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Critical parameters for the heliumlike atoms: A phenomenological
renormalization study
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A mapping between the quantum few-body problem and its classical mechanics pseudo-system
analog is used to study the critical parameters for the helium isoelectronic sequence. The critical
point is the critical value of the nuclear chargeZc for which the energy of a bound state becomes
degenerate with a threshold. A finite-size scaling ansatz in the form of a phenomenological
renormalization equation is used to obtain very accurate results for the critical point of the
ground-state energy,lc51/Zc51.097660.0004, as well as for the excited 2p2 3P state,
lc51.005860.0017. The results for the critical exponentsa and n are also included. ©1998
American Institute of Physics.@S0021-9606~98!01407-X#
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I. INTRODUCTION

Symmetry breaking and phase changes of a quan
system can take place as some parameters in its Hamilto
are varied. For such transitions, crossing the phase boun
means that the quantum ground-state changes in some
damental way.1 In atomic and molecular physics, it has be
suggested that there are possible analogies between cr
phenomena and singularities of the energy.2–4

Recently it has been established for theN-electron atom5

and simple molecular systems6 at the large dimensional limi
a new mapping between symmetry breaking of electro
structure configurations and mean-field theory of phase t
sitions. This analogy is shown by allowing the nucle
charge for atoms and the inverse of the internuclear dista
for molecules to play a role analogous to temperature in
tistical mechanics.

In this paper, we plan to study the analytical propert
of the eigenvalues of the Hamiltonian for two-electron ato
as a function of the nuclear charge. This system, in
infinite-mass nucleus approximation, is the simplest fe
body problem which does not admit an exact solution,
has well studied ground-state properties. The Hamiltonia
the scaled variables7 has the form

H~l!52
1

2
¹1

22
1

2
¹2

22
1

r 1
2

1

r 2
1

l

r 12

5H01lV , ~1!

whereH0 is the unperturbed hydrogenic Hamiltonian,V is
the Coulomb interelectronic repulsion andl is the inverse of
the nuclear chargeZ. For this Hamiltonian, a critical poin
means the value of the parameter,lc , for which a bound
state energy becomes absorbed or degenerate with the
tinuum.

An eigenvalue and an eigenvector of this Hamiltonia
Eq. ~1!, can be expressed as a power series inl

En~l!5(
j 50

`

En
~ j !l j , ~2!
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j 50

`

cn
~ j !l j . ~3!

Kato showed8 that these series have a nonzero radius of c
vergence. This radius is determined by the distance from
origin to the nearest singularity in the complex planel* .
The study of the radius of convergence,l* , and whether or
not this is the same as the critical value oflc has a long
history with controversial results.9–12 Recently, Morgan and
co-workers13 have performed a 401-order perturbation calc
lation to resolve this controversy over the radius of conv
gence of thel51/Z expansion for the ground-state energ
They found numerically thatlc5l* ;1.097 66 which con-
firm Reinhardt’s analysis of this problem using the theory
dilatation analyticity.12 Ivanov14 has applied a Neville–
Richardson analysis of the data given by Morgan and
workers and obtainedlc51.097 660 79.

Recently, in analogy with statistical mechanics, we p
sented phenomenological renormalization~PR! equations
based on finite-size scaling~FSS! theory for the calculations
of the critical points of the few-body quantum
Hamiltonian.15 Results show that the method gives very a
curate results for the critical screening length for on
electron screened Coulomb potentials and the critical nuc
charge of the ground state for the two-electron atoms.15

In this paper, we will use the FSS approach to estim
the critical points as well as their critical exponents for t
ground state and the triplet 2p2 3P state. In the next section
we discuss the FSS method in general and its use for
quantum Hamiltonian. Section III goes into detail on the b
sis sets for the variational calculations. In Sec. IV we disc
the use of PR equation for estimating the critical parame
for the ground state, and in Sec. V present detailed calc
tions for excited states. Finally, we give the conclusions a
project further research to extend the method to
N-electron atom and simple molecular systems.

II. FINITE-SIZE SCALING AND PHENOMENOLOGICAL
RENORMALIZATION

The general idea of the FSS in classical statisti
mechanics16–19 is to extract information about a (d11)-
5 © 1998 American Institute of Physics
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dimensional lattice model in the neighborhood of the criti
point by systematic numerical studies of the sa
d-dimensional model. This method gives a well defined p
cedure to extrapolate information obtained from a finite s
tem to the thermodynamic limit. In our studies of the qua
tum Hamiltonian, the finite size corresponds not to t
spatial dimension but to the number of elements in a tr
cated basis set used to expand the exact eigenfunction
given order.15

The fact that a non-negative matrix could be interpre
as a transfer matrix of a classicalpseudo-system, was re-
cently used to study the ground-state properties o
d-dimensional quantum system, using the quantum Ham
tonian as the transfer matrix of a hypothetic
(d11)-dimensional statistical system.1,17 In the present
study, theNth-order variational calculations, the two lowe
energy levelsE0

(N) and E1
(N) with orbital momentuml 50

are negative. If we take these levels, with opposite sign
the eigenvalues of a transfer matrix for a classical pseu
system, then we can define the correlation length of this
nite pseudo-system as

jN~l!52
1

log~E1
~N!~l!/E0

~N!~l!!
. ~4!

As lc is approached, in the limitN→`, the character-
istic length j grows without limit. Taking the order of the
approximationN as the size of the pseudo-system, we ha
in virtue of the FSS ansatz that in the neighborhood of
critical point the behavior of the finite pseudo-system is
termined by the scaled variable

y5
N

j~l!
, ~5!

wherej is the correlation length of the infinite system. Ify
;1, the fluctuations are of the same order as of the siz
the pseudo-system and critical effects are expected to oc
For y@1 we expect bulklike behavior while fory!1 the
finite-size effects are manifested.

If a thermodynamical quantityK develops a singularity
as a function ofl in the form

K~l!5 lim
N→`

KN~l!;ul2lcu2r, ~6!

and in particular for the correlation length

j~l!5 lim
N→`

jN~l!;ul2lcu2n, ~7!

the FSS ansatz assumes that

KN~l!;K~l! f K~y!, ~8!

where f K(y) is an analytical function. For a finiteN, KN is
also analytical, so the behavior off K(y) must be

f K~y! ;
y→0

yr/n. ~9!

It follows that atlc

KN~lc!;Nr/n, N→`. ~10!

If K (q)(l) is theqth derivative ofK(l), K (q)(l) is also
singular atlc
l
e
-
-
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-
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dq

dlq K~l!5K ~q!~l!;ul2lcu2r2q, ~11!

and therefore

KN
~q!~lc!;N~r1q!/n; N→`. ~12!

SinceKN(l) is an analytical function inl, it has a Taylor
expansion aroundlc . Using Eq.~12! we find thatKN(l) can
be expressed as

KN~l!;Nr/nfK~N1/nul2lcu!, N→`, ~13!

wherefK is a scaling function which is regular aroundlc .16

Since the FSS ansatz, Eq.~13!, should be valid for any
quantity which exhibits an algebraic singularity in the bu
we can apply it to the correlation lengthj itself. Thus the
correlation length in a finite system should have the form

jN~l!;Nfj~N1/nul2lcu!, N→`. ~14!

The special significance of this result was first realized
Nightingale20 who showed how it could be reinterpreted as
renormalization group transformation of the infinite syste
The phenomenological renormalization~PR! equation for fi-
nite systems of sizesN andN8 is given by

jN~l!

N
5

jN8~l8!

N8
, ~15!

and has a fixed point atl (N,N8). It is expected that the suc
cession of points$l (N,N8)% in the limit of infinite sizes to
converge to the truelc . Using the definition of the correla
tion length, Eq.~4!, then Eq.~15! at the fixed point can be
written as

S E1
~N!~l~N,N8!!

E0
~N!~l~N,N8!!

D N

5S E1
~N8!~l~N,N8!!

E0
~N8!~l~N,N8!!

D N8

. ~16!

In general the best choice forN andN8 is the value which
minimizesN2N8,21 that isN85N21 except when there ar
parity effects, then one has to takeN85N22.22,23 As far as
N andN8 are finite, the method is an approximation whic
can be improved by choosingN as large as possible. Thi
method has the advantage that it is not necessary to know
threshold energy nor does it need the convergence of
series Eqs.~2! and ~3!.

There is no unique way to define the sequence$l (N)%, if
for example, the threshold energyET is known, there is an-
other alternative to obtain the sequence$l (N)%. This is can
be done by using the following equation:

E0
~N!~l~N!!5ET . ~17!

This approach is analogous to the first-order method~FOM!
which has been used to study two-dimensional classical
tems which display a first-order phase transition atd51.22

III. BASIS SETS

The Hamiltonian~1! commutes with the total angula
momentum operatorL5L11L2 . Using a completel-
independent basis-set$FK,l % with the property

L2FK,l 5l ~ l 11!FK,l , ~18!
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whereK represents all the quantum numbers butl , we can
study the spectrum ofH~l! at each block of fixedl . This
will allow us to study excited states of the lowest symme
of each block.

To carry out the FSS procedure one has to choos
convenient basis set to obtain the two lowest eigenvalues
eigenvectors of the finite Hamiltonian matrix. As basis fun
tions for the FSS procedure we choose the following ba
set functions:24–26

F i jk ,l ~x1 ,x2!5
1

&

~r 1
i r 2

j e2~gr 11dr 2!1r 1
j r 2

i e2~dr 11gr 2!!

3r 12
k F l ~u12,V!, ~19!

whereg andd are fixed parameters,r 12 is the interelectronic
distance andF l (u12,V) is a suitable function of the angl
between the positions of the two electronsu12 and the Euler
anglesV5(Q,F,C). This functionF l is different for each
orbital-block of the Hamiltonian. For the ground sta
F0(u12,V)51 and F1(u12,V)5sin(u12)cos(Q) for the
2p2 3P state. These basis sets are complete for e
l -subspace.25,26The complete wave function is then a line
combination of these terms multiplied by variational coe
cients determined by matrix diagonalization.

For the ground state the trial function must be symme
under exchange of electrons. The trial function for the
citedP-state is antisymmetric, because under the transfor
tion 1
2 the angleQ transforms toQ→p2Q so thatF1

→2F1 .
In the truncated basis set at orderN, all terms are in-

cluded such thatN> i 1 j 1k, so the number of trial func-
tions M (N) is

M ~N!5 1
12N

31 5
8N

21 17
12N1aN , ~20!

whereaN is 1 (7
8) if N is even~odd!.

The asymptotic behavior~large N! of the system is in-
dependent of the parameters of the trial functions. We ad
the values of the parameters in order to get a faster con
gence of the PR equation Eq.~16!. We found numerically
that g52 andd50.15 is a good choice for the ground sta
while g50.5 andd50.05 is better for the triplet state.

FIG. 1. The ratio between the ground-state energy and the second lo
eigenvalue raised to a powerN as a function ofl for N56,7,...,13.
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-
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IV. NUMERICAL RESULTS FOR THE GROUND STATE

By diagonalizing the finite Hamiltonian matrix one ca
obtain the lowest two energy eigenvalues as a function of
order of the truncated basis set,E0

(N) andE1
(N) . Using the PR

equation, Eq.~16!, one can look for its fixed point by taking
the ratio of these two eigenvalues raised to a powerN as a
function of l. Figure 1 shows the crossing points, which a
the fixed points of Eq.~16!, for N56,7,8,...,13. The values o
the fixed points as a function ofN can be extrapolated to th
limit N→` by using the Bulirsch and Stoer algorithm,27

which is widely used for FSS extrapolation.18 The extrapo-
lated values oflc using the PR equation and FOM, Eq.~17!,
are given in Table I. The results are in excellent agreem
with the best estimate oflc .

The behavior of the ground-state energy,E0
(N) , as a

function of l for different values ofN is shown in Fig. 2.
When the value ofN approaches the limit,N→`, the true
ground-state energy bends over sharply atlc to becomes
degenerate with the lowest continuum atE052 1

2. This be-
havior can be seen in the finite order approximation, wh
the larger the value ofN the more the energy curve bend
toward a constant energy. In virtue of this behavior, we
pect that the first derivative of the energy with respect tol to
develop a steplike discontinuity atlc . The first derivative is
shown in Fig. 3 forN56,7,8,...,13. As expected, the seco
derivative will develop a delta functionlike behavior asN is
getting larger, as shown in Fig. 4.

The behavior of the ground-state energy and its first a
second derivatives resemble the behavior of the free en
at a first-order phase transition. For the two-electron ato
whenl,lc the nuclear charge is large enough to bind tw
electrons, and this situation remains until the system reac

est

TABLE I. Comparison oflc for the ground-state energy of the two-electro
atoms.

Method lc

FOM 1.097 6660.000 02
PR 1.097660.0004

Fig. 6 1.097860.0007
Ref. 1.097 660 79a

aFrom Ref. 14.

FIG. 2. Variational ground-state energy as a function ofl for N56,7,...,13.
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a critical point lc , which is the maximum value ofl for
which the Hamiltonian has a bound state or the minim
charge necessary to bind two electrons. Forl.lc one of the
electrons jumps to infinity with zero kinetic energy.

V. CONDITIONAL PROBABILITY

Berry and co-workers28 introduced the conditional prob
ability as an aid in visualizing the attractive and repuls
forces which influence the dynamics of the electrons in
heliumlike atoms. This function represents the probabi
distribution seen by one electron given that the other elec
is fixed at a certain distance. In this section we will use
same tool in order to examine the behavior of the sys
below and above the critical point.

We define the unnormalized conditional probability
find one electron at a distancer when the other is fixed at a
distancea0 by

Pl~a0ur !5E dV1dV2r 2uc0~l;x0 ,x!u2, ~21!

wheredV1 anddV2 the solid angular differentials,c0 is the
ground-state wave function, andx0 and x are the position
vectors with modulusa0 and r , respectively.

The plot ofPl(a051ur ) in the twelfth-order variationa
approximation,N512, is shown in Fig. 5. This function ha

FIG. 3. First derivative of the ground-state energy as a function ofl for
N56,7,...,13.

FIG. 4. Second derivative of the ground-state energy as a function ofl for
N56,7,...,13.
e
y
n

e
m

two local maxima. Forl51.1045,lc
(12)51.104 905, the

leading maxima is located at a distance about 2a0 from the
origin and this position is independent of the orderN. The
other local maxima is located at a distance proportional toN
but smaller than the first one. In this region, the nucle
charge is still large enough to bind the two electrons. In
limit l→lc

2 the second local maxima reaches the sa
height of the first one. Forl51.105.lc

(12) the second
maxima at large distance is getting larger and the sec
electron is far away from the fixed one. In this region t
nuclear charge cannot bind the two electrons, so one elec
will move to infinity and become a free electron. The fa
that the nuclear charge forH2 is below the critical point
explains why this a stable ion. The position of the seco
local maxima scales linearly withN such that in the limit
N→` it will be located at infinity. This is indeed a finite
size effect of the variational approximation because
asymptotic behavior of the one-electron radial density fol
<lc , has an exponential decay. This behavior resemble
first-order phase transition in which the system jumps from
state where the two electrons are bound to one with a hy
genlike atom plus a free electron.

In Fig. 6 we plot the position of second maxima of th
conditional probability,xmax

(N) , as a function ofl for N
54,5,6,...,11. The steplike discontinuity tells us about
jump of the most probable position of one electron when
other is fixed ata051. The position of this steplike discon
tinuity can be used as another possible definition of
pseudo-critical succession$l (N)%. The extrapolated value o
this sequence, using the Bulirsh and Stoer algorithm,27 is
given in Table I. This value is in complete agreement w
the previous results of PR and FOM methods.

VI. CRITICAL EXPONENTS

The convergence law of the results of the PR method
related to the corrections to the finite size scaling. From
~10! we expect that at the critical value of nuclear charge
correlation length is linear inN. In Fig. 7 we plot the corre-
lation length of the finite pseudo-system~evaluated at the
exact critical pointlc! as a function of the orderN. The

FIG. 5. Conditional probabilityPl(a0ur ) in the twelfth-order approximation
(N512) for l51.105.lc

1251.104 905,l5lc
12 andl51.1045,lc

12 . The
three curves are normalized such that the first maxima is one.
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linear behavior shows that the asymptotic Eq.~14! holds for
very low values ofN.

The classical critical exponentn which describes the
asymptotic behavior ofj at lc can be obtained from Eqs
~12! and ~15! for two different values ofN andN8

1

n
5

logF S djN

dl Y djN8
dl D

l5l~N,N8!
G

log N2 log N8
21. ~22!

Using this equation, Eq.~22!, we can estimate the criti
cal exponentn. The extrapolated value isn51.0060.02 and
the correlation length diverges asj;ul2lcu2n.

Hoffmann-Ostenhof’s and Simon31 have proved that
H(lc) has a square-integrable eigenfunction correspond
to a threshold energyE(lc)52 1

2 and noted that the exis
tence of a bound state at the critical coupling constantlc

implies that forl,lc , E(l) approachesE(lc)52 1
2 lin-

early in (l2lc) asl→lc
2 . Morgan and co-workers13 con-

firmed this observation by their 1/Z perturbation calcula-
tions. They show thatE(l) approachesE(lc)52 1

2 as

E~l!5E~lc!10.235~l2lc!. ~23!

Using the relation Eq.~10! from the FSS approach on
can obtain the ratio of the critical exponentsr/n29

FIG. 6. Position of the highest maxima of the conditional probabi
Pl(a0ur ) as a function ofl for N54,5,...,11.

FIG. 7. Correlation length for the finite pseudo-system evaluated at
critical point lc as a function ofN.
g

r

n
5

log@KN /KN8#l5l~N,N8!

log N2 log N8
. ~24!

Recently we presented a direct FSS approach to
quantum Hamiltonian where this equation can be obtai
without the need to use any explicit analogy to classical s
tistical mechanics.30 Now, we can estimate the critical expo
nent for the energy,a, by taking K(l) in Eq. ~24! to be
(E1

(N)2E0
(N)). We obtain the extrapolated value ofa51.04

60.07, in agreement with the observation of Hoffman
Ostenhof and Simon.31

VII. EXCITED STATES

Having presented our results for the critical behavior
the ground-state energy of the helium isoelectronic seque
we may now consider other excited states. The ground s
is symmetric under electronic exchange and has a nat
parity, which means its parityP 5P 1P 25(21)l 1(21)l 2 is
equal to (21)l ,32 wherel i is the angular momentum num
ber of thei th particle andul 12l 2u<l <l 11l 2 . All the S
states have this parity becausel 15l 25l 50. States with
P 5(21)l 11 will be called states of unnatural parity. Th
triplet 2p2 3P has an unnatural parity.

For the H2 ion, Hill33 proved that there is only one
bound state with natural parity. This result along with Kato
proof34 that the Helium atom has an infinite number of bou
states seems to suggest that the critical point for the exc
natural states isl51.

For the unnatural states of the H2 ion, we know from the
work of Grosse and Pitner,32 that there is just one unnatura
bound state 2p2 3P for l51. An upper bound of
20.125 35 a.u. was estimated for this state by Midtdal11 and
Drake35 which is below the threshold energyET

P52 1
8.

We performed a variational study of this level using t
basis set defined in Eq.~19!. As for the ground state, we
obtained the lowest two eigenvalues which correspond to
block l 51. The energy for the triplet 2p2 3P state as a
function ofl is shown in Fig. 8. The behavior is very simila
to the one found for the ground state. The curves star
bend over sharply to a constant values asN gets larger. The
true excited-state energy, in the limitN→`, bends over
e

FIG. 8. Variational energy of the triplet (2p2 3P) as a function ofl for
N56,7,...,12. The dashed curves correspond to even values ofN while the
solid lines to odd values ofN.
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sharply atlc
P to become degenerate with the lowest co

tinuum atET
P52 1

8. In Fig. 8 one can see a clear parity e
fects. The behavior of odd values ofN is different from that
of even values ofN. This kind of parity effect has bee
observed in other statistical systems.22 Figure 9 shows the
behavior of the second derivative as a function ofl for odd
values ofN, and the corresponding even values ofN have
similar behavior and were omitted for clearity.

Taking thel 51 block as a transfer matrix of a pseud
classical system, like thel 50 case, we can apply the P
equation, Eq.~16!, to the present sector in order to obtain

sequence of pseudocriticall as a function onN,$lP
(N,N8)%.

The extrapolated value of this sequence giveslc
P51.0058

60.0017. Using the FOM procedure, which means gettin
sequence of$lP

(N)% by equating the energy at each order
approximation to the threshold energyET

P52 1
8, the extrapo-

lated value islc
P51.005760.0001. This value is in complet

agreement with the PR result. As far as we know the o
estimate oflc for this triplet state is the one given by Bran
das and Goscinski.36 By applying a Darboux function
anzatz37,38 to theEn’s of Midtdal et al.11 for n up to 27, they
found lc;1.0048 which is in good agreement with our r
sults.

VIII. CONCLUSIONS

By using a finite-size scaling ansatz in the form of
phenomenological renormalization equation for studying
critical parameters for the helium isoelectronic sequence,
have found the following:~i! The method is simple to imple
ment and gives very accurate results for critical nucl
charge, which is the minimum charge necessary to bind
electrons. For the ground state we obtainedlc51/Zc

51.097660.0004 and for the 2p2 3P state lc51.0058
60.0017. These results are in complete agreement with
turbation calculations.13 ~ii ! The FSS ansatz allows us to e
timate the critical exponents. In this work we estimated
exponentn which describes how the correlation length of t
classical pseudo-system diverge atlc and the exponenta for
the energy. We found that the energy approaches the thr
old linearly in (l2lc) as l→lc

2 in agreement with rigor-
ous results.31 ~iii ! The electron leaves the atom as the nucl
charge decreases in a kind of ‘‘first-order phase transitio

FIG. 9. Second derivative of the energy of the (2p2 3P) as a function ofl
for N57, 9, and 11.
-

a
f

y

e
e

r
o

r-

e

sh-

r
’’

which can be seen by examining the first and second der
tive of the energy. The first derivative develops a stepl
discontinuity where the second derivative develops a d
functionlike behavior at the critical point.~iv! The method
can be generalized to treat theN-electron atoms if provided a
convenient complete basis set. The lack of complete b
sets and the complexity of large atoms invites develop
new approximations within the finite-size scaling approa
And finally, ~v! FSS can be used to estimate the values
several critical parameters. This is a very useful proced
when one has to extend this method to much more comp
systems such as molecular systems.
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