(ii) fis continuous relative to F.

We recall that condition (i) means that if x, and {x,} belong to F and
X, = X,, then f(x,) = f(Xo). In case Fis bounded (and, therefore, compact),
(1) implies that the restriction of fto Fis uniformly continuous [theorem

(1.15)].

(4.19) Lemma A simple measurable function has property €.

Proof. Suppose that fis a simple measurable function on E, taking distinct
values ay, ..., ay on measurable subsets £, .. ., Ey. Given ¢ > 0, choose
closed F; = E; with |E; — F;| < ¢/N. Then the set F — U=t F; is closed,
and since E — F = UE; - UF < U (E; — F)), we have |E — F| <
Y |E; — Fj| < e. It remains only to show that f is continuous on F. Note
that each F; 18 relatively open in F, so the only points of F in a small neighbor-
hood of any point of F; are points of F} itself. The continuity on F of S follows
from this since fis constant on each F..

Property % is actually equivalent to measurability, as we now show.

(4.20) Theorem (Lusin’s T, heorem) Let fbe defined and finite on a measurable
set E. Then f is measurable if and only if it has property € on E.

Proof. If f is measurable, then by (4.13) there exist simple measurable
Jok =1,2,..., which converge to f. By (4.19), each £, has property %, so
given & > 0, there exist closed F, = E such that |E— Fl <&27* 1andf, is
continuous relative to F,. Assuming for the moment that [E] < + o0, we see
by Egorov’s theorem that there is a closed Fy = E with [E — Fy] < le such
that {£,} converges uniformly to £ on Fo. If F= Fy n (&, F), then Fis
closed, each £ is continuous relative to F, and { f;} converges uniformly to f
on F. Hence, f'is continuous relative to F by (1.16). Since

00
|E— F| < |E — Fy| + YIE-Fl<le+ds=e
k=1

it follows that f has property € on E. This proves the necessity of property ¢
for measurability if [E] < + oo.

If |E| = + oo, write E = Ui 1 E,, where E, is the part of £ in the ring
{x:k—1<Ix| <k} Since |Exl < +00, we may select closed F, < E,
such that |E, — F,| < 27 and f'is continuous relative to FIF =2, F,
it follows that |[E — F| < Y IE — F| <e and that f'is continuous relative
to F. A simple argument shows that Fis closed, and therefore f has property
% on E.

Conversely, suppose that f'has property % on E. For each kk=1,2,...,
choose a closed F, « E such that |E — F| < 1/k and the restriction of fto
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F, is continuous. If H = | J&, F,, then H < E and the set Z = E — H has
measure zero. We have

{(xeE:f(x) >a} ={xeH:f(x) >a} u{xeZ:f(x) > a}
= D {(xeF, :f(x) > a} u {xeZ:f(x) > a}.
k=1

Since {x € Z : f(x) > a} has measure zero, the m.easura'bility c.>f S will f;)llt?‘::
from that of each {x € F} : f(xX) > a}. However,.smce fis contgxuo:i 6r)e 2'11‘ e
to F, and F, is measurable, {x € F; : f(X) > a} is measurable by (4.16).
completes the proof of Lusin’s theorem.

4. Convergence in Measure

Let‘f and {f;} be measurable functions which are defined :cmd finite a.e. moa
set E. Then {f,} is said to converge in measure on E to fif for every ¢ > 0,
lim|{x€ E :|f(x) — fi(x)| > &}| = 0.

k— o0
We will indicate convergence in measure by writing
S 1. -
This concept has many useful applications in analysis. Here we will Fhscuss
its relation to ordinary pointwise convergence; the first result is basically a
reformulation of (4.18).

(4.21) Theorem Let f and f,, k = 1,2, ..., be measurable and finite a.e.
. in E.Iff, - fae.on E and |E| < + o0, then f ™ fon E.:

Proof. Given ¢,n > 0, let F and K be as defined ig lemma (4.18). Then hif
k> K, {.er: | f(x) — fi(X)| > &} =« E — F, and since |E — F| <n, the

1t follows. ' ~
resuWe recall that the conclusion above may not hold if |E| = + o0, as

=R fi = and f = 1.
hown by the example E = R”, f;, = Xixifx| <kp> and,
i oConv)::rgence in measure does not imply pointwise convergence a.e., ever}
for sets of finite measure. To see this, take n = 1 a‘n.d let {7,} be a sequence o
subintervals of [0,1] satisfying the following conditions:

(i) Each point of [0,1] belongs to infinitely many 7.
(i) limy_ o || = 0. |
For example, let the first interval be [0,1], the next twque tllc tw?v Bi ::: _
of [0,1], the next four be the four quar'ters, and so on. Then iff, = yy,,
fi 2 0, while f, diverges at every point gf [0,1]. . 20
There is, however, the following partial converse to (4.21).



