3
= — CL_ Ein — €out 3a €in — Eout , )

E,:. = FEy(l — Eq - n)n 8.1
' 0< +T35in+25out) 703 5in+250ut< ormm ( )

When €, = €4, We Just get the externa] ﬁe]d everywhere When ¢,,; = 1 and &;, — oo

(uncharged conductor), E;, — 0 and Eqy — Eo+ % (EO — 3(Ey - 2)A).
Notice also that if €,,; < €;,,, as is the case if out81de the sphere we are in vacuum, them

—3fout 1 and again we have screening.
2eout+ein

8.3 The Electrostatic Energy of Dielectrics

We want to study now the energetics of a system as the one on the figure bellow, that is a
dielectrics body between an array of conductors.

If we bring from infinity to the surface of, say, a conductor C a charge dq, then we would
be giving to the system an energy given by

e

§D -7 dS,
A oCy

6 =V'iog =

where we have used that, since C] is a conductor, dg would distribute in its surface creating
an increment in the surface charge distribution, do, which in turn can be expressed as an
increment in D, 6o = —ﬁ(éﬁ -7)|oc,, where we have taken the normal towards the inside of
the conductor.

Since the potential ¢|sc1 = V! we have,

6 = —— ¢ ¢D-ndS

_ /[w Vo + ¢V - 0D d*%
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where V' is the space outside the conductors

Using now that E = —ng) and V- D = 0 — we are assuming there are no free charges
outside the conductors — we have,

1 L
0 = - | B-6D dF.
dm Jv
Thus we have an expression for the infinitesimal change in energy in the above configura-

tion of dielectric and conductors in terms of £ and D.
If we assume a linear between E and D, D = cF, then,

1 L
0 = | eE-9E &'F.
A7 Jv
This variation corresponds to an energy given by,
1 | = = o
E=o [eB-Edi—_ [ B Dz
8w Jv 8w Jv
To see this in some detail, consider reaching the final configuration of conductors and
dielectrics by slowly increasing the potential of all conductors simultaneously and at the same
rate, thus the change in the electric potential at the conductors surface will be of the form,
Vi(A) = AV? thus, E(\) = A E and correspondingly we will have dE = Ed\. That is, the

field will increase from zero to a final value without changing its direction nor their respective
magnitudes from point to point. We then have,

1 oL
£ = —/[/ \eE - E d\ &7
A Jv-Jo
1 1 Lo
_ —/ AdA/sE-Edgf
47

87T
(8.2)

\\

1
8T
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Chapter 9

Stationary Solutions: Magnetostatics

9.1 The General Problem

Recall that the equations satisfied by the stationary solutions are:

VAE = 0
V-E = dmtp
— — 4 —
VAB = =
&
V-B 0.

ol

-

We shall assume that p(t, Z) = p(Z), J(t, %) = J(&) , with V - J(Z) = 0, are given.
We already know how to solve the first pair of equations, so we now concentrate in the
second pair, called the magnetostatic equations:

VAB = —J (9.1)
V-B = 0, (9.2)
where J(t, ) = J(Z), with V - J(Z) = 0, is given.

Notice that this last condition in .J| (Z) is needed, for the identity V- (6 A 17) = 0 applied
to the first equation above implies it.

Notice that in contrast with the static equations the sources in this case have vectorial
character and so they appear in the vectorial equation and not in the scalar one as in the
static case.

As in the electrostatic case our strategy shall be to first find a way to solve trivially the
sourceless equation, in this case the scalar one, and then concentrate in the other one. To do
that we introduce the vector potential, ff, that is assume the magnetic field is of the form
B=VAA

With this ansatz, then the second equation, the sourceless one, is identically satisfied, as
follows from the vector calculus identity mentioned above. The curl equation becomes now,
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where we have used the vector calculus identity
VANAV)=V(V-V)=AV.

The above equation can not be considered a system of three equations, one for each
component of j, for three unknown, each component of ff, for they are not independent
equations. Indeed, if we take the divergence of the left hand side we get identically zero. In
fact it is easy to see that the above equation does not determine uniquely /_f, for if A is a
solution for a given j, then A = A + VA is also a solution, for any given smooth function A,
for V(V - VA) — AVA = V(A)X) — AV = 0.

The lack of uniqueness of A does not affect the uniqueness of B as solutions to the
magnetostatic equations, for

B=VAAL=VAA+VA(VA)=VAA=E

We can use this freedom in the choice of vector potential to get a simpler equation for it.
We do that imposing to the potential an extra condition which makes it unique. That extra
condition is only for mathematical convenience and has no physical meaning. The most
convenient one is to require that V-A= 0, which is called the Coulomb Gauge. In this case
the equation for A becomes,

47 >

Aﬁ@:—7ﬂ@, (9.3)

which, if we express the vectors in cartesian components, is a system of three decoupled
Poisson equations. In cases where this equation has a unique solution we obtain a unique
vector potential A(Z).

Can one always find a gauge where V- A = 0?7 The answer in most cases is affirmative,
supose you have a solution in some other gauge, that is an A such that its divergence is not
zero, then one can solve A\ = —V - A for some field \ (provided VoA decays sufficiently fast
asymptotically), and so the new potential, A=A + VA will have, V- A=V A +AN=0
and so will be divergenceless.

9.1.1 Isolated systems of currents

In particular for isolated systems we already know the solution to the above equation (9.3),

o L S0y
Ay =~ [, =
O =ClrT-a

provided that A and J are expressed in cartesian coordinates.
Exercise: Show that A, as defined by the above integral, satisfies V-A=0.

But, do we get by this procedure all solution to the original magnetostatic equations? For
isolated systems this is so, as the following theorem asserts:
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-

Theorem 9.1 Systems (9.1 - 9.2) and (9.3) are equivalent, in the sense that given J(Z) in
R?, of compact support and with V - J(Z) = 0, for each solution B(Z) of (9.1- 9.2) there exists

a unique solution A(Z) of (9.3) and vice-versa, provided both decay asymptotically sufficiently
fast.

Proof: Let J(Z) be given and let B(Z) and A(Z) be the corresponding unique solution of
(9.1 - 9.2) and (9.3) respectively, decaying sufficiently fast at infinity.

We first show that if B satisfies equations (9.1-9.2) then it is unique. To see this we take
the curl of the first equation to get,

0=VA(VASB)=V(V-6B)— AdB,

where 6B is the difference between two solutions with the same given J. We use now the
second equation to eliminate the first term on the right and get,

ASB = 0.

Expressed in cartesian coordinates this is a decoupled system of three Poisson equations and
from their uniqueness, for the case that the magnetic field decays asymptotically, it follows

that 6B = 0. Thus, if we show that B =V A A also satisfies the (9.1 - 9.2 ) equations, we
would conclude that B = B =V A A. The curl of B is

—/

VAB = VA(NVAA
_'_

But, taking the divergence of equation (9.3), and using that V-J=0we get,

—,

A(V - A) =0,

and the uniqueness of Poisson’s equations then implies V-A= 0, so we conclude B satisfies
system (9.1 9.2).

Example: Circular Current Loop
In this case,

J = Je,
= Jy(—sing é, +cosy é,)

with J, = I'sin§'d(cos 9')@%’1).

Exercise: Show that across the plane ¢ = ¢, the flux of Jis 1.
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A d
< [
- ~. I
TR |
i
/ /. ’\I =
&J '
/]'

Figure 9.1: Circular Current Loop

Expanding is spherical harmonics we get,

—»—»/
xr—

l l

. I sin @' 6(cos 0)5(r' — a Yim (0, 0)Yr, (0, ¢
Ay = L[ SO =0) L ViGN

¢ @ =0 m=—1 2l+ 1
!

%(—SIHSO x + cos ¢’ ey)r dr’ sin 0'd0’ dy’

drla & rl<

2T
= Z Z 2Z+’1 rl+1/0 Y*(z,so)(siw’ és + cos ' &) dip!
= —1

But,
21
/ Y (2 ') (sin g &, + cos ¢’ é,) d¢’
L e —e e fei
= [V N T et Ty e i
and
27r
* zgp d(p
20+ 1
+ 7r5m1
and so,
nla & 1t (l—1)!
A 9 — < Pl O P 9 . A
(r,0,¢) o l+1[ (0) 5 (cos )(l+1)'e (16, + &)
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Using now, P, (z) = (—1)%1_1)?Pll(x), the above expression becomes,

- mla & 1 . ~ ~
Ar,p) = Z pes 1)Pﬁ<o>Pf<cos 0)[~2sin e, +2cos g,
=0
27T]a ©
= Z Tl+1 l )Pll(O)Pll(COS 0)]7
=0

where,

Pl( ) 0 l even

0) =1 0"'re+d)

l _
Teor@ (=2 tl

Recall that the Gamma function takes the following values,
1
P(n)=n!, T(n+=)= V—f(zn — 1)

Far away from the source, (r~ =1, r- = a), the leading contribution will come from the
first non-null term, that is,

>  rwla® R rla® .
A(r,0,p) = —?H (cos@)e, = - sin é,,
_ wla? R R
= —3 (—yé, + zé,)
mAZ

9

r3

with m = %211% = (Area of circular ]oop)%l%. To this approximation the magnetic field is,

— — — = T?l/\f = 1 - — 1 = - — —
=VAA = VA( = ):V(ﬁ)/\(m/\x)+ﬁ(m(v ) — (m-V)T)
37 L. 3mom
= (?)/\( A T) PR
=3 o e 2m
= T—5(mx ) —Z(Z-m)) =

which in analogy with the electrostatic expression is called a magnetic dipole.

9.2 Boundary Conditions - Super conductors

In magnetostatics superconductors play a similar role to the one ordinary conductors play in
electrostatics. For our purposes a superconductor can be defined as a body inside of which
no magnetic field can be present.
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The same integral argument used for conductor boundaries in the electrostatic case says
here that:

1. From V- B = 0, the normal component of the magnetic field must be continuous and
therefore B - 7i|sy = 0.

2. From VAB = 4’TCJ, the jump on the tangential component is due to a superficial current
density, 47”“ = -BA gy .

This problem can be solved using the vector potential equation with the following bound-
ary conditions:

V[ Allov =

The first condition guarantees B- n)oy = 0, for B - f contains only tangential derivatives
of the tangential components of A. Depending on the physical situation this condition is too
restrictive, we shall see this latter in an example. The second implies, together with the first,
that V- A\av = 0, a boundary condition sufficient to ensure that V-A=0 everywhere outside
the superconductor, and so that B =V A A is the solution sought.

Figure 9.2: Vector potential: dipole

Figure 9.3: Magnetic field: dipole

Example: Super conducting sphere of radius a in the presence of a constant
magnetic field.
Choosing the z axis along the constant external magnetic field we have,

Ao(@) = (kA 5),
indeed,
7 e Buoe oo
VANA[E) = V/\(k/\x)z;(krv Z—(k-V)7)
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Y

Figure 9.4: Super conducting sphere

Notice that while By does not single out any point in space, and so any coordinate origin,
Ao(Z) does. That means that the difference between two vector potentials for B, with
different origins must be just the gradient of a function, indeed,

vz Bo,: /- Bo,: . Bor .
A, = =2 _ 20 .l
7= Ao 2(k/\((:c+f)) 2(k;A:c) Qk/\'r’
- By -
= V(f(mm-f).

For this problem it is convenient to choose as coordinate origin the center of the supercon-
ducting sphere and a external vector potential centered on it.

The external field would induce currents on the surface of the superconducting sphere
which would rotate along circular loops, all of them perpendicular to the k direction, these
in turn would generate a vector potential, which as in the case of the single circular current
loop, would have only component along the ¢, direction. Thus the induced vector potential
would have the form:

Ap(@) = Ar(r,0)(k A T).
This vector is tangent to all spheres centered at the origin, and so the boundary condition,
V- [A(A2)][rea = 0

is satisfied trivially.
The other boundary condition then implies,

- B ~
A(Tv 0, 90)|7":a - (70 + AI(Tv 0))(k A f)|7":a =0,

but then A;(a,0) = —%, independent of §. But we have already found a solution with these
characteristics, namely
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- . MmMAZT
Ar(@) = — 35—
with m = —BOT‘LS/;:.
The total solution is then,
- ~ BQ Boa3
A7) = r)(— —
(@) = (b AD( - 225)
and B3
B(%) = Bok — 2(;2 (3(n- k)i — k)
The induced surface current is
- - A N 1. 3cBy »
Fe CBA) e = S By Ai— S0 W) A AR) + Sk AR) = oD% A
47 4 2 8w

9.3 The magnetic potential

The problem on the last example can be also solved in the following alternative way. Outside
the sphere we are in vacuum and therefore we have V A B = 0. Therefore in that region there
will also be an scalar potential, ¢,,(Z), called the magnetic potential, such that, B= —V(pm
So now we must solve for

V-B=-V- (Vo) = —Ap, =0
outside the sphere, with the boundary condition,
B iloy =1+ Vomlay =0,

That is, a Neumann boundary value problem. In this case, ¢o(Z) = —Bok-Z and ¢;(Z) = akL 3377
the only other solution to Poisson’s equation with this angular dependence. The boundary

condition implies,

Y ~ L 3a- ,  a-
ﬁ'v(¢0+<ﬁ1)|r:o = —Bok}n——gkn+_3k:n
a a
200 >,
Thus, @ = _BOQGS7 and the problem is solved. We see that for boundary value problems in

vacuum this method is very useful, for it reduces the problem to a single Poisson equation
which we can handle very easily with the techniques already learn for electrostatics. But one
has to be very careful, for there are situations where the magnetic potential can not be defined
everywhere outside the superconducting bodies.
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To see how this problem arises we shall first give an argument showing why the definition
of a potential does always works in the electrostatic case. Given a curve v in IR® with starting
point ¥y and ending point ¥ we can define

dz

0,(2) =~ [ Bl - /01 B(#(s)) d;ds,

where the curve v is given by the map Z(s) : [0, 1] — R?, with #(0) = &y, Z(1) = 7.

Figure 9.5: Integrating the electric potential

If we take any another curve 7, also starting at ¥y and ending at ¥, we can also define
¢5(%), we claim ¢, (T) = ¢5(Z) and so this procedure really define a function in R?, ¢(7),
independent of any particular curve chosen to compute it.

Indeed,
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where 77! is the curve “going backwards" of 7, i.e. if 4 is given by %’(s), then 47! is given by,
(:%’71(5) — Z(1 — s). But then the curve 5 !5 is a closed curve, starting at Z, going (with 7)

up to 7 and returning (with 471) to #. Using Stokes theorem we then have,
6.(Z) — ¢+(Z) = /S(ﬁ AB)-# dS =0,

where S is any surface having as boundary the curve 571y, [see figure], and we have used the
electrostatic equation, VA E = 0.

Figure 9.7: Electric potential: path independence

Exercise: Choose families of curves which go along the three coordinate axis to show that

Vo =—E.

Thus we conclude that the electrostatic potential is always well defined on IR®. On the
contrary this is not the case for the magnetic potential, for, if we similarly define

meﬂ/(f) = _/édl_:
v

then it is clear from the above argument that if currents are somewhere present, then the
potential does depends on the loop. To see this consider the following current distribution,
(see figure) where we have a closed current loop.

Thus, if we go to the point ' along v we get some value for ¢,,,(Z), ¢ (7), if we go along
4 we get some other value, its difference is

(@) = oms() = ¢ é-df:/s(ﬁ/\é)-ﬁ ds
1y
— 4_7T/jﬁ d5:4_7T]’
c JS &

that is, proportional to the total current along the loop.
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Figure 9.8: Magnetic potential: path dependence

9.3.1 Wires

We consider now the idealization of an infinitly thin current loop, that is a current line o
wire. If the current circulates along a closed loop 7 : [0, 1], given, say, by Z(s) : [0,1] — R
with #(1) = Z(0). Then a current density is a distribution given by

dr(s) o . .
p (7 — Z(s)) ds,

ﬂ@:éﬁ

where [ is a constant denoting the total current flowing along the loop, and dajl—gs) is the
circulation velocity of the chosen parametrization of the curve. On the above expression only
the tangency of that velocity is relevant, for one can see that the integral does not depends

on the parametrization choosen to describe the curve.

wire

—

Figure 9.9: A current wire

To see how to deal with such distributions, we shall check now that it satisfies charge
conservation, namely,
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-

V - J(#) = 0. In the sense of distributions, this means
Jps - Vo dE =0

for all smooth functions ¢ of compact support, but

. - - Ldx
— . — 3 = — — . - _ 3 =
/IR3 J(Z) - Vo(Z) &°F /R3 IVp(7) /0 dsdsé(:c Z(s ))d T
1
=1 d Vgo s-]/ dgp ds
o ds

szmmwwwmﬂ—

since Z(0) = Z(1).
The vector potential for this current, assuming it is an isolated system, is

Am =L [ 10T Tt
! w—m w—x

where we have defined dl = dxis) ds.

Figure 9.10: Vector potential of a wire

Similarly

—

. _ . T (E-pAad
mQZVAm@:——fLT@;r,
c Jy |T—1y
which is Biot - Savart’s law.
Contracting the vector potential with a constant vector field, k, using Stokes theorem we
have,

E&a::[‘jﬁ‘ /VA o) R ds
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1 - 1 A
- _/(Vg(‘f_m)/\k)-ndS

1
|7 =]

clJs
I [ - -
= — [ k- (nAV5
= [ @AV
where S is any surface whose boundary is v, and 7 its unit normal. Thus,
— I = ].

)) dS,

and so,

where in the second step we have used that, A(mffyﬁ') = —47d(Z — ), and in the third that

Z is not a point along the line current. So we see that

I A | I [ a-(Z—7)

C

Figure 9.11: Magnetic potential

From the figure, and changing the coordinate origin to the point Z, that is, using a new
integration variable ¥ = ¢y — Z, the above integral becomes,

I [ 7
on(@) = - [ S ds,
¢Js |yl
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with m = % = % Note that n - m dS is just the area as seen from Z, that is, the solid
Yy N -

angle that differential spans times the square of the distance to z. So, % dS is just the
(Y

differential of solid angle spun by dS as seeing from Z. Correspondingly the integral is just
the solid angle spun by the whole surface S. If we approach that surface from bellow 7n-m > 0
the value of that solid angle in the integration tends to 2m, while if we approach the surface
from above, n-m < 0, the solid angle covered tends to —2m, and so we have a jump of 4LCI on
©m. The surface S is arbitrary, as long as its boundary is v, and so we can choose the jump
whatever we please, but it has to be somewhere.

Figure 9.12: Magnetic potential

Example: The surface integral of J
We want to see now that if

(@) =1 /0 1 dfif)(xa; — 2(s)) ds,

then,
/ JondS =1
S

where S is any surface punctured just once by Z(s) for some s.
The above expression is just a short-hand for,

Ldz(s)
o ds
and this distribution is not so wild that one can even apply to other distributions, in particular
to surface distributions. Among surface distributions is ng which has support just on a smooth

surface S and there is its unit normal. When applied to a smooth compactly supported test
vector ' it gives the flux of such a vector across S. We claim that J'(f;) = I and so represents

J(¢)=1 ¢(x(s)) ds,

the integral flux of J accross S. To see this consider a thickening of the surface S and the
following distributional normal,
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L_)

0 r>e

where r is the distance from S into a neighborhood of it, and we are taking € small enough
so that that distance is well defined and smooth. In the limit ¢ — 0 this gives a good integral
representation of ng.

But,

| I 5©+ di(s) =
Af) = — -Vrd
T(A7) 2¢ /s(e) ds Vrds,

where s(¢)y is the value of s for which r(Z(s)) = ¢ before and after the loop goes into the
region where r < e. If € is small enough the relation r = r(Z(s)) can be inverted and we can
define s(r), so after using r as variable in the above integral we get,

A I (+€di(r) =
HHE) = . —
J'(n;) = 5 /_8 = Vrdr = 1.

Thus we can take the limit € — 0 and get the correct result.

9.4 Non-Simply Connected Super-Conductors

The use of a magnetic potential allows to quickly conclude that, in the absence of an external
field, for the superconducting sphere the only possible solution is B = 0. Indeed, in this case
the potential is well defined everywhere outside the sphere and so we have the problem,

A¢p,, = 0 outside the sphere (9.5)
ﬁ-ﬁqﬁm = (0 at the sphere.

Multiplying by ¢,, the first equation, integrating on the whole space outside the sphere, and
assuming the fields decay at infinity we find that ¢,, = cons, and so that B = 0. The same
argument follows for any superconductor body whose topology implies that ¢,, is well defined
everywhere outside it. But this is true provided any closed loop outside the body can be
continuously deformed to zero. Bodies with this property are called simply connected.
What happens in the case of bodies which are not simply connected?” As is the case of a
superconducting ring?

Physically it is reasonable that we can have configurations where a current of arbitrary
total intensity flows along the ring. In fact we shall show latter how to build such a configu-
ration. Thus we expect in this case to have many non-trivial solutions.

Mathematically we can look for these solutions in the following way: Since the magnetic
potential will necessarily have discontinuities ~but we can choose where they are going to be—
we set the following boundary value problem (see figure):
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Figure 9.13: Superconducting ring.

= 0 in V = R® — {Ring} — {Disk closing the Ring} (9.7)
Aml

— ™ At Disk (9.9)
c

— 0 as |7 — oc. (9.10)

where I is the total current we have flowing along the ring.

Lemma 9.1 The above problem has a unique solution.

Proof: We only prove uniqueness and not existence. First notice that at the disk inside the
ring, D, we must have 7 - ﬁgb; =n- ﬁgb,} Indeed, applying Gauss theorem to V-B=0in
a pill-box containing a piece of the disk and taking the limit on which the pill-box flattens
over the disk the assertion follows. Assume now we have two solutions, ¢; and ¢, satisfying
the above problem, then d¢ = ¢, — ¢, satisfies,

n

(0¢" —
(h-Vépt —n-Vig~) =

But then,

Adp = 0 in V =R?—{Ring} — {Disk closing the Ring} (9.11)

.Vép = 0 in Sy (9.12)

§¢~) = 0 At Disk (9.13)

0 At Disk (9.14)

dp — 0 as |Z| = oo. (9.15)

—- / S6AGH BT (9.16)

Vv
- /65¢.65¢d3*—/ Son - Voo 25 (9.17)
% Sr

— [ ot Voot d2S - / 56~ - Vod—d>S (9.18)

D D—

- /quﬂz &7 (9.19)
Vv
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_ /Daw(ﬁ-ﬁéw—ﬁ-ﬁégb‘)d?g, (9.20)

= /|§5¢|2d3f. (9.21)
\%4

where in the third equality it was used that at the disk, d¢* = d¢~, and in the fourth that
at the disk both gradients were also the same and we have taken the normal to be the one
incoming into the upper disk. This shows that Vd¢ = 0, and since d¢ — 0 as |Z| — oo, we
conclude d¢p = 0 everywhere. Thus the total current flow suffices to determine uniquely the
solution. !

In electrostatics we saw that we could give either the potential V' or the total charge @)
on a conductor (or the corresponding arrays of potential or charges in the case of an array of
conductors) and that —together with the geometry of the bodies— would determine a unique
solution. Does there exists in the case of superconductors another quantity that one could
specify and so determine a unique solution? The answer is affirmative and the other quantity
is the total magnetic flux,

= / B-#d2S, (9.22)
S
where S is any surface whose boundary, 7, meets the body. In the case of the ring one could

take, for instance, the disk D.
Using that B = V A A, and Stokes theorem we get,

o = 7( A-dll (9.23)
v

Exercise: Check that this alternative definition is gauge independent.

Figure 9.14: Magnetic Flux

Tn fact one could have avoided this calculation since §¢ is smooth at the disk surface and so we can extend
the Gauss surface pass that surface and just wrap up the superconductor, but at that surface we just use
fi - Vigpls = 0 to finish the argument.
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Notice that this can be take as an integral condition on the magnetic field, and so it is, in
some sense, like the condition that the integral of the normal to the electric field on the surface
of a conductor is the total charge it contains. In fact, it is the total flux which is the analog to
the total charge and not the total current, for if we have an array of conductors with potentials
and charges, (V?, Q;), and move them around changing their geometrical configurations, then
their potentials V* will change values, but not their total charges Q;. On the other hand, if
we have an array of superconducting bodies and move them around, then their currents I°
will change, but not their fluxes ®;, as follows from the following calculation,

% / B i S (9.24)
/(v AE)-# d2S (9.25)

- —cj{/ﬁ Ll (9.26)

— 0 (9.27)

Since the last integral is along the border of the superconductor and there E can only have
normal component. Since this calculation is valid for any one of the bodies it shows that the
flux on each one of them is constant in time and so they will not change if we change the
superconductors configuration.

This constancy is used to induce currents in superconductors, in particular in supercon-
ducting electromagnets: One takes a ring in its normal (non-superconducting) phase and
place it in an external magnetic field. This field generates on it the desired flux. One then
cools it down to the superconducting phase and then takes it away from the external field.
Since the flux remains constant it has to be now due to an internal current.

The uniqueness proven above implies that

®; = LI, (9.28)

for some matrix Eij, that is, the flux is a function of the currents, and it is a linear function. We
claim, without proving it, that this relation is also invertible. The coefficients L;; = cf/ij are
called inductances and, as the capacities, they only depend on the geometrical configuration
of the system.

9.5 Multipolar expansion of the magnetostatic field

Recall that for isolated systems of currents we have the formula,

J(7)
d3 j
=

valid in cartesian coordinates, or contracting with an arbitrary constant vector k,
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=\

Figure 9.15: Inductances

in an arbitrary coordinate system.
But this expression is identical to the expression for the scalar potential en electrostatics,
so we can proceed as in electrostatics and make a Taylor series expansion of the function

1
R

7]

—_

1 - 1
-yl |7 |7

and so obtain the leading behavior of the magnetostatic field at large distances away from
the current sources,

EA@) = ¢ fok T =59+
_ %[% [ F T d@—ﬁ(%) JrsTF T @+ ) (929

But V- (J(k-2)=(k-B)V-J+J-k=J-k for V-J =0, so
Jps BT &5 = [V (JE- ) &5 = o, T2 =0, (9.30)

Ay A
] _ \SUI) Pz
the very important fact that the magnetostatic field does not have any monopole contribution,
that is, it decays one order (in %) faster than the electric field, as we go away from the sources.

since the sources are assumed to have compact support. Thus, since —V/( we have

The divergence free property of J can also be used to write in a more trasparent way the
subsequent terms in the series. To do that notice that in general,

-

V-(Jf)=fV-J+J-Vf=J-Vf.
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And since J has compact support,

/133 J-Vfdy= /Rﬁ - (Jf) d*y = 0.

To handle the first term we used f = 7'~ k. For the second it is convenient to use a vector,

namely f = Z(Z - k), then,

Therefore,

/Rgf(lz.f) $Bz = /]R3 [k - 7) &7
L[z n az
= 5 Jpslfk-J) = (k- 2)] d°7
= 5 R3EA(93’A J) d*%
T .
= k/\ﬁ/ﬂ%?’(f/\ ) d*%
= c/;/\'rﬁ,

where we have defined the magnetic momentum ,
7 ! / (JAT) T
m:= —— ) d’°%
2c JIR? ’

and its density,
. 1 -
M(©):=——JANZX
(7) 2c ’

ussually called magnetization .
The first non identically null term in the series is then,

1 =1 I 1 - -1
——(V(= / J(J - k) &Py = —=& - (K Am) = —=(FAm) -k,
o (If\)> s I k) 4y R (k Am) |f‘g(ﬂf m)
that is,
- mA L
A(T) =
and correspondingly,
= 3n(n-m) —m
B ) —

For a line current we have,

(9.31)
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I | > e 1o -
m:%/ﬂ__{gj/\xdx:%%x/\dl.

If the current loop is contained in a plane, then m;—dl' is the area of the infinitesimal triangle

of the figure below?, and so

| —

I -
m| = — x Circuit area
c

while the direction of m is perpendicular to the plane where the circuit lies.

dl’

Figure 9.16: Circuit and area differential

If the current is due to point like charges in motion, then
and so,
= o S alE A )
m = — i\ T; V).
2c = ¢

If the charges have mass m; and therefore angular momentum

then,
— 1 3 =
m=—S L[,
2c ='m;
2To see this, first notice that Area = M. Choosing the é; vector along the vector ¥ + dl_: we have,

h=—dl-éy=2T ¢y by =dl é1,by==a ¢ Thus, hby =-édl-é1, hby=—dl-éy T-é1. And so,
h(b1+b2) = |dl/\f|
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Figure 9.17: The area differential

In the case of identical particles, or in the more general case of particles with the same charge
to mass ratio, we have,

-

L,

L q
m = ——
2em
where L is the total angular momentum of the system. This relation is called the giromagnetic
momenta. It works well for even orbital electrons, if we do not take into account their intrinsic
angular momentum or spin. For their intrinsic angular momentum this relation fails in the
sense that the numerical factor (in the case above %) takes another value.
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The Energy of the Magnetostatic Field

As we have seen, the energy stored in a magnetic field in a volume V' is given by,

1 L.
= — | B-BdZ 10.1
£ 87T/V 7 (10.1)

In the case of a stationary field this quantity can be expressed in terms of the currents which
generate the fields. To do that we first use that since V-B= 0, there exists a vector potential,
A such that B = V A A. Second we substitute it for one of the B’s above and use the identity,
VA (VAW)=W - (VAV)=V- (W AV). Integrating by parts we obtain,

87 8

Finally we use now one of Maxwell’s stationary equations, VAB= 4%f, to obtain,

1 r— = 1 — —
=— [ (4- B) &7+ — - (AN B) d?S. 10.2
£ /V( VA B) 7+ évn( A B) &2 (10.2)

1
2

£ /zéf-fd3f+ - (AN B) d*S. (10.3)
14

)%

Exercise: Check that the above expression, as the original one, does not depend upon any

particular gauge chosen for A. That is, check that the expression remains the same if we use
A = A+ 6)\, for any arbitrary smooth function \. a.-) Consider only the case V = R® and
assume the fields decay sufficiently fast at infinity so that no surface integral contributes. b.-)
Consider the case of arbitrary region V.

Example: Energy change due to the introduction of a superconducting sphere
into a constant magnetic field. There are two contributions to this energy difference.
One is the contribution due to the lost of the constant magnetic field inside the volume. The
other is the one due to the magnetic field produced by the induced surface current k.
The first is given by,
—14ma® —a’

1 .
AE :—/ BlRdi—= "% g2 % po 10.4
1= g o Bl T = =By = == By (10.4)

The second term is the energy difference in the region V' outside the sphere. That is,

147
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1 - - 1 ) 1 - - -
AE :—/ Bo+ B 2d3”——/B d?”:—/ Br +2By) - B; &
287rv<0+[>xS7rv0 87TV<I+ o) Brd'
where EO is the constant field and B 1 the induced one dug to tbg presence ofﬁthe sphere. We
now proceed as in the general case and use that By + 2By = V A (A; + 2A,) to get, after
integration by parts,

]_ — — — —
A& = —/VA(AI+2AO)-B1d3f
8w Jv

1 Vi 1 1 23 =, = - —
— S_W/‘/v((AI+2AO)/\BI)_(VABI)(AI‘|“2A0))d3:Z"

= — [ ((A; +24) A By) - ) d*S

— [(A+24) AB)) )
1 S

= — [(AyABy)-n)d*S 10.5

— [(Aon B ) (10,5

where we are using the normal outgoing from the sphere surface, that is incoming into V. In

the third equality we used that the current is zero in V' and in the fourth that at the surface

of the sphere the total potential, A; + Ay vanishes. From the previous chapter computation

we know that

. By ~
Ao(@) = (kA )
and B
— - —_ Oa’ N N A~
B () 5,3 (3(n - k)n — k)
So,
-1 . .
A& = — [(AgnBr)-i) &
52 . S< 0/\ 1) n)dS
Bga ~ N A DN A 7 A 2
= S0 [((kna) A BBy ) -7) d2S
321 Js
— Bi“/(/%Aﬁ) ((3(7- k)i — k) A ) d28
- 32 Js
Bga 2o 7 A\ 12
— E/S(k;An) (k) A7) &2S
Ba (.
- —Oa/(kAﬁ)2d2S
327 Js
BQ 3
- Dl / sin(6)? d2Q
327 Js2
B Bga38_7r
- 327 3
_ Bid®
12

(10.6)
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T

$region 2$

-

Figure 10.1: Piece of surface with superficial current distribution.

Thus, AE = A&, + A, = — 258

12

10.1 The Energy of Current Line Distributions.

In the case of line currents the formula simplifies considerably if we use the expression for the
potential vector in terms of the currents,

1 J@) - J§) 5 e
- AN B d 10.
£ 2c2/v/v Z—q ‘Y (10.7)
1 . di; - dl;
e E IZI]% % - / ; 10.8

where 7; and I’ are respectively the path and current of the i-th current line.

This quantity is ill defined, for each of the integrals with i = j diverges. As in the case
of point charges in electrostatics we redefine the energy by dropping all self-energies, and get
the interaction energy ,

& = Zgij, (10.9)
1<j
where,
Iip di; - dl;
& = —2f f S (10.10)
& Yi Y5 |xz .I’]|
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Figure 10.2: A wire distribution

It is instructive to obtain another expression for these interaction energies. Since
;= —/ T, A &%, (10.11)
v

where J; is the i-th current line distribution and /Tj is the potential due to the j-th current,
we get,

It 5o
& = —7{ A - di, (10.12)
C Jyi
I =
C

where in the first step we have used the explicit formula for the i-th current distribution, in
the second Stokes theorem to transform a line integral into a surface integral, where S; is
any surface such that its boundary, 05; = 7;, and in the last step we have defined ®;; as the
magnetic flux due to the j-th current across the i-th current loop.

10.2 Inductances and Magnetic Fluxes.

The formula found in the preceding section for the interaction energy between line currents
shows that this energy depends on the product of the currents present times a purely geo-
metrical factor,
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dl; - dl;
Li; :]{ j{ — (10.15)
Yi 4V |x2 - xj‘

called the inductance of the i-th circuit with respect to the j-th circuit. It is clear that
ng = L]l and that,

=3 ZLUI’P (10.16)
1<J
Comparing with the expression for &;; in terms of the magnetic flux we see that the total flux
across the i-th loop due to the magnetic fields generated by the other loops is,

i = ZLUI (10.17)
€ j#i

Notice that there is a close analogy between the triplets (I*, ®;, L;;) and (Q;, V*, C;;) of
electrostatics of perfect conductors. Can this analogy be extended to more realistic circuits?
The answer is yes, but one has to include the more general case the self inductances of circuits,
for now they are no longer divergent and so play a role in the energetics and fluxes. We treat
now superconducting circuits, for there the idealization allows for a strong argument. We

start with an example:

Example: The Self-Induction of a Superconducting Ring.
We consider a circular superconducting ring. We have,

1 =
- —/ BI? &z, (10.18)
mwJVv

where V' is the volume outside the ring. Since outside VAB= 0, and B= —6(;5,,“ with the
remark that ¢,, has a jump somewhere, we get,

1 .
£ = —/ BV, &7 (10.19)
- —/ onV - BdT— — ¢ ¢nB-n S, (10.20)

8w Jov
where we have used Gauss theorem and taken as the boundary for V the surface shown in
the figure, for ¢y, is taken to be discontinuous on the inner ring plane. The contribution from

the part of OV at the surface of the ring vanishes, for there B -7 = 0, but the part in the
plane gives,

£ = SW/ (¢f — ¢ )B - n d*S (10.21)
e
= - aVB -0 d°S (10.22)
Y (10.23)

2c
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Figure 10.3: Boundary for V

where we have used that ¢ — ¢ = 47”[ , and defined,

&= [ B-ndS, (10.24)
ov

that is, the selt-flux across the ring. But on the other hand, by definition,

LI
b= —. (10.25)
c
so we see that
- Lrp (10.26)
22 ’

For a superconducting ring of radius a and section radius b one can compute L and find,

L= 4m[zn(8§) _9). (10.27)

In the line current limit, (a — 0), L — oo, and correspondingly ®, but in such a way that
their ratio, which is 7, stays constant.
Notice that,

_ 5 72
o = /SB A d2S (10.28)
— /S(ﬁAfY) A d2S (10.29)
- fﬁ-df, (10.30)
Y

where S is any surface with boundary a loop ~y at the surface of the ring, and we have used
in the last equality Stokes theorem. Thus, since L is a geometrical factor, a non-zero current
results then in a non-zero flux and so, in this case, A must have a non-zero component along
the boundary of the ring.



Chapter 11

Magnetic Materials

In this chapter we treat macroscopics fields resulting from averages upon materials which
interact with magnetic fields producing changes which can be accounted by defining new
averaged fields and a constitutive relation among them.

As in the treatment of macroscopic fields on electrically suceptible materials we start with
the microscopic equations,

— — 4 —

VAB = ZJ (11.1)
C

V-B = 0 (11.2)

and take averages, since them conmute with derivatives the only efect on the equations is to

change the sources, in this case the currents. We won’t go into the details of that calculation

for two reasons, first because the one that can be done it is very similar to the one performed

for dielectrics, second because in magnetic materials most of the efect is quantum in nature,

basically due to the presence of spins on electrons and orbitals which get only discrete values

and all of then nonvanishing, thus, having an influence even in the absense of external fields.
On making the calculations one obtains to first order on the field strength,

= — 4 g 4 - — —
VAB, = %J¢:§Jfree+47rV/\M (11.3)
V-B, = 0 (11.4)
where
M(Z) =Y Ni(z) < m; > (11.5)

with N; the average molecular number density, and m; the average molecular magnetic mo-
ment, given by:

I
= —Areay, (11.6)
c

l
=TI
Il
| ~
Ke\
—
8y
>
Q.
=
=TI
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where Area;, = proyected area of current loop on the plane normal to k
It is convenient to define a new field,

H=B—4rM (11.7)
and write the equations as:
— — 4 —
VAH = —WJfree (11.8)
V-B = 0 (11.9)

where we have droped the average indicator.
To solve the system we need a constitutive relation between H and B. In practice there
are two types of relations which are good at describing many interesting situations:

1. Linear relation: B = ,uﬁ

—

2. Hysteresis curve: B = B(H) (sce figure)

The first relation applies to normal materials and is only valid for small values of the
fields, the second has a saturation range, which is expected of many materials but also has
two more special features, one is that gives a noncero value for B even when there is no H
that is, it describe magnets. The other is that it is not a single valued function, the value of
B depends on the history of the material.

AB

\J

Figure 11.1: Hysteresis curve

11.0.1 Matching conditions on material boundaries

We shall assume now we are at an interface bewteen two materials of different magnetic
properties. From similar arguments as the ones used for dielectrics, using Gauss theorem
in a pill box on the interface and Stokes theorem on a loop also at the interface, using the
equations above (11.8) we get,
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(By — By) - hlg =0 (11.10)
. . Arr -
(Hy— H)) Aid|s = — & (11.11)
C

where El is a possible free current on the interface. We see that the normal component of Bis
continuos while the tangential components of H have a jup proportional to the possible free
current distributions there.

If the relation is linear, B= u[jI , and there is no superficial free currents, then we have,

(By — By) -f|g =0 (11.12)
(By — B2B)) Aafs = 0 (11.13)
H1
or
(Hy—"LH)) - d)s =0 (11.14)
2
(Hy— Hy)Ad|ls =0 (11.15)

if one preffers to work with the H field.

11.1 Constant Magnetization

Within all possible relations between B , and H , or between B and M , we have one in which
M does not depend upon B , that is, when the magnetization is constant. We shall look now
at problems of this sort.

In this case we have, if no free current is present,

VAH = 0, (11.16)

V-B = V- (H~+47M) =0, (11.17)

and —for simply connected bodies— we can use a magnetic potential ¢,, such that H= —ﬁgbm.
Thus we obtain,

Ay, = 47V - M = —Arpyy, (11.18)

with py = —V - M. Thus, if M is smooth,

_’_). H(y’)
= Y 3 -
Om = — ———d’y, 11.19

which, integrating by part can be transformed into,
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- - 1
(%) = M(y) -V d* 11.20
6@ = Jps M) V=) (11.20)
- - 1
= M(y)- V= d*y 11.21
Jps M0Vl ) (11.21)
= M(?j) 3
—V~/ d’y). 11.22
In particular, far away from the source,
L1 .
r) ~ —V(= M (i) d*y 11.2
onl@) ~ V() [ TP (11.23)
m-T

Q

(11.24)

where m = [ B3 M (y)d3y is the total magnetic moment of the magnetic source.

If M is discontinuous, as is the case if the material ends abruptly at a surface S, some of
the formulae above are incorrect and we have to proceed with care, for in this case V- M is
only a distribution. In this case we interpret equation (11.18) as a distributional equation in
the following sense: If ¢,, and M were smooth, then equation (11.18) would be equivalent to
the following infinite set of relations:

/]R3 W(Z)[Ap(Z) — 4wV - M(Z)]d>Z = 0, for all smooth u(Z) of compact support. (11.25)

But this set of equations in turn are equivalent to:

/IR3 [AWZT) P (T) +47Vu(Z)- M (T)]d*Z = 0, for all smooth u(E) of compact support. (11.26)

Where we have just integrated by parts. But these expressions make sense even when M , and
¢m are discontinuous, so we interpret the above equation for discontinuous M’s as these set
of relations. That is, as distributions.

In the case that we have a continuous medium which ends abruptly in a 2-surface S, then
M is only piece-wise continuous and it can be seen that in that case, ¢,, is continuous but
not differentiable at S. So we should use the equation in the distributional sense.

Recalling that the equation

Agliz—) = —4n0(T — ) (11.27)

should in fact be interpreted as,

1
/Rg(Au(f)) =7 d*7 = —4ru(y) for all smooth u(ZF) of compact support. (11.28)
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From (11.26), and using (11.28), we get, for all smooth u(Z) of compact support,

[ Bu@6(7) dF = —dx [ (G (@) - 1@ &7
= [ s AV (@) M(ﬁ)(‘fig‘)d?’fd?’gj
_ /]R3 /1R3 V #(Au(i)) A7I(37)(|fig|)d3fd3gj
_ /R3 /R3 Au(Z)M () Vf(wim)dgfdggj
oy NG %('fim)d%d?»g
— MO fp M) V) # E (1129

which is equation equivalent to (11.20). Thus, we see that the correct, or more general,
expression for the potential is,

>y (11.30)

which is a valid expression, even when M is only piece-wise continuous. Using Gauss theorem
in both sides of a discontinuity surface S we get,

o i ] AT
/R3 g V@) = +/ 7 ]d25 (11.31)

where [M | = M in — M out Measures the jump of the magnetization across the discontinuity
and 7 is the outward normal to S (that is from in to out).

Had we chosen to solve the above problem using the vector potential, /_f, such that B =

VA fi then,

VAH=VA(B—4rxM) =0, (11.32)
and so,
. A -
AA = —gJM, (11.33)

with Jy; = ¢V A M. Thus, if M is smooth,

A7) V A M d?’* 11.34
A(@) /R3 |7 — ] Y (11.34)

If the magnetization is not smooth, then an argument parallel to the one given above
shows that the correct expression for the vector potential is,



158 CHAPTER 11. MAGNETIC MATERIALS

- - - 1 .,
7) = [y M) AV =—=)d'F. (11.35)

and, in the presense of a surface discontinuity,

VA (?j 3 - /
VAMY) g 25, 11.36
/1R3 =g “YT |g;— (11.36)

Example: Uniformly Magnetized Sphere Let be a uniformly magnetized sphere of radius
a, and let choose the z axis in the direction of that magnetization. In this case the contribution
to the magnetic potential (or vector potential) just comes from the surface S give by r = a.
Thus, we are merely solving Laplace equation in and outside the sphere subject to some
boundary conditions, namely,

(gout - éin)‘r:a ‘N = (ﬁout - ﬁin)‘r:a N + 47T<Mout - Mm) “ho= 07 (1137)
that is,

—

— - V(¢0 — ¢ |peq = 4T M - 7, (11.38)
and the continuity of the tangential component,

(0" = & )lr=a = 0. (11.39)

Since the solution can only depend on l%, the magnetization direction, (M = kM ), and only
linearly, we must have,

oin = A"k, (11.40)
out out
oot = A R (11.41)
Therefore continuity implies,
o Aout
A e (11.42)
and the jump on the normal derivatives,
) out
A" 42— =47 M. (11.43)
a

Therefore A™ = 2ZM, and A" = 2L M.
Outside the sphere, B = ﬁ, is a magnetic dipole with magnetic moment given by, m =
TaPM.
m=—a’M. (11.44)

Inside the sphere,
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— 4 —
i = —%M, (11.45)
B = H+4nM =01 (11.46)

Exercise: Use the previously found formulae for ¢,,, and A to solve this problem by direct
integration.

11.2 Permanent Magnets

If we would place a sphere in a constant magnetic field we know that the material out of
which it is made would react to it creating some magnetization vector field, M , which, like
the external field is constant inside the sphere. ! Thus, from the calculation done in the
previous section we have,

8

B,y = BO+§M, (11.47)
4

Hy = BO—?WM, (11.48)

where we have just used the norms of the vectors for all of them point along the same direction.
To solve this system we need to specify some relation between the three unknowns. In practice
the following to cases are of interest:

Case 1: If B = ,uﬁ, then, since By, + 2H;, = 3By, we have(u + 2)H;,, = 3By, and so,

B

H;, = Q, (11.49)
[+ 2
3B

B, = 2H20 (11.50)
2
3(u—1)B

M o= 3w=DB (11.51)
d(p+2)

We see that for linear relations between the fields both fields, H in, and ém vanish when the
external field is not present.

Case 2: If we have a nonlinear relation like the one in the figure bellow —called hysteresis
curve—, B;, = B;,(H;,), then the solution would be the intersection of that graph and the
above linear relation, B;,, + 2H;, = 3By.

IThis is a property of the sphere and does not hold for bodies of other shapes.
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Figure 11.2: Intersection of hysteresis curve and linear relation

We see that there could be one solution, or two solutions, depending on the value of Bj.
In particular for By = 0 there are two nontrivial solutions, one the reverse of the other,
corresponding to permanent magnets. In particular, we see that if we start at By = 0 in a
unmagnetized material and slowly increase its value we shall be moving along the point which
crosses the hysteresis curve By, (H;,) and the linear relation By, + 2H;, = 3By. We see that
when we return to By = 0 the material would remain magnetized.

11.3 Generalized Forces on Charged Conductors and
Circuits

In this section we want to find expressions for the forces needed to keep a set of charged
conductors or a set of circuits in place, that is the force needed to compensate the electric or
magnetic force acting between different components to these sets.

To obtain such expressions we imagine we make an infinitesimal displacement, AZ of one
of the elements. This would cause a change on the total energy of the configuration which
would be equal to the work done when making the displacement, thus,

—

F.AZ = —A&p, (11.52)
or
- oEr
F=— 11.5

where £ is the total energy of the system, and not just the electromagnetic energy. Let us
see an example.

Example: Forces between the parallel plates of a capacitor.
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Let us assume we have a pair of infinite parallel plates separated a distance L apart, with
potential difference V. We want to compute the force by unit area between them, that is, the
pressure on one of the plates

To do this we assume the displacement is done keeping the plates isolated, that is, their
charges by unit area o, is constant, and compute the change in its total energy, which in this
case is just the change in its electromagnetic energy

Er & | L
= = — E - FEdx. 11.54
Area  Area 87r/0 de (11.54)

Now, E = l::E, E =Y = 4rno, therefore,

Sl

= 210°L, (11.55)
and

£ 1 V2
(Gor)AL = 2n0* AL = -~ AL (11.56)

Thus, the pressure, namely the force per unit area is given by

Area

15
P=—F FE=——. (11.57)
m

Notice that to compute the change in the total energy we first have to decide how to do
the displacement. We choose to make it keeping the charges constant. Since in that case the
only energy change is in the electrostatic energy, we just did,

OEr o€

= (_—»)Q

ox 0x
We could have done the displacement in another way. We could have connected a battery
with a potential difference V' to the plates and then make the displacement. In that case
the change in the total energy would have to include the change in the energy stored in the
battery, because in this case there would certainly have been a current across the circuit. So

even if we could compute

(11.58)

o€
(%)v, (11.59)

this would not had help us much, for it is different from g—%. 2

Nevertheless, notice that, since

1 )
£ = JQV (11.60)

2Notice that since we are computing the force at the given configuration, the result is independent on the
way we choose to make the displacement. It is just a virtual displacement.
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_ %cl.jviw (11.61)
1 .
— 5(0*1)”@@]-, (11.62)

where (C~1)%(C}, = ¢%;, and summation over repeated indices is assumed. Thus,

0. 1,005 i
(Gzlv = 55z V'V (11.63)
1 —1\kl o
= -G L%f) C,ViviI (11.64)
—19(C~")"
- M 00 (11.65)
OE
= —(57)e (11.66)

where we have used that 0 = Ad"y = A(C™H4C), + (CHTAC, and Qy = Cy; V7.

Thus we see that if in some circumstances it is simpler to compute (;—f)v than to compute
(aif)Q’ we can go ahead and compute it, and then use the relation above to compute % using
(g_;%)@' This is ussually formalized by introducing the free energy, F = £—Q;V’ = ZLC,; V'V,
For then %—]; v = %.

We consider now the case of circuits. Here we have a similar situation with currents and
vector potentials (or fluxes) instead of charges and potentials, and inductances instead of

capacities. Thus the following relation must also hold,

&) =0
x x
But in contrast with electrostatics here the adiabatic displacement, that is the displacement
where no external energy sources are needed is at constant vector potential.

There are basically two ways to reach this conclusion: One is to do the calculation at
constant current, keeping truck of all external electromotive forces needed for this to happens.
If this is done one finds,

(11.67)

OEr o€
G2 7= 57 7
that is the external energy sources must do twice —and with the opposite sign— the work of
the circuit. Thus,

(11.68)

oEr 0. 0E.  OE
o - T G T GRa
The other way to reach this conclusion is to replace the original circuit by a superconduct-
ing one. In order for this not to change significatively the configuration we imagine replacing
the original circuit for a bunch of very thin superconducting wires, thus modeling more and
more precisely, in the limit when the section of the wires goes to zero, the original current

F =

(11.69)
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distribution. But for superconducting circuits the magnetic flux is constant under displace-
ments, and so is the vector potential at the surface. Therefore this is the natural quantity to
keep constant in the adiabatic variation

11.4 The Energy of Magnetic Materials

We have seen that the magnetic energy is given by,

1 — —
-5 /R3 ATz (11.70)

The expression con be thought of a function of /Y(f), with J = Z—;Ag, or as a function of
J(Z), with A(Z) a solution of AA = *T‘“ff Usually one is not interested in this expression, but

rather in its derivative —keeping A fixed at some boundary— with respect to some parameter
present in the problem, which we call s. That is one is interested in,

o€
(_) 1
0s’A
where we stress that we are not holding A fixed, but rather some boundary value for it.
Thinking for the moment that £ is a function of both arguments, and using,

(11.71)

T Y
LTk (1L.72)
we can define the free energy,
_ 1 FOA B
F =€ c/[R3J Ad7 (11.73)
= -, (11.74)
and then,
oF 5. OA
Yy, — —d?’* 11.
(85 )J (5A) (85) /]R3 0s (11.75)
o0&
— (Y5 11.
<8S )A (11.76)

Thus, for calculations it is equivalent to know F as a function of J_: than to know £ as a
function of A. But

OF = o0& 6A 7
e

5T 5A e

— —E/IR?,A-&J &7, (11.78)

C
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We can use now this expression to integrate and obtain F (f) adding infinitesimal currents,
even in the case that the relation between J, and A is not linear, as often occurs in the
presense of magnetic materials.

For this we consider now ff, and J as averaged quantities and using VAH= ’T‘“Tf, we
get
06 T) = ——/ AV N6l &7 11.7
S00) = g [ AV AGH &7 (11.79)
]_ — — —, — — —,
= —— OH - A (6H N A)} &% 11.80
= [ {08 - (VA D)+ V- (6 A D)} &' (11.80)
1 L
= —— [ . B-0H d*%. 11.81
4 /IR3 ‘ (11.81)

When B = ,quI, then
F= 1/ B-H &z (11.82)
- 87 JR? . '
In the case that B = B(H), then

1 Lo
AF = —E/]Rg?{H(B).(SBd z, (11.83)

where the integral is along a hysteresis cycle, that is, it is just the area inside the hysteresis
curve.

Example: The difference between the free energies of a set of circuits in vacuum
and the same set in the presence of a magnetizable medium.

1 L L L
A :—/ B.SH — .61 &i 11.84
6F = — [ (B 61 — I oF) &°7, (11.84)

where 7 is the field generated by the circuit, given by certain J (%), as if it were in vacuum,
ie. p=1.
The above expression can be rewritten as,

ASF = ;—1 /]Rg[(ﬁ —h)-6h+ B - (6H — 6h) + (B — H) - 6h) d*z. (11.85)
m

The first term is

/RB(ﬁ—ﬁ)-éﬁd?’f - /Rg(ﬁ—ﬁ)-(ﬁm ) 7 (11.86)
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for the first term vanishes upon application of Gauss theorem and the second because VAH =

VAh=1%4]

The second term also vanishes, as can be seen using similar arguments upon substitution

of B by VAA, Thus,

AM7:——&ﬁB—Hyﬁff

If the magnetization grows linearly with the applied field, then

—1 S e
—1 N
-k,

Q

where

mz/gﬂfa
R

and we have assumed that near the medium h ~ EO, a constant field.
If the magnetization does not depend on the external field, then

AF ~ —1 - h.

(11.89)

(11.90)

(11.91)

(11.92)

(11.93)

(11.94)
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Chapter 12

Examination Questions 1

Problem 1 State the Cauchy problem (1.1) for electromagnetism and explain it.
Problem 2 Prove uniqueness of solutions in the Cauchy problem for electromagnetism (1.1).

Problem 3 Given any smooth function g(Z) : R®> — R, then

o(t, %) :=t My(g(7))

with

M(f) (@) = —

/S (@ + t77) d9
satisfies the wave equation,
0;o(t, 7) = Ag(t, 7).

Prove that

a)

8(1,) = ML (60(8) + 5 (M u().

satisfies also the wave equation.

b) Furthermore it has as initial conditions: ¢1(Z) = %(t, Z) |i=0 and ¢o(¥) = ¢(0, ).
Problem 4 Assume E = E(t,f) is a solution to the vacuum Maxwell’s equation. Find an
expression for the corresponding B = B(t,Z) if its value at t = 0, By(Z), is given.

solution to the vacuum Mazwell’s equation. Find

Problem 5 Assume now B = B(t, &) is a
= E(t,7) if its value at t = 0, Eo(Z), and J = J(t,7)

an expression for the corresponding E
are given.

167
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Problem 6 Show that if the constraint equations are satisfied att = 0 then they are satisfied
for all times provided the fields satisfy the evolution equations.

Problem 7 Given two smooth vector fields in R®, I(Z) Y m(Z) produce everywhere smooth
solutions to the vacuum constraint equations for E and B.

Problem 8 Find the expression for the energy of the electromagnetic field starting from the
expression of the power in terms of the work done by the Lorentz force.

Problem 9 Find an example of a nonzero Poynting vector in a situation where there is no
radiation.

Problem 10 You are left alone in a region without any house or other reference, except a
power line. To reach a city you decide to follow the line in the assumption that it is feeding
power to it. How you determine the direction you should go without cutting the power line?

Problem 11 Show that Mazwell’s equations are invariant under time and space translations.

Problem 12 Show that Mazwell’s equations are not invariant under Galilean transforma-
tions.
Problem 13 Prove, using the concept of distributions that,

1
) = —4m6(Z — T
=) = —dmo(E =)

Problem 14 Show, using the concept of distributions that, -0 (z) = §(x) where O(z) is the
step function, O(z) =0 <0, O(x) =1 = > 0.

Problem 15 Prove Teorem 4.1
Problem 16 Deduce the matching conditions at the surface of a conductor.
Problem 17 Prove Teorem 4.2

Problem 18 Deduce the existence of the Capacities matriz, eqn. 4.11. Given three conduc-
tors, how would you meassure the component Cag of the capacity matriz? In the experiment
you can set up any given potential distribution (only once) and can measure the induced charge
at one of the conductors of your choice.

Problem 19 Compute P3 and Py using the recursion relation found and the normalization
condition

Problem 20 Deduce the expression for the multipole constants, eqn. 5.11

Problem 21 Find two different charge distributions with no symmetry at all but giving the
same external field (which can have symmetries). Hint: do not construct them explicitly but
just start from their potentials and work backwards.
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Problem 22 Deduce the expression for the Dirichlet Green’s function corresponding to two
concentric conducting spheres.

Problem 23 Deduce the symmetry of the Dirichlet Green function, equation 7.1
Problem 24 Deduce the symmetry of the Neumann Green function, equation 7.1

Problem 25 [t is required to solve the Poisson equation inside a volume V where there is
defined a smooth source function p(Z), and a Neumann boundary condition 0,¢(Z)|ay = g.
What condition must g satisfy in order for a solution to exist.

Problem 26 Deduce the matching conditions at a boundary of a dielectric material.
Problem 27 Deduce the electrostatic energy of a dielectric material.
Problem 28 Show theorem 9.1

Problem 29 Deduce the boundary conditions at the surface of a superconductor for the mag-
netic field.

Problem 30 Find the vector potential corresponding to a constant magnetic field, show that
the dependence on a given origin is pure gauge.

Problem 31 Deduce the boundary conditions at the surface of a superconductor for the scalar
magnetic potential. Fxplain the multivaluate nature of it, and give the expression for the value
of the needed discontinuity when a non simply connected superconductor is present.

Problem 32 Deduce that V - J = 0 (in the sense of distributions) for a wire current distri-
bution.

Problem 33 Prove lemma 9.1

Problem 34 Prove that the definition of magnetic fluz using the vector potential eqn. (9.23)
s gauge independent.

Problem 35 Show that the flux accross a surface bounded by a superconductor is constant
i time.

Problem 36 Why there exists a inductance matriz?

Problem 37 Deduce that the first term in the multipolar expansion of the magnetic potential
vanishes, and find the following two terms.

Problem 38 Find the expression for the energy of the magnetostatic field in terms of the
inductance matriz.

Problem 39 Deduce the matching conditions for a surface in a magnetic material.

Problem 40 Deduce, using distributions, the true formula for the magnetic potential when
the magnetization is not differentiable.
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Chapter 13

The Symmetries of Maxwell’s
Equations Continued

13.1 Introduction

In chapter 3 we saw Maxwell’s equations have a number of symmetries, that is, transformations
that take one solution into another. It was clear that most of them arise because of the
underlying symmetries of space and time. Indeed, time translation, or the homogeneity of
time implied that if (E(Z,t), B(Z,t)) was a solution, then (Ep(Z,t), Br(Z,t)) = (E(Z,t +
T), é(f,t + T')) was also a solution (with the corresponding time translated sources, if any
present). The same for space translations or rotations.

But we also saw that the assumed Galilean symmetry of space-time was not a symmetry
of these equations. Galilean symmetry can be stated in different ways, the ampler is the
statement that by means of local experiments one can not determine the state motion of our
system with respect to others objects outside it, namely there is no notion of absolute speed.
This conception, very obvious today was sharpen by Galileo as a justification why we do not
feel earth motion in its orbit around the sun. The previous conception of space and time was
due to Aristotle, which though there was a natural motion state for earthly bodies, namely
to be at rest, meaning with respect to earth. ! Since then this conception has been central
for our understanding of physics. But here we are presented with equations which describe
with incredible precision the electromagnetic phenomena and yet have on it a parameter with
dimension of velocity and its solutions propagate which such a speed. So the natural way
of interpreting this was to through away Galileo’s conception and say that after all there
was an ether, namely, something with respect to which these solutions were moving. From
a mechanistic conception, still strong at that time, electromagnetic waves where mechanical
waves of the ether, that is local modifications of the state of such a material which would
propagate along it with the "sound speed" characteristic of it. A very stiff material indeed! 2

LGalileo’s reasoning against this believe, thinking on situations where friction forces where smaller and
smaller imagining a limit where they where absent and so that in this idealized situation the bodies would
continue to move forever, marks the beginning of of one of the pillars of the scientific thinking.

2Recall that the sound speed of a material is given by Cs = ,/ % where Y is Young’s module and measures

the stiffness of a material. For steel Cy =~ 6 106%.
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Here, instead, we shall investigate whether there is a symmetry after all reflecting Galileo’s
principle of relativity of motion more general than the one already tried in chapter 3.

To that end, and to facilitate the calculations, we shall consider the symmetries of the
wave equation,
92 Y 07

6 = (= — A)p i= (== — *0Y

Ot? o0xt0xI )¢ =

where the last expression is valid in Cartesian coordinates. We know that in these coordinates
each component E or B satisfies the wave equation, so we know that a symmetry of Maxwell’s
equation necessarily must be a symmetry of the wave equation. On the other hand in this
simpler equation we already have the fact that solutions propagate at a given speed.

So we want to find a transformation among solutions which represent a given solution
but as seen in constant motion from the original coordinate system. So we want to look for
a coordinate system transformation which depend only on a constant vector ¢, namely the
relative speed between the solutions.

The most general linear transformation we can write depending on just a vector is:

F = al+ bt +d(0 D)0+ doAT (13.1)
t = et+ f(v-2) (13.2)

Redefining a the last term in the first transformation can be seen to be a rotation, and we
have already seen that rotations are symmetries by themselves, so we can safely remove that
term. We also know that changing the value of a amounts to a redefinition of the space scale,
and that would give rise to a trivial symmetry (assuming c or ¢ are also scaled, and so also
the equation sources, if there were). So we can set a = 1 without lost of generality. Choosing
to keep the value of ¢ as fixed, we see we can not re-scale t. Furthermore if we want this
transformation to really represent a motion with speed v, then it should be the case that a
trajectory of the form Z(t) = &, — vt should transform into a stationary trajectory, namely we
should have —a: '(t) = 0. Plugging these two conditions on the above transformation (where
we have already seta=1,d= 0) we find,

d d d
= —(1+dv*)7+bv (13.4)
so the stationarity condition implies that,
b=1+dv’. (13.5)

So now we assume we have a solution to the wave equation, ¢(Z,t) and want to see
whether ¢z(Z,1) := (' (Z,t),¢'(Z,1)) is also a solution. This will impose conditions on the
remaining free coefficients and determine them completely. Notice that these coefficients can

— =

only depend on the two scalar parameters of the problem, namely ¢, and v := V¥ - 0.
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Using the chain rule we have,

o, oo ot 0
o’V ot o ot Ox'
0 ot 0 ox' 0

o’ o5 = dxi ot * o’ ax’l(b
and for the second derivatives, using the fact that the Jacobian of the transformation is
constant,
0? ot ot o2 ot oz"  9? oz 9z 02
by = ¢+ 2— -0 + 7
ot? at ot ot'ox" at ot 0z'0x"

a9t O 0P ¢
0? b = ot ot 02 N o't 8_t’ 0? bt oxt 8_t’ 0? bt oz’ O™ 0? s
Ozrtoxs "V oxt Oxd Ot'? ozt Oz Ox" ot oxJ 0zt Oz ot oxt Oxi Ox''Ox'™

Using now that

n
gx. = 5li+dvlvi
l»l
8 17 ]
;t = W'
o
ot’
ori 1o

—

where v; 1= §;;07, being &;; the inverse of 6, §;;0'" = §;*, ¥ - ¥ = §;;2'07, etc.
Therefore we have,

Oop = aa;qﬁ[eQ — f2*? + 8t’882x’i¢[2€bvi —2f*(1 + dv*)v']
+ %(}5[—025”” — vlo™(2adc® + d*v*c? — b?)] (13.6)
Using that ¢ satisfies the wave equation and so, —c?6!™ ax'la;m/m¢ = —%gf) we get,
2 2
Oog 6t’2¢[€2 — f2? — 1]+ 6t’6z’i¢[2€b —2fc2(1 + dv*)]’*
+ %(ﬁ[vlvm(—@ + dv?)de® + b*)] (13.7)

So, if we want that ¢ satisfies the wave equation we need that every term on the right hand
side must vanish. At any given point in space and any time we can find solutions to the
wave equation for which any of the second partial derivatives are zero except for one of them.
Thus, every term in brackets must vanish.
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Exercise: Check this! Hint: choose Cartesian coordinates (x,y, z) such that v = (1,0,0)

and try with the following solutions to the wave equation: tx, t> — y?, 12 — 22,

Using that b = (1 + dv?) in the second term we find that
e
f==

C

substitution of this relation on the first term gives,

9 1 +1
e =——= or 6:7232ﬂ:’7.

We shall keep the plus sign, the other corresponds to a time inversion. The third term can
be written as,

0=—(2+dv*)dc® +b* = —(1 + b)dc* + b,

b2

or d = =(173) upon substitution in 13.5, we obtain,
b?v? v?
b=1+ ——— 14+0b)(b—1) == b= +n.
+02(1+b) or (140b)( ) z o o

We take the plus sign, for this is the value that gives the Galilean transformation in the limit
of small v.
So, we have found all coefficients and the final transformation is:

T = T4+t +dT )7 =~ T)d+~0t + (T — (A )N) (13.8)
¢ o= y(t+ %) (13.9)
where n := v
v

Finally then we have found a symmetry transformation for the wave equation that resem-
bles a Galilean transformation as close as possible. Together with the transformations already
found en chapter 3 they are all symmetry transformations of the wave equation (of course one
can compose many of them one after the other and obtain more transformations, but they
are all generated, in this way, from the ones already found.

Let us analyze it in detail. Choose coordinate axis so that the velocity is in the €; direction,
U = (—v,0,0). Then the symmetry transformation becomes,

¥ = y(z—vt)
=y
7 = z

v
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Figure 13.1: The Lorentz map.

Figure 13.2: How a square is transformed.
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In the following figure we see what such a transformation does for a value of 7 = %, that
is, v = =3

Exercise: The above plot uses the value ¢ = 1, or alternatively it is plotted using as variable
ct instead of t. Make a similar plot but now with take ¢ = 0.1.

Exercise: Consider the solution to the wave equation given by f(x —ct) = {1 V x —ct €
[0,1], 0 = ¢10,1]}

We can see from the example that points along the line x = ¢t are transformed among
each other. Let us see this in more detail.

vxr
—AEP+ @)+ ) = =St Z) Gz + o) +y + 2
= PO+ )+ (P (T D)yt 4 2
— 2y 4 2P (13.10)

Thus we see that not only the lines x = ct are transformed among each other, but also the
lines = —ct and all the hyperbolae of the form —c?t? 4+ 22 + 4% + 2? = const..

Exercise: Draw in a diagram these hyperbolae for positive and negative constant values.



Chapter 14

Special Relativity

14.1 Introduction

In the previous chapter we found a new symmetry for the wave equation, which can be
extended also to Maxwell’s equations. This symmetry is a transformation on space and time
which leaves invariant the lines which move at the speed of light. To understand what all this
means we have to change our concepts of space and time.

The building block of our description happenings in a phenomena will be called an "event',
that is an idealization of something happening in a limit where the duration of it goes to zero,
as well as the size of the space where this is taken place. We imagine we have a big bag
with all events which have occurred in history, not only the important events, but also all
events where nothing important happened, or just where nothing happened at alll We can
also imagine having all events that will happens in the future. That will be the sand-box
where we want to describe phenomena, we shall refer to it as space-time . If we think on
our usual description of events, we see that we can describe them using four numbers, for
instance if I have an appointment at the doctor, I need the time, the street name (which I can
code with some number), the building number and the floor. In general, besides the time, I
need to define a position relative to some other objects, and for that suffices with three other
numbers. This way we can mark events with four numbers and so we have some notion that
they form a continuum in the sense that given two events with they respective numbers we
can find some other whose numbers are all equidistant to those of both events. That way we
can describe, say the events of a given molecule, by a continuous line, centered at the events
occupied by its center of mass. That assumption might ultimately be wrong as we probe
further and further smaller distances, but it suffices for the present description of the world.
This is all what we meant when we say that we live in four dimensions.

We can put some order on these events and draw them on a four dimensional space.
Representing the label time going in a upright direction, so that events at the same time
are represented by horizontal hypersurfaces, which in our drawings have one dimension sup-
pressed.

We will now describe some phenomena with these tools so as to get acquainted with the
concepts.

In figure 14.1 we describe the encounter of two persons in space-time by marking the events
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hart-beat of each one of them. They are not proper events for hart-beats are not localizable
in time or space in arbitrarily small regions, but they suffice to describe the encounter pretty
well. Of course we can imagine that we look at more and more localized events, like the
firing of a nerve cell in the hart, some given molecule passing a cell membrane, and so on
(disregarding the quantum world for this discussion) and so as to describe a continuum of
events. In that limit each of our persons is geometrically characterized in our space-time as
a line. Each line is called the world—line of the person, the encounter is the point where
these lines intersect. The important thing to realize here is that each person, or molecule
inside the person is a one-dimensional object! The event “encounter” is a point, that is zero-
dimensional, but each person, in our rough description, is a line. In figure 14.2 we show this

idealized situation.

ﬁ% /ﬁgﬁf

31
P
T SLE

Figure 14.1: Describing the event date.

Figure 14.2: Idelized model.
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Consider now a hair belonging to one of the persons in the previous encounter. If we
imagine events taking place along the hair, say in its cells, then they would describe in our
space-time a two-surface! We see then that in this way of describing phenomena a hair is no
longer though as a “line”, that is a one dimensional object, but rather as a two-dimensional
one. If one develops the intuition to picture this situation one is half way in understanding
relativity. Here is a figure 14.3 showing our hair in space-time.

Figure 14.3: Events history of a hair.

Having introduced the concepts of event and of space-time we can now interpret on it our
usual concepts of space and time.

14.1.1 The Aristotelian viewpoint

The usual, every day, concept of space and time we use is called the Aristotelian view point.
For Aristotle the “earthly” bodies, in contrast with the “heavenly” ones which he though
underwent permanent circular motions, have a natural state of “rest”. So for him the surface
of the earth was at rest and all things tend to lay in this state. As one can see when one
through a stone and it rolls for a while until stopping. Thus, on space-time there are world
lines which are preferred in the sense that they represent objects which are at rest, for instance
if one of the persons in our past description is sitting somewhere, see figure 14.4. On top of
this view believes in a sense of simultaneity of events, that is a sense in which we can say
when two non—coinciding events occur “at the same time”. Thus, we can order the events in
three dimensional hypersurfaces containing events occurring simultaneously. Thus we have an



182 CHAPTER 14. SPECIAL RELATIVITY

absolute time, namely a label for these hypersurfaces, namely a function from space-time into
the reals. The real value this function has on each of these hypersurfaces is not very important
for now, the important thing is that it distinguishes each one of these hypersurfaces among
them. Thus we have the following picture of this view, see figure 14.5. Notice that since the
time changes for the objects at rest, their world-lines transverse the simultaneity hypersurfaces
and through these world-lines we can identify points at different hypersurfaces as occupying
the “same space along time”. The identification of all these hypersurfaces with each other
along the preferred world-lines is what we call “space”.
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Figure 14.4: Aristotelian view

We now describe in mathematical terms the structure this view assumes. We have al-
ready introduced a time function and its level surfaces, the simultaneity hypersurfaces. The
differential of this function, dt, allows to say which vectors are tangent to the simultaneity
hypersurfaces. If we take coordinates describing points of space-time, z#, u = 0,..,3. Then
a vector a of components a* is tangent to the simultaneity surfaces if a(dt) := a“a% = 0.
This follows from the fact that the previous expression is the derivative of the function ¢ on
the direction of a. And this derivative vanishes if and only if this vector is tangent to the
level surfaces of t. Then we have the preferred world-lines of objects at rest, their tangent
vectors, (four-dimensional vectors) provide a vector field over the whole space-time. To obtain
them we use as parametrization of these lines the values of the time function as they cross the
simultaneity surfaces. Then the preferred world lines are given by x*(¢) where ¢ is the value of
the function ¢. Thus we have a vector t# = az;t(t), and t"(dt), = t'2L = az;t(t) O ==,
There is an extra mathematical structure present in this view, namely a notion of distance
between events. This notion is very specific, it says that the distance between two events (in
the same simultaneity hypersurface) is given by the square root of the sum of the square of the
components of the vector connecting the events when expressed in some preferred coordinate
systems. These are the so called Cartesian coordinate systems of space. One way of encod-
ing these information without referring to particular coordinate systems is to use a metric

tensor, namely an objet which takes two vectors, and provides a number, called the square
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Figure 14.5: Space in the Aristotelian view

of its norm. This is a bi-function (an entry for each vector), h(-,-) which is linear on each
entry, h(v, cw + u) = ch(v,w) + h(v,u), and symmetric, h(v,w) = h(w,v). In Cartesian
coordinates this tensor has components, h;; = d;;, the Kroeneker delta. ' The object just
described lives in our “space”, now how do we extend it to the space-time? One procedure is
the following, we define the Cartesian coordinates in one of the simultaneity hypersurfaces,
that is, at a given time. And then transport it in time requiring that the points along the
preferred world-lines have the same coordinate values for all times. We then extend the metric
to all space-time by requiring that its component in the Cartesian coordinates remain con-
stant for all times. This is not the whole prescription for symmetric two-tensors in space-time
have more components, 10 instead of 6. We define the other components completing the four
dimensional coordinate system with the time function as the zero-index coordinate, 2° = ¢,
and defining hog =0, hg; =0, ¢ =1...3. Notice that in this way, the distance between two
events which are occurring at the same space point but at different time can be measured, and
it has the value zero. While the distance between two events at different space points have
a given, positive distance among them. The “time” between two events is just the difference
between the times of each of their simultaneity hypersurfaces, so for Aristotle it make perfect
sense to measure time intervals and distances between arbitrary intervals. Alternatively given
a vector in space-time we can decompose it in a unique way into a vector along t and another
perpendicular to it,

X =[X(d))t+X

!The existence of Cartesian coordinates, in particular global ones, is a very nontrivial topic, and implies a
certain structure for the space-time. Since this topic is too complex to be deal with here we just postulate its
existence.
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since

X (dt) = X (dt) — [ X (dt)]t(dt) = 0.
Thus, the space norm of the vector X is just the norm of the vector X.
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Figure 14.6: Galilean view

This completes the description of the mathematical structure of the Aristotelian view of
space-time. We have the set of all events which we call space-time. In space-time we have a set
of preferred world-lines, that representing the events taking part at objects at rest. We also
have a time function ¢ from this set to the reals, and we call simultaneity hypersurfaces at the
level set of it. With this function we can define the tangent vector to each preferred world-line
and so have a vector field . We can identify these hypersurfaces with each other through
the preferred world-lines thus having a notion of “space”. In “space” we have a notions of
Cartesian coordinates and distance among objects. Which we uplift to space-time using the
present structure, giving a (degenerate) metric tensor h in space-time.

14.1.2 The Galilean viewpoint

While trying to argue that the earth revolved around the sun Galileo had to dispose of the
concept of “natural rest state” of things. He argued that we can imagine a situation where a
ball is rolling on a flat horizontal surface and that this surface is made of different materials
in such a way that the friction force acting on the ball by the different surface materials is
smaller and smaller, one can also consider families of balls made out of different materials so
that their size are equal but their weight is growing so that the influence of air friction is each
time less and less important, all the balls throned with the same initial velocity. In this limit
the ball will roll indefinitely, showing that the concept of “natural rest” is not fundamental, it
exists in our mind due to our inability to experience the limit of frictionless motion. Once he
realized this, he proposed the relativity principle which with our present concepts we can re-
state as saying that there are no preferred world-lines and so no natural identification among
simultaneity hypersurfaces, and so no “space” in the way we have introduced it before.
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If no preferred world-lines exist what does remains from the Aristotelian view? We still
have simultaneity hypersurfaces and a time function, but no preferred vector t. In each of
this What about the notion of distance? Assume we have a given Aristotelian frame, that is
a vector t, then we are in the Aristotelian framework and can assume there is a space with
its 3-metric h defined. We also have a coordinate system x* obtained by pulling up from one
simultaneity hypersurface a Cartesian system and declaring the other coordinate to be the
label of the hypersurfaces. Then in this coordinate system we can also lift up the metric tensor
hij = 6;;5, other components vanishing. Now imagine another family of world-lines moving at
a velocity v* = (v,0,0) with respect to the previous one, that is, we now have coordinates
which relate to the previous one as,

¥ = z+out
y =y
7 = =z
=t
Then the components of the metric tensor above introduced in this coordinates would be,
(using that components of a this tensor transform like h,,, = gf:, gf; hop)s hoo = V2 Ry,
hyi = —2vhgi, hyjy = h;;. Thus we see that if we have two events at the same simul-

taneity hypersurface, that is two events, A and B, “occurring simultaneously”, then the vec-
tor connecting them will have the form (0,z45°) and the distance between them will be,
dap = \/hijzapzap?, the same in all coordinate systems of the above form. While if the
events occur at different times, say with connecting vector given by xap = (At, Az,0,0),
then dap = (At)?v? — 20AtAx + (Az)? and this number depends on the value of the relative
velocity of our “preferred” world-line systems. In fact, taking v = % this number can be
made to vanish! Thus we see that in the Galilean framework we can only measure distances
among events when they are at the same simultaneity hypersurface, still we can measure the
time between events as before. This does not means that we are restricted on what we can
describe in nature, on the contrary this framework tell us what we should expect from nature,
namely that natural phenomena can not depend on “distances” among events at different
times, but only on distances between events at the same simultaneity hypersurface. Thus,
for instance, the force between two bodies in the Newtonian theory of gravitation can not
depend on their distances other that when measured at the same time. This framework order
our ideas about how nature behaves.

Exercise: Check that given any two non-simultaneous events there is a world-line for which
the distance between events can be made to vanish. Check that nevertheless it can not be
made to be negative.

The Galilean view is democratic, in the sense that any two sets of world-lines, and so any
two sets of Aristotelian frameworks are equivalent. Physics can not depend on them, and
one way to make sure that one is considering physically relevant concepts is to check such
equivalence.
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14.1.3 There comes the light!

The first successful measurement of the speed of light was made by Ole Romer in 1676.
Looking at the time series of the intervals for which Saturn’s moon, lo, was hidden behind
it. Since the earth is moving with respect to Io in its orbit around the Sun that time interval
changes due that the light has to cover a longer distance when the earth is going away from
Io than when is coming towards it. This travel difference, when added across several of Io’s
orbits was measurable with the technology of that time. In analogy with bullets, one could
also ask what happens with the velocity of light when it leaves lo going away from the earth
or when it leaves Io when it is coming in the direction of the earth. If we think of the light
as bullets then in one case the light would come faster than in the other and the velocity
difference would be twice the orbital speed of Io. Unfortunately that speed is not big enough,
given our distance to lo, and so can not very easily measured. But now a days we observe
binary systems (pulsars) very far away and with orbital periods of milliseconds so if this
analogy with bullets were true we would see quite amazing things, like the seeing the pulsar
when coming to us much younger than when going away! We don’t observe this, because
light does not behave like particles o bullets. Light travels at its own velocity, ¢, independent
of the emitter velocity! This is an undisputed observation now a days, which follows, for
instance, form Michelson’s experiment, and it should surprise us! Light has its own routes on
space-time, its own paths. Space-time has some estrange structure that light detects and so it
is guided along certain paths and not along others! But is against our Galilean construction
of space-time! To see this, send light in all directions from events at t = —7T and uncover a
mirror at an event, A, at t = 0 wait until hypersurface ¢ = T" and register where did the light
reached, bouncing at A, from each event at t = —T. The line connecting these two events is a
world-line, a preferred world-line! So given simultaneity hypersurfaces and trajectories fixed
on space-time give us a preferred Aristotelian framework.

When people realized this the first attempt of an explanation was to say, after all Aristotle
was right and there must be a medium against which light moves, like a sound or elastic waves
in matter. But all attempts to measure the velocity difference on earth when it was moving
in different directions with respect to the presumed ether gave negative results.

So we have to revise our space-time concepts to account for the observations.

14.1.4 The Einstein viewpoint

We come back now to the symmetries of Maxwell’s equations, namely the Lorentz transfor-
mations. That symmetry tell us that when we apply it to points of space-time it changes
our simultaneity hypersurfaces, what were two simultaneous events are no longer so. To save
Galileo we must abandon simultaneity. Simultaneity, together with a constant speed of light is
equivalent to an Aristotelian framework, for given a simultaneity surface then we can construct
a time direction using light rays and mirrors. Indeed take an event where a mirror sphere is
uncover. Previously at different times send light rays from different events with a code saying
from where and when were they sent collect them into the future at different events. If they
reach an event at the same time into de future with respect to the event where the mirror
sphere was uncover as the time into the past when it was emitted, then we say that the emis-
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sion event and the receiving event are at the same rest point. Doing this with many events
we get a whole set of rest observers, and so an Aristotelian framework. Simultaneity actually
is a very unjustified assumption, aside from the fact that worked very well in our models for
describing physical phenomena aside from electromagnetism. So we just abandon it. So what
are we left with? It seems that with very little, we don’t have any longer a way of determining
the time interval between two events nor can we determine the space distance between any
event, for we can not even say when two events are occurring at the same time. Nevertheless
it remains a quantity that we can determine, namely the quantity which we saw was invariant
under a Lorentz transformation. Given any Aristotelian framework and a vector connecting
any two events, @ 4p we can compute d%g = g, g = —c2(2%5)? + 24 g2’y pdi; and this
quantity is invariant under any of the symmetry transformations of the wave equation. This is
the only invariant quantity one can built out of relative position vectors, and so the only thing
that makes physical sense. If this quantity is positive it means that the events are separated
in a space-like way, that is, we can not reach one event from the other traveling at speeds
smaller or equal to the speed of light. That is, with light or any other material traveling at
smaller speeds we can not influence from one of these events what is going on on the the other.
Furthermore we can always find another Aristotelian framework for which these two events
are simultaneous, and the distance between them is just dsp. This new Aristotelian system
has a relative speed to the previous one which is smaller than c. If the above quantity is null,
then we can see that one event can be reached from another one by via a light ray, but not
by any material thing flying slower than light. We shall say these events are light-related.
These events are along the special paths light travel on space-time. If the above distance is
negative, then we can find another Aristotelian framework in which both events are at the
same space point, that is are along a given preferred world-line of the framework. In this case

\/—d?%p is the time interval between these two events, we say that they are time-like related.
Again the relative velocity of this new Aristotelian framework with respect to the former one
is less than the speed of light. This is what remains of our simultaneity surfaces, prior to
this we could say whether two events were one into the future of the other or vice-versa or
whether they were simultaneous (occurring simultaneously). We could order them according
to their time of existence. Now that is not longer the case, but still we can say whether one
event is into the future of another or they are like related or space related. This is also an
ordering system, but only partial. This is all what is needed for doing physics.

We are ready to define now our subject, special relativity. Which is just the following
assumptions.

1. The set of events is four dimensional, that is it suffices four numbers to label all
events and describe their interactions. More specifically at each neighborhood U, of
an event p there exist four functions (z°, z',2? %) form U, into the reals (a coor-
dinate s~ystem), such that any function, f from U, into the reals can be written as

f@) = f((2°(q), 2" (q), 2*(q), 2*(q)) Vg € U,

2. At each point of this space of events there is a metric tensor, namely an invertible,
symmetric, by-tensor of signature (—, +, +, +).
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3. There are global coordinate systems in which the metric tensor is constant and is diag-
onal with components, (—c?,1,1,1).

This is all what we need to have the arena where physics is played. This space-time is
called the Minkowski space-time . The first two assumptions are though to be very basic.
Although they are assumptions and so are constantly contested in modern physics, in partic-
ular the notion of a four dimensional space-time is abandon in string theory, although these
theories have not yet succeeded in describing more physics than before. The third assumption
is clearly false because implies the space-time geometry does not have any curvature, and we
know that matter curves space-time, for instance it is know form Eddington expedition to the
island of Principe near Africa to watch the solar eclipse of 29 May 1919 that sun’s gravity
pull bends light rays. Thus they do not travel along the straight lines a global coordinate
system as the one above would imply. Nevertheless this assumption is a good first step in the
sense that with it we can model many physical situations (where gravity is not important)
with very high accuracy and with simple mathematical tools. In particular for this book this
is enough.

In the next sections we shall develop the geometry corresponding to this new concepts, in
particular the kinematics and dynamics of particles and other fields.

14.2 The geometry of Minkowski space-time.

14.2.1 4-vectors

The simplest non-trivial structure in this space are the tangent vectors, they are, obviously,
four-vectors.

At every point/event of the Minkowski space-time we have the pseudo-metric 7,,, thus
the vector space at each of these points is divided in three regions,

o 7, v"v” > 0, we call this vectors time-like .
o 1,00 <0, we call this vectors space-like .

o 1, v"v” = 0, we call this vectors null .

Clearly if we multiply any vector by any real number the vector remains in the same set,
its nature does not change. The zero vector is the only vector in the intersection of these sets.

Exercise: Show that the time-like vectors form a double cone. That is, if v; and vy are
time-like then either v, + awvsy is time-like Vo € [0, 00) or v — aws is time-like Vo € [0, 00).
Conclude that the non-zero time-like vectors are in either of two cones. One of them is called
the future cone, the other the past one. Reach the same conclusion for the non-space-like
vectors.

Exercise: Find two time-like vectors whose sum is space-like.
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Exercise: Show that the sum of two null vectors is never a null vector.

Exercise: Show that the sum of two future directed null vectors is a future directed time-like
vector.

Exercise: Find two space-like vectors whose sum is time-like.

Figure 14.7: Sum of future directed time-like vectors

14.2.2 Reference frame descriptions.

Reference frames are useful to bring the description of physical phenomena to the more familiar
Galilean or Aristotelian views. They are also important for there are many physically relevant
quantities, measurable quantities, which depend on the observer who is realizing them, like
for instance, frequencies.

Given a unit time-like vector ¢, n(t,t) = 1, at point p in space-time, we can define the
simultaneity hyperplane at that point as the set of space-time vectors such that n(t,x) = 0.
This is a three-dimensional space with a norm, indeed —n(x, ) > 0 if  # 0 for all the above
vectors. When appropriate, for this vectors at a simultaneity space we shall write,

and so make contact with the Galilean view. It is useful to consider the following coordinate
system: Given the vector ¢ at a point p we can propagate this vector to the whole space-time
by applying translations, either space-like or time-like and propagating it as a constant vector.
Thus we have a constant vector field on the whole space-time. The simultaneity spaces of this
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vector field are integrable, that is they form global hypersurfaces, global simultaneity spaces.
The Minkowski metric induced in these simultaneity spaces is constant an negative definite, so
we can choose there a Cartesian coordinate system, namely any coordinate system for which
the induced metric becomes, h;; = d;;. We then extend this system to the whole space-time
by declaring this coordinate system to be constant along the integral lines of the vector ¢.
Furthermore we complete the coordinate system by choosing an extra coordinate, the time,
by labeling the simultaneity hypersurfaces using the parameter of an integral curve of £ which
passes through p. In this coordinate system the vector ¢ has components t* = (1,0,0,0). This
way we get all elements of a global Aristotelian viewpoint.

Given the vector t we can decompose any tensor in parts along it and parts perpendicular
to it. For instance, given a vector w we can write it in a unique way as,

u=at+a with n(t,a)=0

contracting with ¢ we find that a = n(t,u) (so @ = u — n(t,w)t). In particular, if we
have a curve in space-time, x*(7) then the vector connecting two near by points is given by
dxt = %dT = udr, thus, in the adapted coordinate system we have,

dz® = n(t,u)dr do' = a'dr

Thus, the velocity of this curve is, for the ¢ observer,

1

U
n(t, u)
Note that we use 3 to express this velocity, the reason is that we are using as time function
2¥ = ¢t so the velocity is dimensionless, in terms of ¢ the velocity is v* = ¢f°. Note also that
this 3-velocity does not depend on the parametrization of the curve, and therefore not in the
magnitude of the 4-velocity vector.

Thus, it is better to express the above splitting in the following way,

u=mn(t u)(t+p)

Contracting w with itself we get,

5=

n(u,u) = nt,u)’n(t+B,t+B)
n(t, u)’[1+n(B,B)]

= nt,u)’[l—F5-f] (14.1)
Therefore,
U = 77(’“7 u)fY(t + /6)
where,
n(t,u) 1

— — > 1.
! ynww)  J1-5.5
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Figure 14.8: Different unit time-like vectors in a given coordinate system.

14.2.3 The proper time of a trajectory.

The parametrization of the above curve, or equivalently, the magnitude of the velocity vector,
does not enters in the definition of the 3-velocity this curve has with respect to some other
curve. This is so because physically the relevant information about a trajectory in space-time
is given by the set of points along the curve and not the curve itself. That set is a whole
history, a complete succession of events. The way we parametrize it is irrelevant.

It is customary to use a parametrization which uses the only scalar intrinsic property a
trajectory has, namely the length of the curve from some given point. To see this, consider two
events, A, and B that are time-like related, with B into the future of A and curves connecting
them. Restricting consideration to smooth curves whose tangent vector is everywhere along
the curve time-like or null, that is its norm is positive or null. We can define the distance or

interval along each curve as,
1 dx# dxv
T ::/ o = S, 14.2
AB 0 Ty dr dr 7 ( )

Notice that this quantity does not depends on the parametrization chosen for expressing the
curve, indeed choosing another parametrization, s = s(7), and the chain rule, % = %%,
shows that the result is the same. Thus this quantity depends only on the curve, as a set,
and on the metric tensor, it is the only intrinsic property we have. It is thought as the time
interval along the curve between these two events as measured by a local clock. If we choose
this length to parametrize the curve, then the tangent vector has unit norm. This is the
customary choice.

We therefore have,
dz® = n(t,u)dr = vds > ds

when s is the proper time. Thus the coordinate interval any observer assigns between two
infinitesimal intervals is always lager than the proper time between them.

14.2.4 The trajectories of free particles and a variational principle.

Consider different curves connecting the events A and B. See figure 14.9. Notice that different
curves would give different times between the events, so that different processes along different
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curves if synchronized at A would reach B clicking different times. Nevertheless we do have
a sense in which there is a time interval between events A and B.

Figure 14.9: Curve variations.

Lemma 14.1 The maximal interval corresponds to the straight line connecting both events.
The value of this interval corresponds to the proper time of an observer moving along such
curve.

Prueba:  Assume z{(s) is the curve which maximizes the above quantity, and consider
nearby curves of the type 2 (s) = zf(s) + Ax¥(s). Since they all must leave from A and reach
B we assume x4 (0) = /(1) = 0. Using them we construct a function,

1 dxh dxk
Tan(A ::/ N e S G
() 0 (e dr dr T

taking the derivative with respect to A and setting it to zero when A = 0, (the condition for
dap(A = 0) to be an extreme. We get,

daz" dx¥
TN, e
|A:0 = 5|A:0
d\ 0 da:‘)f dx;’\

Nuv “ds ds

n
alzz:Q dz¥

1 e
_ Mwvds ds g
0 dall dxy

nl“’ ds ds

choosing, for simplicity, the parametrization so that the denominator is constant, and inte-
grating by parts we get,
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dT 45(N) 1 1 d*al dxf
Thzo = W[/o ﬁuudg d5+77;wd0 21 o]
Nuv =75 ds ds
d*z}
— dxg i / T 20 s)zy(s)ds
N g5 ds

where in the last step we have used the initial and final conditions for both curves to coincide
at A and B. Since zY(s) is arbitrary, and 7, invertible we reach the conclusion that along
the maximum the second derivatives of the curve, that is the acceleration, must be zero. So
the curve has constant velocity vector, and therefore it is a straight line.

Exercise: Show with an example that if n,, were not invertible we would not be able to
reach the above conclusion.

We shall say that in absence of forces particles travel along straight lines of this coordinate
systems. Not only that but with the parametrization used those lines can be described as
linear functions of the parameters, in particular their internal clocks mark the time interval
between the events they occur. Thus, imagine two persons which meet at event A at which
they synchronized their watches, then each one of them went on different paths until meeting
again at event B. In general their watches will mark different times, the shorter time would
correspond to the person which accelerated the most during its path. So if you move around
you stay younger!

Exercise: Show that the time difference between person going through the longest past and
a person going along a nearby path is given by

ATyp = /Osn(du, ou) ds,

where du = % is the variation of the velocity in the direction perpendicular to it. Notice
that if we parametrize the curve with the proper time, thend, since n(u,u) = 1, n(u,du) =0
and so, n(du, du) is negative definite unless du = 0. Hint, perform a second variation of the
above formula, and use Taylor’s formula to second order to approximate Tsp in terms of \.

14.2.5 The size of objects

Consider a piece of chalk moving freely in space all its points with constant velocity, (so there
is no rotation). We can model it in space-time as a two surface object in a way similar as
what we do to model a the history of a hair, that is suppressing its transversal directions, see
figure 14.3.

It should be clear by now that this is the object chalk, there is not a one dimensional object
we can extract in a natural way from it. At most we can have a one dimensional representation
if we fix an observer and a given event along its world-line and consider all those events at the
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two-surface chalk from which light emitted a them reaches our observer at the specified event.
But that one dimensional representation depends mostly on the observer, so it is not natural
by any means. Since the chalk is assumed to move at constant speed, or otherwise taking
the center of mass instantaneous velocity as a rest frame we have, nevertheless, one preferred
simultaneity hypersurface and so a one dimensional object. So it is interesting to see how
this object compares with others other observers would see when moving with respect to it.
For instance we can ask what would it be the sizes these representations would have for each
one of them. In the next figure 14.10 we show the situation, we have our chalk moving with
velocity w from another frame, and show the two different representations by the vectors x,
and x.

chalk

Figure 14.10: Chalk decription and sizes.

From the figure we see that there must exist o such that

T =x+ au.

Since u = y(t+wv) and t-@& = 0, w- & = 0, contracting the above expression with u we obtain
a, and so,

m:_(uc-ga:) u+:ﬁ=—%(’u-m)u+m
therefore,
2 2
x m::i:-:%+’y—4(v x)(u-u) == i—l(v x)?
c c
and so,
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we see that the largest distance the object has is precisely when viewed from the frame at
which it is at rest.
If we choose coordinates so that the relative velocity is along the x axis, v = (1,0, 0), then

in the other frame we have,

x2v?

2.2 .2, 2
4y 4z
21 —v%/c?) 7 Y

PP+ 2=+ P+ 2+

14.2.6 Volume contraction and densities

Consider a cube of sides (Ax, Ay, Az) on its rest frame, if we see it from a frame moving with
respect to it with speed v in the x direction, we would see a shorter cube (%, Ay, Az) and
its volume will be, %, where Vj is the volume at the frame at which is at rest. Consider now
an arbitrary body, and view it from some arbitrary frame moving with respect to it, since
we can approximate its volume by summing over small cubes, and in particular we can take
these cubes to have one of their sides aligned with the velocity direction we see (see figure
14.11) we have the same relation among volumes as for the individual cube, namely it will be
measured as smaller by a ~ factor.

—)

Figure 14.11: Volume contraction.

Consider now a set of N particles in a given volume, then the particle number density,
p = % will depend on the observer that is viewing it, indeed, in some other reference frame

we will see a density given by p = % = %ﬁ = vpo. Nevertheless there is an object which is

&
invariant, the current density, defined by,

J = pou
where wu is the four-velocity of the center of mass of the particles and py the density as

measured on that frame. If ¢ is another observer, then, u = (¢t + v) with n(v,t) = 0 and
therefore,
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n(g.t) = pon(u,t) = vpo

so it transform in the expected way from frame to frame. Furthermore in the coordinate
system of this new frame we have, j* = (p, pB), where p := pyy, and

9" _ 1[@ i 8(p”i)]
drt ¢ ot or’

So we see we get the expression for particle number conservation when we set this four-
divergence to zero. In general we can interpret it as the rate of particle creation. It also apply
to other currents, as the charge density and electric currents, which we see they get together
into a single four vector.

14.3 Relativistic Optics

Instead of working with light rays we shall work here with rays of the wave equation. The
reason for doing that is simply that we have not introduced yet light rays as plane wave
solutions of Maxwell’s equations and that for this simple geometrical optics setting, without
polarization, both solutions behave in exactly the same way.

A plane wave of the wave equation is a solution of the form,

Ot 7) = fwt+ k- T) = f(z"k,)

where in the second expression we have used our relativistic notation and introduced the four
dimensional co-vector k, = (%, k) (in coordinates {z#} for which 2° = ¢t). In the case that
f(s) := fo €, wis interpreted as the wave frequency . This expression represents a function
which is constant along the lines perpendicular to k, namely the position vectors of the form,

—k.z
t =

W

These hyperplanes are the level sets of f.

The intersection of a simultaneity hypersurfaces of this coordinate the level sets of f
consists the sum of a fixed (space) position vector plus an arbitrary vector perpendicular to
k. That is on each simultaneity hypersurface f is constant along plzines perpendicular to k.

We can think of those space planes as moving along the lines (¢ = _Tf , 7).
If we apply the wave equation to this function we get,
— 82¢ w? N £
0= 000(1,7) = oy~ A6 = (5~ F-F)f

thus we see that in order that this be a solution we need that the four-co-vector k be a null
vector, indeed the above expression is just

0" kuk, =0
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where n*” is the inverse of the metric,

1 0 0 0

, o =1 0 o

=10 0 -1 o (14.3)
00 0 -1

Therefore we must consider ray co-vectors of the form, k, = (%, %A) with % any unit
vector. We shall take the plus sign for the time like part, which corresponds to a wave
moving in the direction opposite to k. This is so because the vector form of k, has the form,
ko= 'k, = 2(1, —k). This will be used when discussing aberration §14.3.2. Note that
given any time like vector, t, any null vector can be decomposed as,

A

k=a(t+k).

Contracting with ¢ we obtain, as for the case of time-like vectors, a = n(¢t, k). The value of
this quantity can not be expressed in terms of the norm space part of k. The null character
of the vector only implies that n(k, k) = —1, k- k = 1.

14.3.1 Doppler shift

For the observer at rest with our coordinate system ¢ = (1,0, 0,0) the frequency of the wave
is just,

w = ct(k) = ct'k,.

recalling that 2° = ct. Like wise, for any other observer, ¢ = v(t +v) = v(1, ¥) the frequency
will be,

i(k) "k vk
oo tE) Py @ Tk
C C C C

and so,

€&
—_
+

S

T

as expected from the usual derivation for sound waves, the frequency is bigger when the
observer moves at a faster speed towards the light ray than the previous observer. In particular
we can consider a light source which emits at a given frequency determined by its internal
state. So on the rest frame of the source we will observe the real frequency as determined by
its internal state, wy. Any other observer will see this ray with a different frequency given by,

1_17-]2:

c

/1 _ 22
62

W = Wo
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where ¥/ is the velocity of the observer respect to the light source, and k is the wave direction
as pointing in the direction to the other observer (the negative of the previously used direction
vector). Notice that the Doppler effect has two different contributions, one is the usual we
know from sound waves, and is related to the relative velocities of sources and receivers, and
depends on the sign of that velocity. The other is a purely relativistic effect, a v factor, which
is present even in the case when the source moves perpendicular to the observer direction.
For relativistic situations this factor can be dominant.

S light ray

Figure 14.12: Doppler Effect

Figure 14.13: Null planes and unit vectors.

Exercise: At rest a interstellar hydrogen cloud absorbs light at some given spectral line
frequencies, can we infer its relative motion with respect to a further away background star?
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source path

<« receiver path

Figure 14.14: Source-receiver Doppler Effect

Exercise: Millisecond pulsars planets

Exercise: What happens when the observer velocity is perpendicular to the line of sight of
the light source object?

Exercise: Deduce the standard Doppler effect for sound.

14.3.2 Aberration

Light aberration is also a classical (pre-relativistic) phenomena which has also its relativistic
counterpart. In fact was used for the second measurement of the light speed by Bradley in
1729.

The observation of this effect consists in realizing that the angle at which a star is seen in
the sky depends on the velocity the observer has with respect to the star. Indeed when the
star is sufficiently far away all light coming from it can be assumed to reach the telescope at
parallel rays. If the telescope is at rest with respect to the star one would measure the correct
angles, in particular the declination angle, #. If the earth, and so the telescope is moving, for
simplicity in the same direction as the star is, then the light entering the telescope aperture
will arrive at the ocular when this has already traveled a distance from the original position,
thus resulting in a measurement of the declination angle smaller that when at rest with respect
to the faraway star.
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Figure 14.15: Aberration

From the figure 14.15 we see that A = Lsin€ = Rsin 6, and R = c¢At, on the other hand,
B = Lcosf — Rcosf = vAt. Therefore,

. . v
cos @ sinf — cosfsinf = —sinf’
¢

For small effects, defining dff = 6" — 6 and to first order in 2 we get,

40 = —Zsino.

C

Using measurements of this effect when the earth was in opposite sides of its orbit around
the sun, Bradley, who discovered it, was able to measure the speed of light. Notice that, as
Doppler’s, is an effect of order Z, so not so difficult to measure. It is not due to the Minkowski
metric, which only can give effects of order ’c’—i, and so only relativistic in the sense that the
speed that appears is a relative speed.

We now consider the full relativistic version, for this it is better to consider two stars at
slightly different positions and relate all angles to the angles between them. Following the
situation in figure 14.16, we have two stars, each one sending light according to null vectors
ki and k,. At event A they are registered by two observers moving with four-velocities ¢t and

t' respectively. In term of these two vectors we have,

/
kl = ﬂ(t"—Cl{?l) = ﬂ(tl +C]€i)
C C
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stars

Figure 14.16: Relativistic Aberration

/

ko = “2(t+ chy) = 2( + ckl)
c ¢
where k; ( k!) are unit vectors perpendicular to ¢ (respectively ¢'). Therefore,
ki - ko = wiws(—1 4 ky - ko) = wiwh(—1 4k, - kL)
from where we get,

wiwé 1— ]{Zl . ]{ZQ

wiwz 1 — k- K

But from Doppler’s effect we have,

Wiwh (14 TRy(1 4 TR

2
w1wo - %

Defining l%l . 12;2 = cosf, U- /%1 =wvcosby, U- /%2 = v cos by, so 0 is the angle between 12;1 and

ko, and so on, we have, 1 — ky - ky = 1 — cosf) = 2(sin g)z and,

(sin §)? (14 veosfy) (] . veosty)

C
(sin %)2 — Z—i

and this is the relativistic version of the aberration effect.

14.4 Energy-Momentum 4-vector

We want now to define the four dimensional dynamics, that is the dynamics in space-time. We
will assume that free particles travel at speeds lower that light and along straight lines, that is
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lines which minimize the proper time along the trajectories. Using this parametrization along
the straight trajectories they can be expressed as linear relations among coordinates. Forces,
that is interaction with external fields will cause a modification on these trajectories, that
is they will modify them producing some acceleration, as we know from Newtonian theory.
So we need to generate an equation of motion, on one side should have something like an
acceleration and on the other something like a force. Since we are in four dimensions this
should be a relation among 4-vectors.

We consider a particle along a trajectory -, for reasons we shall explain below we parametrize
it with its proper time, and so we get a unique tangent vector w with (negative) constant
norm. If we take an instantaneous reference system which is at rest with the particle at
a given event, then the time in this reference coordinate system coincides with the proper

time of the particle at that particular event. Since along the curve w - uw = 1 we have,
dn(g,u) = %dn(x,u) = 0, so the 4-acceleration a := dd—r':’ is perpendicular to the 4-velocity,
dn(u,u) du
0=—"—=2n(—,u) =2n(a,u).
9t — on(“ w) = 2m(au)

Thus, we expect to have only three equations out of a vectorial equation determining a. The
4-acceleration is a spatial vector with respect to the frame instantaneously co-moving with u,
that is, @ = (0,d). On it we impose Newtons equations,

mod = F, (14.4)
Here my is the mass of the particle as measured in the instantaneous rest frame of the particle,
a additive property of the matter. If no forces are present, then we see that the velocity
vector remains constant and so, in this coordinate system we have a linear relation among
the coordinates along the trajectory. That is why we choose the proper time parametrization,
any other parametrization not proportional to proper time would make the above relation
undetermined, unless the force would also have information on the parametrization chosen.
So we can remove now our frames and write an invariant four dimensional expression for the
above law.

o™ = f = f ol fu (14,5
where f is any given 4-vector in space-time representing forces and we have taken in the right
hand side of the equation the part of it perpendicular to u, since we have, n(a,u) = 0. We
have written explicitly the acceleration to remark that the derivative we are taking is with
respect to proper time and not coordinate time, which would be wrong here, for the above
expression is valid for general coordinate systems (so no reference to a particular coordinate
system can occur).

How this expression results in an arbitrary system? Consider then a system whose constant
4-velocity is ¢, then with respect to this systems w = v(t + v8), with v = n(t,u) = : L
F

o

F . F J
e Few) mFw)  1g
en(t,u) ey ?

<
B[ )

c

For the force we get, f, := A\t + where, from the perpendicularity condition,
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the work generated by F by unit coordinate time. There results two equations, one when
contracting 14.5 with ¢ and the other when taking the perpendicular part, (recalling that ¢ is
a constant vector),

L = F. 14.6
moc” - v ( )

dryv

— = F 14.7
Mo ds ( )

as already mentioned, there are three independent equations, and in fact the first one es a
consequence of the second one.
To see this consider the limit of v << ¢ and perform a Taylor expansion of both equations

. 2
above, since v~ 1+ 35,

b ) e
2L~ 27~ 2 L~ F- .
MoC™ Mo— 7 o F-v (14.8)
dyv dv dv

therefore the first equation follows up to an integration constant from integrating the second
when contracted with v.

Exercise: Show that the first equation follows from the second one. To see this, get an
equation relating ~y ‘Zl—z, v? and %. Integrate it to get back the expression of v as a function of
v?2. Compare with the Newtonian version, obtained by Taylor expanding the above expression
and retaining the first non-zero terms.

We can take a further step and define p := mgyu, the 4-momentum of the particle. As in
Newtonian mechanics, in cases where the masses can change we generalize the above system
to

P

= 14.1
7 (14.10)

in terms of this 4-vector,

mo == \/N(p, ) (14.11)

can be taken to be the definition of rest mass. We shall come back to this formula once we
formulate Maxwell’s fields as objects in four dimensions and introduce Lorentz force.
If we have several particles, then the total 4-momentum, is given by,

N
Pr =P (14.12)
i=1

Now, this vector is the sum of vectors of the form m;w,;, with m; positive and wu;, that is
vectors pointing into the future of the light cone, namely the cone whose boundary consists of
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all vectors of norm zero, see figure 14.7. But the sum of any two vectors in this cone produces
another vector inside the cone, thus any sum of vectors inside the cone gives a vector also
inside it and so the total momentum vector is inside the light cone and future directed. So
we can use its direction to define a rest frame, the center of mass rest frame of the particle
system.

We will be assume it is conserved in absence of external forces. This statement does not
follows from the similar one in Newtonian mechanics, for it assumes contact forces (so as to
be taking place at the same event) which in general is not the case. The general proof of this
statement needs a different formalism, the introduction of interaction fields in a variational
setting. This conservation law unifies both energy and momentum conservation in just one
law. As it stands, without the existence of extra fields carrying the interactions, it can not
possible be true. For instance consider the two situations in the figure 14.17, clearly on each
one of these two simultaneity surfaces the total momentum is different, for they are considered
at different times. The only unambiguous case is when all interactions happens at the same
event, and then all momentums are at the same point, at which, of course the calculation does
not make any sense. The situation in which does makes sense is when the interaction among
particles is limited to a region of space-time and we look at the total 4-momentum much
before and much later the interaction region, in that case the trajectories are all constants
and it makes sense to add vectors at different points in space-time, this is what is called a
scattering situation, see figure 14.18.

/

Figure 14.17: Summing vectors at different times.
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interaction regio.

/

Figure 14.18: Scattering situation, the sums are done before and after all interactions have
finished.
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Chapter 15

Relativistic Electrodynamics

15.1 Maxwell’s tensor

Following our description of physics in space-time we turn now to electromagnetism.

So far we have considered Maxwell’s equations as a set of coupled equations for two vector
quantities, E and B describing the electromagnetic fields and a scalar and a vector field, p
and j, representing charge and current distributions respectively. But we know that this can
not be the whole story, for we know that Lorentz transformations mix time and space and
what were space for one observer no longer is for some other, so spatial vectors, (3-vectors) do
not make much sense. We must search them for truly four dimensional objects. For matter
fields this was easy, we saw that densities must be part of a 4-vector, so we have,

J" = pou”

the charge density measured by an observer for which the charges are momentarily at rest,
times its 4-velocity. An observer with 4-velocity t* will see a charge density given by p =
—t"j, = poy, and a charge current given by J =c(j —tp) = pv.

The objects we are seeking for describing the electromagnetic fields can not be a couple
of 4-vectors, this is because a Lorentz transformation mixes both components. This can be
seen from the following simple observation:

Consider a infinite conducting flat plate with constant surface charge density o, say at © =
0. Then we know it will generate a constant electric field perpendicular to it, E = (470,0,0).
But an observer moving in, say the y direction, ¥ = (0, v,0), not only will see a bigger field,

—/

E = (470’,0,0) = (4m07,0,0), but also a magnetic field, for he will see the charge density
moving and so generating a current in the opposite direction, namely, J = (0, —oyv,0), which
in turn will generate a constant magnetic field given by B = (0,0, =4moy?) = T A E. Thus
both vectors must be part of a single four dimensional geometrical object.

Since at every point of space-time we have six independent components we must ask
ourselves which kind of tensor have that many independent components. Since a single 4-
vector would not do we try next with tensors of type G), or (g) or (3) Since we can transform
any of these kind of tensors in any other of them by contracting with the metric or its inverse,
to consider just one of them is enough. But they have 4 x 4 = 16 components! So for this to

207
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work we must impose some conditions among components so as to get only 6 independent ones.
These conditions must be valid for the components in any coordinate system, (in particular
Lorentz transformations), that is they must be geometrically invariant. There are only three
type of conditions which satisfy this, namely to ask for the tensor to be symmetric: ¢, = t,,,
antisymmetric: ¢,, = —t,,, and/or trace free: n*t,, = 0. Symmetric four-dimensional bi-
tensors, like the metric, have 10 independent components, while the trace free condition only
imposes 1 condition, so even if we require both conditions we are left with 9 components. They
are no good. But anti-symmetric four-dimensional bi-tensors have precisely 6 components.
So it seems that Maxwell’s fields must have a four-dimensional existence as an antisymmetric
bi-tensor, F),, = —F,,. How do we relate it to our old friends, E, and B? Given an observer
t we can make,
E, = F,t"

notice that this is a vector in the space perpendicular to ¢, indeed from the antisymmetry
of F' we see that E,t' := F,,t"t* = 0. So we assert that this will be our electric field for

this observer. How do we obtain B now? Out of ¢ and F we need to obtain another space
vector, this can be done with the help of the completely antisymmetric tensor €77 with
€23 — 1 in one of our Minkowskian Cartesian systems. ! This is the Levi-Civita tensor in
four dimensions. Once we have fixed the value of this component all other components are
fixed because the antisymmetry of it. With the help of this tensor we define,

1
* WY . _pVop
FM o= —ePF,
This new tensor is also antisymmetric and so,
% v
B, = —"F,t

is also a spatial, this one is B!

Exercise: Check that in a coordinate system where t* = (1,0,0,0),

Foo Fon Foo Fos 0 —-E, —LEy —Ij
Fiy Fu Fie Fis E, 0 By  —DBy
F,, = = 15.1
. Foy Iy Foe Fos Ey —Bs 0 By (15.1)
Fyo F31 I3y Fis Es By —-B; 0

That is, E; = Fy, B' = 1% Fy. i, j,k=1...3.

Exercise: Check that Fy; = €;;B"

Exercise: What are these components *Fj? And these L&' [}, 7

LOne could choose the opposite sign, this corresponds to a change in the direction of one of the coordinate
axis, that is to a parity transformation. With this sign it ¢’¢, ..+ is the conventional volume 3-form
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Exercise: Check that,
*FOO *F01 *FOQ *F03 0 —F23 F13 —F12
— *Flo *Fll *F12 *F13 B F23 0 F30 _F02
*F20 *F21 *F22 *F23 - —F13 _F30 0 FlO
*F30 *F31 *F32 *F33 F12 F02 _Flo 0
0 —By —By —DBj
By 0 Es —F,
B —E, 0 E (15.2)
By E, —E; 0

15.2 Maxwell’s equations

We now look at the covariant four-dimensional version of Maxwell’s equations. The fields we
have at our disposal are, the geometrical ones, the 4-metric, 7,,, and the Levi-Civita tensor,
etoP and Maxwell’s tensor. We need to find 4+4 = 8 equations, 3+3 = 6 evolution equations
and 1 + 1 constraints equations, that last description in terms of evolution and constraints
depends on the choice of time direction, it is not covariant. Since Maxwell’s equations are
linear in the fields and first order (only one derivative), we expect they would only include one
derivative operator and be also linear en F'. As mention we also expect a total of 8 equations,
that is, two vector equations.
There are just two candidates,

Ok, (15.3)

and

—1
0, Fyy = 0,/ P, (15.4)

The first expression is a vector, while the second is a pseudo-vector, since it is built out of

F,,, and e#"?? the Levi-Civita tensor, a pseudo-tensor since it changes sign when we perform

time or space inversion. Thus, since matter is vectorial in nature, we must have,

oMF,, = —4nj, (15.5)
and
0, F"™ = 0. (15.6)
Exercise: Show that 0,*F""* = 0 is equivalent to
emﬂd:%@f@+@ﬂw+@nA:o (15.7)
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Exercise: Show that if ]
Fua - 8[1/140] = 5[811140 - aaAu]a
then
Oy Fro) = 0. (15.8)

Exercise: Use 24.1 and 15.5 to show that

DFHV = 87r8[“j,,].

To see that they are indeed Maxwell’s equations we write them in Cartesian coordinates,
at = (ct,z,y,2) (so that the metric is now 7, = diag(—1,1,1,1)). Then t* = (1,0,0,0),
is unitary, and we can write a 4-velocity vector as u, = cy(t, + “*) (recalling that t, =
(—1,0,0,0))

The zero component, v = 0, of 15.5 is,

—80F00 + 8IFZO =0+ 8ZEZ = 47Tp = @EZ = 47Tp,

So we regain the constraint equation corresponding to Gauss law for this frame. For v =1
we get,

—0oFo1 + O1Fyy + 0o Fp; + 03F3 = OgE' + 0 — 0,Bs + 03B, = pu

so it is the 1 component of the equation

1 A
R, W oL N s M—
& C

Equation 15.6 is the vacuum version of the previous analyzed case, but with E > B
and B — —F see exercise in the previous section. So we reach the other set of Maxwell’s
equations,

OB+ cc"*0;E, =0 0;B'=0

and again we see that the separations between constraint and evolution equations is observer
dependent.

Otherwise, for simplicity, we can take the alternative version of 15.6, 15.8 and compute
some of its components to see that they correspond to the above expression. Indeed comput-

ing,



15.3. INVARIANTS OF MAXWELL TENSOR 211

and choosing 7+ = 1, and j = 2 we see that we get the third component of the first of the
above equations.

Exercise: Compute 0;;Fj;, how many equations are these? To what do they correspond?

So we see that the tensor F),, has all the information of Maxwell fields and also can encode
in a very simple manner Maxwell’s equations. It is called the Maxwell tensor, and it is the
real four dimensional object behind the electromagnetic phenomena. It unifies in one entity
all magnetic and electric phenomena in a natural way.

15.3 Invariants of Maxwell Tensor

Given, F,, 1, and €97, how many independent scalars quantities can we make? They
are important for, since they are coordinate independent can tell us quickly whether we
are in presence of some type of solution or another. The quick answer is that there are
just two basic invariants, all others are functions of them, F,, F* = n"*n*’ vk, Fy,,, and
F F" = %5““""F w s, It is instructive, and we shall use this latter, to see their expression
in terms of electric and magnetic fields a given observer sees.

To get the expressions we first show that given a future-directed, unit time-like vector ¢
there exist two vectors perpendicular to it such that the Maxwell tensor can be decomposed
as follows,

Fr = QFW"l — g Bote (15.9)

Indeed, defining E,, = F,,t” we see that F'** +2E 4] i antisymmetric and perpendicular to
t, so it can be though to be an antisymmetric tensor in a three dimensional space. But then
we know that it is equivalent to a vector, namely that in this three dimensional space there
exists a vector B* such that,

F# 4 2B = 2 BT = 16", B°

from which the above expression follows. Notice that here we have used the fact that #77 =
tp,e?? is the Levi-Civita tensor in the three dimensional space perpendicular to t.

Exercise: Use the above expression of F' to show that B* = —*F*t,. For that prove first
that

Eope TP = —=2(6,70,X — 6,"9,%),

(Hint: the above expression is coordinate independent, so choose any easy coordinate basis
and compute it.)
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Exercise: Show that
Y = 2Bl o Eote (15.10)

With the above expression, 15.3, we compute now,

F,F" = 2E,E"tt" + €0pe" o B7t’ B "t*
—2E,E" +2B,B". (15.11)

and using now 24.2 we get,
F,, F"" =2E'B,,.

How do we know there are no more invariants? What about, for instance, F),, F*° F,, F""?
Notice that since, given any t, unit time-like, F', is equivalent to two vectors perpendicular to
it, then it follows, since vectors are not invariant under rotations on the space perpendicular
to t that all invariants must be also invariant under rotations and so can only depend on
E*E,, B*B,, or E*B,. We already saw that the combinations E,E* — B,B", and E"B,
are invariants. We shall see later that the remaining combination, namely E,E* + B,B*", is
not an invariant (it changes values for different observers), but rather the a component of a
tensor. So there are just two invariants.

Exercise: Show that if at some point of space-time F,,,F*” > 0 and F),,*F" = 0, that is,
if for any observer at that point the electric and magnetic fields are perpendicular and the
magnetic field is bigger in norm than the electric field, then there is an observer for which the
electric field vanishes.

Proof: For some observer t we have,
E,=F,t" B,=-"F,t"

while for another, £, # = y(t* + 8*) with t3, = 0, t't, = —1,

E, = F,t
= Fﬂu7<ty =+ By)
= (—QE[Htl,} — EuyapBatp)’y(tV + ﬂy)
= ”yE“ -+ (—QE[MtV] — é‘w,ngotp)’}/ﬁy
YE, +t,E,B") + vt e pwe B B (15.12)

Since E*B, = 0, we can choose the space coordinate axis so that E* = (0, £,0,0), B* =
(0,0, B,0), we further choose a velocity in the perpendicular direction, s* = (0,0,0, ), we

get, By = Ey = By = 0 and Ey, = v(E — 8B). So, since |B| > |E|, taking 8 = £ < 1 we

obtain F; = 0.
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In this frame there is no electric force, this is the case when studying electromagnetic fields
in a plasma. There the high mobility of electrons implies that there are no electrical forces
present, that is, the plasma acts like a perfect conductor for time scales larger that those
for which the electrons re-accommodate. Nevertheless, in this situation, magnetic fields are
important and the resulting theory is magnetohydrodynamics.

Exercise: Show that if for some time-like vector u*, F,,u” = 0 then *F},, = 2bj,u,) for some
space-like vector b,. Show that it also follows that F**F,, =0 and F'"'F},, <0

15.4 The Energy-Momentum tensor

Besides the invariants discussed in the previous section there is another important object, a
tensor, that can be built out of Maxwell’s tensor,

v —1 o v 1 v o
T = E(F“ F""1p — Zn“ F°PF,,) (15.13)

Note that it is symmetric and its trace vanishes, 1" := T, = 0.
If we contract it twice with a unit, time-like vector t* we get,

1 1 1
i=T"t,t, = —(E°+ —(2(—E* + B?)) = —(E*+ B?
€= Tty = (B + {(A(—F" + BY)) = o (F* + B?),
which we recognize as the energy density of the electromagnetic field that the observer with
4-velocity t sees. Thus, the vector
pt = =T, (15.14)

must be the 4-momentum of the electromagnetic field as seen by that observer. Thus, we see
that for the electromagnetic field the 4-momentum is not a basic object, but it depends on
the observer. Aside for particles all other physical objects have energy momentum tensors
from which observer dependent 4-momenta can be built.

Exercise: Check that p* in terms of E and B is given by,

P 1
pﬂ = ettt 4+ = = 8_((E2 + BQ)tu _ 2tp€PMUVEO_By)’
C T

that is, the 3-momentum is P = ﬁ(ﬁ A é) — S, where S is Poynting’s vector.

Exercise: Check that p" is time-like or null and future directed.

Proof: We have seen that its time component is positive, so it remains to see whether

the vector is time-like or null. That is p#p, < 0. So we compute p'p, = —e* + % =
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G (B% + B +4|E A B]?). But |E A B| < |E||B, so (B + B?) = 2|B||B| > 2|E A B| and

p'pu < 0.

Exercise: Check that if p*t, = 0 for any future directed vector t, then at that point, F,, = 0.
Hint, split the Maxwell tensor in terms of its electric and magnetic parts with respect to t*.

Exercise: Show that if a given time-like or null future directed vector when contracted with
another time-like future directed vector vanishes, then the given vector itself vanishes.

Exercise: Write down all components of T" in terms of E and B.

15.4.1 Energy conservation

The energy momentum tensor we have defined have the following important property:

8MTMV - quuy (1515)

by virtue of Maxwell’s equations. Indeed,

—1 1
0T = T ((OuFY)Fuy + FH0,Foy — L0,(FE,)
T
—1 el o 1
— E(—Zhrj Foo + F'(0,F,s — éayFM))

1
= _joij - 8_7TF'u0<a,uFl/o - auFou - 81/F,ua>

1
= _joij - 8_7TF'u0<a,uFl/o + aoF;w + al/Fou)

o 3 o
= —J Fau - 8_7TFM (a[,uFl/o})

= —j°F,, (15.16)

where in the second line we have used one of Maxwell’s equations, in the third and fourth the
antisymmetry of F' and in the fifth the other Maxwell equation.

To see the relevance of the above formula take a constant unit time-like vector ¢, (so in
some Cartesian coordinate system it has components t* = (1,0, 0, 0), when writing coordinate
components we shall refer to them), and define p* := —T*"¢,, the 4-momentum that this
observer assigns to the electromagnetic field. We have,

ot = —0,(T"t,)
— (0, T"™)t, — T",t,
= JOE"
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. E, (15.17)

Q|k|1

where we have used the constancy of ¢, namely 0,t, = 0. So we see that locally the energy
momentum loss is just the work done by the electric force pE in the times the velocity of the
particles, .

We shall consider what happens with this result when considering a finite region, as the
one in the figure 15.1

Sy
I ! t=T
| \
n
T
/
t
g
t=0
Figure 15.1: Energy conservation
Using the divergence theorem in four dimensions we have,
/ d,p" d*x :/ pHn’ d3x+/ pnt d3x+/ PN, &’z (15.18)
v S0 M 2 * T

where the integral on the left is over a volume in space-time, and the others are over three
dimensional hypersurfaces as shown in the figure. The normals outwards normals to the
hypersurfaces at ¢ = 0 and ¢ = T are respectively, n), = (=1,0,0,0) = t,, and n] =
(1,0,0,0) = —t,. 2 Using the above result we then have,

/ —p't, d’x = / —p't, d*r — / PN, &z — / J-E d'z. (15.19)
Sr o T v

That is,

/ P’ dx :/ P P —/ PN, &’z —/ J-E d'z, (15.20)
X7 Yo T \%

the energy at X7 is the energy at Xy minus the integral over the side-boundary and the work
done by the field to the charges, if any is present.

So we now examine the side-boundary term, taking any vector n perpendicular to ¢, that
is spatial, one sees that,

2To see that these are the correct signs for the integrals over the t = 0 and t = T hypersurfaces assume p*
has only time component and perform the integral of 9yp° along z°.
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1 1
pin, = 4—[F‘“’F,,ot”— Zt“F"pFap]nH
s
—1 >
= EEUFH nﬂ
—1 v v o
= EEV’TL“<—2EUL1§ I gt UPB tp)
1 v o
= EEV’I'LM&:M UpB tP
—1 v RO
= Et €W,,Un“E B
1 L
= —n-(ENB
i (BB,
S
- .8 (15.21)
C

is Poynting’s vector, S = ﬁﬁ AB?3 Thus, we conclude that the change in energy form
hypersurface >y to hypersurface 37 due to volumetric work done upon the charges integrated
over time and energy flux losses, the (timex2-surface) integral along the boundary of the
region. In the case the boundary is tangent to the time direction (so its normal is perpendicular
to t) that is the space integration region is the same at all times for this observer, the energy
flux is just Poynting’s vector.

Exercise: Assume the region under consideration is moving with four velocity u* = y(t*+3,)
with respect to the observer t with respect to which we measure energy. See figure 15.2. What
is the energy flux in this case?

Figure 15.2: Moving region

Exercise: Show that —p*u, = T""t,u, > 0 if both t, and u are time-like and future directed.

3The factor % in the expression above is due to the fact that on the right hand side we integrate power in
units of ct.
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Proof: This follows from the fact that p is time-like or null and future directed, but it is
instructive to do the following calculation, taking, for simplicity, both vectors to have norm
one we and so ut = (t" + p*), with n(t, 8) = 0, we have,

—p'u, = =yt +0"B)

- Sl(E +B2— 23 (EAB))
T

> L(E*+ B®—2BEB)
&
Y 2 2

> —(F B (1 —

> LB -p)

> 0

Y

since 5 < 1, |(E A B)| < |E||B|, and E*> + B2 > EB. Notice that this quantity is zero only
when both electric and magnetic fields vanishes.

Exercise: Use the above result to show, that if two solutions to Maxwell equations coincide
at ¥y then they must coincide inside a region like the one shown in figure 15.3 as long as the
normal to X is time-like.

Figure 15.3: Unicity of solutions

15.4.2 Momentum Conservation

Let us consider now a constant, unit, space-like vector, k. And, for simplicity we take a
constant time-like vector perpendicular to it, ¢, £ -k = 0. From 77, we see the vector
T}, = T"k, satisfies,

@LT;{‘: =0,(T"k,) = j°F,"k,

Performing the same integral as before over a surface perpendicular to ¢, we get,

- [orpde = [ TRl @t [ TRl de s [ TRN, d
\% T

3o X
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= [ Tkt dPe— [ TR, P+ / T"k,N, d*z
20 2T T
_ / 'k dPa — / o'k, PP+ / T"k,N, d*z
o S T
(15.22)

So we see that from this equation we can get the change in the space components of the
energy-momentum 4-vector. Re-arranging this expression we get,

Pk, P = / Pk, Bz + / Tk, N, &z — / FEk, d' (15.23)
Yo T \%

X
Again we see that the change in momentum has a volumetric term and a flux term. Notice
that p*k, = —T"t,k, = %5 k= ﬁ(ﬁ A B) - k, so that the 3-momentum density that the
observer with 4-velocity ¢ sees is the Poynting vector.
We now compute the momentum flux along k, —7T""N,k,, and the volumetric source,
—Ju "k, .
We first compute,

Fik, = —(EMY — E"t")k, — e Byt k, = t'E - k — ,e""°" B, k,
So the momentum source becomes,
—ju "k, = " E -k —J - (BAK) = —pE -k —(JAB)-k=—(pE + (JAB)) -k

So we see that the source of 3-momentum change is the Lorentz force. We turn now to
momentum flux,

TNk, = - [F9F Nk, - 3F - NFWE,)
- ﬁ“‘t(’ﬁ N = t°eP " BN, )(~t, E - k — 9% 1, Byk,) + i(é . N)F*F,]
= ﬁ[—(ﬁ-ﬁ)(E-EH(EM\?)-(EMZH%(E F— BBy N
— LB N(E B+ B BE-§)— (B WD+ LE-E- BB N
— (BB BB N) 2B W)E-F) - 2B B)(B- ) -

which we recognize as Maxwell Stress tensor, 2.2.
Thus we see that:

1. Momentum density is proportional to the energy flux, i.e. the Poynting vector.
2. The volumetric source of momenta is the densitized Lorentz force.

3. The momentum flux is Maxwell’s stress tensor, so in a static situations, when no mo-
mentum change occur, the total electromagnetic force over an object is proportional to
the surface integral of Maxwell stress tensor. T% = Z2[E'E’ + B'B7 — ¢ (E? + B?)]
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15.4.3 Angular Momentum conservation

The conservation theorems we have presented above used constant vectors to define, when
contracted with the energy-momentum tensor, other vectors whose four divergence was know
in term of sources and F'. But constancy was a sufficient condition but it is not necessary
to define 4-vectors with known divergences. Indeed, contracting T*” with £, and taking the
divergence in the index left we get,

0,(T"k,) = (8,T")k,) + T" 0,k

Thus to have a conservation law we only need a vector &, such that 7%70,k, = 0, in particular,
since T" is symmetric, T* = T"*, it follows that there are conservation laws for all vectors
such that 9.k, = 5(9.k, + 0,k,) = 0. They are called Killing vectors. It can be shown
that in Minkowski space-time there are 10 linearly independent vectors with this property.
We have already seen four of them, one time translation and three space translations. The
rest can be constructed taking arbitrary constant antisymmetric tensors A,, and defining,

Kt = ez, Ay,
where z,, = n,,2", are Cartesian coordinate functions.
Exercise: Check that J,k,) = 0 for the above vectors.
Notice, in particular, that
B = e 5,
with fp =(-—1,0,0,0), and 2, = (0,0,0, 1) corresponds to
k= (0,y, —z,0),
and the conserved quantity is angular momentum along the 2 axis.
Exercise: Using a constant vectors base construct the remaining five quantities. Interpret
them as motions in space-time.
Exercise: The above definitions depend on the coordinate origin, show that if one change
origin then the above vectors change by a translation.
The formulae used to express the conserved quantities, fluxes and sources for space and
time translations can be used also for angular momentum, making the appropriate substitu-

tions, of course. They shall be used latter in an example.

Exercise: Express in terms of E and B the angular momentum along the % axis.
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Exercise: Find the angular momentum flux. Find the total torque an electromagnetic field
exerts over a static source in terms of a surface integral.

15.5 Killing Vector Fields in Minkowski space-time.

A killing vector field in Minkowski space-time is a vector field, k, which satisfies,
8(Mk3y) = 0.

In the presiding section we have seen that there is at least ten (10) of them which are
linearly independent, four (4), are just constant vectors, taking a constant time-like vector
t, we can split the remaining six into three (3) infinitesimal rotations, given by A" = tte!
where the vectors e; represent the rotation axis, which for simplicity we take to be three
ortonormal space-like vectors perpendicular to ¢, and three (3) boosts , which we take to be,
those vectors obtained from A* = el e?, 1 # j. They are just proper infinitesimal Lorentz
transformations.

These vectors represent symmetries of the space-time and so are related to conserved
quantities. So it is important to know how many of them there are, for we wil have as many
conserved quantities as Killing vectors.

To see this, we shall the following argument [?]: note that if we define
Ly, = 0k, = 0k,

where in the last equality we have used Killing’s equations.
We have, as for the vector potential integrability condition,

a[ng,] = 0.
Thus,
Oo Ly = =20, L0 = —20,0,)ks = 0,

since partial derivatives conmute.

Thus we see that the anti-symmetric derivatives of k must be constants. Taken these
constant to zero we obtain the four constant Killing vector fields. Taking different constant
anti-symmetric matrices L,, (there are six linearly independent) we obtain the other six
Killling vector fields. So we see that these are all possible (up to linear constant combinations)
infinitesimal symmetries of space-time.

Exercise:  Prove that if a Killing vector field vanishes at a point together with its first
derivatives then it is the trivial vector field.
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15.5.1 Conformal Killing Vector Fields.

Electrodynamics has further symmetries that come from the fact that the energy momentum
tensor is trace free (71, = 0). Indeed, computing

0u(T" k) = (9, Tuv)ky + T 0, ki,

we see that not only the last term vanishes when 0, k,) vanishes, but also if it is proportional
to M, that is

a(pk:u) = ¢77;w-

this is called a conformal Killing vector field . Obviously ¢ = 0,k* /4. How many of these
vector fields there are in Minkowski space-time? We already have the previous ten, ¢ = 0.
Are there more?

To see this we use the same argument as before, but now taking into account the fact that
the trace does not vanishes.

For this case, we define,

L;w = 8[M/{3V] = auk‘y - gf)??uy,
and obtain,
80Lu1/ = _28[MLV}J = _26[M<8u]ko - (bnua) = 27]0[1/[/;47

where we have defined L, := 0,¢.
Taking another derivative and antisymetrizing we get,

1
0= 0,0, = 5[7]0,,8PLH — NouOp Ly — NpwOo Ly + MppOs L.
Contracting with n7” we get,
1 124
0= 8;,[/“ + 57][)#8 L,,,
from which it follows that
0,L, = 0.
Thus we have another five posibilities, namely we can give the value of ¢ at some point and
the constants L, and obtain 5 extra conformal killing vector fields.
If we take ¢ = 4, and L, = 0 we get, J,k, = 1, which can be integrated to give,
k, =nuwa” or k' =2t

this corresponds to a infinitesimal dilation or scale symmetry, namely a transformation which
changes the units of time and space in the same way.
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If we choose at a point ¢ = 0, and some value for L,, then we have,
Oo Ly = Nov Ly — Nop L
which implies,
¢ = L,",
and
Ly = 2Ly,
and so,
Ouky, = Ly + o0y = 2L, + 1w Lo

which can be integrated to,

k, = L,x°x, — ixoaz"L,,.



Chapter 16

Vector Potential - Connection

16.1 Introduction

In the 3 + 1 dimensional treatment of Maxwell’'s equations it is very useful to introduce
potentials so that certain set of equations are solved automatically and so one can concentrate
in the rest. This idea can be further carried on in the four dimensional formalism but here it
acquires a different and more profound meaning. The potentials are not merely a simple way
of obtaining solutions or solving some equations, but have a geometrical meaning as curvature
carriers for a whole set of theories, called en general Gauge Theories or Yang Mills theories.
In their more extended version they represent all force fields (bosonic fields) in the Standard
Model of particle physics, which, of course, includes among them the electromagnetic forces.
In the four dimensional setting we have just two set of Maxwell’s equations,

O'F,, = —4m, (16.1)

and

8, F" = 0. (16.2)

While there has be numerous experiments trying to detect sources for the second equations,
notably magnetic monopoles, none of them have give any positive result. The tendency of
theoretical physicists is to think about the second equation as intrinsically sourceless and in
that case as acting as a integrability condition or compatibility condition to the existence
of another field of a more fundamental character as the tensor F', namely the existence of a
4-vector, A, such that

F,, =20,A,. (16.3)

Indeed, it easily follows, from the fact that partial derivatives commute, that
8[uF vp] = 28[u8VAp} =0

and we have seen that this equation is equivalent to 16.2, so that this way we have already
solved one of Maxwell’s equations and we can concentrate on the other.
It can be shown that if a field F},, satisfies

223
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8[ﬂFyg] =0

namely 16.2, then locally there always exists a vector potential, A,, in fact infinitely many,
such that 16.3 holds. Thus, we see that this equation is equivalent to the existence of vector
potentials.

Suppose now we have an Fy,, and we have a potential for it, A,, that is F,, = 20,4,
then given any smooth function A\, A, := A, + d,\ will also give the same Maxwell field,
indeed,

28{,,14;4 = 2[8[,,14“] + 6[,,6“])\] = 26[,,AM =F,

v

since partial derivatives commute. Thus we see that given F' there is no unique A. How big
is this freedom of choosing different A’s? It can be shown that it is just the one shown above,
namely the addition of the differential of a function. This freedom is called the gauge freedom
and fields with this indeterminacy are called gauge fields. So the physical field is not the 4-
vector A but an equivalence class of fields, where we say that field A is equivalent to field A,
if their difference is the gradient of some function, A, — flu = Ju\. So we arrive at something
new in physics, a physically relevant entity is not a tensor field, but an equivalent class of
them. To some extent we have a similar situation for the scalar potential in electrostatics,
since it was defined at the energy difference needed to carry a charge between two points it
has an indeterminacy of an overall constant. Here the indeterminacy depends from point to
point, it is not the 4-vector A which has a meaning, but only the equivalent class two which
it corresponds. All physically relevant quantities we measure have to be independent of this
freedom, that is, they have to be functions on the equivalent class.

Exercise: Given a constant unit time-like vector t define A" = ¢t + Ar that is, p = A° =
—A-t=—Ayand A-t =0. Check that

BF = 8"00,A, = t,£"0, A,

and

E, = 0,0 —t,000 + 0 A, = —0,0 + QA,,.

Where™ means projection to the simultaneity surface. Check explicitly that both vectors are
gauge invariant.

16.2 (Gauge equation
We now concentrate in the remaining Maxwell equation, 16.1, which in terms of A becomes,

a’qu/ = 8“(8;#41/ - 81/AH> =[A, — 3,,(8“AH) = —4nJ, (164)

This equation is not an evolution equation in the sense discussed for Maxwell’s equations
in the three dimensional formulation. This follows easily from the fact that A has a gauge
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freedom, or indeterminacy, indeed if we substitute A, by A, + 0, A where A is any arbitrary
function in space-time, we obtain the same tensor F' and so if A, satisfied the above equation
so does A, + 0,\. Since A\ is arbitrary it can not be determined from any initial data given
at any t = ty hypersurface. Indeed, choosing a A\ function which is identically zero in a whole
neighborhood of such hypersurface but is non-vanishing latter in time we obtain two potential
vectors which are identical in a whole neighborhood of the hypersurface ¢t = ¢, but differ at
late times. Thus, to obtain a deterministic evolution equation, an evolution equation which
will give a unique solutions for given initial data, we must find a way to eliminate the gauge
freedom, that is fix a gauge. There are three favorite ways of doing this, and we shall see
them in the sections that follow.

16.2.1 Lorentz Gauge

We choose among all equivalent 4-potentials those which satisfy

9, A" = 0. (16.5)

To see that this is possible consider an arbitrary potential, A,, then make a gauge transfor-
mation, A, = A, + 9, A, then we have,

O, A" = 9, A" + 9" 0, \
So we can solve for A the equation,
OX = —0,A"

and the new potential would satisfy Lorentz gauge.

Notice that this does not fixes completely the gauge freedom, the arbitrariness is the same
as the set of solutions of the wave equation, namely we can prescribe the value of A and of
OoA at some t = t; hypersurface.

For this choice of gauge Maxwell’s equations reduces to just the wave equation,

CJA* = —4mj. (16.6)

So we know that giving j* in space-time, and the values of A* and JyA* at t = t; there will
be a unique solution to the above equation, namely a unique A in the whole space-time. Does
the tensor F' built out of this vector potential, A satisfies Maxwell’s equations? For that we
need to see that our A so constructed satisfies the gauge we imposed on the equation, namely
we have to check whether 16.5 holds.

To see that take the 4-divergence of the above equation to obtain,

8,0A" = 09, A" = —478,j* = 0. (16.7)

So if we can prescribe initial data so that J,A" = 0 and 9y0,A" = 0 at t = t;, then uniqueness
of the solutions to the wave equation would imply that d,A" = 0 everywhere in space-time,
and so we would have checked consistency of the gauge choice. Thus consistency of the gauge
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fixing implies that not all initial data can be prescribed arbitrarily, in particular we must
have,

80A0|t:t0 = _(aiAi”t:to = _ai(Ai|t:t0)
RA iz, = (—OA° + AA")|smyy = (d7p + AA®) |12ty = 47plity + A(A%]1=y, ). (16.8)

On the other hand,
DO A =0 = GRA° = 0,0, A,

so we have,

A=ty = —(0A)|i=ty = —0i(A']1=,)
A(A0|t:to) = —4A7mpliz, — 0;(00A") |1=t, - (16.9)

Thus, we see that given A* and 9y A’ at t = to, then values for A and 9yA° are determined
by the above equations. So in this gauge the free initial data for Maxwell’s are the pairs

(A7, 8, AD).

Exercise: Check that the equation for A° (last equation) is gauge invariant. Confirm that
equation is just V - F/ = 4mp

Exercise: Use the remaining gauge freedom, (in choosing A at t = t), to set,

80A0|t:t0 =0
A<A0|t:to) = —A7pli=y,- (16.10)

16.2.2 Coulomb Gauge

In this case the gauge fixing is done by requiring,

0 AN = (16.11)

This gauge is not space-time invariant, but it is very convenient in some calculations for it
resembles what happens in electrostatics and magnetostatics.
In this case the equations become,

O'F,, = 0"(0,A, — 0,A,) = A, — 0,(0A”) = —4rJ, (16.12)
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and so, in components we have,

P0A° + 00, A° — "9y A° = 0'0;A° = —4np
OA" — 0'(,A%) = —drj’ (16.13)

In this gauge one solves for A° at each time slice, t, using the first equation above and then
plugs the result into the second equations as a source to solve for A’.

The consistency of the gauge fixing condition is granted by requiring for the initial condi-
tions for the second equation (A%, yA)|,—, that they satisfy,

DA =iy = 0;(0pA")|y=y, = 0. (16.14)

Indeed, we have,

doA" = 9,04
= 0;0'(0yA°) — 4m0;j"
= 0y0,0'A° — 470,5'
= —4mdyp — 4Am0;j"
= —4m0,j"
= 0 (16.15)

So the conditions on the initial data ensure that the unique solution to this equation is
0;A" = 0 and the gauge fixing condition is granted.

It can be shown that given F),|,—, there is a unique initial data pair, (A%, 9yA")|;—s, such
that 16.14 holds. Notice that in this gauge,

E=-V¢+ dhA,

with,

— —,

A¢p = —4mp, and V- (0pA) =0,
at all times.

Exercise: Check that given F,,|,—, satisfying initially Maxwell’s equations, with 0" Fy; and
J'Fy; of compact support. There is a unique pair (A*|,_y,, (0oA")|i=s,) satistying, F, =
20, A,), 0, A" = 0, (AAY + 47p)|i—y, = 0, O A°|s=, = 0, and decaying sufficiently fast at
infinity.

Proof: The Lorentz gauge plus the condition, 9yA°|;—;,, = 0 implies, that 9'A;|;—y, = 0,
so we assume this. Consider now the relation, Fj; = 20;;A;). Taking the divergence of this
expression we get,

82172] — AAJ - 8]82AZ — AAJ
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This is Poisson’s equation for each A;, so if §'F}; is of compact support, as assumed, there is
a unique A; satisfying it and decaying at infinity.

The equation (AAY+47p) =, = 0 fixes uniquely A° if p = ﬁﬁﬁ = 0'Fy is of compact
support and A° is assumed to decay sufficiently fast. Thus, Fj, = 9,4y — 0yA; determines
0o A; uniquely. Notice, that

0=0Fy— AAy = 00y A;.

So this vector potential initially satisfies Coulomb gauge.

16.2.3 Temporal Gauge

In this case the gauge fixing is done requiring that A° := 0.
In this case the equations become,

80(62AZ) == —47Tp
A" — 8'(0;A7) = —drj’, (16.16)

so the first equation can be integrated in time to find 9; A%, this value can then be inserted into
the second equation and then this one is solved for A’. Again, charge conservation ensures
consistency.

Exercise: Check the last assertion.



Chapter 17

Variational Formalisms

17.1 Introduction

Variational formalisms, that is the treatment of equations as coming from a variational prin-
ciple, are central in physics for it allows a different view point to understand them and in
many case to apply powerful mathematical techniques to solve them or to find out how do
they behave. We start with a mechanical system, namely the variational principle ruling the
motion of a charged particle in the presence of an electromagnetic field. We then present the
variational principle leading to Maxwell’s equations interacting with charged matter. What
we present here is just a glimpse of the beauty of these theories and for a problem of the
purpose of this book we don’t discuss the many interesting properties and ramifications these
approach renders. But we hope the reader will get interested to return to these topics at
future points of his/her formation.

17.2 Variational Dynamics of a Charged Particle

We have already seen that the time interval along a trajectory, 14.2, namely the integral,

1 dxt dxv
Tin 2 AT 17.1
AB /o mwdr dr dr (17.1)

is maximal for a straight one, namely the trajectories of free particles. So we now ask the
question whether one can describe the interaction of a charged particle as coming from some
variational principle, so as being the consequence of the maximizations (or more generally
and extreme) of some quantity. From our experience in non-relativistic mechanics we have
some reasonable expectation this can be accomplished, for after all most classical dynamical
systems allow for such principles. On the other hand, the integral we used above was a bit
strange, in the sense that was not just the square of the velocities expression we are used to
in the non-relativistic setting, and recall, we had the constraint in the possible equations of
motion that the 4-velocity of particles was determined only up to a local scale. A scale which
we took care by normalizing the velocities to —1 and requiring the forces to be perpendicular
to the velocities.
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The simplest expression which we can build out of the four velocity and the electromagnetic
field which is re-parametrization invariant is,

1 dxt dxv dxt
L 2 |
Iin .—/0 [moc™\| =N —— o —eA,(z" (1 ))—dT | dr. (17.2)

This expression depends on the potential and so the first question we must ask is whether it
is gauge invariant, otherwise any conclusion we could obtain from it would not be physical.
We have included the mass coefficient in the first term, moc? so that the function has the
dimensions of an action, and have included another coefficient, e, which would be the definition
of charge. Since the equations will appear as a result of a extremal principle they can not
depend on the over all magnitude of this integral. Thus the interaction will only depend on
the ratio p~ £
Changlng the 4-potential by the gradient of a, A, — A, + d, A, function we obtain,

5[AB = [AB(A;L+8;L)\)_[AB<AH)

— —e[\(B) — MA)] (17.3)

Thus we see that this quantity is not gauge invariant, so is not a physical quantity. Nev-
ertheless, the gauge dependence is only through the values of the field at the extremes of
the integration curve, and so variations which vanish at the extreme will still give gauge
independent equations. Indeed looking at a one parameter families of curves of the form,
xk =zl + exl, we obtain,

dlsp 1 —moczdd nu,,df dxo dat!
— ey = T — —e(z70,A, +A,—)|d 17.4
de ‘E—O /0[ \/W ( udT )] T, ( )
nMV dr dr
where we have used that,
dA dx¥ 0A

de —Fe=0 = de —le=o ax’lj |e=0 = 270, Ay (7).

n
As for the case of a free particle we now take a parametrization on which the norm of %1
is constant and integrate by parts to obtain,

2, 1
dlap ! moCZd%n V] Y dol  dA
I le=o = /0 [ i doxfjdﬂﬁol e(z}0 A“d—: dT“x‘f)] dr — eA, x|y
MY dr  dr
d I
! mocC d—QThLl/'xT dﬂfo 814 d.ﬁL’O
et v VA H/ d
/0[ (a“d 6:p”d7 V)] dr

/ d:v“ daf
nl“’ dr d’T
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dxfy
d—:xl] dr

1Lm cZ—d%gn ¥
o0& g2 pvt
= [P (9,4, - 0,A)
0 1/_77 ATy ATy
KW odr dr
2 K dxﬂ
0

! mOCQ%nﬂV v
= /0 [\/ﬁ — e(@VAM — QLAV)E]:Q dT
77“” dr dr

A2zt
1 2 0 H
_ [ MoC” G N oF dxo]xl, ir
0 B da:g dal Vi dT 1
77“” dr dr

So the condition for the curve zf(7) to be an extremal for the above quantity under arbitrary
perturbation curves with fixed extrema implies it must satisfy,

2,V
d°zj

I
m v de
O dr2

“dr

=el = F,j",
where we have already chosen the proper time parametrization for the extremal curve. We
see that indeed we get the Lorentz force expression on the right hand side.

Notice that the expression for the action, 17.2, depends on the potential A instead of
the Maxwell tensor F'. So we see that variational principles need the potential as a basic
component of the theory and here it is no longer a helpful way of getting rid of an equation,
acquiring a more foundational character. It is interesting that defining the Lagrangian for

this theory as,
dx* dav dx*
L 2 [ 0 armars v
L= —mygc Ny P +eAu(z"(7)) .

namely minus the action’s integrand, we get as associated momentum,

oL dx
P = o =gy e

and we see that now the momentum is no longer a property of the particle itself, but also
depends on the electromagnetic field present at the particle position. This property is related
to the gauge character of the theory and has a natural extension to other theories where
particles are seen as fields.

17.3 Variational Dynamics of Maxwell’s Fields

We now turn to Maxwell’s fields and their dynamics as deduced by a variational principle.
So the question is now, thus there exists an action integral such that its variation will result
in Maxwell’s equations?

Notice that we want to vary an object with respect to some tensorial fields and obtain
equations, another tensorial objects. But this equations are partial differential equations, so
the object we vary can not be a line integral as was conventional in classical mechanics, that
would only give us ordinary differential equations, namely equations where the derivatives are
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with respect to the parameters involved in the integration. So for this case the integral should
be over space-time. The integrand should then be a scalar function over the basic fields of
the theory, F', or the vector potential associated to it, A. But we have already seen that
there are at most two scalars one can construct out of the tensor F', F,,F'* and F),,*F"".
The same result holds if we use A and furthermore require gauge invariance. Furthermore we
want the action to be only up to second order in powers of F', since otherwise the variation
would give non-linear equations.
Thus, no much room is left and the action integral has to be of the form,

= / [ (Fu F™ + RE*F™) — jA,] d*a. (17.5)
space—time 167

We have also added the same factor we had for the charged particle, it is the same factor, but
now to represent the interaction between charge matter and the electromagnetic field from
the side of the electromagnetic source terms. Again this is the only scalar term we can make
which is both linear in the field and in the sources, notice that we need to use the 4-vector
potential, we can not get a scalar out of 3 and F' alone. The factor 16% is to get the correct
equations when coupled to the sources, the other factor is arbitrary and we shall see that its
value is irrelevant for that part of the action does not contribute to the variation.

Again we have to check whether this term is gauge invariant, we get, under a gauge

transformation A, — A, + J,\, we get,

51 = / — 9 die
space—time

B /space—time[_au (]H)\) * )\8”]“] d4!L‘

- [ N
9(space—time)

where we have used charge conservation in the second line. The integral of the last line has to
be understood as the limit » — oo of an integral over the surface r = \/t2 + 22 + y2 + 22. So,
again, for gauge transformations which are of compact support, or which vanish sufficiently
fast at both, space and time directions the action is gauge invariant. !

We shall perform variations over a region D of space-time bounded by two space-like
hyperplanes, ¥; and >, one to the future of the other, both going like parallel planes towards
infinity. We imagine now we have some field Ay which we assume are a extrema of the
action and look at variations along arbitrary one parameter families of fields of the form
Ag = Ay + €Ay, and consequently F¢ := Fy + ¢F;. We shall request the variations to
vanish at both hyperplanes, A;|x, = Ai|s, = 0, and to decay sufficiently fast at infinity.

We then get,

Tt is difficult to make these formalisms to be mathematically correct in the sense that some of these space-
time integrals might be infinite at the extreme points, for there are many solutions which are of compact
support on space directions, but can not be so along time directions (basically by uniqueness or energy
conservation). So they usually are formal in more than one sense.
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dl 1 y o »
—|5:0 = /ID[S—(FSL 28MA1V‘|‘2R Féﬁ 8MA1V)—j Al,,] d4ZL‘

™

1 u . v 1 v * v v
=[O A BEAL) — 0 BB A) — A d'a

1 1
- /D [~ 0P = ) A d'e + / NL(FI™ Ay + R*F Ay da

47 m Jop

where in the last line we have used that 9,*F§" = %@e“”pFop = 0,e"°P9,A, = 0 . Thus,
for the field Ag, to be an action extrema under arbitrary variations of compact support we
need,

O, F"" = —4mj¥

and so Maxwell’s equations are satisfied.
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Chapter 18

Plane Waves

18.1 Definition and Properties

In this chapter we shall look for special solutions of vacuum Maxwell equations, in principle
they are very particular solutions, but in some sense they form a complete set of solutions
so we can write any vacuum solution as a (infinite) linear combination of them. Also they
represent light rays namely electromagnetic radiation flowing in a very particular direction.
Thus they are the classical representation of the light we see coming from distant compact
objects.

The main assumption we shall make is that they are invariant under translational motion
in a space-time plane. That is, there is a coordinate system in which the components of
Maxwell’s tensor depends on s := k,a" + so. Geometrically the level sets of this function are
the planes perpendicular to the co-vector k.

We then have,

d d
(90FW = 608£FMV = k:U%FMV = kO'F;/LV

where we have denoted, for brevity, by a ’ the derivative with respect to s.
The vacuum Maxwell’s equations become,

oMF, =0 = Kk'F, =0
6[JFW} =0 = /{Z[UFI | = 0
The second equation implies,

Fl, = 2kj,u, (18.1)

Exercise: Convince yourself of this assertion by taking a bases of co-vectors, {e;},i=0...3
with e; = k, express F),, in that base and apply the equation. All coefficients of tetrads
having three different vectors are non-zero, so their coefficients must vanish.
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Notice that the vector u, is not completely determined, for we can add to it any other
vector proportional to k, and still obtain the same F),. But obviously can not be just
proportional to k,, otherwise we will get the trivial solution.

The first equation now says,

0 = 2k k) = k'kyu, — Kuyk, (18.2)

since we don’t one k, proportional to u, we must have,
kKtk,=0 and Fk'u, =0

the first says k, is a null vector, the second w, is perpendicular to k,. Notice that we still
have the freedom of adding to u a vector in the k direction for k is null.

Thus we see that the general solution depends on two vectors, the vector k determining
the plane, and we see that the plane has to be null, and another vector, u(s) perpendicular
to it and which is just defined up to a multiple of k. So there are just two free functions left.

We can represent the solutions in the following figure, 18.1 the tensor F' is constant along
the null planes and changes along the s function s from plane to plane, representing waves
which move to the right in the k direction.

Figure 18.1: Level surfaces of s := k,a* + s

To obtain the tensor F' we must now integrate w along s to obtain another vector, v,
which will also be perpendicular to k (appropriately choosing the integrations constants) and
defined up to a multiple of k. So we will have,

Fi = 2k vy
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Figure 18.2: Null plane waves s := k,z" + s
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18.2 Invariants and Energy Momentum Tensor
We can now compute the invariants of these solutions, we get
F, F"™ = dkjv,kM0" = 0,

for k is null and v perpendicular to it.
Likewise,

F* F"™ = 2"k v, ko, = 0,

due to the total antisymmetry of the Levi-Civita tensor. So we see that this solutions are
very special indeed.
It is interesting to compute the energy-momentum tensor of this solution,

1 1
™" = — (k"0 — Ev")k" v, = —EkFE 070, (18.3)
2 2
Thus, the momentum any observer with 4-velocity w would assign to this solution is,

pt = 2—v”vok”u,, k.
T

So it is a null vector, p#p, = 0. Furthermore notice that v7v, > 0, vanishing only if v is
proportional to k in which case F' vanishes. So the waves always carry energy-momentum at
it is on the form of a null four-vector.

Exercise: Check that last assertion by choosing a Cartesian base so that k* = w(t* + i*)
and so we have, f“vu = —1"v,. Write now the metric in this base and compute v°v,.

Energy flux, which is proportional to Poynting vector, is given by the space component of
pt, namely, writing k, = w(u, + k)

—w ~
no_ Ty LV p
Pl = vovsk u, k
= 2m 7

18.3 (Gauge Potentials

Notice that since v = v(s)

where

that is a first integral of the vector v. Since v is perpendicular to k we can choose the
integration constants so that A is also perpendicular to it. Notice that
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QAP = kot = 0,

so this 4-potential is in Lorentz gauge! The freedom we have in adding to v a vector propor-
tional to k is just the freedom to add to A the differential of a function which depends only
on s, and those are just (plane) solutions to the wave equation, so just the freedom one has
on the choice of Lorentz gauges. !

18.4 Helicity

We have seen that plane waves are defined by two vectors, k and v, the individual size of
them is irrelevant. If we scale one and scale the other with the inverse factor the Maxwell
tensor they define will not change. The vector k determines the symmetry plane of the wave
and the propagation direction, so its direction is well defined. On the contrary the direction
of v is not, for we can change it by a multiple of k and still would produce the same F'.
Thus, the object it defines is not a direction, but rather a plane, the plane perpendicular to
k of vectors of the form awv + Sk, for some vectors v and k. This plane is called the helicity
plane of the wave.

Figure 18.3: The helicity plane, one dimension suppressed u = 4 := u + ak.

1One can of course choose other gauge functions solutions to the wave equation which do not satisfy the
plane symmetry, but we are restricting attention here only to the ones that do.



240 CHAPTER 18. PLANE WAVES

18.5 Observer dependent expressions

Here, for completeness will give the expressions for the plane waves for arbitrary observer
with 4-velocity ¢ in terms of the electric and magnetic fields he sees. Notice that since

F,,F" = —2E,E* + 2B,B" = ()

the electric and magnetic vectors have the same magnitude for all observers.
We also have,

F, F" = 2E*B, =0,

so the vectors are perpendicular. Furthermore, since F' and *F' are perpendicular to k, both
electric and magnetic vectors are also perpendicular to it.
Choosing an observer, t we have,

k= w(—t, +k,)

with k perpendicular to ¢. This is the propagation direction this observer assigns to the wave
in his simultaneity surface. Since E and B will be perpendicular to both ¢ and k they will
be also perpendicular to fvek. Given any vector © we can find another,

(0-1)
k-t

v=0v—-k

which is among the equivalent class and furthermore is perpendicular to ¢. This vector is
proportional to F, indeed,

E, = F,t" =2k, v, t" = v,k t" = wu,

the magnetic field is perpendicular to it and to lAc, and of the same magnitude, —(t-k)\/v - v,
so is completely defined by this conditions, indeed,

_ V1.o,p = oc.p = 7.0..p
B, = —€opt" KOV = &5,k 0" = WE 15,k VP

We see that the direction of E can be associated to the helicity or polarization plane of
the wave, which for any given observer acquires a very concrete sense. Indeed the electric
field points in the direction along line at which the helicity plane intersects the simultaneity
hyperplane.

18.6 Covariant Boundary Conditions for Superconduc-
tors and Total Reflexion

Consider a time-like hypersurface & with normal vector (space-like) 7. On one side of it we
shall consider a perfect superconductor, that is on its surface the tangential electric field and
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Figure 18.4: Space view of plane waves.

the normal magnetic field must both vanish. Since we can take any time direction to split
Maxwell’s tensor into its electric and magnetic parts there must be a covariant equation to
express this boundary condition. Indeed, choosing any time direction perpendicular to 7, one
can see that the condition is,

0="F,n" = 2Bty — o, L7t' )" = —tuB,n" + t’e pe 70" (18.4)

The first term is along the time direction while the second is perpendicular to it, so both must
be zero independently, and they are just the usual expressions for the boundary conditions
on superconductors.

We shall apply this to study total reflexion of plane waves on a superconductor plane, that
is (for visible light frequencies) a mirror.

For a plane wave the above condition is:

0=" /u/nV|S - 5uuapkguan|S; (185)

geometrically this condition means that the vectors k, w, and m are in a same two-plane.
Considering that we have fixed the wave propagation direction k and the normal to the
plane, m, this condition means that w must be in the two-plane generated by these two
vectors (this is indeed a two-plane for these vectors can not be proportional to each other, k
is a null vector, while n is a space-like one). Since we can add to w any vector proportional
to k, there will be one of this vectors, @ which is parallel to n. For any time-like direction
for which mn is perpendicular to it, the vector @ represents the electric field direction. More
importantly, since u is perpendicular to k this last one must be tangent to the superconductor
hypersurface. Thus we see that we have a wave traveling along a null direction tangent to the
superconductor.

What happens to a wave which is incident at a given angle with respect to this hypersur-
face? The above calculation means we can not have a unique plane wave and still satisfy the
boundary conditions. Physically we know that there will be an outgoing wave bouncing from
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the superconductor, so we expect that with two plane waves chosen appropriately we will be
able to satisfy the conditions. Thus we try with a Maxwell solution of the following type:

Fpy = 2kmuin 4 2ke ot (18.6)
Here u™ depends on s™ := k'z*, and u" on s := kJ"'z". Since we want some

cancellation to occur at the boundary z#n, = 0 we need both waves to have the same space-
time dependence at it, namely the level surfaces of s™ intersection S must coincide with the
level surfaces of that is we need the wave vectors to coincide s intersection S. That is,

0=kt — koot = (K — ko*)at Va* such that s,z = 0.
So the condition becomes,

=K. (18.7)

Since both vectors must be null it is easy to see that their normal components either coincide
or are the opposite of each other,

0 — kin.gin
= km . m + kKT
_ kout kout 4K KT
= —k‘i“t-k‘i“tJrkT-k’f.
If they coincide then we know there is no solution unless the wave is tangent to the super-

conductor. So the general solution must have two wave vector whose tangent components
coincide and whose normal components are opposite.

= k7, (18.8)

Therefore,

K = K — KT (18.9)

Exercise: Choose a time direction and coordinates adapted to it and to the hypersurface
and recuperate Snell’s reflexion law.

Exercise: Show that the planes generated by m, and k™, coincides with the one generated
by n, and k°*, that is, span{n, k™} = span{n, k°"}.

The boundary condition then becomes,

v

0 = P (ki + koo, = P PR (ul + uS)n,, (18.10)
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since both tangent projections to the boundary wave vectors coincide. Thus we see that in
this case we need, that u™ + w® must be in the plane spanned by the vectors k™ and n
which, as we mention above, is actually the same as the plane spanned by k™ and n. Once
one chooses an observer, the intersection of its simultaneity hypersurface with this plane is a
2-plane usually called the incidence plane. Adding to u™™ 4+ u®“ a vector proportional to k™
we can make it to be proportional to n. Therefore, the tangent component to the boundary
of it, (u™ 4 u°"),, vanish.
The perpendicularity conditions imply,

R
K
out out out n
B Il O
— kiut . ,uciut o k(iut . uT
- R )
where in the third line we have used the above condition, in the fouth the relation between
|| and kﬁ“t, in the fifth other perpendicularity condition k" - u®* = 0, and in the sixth

the relation between k' and k9. We see then that the relation between the incoming and
outgoing field strength is:

u®™ = —u™"|| + u’l. (18.11)

Exercise: Check_ that the above condition is invariant under the addition to u'™ of a vector
proportional to k™ and a corresponding vector k° to u®"t.

Exercise: Choose an observer and adapted coordinates and express the above result in terms
of the incoming F and B fields.

18.7 Monochromatic Waves and Fourier Decomposition
We call monochromatic waves whose dependence of the vector v on s is harmonic.
v(s) = vge™

Since s = k, " +s, we see that an observer for which k, = W(t;ﬂL]%u) will see a wave oscillating
with frequency w = —k - t. When considering plane waves moving along different directions
it is customary then to label the coefficients of them with the wave vector k,

v(s) = vpe®
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Figure 18.5: Plane wave reflexion.

and in general consider them as complex, so after a sum over different modes one takes the

real part of it.

We shall show now that any vacuum solution to Maxwell’s equations can be written as a
liner combination of monochromatic plane waves. To see this we shall pick a time direction ¢
and a cartesian coordinate system compatible with it.

We recall that any smooth function f in R?® which suitable decay at infinity can be de-

composed in Fourier modes, namely,

-\ 1 Py i];:._'
F@ = g Jpo FREET

where f (E) is given by,

a1 kT g3
FB) = oy Jye H@ T &

Notice that if f(Z) is a real function then we have, f(k) = f(—Fk), thus a real function is
represented by a complex one, but within the class having the above property.

The same hold for vectors, as long as we write them in Cartesian coordinates, so that inte-
grals can be taken, that is so that we can add vectors at different points in space. Thus, given

a vector v, () we have its Fourier components, 9, (k). Now, and arbitrary linear combination
of solutions to the wave equation will have an expression,

- 1 v ik kT A TN i~ T
F(x%) = W/RS[Qk[”;v:](k;)e (k|t+k-2) +2k’[uvu](k)e( K|+ k D) B3k

— —

where we now label the waves by its 3-dimensional wave number vector l;, and since there
are two null planes with the same 3-vector, namely &k = (|k|,k), and k; = (—|k|, k), we
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- -

have taken care of that by labeling those contributions o (k) and o, (k). Notice that this
contributions must satisfy, 9+ (E)k;:f = 0, and since they can be chosen such that they are

perpendicular to the time direction, they result to be perpendicular to k.

To see that we can expand solutions in terms of these to vectors in Fourier space we recall
that if we know the electric and magnetic fields at a t = const. hypersurface, then we know
the solution for all times for it is determined by that initial data. Since the information on
these vectors is the same as the content of Maxwell’s tensor we see that knowing F' at a
t = const. hypersurface implies we know it for all times. But

1 ; LT
Fo(t=0,7) = /R [2ki%055(R) + 2,05 (F)]e R dk

0 (QW)% [1n7V]

In particular,

and for the space components we get,

— 1 ~ 7 i_’-_) A T 72‘_)-_’
Finlt =0,8) = o [ LHEOLEET + 2k 5, BT
1 . o N
- Gl /R kgl () — 0, (PR T Bk
1 T
= gt o )~ R

Thus, provided that EJ(E) and F},, (k) vanish sufficiently fast when |k| — 0 we can invert
the above relations and find the @ji(k), corresponding to this initial data. Thus we get the
whole solution in terms of an integral over plane waves.

Exercise: Complete the above argument by finding the explicit formulae for ﬁj[(lg) in terms
of I -

For computing energy fluxes and other physical quantities some time it is useful to take
time averages of harmonic functions, in that case, it we are given two functions A(t) =
$(Age™t + Age™™") and B(t) = 3(Boe™" + Boe ™"), then
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N

A(t)B(t)dt

limT%oo

N

N e S i S

(Aoeiwt + Aoe—iwt) (Boeiwt + Boe—iwt)dt

MmT—wo

limT%oo (AOBO + AOBO + A080€i2Wt —+ Aoéoeimwwdt

N

o\o\ﬂc\o\

I T e e

(AgBo + Ao By + AgBoe™" + AgBye ") dt

MmT—wo

%%(AOB(J)- (18.12)



Chapter 19

Resonant Cavities and Wave Guides

19.1 Resonant Cavities

We want to consider now waves in a compact region of vacuum space, V', enclosed by a
conductor, as shown on Figure ??. In this region the electromagnetic field will satisfy Maxwell
vacuum equations,

oF

~—— =c¢VAB 19.1
i cV A (19.1)

OB ..

—— = VAE 19.2
oy cV A (19.2)
V-E=0 (19.3)
V-B=0 (19.4)

In the approximation were the conductor is perfect (something which depends on the
frequency of the waves, but that here we assume valid for all frequencies) we have that at the
boundary the electric field must be perpendicular to it,

ANElgy =0 (19.5)

this is the boundary condition we have. It is therefore simple to express the equations and
their solutions in terms of the electric field. To do that we take another time derivative to
the equation for the electric field, 19.1, and use 19.2 to get,

—1 i i
?GEE +AE =0 (19.6)
We add to it equation 19.3. Given as initial data, E(0,7) = F(&), and 8,E(t, )|—o =
cV A B(0,7) = ¢V A G(Z), satisfying V- F = V - G = 0 and the boundary condition, 19.3,
there is a unique solution to the wave equation in [0,00) x V' satisfying the constraints, and
the boundary condition for all times. Once the electric field is computed, the magnetic field
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Figure 19.1: A resonant cavity.

is obtained by integrating in time equation 19.2 with arbitrary initial conditions B =G

satisfying 19.4.
We shall not prove this assertion, but it follows from the fact that with this boundary

conditions the electromagnetic energy inside de cavity is conserved (the Poynting vector is
tangent to the surface). The applied boundary condition can be expressed as the condition
that the normal to the surface outgoing plane waves are equal to the normal incoming plane
waves (normal reflexion) and this is an admissible boundary condition from the point of view

of the mathematical theory behind this assertion.

19.1.1 Monochromatic solutions

To find the solutions to the above problem we consider monochromatic solutions, namely

electromagnetic fields of the form,

<
>
]
€

m g
o o
£ e €

>

>
£
Q
<

E(t,7) = E,(Z)et  B(t, &) = B, (&)e™* (19.7)

We need to solve then the following eigenvalue-eigenfunctions system,

0 (19.8)
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Note that the divergence equations are consisten with the first two equations.

We now assert:  There is a countable, and infinite set of real frequencies, {w;}, 1 =
0..00 for which this system of equations has solutions (E)i;, ézl), the l; supra-index meaning
that in general there will be two solutions for each w;. Given an arbitrary initial data set
(Eo(Z), Bo(Z), satisfying V-Ey = 0, V-By = 0, and the boundary condition, 19.5, the resulting
solution can be expressed as a linear combination of the above monochromatic solutions.

This assertion is based in the following observations:

e The above system can be considered as a system in the Hilbert space of square integrable
fields with zero divergence (in the distributional sense),

H={(E B)el’V-E,=V-B,}

H is (formally) invariant under the action of operator

Lo 0 —iVA E
wwn-( 45 (5)

e In H the operator is elliptic. For plane solutions with dependence FT and k- E =
k- B = 0 we have, o o B
|A(E, B)| = [kP[|E]* + | B[]

With the above boundary condition the operator A is formally self adjoint in .

— —

(Ey, By), A(Ey, By)) = /V(—ZEQ-@AE +iBy -V AE)) dV
_ /E[—z'élﬁAﬁzﬂElﬁAéQ
+ iV (By A By + By A By dV
_ /E[—i(ﬁ_A Bo)- By +i(V A By) - By dV
+ iygvﬁ-[Esg/\élJrEl/\éz] 4
= (A(E,, By), (Ey, By)). (19.9)

where in the last step we have used the boundary condition.

Exercise: Check that using that iwB, = ¢V A E,, that the other boundary condition,
B, - filgy = 0 is also satisfied.

We shall not prove the above assertion, but show its implication in a example.
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19.1.2 Rectangular hole

Consider a region given by the interior of a .... of sides (a,b,c) at which we attach our
Cartesian coordinate system. In these coordinates the wave equation can be separated, so

that we have, that, for each component of the electric field, ® = X (x)Y (y)Z(z), we must
have,

PX Y Pz W
YZ X—+XY—+—-XYZ=0 19.10
Ox? i oy? i 0z i c? ( )
so that,
X
o —keX
0’y 9
a7 Y
0?7
z
and,
w2
— =k + k4K (19.11)
c

The solutions to the above system are, X (z) = ATe®® + A~e~%*+% and similarly for the
other coordinates. In particular if we want, for instance, that X(0) = X(a) = 0, then the
solution is X (z) = Asin(k,z) with k, = 2.

We now impose the boundary conditions, we have then,

E! = (Ele™* + E'e ™) sin(k,y) sin(k,z)
E? = (E%2e™Y + E?e ™) sin(k,x) sin(k,z)
B} = (E%e™* 4+ E*e ™) sin(k,x) sin(k,y)
(19.12)

where for each solution we have, in principle, a different pair of wave vectors k= (kg ky, k)
each one of them satisfying the above dispersion relation 19.10, and furthermore for the first,
k, =%, and k., = T*, etc.

It remains now to impose the divergence free condition,

0. X'Y'Z' + X?0,Y? 7% + X?Y?0.7° = 0 (19.13)

dividing by Y Z" we find that 9, X', X*, and, X are proportional among each other. Likewise
for the Y and Z functions, so we see that all the vectors £ must be the same, and furthermore,
Eﬁr = E' , and so the general solution has the form,
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- E* cos(kyx) sin(k,y) sin(k,z)
E,=| E?cos(kyy)sin(k,z)sin(k,z) (19.14)
E3 cos(k.z) sin(k,x) sin(k,y)

with,

k,E' + k,E* + k,E* =0, (19.15)

the last requirement from the divergence free condition, and

- wl ™ m™m
k= —_— 19.16
(= (19.16)

Since

2 m? n2
Winm = +m/ — + b_2 +
we see that it is real and there are a countable infinite number of them. For each vector
kimn there are two linearly independent solutions, according to 19.15, we can choose any two
vectors perpendicular to kj,,, except for the case where one of the integers vanish, in that

case the vector direction is completely determined. For instance if [ = 0 then the vector is

(E'sin(k,y) sin(k.2),0,0). (19.17)

In the general case it is simple to take these two vectors to be also perpendicular among each

other, we shall call them Elmn and E,,

Notice that all these eigenfunctions are orthogonal among each others (in the square
integral norm) and one can show that they form a complete set. Thus the general solution
can be written in terms of them,

Imn-

B(t,#) = 3 [(Ciihe™ " + Cihe™ ) Epy () + (Citme™m 4 Crome™ o) By (7))

Imn€ Imn€
l,n,m

(19.18)
Notice that these are all standing waves, namely waves which do not propagate, their nodes
remain at fixed points in space. Nevertheless they can describe general solutions which can
travel along the cavity bouncing in their walls.

Exercise: Check that given initial data (EO, EO) satisfying the constraint equations we can
construct a solution. Find the explicit values for Cj-=.

Exercise: Show that for a mode in a cavity,

/|Ew|2dV:/ B2 dv =
|4 14

At = . .
! Actually is better to choose a complex vector, E +iE for performing calculations.
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Hint: use ‘;’—;Ew +AE, =0 and —iwB, = V A Ew. This is a type of energy equipartition
theorem.

19.2 Wave Guides

We consider here the case of a hole in a conductor which is invariant under translation along
a given direction, that is, it is an infinite tunnel carved inside a conductor, as shown in the
figure. We shall choose the z-axis in that direction, which we denote by k (the Killing vector
realizing the translational symmetry).

>

Figure 19.2: A wave guide.

Because this translational invariance, all the relevant equations will be confined to the
perpendicular section, which we shall call . Out of all components of the electric and
magnetic fields of particular relevance will be the following two scalars, E, := k- E and
B, = k-B.

Since each of the component of the electric and magnetic fields satisfy the wave equation,
we can see, using separation of variables that each component must be of the form,

Ult, 2.y, 2) = V(a,y)e =2, (19.19)

where V(x,y) satisfies the following eigenvalue-eigenfunctions equation,
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AV = KV (19.20)
with,
w2
K = = - k2, (19.21)
where Ay, := 97 + 0, is the two dimensional Laplacian in the guide section, ¥. We recall

that not all components are independent since the divergence of the both fields must vanish
and we have the evolution equations which give one of the field by time integration when the
other is known.
We shall consider forward going solutions, that is with the dependence e~ “*~*-2) where
we are assuming sign(w) = sign(k,). The treatment for the others is completely analogous.
In this case Maxwell’s evolution equations become,

oy, —ik.FE, = %Bm (19.22)
—0,E. + ik B, = %‘”By (19.23)
Oy, — 0. E, = %}BZ (19.24)
and

oyB. —ik.B, = _TMEm (19.25)
-0, B, +1ik.B, = _TmEy (19.26)
0,B, — 0,B, — _TME (19.27)

We further have the two constraint equations,
OBy + 0 By +ik,E, = 0 (19.28)
0.B, + 0,8, +ik.B, = 0 (19.29)

To study the different solutions it is helpful to classify them according as to whether they
have components along the symmetry direction, k.

19.2.1 Case 1: Transversal (T) waves, F, = B, = 0.
In this case the above equations imply,
—ik,E, = 2B, (19.30)
C

and
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ik.B, = ——F,, (19.31)
C

that is,

o W’ 2
ki = = o E*=0 (19.32)
Thus this waves travel to the speed of light. Since we are assuming sign(k,) = sign(w),
we have, B, = —F,, and B, = I, that is,

~

B=kNE, (19.33)

and B is completely determined once we know E.
The remaining two equations are:

oyE, —0,E, = 0
0B, +0,E, =

and identical equations for B which we shall not need. The first equation tell us that there
exists a scalar field ¢(z,y) such that £ = —V¢. The second that it must satisfy,

Asgp =0, (19.34)

in the guide section. Since we are assuming the conductor is perfect at its boundary we must
have,

(WA E)|ogg = (A AV)|ox = 0, (19.35)

Thus, the boundary condition implies that on each connected component of the boundary;,

Pls, = ¢i = const. (19.36)

From the uniqueness of solutions to the Laplace equations we see that in order to have non-
trivial solutions we need at least a guide with two separate conductors at different potentials,
for instance the ones in the figure 7?7. Otherwise, if 9% is connected, then ¢ = ¢ in all of
0%, then 0¢ := ¢ — ¢ satisfies Aydp = 0, 0¢|sx = 0 and so d¢ = 0 on 3. When the guide
configuration allows for these waves they propagate at the speed of light along the k: direction
with the electric and magnetic fields perpendicular to it and to each other.

Notice that the following condition on the magnetic field follows from the first, namely

Indeed, . o o
B-n=(kANE)-n=k-(EAn). (19.37)

Exercise: Make a qualitative drawing of the fields for the wave guide in the right.
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Exercise: Show that the magnetic field satisty the remaining equations.

19.2.2 Case 2: Transverse Magnetic (TM) waves, B, = 0.

In this case the above equations imply,

0,E. —ik,E, = —B,, (19.38)
&
and
ik.By = ——E,, (19.39)
C
that is,
_ 2 kQ
0,E. = [ik, + im(—2)|E, = ik.[l — ——]E, = (19.40)

c k,c

If k2 = 0 then 0yE, = 0 and the boundary condition E,|y, = 0 implies E, = 0 in the whole
section and we are back to Case 1. So we consider k% # 0. In this case then E, is completely
determined buy F.,

E, = ﬁﬁyEz (19.41)
Similarly we obtain,
1k,
E,. = ﬁasz (19.42)
So,
— ’lkz —

where the label ¥ means projection into the two dimensional section 3.
The other equation are as in Case 1, so we get,

B =

EAE). 19.44
o (kNE) (19.44)

Thus, every field depends on F,, this is the only quantity we need to compute now. But we
already have seen that E, must satisfy,

Ay E, = —k*E.. (19.45)

One can check that this is equivalent to the divergence free equation, 19.28.
To see which is the appropriate boundary condition for this case, we compute,
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(wAB)s = (o <Ez+kE>>\z
= (A (EVE A R

ik, "
ﬁ@ AVE,)|s+ (A Ak)E.|s (19.46)

each term points in a different direction, so they both must cancel. This is the case if we
require,

E.ls =0 (19.47)

then both conditions are satisfied. As before we also have,

W oA o R W~ o

= ok (Enn) (19.48)

—

Exercise: Check that if this equation is satisfied, then we also have, V-E=V-B=0.

So we must solve now equation 19.45 subject to the boundary condition 19.47. We know
from the general theory of self-adjoint operators that this system has an infinite (countable)
number of eigenvalues-eigenfunctions {k2?, E"} which form a complete orthonormal eigenfunc-
tion base.

Multiplying both sides of 19.45 by —FE, and integrating over ¢ we obtain,

/ RE? P = / _E,AE, T

>

VE. VE., d*F7 — / E.0,E, S
ox

VE. -VE. &%

g 0

> 0.

Since we have seen that k2 = 0 reduces to the Case 1, we take k? > 0, thus k is real and we
have traveling waves. We also have,

2
== K? + k2 > k2, (19.49)
so the phase speed of these waves, v, :=

k- I
j,;“ = £ jz < ¢. Since the eigenvalues are numerable and they can at most accumulate at

infinity, there is a minimal one, k,,;, ~ % where L is the maximal transversal length of >3
and therefore a minimal frequency, wy,in = kminc bellow which there can not be transmission
of TM waves.

is greater than c. Nevertheless the group velocity,
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19.2.3 Case 3: Transverse Electric (TE) waves, E, = 0.

257

From the symmetry of vacuum Maxwell equations under substitution E < B and time
inversion we see that this situation is almost identical with the one above: All fields would

now depend on B, and this component would satisfy

AoB, + kB, =0 , 0,B.|s =0.

Indeed, in this case,

By = S5 VB,
and so,
.= .= ik, =
(0 Bl = (1 By)ls = 220 VsBo)ls =0
Also, since,
S —W o~ - —W -
E = k A By) = kANB
ck:z( A Bs) ck:z( NB)
W . -
nAE|ls = Ckzn/\(k:/\B)
= (- B)k — (- k) B]
= o n n
= 0.

(19.50)

(19.51)

(19.52)

and the boundary condition for the electric field is also satisfied. In this case we also have
an infinite number wave modes. They are obviously different than those found on the other

cases.

Exercise: By an argument similar to the one employed for the TM waves, see that k? > 0.

19.2.4 Energy Flux
The time averaged Poynting vector for the case of a TM wave is:

N - N c wk
k=—(EANB") - k=—22
() 87T( NE) 87 ck?

= k
B = ==
V=B 8wkt

and so the energy across a section ¥ per unit time (averaged) is,

< P>y = /2:/%<§>T2

wk, -
_ 87rk;4/z|VZEZ|2 s
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wk _ - _

— B Ezdl—/ E.ASE, dX.
87‘(‘]{34[/2 eV b 2 )
wk _

= = E.E. d¥
8mk? /z

Exercise: Compute the momentum flux.
Exercise: Compute the angular momentum flux.

Exercise: Compute the energy flux for aT and a T'E wave.

Answer: For a T wave, B=kAEand E = 62(]5, therefore

—

(S)r = —|Ek,
8T

and

<P>p = 8%/E|E|2d2
= o [ IVsoltax
- 8%/2&-/%2
= g/zqgadil
= SY6Q
= S (0Q' (1)

where Q°, and ¢; are respectively the total charges by unit length, and the potentials (con-
stants) on the conducting boundaries.



Chapter 20

Wave Propagation in Continuum
Media

20.1 The polarizability model for time dependent fields.

The leading effect on wave propagation on continuum media is due to polarizability effects, so
we shall concentrate here in this case, although much of the formulae can be easily adapted
to include magnetic effects.

To study the polarizability effects on time varying fields a dynamical model is needed. The
simplest one is to represent the atomic dipoles as charges of opposite sign with a force acting
upon them in the linear approximation, but including a viscosity term representing energy
absorption by the system. If m represents the mass, e the charge, and ), the displacement
from equilibrium of particle at rest position Z, we have the equation:

mlZ, 4+ 7T + Wiz = —eE (T, 1)

Here, v, with dimensions of ﬁ, is an attenuation factor modeling different energy losses.
They are due to exitation of other atomic modes, or the crystal net where it is embedded.
There also losses due to radiation. Since the energy of the particles must decay in time, we
assume v > 0. The frequency wy represents the resonance frequency of the system, it is the
derivative of the acting forces at the equilibrium point with respect to position. We have
excluded the magnetic field term form Lorentz force, for we are assuming the velocity of the
charged particles to be small when compared with the speed of light. Clearly one can envision
cases on which this is not true.
If we assume a harmonic dependence on the fields,

— —

E(#,t) = Eo(Z)e ™",

and consider long enough wave lengths so that the spatial dependence can be ignored, the
the solution is:

—e Eo(Z)e ™!

7(t); = —R
() m [wg—uﬂ—iwy

].

259
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besides this solution there are homogeneous ones, but they decay exponentially on times of
the order of T'= =, and so, after that transient they do not play any role.

Exercise: Find the homogeneous solutions and check the above assertion.

Thus we see the interaction results in a dipole,

o . e2 Eoefiwt
Pt = —el) = ——; 2 0
mwi — w? — iwy

which oscillates to the same frequency as the electric field, but with a different phase and an
amplitude that depends on the frequency.
In fact, in Fourier space, summing over all contributions,

= - — €2N 2 2 . 19 R
Pl®) = xe(w) B () = — [ —® —itn] " Eu(@),

where N is the particle number density. Thus,

Du(@) = e(w) Eu(@),
with,

e(w) =14 4mxe(w).

We have then:

1. The polarizability of a medium depends on the frequency, if we have different types of
dipoles,
1

2
m; w —w? —iyw’

Z ]

where N; is the number density of dipole sites times the number of charged particles
per site.

2. If v > 0 then for w > 0),

2 2
wj — w? + tyw B eij YW _
— .
Wi

my |w? —w? —iywl? T

J
Z —w? —iwl? 5
This fact will be very important in what follows. We shall see that is a necessary
condition for not having strange waves and for the theory to by causal.

3. Near resonances, w ~ wj, Xc(w) is almost purely imaginary, so £,,, and ﬁwj have maxi-
mum phase difference.
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4. Contrary to what many textbooks state, but fortunately do not use:

8D7£€

Indeed,

E,(Z)e ™" dw

(t,7) = \/%_ﬁ/ooaw

- 27T / / Ye @I E (7)e duwdid]

= ~ —mfﬁ =\ —iw(t—t) ~ 17
27T [oo [oo /700 8<w)€ W(‘r)e dwdodt

_ /°° (BB (7t — i)di

— 00

where in the second step we have used that,

\/ﬁ/

Thus,
oD e 9B (Zt—1) ., OE
or = | O A e

unless £(t) = €9d(f). Which in general, as in our model, is not the case. This implies
that in general the space-time equations describing these fenomena are no longer partial
differential equations, and are, at best, integro-diferencial ones.

5. Dielectrics: If w; # 0 V7, so that there are no free electrons, then at low frequencies,

2N1'

[
e

—1+47TZ

J
is real and we have the dielectric model already studied in electrostatics.
6. Conductors: If there are free electrons, then wy = 0 and so,

idme? N 1

m w(y —iw)’

e(w) =2+

where in & we have included the contributions due to the other dipoles with w; # 0.
This term can be related to the media conductivity. Indeed substituting D, = ¢, F,, in,
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VAB,=——D,.
Cc

(where we have assumed no free current), we get,

Where in the last step we have assumed Ohm’s law to hold at these frequencies,

J_} = O-OE_:a
with
e?N
o)p — —.
m7o

So we see that we recuperate this way Maxwell’s equations at the given frequency. In
the low frequency limit, & does not depend on the frequency and so we can recuperate
a partial differential equation, namely,

. 1_0E, B

_ 19D
¢ Ot

with the understanding that is only valid for low frequencies, w << wj.

41 -

For frequencies higher than resonance, w >> wj,
2
w
~ p
with
, 4me’N
Wy =———

where N is the total electron number density, usually N = NsZ (= # atoms X
atomic # per unit volume).

For dielectrics, in general w, < w; and so the above formula only says that

e(w) <1,

for it only holds when w >> w; > w,,.

but for an electron gas (plasm) or in a metal, which in most aspects behaves like an
electron gas, the above expression is valid for w ~ w,, and so e(w) ~ 0. We shall see
later some consequences of this.



20.2. PLANE WAVES IN HOMOGENEOUS AND ISOTROPIC MEDIA. 263

20.2 Plane Waves in Homogeneous and Isotropic Me-
dia.

If the medium is isotropic then £’; = £40°;, and so is determined by a scalar, . If the medium
is furthermore homogeneous,

e(w, %) = e(w).

we look now for solutions representing plane waves, in the frame where the medium is at rest
we then have,

Et,7) = R(E, e t-kD)
B(t,7) = R(Byeitt-kD)y,
that is plane waves traveling along the k direction. The phase speed of this waves would be,
(keeping the phase, wt — k - ¥ constant),
Wwoow
U= —= = —. 20.1
== =3 (20.1)

Inserting this ansatz in Maxwell’s equations we get,

WHE R — KA B, (20.2)
C
“™B, = —ikAE, (20.3)
C
k-E, = 0 (20.4)
k-B, = 0 (20.5)

Notice that when w # 0 the last two equations are a consequence of the first two.

This is an eigenvalue-eigenvector problem identical to the one studied for the case of
monochromatic modes in resonant cavities. To obtain the eigenvectors we proceed in a similar
way, taking the vector product of the first equation with k we get,

TREENE, =ik A(RANBY) = i(k- Bk — (k- k)B., (20.6)

c
using now the second equation on the left and the fourth equation on right we get,

—wlue = -

B, =—(k-k)B., (20.7)

c
from which it follows that

w?ue

I
ENl
ENl

(20.8)
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or defining n? := pe, and k% = k - k,

o wn _ he 20.9
oo w=— (20.9)

which is called the dispersion relation of the medium.

1. Notice that the phase speed is now,

il = — = —. 20.10
i=2=5 (20.10)

Although this speed can be larger than the speed of light, it is just the phase speed and
not the real propagation speeds of perturbations of compact support, which is called
the group velocity and it is given by,

(20.11)

and this is in general smaller or equal to ¢. We shall prove in the next chapter that
under very general conditions in £(w) all solutions propagate at speeds limited by the
vacuum speed of light.

2. Since ¢ can be in general complex (or also real but negative), n, and therefore E, are
complex. So care must be exercised when asymptotic conditions are imposed, since
there could be asymptotically growing modes.

Indeed, considering for simplicity, the case ; = 1, we see that there are three possibilities:

a) € real, ¢ > 0. In this case n > 0 and so k can be taken to be real. In our simple
matter model this corresponds to systems with no dissipation, v = 0, and indeed
the resulting wave propagates with no dissipation along any arbitrary k: direction.
We call this a transparent medium.

b) e real, ¢ < 0. In this case n is purely imaginary, n = ik, s real. In general in this
case k is a complex vector, but there are solutions Where k= ikk, with k a real
unit vector. For instance the vector k = (1,24,0), has k-k=-3.

c¢) € complex, n = n+ik, and so k is complex, as in the former case there are solutions
with k = (n+ i/@)l%, with % a real unit vector. But there are many others. These
other solutions are not plane waves, for there is no real plane perpendicular to a
generic complex vector, so the generic solution depends on three variables, the time
and two other spatial directions. There are cases where these solutions must be
considered. In the case a real direction can be defined, namely when k= (fz+m)l%,
the cuantity 7 is also called the refractive index of the medium, and x the absortion
coefficient .

3. Notice that already in cases b, and ¢, above the solutions grow exponentially in one
direction and decay exponentially in the opposite. In the case k = (i + ix), with k a
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real unit vector, if sign(n) = sign(k), say positive, then we have a wave traveling along

k and decaying along the same direction. This is acceptable because it means there is
absorption from the media, but if sign(k) is the opposite to sign(n), then we should be
having a medium producing the wave and this one growing exponentially as it travels.

This is not physically acceptable, so we should always have, Se > 0.

Indeed, if
£ = |ele”,
then
n = +/|e|e?/?,
and so

(20.12)

(20.13)

sign(n) = sign(k) <= 0<60/2<w/2 or 1<0/2<3r1/2 <— 0<0<m,

but that is just the condition,
Je >0

3

™
”\»

Figure 20.1: Relation between € and n in the complex plane.

4. Since éw = —flg/\ Ew, and k - Ew = 0, we have,

E.ANB = SE ANENE) =SB, -EVE + KB, E)
w w
Thus, the time averaged Poynting vector is given by,
C 1 —k = —k —

()= CR(EABY = SIL(E F-F)E - (A&

12

(20.14)

(20.15)

— K ))E,} + R{EYE, ]
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—

In particular, along the real direction [ := —i(k — i ) we have,

- — C — - =
(S) = S(R{Fy - DIELP
It is necessary to remark that this expression for Poynting’s vector is only valid for

transparent media, x = 0. In general the more general setting we are now considerin
Poynting’s vector can be defined as

Exercise: Check that our model satisfies the above condition, 20.15.

- = — — — —

Exercise: Check that |k A E|? .= (K*ANE*) - (kANE) = (k- k)E - E* — (k- EX)(k* - E).

Exercise: Check that the group velocity in the high frequency limit is smaller than c.

20.3 Reflection and Refraction across interfaces, the
Perpendicular Case.

Here we study the case of a plane wave whose symmetry plane coincides with the interface
plane. In that case the symmetry of the incoming wave is respected and the whole solution
would have such symmetry. Otherwise, by applying a rotation along the symmetry plane we
would obtain another solution for the same incoming wave, that is for the same (asymptotic)
initial conditions.

Thus, we expect to find a solution composed of three plane waves, all conforming with the
symmetry (that is with their wave vectors proportional to each other), the incoming wave,
the transmitted wave on the other side of the interface and a reflected wave on the same side
of the incoming wave.

Maxwell’s equations provide us with the jumping conditions for this problem, indeed,
performing loop and box integrations as in the electrostatic/magnetostatic cases, (assuming
1 =1 and so B=H , and that the time derivatives of the fields are finite at the interfaces,
so that their contributions vanish in the limit the integrations are at the boundary), we get

ANEls = 0 (20.16)
A [B)ls 0 (20.17)
A A [Buls 0 (20.18)
A-[n?EL)ls = 0 (20.19)

Where|-] indicates the field difference across the interface, and n? := eu. So we see that in
this case the only lack of continuity is in the normal component of the electric field.
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Since the jumps are fixed, we must have that the waves have all the same time dependence,
so the w’s are all the same. From the conditions,

J k2 w2nl2 nl2
an T = = —

k2 = k% =
I R 2

2
I

2
where n, (n') are the left, respectively right, refraction indexes. From this we see we can take
kr = —ky (the other sign would just produce two waves in the same direction), and kr = %k:[.

We must see now what are the relative field strengths. From the above boundary conditions
and equations 20.2-20.5 we get the following relations:

E;+Er—Er = 0 continuity of electric field, (20.20)
n(E;— Eg)—n'Er = 0 continuity of magnetic field, and 20.3. (20.21)

From which we obtain,

_ n -

Er = E 20.22
ro= (2022)

— n — n/ —

Er = E 20.23
f n+n ' ( )

For transparent media (e real and positive), we have three plane waves without any dis-
persion nor dissipation and without any phase difference. In that case the energy fluxes of the
incoming wave minus the one of the reflected wave should equal the one of the transmitted
wave, indeed, recalling that B = nkE we have,

(Siese)r -7 = ((Sp)r — (Sp)r) -t

cRn ~
= —{||E1|2 |Er|"}
In—n']? = 2 C 4§Rn|n||n|
= fn(l - —=)|E/* =

while,

crn’ Bol? = 4|n|2§Rn"
& /|2

These two expressions coincide, as it should be because of energy conservation. Exercise:

(Sright)T - T = <§T>T o= EI\Q (20.24)

In+n

Assume the left side medium is transparent while the one at the right is dissipative. Should
the energy fluxes also coincide at the interface? Compute the energy flux as a function of the
depth in the right media.

Exercise: If the incident media is not transparent both expressions do not coincide. Nev-
ertheless energy conservation must hold, so there is an assumption which is invalid. Which
one?
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Exercise: Compute Poynting’s vector for the total field on the left (incident plus reflected)
and see under which conditions holds that it is the sum of individual Poynting’s vector for
each of the two fields.

20.4 Reflection and Refraction, the General Case.

We consider now the general case of reflection and refraction, that is the phenomena that
can occur when a plane wave reaches a flat surface of discontinuity between two otherwise
homogeneous and isotropic media. We recall the general solution for plane waves,

E(t,7) = R(E,e kD)
);

—
—,

B(t,7) = R(B,e kD

-
ke?

5=, and k- Ew = 0. For some cases we shall allow k to be complex, and not

T

with w? =
only of the form k= ak with a complex and i real. With & not defining a real direction the
solutions are strictly speaking no longer plane waves, for they do not have a planar symmetry
in real space.

We shall choose coordinates so that the plane z = 0 is the interface plane, to the left we
shall have a medium with refraction index n, and an incident wave on it. To the right we
shall denote the refraction index by n’. Let us assume that the incident wave is a plane wave
with wave number, k 1, real. Let us denote by n the unit normal to the discontinuity surface.
If 7 is parallel to k; we are in the case already considered, so we assume they are not parallel,
so both define a plane, called the incidence plane, in our figure the (x, z) plane.

As before we shall propose an ansatz consisting in a transmitted wave, with wave number
vector ET, and a reflected wave, with wave number vector k Rr. Since the incident wave and the
interface plane have a direction in common that direction will remain a symmetry direction,
in our scheme that coincides with the ¢ direction, so we expect the wave vectors will not have
any component along it, kr, = kry = kg, = 0.

In order to be able to satisfy the jumping conditions at the interface we need the waves
at both sides to have the same functional dependence both in time and in the directions
tangent to the interface, that is at the plane z = 0. This means that w; = wg = wr and
kl:v = kTm = kRm-

Furthermore we have that

ki ok =kp-kp= . (20.25)

Since ki, = kg, and /;1 . /;1 = ER . ER, that is k; = kg, we have,

kRm o _klzv
krn kg

(20.26)
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kr

Figure 20.2: The incidence plane, 3 dimensional view.

\/

0; Or

Figure 20.3: The incidence plane.
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if the medium to the left is transparent, then

sinflp 1= —= = — 1 .— _ging,, (20.27)
kr kr
so the reflection angle equals the incidence angle.
Furthermore we have,
ki =k — ki, =k —kp, =kp or kp = *tkp.. (20.28)
we shall take k;, = —kg, for we know we need a reflected wave (traveling to the left) to have
a consistent solution.
Since k2 = "/22“’2 = 2—5% = ’:L—/jk:%, in the case the right medium is transparent, we have
kre ke  nkp, n
sin Op := = — =—— = —sinfy, 20.29
r kT /{ZT n' k[ n' ! ( )

which in optics is known as Snell’s law. Notice also that,

2 12

K2 k2 = k(S —sin?6)). (20.30)

n2

n
Thus, if n” < n, both real, then there are incidence angles for which k7, vanishes or becomes
purely imaginary. We call the limiting angle, for which kr, = 0, the total reflexion angle, 6,,
it is defined by the relation,

/
sinf, = —.
n

For those angles with 6; > 6, the field decays exponentially inside the medium on the
right and so we have total reflection. On the above equation we must have take the positive
root, that is kr. > 0, in order to have a wave traveling to the right. If Rkr, = 0, that is
when n’ < n both real, and sin? 0; > Z—Ij, then one must choose, for consistency, the root with
Skr, > 0, so that the wave decays to the right. If both Rkr, # 0, and Skr, # 0 then we can
only make one choice and check for the other, that is, if we choose the root with Rk, > 0,
then we must check that Skp, > 0. If this does not happens, that is if %(’ZL—S —sin?) = S% <0,
then we say one of the susceptibilities is unphysical.

We now look for the relative field strengths. We consider two separate cases, in the first
we shall assume the electric field is perpendicular to the incidence plane, that is in the ¢
direction, in the second that it is in the incidence plane, the general case can be obtained by
decomposing the general wave into these two directions.

20.4.1 Electric field perpendicular to the incidence plane

For the first case, we have the same situation as for the case of normal incidence already
considered, except that now the magnetic field will not, in general be tangent to the interface.

Ep, + Egy, — Epy, = 0 continuity of electric field, (20.31)
kr.(Ery — Ery) — kr.Ep, = 0 continuity of magnetic field, and 20.3.  (20.32)
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where we have only considered the  component of equation 20.3, since the z component is
automatically satisfied the from continuity of the electric field and the tangential component
of the wave vector. As before we obtain,

> 2kr. 2 cos b 2 cos O sin O
Ty — k= w=—-> by
kre + br cos O + \/(%)2 —sin?6; sin (07 + 0r)
N 2 .
[ 00591—\/% — sin? 6; 0 (O — 0
Epy = 2—TF, = ) By = S 0r =00 p o) 53

Iy — Iy — —.
k[z + k:Tz coS 0[ + \/(%)2 — gin2 9[ S11 (91 + QT)

that is, Fresnel’s law. The second formulae are valid when the incident medium is transpar-
ent. The third formulae, in terms of incidence and transmission angles, are valid only for
transparent media.

Figure 20.4: E; and Er for the case where the electric field is tangent to the interface. Case
no< .

The other components of the electric field, namely those at the incidence plane, are zero.

Exercise: Consider the equations for these other components, show that they form a linear
homogeneous system and compute its determinant.

20.4.2 Electric field at the incidence plane

In this case the Magnetic field will be perpendicular to the incidence plane, indeed, both l_% I
and FE; are at the incidence plane, and are perpendicular to each ojher, S0 dgﬁne it, and By
has to be perpendicular to both, B; = (0, By, 0). Since B =k A E and k- E = 0, we have,
kA B =—(k-k)E and therefore,

~kAB

E= 12
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Figure 20.5: E; and Er for the case where the electric field is tangent to the interface. Case
oSl

Thus we expect to have the same formulae, but replacing k 1 by %, and /;T by %
Thus we get,

20" k; ()2 cos 6; sin 20;
Br, = - By, =2 1 Br, = — 20.B4
v n2kp, +n2kp. Y ()2 cos Oy + /()2 — sin2 6, """ sin (6; + 67) cos (6; — b7) )
) 2 V2 cos 6 —/ )2 — gin2 0 -
Br, = Wk = n kTZBI = Cy) ! (%) ! MB; : (20.35)
y y 2 2 y

n2kr, +n’kr, (Z)2 cos Oy + /()2 — sin? 6; ™" %an (6; + 67)

3|3

T
S/

As above, the second formulae are valid when the incidence medium is transparent, the third,
in terms of incidence and transmission angles, are valid only for transparent media.

20.4.3 Reflexion Coefficients

The reflexion coefficients are defined as the ratio of the reflected power (normal component
of Poynting vector) vs the incident power for each mode. That is,

cos Or|E||Br| _ ncosOr|Er* _ |Er|®

R:= - = —
cos 07| Er|| Byl ncostOr|E*  [Eq|?

For transparent media they become,

SiIl2 (QT — QR)
Ry = sin? (07 + 0r) (20.36)

tan2 (‘9T — ‘93)
_ ?) 20.
A tan? (Bz + 0) (20.37)
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Exercise: From this coefficients, and energy conservation find a bound for the power of the
transmitted power as a function of the incident power.

20.4.4 Total Polarization Angle or Brewster angle

Note that the numerator in the expression for Bp, in the case the incidence medium is
transparent can be made to vanish for a given angle. In this case we will also have R} = 0.
Indeed, setting Bg, = 0 in the expression above and squaring each part we get,

n\* n'\>
— ] cos?l, =—| —sin?6;
n n

N\ 2
This is a quadratic equation for x := (%) . By inspection we see that one solution of it is,

/
<£> = tanf;
n

Thus, there is always an incidence angle, called the Brewster angle ,

n/
arctan @, = <—>
n

such that the reflected wave is totally polarized in the direction tangent to the interface. From
the above expression we see that these incidence angle satisfies,

n . .
cos b = (_/) sin 6, = sin O7
n

where we have used 20.29, and where 07 is the transmission angle corresponding to the
incidence angle ¢,. Therefore we see that 07 = 7 +0, so the incidence direction is perpendicular
to the transmission direction. Notice that in this case the denominator in 20.37 for Rj. So
this coefficient indeed vanishes.

20.4.5 Total Reflexion

Another interesting feature of the reflexion coefficients arises in the case in which the reflection
media is less optically dense than the incidence media, n’ < n. As we saw, in this case, for
angles bigger than 6,., those fields have the form,

a—1b
—. a and b real
a+ b
so they absolute value is unity. Thus R, = R = 1. Energy conservation then implies

that the transmitted flux in the incidence direction vanishes. This does not means that the
fields inside vanish, they decay inside, but their Poynting vector is tangent to the interface.
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Note that although the magnitude of the reflected field coincide with that of the incidence
one, there is a phase change between them. It is given by

Exercise: Find the expression for the phase difference between the parallel and perpendicular
phases.

The general behavior of the reflexion coefficients can be seen on the following figures [20.6-
20.7]. Notice that R < R, so that in general the reflected light is (partially) polarized in
the normal direction to the incidence angle.

0.5
0.4+
0.3+
0.2+

0.1+

I I
0.5 1.0 15

Figure 20.6: Reflexion coefficient for the case n’ > n.

1.0

I I I
0.5 1.0 15

Figure 20.7: Reflexion coefficient for the case n’ < n.

20.5 Skin effect and the surface impedance of metals

An important case is the low frequency limit of a conducting medium, that is, a metal. In
that case,
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and so,

If the wave length of a wave incident in the metal surface is much longer than 6 :=
tangential component of the transmitted wave vector will be small compared with the Tormal
component. Thus, inside a metal we will have a wave vector given by k ~ ¥ V2now (] + i)k and

. . . . VT oW . .
so will decays along that direction like e “ # that is, at a distance,

C

\V2Tow

the field has decreased to half its value. The fact that we have decay does not means there
is absorption, it could means reflection, or in general, scattering. The skin effect is the fact
that the electric fields penetrate a metal a length § called the metal skin thickness.

Thus, the derivatives which are really important in Maxwell’s equations inside the metal
are the normal derivatives. Thus, inside the metal the solution would be approximately a
plane wave perpendicular to the metal surface. That is, defining ¢ = %,

5:

I A — A
Er = \/gHT Ak = CHp Ak (20.38)

For the case we are dealing with,

/
C=G+iG=(—ih e [c<<1,
8mo
where we are considering p and o (the resistivity) to be real.

Expression 20.38 can be considered as a boundary condition to the external fields. This is
so because they are tangential components of the fields and so are continuous across the metal
surface. Indeed, for the expert, this expression can be considered as a mixture of outgoing
and incoming modes for Maxwell’s equations. The condition is stable, and so allowed, if
the energy leaks from the interface towards the inside of the metal, that is, if the normal
component of Poynting vector is positive,

C

S . & R(ExAH) = -S| Hp? > 0.
(S k)= Sﬂ_(T T) 7rC\T|_

So 20.38 is a good boundary condition provided that,

¢ > 0.

So the correct root must be taken in the relation defining (.



276 CHAPTER 20. WAVE PROPAGATION IN CONTINUUM MEDIA

Figure 20.8: E; and Er for a metal in the case where the incident electric field is tangent to
the interface.

Since ( is small compared to unity we can approximate the outside field as the field with
trivial boundary condition where no field is allowed inside the metal. With this approximation
we can estimate, using 20.5, and the magnetic field computed, the energy lost inside the metal
by unit surface and unit time.

Exercise: Find the frequency range (or/and wave length) for which cooper satisfies the
approximations assumed above. Compute Ocooper-

For cooper we have, p = 1.68 x 1078 € — 118 x 107! s or 0 = 5. x 1017 s~ 1.
Defining 0, := 5 = 2, then the decay length is given by 0 = \/d,\, where A := £

2no

is the vacuum wave length of the incident wave. While |(| = \/%. For cooper we have,
ds ~ 10~ 2nm, while visible light has a wave length of the order of A = 100nm.



Chapter 21

Wave Packets and Causality

21.1 Introduction

So far we have considered single plane waves, that is waves oscillation at a given frequency;,
and therefore at a given wave number, k, or at most at a finite number of them, given by the
dispersion relation,

wn(w) ke

- w(k) = m,

this last being the way we are going to use it. We shall assume n(w) real, that is a transparent
medium, otherwise the wave dissipate and the effects get confused. This relation provides the
information from the evolution equation we are solving, and, in the case of electromagnetism,
information about the medium across which the wave moves. We shall consider now a wave
packet, that is a solution made out from contributions from many monochromatic plane waves.
For simplicity we shall consider plane waves along a single direction, Z, we shall comment on
the fact that when waves have finite extent this is no longer the case and further dispersion
occurs. A generic Cartesian component of the electric and magnetic field have then the form,

1 0 <
u(t, o) = E /_OO a(k)efz(w(k)tfkm) dk,

where wu(k) is the number density of waves between wave number k& and wave number k =
k + dk. For simplicity we just integrate over the whole k-space although we are thinking in
adding contributions from a narrow frequency band, this will be evident from the form of
wu(k), which we shall assume smooth and of compact support.

For Maxwell equations, and in fact for all second order systems, frequencies come into
pairs, or alternatively we can think that for each frequency there are two wave numbers for
each wave propagation direction,

_ Fwn(w) +ke

k—7 or w(k):%,

so the solution actually looks like,

277
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1 g | |
u(t’f) — E/m{,&(kj)_e—zk(ct/n—x) +a(k,)+ezk(ct/n+a:)} dl{?,

And we need to determine two functions from the initial data.

Exercise: From the expressions,

w(0,7) = ﬁ a0+ k) et a,

ou(t,r ic 00 . R .
(615 )|t:0 = Jon /_OO k{—a(k)_ + (k) }e'* dk,

determine (k). and @(k)_ in terms of the initial data.

21.1.1 Non-dispersive Waves

Let first consider the case

_ *tk
-

w(k)

in this case, corresponding in Maxwell theory to the vacuum case, ps = 1, or the hight
frequency limit of generic materials, all phase speeds are the same, v, := ¥ = c and so we
expect the wave packet to move undistorted, indeed, the solution is in this case,

1 oo | |
u(t,7) = Jor /_Oo{ﬂ(k:)_e_lk(Ct_$) + G(k) e dk,

and we see that the solution will be of the form,
u(t,©) =u_(0,x — ct) + uy (0,2 + ct),

representing two wave packets, one moving (undistorted) to the right, other, (also undistorted)
to the left. Although the original packet spreads out into two packets moving in opposite
directions these waves are considered non-dispersive, for this is just and effect of taking
different propagation directions in space.

21.1.2 Dispersive Waves

If the dispersion relation is non-linear then we should have dispersion, that is, each wave
would travel at a different speed and the original packet would distort and spread. To see
this we shall first consider an example that can be solved explicitly. Let us assume,

a’k?

2 Y

wk = wy + vk +
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and take as initial data,
w(0,%) = en?cos(kor)
ou(t, T)

ot

So the wave has initially a large peak at x = 0 and oscillates at & = ky. Since the time
derivative is zero we expect to have two wave packets moving initially in opposite directions,
indeed, since u(k)_ = u(k)y = u(k) we get,

o = 0. (21.1)

1 o] . a2
u(k) = —/ e~k ear? cos(kox) da
227 J-
1 0 . , —a?
_ [e—z(k—ko)x +6—z(l€+ko)m]62L—2 dr
4\/§7T/
1 00 (g (k) L
o [Tt R T | ) e (212

AN 2om J-

where in the last line we have indicated the other term as obtained from the one written

Ey substituting kg — —kg. Taking as variable y := _’(L\/;(’)L + 15 dy = \fL the integral
ecomes,
2L [

_ ﬂj_ﬁ[e—(k—koﬁﬂp o (ko222
4/ 27

— Do tkoriisa | o—tethotr2 (21.3)

|

So 4(k) has two peaks, one at ko and the other at —kg, both have with 0k = ¥=. We shall
compute the time evolution of this data. For simplicity we shall concentrate 111 the term
corresponding to the peak at k = kg, which we shall call u_(¢, %), the other is obtained by
substituting ky — —ky on the expressions we shall derive.

We have,

u,(t,f) = 1 27T *(k‘ ko) 2L2/2€fz(out k) dk

_ X illwort okt S Y- ka]— (k—ko)*L2/2 g1,

4\/ 2m J—

to compute this integral we also use the same trick as before and complete squares. Calling
R the exponent inside the integral we have,

B? B ,
=)~ (S + VTR

R=A+92kB — K?°C = (A+
( NG
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which we use with

—1 L? la*t
A= —iwgt — k2L*/2 B= 7(i(vt—k)+k0L2 C = 7(1+%)7
Defining [ := % +VCk, dl = /Cdk, we get,
L ]_ A 2 72
- t, = — +B /C/ l dl
w-b8) = e L
_ L \/_ A+BQ/C

421/ C
(vt+a kot— 1)2
L2(1+a4t2)
_ 6_2’\/

(21.4)

where we have defined v, := %[,y := v + a®ko, L(t) := L\/1 + “ L4 , and

(U + WO/kO - IL‘)]{}O + 2L2(2a t2w0 + k;2L2 + (t’U :B) )
1 + a4t2

is an unimportant phase factor. We see from this example that:

The peak moves as a whole with speed v,. This is called the group velocity of the
packet. In general is defined as v, := %| k=ko, Where kg is some point considered as the
dominant wave number of the given packet. Note that the more spread is the initial
packet in physical space the more peaked is in Fourier space, and therefore the better
defined is the group velocity.

The initial peak had width L and its Fourier transform one of width % This is a general
effect and it is phrased saying that the product of both widths is constant, AxAk > 1.

In Fourier space the width of the peak does not change under evolution, Ak = % But in

physical space it does gets enlarged, Ax(t) = L(t) = Ly/1 + %, The peak gets smaller
in hight as the square root of L(t). So that peak squared (mtensfcy) times its area keeps
about constant. The solution disperses as its components move with different speeds
(no dissipation is present in this model).

2

For long times, t >> 5—22, L(t) = “Tt so a dispersion speed can be defines by %
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21.2 Group Velocity

To see how the group velocity appears in a generic case let us assume we have an initial data,
u(z), whose Fourier transform, @(k) has a peak at kg, with a width Akq. Expanding in Taylor
series the dispersion relation,

dw 1d%w
(k) = ko) + S limralk — o) + 5 e e = ho)?

where the last term represents the error, we can approximate the solution as,

o~ ([w(ko)+ |k:k0(k*k0)+%z—|k i (k—ko)?)t—kz) g1,

u(t,z) = \/ﬁ/
e—z(w(ko) dk\k:koko)t oo

- fb(kj)eii(vgt 1’) Z(Q ko‘k k(k ko)) dkf
\ 2T /_oo

(21.5)

Thus, for short times such that

Pw
AT ke [ky— Ako kot Ako] | ﬂAkot << 1,

u(t, ) = e—i(w(kO)—Z—i\k:koko)tu(x — v,t),

and we see that apart from a phase factor the peak propagates initially with the group speed

at the main frequency. At longer times scales we start to see dispersion as we did in the

example above. In it, ;‘fi;]: =a? Aky = % and so the dispersion start to be important when
~ 1.

L2

21.3 Kramers—Kroning Relations

We have studied a simple model of matter to obtain a specific relation between the displace-
ment vector and the electric field in Fourier space,

D.(Z) = e(w, ) E,(7),

in particular for the simplest model we had,

2

w
gw =14+ — 2” . (21.6)
wj — w? — 1w

From this expression we can compute the actual temporal dependence between the fields
in time, as we already saw,

Bt #) = / Y e(E R E(t—1,7) dF,
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with - o
e(t) :/ ene " dw

—o0
where we omit the spatial dependence from now on.
For the case at hand now

with,
2

—iy F \JAwg — iy
Wy = 5 =5 F vy vy = \JwE —2/4

the two roots of the denominator in 21.6. Notice that both roots are complex (recall that
v > 0). If w3 > +?/4 both are equidistant from the R[w] = 0 axis and have S[wy] = —iy/2. If
w2 < v%/4 1y becomes pure imaginary and both roots are in the ®[w] = 0, in the limit wy — 0
one of them goes to ¢y while the other goes to zero.

Since £(w) is a meromorphyc function on the complex plane we can compute the above
integral using techniques from complex analysis: Since R[—iwt] = Im[w]t we have that
R[—iwt] < 0 whenever £ < 0 and Im[w] > 0. So for f < 0 we can deform the integra-
tion along the J[w] = 0 axis into the path C(p) shown in the figure 21.1, since no pole is
encounter along the deformation the value of the integral along the deformed path does not
change. But when p — oo the argument on the exponent has real part going to —oo and so
the integral goes to zero. Thus it must vanish at all paths and so at the original one.

}

\
\

W4 w—

Figure 21.1: Integration path for < 0.

We reach the conclusion that () =0 V¢ < 0. Thus,

B, @) = /Oog(f, DBt —1,7) di,
0

and the relation is causal.
If £ > 0 then R[—iwt] < 0 whenever I'm[w] < 0 so we can deform the integral along the
path C_(p) shown in the figure 21.2
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W4 w—

Figure 21.2: Integration path for ¢ > 0.

This time the path crossed the two points where the e(w) has poles and so we pick these
contributions. Noticing that the limiting path (p — oo) does not contribute we get,

B 5 B ) 5 efiw_;f efiw_t
B = & —i
o0) = o) +ui(-zm S+ ]
Loa2mwl o
= (1) + Ple™™+ 47" t>0
Y
(21.7)
In particular if w} > v*/4,
- . 2mw? . i -
e(t) = 4(f) Lo(f)e™ = sin(wf),
Yo
and so,
D(t,7) = E(t,7) / G, DE(t —1,7) di,
0
with,

. 9 o
G, 7) = 2T g -2 o),
Y
Thus, we not only see that the relation is causal, but also that it depends on the past
behavior on a time intervals of the order of y~!, which in normal materials is of the order of
10719 seconds.
From the above calculation it is clear that always that the poles of e(w) are in the lower
half plane we shall have a causal relation between 5, and E.
We shall explore now the reverse, namely what are all the implications and restrictions
that the causality conditions imposes on £(w). They are called the Kramers-Kroning relations.
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They appear in many places in physics and more generally in information theory, every time
we have a relation between two quantities which is causal, and linear,

— — — ~ ~

D) = E() + [ GOHE@—1) di
0
with G(f) smooth and bounded in ¢, or
cw)=1+ /OO G(t)e™" dt.
0

We have seen that it is useful to extend the above definition for complex values of w. Since
t > 0 in the integral, and G(t) is bounded, we conclude that e(w) is analytic for Sw] > 0.
This is so because all derivatives of ¢(w) are bounded as follows, \dZiiw)\ < |w|™ and so its
Taylor series converges. JUSTIFY THIS BETTER If we assume G(t) — 0 as t — oo
sufficiently fast then the integral, and its derivatives are also finite and bounded for S[w] = 0
and analyticity also follows there. But there are cases of physical interest for which this last
assumption can not be made. This is the case of metals, where the presence of free electrons
imply in our simple model that wy = 0. In that limit w_ — —ivy while w, — 0, so we have a
simple pole at the origin. In terms of G(t) this indicates G(t) — 4wo as t — oo. Indeed, in

the case G(t) = 4no,

— — ~ ~

D(t) = E(t) + 4o /OOO E(t —1) di,

and so

0,D(t) = OE(t) + dno /0 T OBt — 1) di

— O,E(l) - 4o / T OBt — D) di
0

= O,E(t) — 4ro[E(—o0) — E(t)] di
= QE(t) 4 4noE(t)
where in the last step we have assumed no initial electric field is present (E(—oc) = 0). We
see that this way recuperate Maxwell’s vacuum equations with an Ohmic current given by
Ao =

J=""F.
C

If we start with a G(t) and assume goes to a constant value, (and if we assume E(t) goes to
zero sufficiently fast when ¢ — —o0), the integral converges for w # 0, real, but not for w = 0,
generating the simple pole found above. Thus we can only assume £(w) to be analytic on the
upper half complex plane, including the real axis, except at zero.

From 21.3 we see that

£(w) = £(~a),
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we shall use this to find some interesting properties of £(w).
We get,

WR[e(w)] = e(w) + e(w) = e(w) + &(—w)
while,
WM[e(—w)] = e(—@) + e(—@) = e(—@) + (w).
So
Rle(w)] = R[e(—w)].

In particular, for w real we see that the real part of e(w) is an even function of w. Thus,
taking into account possible poles, R[e(w)], admits a Laurent power series expansion in term
of w?. But since the pole of £(w) at w = 0 could only be simple, it must be then that R[e(w)]
is analytic on the real axis and so by causality for [w] > 0.

On the other hand,

and,

So,
Sle(w)] = =Sle(=w)],

and odd function of R[w]. The analytic extension then has a Laurent power series with only
odd powers of w. For dielectrics , (no poles at the real axis), it is analytic, for [w] > 0, for
metals it has a simple pole at the origin.

We shall now look for relations between the real and imaginary parts of €. To do that we

compute now,
-1
/ fw) -1,
Clp] W —Wo

where the path C[p] is given in the figure 21.3.

Since e(w) is analytic in the region enclosed by C[p| this integral vanishes. On the other
hand, since for all reasonable materials (w) — 1 as |w| — oo something we shall assume from
now on, in the limit p — oo the contribution to the outer side of the path does not contribute
and so we have,

-1
0 = / LW) dw
Clp] W — Wo

. /—5 e(lw)—1 o+ wo—d g(w) — 1 do+ /OO e(w)—1 o

—c0 W — Wy +5 w — Wy wot+d W — Wo
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Figure 21.3: Integration path for Kramers-Kroning relations.

dmioc
w

where we have assumed e(w) & near zero, and used the residues formula. Letting 6 — 0
and changing variables, w — z, wy — w, we get,

4ma )
flw)—1= V/OO p—

where PV indicates the principal value of the integral. This is the relation we were seeking
a relation among the imaginary and real part of the function e(w). More explicitly, splitting
into real and imaginary parts,

PV = Se()

m -0 T — W

Rle(w)] =1+ dx

Sle(w)) = 222 - BY [~ Hel =]

w ™

dx

r—w
Since R[e(w)] is even and J[e(w)] odd we can further simplify to,

/OO M dx = /OO M dx — /OO L[E(x)] dr = /OO 7236%[8@)] dx

o T — W T —w —r —w 2 — w?

/00 Rle(z)] — 1 s :/0 §R[ d +/ d:c _ /000 2wR[e(z)] — 1 i

o T —W —r —w 2 — w?

and we arrive at the final form of the Kramers—Kroning relations,

Rle(w) — 1) = 2PV /OOO 9;?[5@)] dx

T — w?

dx

dmo  2wPV /00 Rle(x)] — 1

w T 2 — w?
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It is easy to see that,

o 1]
and so,

A
W)= 14 o

W

is a solution to the above relations.
Exercise: Check the assertion above.

Furthermore, one can check that if we choose any [e(w)] defined in w € [0, +00], odd and
analytic, then the first relation defines a R[e(w)] even and analytic. If we plug this function
in the second relation we get the original J[e(w)], but corrected with a possible pole at the
origin, that is a different 0. We can think of these relations as one being the inverse of the
other, except that each one of them have a non-zero kernel and so they are not strict inverses.
So they are linear transforms in the same sense as the Fourier one.

From the experimental point of view these relations are very important for, for example the
knowledge of J[e(w)] from absorption experiments (energy losses) allows to infer R[e(w)], and
so e(w). Or vise-versa, some times it is difficult to perform absorption experiments because
the media is too opaque but reflexion experiments are easy and so one obtains the information
that way.

Consider the extreme (limiting) case of a line absorption,

Sle(w)] = Ko(w = wo) + S[E(w)]

with &(w) some analytic extra part. In this case we get,

2K Wo
T Wi — w?

Rle(w)] =1+ + R[E(w)]

This effect can be easily seen in the following experimental result, 21.4

21.4 Einstein’s Causality
We have seen that there are two kinds of velocities in wave propagation, the phase velocity,

w(E) <

Up = —L = ——

k n(k)’

the speed at which individual waves of wave number k moves, and the group velocity,

ow d  ck ~  kon
R
ok dk n ok

—

'Ug —

()
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K.FYMUO_S)

A‘TI-F‘,M ( 1 0—5)

-0

2.0 3.0 4.0
Angular frequency, w (s™' x 10'%)

Figure 21.4: Measured extinction curves of F and M color centers in a KBr crystal at dif-
ferent temperatures (a); the corresponding changes of the refractive index are computed via
Kramers-Kronig relation (b). The curves correspond to 1) 250 K, 2) 170 K, 3) 100 K, and
4) 35 K, with peaks becoming sharper at low temperature. Adapted from Peiponen et al.
(1984).
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the velocity at which a peaked wave packet moves in first approximation. For many substances
n(k) > 1 and |6_l%|’ and both velocities are smaller than the speed of light. But there are cases

in which this is not so, nevertheless, under very generic conditions, which we spell in detail
below, and which have clear physical meaning the systems remains Einstein causal, that is, no
propagation speed exceeds c. The scope of this proof is not so wide, as is stands only works
for wave packets where all the waves have the same propagation direction, but it is simple
and adds a lot of understanding on the subject.

Theorem 21.1 Let n(w) be real analytic in w, so it admits a unique extension to the complex
plane which we also denote with n(w). Let such an extension satisfies:

Yis analytic for Sw] > 0.

° n(w)f
e n(w) =1 as |w| = oo in all directions with J[w] > 0.

Then the propagation is Einstein causal.

Exercise: Show that the (w) of our model satisfies this conditions.

Answer: In our simple model,

N 1

m wi —w?—iyw’

> 0.

e(w)=1+ 4

so it is real analytic. n=*(w) could have singularities only at points where £(w) vanishes, for
that we need the denominator to be real. That is,

Jlwd — w? — iyw] = —2S[w]R[w] — YR[w] = 0,

that is,

At R[w] = 0 the denominator is positive (R[wi —w? —iyw] = w2 — R[w]* + S[w]* +7S(w]) and
so e(w) can not vanish. Therefore we could only have poles at F[w] < 0.

We now prove the theorem.

Let (0, ) be a smooth but otherwise arbitrary function with support on < 0. Thus,
its Fourier transform,

1 foo .
u(k) = o [m u(0, x)e”* dr,

is analytic for (k] > 0.
The solution then is,
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1 o |

ult2) = o /_ ~ak)e ) g
1 oo <

— %/_OO ,a(k)efzk(ct/nfm) dk

Since @(k) and n(k)~! are analytic on the upper half of the plane we could deform the
integration path as shown in the figure 21.5. Then,

u(t,z) = lim a(k)e tklet/n=) q|.
P00 JCL(p)

But since n(k) — 1 as k — oo, then the argument of the exponential has real negative part
for ¢t — x < 0 and goes to —oo as k — oo. Thus the integral vanishes and we have Einstein

Causality.

\
\

Figure 21.5: Path deformation for Einstein Causality argument.



Chapter 22

The Electromagnetic Radiation
produced by the motion of charge
distributions.

22.1 Introduction

We want to address now the problem of determining the electromagnetic field produced by
a system of moving charges. The question in its complete generality does not have a simple
satisfactory solution since:

e The charges are affected by the radiation they themselves produce. In taking into con-
sideration this fact one is lead into considering also the evolution equations for the
sources. The resulting system is non-linear and so it is extremely difficult to split fields
into internal and carge generated ones. To overcome this problem we shall assume the
charge motion is given beforehand and so not affected by the radiation they themselves
produce. This is to be understood as a first step in solving a very complex phenom-
ena. Once this step is taken one can consider the deviation of the source motion this
radiation produces and in some cases improve this first approximation. In other cases
this assumption is not justified and other methods/approximations must be used to get
anywhere

e Given a fixed charge distribution in space-time there are many, in fact infinitely many;,
Maxwell’s solutions having them as sources, one for each initial data condition we can
give satisfying the constraint equations. Of course their radiation content is different,
so the question is: Which one to choose? The problems is only enhanced if we allow the
charges to self interact in a non-linear fashion as discussed above. If we fix the charge
motion, then we can also overcome this problem by requiring in the past the charges to
be stationary. In that case we can take initial data at those earlier times which are also
stationary. This condition fixes uniquely the initial data and we have a problem we can
solve for. Notice that there is a catch on this: If we assume evolution equations also for
the sources, and the whole evolution systems has unique solutions for given data, then
the stationary data gives a stationary solution and no radiation!

291
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To avoid many of the problems referred above we shall pretend now we have a given,

fixed, charge distribution in space-time, (p(t,Z), J(t,Z)) satisfying the continuity equation,
such that for ¢ < tg ,

Notice that necessarily,
V- Jo(Z) =0.

-,

We shall solve Maxwell’s equations in terms of the potentials, (¢, A), in the Lorentz gauge,

8t¢+0614¥:0

The equations to solve are then,

Oo = 4mp

— 4 —

04 = 2J
C

Notice that the gauge condition imposed allows to know ¢(¢, Z) once we know A(t, Z) and
have initial data values for ¢. Indeed, integrating in time (at fixed ) equation 22.1 we have,

i — — o~ ~
o(t,7) = ool@) — ¢ [ V- A(i, ) di
to
Since at t =ty the sources, and the electromagnetic field, are summed to be stationary we
must have,

and so, with appropriate boundary conditions, ¢o(Z) is uniquely determined, as is ¢(t, &) once

—

A(t, %) is obtained. Thus we can concentrate on the second equation,

L 4 -
A = _WJ
c
Assertion: Retarded Green Function
, 1 J =TT
At,*——/ e Y) pz 22.1
G3) =7 Jps ™~ =7 ’ (22.1)

with the components of J expressed in Cartesian coordinates.
Proof:
We have seen that the solution to the wave equation,

Oo(t, 7) = 4n f (¢, 7),
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with initial data,

w(t()’f) = %(f)a aﬂ/}@v f)‘t=to = 7vb1<f)7

was,
)
V6T = oIt~ )Mo (o) + (¢ o) Mg (40(2))
4 o /0 TOIML(F(E—1.7) dF,
with

Malg(®) = = [ 9(@+ ctn) as?,

47 Js2

and 7 the vectors covering a unit sphere, S2.

Since the general solution given above consists of two parts, a inhomogeneous one and a
homogeneous due to the initial data, we can consider first the inhomogeneous one, namely
consider the case Jo(Z) = Ao(Z) = 0. In this case only the integral term remains, (¢o(Z) =
(%) = 0), and so applying the above formula to each component of A we get,

- ~ ~

— t—to ~
At 7) = 4n / IM(J(t — ©),7) dL.
0
Since we are considering the case Jo = 0 we can extend the integral to tp = —oo without

adding anything. Changing variables to &’ = Z+ctn, we have, = Iﬂf 7] , (ct)?d(ct)d? = d*%,
and the integral becomes,

A7) = /Oocf/ J(t — 1,7 + cln) di d0?
0 S

Loyl 7! 72 (52 n 2
= - —= - Q
- /O = [T =1.7) (e)? dch) d

SQ
— =/
T -2 =
_ 1/ (t_‘ c "xl) d3—*
c JR? |7 — 2| ’

We consider now the general case, J(t, %) = Jo(Z); t < to. We first notice that the
above expression is a solution to the wave equation for all values of ¢, if we define now

J(t, %) = Jo(Z); t<to. Second we notice that if ¢ < to then t — ch‘ <ty and so,

/RB —»I d3 _’7 1 <ty,

so it is time independent and a solution to

Ag(f) - ?Jo(f)

The stationary equation for the vector potential, so in fact this is the solution we wanted for
the general case!
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Voo

< |£i“—(l-f/|:Ct

Figure 22.1: The Current Integral.

22.2 Asymptotic behavior of the fields

We are interested in describing the behavior of the radiation field of a source of compact
support, so we consider |7'| < R where R is length scale of the source.

22.2.1 Large Space Directions

At large spatial distances, (t = const.), |Z| >> R, we have that t — @ < tp and we are back

to the static situation. In this case, since ffo(f) satisfies Poisson’s equation and V- ffo =0,

> 1
A, 7)) ~ O(—=).

A(2.7)| ~ ()

So, far away along spatial directions we see the electrostatic/magnetostatic fields of the far
in the past stationary distribution: A Coulombic electric field and a magnetostatic field, each
one with its own multipole distribution, obtained by expanding |# — 7| in the denominator
of Poisson’s formula.

22.2.2 Large Null Directions

i

If we move away from the sources along a null direction, ¢ — T = const., then the

dependence on t and ¥ of the time dependence of J in the integral can not be ignored. In
order to keep only leading terms, we only approximate |# — 2’| by |Z] in the denominator,

(other terms would give fields decaying faster than ﬁ), and expand J(t — ‘x_—cx‘, 7) as,
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-7 S, o ne 2
J(t— ) = J(n, 7))+ 0, J(1,7)]

C Cc

J+0(a%)

. The second term will be important only if the first vanishes, or T% ~ 1, where

=

T is the characteristic time on which J varies, (8tj R~ %) Correspondingly T'¢ would be
the wave length A of the emitted radiation, for it should oscillate at the same characteristic
frequency as the source does. Thus we see that the higher up terms are only important when
the wave length of the emitted radiation is of the order of the size of the source.

For longer wave length then,

At,T) =~ e ]R3J(t—7,f') d*7
~ = o -1
~ %/]Rgfat =Ty e
~ C%@ﬁ(t-%)

where p(t) is the total dipole momentum of the source at time ¢.
The corresponding magnetic field is,

B(t,7) = VAA®ZTD)
—1 r
APt — ‘%) (22.2)

||

Q

Since

—

-1 .
E(1,7) = —0,A(1,7) - Vo(t, 7).

we must first compute 6(]5(15, Z). To do that we use that it is also a solution to the wave
equation and so satisfies Poisson’s equation, but in this case we must keep terms up to second
order,

n:v]

7] 3
— d’x
|a:\/]R3 c )+ Oplt - c’x) c

the first term is a constant, indeed it is just the charge at time 7 = ¢ — ‘%', charge conservation

then implies that it does not depend on 7 and therefore it does not depend on 7, nor on t.

Thus, it contributes to V¢ only to order (’)(‘ 7 =—) so we do not take it into account. The second

term gives a O(—%) contribution,

||
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1 F
t,7) ~ —=n-op(t — —
(b( 737) C|.’f‘n tp( C)
Thus,
E(t,7) ~ - [0Fp(t — @) —a(n- 2p(t — E))] _ ! (8%, — A, )02 (t — E)
’ ezt c t c EIERNE )0t

Notice that f- E(t, 7) = O(ﬁ), and so to first order E and B are perpendicular to each other
and to the direction from which we are looking at the source, and are equal in magnitude.
Thus we each a very important conclusion:

Electromagnetic radiation produced by a compactly supported source, when seeing from
far away looks like a plane wave traveling from the source to the observer, the magnitude
being proportional to the second time derivative of the total dipole moment as computed at

the retarded time.

22.2.3 The nature of the approximation

From the figure above we see that the first approximation ¢ — \x—_cx\ ~t— ‘%' changes the cone

integral into a constant time surface integral, ¢’ =t — %‘ = const. The second approximation,

t— @ ~t— ‘%' + ﬁTx, makes the integration region into a null plane tangent to the cone
that crosses the coordinate origin (assumed to lie inside the source’s support), at ¢ =t — ‘%'
As we recede farther and farther away from the source, the cone near the source becomes

flatter and flatter and so the approximation better and better.

22.2.4 The power output
The Poynting vector of the radiation to the approximation considered is given by,

11 - 7.,
it~ T sin (o),

- c = = 1 1 " | 7|
S|=—|EAB|=——|aAplt— )P = ——
SI=17 = T A= = ap

where 6 is the angle between the sight direction and the second time derivative of the dipole
vector. The energy flux by solid angle is obtained multiplying the norm of the Poynting vector
(which is in the # direction) by the surface element, |Z|* dQ?, so

Dt — @ 2
dpP = ‘p<47§)‘sin2(9) d©?
e

Since
/52 sin®(0) d® = /OZW /0 sin®(0) de df
= 927 /Oﬂ sin?(0) d(cos(0))
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(t, &)

Figure 22.2: First approximation, the integration region is at the surface t = ¢t — 12,

(¢}
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(t, )

Figure 22.3: Second approximation, the integration region is now along a null plane tangent
to the cone.
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—1
= —27?/ (1 —2*)dz
1

= 27r/1 (1 —2%)dx

-1

1
= (e —g2’)L,
_ &
= 5
Thus, the total power output is
205t — 2P
P(t)= ———¢— 22.3
=2 (223

22.2.5 Quadrupole, and Magnetic Moment contributions

If the second order time derivative of the momentum vanishes then we must look at higher
orders. In the next order we have,

(.7 I N L (NN ,
1 -1, .= = 1.
~ 02|f| ]Rg[?at(v J)f’(n f,) - én A (l_y A 6tJ)] A7
1 Q- .7,

Exercise: Compute B and E for this case and then the total power output. First make a
guess of the result (up to constant numbers) based on the previous result and on dimensional
analysis.

Exercise: A rugby player kicks the ball trying to make a conversion. The ball acquires a net
charge due to air friction. The kick in not very good and the ball spins along the three main
momentum axis. Estimate how much power gives away as radiation.

22.2.6 The intermediate radiation zone

If R << Xand R << |Z], but |Z] = A\, we have to be a bit more careful than in the presiding
calculation, for now terms of the form ﬁ can be as important terms of the form ‘%

One can check that to arrive to the approximation,

. 1. 7
At ) ~ e — 12

B

),
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we have only used R << |7, to approximate |Z — 7’| ~ |7] in the denominator, and R << A
to discard the next order,

A . f/
| 7.

1 7 -/
E Jps 070,21

So these approximations are still valid, but we must now be careful in not dropping factors
higher than O(|Z|) in our calculations for £ and B. Thus,

C

. 1o 1. |7
B(t,z) = EVA<ﬁp<t 7))
= gy L aage- )
clz|? c 2|z c
—1 e Z e |7
— At — 20 4+ Z g — 2
27 [plt ——7) + |f|p( )

To compute the electric field we need the scalar potential, this time we shall compute it
using the gauge condition. Since we are in the Lorentz gauge we have,

@qf) = —Cﬁ . ff

Therefore,

O(t,7) = 00(F) + ¥ - [erplte)] — ¥ - [t — 121],

7] 7] c

where we have chosen the integration initial time so that all fields are static at that earlier
times. Thus we have,

T L (RO I (R NP
Using now that ﬁﬁ(t — ﬁ]) satisfies the wave equation we get,
B.7) = ~Vlon(d) + V- ()] + V(¥ - [t — ) — A (e~ )
R " A A
Stoo(® + 9 L) + 0 1, Jd
= —V[go(¥) +V ﬁpo]ﬂLV/\(V/\(ﬁ (t_7))

Exercise: Check the above assertion about —p(t — ‘%') satisfying the wave equation when

||
|7 > R > 0.
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Performing all the derivatives of the above expression one gets,

E(t,7) = =V(¢(d)+V- [ﬁﬁo])
bl 300 P+ gl 30 ) - Sl a7

where all dipoles are computed at retarded time ¢ —

Exercise: Check that when \ = |Z| all terms above are of the same magnitude.

22.3 Spectral decomposition

If one considers harmonic time dependences for the sources, J(t, Z) = J.,(Z)e ™", then

- -

B B 0 P Gy
Alt7) = E/JR3 P ¢,

7)o =T |

Far from the sources,

7= | = P+ [F] =27 7 |l 1= S 1] =
and so,
T et ) 3
— —»l —z n =/
A, (%) =~ Wl /R3 (Z)e d’z
_ R _ R
If 2R = % = 55 << 1, then
—»/ 'W" i.’,)l

o)
-y el
=0

and only the first term will be important, it gives,

*Zwlﬂ

/ _ T e
7] /RS c|l®

i

HL
|

)
s
&
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where we have used that V - J. w = 1wp,. From this expression we can compute the rest of the
fields and other multipoles as needed.

Example: Linear antena

We shall assume a linear antenna as in figure 22.4. We shall assume a current distribution
as follows,

CA

Figure 22.4: Dipolar antenna configuration.

J(t, %) = 1(2)2e™™  I(2) = Ih(1 — =)

We then get for the charge density,

+ily
pw(’Z) - wd .
Thus, the momentum will point in the Z direction and will have magnitude,
d 1 1od
Do = / 2pu(z) dz = Z—O,
—d w
The radiated power will be,
dP, IBd’w*
aQ ~ sre (6),
and the total power,
12 wd 2
P,o= (%52 valid when A=~ >> d.

3¢’ ¢ w
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Figure 22.5: Dipole radiation. Power radiated by solid angle.

Figure 22.6: Quadrupolar Radiation, case a = 1,b = 1. Power radiated by solid angle.
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Figure 22.7: Quadrupolar Radiation, case a = 1,b = —1. Power radiated by solid angle.

22.4 Lienard—Wiechert potentials.

We want now to consider point like charges moving along an arbitrary world line and find
the electromagnetic fields they produce. This is a complicated limiting process: The charge
distribution in this case is a four—dimensional distribution, having support only on a world
line, y*(7), and the formula we have for computing the potential is also a four—dimensional
distribution, having support only in the past light—cone of the observation point.

The simplest way of doing this computation is as follows, we look into the past of our
observation point along null directions, those directions form the past like cone of this point.
A particle world line would intersect the cone in just a single point, since its velocity is smaller
than the velocity of light and is coming from the infinite past. So the contribution to the
potential integral would come only from that point, (ct(7),#(7)). We can now go to a frame
for which the particle at that past point is at rest, so at that point, (ct(7), (7)), its four—
velocity will be, u* = (1,0), and the corresponding current vector j* = eu* = (e,0). At
this point the proper time of0 the particle coincides with its coordinate time, ct(7) = 7, and

d

therefore at that instance, = = 1.

In this frame the integral can be done easily and the four—potential is given by,

e -
¢taf:ﬁa Atafzo
() = == A

so the field corresponds to the static field of the particle as if it continue at rest at the position

7/ it had at the past at time £ = t — \SL’_;M Since the potential is a four-vector, all we have to do
now is to write this expression on a covariant way and then it would be valid in any other frame.
At our disposal we only have the four-velocity vector, u#, which in this frame is u* = (1,0, 0, 0),
the corresponding current j* = eu’ and the four-vector connecting the observation point with
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Figure 22.8: Lienard-Wiechert setting.
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the position of the charge along the light cone, I* = a# — y* = (c(t — ), Z — 7). This last one
is a null vector, thus

-2~ |72 =0, or |F—gl=c(t—10)

since y* lies into the past of z* (otherwise we should have taken the other root). But ¢(t—%) =
—utl,, so

is the required expression, valid now on any frame we please. For a generic frame, t#,
u* = (1, 5), in terms of three-dimensional quantities we have associated to it, namely using
coordinates where t* = (1,0,0,0),

e

- AL, 7) = _ (22.4)
(IZ =9l =B (@=1) c(lZ =yl =5-(@—1)
where ¥ is the three velocity of the particle at point 7 and time £ = ¢ — \SL’_;M

We can now build the Maxwell tensor, F),, := 20|,4,). In taking time derivatives of the
potential we will have normal ones, on the dependence of the vector [* connecting the emission
point and the observer, and on the dependence of I[* and u* on 7. So first we compute the
space time derivatives of 7.

Differentiating the relation, c(t — 7) = |Z — 7] one gets, ¢(1 — 2) = Y or g,

¢(t’ f) =

ot ‘f_g] ot
or 1
o _@pU
[T=Yle

Differentiating with respect to the space coordinates, the same relation, we get,

: n' 1
O'rT = —— .
C 1 — (37_)—91
1T =Yle
We thus have,
1 1

o1 =-—* 22.5
W= (uoly)’ ( )

Something which it is simplest to see in the frame co-moving with the particle. Consequently,

L

(u7ly)

o’ =00, = a”

and,

o
u’l,
url,’

Ol” =6, —cu’0,7 =9,° —
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it follows that

v — 99k 4Y]
aVorlr  allyuorr  wliu,0Me

wi, (Wl  (ul,)?
—2e a,l? 1
— gyt — 22" — § V]
(uoly)? [(a uf’l(,u ) u"l(,u )
—2e y r
= WLy s — u"lau 1,
where, s 1= a” — %u”.
We easily see that,
FrF, =0. (22.6)

So the magnetic and electric fields are always perpendicular to each other.

Notice that the Maxwell field is composed of two parts, one that depends on the vector
ut and the other on the acceleration vector a*. The term which depends only on the velocity
vector corresponds to the Coulombic field of the particle as if it were following a straight line
with the velocity given by the value it hat at time ¢. Indeed in the frame where the particle is
momentarily at rest, namely the one defined by, u*, the electric field will correspond to that

field,

oy, — S r (Pl ¢
F*u, = (uplp)?’(l (u’l,)u")

0,

IERYE
while the corresponding magnetic field would vanish. Notice that for that part of the field,

—2¢?

<0,
and so, since 22.6 also holds, there is a frame for which the field has only an electric part,
namely the one referred above.

We now analyze the term which depends on the acceleration is a pure electromagnetic
wave, indeed, note that

v . v aplp v .
s"l, = (a” — u”lau ), =0,
and so, since [* is a null vector, we have
FME,, =0.

Thus both scalar invariants vanish and we have a wave traveling along the vector [*. Since

the vectors I and s appears in F', as the vectors k and v for plane waves, it is important

to see them in geometrical terms. The null vector [* is such that [, = ﬁ@uu, where u =
P

c(typ —t) — |Zhp — 2] is the function whose zero level set is the past cone of the point (¢4, Zyp)-
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So as k, was normal to the plane u = k,x*, here [, is normal to the light cone. Since s”[, = 0
we see that s is the unique linear combination of the acceleration a and the velocity w which
is in the tangent plane of the cone. Since we can add to s any vector in the direction of
l without changing the value of F', and therefore of T', s represents an equivalent class of
tangent vectors at the cone. We can choose a particular one only when we choose a particular
time direction. These are the different electric fields.

As an example we compute now the radiation term of the electric field corresponding to
an arbitrary observer t#. For this observer the four—velocity is given by, u* = ~(t* + *) and
the corresponding acceleration by,

Lo

o _
a _ —
c? dr c?

= (@" +~(67a5)u")
where @* is the coordinate acceleration with null time-like component (a,¢* = 0). * The v
factors appear from the difference between proper time and coordinate time, each derivative
contributing with one power.

The null vector [* in the new frame has the same form, (since it is a null vector it remains
s0)

"= R(t" + nt),

where now n* is a unit vector in the simultaneity surface perpendicular to ¢t* pointing in
the direction from the observer to the particle in the retarded position, and R = —1"t, the
distance between observer and particle in that simultaneity surface, as it was R = —{*u, in
the particle rest frame. Contracting it with u, we have,

u ' = —R=—R(1—n"B,)y

Contracting it with a, we get,

V2 3
v L pong 4 01 ge
a " = — Rn'a, + —ul,f a,.
c c
P
The vector s* := a* — Z2—u" becomes then,
(o8

n’a,

st = —=(a" + ——=u).
c2 v(1 —=nrB,)
Finally using that s,t" = —Z—z lﬁ;%p, and [, = —R, we have,

E, = F,t’

—€

CE

Ls,t” —s,1"t,)]

d

!'This comes about because 4=

of the acceleration vector a*.

(y(t"+BH)) = L(v?BPa,u” +~ar). The vector @ is not the time component
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_ ﬂ{_(t in )&j%& L M )]
Al Yt M = e, Yoyl —neB,) "
—6R72 N7 Qg N n%a,
= e ey
CZ(UJZO_)Z[ (tu +nu)1 ~ B, + (@, + 1— n”ﬂp< wt Bu)]
—€ o~ ~ o~
e (1= ) + 05
P
—¢ o~ ~ ~ o~
- 2R(1 —nrB,)3 [(=nun®ao + @) — (@un” By — e Py)]
p
e

- A2R(1—nrB,)3 [(ny = B)n g — 4y (1 —n"3,)]

(22.7)
which is the usual expression. Note that it is perpendicular to n*. The magnetic field is

perpendicular to it and to n*. So both fields can be written in a more compact vector
calculus expression, in which we have also added the Coulombic part.

. L |
E(t,T) = — == (1= )@ -7~ 7)
(17 =g — = ¢ ‘
b @A -7 Ty i) (2258)
B(t,7) = aAE(®lT), (22.9)

where we have used that (A - @) (A — 3) — (1 —a-5)d@=nA ((A — B) A@). We see that the
magnetic and electric fields are always perpendicular, that is F'**F),, = 0.

The first term on the electric field decays at large distances (null or space-like) as O(ﬁ)
and depends only on the particle velocity. This is in fact a Coulomb field corresponding to
the particle as if it would be moving at constant speed from the past to the point where it
should be now. The second term decays as O<\?LI>’ and represents radiation coming out of
the particle due to its acceleration in the past.

Exercise: Check that the first term corresponds to the Coulomb field of a charged particle

moving at constant speed in the corresponding frame. Hint: realize that ¥ — yj — ‘x—;m{f =
T—y—(t—71)0=2— (§+ (t —7)V), is the vector connecting the observation point with the
point where the particle would be were it moving at constant velocity (V).

22.4.1 Alternative deduction for the potential

The way we obtained the potential vector is neat and economical but not satisfactory. In
principle the vector potential could depend also on the acceleration of the particle, or in
details on how the limit to point particles is taken. Here we shall give another derivation
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based in the use of distributions and the retarded Green function. This alternative derivation
is also not rigorous, for involves the product of two distributions, the one defining the particle
times the Green function which, when expressed as an integral over space-time is also a
distribution. I do not know of any rigorous derivation so the ultimate justification for the
above expressions is the fact that they are reproduced in many experiments with extreme
precision.

We start with the four-dimensional definition of a distributional current,

() :e/ W 57— y7(5)) ds, (22.10)

oodS

where y*(s) is the particle trajectory and s is any parameter used for expressing it. As always
for vectorial integrals it is only valid when expressed in Cartesian coordinates.

Exercise: Check that this definition is independent on the choice of parameter s. Check
that it satisfies, 0,j* = 0 in the distributional sense.

Since this is a four-dimensional distribution which needs to be inserted in Green’s formula,
22.1, it is convenient to write it as a four-dimensional integral,

-] 17— 7|

1/ == T) / —t+ ) & dt. (22.11)
¢ JIR3 |l_‘)—f/| R* |x— c

Inserting in the above expression the distributional form for the particle trajectory we get,

dy“ = —/
A(z7) = /R4/OO E 6(x"’—y"(s))6(t’—t+|x%) & dt ds
dy“ |7 — ¥(s)]
= - —ds—_§(7(s) —t+ B9 gs
C/—oo |7 — y(s)] (7(s) c )

(22.12)

where 7(s) = y°(s), and in the second equality we have performed the four dimensional
integral.
In order to perform the last integral we need to use, that

[ () de = 35 EEL ¥ (o) =0}

but

d |7 — 4(s)] dr  1dy(s) ar . 1dy(s)

R T

%T c ds ¢ ds ds )

c dr
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Thus,
At(z7) = Z/Z|H?L‘;,(S>|5(T(s)—t+|ﬁ_c?7(8)|)ds
e % (%)~
e —(s)l (1 %@ 3
_ e yo
(sl - 1 )

which is the four-dimensional form of 22.4.

Exercise: Find F* by first performing the derivatives in 22.12 and then performing the
space-time derivatives.

22.4.2 Energy Momentum Tensor

The energy-momentum tensor for the radiation field is

1 e?
YAy Ty . — ]
81 A (louq)

a’ly
uPly
Using this formula we can compute Poynting’s vector and from it deduce the radiation

power as a function of emission angle and then the total power radiated away.

P
apl
uls

where, s” = (a” — 22-u"), and therefore, since s”s, = a’a, — (%5=)* > 0 a space-like vector. 2

22.4.3 Power radiated

In the frame where the particle is at rest it is easy to compute the power radiated by solid
angle,

dP -

— = R2S-n

ds?
where R is the distance to the surface where Poynting’s vector (=7}, u* = (e, S/c)) is inte-
grated, (actually R? is just part of the surface element, and 7 the unit normal to it). Contract-

ing the energy momentum tensor with u* and 7 we get, (we are assuming I* = —u%l, (u"+n"),
—u’ly, = R =17 — ).

2To see this write the metric as " = —21“k¥ + ¢*¥ where k* = %(t“ — n*) and notice (by explicitly
writing it in Cartesian coordinates, taking, say n* = (0,1,0,0)) that ¢*” is the identity matrix when restricted
to the y, z coordinates. Since s*l,, = 0, s*s,, is just the square of the acceleration components in the direction
perpendicular to n™".
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dP  é’c e’c a,l? e? e?
P — T (nP _ P 2y . _ -2 . 0 2
Q" Ao T 4p (aPa, (l(,u") ) 4mc3 47T03|a| sin(6)

where 6 is the angle between @ and n. Using now that

_87T

in(0)? dQ
/525111() 3

we can compute the total power output radiated by the particle,

p_ 2¢?

= @|ﬁ|2.

Where we have expressed it in terms of time units (not in terms of 2° = ct), to show that it
coincides with the dipole formula 22.3 if we consider the dipole to be a particle moving with
the given acceleration.

This is the power output the particle will see in its own frame. But this quantity is
independent of the frame chosen to describe it. This is clear from its definition, but it is
instructive to see the following argument: From the figure 22.9 we see what would be this
integral for two different observers. Using energy-momentum conservation we shall see that
this integral is the same for both surfaces. First note that due to the particular form of the
energy-momentum tensor, —71), utn" = %Tuyk“k”, where k* := u* — n*, is a unique null
vector, k*k, = 0, normal to the null surface ruled by *, and to the two dimensional surface,
and normalized such that k*{, = —2. Thus,

e?c?

1 1
B I — V) ¥
p T = T 4 dr(lou, )

BTV op
["1”s"s,.

So this is the quantity to be integrated at a cut, C, on the outgoing light cone of the particle
at a given moment, obtained by intersecting any plane perpendicular to u*.

P(r) = 7{ =T, u"n,dS :j{ j’n,dS
C cut

where we have defined the current j¥ = —T,”u#. Notice that j*I, = 0, so this is indeed a
vector tangent to the light cone of the particle and so we can use Gauss theorem to transform
the integral into a volume integral, between two different cuts, C and C.

Thus,

e y Y
Pm_ﬁgmw_émg¢amm+éjmw
But,

8u(j“\/§) = —&L(Tuyu“\/g) = —au<Tuy)u“\/§ - Tuyau(u“)\/g _|_j“8u\/§ =0

where the first term vanishes because of Maxwell’s equations (energy conservation), the second
because we have extended the 4-velocity vector of the particle at time 7 into a global frame,
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Figure 22.9: Different cuts where the flux integration can be carried out.
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and the final one because the T* has only components in the [* direction, and along that
direction the determinant of the cone metric is constant. Thus, we see that the power output
can be obtained by performing an integration on any 2-surface at the future light cone of the
particle which includes the tip of it in its interior.

It is instructive for applications to write the above form in different forms. Since

2
N o
0= au" =5 (@u" —7(5d5)),
we have,
4 4

Vs s o~ os \x T n o
@y = L@, — (780 + 218 a) = L@, + 2 (57,)°),

and therefore,

= [I*I (1= 8%+ (F-a)
_ 2§izﬁ[|a|2 — oG, (22.13)

in terms of 3-velocities and 3-accelerations, or when the particles have a constant rest mass,

e [
" 3Bm? dr dr ?)c?’m2 dr 303m2 dr
that is in terms of the applied external force to the particle.
Exercise: Check the above formula. Hint: from p*p, = E—2 +p? = —m2c, When measuring
the momentum in time units, we get E? = (p*> + m?c?)c? = m27204 Thus, 4 = %% = pe.

22.4.4 Co-linear acceleration

In the case the acceleration is along the velocity, as is the case in linear particle accelerators,

2e? - dp ., 2 dp., 2 dE.,

P= (=) = o5 () = 5 (20

where in the last equality we have expressed the force as the change of energy per unit length.
Thus, the rate of power radiated to power supplied in the acceleration is,
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P 2 dE 25 dE

Z mc

dE 33m2u dr 3mc? dx

where in the last line we have made the approximation v ~ ¢, for this is the generic case in
accelerators where particles reach near light speeds very quickly. For electrons the numbers
are,

P
B
dt

m .dFE
=05 x 107 [——]—
[M eV] dx
while the typical energy delivered per meter in present machines is of the order of tens of
MeVs. Thus radiation losses in these accelerators is negligible and the main limitation they
have is their length and the amount of energy delivered per unit length.

22.4.5 Centripetal acceleration

For circular accelerators the energy delivered per unit length is not a limitation since particles
can circle it several millions times, gradually increasing their energy. In these accelerators the
main change in momentum is in its direction, and we have,

dp
1)~ el

where w = % is the orbital frequency, and R is the orbit radius. In this case we have,
P 262064’74
3 R?

In this case the relevant quantity is the energy lost per revolution compared with the energy
gain during the same trajectory. The first quantity is,

Me

203.4 4
_ 2Ry AT g gs s« 10-2(Meyn EGEVT

E =
g v 3 R m R(m)

with v ~ c.
For the LEP (Large Electron—Positron collider), R = 4300m and the beam reached energies
of 60 GeV, the energy losses per revolution are,

0F ~ 300MeV.

For the LHC (Large Hadronic Collider), R = 4300m, and the proton beam reached energies
of 7 TeV. The energy loss per revolution in this case is, of about 10KeV. We see from the
form the energy loss scales with particle mass that it is more convenient to accelerate heavy
particles in a circular accelerator while it is more convenient to accelerate light particles in
linear accelerators. To have an idea of the total energy loss, one has to have into account
that the particles circle the ring about 11245 times per second, while the number of protons
at any given moment in the ring is about 3 x 10,
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22.5 Angular distribution of radiation

To compute the total power radiated per solid angle we must compute Poynting’s vector
contracted with the normal to a surface and multiply it by the surface element of solid angle.
Thus we shall obtain an integral of the form,

t2
Eltat) = [ - AR,

t1

Since the all quantities in this expression depend on the retarded time, 7 =t — |7 — Z'(7)|/c
dt

it is necessary to express it in terms of that time, since o= = (1 — ¥/~ 1) the integral becomes,

T

5(72,71):/ S ARY(1— 7-)dQdr,

T1
and it is clear that the relevant quantity to look for is

dP(T) & .o T
0 =S5 -nR(1—-v-n)

which is the power radiated per unit solid angle and unit retarded time.
Using the expressions above 22.8, for the electric field, and noticing that the corresponding
magnetic field has the same magnitude and is perpendicular to it, we have,

dP(r) € |aA((h—

_ 3) A B)P
dQ  dme  (1—7-Rp

The main feature of this distribution is the relativistic factor in the denominator, for
ultra-relativistic motion that term is very small and dominates the distribution.

22.5.1 Co-linear motion

In the case the velocity is parallel to the acceleration one of the terms vanish and calling 6 at
the angle between n and v the expression can be reduced to,

dP(T) e’ |a*—(a-n)*  e*a? sin(6)? _eta®®  (90)?

A2 And (1—F.ap  dn(1—Beos(0)2)5  4dncd (L+ (16)2)5

where in the last equality we have included the small angle approximation (using 6 << 1,
and62:1—$,sothat6%1—#).

This distribution has a zero at € = 0 but rises to a maximum when 0, ~ %, thus we
have,

dP(T)
ds?

62 a2 78 43
4rc3 55’

(Omax) =~

so it grows as the eighth power of 4!, see figures 22.10 and 22.11.
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Figure 22.10: Power radiated by solid angle. Approximation for small angle for v = 2.
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Figure 22.11: Power radiated by solid angle. Approximation for small angle for v = 10.
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Figure 22.12: Power radiated by solid angle in the co-linear case, § = 0.5.
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Figure 22.13: Power radiated by solid angle in the co-linear case, g = 0.9.
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Exercise: Find the angle of maximal radiation for the ultra-relativistic limit by taking a
derivative of the exact expression with respect to the angle and equating to zero. Use the
approximations for  given above. Redo the calculation using the small angle approximation

expression and check that the angles coincide.

Figure 22.14: Power radiated by solid angle, velocity and acceleration co-linear, 5 = 0.4

22.5.2 Circular motion

In this case the velocity is perpendicular to the acceleration and we have,

dP(t')
S}

where the angles are shown in figure 22.16. One can see that there will be maximal radiation
in the ultra-relativistic case when the angle ¢ = 0, that is in the orbit plane. Furthermore

e2q? 1 1 9)242 1 2\ /= N2
477-63(1_6(3059)5[( _BCOS )CL —( —B)(an)]
e? 1

Ame® (1 — Peos )b [(1 = Beos®)” — (1 — %) sin 0 cos® g

2¢2a®>  ~%a?
w3 T+ (A7)

47260 cos(¢)?

SNERET

]

the maximum is along the particle motion.
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Figure 22.15: Power radiated by solid angle, velocity and acceleration co-linear, g = 0.9.
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Angles definition for the circular motion.

Figure 22.16:
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Figure 22.17: Power radiated by solid angle, case velocity perpendicular to acceleration,

f=0.5,¢=0and ¢ =7/2.
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Figure 22.19: Power radiated by solid angle, case velocity perpendicular to acceleration,

£ = 0.92, cut to see the ¢ dependence.



Chapter 23

Quasi static fields, different time scales

23.1 Introduction

In many situations in electromagnetism, in particular when we want to study fields near
sources, we have to different time scales: the time that takes a wave to transverse the sources,
that is 7. = L/c, where L is the sources length, and some other time scales coming from the
sources. In particular there appears one which is related to the adjustment of the sources to
the effect of electromagnetic fields through Ohmic effects, that is a time scale 7, = 1/0, where
o is the medium conductivity. If the first time scale is very short compared with the second,
then we can consider the fields as statics at each instant of time. If they are comparable, then
radiation effects must be taken into account. If we want to study the limit in which 7, — 0,
so as to get the effect of the other time scale, we can look at the equations in the limit of
¢ — 00. Defining ¢ = 1. We have,

[

_ 1= . =
_, —1 = _
V-E = dmp
V-B = 0

to study them we seek a solution of the form

= EO -+ €2E_11 + €4ER(€)
= eBo+e°B; + ’Bple)

o

we have omitted some terms because by re-scaling one can see that the solutions should depend
on even powers of ¢, starting at some arbitrary power. It can be seen that the omitted term
are zero if appropriate boundary conditions are imposed. An important theorem for systems
with different time scales states that if the initial data is such that the time derivatives up to
some order are initially bounded then they remain so for subsequent times. So the requirement

323
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that there would be solutions which are regular in the time variable is actually a restriction
on the set of possible initial data sets, we are restricting the solution not to have waves and so
to be quasi-static or quasi-Coulombic. So see what type of solutions we are getting we plug
the terms of the ansatz on the equation and to lowest order we get,

HEy = VABy—4nJ (23.1)
— —1 — — — —
V-Ey = drp—e2V - Ey (23.3)
V-By = 0 (23.4)
The smoothness requirement on the time derivatives implies,
VAE,=0 (23.5)

imposing also that
V- EO =4mp

we are back to the electrostatic equations, which now have to be thought as valid at each
instant of time. We are back to instantaneous influence. So, giving appropriate boundary
conditions we have a unique Ej and so equation 23.1 have to be thought as an equation for
B,. But actually it does not need to be solved in the present form. Taking its curl, using ,
and 23.4 we obtain,

ABy = —4aV A J. (23.6)

So we can solve this elliptic equation with appropriate boundary conditions and have a solution
at each time. We have recuperated the magneto-static equations. But since this equations
are now valid at each instant of time and we can allow for source variations their field of
applications is much wider.

Consider for instance the case in which Ohm’s law is valid. Then

—

J:crE,

and we have,

ABy = —47V AJ
= —47?06 ANE
AV EQ

4
C
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and we get a parabolic equation for the magnetic field to this order. Thus the magnetic field
will diffuse itself in a time scale given by

Aol
f— 2 f—

Te

T

Te

C To

where L is the system size.

The relevant theorem for systems with different temporal scales, when applied to the case
of electromagnetism, is that if one considers smooth initial data satisfying the above equations,
then the resulting solution will be smooth (both in space and time) and will satisfy the same
equations for all times, in the sense that the error terms, Eg(¢), and Ep(e) are bounded.

Exercise: Find the equations the electromagnetic field would satisfy in a dielectric substance
(e # 1) assuming the medium is homogeneous and isotropic.

23.1.1 Example: The lowest decay of a magnetic field on a con-
ducting sphere.

23.1.2 Example: The magnetic polarizability of an isotropic con-
ducting sphere.

23.1.3 Example: The skin effect on a wire
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Chapter 24

Examination Questions 2

Problem 41 Why do we assert that if a symmetry of space-time is valid for Mazwell’s equa-
tions it is also valid for the wave equation?

Problem 42 Complete the argument after equation 13.7, that is the exercise that follows it.

Problem 43 Probe the Lemma in the variational principle for a particle in space-time. Do
the ezercise below.

Problem 44 Find the expression for the time delay to first non-vanishing order between a
person on the longest path between two time-like events and a person along a nearby path.

Problem 45 Deduce the Doppler effect.
Problem 46 Deduce the aberration effect.

Problem 47 Show that the sum of two future directed time-like vectors is also time-like and
future directed.

Problem 48 Show that the sum of a future directed time-like vector with a future directed
null vector is always time-like and future directed.

Problem 49 Under which considerations is total momentum conserved for a set of particles?

Problem 50 Show that 0,*F"" = 0 is equivalent to
1
8[uF,,U] = g[@qua + &,FMV + 8VFUM] = 0. (24.1)
Problem 51 Use 24.1 and 15.5 to show that

DF;W = 871’8@7},}.

Problem 52 Show that
FPH = QB o pote (24.2)
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Problem 53 Show that if at some point of space-time F,, F* > 0 and F,,*F" = 0, that
is, if for any observer at that point the electric and magnetic fields are perpendicular and the
magnetic field is bigger in norm than the electric field, then there is an observer for which the
electric field vanishes.

Problem 54 Show that if for some time-like vector u¥, F,u” = 0 then *F,, = 2bj,u,| for
some space-like vector b,. Show that it also follows that F**F,, =0 and F*'F),, <0

Problem 55 Check that p* in terms ofE and B is given by,

— _1
p“ = —etH + P = 8—((E2 + BQ)tM — 2tp€pMOVEaBu)a
m

that is, the 3-momentum is P = ﬁ(Eﬁ A é) = %g, where S is Poynting’s vector.
Problem 56 Compute ptp, in terms ofE and B. Does it has a definite sign?

Problem 57 Show that 0, T" = j*F,, if Mazwell’s equations are satisfied. Is the converse
true? If so, in which case?

Problem 58 Deduce energy conservation for a situation like figure 15.1.

Problem 59 Use energy-momentum conservation to show, that if two solutions to Maxwell
equations coincide at ¥ then they must coincide inside a region like the one shown in figure
15.3 as long as the normal to Yp is time-like.

Problem 60 Let A, be such that F,, = 20,,A,. Given a constant unit time-like vector t
define A" = gt+ + A" that is, p = A° = —A -t = —Ag and A-t=0. Check that

Bl = &9, A, = t,e"70, A,

and .
Eu - - u¢ + 80Au-

Check explicitly that both vectors are gauge invariant.

Problem 61 Describe the initial conditions problem for the vector potential in the Lorentz
gauge. Which fields can be given and which are specified and why.

Problem 62 Discuss for which type of problem one would preferably use the Lorentz gauge
and for which Coulomb’s one? In a radiation problem? In a quasi-stationary problem?

Problem 63 Deduce the equations of motion of a charged particle using the variational prin-
ciple.

Problem 64 Deduce Mazwell’s equations using a variational principle. Can you deduce this
way all equations or just some subset?
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Problem 65 Study the plane waves in terms of the Maxwell tensor and also in terms of the
four-vector potential.

Problem 66 Deduce formula 18.11 for total reflexion of a superconductor.

Problem 67 Find the Fourier amplitudes for the vector potential in terms of its initial data
in space for a monochromatic wave.

Problem 68 Check that given initial data (Eo,éo) = Ziam EOlmn(x),Zl7n7m éozmn($) for
the electric and magnetic fields inside a rectangular cavity, we can construct a solution as

— ——
sum of the cavity modes. Find the explicit values for £, and E,, . .

Problem 69 FEstate the problem of finding the solutions of waves in a wave guide in all three
cases. Assuming you have solved for all the modes, write the solution in terms of arbitrary
initial data on the wave guide.

Problem 70 Show that for a mode in a cavity,
/ B2 dV = / B2 dV =
1% 1%
Hint: use “;—jﬁw + AEw =0 and —iwéw =VA Ew.

Problem 71 Find the amplitudes for the reflected and transmitted waves when the magnetic
vector is tangent to the interface, but doing the calculation with the boundary conditions for
the electric field.

Problem 72 Deduce the Kramers-Kroning relations.
Problem 73 Deduce the causality theorem.
Problem 74 Prove the assertion on the retarded Green function.

Problem 75 Describe in geometrical terms the nature of the approximation made in the
Green function integral regarding the power series expansion of the numerator.

Problem 76 Compute up to numerical factors the total output for quadrupole radiation.

Problem 77 A rugby player kicks the ball trying to make a conversion. The ball acquires a
net charge due to air friction. The kick in not very good and the ball spins along the three
main momentum axis. Estimate how much power gives away as radiation.

Problem 78 Deduce the Lienard-Wiechert potential from the argument of going to a pre-
ferred frame.

Problem 79 Deduce the Lienard—Wiechert potential from the argument using the retarded
Green function.

Problem 80 Find the Maxwell tensor corresponding to the Lienard—Wiechert potential. First
write the most general antisymmetric covariant tensor depending on four vectors, I*, j*, u*,
and the acceleration a*. Recall that j*, and u* are parallel, and a* is perpendicular to u*.



